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Abstract

Hamiltonian Monte Carlo (HMC) is a state of the art method for sampling from
distributions with differentiable densities, but can converge slowly when applied to
challenging multimodal problems. Running HMC with a time varying Hamiltonian,
in order to interpolate from an initial tractable distribution to the target of interest,
can address this problem. In conjunction with a weighting scheme to eliminate bias,
this can be viewed as a special case of Sequential Monte Carlo (SMC) sampling [13]].
However, this approach can be inefficient, since it requires slow change between
the initial and final distribution. Inspired by [30], where a learned counterdiabatic
term added to the Hamiltonian allows for efficient quantum state preparation, we
propose Counterdiabatic Hamiltonian Monte Carlo (CHMC), which can be viewed
as an SMC sampler with a more efficient kernel. We establish its relationship to
recent proposals for accelerating gradient-based sampling with learned drift terms,
and demonstrate on simple benchmark problems.

1 Introduction

Algorithms for sampling from probability distributions have many application in the physical sciences
[33L36] and Bayesian statistics [[16]]. For sampling from distributions with differentiable densities,
Hamiltonian Monte Carlo (HMC) [5] is a state of the art scheme, and in conjunction with the
No-U-Turn criterion for trajectory length [22], is a widely used black box method for inference [17].

Markov Chain Monte Carlo (MCMC), the family of algorithms to which HMC belongs, samples
from a distribution with density 7 by constructing an ergodic Markov kernel which has this target
as its stationary distribution. However, the number of steps in the resulting Markov chain required
for the law of the chain to converge to the target can be prohibitively large. A motivating example
is a mixture of two Gaussians with means separated by a distance much larger than the respective
variances; if the chain is initialized near one of the two modes, attaining stationarity requires moving
through areas of low probability density.

An intuitive solution to this problem is to vary the target distribution over time, so that 7 is easy to
sample from, while 77 is the desired target, and the kernel M, at time ¢ is an invariant kernel of 7.
Sequential Monte Carlo (SMC) samplers [11] do just this, running many chains (particles) in parallel,
and using a weighting scheme to obtain unbiased samples from each ;.

Hamiltonian Monte Carlo (HMC) is rooted in the connection between probabilistic inference and
classical statistical physics, and constructs a Markov kernel M by simulating Hamiltonian dynamics.
These dynamics have the canonical (Boltzmann) distribution as a stationary distribution in an extended
space of position ¢ and momentum p, and the Hamiltonian is chosen so that marginalizing over the
momentum yields the target distribution 7 on ¢. In the context of HMC, moving through a series of
kernels as above corresponds to evolving a physical system while changing its parameters, which is
a central topic of statistical mechanics. From this perspective, varying the parameters too quickly
results in lag, or more physically, dissipation [34]], where the Hamiltonian flow cannot return the
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Figure 1: Illustration of lag induced by a time-varying Hamiltonian (top row), and the correction
introduced by a learned counterdiabatic term (bottom row). The lefthand column shows a Gaussian
with time-varying mean, and the righthand column an interpolation between a Gaussian and a
mixture of two Gaussians. In the simple case, parametrizing A as a sum of polynomials with learned
coefficients suffices, and in the more complex case, A is parameterized by a neural network.

particles to equilibrium quickly enough as the system’s parameters change. Two examples of this lag
are shown in Figure[I]in red.

Several papers [12} 4]], both in the quantum and classical setting, have noted that one can compensate
for this lag by adding a counterdiabatic potential to the Hamiltonian, which gives rise to a force that
keeps the particles in the stationary distribution constantly. More recently, a scheme to approximate
this term variationally has been proposed in a quantum setting [30].

Contributions We adapt this counterdiabatic approach to the setting of sampling, to obtain a
method for transitioning quickly between a simple distribution and the distribution of interest. This
is shown in the green and blue plots of Figure [I] where the counterdiabatic term accelerates the
equilibration, so that a subsequent SMC reweighting scheme has less variance. We note that our
approach is closely related to the proposals of [[I}[35| 2]}, but in a Hamiltonian setting (see section ).

2 Technical Background

Hamiltonian dynamics Suppose we have a physical system given by a d-dimensional vector
q € R?, which describes, for example, the position of a particle. Hamilton’s equations of motion
are a Ist order ODE defined on z = (¢,p) € R29, where p € R is a second variable called the
momentum. The ODE is defined in terms of a real-valued Hamiltonian function H(q, p).

4= V,H(q,p); p=-V,H(q,p) (1)

We refer to the solution to the ODE as the flow ¢y, so that ¢ (¢)(qo, po) is the state of the system at
time ¢ given that the initial state is zo = (qo, po)-

Poisson bracket Given two real-valued functions of (g, p), f and g, the Poisson bracket { f, g} =
Vof - Vpg — Vpf - Vyg. The bracket allows a convenient description of Hamiltonian dynamics. In

particular, the total derivative W can be written as {f, H} = V,f - V,H -V, f-V,H =

Vof ¢+ Vpf -p= %. We note that the Poisson bracket is antisymmetric, i.e. { A, B} = —{B, A},
and that if f(q,p) = h(g(g,p)) for some h, then {f, g} = 0.

Canonical distribution The distribution p(¢q,p) = (e~ *(@P))/Z, with normalization Z =

f e~ H(aP) dgdp, is known as the canonical distribution. When H has no dependence on time

except through ¢ and p, then dé’—f = {pm, H} = 0, with the last equality following by an above
property of the Poisson bracket. We denote by ¢7; the pushforward of the flow on a distribution, so
that Vt, ¢%;(t)(pr) = pm is the statement that the canonical distribution is stationarity under the

dynamics.



Hamiltonian Monte Carlo The principle of Hamiltonian Monte Carlo is to use a discretization
of Hamiltonian dynamics to produce a kernel which has a stationary distribution py for which the
marginal on ¢, i.e. 7(q) x [ pu(g,p)dp, is the distribution of interest. This can be achieved by
choosing H = —log m(q) + 2p? = V(q) + T(p), which only requires knowing the density up to the
normalization constant. The Metropolis-Hastings algorithm [8]] is used to correct for bias coming
from the discretization of the Hamiltonian dynamics, and momentum can be refreshed every n steps,

or partially refreshed every step [7], in order to ensure ergodicity.

2.1 Counterdiabatic driving

Consider H) ), a Hamiltonian which depends on a parameter A which varies with time. We can
now consider the flow ¢, that is the solution to Hamilton’s equations. Crucially, we note that
O, t’ )pHm> # PH, (e In other words, the flow of the time-varying Hamiltonian does not
preserve the time-varying distribution. To see why it fails, we inspect the total derivative:

d . : . Olog Z
P = {pmy s Ha}+A0\pu, = A\OxHpp, —)\%

where the expectation is over pg, . [12], [4] and [34} 18] note that one can express the lag in terms of
a function Ay of (g, p), known as the counterdiabatic gauge potential, with the property that at any A,

pry = (—O\HA+E[O\H\])Ap, (2)

{A)\,HA} :ZAHAfIE[aAHA] (3)

We then have that %PHA = ).\8>\ka = }\{HA, Axypm, = {pm,, —).\AA}. This is the total derivative
that would be generated by a Hamiltonian —)A,. This demonstrates a key result: if we choose as
our Hamiltonian HC ;) = Hy) + ).\(t)AA(t), we have that ¢, ('), ) = pH, ., Thus, by
using HC), as our Hamiltonian, we obtain perfect transport to each pp, ., including pp, .-

A simple example of a Gaussian with a time-varying mean is given in Appendix [B] where the
counterdiabatic term can be derived analytically. In general however, it is necessary to learn Aj.

2.2 Learning the counterdiabatic gauge potential

Lemma 2.1. Ler Li(A) = E[||[{A,H} — 8>\H||2], where the expectation is taken over pg. Then
equation[3]is satisfied by
A* = argmin Ly (A)
A

This is shown in [30]] in the quantum setting. We provide a similar proof in the present case in
appendix [D}

3 Counterdiabatic Hamiltonian Monte Carlo (CHMC)

The fact that we can learn an approximation of Ay suggests an algorithm for sampling. We first
choose a path of densities 7)), where my(q) is chosen to be straightforward to sample from, and
where 77y is the distribution of interest. This defines a time-varying Hamiltonian H)(p, q) =

1p[® = log mxt)(¢) = T(p) + Vo) (q), and in turn a path of densities on the full space, PHy)-

We define A‘f\’ as a neural network or sum of polynomials parametrized by a vector ¢. We additionally
discuss a scheme to use Hermite polynomials for the distribution over momentum in Appendix [E] We
initialize a population of particles distributed according to pp, ,,. Choosing a step size €, so that at
each step j, t = je, we learn a new ¢ by minimizing £, taking the expectation with respect to the
current population (Algorithm . We use HC = H) () + A(t)A A(t) as our Hamiltonian at a given
time ¢, and approximate Hamiltonian dynamics by a splitting integrator [24]). Since A is not generally
separable, this will not be symplectic.

We can, and should, compute weights for each particle after every step, to obtain a consistent sampler.
We explain this in more detail in Appendix [Al as a special case of Sequential Monte Carlo sampling
[11]], and derive an expression for the weight from the non-equilibrium fluctuation theorem. The full
algorithm is summarized in Algorithm



4 Related work

From the perspective of stochastic optimal control [[15] and optimal transport [29], the problem at
hand is to design an ODE or SDE that induces a desired trajectory in the space of densities, from
some 7 to the target 7. In this setting, Controlled Monte Carlo Diffusions [35]], the Liouville Flow
Importance Sampler [32f], Path Guided Particle Sampling [14]], the Path-Integral Sampler [37]], the
Adjoint sampler [20]] and Non-equilibrium transport sampling [1]] all learn a drift term of a differential
equation, parametrized by a neural network.

Several of these approaches use weights to correct for remaining bias [|1, 35]]. [1] in particular
presents a similar scheme to ours, but with overdamped Langevin dynamics, rather than Hamiltonian
dynamics, with different loss functions, and with weights applied non-incrementally and not used in
training. With weighting, these approaches can be understood in terms of Sequential Monte Carlo
sampling [10f], as described in Appendix and in that setting, [21]] and [3]] have both considered
learning kernels M, instead of setting M, as the invariant kernel of each successive 7.

Finally, adding a term to Hamiltonian dynamics to preserve stationarity through a series of inter-
mediate distributions has been proposed several times in a quantum setting, as engineered swift
equilibration [25]] and counterdiabatic driving [12], where the corresponding problem with a quickly
changing Hamiltonian is failure to preserve eigenstates. The core ideas carry over to a classical
setting [28]], often under the name shortcuts to adiabaticity, or escorted free energy (EFE) [34]]. We
recommend [|19]] for an overview. [30|] proposes learning a driving term in a quantum context, but
notes that the approach is transferable to a classical setting, which is the foundation for our approach.

Where CHMC differs from related work The work summarized above focuses either on over-
damped dynamics, or Hamiltonian dynamics without learning. Since Hamiltonian Monte Carlo is
the gold standard approach for sampling from differentiable densities, because of the geometric
properties of Hamiltonian dynamics [|6], it is natural that schemes for accelerating sampling in
multimodal targets should focus on it. In this Hamiltonian setting, the learned term takes on an
geometric significance, as a connection on a fiber bundle [23].

5 Evaluation

Here, we show the difference, on several simple problems, between the final particles that result
from using CHMC and standard HMC, in order to highlight how counterdiabatic driving accelerates
transport. We note that the goal is not to obtain unbiased samples from the target, but rather to improve
the performance of subsequent SMC-style reweighting. We measure the standardized squared error

bA(f) = %, where f is the Monte Carlo estimate va f(g;) of the final population of samples

{g:} and f(q) = ¢°. We consider 3 problems: a 1D Gaussian with a moving mean, a 1D Gaussian
with a changing variance, and an interpolation between a 1D Gaussian. See Appendix |C|for details.

System True E[z?] Naive HMC CHMC
Gaussian Moving Mean 2.0 1.12 2.1
Gaussian Annealing 0.1 86.5 0.65
Double Well 7.34 2.06 4.22

The takeaway is that when running at a fast schedule, standard HMC results in poor transport, because
more than a single step of the kernel at each time is required to regain stationarity, but that using the
counterdiabatic Hamiltonian results in better transport. A more complete evaluation, which includes
the use of weights, a more powerful neural network, and higher dimensional benchmark problems in
the spirit of [1]], is beyond the present scope, but a topic for future work.

6 Conclusion

We have presented an application of learned counterdiabatic driving to the problem of sampling. This
is closely related to the learned transport approach of [|1] among other recent papers, but introduces
a new physically inspired perspective. In particular, the extensive work in the physics literature on
the choice of parametrization for Ay and an optimal choice of \(¢), and in applied statistics for the
choice of € and a mass matrix in HMC, will serve as the inspiration for future work.
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A Counterdiabatic HMC as a Sequential Monte Carlo (SMC) sampler

Sequential Monte Carlo sampling Sequential Monte Carlo is a general framework for probabilistic
inference of path measures. The SMC sampler approach (SMCS) [[11]] applies SMC to the problem
of sampling from a distribution 7 on R?. See [13] for SMC generally, [26] for its relationship to
Feynman-Kac processes, and [11,|10] for SMCS in particular. [21]] provides a compact overview of
all three.

SMCS requires a series of densities 7, with 7 an initial distribution which is easy to sample from and

e . . . — i@
s the distribution of interest. We refer to the unnormalized density as v;, so that 7;(z) = T %? i

Markov kernels M and L; must also be defined; L; only play a conceptual role in the algorithm, but
the M; must be implemented.

The algorithm initializes a population of particles {z}X ,, and at each step j propagates them by a
kernel M to obtain {z’ , }/\,, and weights each particle 7, | by:

i — vi (@) Lja (2 |2%) @
T (@) My ()

A.1 SMCS with physical dynamics: using the nonequilibrium fluctuation theorem

In the case of interest to us, the variable in question is z = (g, p), and the series of distributions is
PH, ;. (2), for integer j and e the step size of the discretization.

Further, we are concerned with kernels defined by Hamiltonian dynamics, so that M (2'|z) =
0(2" = dr(je (€)(2)) and LT (2]2') = 0(2' — dp((j—1)e)(€)(2)). Here, for z = (q,p), Z = (¢, —p).



We have written H (t) to denote Iy, with the understanding that ¢ varies over the course of the flow.
We first consider the case of exact Hamiltonian dynamics, and then discuss the effect of discretization.

In this case, the ratio of M and L can be calculated by the non-equilibrium fluctuation theorem of
[Oll, which we now review. The value of this perspective is that this theorem can be generalized to
various settings [27], including to account for counterdiabatic driving.

First, we recall that

dH OH dz
oo +VH - q =dW +dQ

In physical terms, dWW and d(@ are the work and heat respectively, and mathematically, should be
viewed as one-forms that are not exact, i.e. are not the differential of a function. By contrast, their
sum dH is an exact one-form, namely the differential of the Hamiltonian. In particular, the integral
AH = f dH over a trajectory « is independent of «, but is composed of two parts, W[« f aw

and Q[o] = [ dQ which are both dependent on «, so that AH = Wla] + Q[a].

The fluctuation theorem states that

z Pz z!
/% = exp(W — AF)
z2z'

where P,_, ./ is the density over a given trajectory under the SDE in question (here Hamilton’s
equations of motion) from z to z’, and where W is the integral of dWW = 2 over the trajectory, and

Bt
AF = —log ZAW) for Z) = [ pu, (2)dz.

In the case of Hamiltonian dynamlcs the density of paths is precisely the delta function 6(2' — ¢ g (2)),

s0 a rearrangement gives us w; = e ~W where W is calculated over the trajectories of w’. Further,
we have that
Mj(2j|zj—1) N % Zj Zj—1 _Am _ W-AH _ _—-Q
= e =e =e
Lj-1(zj-112) Zj1 Z;

where Z; = Z)(j¢). Since Hamiltonian dynamics are measure-preserving, i.e. @ = 0, we see
immediately that when using an unadjusted HMC kernel in the SMC sampling algorithm, the correct
weight is given by FY’“ = ¢~?H in agreement with Appendix B of [[10].

The more interesting case concerns kernels M Ca arising from a counterdiabatic Hamiltonian

HC, = H + AA. In this case, [38]] derives an analogous fluctuation theorem, but in terms of a
different work, which we refer to as W,, obtained by integrating dW, defined as follows:

AW, = (aajv{—FVH vq — V- UA>dt

where v 4 is the drift induced by A4, i.e. v4 = (V,AA, —V,\A). We then see that the third term
vanishes, since Hamiltonian flow is dissipationless.

In this case, we also note that the physical intepretation of heat and work is preserved, in the sense
that

dH
S AW, +d
I We +dQ

where dQ is as defined above, i.e. dQ = VH - vy, withvy = (V, H, -V, H).
A.2 Discretization

The above discussion assumes exact Hamiltonian dynamics, but in practice, we must numerically
integrate. For Hamiltonian dynamics without counterdiabatic driving, the discretization can be viewed
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as work [31]]. This is because it is known that the discretized dynamics are the exact dynamics of
a so-called shadow Hamiltonian Hg, so that the effect of discretization can be understood as an
instantaneous change from H to Hg before the leapfrog step, and a corresponding change back
afterwards. refer to the work from the change of )\ and from discretization as protocol work Wp
and shadow work W respectively, with AH = Wg + Wp + Q. Because the fluctuation theorem
holds in the context of total work W = W + Wp, and because Hamiltonian dynamics have () = 0,
we have that W = AH and so w o< e 2,

The counterdiabatic case, without Langevin noise, can be approached similarly. In this case, the total
work is W = W + Wg = AH. The upshot is that the weight is the negative exponential of the
change not in HC, but in the original H: w oc e *H,

This agrees with the weighting scheme in [I]], in the special case of present interest where the flow is
dissipationless.

As a demonstration of the weighting scheme working in practice, we show in Figure [2]a SMC
scheme using the counterdiabatic kernel. Indeed, our implementation of CHMC in BlackJax uses the
pre-existing SMC architecture.

B Example of simple counterdiabatic driving term

Suppose our time varying density 7y ;) is defined as a 1-dimensional Gaussian with unit variance
and a time varying mean A(t), so that A(0) = 0 and A(T") = 1.

OHy _ 0V :
5 = —og , while

In this case, A is known, and is equal to p. To see this, calculate {p, H} = —
OLHy = f%—‘; also.

Then we have { Ay, Hy} = 0\H), which implies that E[0\H,] = E[{A, H}] = [{A,H}puy =
J{H, pu}A = 0, by a standard property of the Poisson bracket.

A term p in the Hamiltonian generates motion towards the moving mean, so that probability mass is
transported exactly along with the changing mean under the flow of the Hamiltonian.

It is also useful to consider the weight w in this setting, which as per Appendix [A]is defined as
— [dW, f
e , for

dW, = (%It{ —i—VH-vA) dt



Algorithm 1 Fit adiabatic gauge potential A4 at a given A

Require: Real-valued function A, (g, p), optimizer (e.g. Adam) , schedule \;, population of particles
{qi, pi}¥., and weights wX ,, and T iterations.
1: fort=1,...,T do
2 Compute | < & 2% w; ({Ag, Hx}ai, pi) — O0WVa(@:))
3: Update ¢ using optimizer with loss {
4: end for
5. return ¢

Since the transport is perfect, we know that the weights should be uniform, so the two terms in dW.
must cancel. Indeed, inspection shows that %—Ij = —Ag—A),while VH -v4 = A(q — \), giving
the desired result.

C Implementation of Counterdiabatic Hamiltonian Monte Carlo

Here we review a number of details regarding the implementation of CHMC. Our implementation is in
Jax, and for the learning of A we use the Adam optimizer. We use a 2 hidden layer feedforward neural
network with ReLu activations, and hidden layers of 32 and 64. As an alternative, we implement a
polynomial approximation, i.e. a sum of all polynomials in ¢ and p up to a given order (our default is
5), where ¢ supplies the coefficients of each polynomial term. The latter is computationally cheaper
to run and in low dimensions yields comparable results.

The code is available at https://github.com/reubenharry/counterdiabatic-hmc/tree/
working_branch.

Choice of step size As in standard HMC, the choice of ¢ is a trade-off between the accuracy of
the dynamics and the efficiency of the algorithm. We conjecture that adaptive tuning, as in tuning
schemes for HMC step size [[17] will prove useful. An advantage of the Hamiltonian setting is that
large energy error can be used as a proxy for excessive step size.

Numerical Integration A key complication is that A is not separable into a term depending on p
and a term depending on ¢. This means that the Velocity Verlet integrator is not symplectic. In the
current work, we overlook this problem and make sure to choose € reasonably small.

Momentum refreshing In standard HMC, it is necessary to refresh momentum, either totally
every n; steps, or partially every step. The latter corresponds to a discretization of underdamped
Langevin dynamics. In the case of CHMC, we find that momentum resampling is valuable. We use
the strategy of refreshing every n; steps, since the Langevin strategy results in dissipative dynamics
which complicates the weight calculation. We fix n; = 2, but note that performance is likely to be
sensitive to this value, as in normal HMC, so we view automatically determining n; as an important
topic for future work.

For our experiments, we choose A(t) = 0.5¢. For the Gaussian Annealing and the Gaussian Moving
Mean systems, we use € = 2/3 and 4 total timesteps, and for the Double Well, we use ¢ = 0.2 and
10 timesteps. We use 1000 particles.

C.1 System Potentials

We evaluate our method on three one-dimensional systems with time-dependent potentials V) (q).

C.1.1 Gaussian Moving Mean

The potential interpolates from a standard Gaussian to a Gaussian with shifted mean:
1
Valg) = 5(g=2)? 5)

This system evolves from N'(0,1) at A = 0to AV'(1,1) at A = 1.


https://github.com/reubenharry/counterdiabatic-hmc/tree/working_branch
https://github.com/reubenharry/counterdiabatic-hmc/tree/working_branch

Algorithm 2 Counterdiabatic HMC (CHMC) with population and weighting

Require: Population {qgo)}f\il from initial distribution ; potential V) (¢) = —V log w» and gradi-
ents ; step size € ; momentum refresh rate n ; schedule {/\k},le with Ay = 0 (easy) and A\, =1
(target) .

1: Initialize weights wgo) =1/N forall:

2: fork=1to L —1do

3: for i =1to N do T

4: Set (g,p) « (g{" ", p{" "

5: If ¥ mod n = 0, sample p ~ N(0, ])

6: Update A, using the weighted population (Algorithm 1)

7: Integrate equations of motion:

Ghaif < ¢ + %(p + M VpA¢(Q7p))
pp—e (qu)\k (hate) + Ae VqA¢<Qhalf7p))
q 4 Ghat + 5 (p + M va¢(Qhalf7p))
8: Increment work W:
Wi Hy, (q,p) — Hy,, (¢{" ", p" )

9: Update particle: qgk) —q
10: Update weight: wgk) — wgkfl) exp(—W;)
11: end for . . .

12: Normalize weights: wz( ) wl( )/ > wj( )

13: Optionally resample if effective sample size is low

14: end for . .

15: return weighted population {(qf ), wl( )) N

C.1.2 Gaussian Annealing

The potential interpolates from a standard Gaussian to a Gaussian with reduced variance:

1
Valg) = 5k(N)e® ©)

where k£(A) = 1 + 9 interpolates from 1 to 10. This system evolves from A(0,1) at A = 0 to
N(0,0.1) at A = 1.

C.1.3 Double Well

The potential interpolates from a harmonic oscillator to a double-well potential:
1
Va(a) = (1= N)5a* + 2 ((¢* = 3)%) ™
This system evolves from a single well centered at ¢ = 0 to a double well with minima at ¢ = ++/3.

C.2 Kinetic Energy

All systems use the standard kinetic energy:

T(p) = 5— ®)

withm = 1.
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D Learning A

To learn A satisfying property it suffices to minimize E. ., o [|G(2)|?], where

G(2) = {A, H}(2) — O\H(2) + E[0xH (2)]

E[{A, H}? + (0,H)? + E[0\H|*> — 2{A,H}(O\H) +

Multiplying out, we find E[|G(2)|?] =
=E[{A, H}?>+(0\H)?>—-2{A, H}(OxH)+2{A, H}E[0\H]—

2{A, H}E[0\H]—-2(0xH)E[O\H]|
E[0\H]?.
The final term is irrelevant since it is constant with respect to A, while the penultimate term can be

shown to vanish, since E[{A, H}| = [{A,H}pg = [{H, pu}A = 0, by standard properties of the
Poisson bracket.

"Ehis(zi)eans that E[G(2)] = E[{A, H}? + (0\H)? — 2{A, H}(OxH)] = E[|{A, H} — O\H|?] =

This means that we can minimize the loss £ (A) instead, which is simple to calculate.

D.1 Choice of Gauge

The Hamiltonian HC), is presented in the main text as H) + AA), but we are in fact free to choose
instead of the first term H, any function K of (g, p) which has { K, py} = 0. This is because, for
a perfectly learned A, with ¢ — 0, such a term generates a flow under which py is stationary. In
physical language this is known as a choice of gauge.

However, in the relevant regime, where e is finite and A is merely approximate, the question of the
ideal gauge is open. Intuitively, using ' should allow the particles to (partially) re-equilibrate to the
current stationary distribution at each step, and this is our justification for this choice. We also note
that using H is computationally cheap; although it requires the use of expensive gradients of the
density 7y, these are needed anyway in the fitting of A, which happens subsequently.

E Hermite Polynomials

In our approach, we consider Hamiltonians of the form H (g, p) = % p?+V (g, \), so that the marginal
stationary distribution over momentum is a Gaussian. This suggests an approach to parametrizing A
more effectively, by making use of the orthogonal polynomials of the Gaussian distribution, which
are the Hermite polynomials ;.

Concretely, we define ¢; := H;/ V/i!, so that by a well-known property of the Hermite polynomials,
E[¢m®n] = dmn, Where the expectation is taken with respect to the standard Normal distribution.

poi = Vit 1o +Vidii, Opi = Vi i1, #1(p) = p.
We proceed by defining A as follows:

Apala,p) = fola) 9a(p),  galp) = Z a; ¢i(p).
Zh

Here, the parameters 6 of f can be coefficients of polynomials or neural network weights, as before.

Meanwhile, & are the parameters of g.

We now show that for fixed 6, arg min; £ (A 5) is found by the solution of a tridiagonal linear
system. That is:

Lemma E.1.
Lyla)=b"a + a@Tmal 4.

where &'°) is a vector of the odd coefficients, C'is a constant, and b and M are a vector and matrix
respectively to be specified below.
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Proof. By definition,

Lypla] = E[||0,H — {A, H}||’] = E[(0:H)?] — 2E[0\H {A, H}] + E[{A,H}?]

We now simplify, using the above properties of ¢;.

Linear term. By a standard property of the Poisson bracket:

—2E[0\H {A,H}| =2E[{0xH,H} A] =2E | pd,0\V(q) f(a) g(p)
—_—— =~ =~
{0xH,H}  A(g-part) A (p-part)

Factoring and using ¢ = p, we have:

—2E[0\H {A, H}] = 2 B[ f(q) 9,0,V (q)] Ey9(p) p]
———
=:Lq =221 oda @i Eploigr]=dn

Hence

Linear term = 21 Eq[f(q) 9,00V (q)] =261 Lg.

Quadratic term. Expanding the Poisson bracket, we find:

{A, H} = (044) (0,H)—(9,A) (9,H) = (94f) 9(p)p - fle)  d  9,V(g).
—— —~ ~ W ==
=:Q(q) pdi=Vitldit1+Vidi_1 S aiVigioa

Using the identities (with sums over odd 7):

A H) = 3 0 Qo) Vit Toum) + Vi (Q) ~ 1(0) V(@) di1(p)

i>1
i odd =Q =R

[E—"

It then follows that

BAHY] = Y ity { BalQ? By[ViT 1o v/i+ 10 + EglRY) Ey[vigi1 v/ ;1]

i,7 odd —co —
+Eg[QR] E,[Vidio1 G+ Ldji] + 2 Bp[Vi+ 1 i1 /5 1] }
——

=:iC2

Using orthonormality of ¢;, we have:

E[{A H}* =Y a?[co (i+1) +clz'} + 2 @b /(i +1)(i +2),

i odd i odd

with

Co = Eq[(aqf)Q]» c1 =Eg[(9,f — faqV)Z]a ca = Eg[(0,f) (0gf — fO,V)].

Odd-sector tridiagonal form. Reindex i = 2k + 1 and set &\”) := @gpyq for k = 0,1,2,....

Then

Ef4,H) =Y (al)? [co (2k +2) + ¢1 (2k + 1)} + 23 a6l e /(Zk+2)(2k +3) .
k>0 k>0

© 50 &9, ..)

which is a tridiagonal quadratic form in the vector (&g, &7, with entries

Mk,k’ =Cp (2]{34—2) +c1 (2k+1), Mk,k—i—l :Mk—i-l,k =Cy (2k+2)(2k+3)
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Collecting terms. Let by, := 2 L, 1{,—oy with Ly = E,[f 0,0\V]. Then

Lyla] = B[O H)?] + Y bray + a7 Mal),

constant k Z 0

13
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