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ABSTRACT

Partial Differential Equations are precise in modelling the physical, biological and
graphical phenomena. However, the numerical methods suffer from the curse of
dimensionality, high computation costs and domain-specific discretization. We
aim to explore pros and cons of different PDE solvers, and apply them to spe-
cific scientific simulation problems, including forwarding solution, inverse prob-
lems and equations discovery. In particular, we extend the recent Zhong et al.
(2023) framework solver to coupled and non-linear settings, together with down-
stream applications. The outcomes include implementation of selected methods,
self-tuning techniques, evaluation on benchmark problems and a comprehensive
survey of neural PDE solvers and scientific simulation applications.

1 INTRODUCTION

PDEs are useful in different domains of scientific computing, including physics, graphics and biol-
ogy. |Zhong et al.| (2023)) proposed extension to Kansa method, which is a mesh-free Radial Basis
Functions (RBFs) PDE solver. They introduced auto-tuning of the shape parameters of RBFs. How-
ever, their work focuses only on single-variable linear PDEs. Therefore, this paper extends CNFs
backend solver to multiple unknown functions u and nonlinear PDEs, and apply the framework
to specific scientific simulation problems, including forward computation and inverse problems.

It’s unknown how (extended) Constrained Neural Fields (CNF) Zhong et al.[(2023) compared with
other classical and neural PDE solvers. Hence, we also implement and evaluate selected prior meth-
ods on the benchmarks on their effectiveness with different quality metrics (e.g. L1, L2, errors)
against ground truth solutions, efficiency, computation resource, convergence speed, method com-
plexity, and finally utility in research, i.e. their scientific simulation applications or integration with
other methods, e.g. differentiable rendering to solve inverse physics-related problems in Graphics.

2 RELATED WORK

PDE benchmarks. We identified several representative equations [Takamoto et al.| (2022)) in Table
They are different in linearity of the operator and solution u dimensionality.

PDE solvers. Numerical methods, e.g. Finite Difference Method (FDM) and Finite Element Method
(FEM), are widely used to solve PDEs. However, they suffer from the curse of dimensionality,
high computation costs and domain-specific discretization. Recently, neural network based solvers
have shown promising results in addressing these issues. For example, Physics-Informed Neural
Networks (PINNs) [Raissi et al.| (2019) and Fourier Neural Operators (FNOs) [Li et al.| (2020) have
demonstrated the ability to generalize to unseen scenarios and handle high dimension effectively.

Inverse problem, i.e. estimating unknown parameters or inputs of a variable = from given solution
observations u, is crucial. However, it’s unclear how CNFs can be applied to these problems, includ-
ing connecting with differentiable rendering pipelines |Spielberg et al.| (2023) in Visual Computing.
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3 METHODOLOGY

3.1 GENERAL FORM OF PDEs

With spatial domain 2 C R4, where its dimension is d, and the unknown field u(z,t) e :D— R
defined on the spatio-temporal domain D = Q X [tg, ;] C R+, the general form of PDEs is,

Dlu]l = f, =€ Q,t¢€ [to,tf], Dlu)(z,t) = f(z,t), x € Q,tE€ [to,ty],
Bz[u] =¢g;,, TE& 8Qi,t S [to,tf]. Bl[u](a:,t) = gi(x,t) X € 8Qi,t € [fo,tf}..

(D
where D : U — )Y is the differential operator and f € Y : D — R™ is source function, e.g. the
external force in dynamics, with m being the output dimension of The differential operators D
include the gradient V, Laplace A, divergence V-, etc. For boundary conditions, B; : U — Z; is

each boundary operator with g; € Z; : 08; x [to,ts] — R™ and n; as the output dimension of g;.

3.2 KANSA COLLOCATION

Kernel functions. [Radial Basis Function (RBF)| relates the distance r between the input x and a
fixed origin point c to the output value.

Pe(r) = de(llx = cl]). 2
There are various infinitely smooth RBFs, among which we choose Gaussian RBF for its effective-
ness in approximating smooth functions,

e—(er)? , Gaussian,
Ye(r) = ﬁ, Inverse quadratic, 3)

V14 (er)?, Multiquadrics,

where Gaussian shape parameter € = and o is the standard deviation.

_1
V20’
Kansa method Kansa| (1990) approximates the solution u(x, t) with a linear combination of kernel
functions vy, (||x; — x1|[) € R? — R centered at each collocation point {x; € D}V,

N
u(ws, ti) ~d(xi) = Y o dr(llxi — xkl)), x €D, (4)
k=1
where «; € R are the coefficients to be solved. The time dimension ¢ is omitted, which can be
treated as an additional spatial dimension here. Equation equation {4 is expressed as, by rewriting
the kernel functions into matrix form,

a(x1) Vil —xa1|])  Yo(llx1 —x2f]) - Un(|[x1 —xn]]) ai
axo) | [ ¥ulllxe =xall) - alllxe =x2fl) - dn(llx2 = xnl]) ez )
)] Lorlixn —xall) wallixn —xal) - onllixy —xnlD]  Law
ucRN kernel matrix KERN XN acRN

The PDE general form equation [I]can be summarized as a single equation,

}-[ﬁ](xz) = h(Xi), X, € ]D)7 (6)
where the operator F = {D, B5;} and h = {f, ¢; } represent both the initial and boundary conditions.
3.2.1 LINEAR OPERATOR CASE
By plugging in the approximation of u equation |4|and assuming the operator F is linearﬂ the PDE

equation[6]can be simplified as,

N N
Flal(xi) = FY o - l(xi) = Y o - Fl) (1) = h(x). (7
k=1

k=1

"Note that / and ) are two function spaces, and we require they are Banach spaces.
?For linear operators, Fla - 1] = a - F[t], as defined in §



ICLR 2026 Artificial Intelligence and Partial Differential Equations (AI&PDE) Workshop

By expanding in matrix form, the above equation is,

Fli](x1)  Flbo](x1) -+ Fln|(x1)] [ h(x1)
Fll(x2)  Flpal(x2) - Flnl(x2) s h(x2) ®)
Fli](xn)  Flo](xn) -+ Flnl(xn))  Lan h(xn)
N—— ——
operator-evaluated kernel matrix FERN XN acRN constraint values he RN
Concretely, when the kernel function is Gaussian RBF defined in equation |2} and x; = (=, ¢;),
2
Y =e 27, = (- 1)’ + (b — )2 9)
Take F = % and by the chain rule, the element F;, ; in the matrix equation is thus,
81/1k(x2) éwk(xz) (97‘% 1 *L%z tk — ti ,i
i) = = =t = ———e 202 -2t —t;) = — 2, (10
Flx](xi) ot or? ot 202 € ( ) o2 €’ (10)

Simultaneous equations. When there are IV, equations of different constraints to be satisfied, the
collocation points {x; € ID)}fV:“’{“‘ are distributed among all equationsﬂ where N = Z;V:‘“i Nj.

Fj[ﬁ](xz) = hj(Xi)7 Vj e {1, .. ~uNeq}7Xi e D. an

Equation equation [§f can be extended by stacking each matrix FU) ¢ RNowxNoa and constraint
vector h() € RNwul vertically for all equations|Zhong et al.| (2023). The block matrix form is,

FO a h®
: : = : . (12)
F(Nﬂq) QN ol h(Neq)
——
stacked FER(Veq Now) X Nt a€RNrotal stacked heRNea Mol
The solution of u equation E] depends on the coefficients a = [ay, o, ..., ay], which can be

solved by the linear system Fa = h. The general form is given by the least squares approximation,
i.e. minimizing the norm of the error vector and setting the gradient to zero,

a®"' = min(||Fa — h||)?,
2 (13)
Va(Fa—h)"(Fa—h)=0 = (F'F)a” = F'h.

If matrix F is full rank, F7F is invertible, thus one can derive a® = (FTF)~'F”h. Should the
matrix F be square and invertible, equationcan be further simplified as a°* = F~1h. Whichever
conditions occurs, the final solution for w is approximated by plugging in the optimal coefficients
a® into equation[3] i.e. 4(x) = K - a®".

M

When testing on unseen data points {x; € D};Z,, the kernel functions are constructed between the

test points and the collocation points {x; € D} ;. The solution is thus,

N
u(x,t) m a(x*) =Y g - Pr(|x* —xxll), x€D, (14)
k=1
Test-time solution equation [E] can be formulated to matrix form,
)T e xl) (- xel) e en( - xa|)] o
axz) || vulllxg —xall) - a(llxs = x2fl) - v (llxg —xnl]) Qs as)
a(x}y) Vi([[x3s —xall)  va(llxy —x2l]) - Un(lxh —xn[)] Lan
ucRM kernel matrix K* €cRM XN acRN
30Yy .

5: . phi-t = torch.autograd.grad(phi, t, create.graph=True) [0]
*Note that repeated collocation points are forced to be repeated here for distinct constraints.
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3.2.2 EXTENSION 1: COUPLED SOLUTION FIELDS OF PDES

Coupled multi-dimensional PDE solution fields. Assuming there are Np solution dimensions,

ie.u = [uj,usg,...,un,], the Kansa approximation equationE]for each dimension is,
N
ig(x) =Y o P (Ix = x4l]), Vde{1,...,Np}. (16)
k=1

The coupled PDE equation is thus formulated as applying the coupling, or governing operator G on
all dimensions of solution, which each has its own operator F (d),

g (f(l)[ﬁ’l}v cee 7~F(ND)[’LALND]) (Xl) = h’(xi)’ X; € D. (17)

Here we assume the coupling operator G is linear with each dimension of solution,

Np
G (01, s 0np) (%) = D Ba-Dalx), (18)
d=1

where 34 € R is the per-dimension weight. Equation equation [§|can be extended by stacking each
matrix F(? € RN*N horizontally for all dimensions of solution. The block matrix form is,

3(1) h(Xl)

Bily - BNDIN]O[F(D F(ND)]. : = : , (19)
a(Np) h(xn)

BERNX(Np-N) coupling FERN X (Np-N)
acR(Np-N) stacked heRN
where o is element-wise or Hadamard product and Iy is the identity matrix of size /N. For simulta-
neous coupled PDE equations, similar to equation they are indexed by j € {1,..., N4},

G; (FPla, ., FNP i, ]) () = hyx), Vi€ {1l Neghxi €D (20)

With Ny defined as in equation[I2] the block matrix form is,

B F@1) e FQ.Np) a h
s I :
(Neq) (Neqvl) N (NerND) (ND) (Neq)
a h
—_————
ﬁeR(Neq'Nmml)X(ND'Nmml) coupling FcRWNeq Niow) X (N p - Niotal) acRW D Neotal) stacked heR (Neq - Niotal)

2n

3.2.3 EXTENSION 2: NONLINEAR OPERATOR CASE

When the operator F is nonlinear, we can no longer simplify equation [6]as in equation[7} However,
we can still derive the relation between the solution w and its linear transformed version as below.

Differentiable matrix helps decompose the general non-linear operator F into a series of linear
operators. Take any linear operator, e.g. %, it relates the relation between unknown u and its
derivative u’ = D,, - u. We derive D, from Kansa equation[d] by linearity and equation|[7]

9 S0
%u(x):;w%wk(llzwm- (22)

In matrix form, we have u’ = K - a, where the matrix K, € RY*¥ is constructed by evaluating
%z{;k(ﬂx — zk||)|z=q,; forall i,k € {1,..., N} as row and column indices.

By inverting equation a =K' u, assuming K invertibility from independent basis. By substi-
tuting a into u’ = Ky - a, one gets u’ = Ky - K~! . u. The differentiable matrix is thus,

D, =K, K ! cRVV, (23)
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. , . . 2 . . .
For viscous Burgers’ equation equatlon]-' [u] = 2%+ u% — V%. Its differentiable matrix form,

which follows the same formulation as in equationby replacing the operator accordingly, is,
Ful=D¢-u+uo(Dy-u) —v(Dy, -u). (24)

Here we present two categories of Kansa approaches (Table [T). The first consists of four time-
stepping schemes, including two per-step /inear and another two nonlinear systems. The second
employs a fully nonlinear solver on the PDE residuals, without explicit time discretization.

Table 1: Summary of different non-linear Kansa solver features, At is the time step size, IV, and
N, are the number of collocation points in spatial and temporal dimensions respectively.

Features forward IMEX backward Crank—Nicolson fully non-linear
Time-step explicit semi-explicit implicit implicit X

Error O(At) O(At) O(At) O(At?) O(1)
Stability unstable stable stable stable N/A
Memory O(N7) O(N?) O(N7) O(N?) O(NZN?)

Time-stepping approach with linear system. We can remove the non-linearity by discretizing
the time derivative via finite difference method, for a special case of time-dependent PDEs. One
solution is to use the (1) explicit forward Euler scheme,

ou un+1 I )

— +Dul=0 = ———
gt + Pl At
where D is the spatial operator. A more stable solution is to use the (2) implicit-explicit (IMEX)
scheme, which splits the stiff and non-stiff parts of the operator D = L + Enon-stitr> Which stiffness
means the numerical instability incurred by the operator and needs to be treated implicitly,

+ O(At) + D[u"] = 0, (25)

un+1 —um
At

Despite the non-linear spatial operator D or Eyon.sitr, We already know the solution u'™ at time step
n. Thus, with differentiable matrices, one can evaluate D[u™] or Eyon-sue[u™] directly, so as to derive
the solution u™*1 at the next time step n + 1.

+ O(AL) + Lyigs[u™ ] + Enoncsuse[u™] = 0. (26)

Time-stepping approach with nonlinear solver. If we discretize the time derivative via the (3)
backward Euler scheme, the non-linearity remains in the formulation,

ou untl —qn

— +Duj=0 = ——— +O0(At) + Du" '] = 0. 27

-+ Dlu] o+ O(At) + D™ @7
We can directly replace linear system solver by a non-linear system solver, e.g. Newton-Raphson
method |Ypma)| (1995)), to minimize the residual vector and derive the unknown solution at next time
step,

w1 = arg min r" !, where r" ! = "t — " 4 At - D[u" . (28)
un+1

Alternatively, (4) Crank-Nicolson scheme can be used to discretize second-order accurate in time,

ou B utt —yn 1 ntl " 2
E+D[u]—02> T+§(D[u ]+ Dlu"]) + O(At?) = 0. (29)

Similar with equation the unknown solution at next time step is derived by minimizing the
residual vector as stated in equation [29]

Fully nonlinear solver without time-stepping. This approach directly minimizes the PDE residuals
equation [6] over all collocation points, without explicit time discretization. After plugging in the
differentiable matrix form of the non-linear operator JF, the objective function is therefore,

N
a = arg mainz (Fla)(x:) — h(x;))?. (30)
i=1

By plugging in Kansa approximation equationd we derive unknown solution « over entire domain.
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3.2.4 AUTO-TUNING OF KANSA HYPERPARAMETERS

To tune the key Kansa method hyperparameter, kernel shape parameter e in equation [3| [Zhong et al.
(2023)) proposed one of the self-tuning methods for ¢ by minimizing the variation of the solution
field u over all collocation points, and the condition number of operator-evaluated kernel matrix F,

€* = argminw; - cond(F) 4 wo - / | Vu(x)||?dx, 31
¢ D

where cond(F) is the condition number of matrix F defined in equation 8} The integral term can
be approximated by summing over all collocation points by Monte Carlo integration. This approach
works for linear, including coupled and multi-dimensional, PDEs.

For non-linear operator case, the solution u depends on e implicitly via the coefficients «;. The
matrix F no longer exists explicitly. Here, we propose to directly minimize the PDE residuals over
all collocation points, the total variation of the solution field u, and the training L2 loss between the
predicted solution  and the ground truth solution u9 if training data are available,
N
e = argmﬁinwl . Z (Fla)(x;) — h(x;))* + ws - / || Vu(x)|]2dx + ws - [Ju —u?|]?, (32)
i=1 D
where w1, ws, and wg are the penalty weights. Grid search is used as an optimizer.

3.3 SOLUTIONS OF INVERSE PDE PROBLEMS

obs

Inverse PDE problems. When given observations of solution field u°*, we infer the unknown
obs

PDE parameters 7r that minimize the discrepancy £ between the predicted uP*¢(7r) and u°",
™ = arg min £(u®®, uP®(7r)). (33)

We adopt the SciPy implementation of the least squares and root finding algorithms, which are
either gradient-based or gradient-free, detailed in the evaluation section.

4 EVALUATION

4.1 PERFORMANCE METRICS

Accuracy. Given the numerical solution ; from PDE solvers, and the ground truth w;, the Lo risk
R 1, is the average discretized error over all N test points on the spatial-temporal domain,

. 1 N!ES‘ . . 1 N!es! |
RL2 = N E ||’UJZ - Ui||2, RrelativeLg = N
test . 4 test =

[ty — ui|2

[[will2

(34)
1
The relative Lo risk is computed from Ry, and normalized by the ground truth u; Ly norm,

4.2 EVALUATION OF SOLVERS FOR THE ADVECTION EQUATION

For the 1D advection equation defined in equation 3] we set the number of domain quadrature
points Nz = 100 x 10, i.e. initial condition (IC) points Nz = 10 and the boundary condition (BC)
points Nz = 100 x 2. The advection equation is initialized as per Table 2]

Table 2: 1D advection equation experimental setup.

domain time range parameter IC BC

zo=0,2p=1 to=0,t;=1 B=04 ug(x) = sin(2mx)  per equation 46|

FNO requires multiple instances of PDEs for training. Hence, we generate N,4. = 100 instances
by varying only the initial condition as, given ¢ ~ N (0, 1),

uo ()

uo(®) = o o (2))]

5
, where up(z) = Z ¢k sin(2rkx). (35)
k=1



ICLR 2026 Artificial Intelligence and Partial Differential Equations (AI&PDE) Workshop

For training, PINN and FNO are trained via learning rate 7 = 10~ until convergence, i.e. with
epoch iterations Ny, = 3000 for PINN and Ny, = 100 for FNO. For evaluation, the test points
Niest = 64 x 8. The error is measured by relative Lo risk Rrejative L, equation

4.2.1 FORWARD PROBLEM

Since FNO is trained on N,4. = 100 instances of PDEs, we compensate more training data
for single-instance solvers for a fair comparison. The adjustment factor is defined as Cyee €
[1, Npae] C RT. Hence, the domain points is N, = Cseale X Nz and methods denoted as FDM e
and PINN_ The test-time results are summarized in Table

Table 3: Models accuracy ﬁrelame Ly X 1073, on 1D advection relative to the data domain resolution.

Ceale FDM PINN FNO KM
1 36.63 300.2 744.3 1.918
22 17.05 20.68 58.71 0.0028
42 7.478 8.654 37.68 N/A
Npge = 10? 3.228 6.457 13.37 N/A
average 16.10 + 12.87 83.99 £+ 124.9 213.5 & 306.9 0.9603 & 0.9576

From Table[3] we conclude that all solvers are sensitive to the number of training data, where larger
Cscale leads to better precision on test points. Kansa outperforms other methods in both accuracy
and convergence speed, achieving the least error (up to 10~%) with only Cy.ue = 4%. However, due
to the increasing computational cost above Cycye = 102, memory limit was exceeded.

4.2.2 INVERSE PROBLEM

For the 1D advection equation equation5]initialized in Table we set up the inverse PDE problem
to infer the initial parameter 3 from the observation data u°>* at all time steps. All methods are
evaluated at their best performance from the forward problem. The results are summarized in Table
with the initial parameter (3 set.

Table 4: Inverse predictions of 8 on advection equation, where the ground truth 5 = 0.4.

Bo FDM PINN FNO KM gy FDM PINN FNO KM
0.2 0.402 0.39987 0.3985 0.402 1.0 1.000 0.40446 1.2267 0.402

For local optimization methods when searching for the optimal parameter, they stuck at different
local minima depending on the initial guess 3. With different runs of initial guesses, they give
more precise predictions with more computational cost.

4.3 EXTENSION 1: KANSA METHOD FOR COUPLED PDES

The Lotka-Volterra equations equation[7]are initialized as per Table[5] where the number of domain
quadrature points Ng = 100 x 1, and initial condition points Ny = 1. For evaluation, the test points
Neest = 64. The results from Kansa method are summarized in Table [6] where the Gaussian RBF
shape parameters, as defined in equation [3] are set as € = 0.2 for both z(¢) and y(t).

Table 5: 1D Lotka-Volterra equations experimental setup.

time range parameter initial conditions
to =0,t; = 200 a=0.1,5=0.02,§ =0.01,y=0.1 x(0) = 40,y(0) =9
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The 1D Maxwell’s equations as defined in equation[58|are initialized per Table[I4] where the speed
of time propagation ¢ = 1, the number of domain quadrature points Ng = 12 x 12, and initial
condition points Ny = 24. For evaluation, the test points Ny = 10 X 10. The shape parameter
of Gaussian RBF, as defined in equation @, is set as ¢; = 0.21 and ¢, = 0.2 for Lotka-Volterra
equations and eg = 16 and eg = 16 for Maxwell’s equations, respectively.

4.3.1 FORWARD PROBLEM

Table 6: ﬁrelaﬁve L, error of Lotka-Volterra and Maxwell’s equations using Kansa method.

C’scale I(t) y(t) Ez (Iv t) By (Iv t)
1 0.1279353 0.055667494 0.8049189 0.5894967
4 0.04539858 0.06230465 0.4383743 0.3830594

Accuracy. The results from Kansa method are summarized in Table 6] Both errors converge with
increasing Cieye as defined above. Efficiency. The training time and inference time of Kansa
method on Lotka-Volterra equations are 0.4034 and 0.0001 seconds, respectively. The training time
and inference time of Kansa method on Maxwell’s equations are 0.4486 and 0.0005 seconds.

4.3.2 INVERSE PROBLEM

For the Lotka-Volterra defined in equation[d7]initialized in Table[5} we set up the inverse problem to
infer the initial parameter «, 3, § and ~y from observation 2°%(¢) and 3°*(¢) at all time steps.

Table 7: Inverse predictions of «, 3,  and «y on Lotka-Volterra equations.

« 8 5 ol e’ B d Y
reference 0.1 0.02 0.01 0.1 prediction 0.102 0.0207 0.0100 0.0994

With the initial guess all set to 1, the results are summarized in Table Despite the four-dimensional
search space, the optimization algorithm SciPy Powell method successfully infers the parameters
with high accuracy and decent computational cost.

4.4 EXTENSION 2: KANSA METHOD FOR NONLINEAR PDESs

The Burgers’ equation defined in equation [63] is initialized as per Table [8] where the number of
domain quadrature points Nz = 64 x 16, i.e. initial condition (IC) points N = 64 and the boundary
condition (BC) points Nz = 16 x 2. For evaluation, the test points N = 48 x 12. The Gaussian
RBF shape parameter, as defined in equation [3] is set as e = 0.9.

Table 8: Burgers’ equation experimental setup.

domain time span param. ICs BCs

xo=—10,zy =10 to=0,ty =4 v =05 perequation[74  u(xo)=1,u(xy) =0

4.4.1 FORWARD PROBLEM

Accuracy. From Table[d] we observe that fully non-linear approach outperforms other time-stepping
schemes. It’s hard to determine whether IMEX or backward Euler is more accurate theoretically.
However, Crank-Nicolson scheme is definitely more accurate than both IMEX and backward Euler,
since it’s second-order accurate in time while the other two are only first-order accurate.
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Table 9: ﬁrelaﬂve L, x 1072 error of Burgers’ equation using Kansa methods.

forward IMEX backward Crank—Nicolson fully non-linear
3.74 x 1031 1.68 1.33 1.29 0.012

Computational efficiency. We measure the training and inference time of different Kansa methods
on Burgers’ equation in Table The non-linear solver used is the SciPy least-squares.

Table 10: Train or infer time of Burgers’ equation using Kansa methods (in seconds).

forward IMEX backward Crank—Nicolson  fully non-linear
Training 0.34 0.47 2.33 1.66 99.2
Inference  0.436 0.272 1.053 1.109 0.005

Training time for fully nonlinear approach is longer because each step involves heavier computation
with substantial memory (Table[I)), further compounded by nonlinear solvers. Four time-stepping
schemes have much less training time. The forward Euler is unstable when the stability condition
is not satisfied. Inference time of fully non-linear approach is significantly reduced, due to the
reuse of coefficient from the training phase. Despite a full test-time recomputation from scratch, the
inference time of four time-stepping schemes remains acceptable for most practical applications.

4.4.2 INVERSE PROBLEM

For the Burgers’ equation defined in equation [63] initialized in Table 8] we set up the inverse PDE
problem to infer the initial parameter v from the observation data u°" at all time steps. The results
are summarized in Table[T1] with the initial parameter 1 set as 0.1.

Table 11: Inverse predictions of v on Burgers’ equation, where the ground truth v = 0.5.

forward IMEX backward Crank-Nicolson fully non-linear
0.388 0.535 0.467 0.502 0.500

Accuracy. Under same optimizer and initial guess, the Crank-Nicolson scheme confirms its the-
oretical advantage (Table [T) over both IMEX and backward Euler, which stuck at local minima.
Computational efficiency. Fully non-linear approach requires retraining for each new parameter,
which is computationally expensive (Table[I0). To speed up the per-run training time, it is trained
with a maximum iteration. Stability. The forward Euler scheme is unstable when given large At.

5 CONCLUSIONS

This paper extends|Zhong et al.|(2023)) RBF framework solver beyond original scope of linear PDEs.
In particular, we generalize its PDE solver to handle coupled and nonlinear PDEs, addressing
the loss property of linear reordering. These broaden the applicability of CNF-driven self-tuning
(Appendix mesh-free solvers to both forward modeling and inverse problem formulations.

In addition, this work contributes a systematic empirical study of how CNF solvers compare with
established classical and neural PDE solvers. By implementing representative prior methods and
evaluating them across benchmark problems, we assess their relative performance in terms of solu-
tion accuracy, efficiency, convergence and complexity. Such comparisons clarify the strengths and
limitations of CNF-based approaches within the broader landscape of PDE solvers.

Overall, this paper demonstrates that learning-guided Kansa solvers can serve as a promising and
flexible tool for coupled or nonlinear PDE systems. Future work includes theoretical analysis
of error and convergence properties, application to neural field in computing, and integration with
differentiable pipelines in scientific domains.
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A LINEAR OPERATOR

A linear operator [[serles| (2008)) is a function F : V — W that maps one vector space V &
R to another, or itselﬂ W € R, and preserving the operations of vector addition and scalar
multiplication, also known as homogeneity. Thus, for all vectors u; € V and all scalars c, the
following features hold:

F (Z ;) = Z F(u;), vector additivity,
i=1 i=1 (36)
F(c-u)=c-F(u), scalar multiplication.

Linear operators are fundamental in Linear Algebra for processing matrices, Quantum Mechanics
for observables, Machine Learning, and Signal Processing. This forms the basis for Kansa method
for linear PDEs.

Here are several commonly used examples of linear operators below, among which some are used
in this work for PDE solver algorithms.

* Matrix multiplication: For a matrix A, the function A : R™ — R™ is a linear operator,
F(x) = Ax. 37

* Integral operator: The operator that integrates a function over a fixed interval [a, b] is a
linear operator,

b
1(f) = / /() d. (38)

* Differentiation: The operator taking the derivative in a function space is a linear operator,
because differentiation preserves addition and scalar multiplication,

_of

- oz’

* Gradient operator: In multivariable calculus, the gradient operator V is a linear operator
that maps a scalar field to a vector field,

_(9f of of

D(f) (39)

* Divergence operator: In vector calculus, the divergence operator V- is a linear operator
that maps a vector field to a scalar field,

OF, OF, OF
F="t4 v z,
v Ox * oy 0z

(41)

» Laplace operator: In the context of partial differential equations, the Laplace operator A
is a linear operator that maps a scalar field to another scalar field,

o%f  o%°f  O*f
Af=V- (V) =V2f=—"2L 4L~ 42
[=V V)=V =55+55+53 @)
 Curl operator: In vector calculus, the curl operator V x is a linear operator that maps a
vector field to another vector field,

ik
Y z 0z voor 4 F, F, F.

5Tf the domain and codomain are the same vector space, i.e., F : V — V,it’s called a linear transformation
or operator on V.
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B PARTIAL DIFFERENTIAL EQUATIONS

B.1 BOUNDARY AND INITIAL CONDITIONS (BCs AND ICSs)

Since solution to differential equations contain integration constants, which is non-unique, addi-
tional conditions are required to enforce uniqueness. The boundary conditions (BCs) specify the
function u behavior on the domain boundary 02, whereas the initial conditions (ICs) from time
scale perspective are given at t = 0. The formulation is defined in equation|[T]}

There are some common boundary conditions, defined over the boundary 2 = [z, z¢] in 1D space,
where {g;}}_, are given closed-form functions,
Zero BC:  u(zo,t) =0, u(zy,t) =0,
Dirichlet BC:  u(xo,t) = g1(¢t), u(zy,t) = g2(t), (44)

ou ou
von Neumann BC: a(mo,t) = g3(t), a—x(:cﬁt) = g4(t).

B.2 SuMMARY OF PDES

Table 12: Summary of PDEs with different characteristics.

Equation Domains Linearity  Solution dim.
Advection Physics, Graphics Linear 1
Wave Physics, Graphics Linear 1
Lotka-Volterra  Biology Linear 2
Maxwell Physics Linear 2
Burgers Physics, Graphics Nonlinear 1

B.3 1D ADVECTION EQUATION

The advection equation [Takamoto et al.| (2022) models the linear transport of a scalar quantity
u(x,t), which is changed over time ¢ and space x, as follows:

ou(zx, ou(x,
{ ét t) +8 éxt) =0, € [zo,zyf],t € [to,ts], 43)

u(z,0) = up(z), « € [ro,xy], Iinitial condition,

where parameter 5 € R is the advection velocity, and ug () is the initial condition given at ¢ = 0.
The analytical solution of equation [43]is,

u(z,t) = up(z — Bt). (46)

The positivity of parameter 3 indicates the direction of wave propagation. From equation 46| when
B > 0, the wave propagates rightwards, and vice versa. The solution is visualized in Figure |1} with
initial condition ug(x) = sin(27x), z € [0, 1].

Advection equation solution (1D plot)

Advection equation solution (3D surface)

Figure 1: Advection equation solution visualization in 1D, 2D and 3D.
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B.4 LOTKA-VOLTERRA PREDATOR-PREY MODEL

Lotka-Volterra predator-prey model Bacaér| (201 1)) relates the populations of prey z(t) and predators
y(t) at time ¢ in a dynamic biological system via coupled differential equations, also applicable to
other fields, e.g. the unemployment rate with respect to wage growth |Orlando & Sportelli| (2021)
and many more,

It::dm(t): t— t t
x/( ) agl) c(f) — folt) - 5(0), .t € [to,ty]. (47)
y'(t) = =g = 0x(t) - y(t) —yy(t).

where « is the prey growth rate, § is the predation rate, d is the ratio of neonate predators to eaten

prey, and -y is the predator death rate. It assumes that there would be unlimited food supply for

the prey, and thus exponential growth «x(t). The multiplicative term x(t) - y(t) represents the
encounters between prey and predators statistically.

The system has no explicit analytical solution, but the implicit solution exists. After scaling of
variables,
g B

x*(t) = —x(t), y* ()= ay(t), T = at, (48)
By plugging into equation 47} and dividing the first equation by the second,

dy* v oyt -1)
dz* o x*(y*—1)’

(49)

The implicit solution is given by integration separation of variables, for which Cryv € R is the
integration constant,

In(y*) —y* — g[ln(m’*) —z*] = CLy. (50)

Figure 2] shows the solution with phase space given by the above implicit solution, which depends
on the initial conditions x(0) and y(0).

Lotka-Volterra model Lotka-Volterra phase space with different initial conditions

0 25 50 75 100 125 150 175 200
Time

(a) Prey and predator solution populations (b) Phase space trajectory

Figure 2: Lotka-Volterra predator-prey model solution and phase space.

B.5 MAXWELL’S EQUATIONS

In electromagnetism, Maxwell’s equations (Greiner| (1998)) relate the electric field E(r, t) and mag-
netic field B(r, t) with spatial position r € R® and time ¢, to the electric charge density p(r,t) € R
and current density J(r, t) € R3. The differential form is as follows,

V- E= %, Gauss’s law,
V-B=0, Gauss’s law for magnetism, 1)
VXE= —%—]?, Faraday’s law of induction,

V x B = puoJ + ,uoeo%—]f, Ampere-Maxwell law,

where constants pig, 9 € RT are the vacuum permeability and permittivity respectively. Their

product is the reciprocal of the square of the speed of light ¢ ~ 3 x 10 ms~ in vacuum,
1
Moo = —3- (52)
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The first two equations state that the electric field E sourced by electric charges, and no magnetic
monopoles exist. The last two equations depict how a time-varying magnetic field B induces an
electric field E, and vice versa with the addition of current density J. In general, Maxwell’s equa-
tions are linear with respect to E and B.

Taking the curl of Faraday’s law and Ampere-Maxwell law respectively,

{Vx (VxE)=—-2(V xB),

V % (V % B) = 1g(V % J) + pioco & (V % E). (53)

By vector calculus identity of V x (V x E) = V(V - E) — AE, and plugging in Ampere-Maxwell
law on the right-hand side of the first equation,
V(V-E)—- AE = —,uo%‘g - /i()G(JB;T]zEa (54)
V(V-B) — AB = 11o(V x J) + poco 2 (V x E).

By substituting Gauss’s law for V - E in the first equation, Gauss’s law for magnetism for V - B
and Faraday’s law for V x E in the second equation, the two equations after rearrangement are
inhomogeneous, i.e. including source terms F(r,t), wave equations, taking the forms of c2Au —
uy = F,
2

AE*MOGO%?E = V(&) + %, (55)

AB — ,U()E()%T]? = —uo(v X J)
To simplify the problem, we take the one-dimensional (1D) electromagnetic wave propagating along
x-axis without sources, i.e. p = 0 and J = 0, with the electric field E(r, t) = (0,0, E,(z,t)) along
z-axis and magnetic field B(r,t) = (0, By(z,t),0) along y-axis respectively. By expanding the
defintion of curl V x operators, and removing the zero terms,

Vo (e O O OB OB OB _(, OB 0)
thus the reduced last two equations of Maxwell’s equations equation [51]are,
OE., - 9By 7
{ aZBzy — —Mé())téo 6£z . (57)

By taking partial derivatives J, and 0y, and simplifying, the 1D wave solutions areﬂ

°E, B, _
9.2 — Moo 5z =0, (58)
9’B, 9B,
a2z Moo gz = 0.
The initial conditions at t = 0 are given as follows,
E.(x,0) = f(z), By(z,0)=g(z), € [z, xy] (59)

Letu = F, + By andv = E, — B, and with change of variables x; = x4—¢ & ct, where c defined in
equation[52]is the speed of light in vacuum. According to d’Alembert’s formula/le Rond D’ Alembert
({1747),

u(z,t) = u(x — ct,0) = f(x — ct) + g(x — ct), (60)
v(z,t) =v(x +ct,0) = f(x + ct) — g(a + ct).
By reversing the change of variables, the analytical solutions to equation [58]are,
{Ez = 3(u+v) =5[f(z—ct) + fz+ct)] + 5lg(x — ct) — gz + ct)], 61)
By = 3(u—v)=3[f(z —ct) = flz +ct)] + 3lg(x — ct) + g(a + ct)].

The solution is visualized in Figure 3] with initial condition given as,

f(z) = sin(2mz) + 0.5sin(4nz), g(x) = cos(2mx) +0.5cos(drx) x € [0,1],¢ € [0,0.5]. (62)

SThe 1D wave equation aligned with the general inhomogeneous wave equation equation , with F = 0.
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Electric field E,(x, )

Electric field E-(x,t)

Magnetic field B, (x,t)

Magnetic field B,(x, t)

Figure 3: Maxwell’s equations solution visualization in 1D, 2D and 3D

B.6 VISCOUS BURGERS’ EQUATION

Viscous Burgers’ equation [Takamoto et al.|(2022) captures both non-linear advection, also known
as convection and diffusion phenomena in dynamics

{ 3ué:§,t) + U(Z‘, t) 8u(x t) V32u(x,t)

B Sez s T € [xo, 5]t € [to, Ly,
u(z,0) = uo(x), =z € [zo,xy],

L . (63)
initial condition,

where viscosity v € R is the positive constant, and ug(z) is the initial condition given at t = 0.
By Cole-Hopf transformation [Hopf] (1950), unknown function u(z, t) is converted into ¢(z, t) via

0 1 ) _ b
u(z,t) = 2V8x Inp(x,t) = 2V¢(a:,t) o 2v 5 (64)

By chain rule and quotient rule of differentiation, the first-order and second-order spatial or temporal
derivatives of u(z,t)

dul,t) _,, <¢>_2 ¢>) Du(x, 1)

_ Yz 3 _ 2 <¢x¢t @)
O 2 4 ot # 6 )
) , (65)
0 u(:z:,t) -9 (3¢x¢x:c _ % _ ¢acx:t
or> U\ T # o )

By plugging equation [63]into equation [63] and simplifying,

¢a: d)t ¢zt d)x ¢ma: ¢wmz
2v (? 7_ ¢2 +V7 =0, x¢€ [xo,xf],te [to,tf], (66)
With the inversion of quotient rule, equation [66]is rearranged as

Qv % (V¢zw¢ ¢t> =0, € [xo,xs],t € [to,ty].

(67)
By integrating equationﬂ with respect to x and introducing an integration function f ()
v T
Vas — G e "0 f(0), w e [wo,aglt € lfo tg). (68)
Now introduce f(t) = dF(t) and ¢ = ¢ - eF'() | thus the derivatives of ¢ are,
9 pu dF(t) >¢ _ P
Ay Y Tz 69
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by plugging them into equation[68] The resulting equation is reduced to the standard heat equation,
O*p(x,t)  Og(,1)
v —
Ox? ot
The solution of equation [70[is formed by heat kernel ®(z,t) convolved with the initial condition

do(x) = ¢(z,0) Evans (2010),

=0, € [xo,xs],t€E [to,ty]. (70)

gi;(z:,t):/oo Oz — ', t)po(z') da’, where cp(x,t):\/%e*%i. (71)
—co 9%

Note that the transformation from ¢ to (;3 does not change the Cole-Hopf transformation equation
since the additional multiplicative term e (*) is independent of x,

0 0, -
u(z,t) = —21/8—x Ing(x,t) = —21/%111 o(z,t). (72)
From the Cole-Hopf equation|72|at ¢ = 0 and via integration, the initial condition for (ﬁ(x, 0) is thus,
- 1 [
oo(z) = % /. ug (') da’. (73)

The analytical solution of equation [63]is thus plugging equation [73]into equation [71] and then into
equation [72]

In this work, we consider when uo(—00) and ug(00) exist and ug(z) < 0 for all € R, the explicit
expression BATEMAN]|(1915)) is then a steadily propagating wave as below,

uo(—00) + ug(00) Aug =

uo(—00) — ug(00)

A
u(z,t) = c—Aug tanh (21:0(1' - ct)) ,  Wherec = 5 5
(74)
The solution is visualized in Figure [} with initial condition set by equation [74] uo(—o0) = 1,

ug(o00) =0, and v = 0.5.

Burgers' equation solution (1D plot) Burgers' equation solution (2D plot) Burgers' equation solution (3D surface)

T
ou”
100,
075
i et
o 25 0 " 100 02550

Figure 4: Burgers’ equation solution visualization in 1D, 2D and 3D.

B.7 PDE SOLVERS

There are many attempts to solve the PDE solution field v. Among which, we categorize PDE
solvers into two types, i.e. numerical analysis methods and neural-based methods.

Constrained optimization. In PDE solvers, constraints are boundary conditions, initial conditions,
or PDE residuals. They can be in the form of either soft or hard constraints. The former is the cost
functions that are penalised, while the latter is that can not be violated, e.g. (in)equality forms.

Table 13: Summary of different PDE solvers.

method motivation training supervised constraint
FDM grid-based X N/A hard
PINN physics-driven v X soft
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method motivation training supervised constraint
NO data-driven v v soft
- FNO data-driven v v soft
- PINO hybrid v v soft
KM mesh-free grid X N/A hard
- CNF KM on neural fields v X hard

B.7.1 FINITE DIFFERENCE METHOD (FDM)

Considering a discretized sequence u € R *M of the continuous function u(x, ) as in equation

Along the spatial dimension = and temporal dimension ¢, there are NV and M sampled points respec-
tively. The finite difference operators Iserles (2008) defined on per element, are as follows:

(Atu); =l —ul, forward difference.

N i .
(Au); = (A7), = Uy~ Ui, backward difference. (75)
AT
(A%a); = %, central difference.
for which ¢ € {0,1,..., N — 1} is the spatial index, and j € {0,1,..., M — 1} is the temporal
index of the sequence u.

The partial equations often involve full and/or partial derivatives, where differential operators can
be discretized into difference operators equation [/5| via finite difference method Bargteil & Shinar
(2018)). By Taylor expansion of u(z = Ax,t) around u(z,t) up to the first order error, the corre-
sponding examples for the spatial derivative are,

i - - wl —ud .
Oul(z,t)  J1B 4 O(Ar) = B0 = M-l if >0,

upwind scheme.

wl, —u? . ’
ox (AX;)'L +O(Az) ~ (Ag;)i _ 1+A1I i if 8 < 0.
(Au); (A%u); . Ug+1 —uj_,

+0(Az?) ~ central difference.

(76)
where Az is the spatial spacing, with spatial index ¢ and temporal index j defined above. The
upwind scheme [Patankar (1980) considers Where the informatiqn comes from, e.g. when 5 > 0,
the wave propagates rightwards, and thus v is influenced by u_,, and vice versa for downwind

scheme. Under the upwind scheme, the advection equation equation43]is therefore as the following
ODE,

Ax N 2Az ’

Ou(x,t A~u); Atu);
% +5[Hﬁ>0( s +HB<0( Ax) |=0, (77
1 i8>0,

where the indicator function Ig~q = { is for controlling different cases of

0 otherwise.

By forward Euler method for ODEs, the temporal derivative is discretized via the forward differ-
ence operator. After which, the advection equation equation [45|is simplified as, with At being the
temporal spacing,

wl Tt — ! (A7 u); (Atu);
-4t I L+ ‘1=0. 78
g TAlsso—x— tlsco—x ] (78)
With algebraic reordering, the upwind scheme update rule is thus,
, , At
ugﬂ = uf — %[H5>O(A_u)i + ]I5<0(A+u)i]. (79)
x

Stability condition. For implicit numerical schemes, e.g. the backward Euler method, the solution
is unconditionally stable. However, for explicit numerical schemes, e.g. the forward Euler method
above, stability conditions must be satisfied to avoid numerical instability, which we briefly intro-
duce below.

? Alternatively, one may use max(/3, 0) and min(8, 0) to replace Sl5~¢ and Blzo respectively.
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In the 1D space, the scalar Courant number C, also known as the CFL stability criteria, measures
the ratio of how far the wave propagates in one time interval At to the spatial spacing Ax. The CFL
condition (Courant et al.| (1928)) states that C' must satisfy,

At
=12 g, (80)
Az
where C),q. is a problem-dependent constant. It sets the maximum allowable time step At for a

given Az, for numerical stability.

B.7.2 PHYSICS-INFORMED NEURAL NETWORK (PINN)

Physics-informed neural network (PINN) [Raissi et al. (2019) is a data-driven approach for func-
tional PDE approximation, which requires a large labeled dataset but has the ability to generalize.
Consider the general form of PDEs defined in equation[I} PINNs approximate the unknown solution
u(z,t) € U with a neural network g (z,t) € U, i.e. Gg(x,t) ~ u(z,t), parameterized by updatable
parameters 0 € O.

Residual Ry of the PDEs is calculated without supervised data for the neural network g, which is
minimized via automatic differentiation Baydin et al. (2018 during training for generalizability,

Ro(z,t) € Y = Dlug)(x,t) — f(z,t), x € Q,t€E [to,ty]. (81)

The residual loss Lz} also known as the physics-informed loss, is defined to be the p-norm of the
residual Ry in equation [81] During training, N quadrature points are sampled, where the integral
loss is approximated by the discretized loss £ with weights wy, at each sample index k and training
error E(0),

Lri= (IRall,)” =1( [ Rl do a3 = [ (R do ds
D D

integral L p

Ngr (82)
By quadrature, = Zwk|7€9(xk, te)|P +E7(0) = Lr, where Er(0) = Lr — Lkg.
k=1

discretized L

If considering the boundary conditions, the residual for the i-th boundary condition R? “ is calculated
via equation[I]as well, after which the boundary condition loss Lpc is defined accordingly,

R? (!L‘ﬂf) € ZZ = Bz[ﬁ’e](mvt) - gi($7t)a HARS 8Qz7t € [t07tf]- (83)

As defined in equation[99] the rotal error between the optimal solution from the network ¢ and the
ground truth u is, by expanding equation

Epmn(0) = (|[e — ullp)?. (84)

During training, the network is optimized on supervised dataset {(z,, t,), u(x,, tn)}N ., with Ny

n=

being the total number of data. The supervised loss £datm approximates the total error equation

Ng

1
Edata = Fd ;(We(zm tn) - U(Ina tn)|p)~ (85)
Training. PINN approximates the solution as @iy = ugort(z,t). To avoid overfitting due to the
limited supervised data, the main goal is to minimize the unsupervised residual error Lz equa-
tion[82] With the addition of the supervised loss equation [85] and the boundary condition residual

8Example of g—;: u.x = torch.autograd.grad(outputs=u, inputs=x,
create_graph=True) [0]
“Note that L is the same as the risk R defined in equation but for the residual R ¢ instead of the solution
Uu.
!Note that when the supervised data is only sampled on the boundary, the supervised loss and the boundary
condition loss are the same.
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equation the optimized theta is #°P* ~ arg mingce £, where the total training loss Lpiny i,
Nr Ng N,

1 . . v
Lo = Y wilRo(zk, t) [P+ N, D lig(@n,tn) = uw(wn, ta)P) A2 Y Y wp' (R (w, 1) [P,
k=1 4= i b=1
Discretized residual loss L. Supervised loss Lgata BC loss Lpc

(86)
with weights wf * at each sample index b for i-th boundary condition and regularization parameters
A1, A2 > 0 for combining different losses.

Algorithm 1 Physics-Informed Neural Network training pseudocode.

—

Input: Initial parameters 6 for network .

Output: Optimized parameters #°P* for network .

Hyperparameters: Learning rate 7, number of training iterations Nije,.

while number of iterations < Nje, do
Sample PDE points zj, € Q,t5, € [to,¢s] and boundary points z;, € 08, t, € [to,tf].
Compute the network outputsiig and their derivatives D[tg] and boundary B;[tg).
Compute loss Lpiny = L + Laaa + Lec by equation 86
By gradient descent, update 6 < 6 — n VL.

end while

R AN A ol

B.7.3 NEURAL OPERATOR (NO)

Operator learning. From the general form of PDEs equation |1} we assume that within the D
operator, the source function f or the initial conditions, there is a parameter a of the same dimension
as the solution u. In this subsection, we denote the differential operator D as D,, where the PDE is
thus D, [u] = f.

Given the dataset {(a], f7),ul|i = 1,..., NR};\;‘)TC with N,4. PDE instances each Nz quadrature
points, the idea of operator learning |Li et al.| (2020) is to learn the operator G mapping input a €
A :D — Rtothesolutionu € U : D — R, i.e. G(a, f) = u connecting two function spaces A
and U with infinite dimensions, which is challenging for neural networks since they are for finite
dimensions instead.

Solution A. To solve this challenge, one solution is to parameterize the PDE u = u(t,z, ),
assuming that a is measureable in finite dimension, i.e. a = a(u), u € R%. It’s a techinique widely
used in aircraft design and manufacturing |Athanasopoulos et al.| (2009), image processing |Pérez
et al.| (2003). The training process is therefore to minimize the supervised loss Lg4¢, from data
with p-norm, which measures how much the predicted solution Gy(a;, f;) deviates from the ground
truth u; for each data point i,

1 die NR ) ) )
e S Ty —wll|,)P. 7
Edata die % NR ; ;(Hgg(az I fz ) Uz“l?) (8 )

The approximated solution is therefore @iy = Ggot (a, f), where 0°P* ~ argmingce Lgqso. There
is no addition of the PDE residual loss L% equation [81] as in PINNs for basic operator learning.
An extension, termed as physics-informed neural operator (PINO) |Li et al.| (2024)), combines the
supervised loss L4t and the residual loss L as the total training loss,

die NR

1 o .
Lovo = Laata + A 7——— > > (1DalGalal, [1)] = f (@is t:)]],)7 (88)

Npge x N
pde R J=1 i=1

Residual loss L7

Despite the simplicity in ideas, the parameterization suffers from how to sample from the given
space, non-uniqueness, and low generalization to unseen a.

Solution B. Interpolation from the discretized grid, including a neural network based interpolator or
traditional methods (linear, cubic, spline, etc). However, it suffers from inconsistency between the
discretized and continuous functions.
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Solution C. Generalize the neural network from discrete to continuous function space.
(Wiv)(a) = oldro(o) + Buo) + [ Kilz,p)ely) @€ D. (59)
D

Fast implemenentation via FFT.

C ARCHITECTURE DETAILS

We adopt a multi-scale feed-forward neural network architecture for PINN |Wang et al.|(2021)), which
augments the original feed-forward architecture with input encoding layers of multiple frequency
scales. There are three hidden layers each with 64 neurons. For FNO, we adopt the architecture with
16 modes retained in the spectral convolution layer, and the latent feature dimension is 64.

D ENVIRONMENT SETUP

All the measurements are conducted on a Mac M1, with a single-core CPU running at 3.2 GHz. In
the following sections, the data points are uniformly sampled unless otherwise specified.

Table 14: 1D Maxwell’s equations experimental setup.

domain time span parameter initial conditions
x9 =0, to =0, c=1 E.(2,0) = sin(2rz) + 1 sin(4nz)
rp=1 tr =13 By(z,0) = cos(2mz) + 1 cos(4mz)

E BURGERS’ EQUATION STABILITY EXPERIMENT

Stability. For four time discretization schemes, only forward Euler scheme is unstable (Table ,

where time step At exceeds the stability limit when C’,,;, = 1 and 2 according to CFL condition.

Table 15: Stability test of forward Euler Kansa method on Burgers’ equation.

chale 1 2 4 10
Rerelative Lo 3.74 x 10%° NaN 431 x 1073 3.11 x 1073
Stability unstable unstable stable stable

F LEARNING THEORY

F.1 FUNCTIONAL ANALYSIS

We introduce basic functional analysis concepts here for PDE solvers and later learning theory
(Appendix § [F).
The p-norm of a function f : Q C R? — R is defined as,

I\fl\p:(/ﬂ\f(x)l” dz)¥,for 1 < p < oo, 90)

The p-integrable function f € LP(€2), is defined as

(1£11,)7? = / F(@)P d < oc. 1)

For additional concepts used for learning theory, please refer to Appendix § [F.2]
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F.2 FUNCTIONAL ANALYSIS ADDENDUM

Smoothness Rudin| (1976) of a function is defined to be the number of continuous derivatives it has.
The class of function f with smoothness k& € N7 has at least a k-th derivative, and is denoted as
feor,

C*Q)={f: QCR? - R | Va < k. 9 f exists and is continuous }. 92)
When k = oo, the function is differentiable at all orders. While not every function is not smooth,
there is a generalization of smooth functions, i.e. Sobolev functions.

The weak derivative f’ generalizes to include functions that are not differentiable, but locally
integrable on bounded domain [a,b]. The f’ definition is for all smooth test functions ¢, with

¢(a) = ¢(b) =0,

b b
/ﬂwwmm=wmmm—/fuwmm,wm@mmwmm
a a 93)

b
=—/fﬁ%@ﬂ% as ¢(a) = 6(b) = 0.

Sobolev spaces Adams & Fournier{(2003) W*? () is a function space where all functions f having
weak derivatives up to order k£ and every derivate is p-integrable via equation[91]

WEP@Q) C LP(Q) ={f: QCR! - R |Va < k.30°f € LP(Q)}, (94)
When k = 2, it forms a Hilbert space, i.e. W*2(Q) = H*(Q).

F.3 APPROXIMATION THEORY OF NEURAL NETWORKS

We quote some known bounds for neural networks from theoretical machine learning field here,
which are relevant to PDE solvers analysis later.

Universal approximation theorem [Hornik et al.| (1989) states that neural networks g, for which
parameters § € O, can approximate any continuous functions v : R¢ — R with little error € > 0 in
the p-norm of function space U/, with an extension to their differential operator D,

360 € 0. ||t —ull, <e = [|Dliy] — Dlu]||, <e. (95)

Optimal DNN functions approximation theorem Yarotsky| (2018)). Assuming a continuous func-
tion u € W*P as defined in equation where s € N7 is the smoothness of u, there exists a neural
network 1y with M parameters, such that the error bound is,

\tig — ul|, = O(M~ 1), (96)

where d is the input dimension of u. It means intuitively that the smoother and lower-dimensional
the u is, the easier for it to be approximated by a neural network . For a fixed error ¢, the required

number of parameters is M = O(e*%), which suffers from the exponential growth of d, i.e. the
curse of dimensionality |[Bellman| (1957).

F.4 ERROR ANALYSIS

Error and risk estimation. Define the risk of the approximation g against the ground truth func-
tion u : 2 — R with p-norm integral,

73(ﬁ9)::(Hﬂe‘*ﬂHp)p1::]£|ﬁe(r)‘*U($)V’dw, O

For discretized computation, quadrature R is used to approximate the integral risk R with N sample
points from the dataset, where wy, is the weight at each sample index k,

N
tLMd@—u@Wdxzzyﬂm@m—u@mw+&Wva%% Er(0) = R(ig) — R(ig),

k=1

int 1 R (4 R
integral R (d0) discretized R (g )

(98)
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where the training, also known as generalization or out-of-sample, error E(6) measures the differ-
ence between the integral risk and the discretized risk due to quadrature.

Error decomposition Kutyniok| (2022). When approximating a continuous function u with a neural

network g, the total error £ (G)E]is decomposed into three parts, with the risk R and its quadrature
‘R defined in equation|97|and equation [98|respectively,

£(0) := R(ig) < Giréf@ R(ug+) + R(ig) — eiréf@ R(ug~) + R(itg) — R(tg), (99)
L L
Er(0)
Ea(0) Eo(0)

the approximation error £, measures the risk between the best network approximation wug« and
ground truth w, optimization error £o measures the trained network result iy deviation from the
best network approximation, and training error Ep defined in equation D8]

F.5 PINN LEARNING THEORY

We briefly analyze the [PINN|error bouncfﬂ The total error between the optimal solution gy and the
ground truth w is shown in equation [84] However, during training, the network doesn’t have access
to the exact ground truth for u. Therefore, we aim to reduce the PDE residual instead.

Er(0) = (||Rallp)? = (||Dlae] — fllp)", by equation 31}
= ||D[ﬂ9] - ID[U]HW by equation (100)
= ||f — fllp, by the definition of f,

where f = Dldy] is the approximated source function. In practice, this integral is approximated via
quadrature, with training error defined in equation

From the theoretical perspective, the goal is to derive that the total error Epnn equation [84]is suf-
ficiently small. To prove this, a sufficient condition is that the total error is bounded by the residual
error £ equation 100} i.e. we can prove that the smallest residual error ensures the smallest total
error.

Vo € O. €p1NN(6‘) < CER(G), (101)
where C is a constant. By expansion of Epiny equation[84]and Ex equation[T00] the abovementioned
inequality equation[T01]is equivalent to the following coercivity condition Ryck & Mishra| (2022),

V0 € ©. [lag —ul| < C||f = flp, (102)

By quadrature bound [Iserles| (2008), the smallest practical training error Er equation[82]ensures the
smallest residual error £ equation [100, where C” is a constant,

VO € ©. Er(0) < C'[Er(0) + Eu(Nr)], (103)

and the extra term &,(INg) converges faster than NLR, thus can be ignored given the increasing
sampled quadrature points N,

1 Eu(N . . .
Eu(NR) ~ o(N—) = M =0,n — oo, by the definition of little-o notation.
R Ne
= lim Ng&,(Ngr)=0, by the definition of limit.
NR*)OO

(104)

By the above two inequalities equation and equation [103] the total error Epny equation
converges as the training error 1 equation [82] converges,

1

R
By Universal approximation theorem equation 05] the smoothness of the solution u ensures that the
residual error £ (0) < e is sufficiently small. Given sufficient quadrature points N, and smooth
activation functions in the neural network 4y [Iserles| (2008)),

Vo € ©. Epmn(f) < CC’[(‘:T(Q) + o( (105)

. 1
min &7 () < Er(0) + O(TR)’ (106)

"inf, is the infimum over all possible network parameters 6, which might not be attained.
"2The PDE residual is considered here, whereas boundary and initial conditions are omitted for simplicity.
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Hence, the training error £7(0) < €+ O(NLR) is sufficiently small, according to equationm So is
the total error Epmn(#) < CC’[e + o )], by equation[105] which concludes the proof.

From the practical perspective, the common failure modes, from the above theoretical analysis, are
(1) few quadrature points N, leading to large training error &7 in equation[98] (2) insufficient train-
ing resulting in large optimization error o in equation[99} (3) violation of the coercivity condition
equation[102]for PDEs, and (4) large constant C in equation[I01]or C” in equation[T03
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