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Abstract

Classical learning theory focuses on supervised learning of functions via empirical
risk minimization where labeled examples for a particular task are represented
by the data distribution experienced by the model during training. Recently, in-
context learning emerged as a paradigm shift in large pre-trained models. When
conditioned with few labeled examples of potentially unseen tasks in the training,
the model infers the task at hand and makes predictions on new points. Learning
to learn in-context on the other hand, aims at training models in a meta-learning
setup that generalize to new unseen tasks from only few shots of labeled examples.
We present in this paper a statistical learning framework for the problem of in-
context meta learning and define a function class that enables it. The meta-learner
is abstracted as a function defined on the cross product of the probability space
(representing “context”) and the data space. The data distribution is sampled from
a “meta distribution” on tasks. Thanks to the regularity we assume on the function
class in the Wasserstein geometry, we leverage tools from optimal transport in
order to study the generalization of the meta learner to unseen tasks. Finally, we
show that encoder transformers exhibit this type of regularity and leverage our
theory to analyze their generalization properties.

1 Introduction

Since their introduction transformer models [Vaswani et al., 2017] have reshaped the Al landscape and
unveiled the power of Large Language Models (LLMs)[Bommasani et al., 2021]. Large Languages
models such as GPT-J [Lieber et al., 2021], GPT2 [Radford et al., 2019], GPT3 [Brown et al., 2020],
are generative pretrained transformers that are trained on massive text data on the web scale. The
training objective of these models is next token prediction given previous tokens. Later these models
were extended to the multi-modal setting thanks to massive interleaved text and image datasets
for example the open source dataset [Zhu et al., 2023]. Such massive heterogeneous diverse and
multimodal datasets enabled training Flamingo [Alayrac et al., 2022], open Flamingo [Awadalla et al.,
2023] and GPT4 [OpenAl, 2023].

Brown et al. [2020] showed the emergence of in-context learning in such models. In this new
paradigm, LLMs learn a new task without fine-tuning or learning by simply conditioning on a prompt
containing a sequence of few shots of input/output pairs. For example for a sentiment analysis task,
independent “in-context examples” are concatenated (e.g. “joyful positive, bad negative”) with a test
example (“happy”), to form a prompt on which an LLM is conditioned and the next token predicted
by the LLM has high probability on the correct answer that is in this example “positive”. Multiple
works have been devoted to explaining this emergent behavior in decoder transformers and large
LLMs, for example [Xie et al., 2022] explained it as an implicit bayesian inference performed by the
LLM in discovering the latent concept of the task at hand, under the assumption of a Hidden Markov
Model (HMM); [Hahn and Goyal, 2023] explained it as an implicit induction and [Wies et al., 2023]
studied the PAC learnability of in-context learning.
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On the other hand, meta in-context learning and in-context tuning were recently introduced for
decoder transformers in [Chen et al., 2021] [Min et al., 2022] where a single model is conditioned
on in-context examples coming from different tasks and is trained to perform prediction on a test
example. In a sense the model learns to learn in-context and the task is only inferred from the few
shots presented to the model. A parallel line of works [Kirsch et al., 2022] [Miiller et al., 2022]
demonstrated that encoder transformers can be general purpose in-context meta learners and can do
implicit bayesian inference. In this work we answer the following questions: How do we formalize
the problem of learning to learn in-context ? What kind of regularity on the function class considered
in meta-learning will allow an interpretable control of the generalization of in-context meta-learning
to unseen tasks?

The main contributions of this paper are: (1) We introduce in Section 3 an idealized statistical
learning framework for learning to learn in-context and relax it in Section 4 to the few shot setting
(2) We show that under regularity in the Wasserstein geometry of in-context learners, we can bound
the generalization of meta in-context learning with tools from optimal transport. Interestingly, the
batched Wasserstein introduced for computational reasons in [Sommerfeld et al., 2019] [Fatras et al.,
2020] [Fatras et al., 2021] appears in our bounds. (3) We show in Section 5 that encoder transformers
satisfy this regularity and leverage our framework to analyze their in-context meta-learning, and
their generalization properties. Our results are in line with empirical findings in [Kirsch et al., 2022]
[Miiller et al., 2022].

2 Preliminaries on Optimal Transport

Let (X,dx), and (), dy) be two compact metric spaces of finite diameters diam(X’) and diam(}))
respectively. We assume X C R% and Y C R%. Let Z = X x ), for z,2' € Z, z = (x,y) and

2/ = (2/,y') define dz(z,2') = \/d%((x, x') +d3(y,y') . (2,dz) is a compact metric space. We
denote P(Z) the set of Borel probability measures on Z. We endow P(Z) with the Wasserstein
distance of order 1 between two measures p, p’ € P(Z) defined on the metric space (Z,dz) as
follows: Wi(p, p') = minyep(, foz dz(z,2")dv(z, z"), where the minimum is taken over the
set I'(p, p') of all couplings y between p and p’. We equip P(Z) with the topology induced by W,
and denote P(P(Z)) the set of corresponding Borel probability measures on P(Z). A measure
P € P(P(Z)) is a distribution of distributions, i.e p ~ P is a Borel probability measure on P(Z).

3 Learning to Learn In-Context: Idealized Setting

In learning to learn in-context, or in general in meta learning we assume having access to multiple
datasets defined on the same domain and multiple tasks that we want a single model f to solve. The
task at hand will be inferred by the model f from only seeing few shots from the task it is asked to
perform predictions on. These few shots are often referred to as demonstrations or context. This
setup is different from the classical multi-task setup where a different model or a fine-tuned model is
dedicated to each task. A single model that has the capacity to perform multiple tasks at once and to
do in-context learning is referred to as a general purpose meta-learner [Kirsch et al., 2022].

Formally speaking, given k pairs of inputs/label examples of an eventually unseen task in meta-
training z; = (x;,y;) € Z,i = 1...k, the meta model f is asked to predict the label y € Y of a

pointz € X. Let py, = % Zle 0.,, we formalize this problem as finding a predictor f, defined as
follows :

[TPEZ)xX —)Y
(p,z) — f(p,2),

and the goal of the meta-training is to ensure that f(px, ) = y, even if pi does not correspond to
a task seen in training. Let P € P(P(Z)), be a mother distribution of tasks. Each measure p ~ P
defines a task on Z = X x ). In practice these tasks correspond to different datasets whose input
domain is a subset of A" and label or structured output domain is a subset of ). Let V' be a loss that
measures the fitness of the prediction of the meta-model f, V: )Y x Y — RT.



We are now ready to define the expected risk for learning to learn in-context :

[ [ Vi st.0)dotw )z o), M
P(2)Jz

This expected risk is to be contrasted with the classicial expected risk in learning theory [Vapnik,
1995]:

£V (h) = /Z V(y, h(x))dp(z. ) @

where a specialized function h is associated with each learning task p. A different setup from ours
is the setup of multi-task learning, where we are given T tasks and the goal is to learn specialized
functions h; o g that share a common representation g (see for e.g [Maurer et al., 2016] and references
therein ):

£V (hog) = Z/ (4, he 0 g())dpy(z, ) )

And finally, we emphasize that our setup is also different from the distribution regression [Szab¢ et al.,
2016, Poczos et al., 2013, Christmann and Steinwart, 2010] setup that learns function f : P(X) — Y,
given a distribution P € 73( (X) x )):

& (f) ZA(X)XyV(y,f(p))dP(my) “4)

We refer to the new risk we define in Equation (1), as the lifted expected risk as it is lifted to the space
of distribution of distributions, and a single meta model f learns all tasks at once. The introduction of
the lifted risk alleviates the shortcomings of classical learning theory expected risk in i) dealing with
heterogeneous data ii) allowing a single model to learn multiple tasks. For dy being the euclidean
distance, consider V (y, ) = ||y—y'||3', we see that the optimal function minimizing the objective in
(1) (without any restriction on the function class except integrability [ |f(z, p)|*dpx ()dP(p) < oo,
where py is the marginalization on y of p ) is the regression function

fpz) = / ydp(y|z), paP almost surely, Q)

" n

In order to estimate the regression function, a model needs to infer the right context to perform
prediction, this is in line with the implicit bayesian inference argument explored i 1n [Xie et al.,
2022][Miiller et al., 2022].

Given a function class F of functions from P(Z) x X — ) our goal is to solve for:

;rg;l&p (f)

We make the following assumptions on the lipschitzty of V' and the function class F of f:

Assumption 1. Assume that V(0,0) < oo and for all (y1,y}) and (y2,yh) € Y X Y, there exists
Ly > 0 such that

[V, vh) = Vs )| < Ly Jd3 (1, 2) + B (04 %)
Assumption | is for e.g satisfied for V (y,y') = ¢(dy(y,y’)) for a lipschitz loss .
Assumption 2. The predictor f € F, satisfies for all p,p' € P(Z), and z,x’ € X:
dy(f(p,x), f(p',2") < Lr (dx(2,2") + Wilp, p)).-

Assumption 2 is a classical assumption in analysing diffusion processes see for e.g [Funaki, 1984].
In the reminder of this Section we aim at answering two questions:
1. Given a model trained using the lifted expected risk defined on a pre-training or a meta-

training mother distribution P € P(P(Z)), under which condition does the learning transfer
to unseen tasks modeled with another mother distribution Q € P(P(Z))?

'On bounded domain ) this loss satisfies Assumption | with lipschitz constant 2diam(}).



2. What is the sample complexity of learning with the lifted risk given (p;)1<i<m ~ P®™ and
(25 = (@ij, ¥ij))1<j<n ~ pi?

In order to answer the first question, we need a metric on P(P(Z)) in order to compare P and Q.
Following [Carlier et al., 2023], we define the following lifted Wasserstein distance between [P and Q:

Wp(P,Q) = min / D(p,p')dv(p, '), (6)
Vel ®Q) Jp(z)xP(2)

where D is a metric on P(Z). In Carlier et al. [2023], D is considered to be the W5 distance as a
cost of the optimal transport in (6). We will see that different learning problems we consider in this
paper will result in different transport cost D of interest in the lifted Wasserstein distance given in
Equation (6).

Theorem 1 (Transferability of in-context Learning). For any P,Q € P(P(Z)), under Assumptions
I and 2, for all f € F we have:

€5 (f) = & (£)] < L Ww, (P, Q),

where L = Ly (1 + Lz)(1 + v/2), and Wy, is the lifted Wasserstein distance Wp, for D being the
Wasserstein 1 distance Wy on P(Z2).

Let fp € F be a minimizer of &) (f), Theorem | implies that the expected risk of fp on unseen tasks
sampled from a mother distribution Q is bounded by the risk of fp on the pre-training distribution
PP and the lifted Wasserstein distance between P and Q. In order to ensure transfer learning to new
unseen tasks, we need to have Wyy, (P, Q) < ¢/, so that : £ (fp) < & (fp) +&.

Lifted Empirical Risk Minimization We turn now to the problem of estimation of the lifted
expected risk (Equation (1)) from samples. Let (p;)1<i<m ~ P®™, (zi; = (2ij, Yij))1<j<n ~ Pi-
We note P, = L3 5, and p = + 3701 8., and lastly Pr = LS sm. The lifted
Empirical Risk is therefore:

117"77,

&, () =—~ XQXQV<yij, (7)) M
1=1 5=

Remark 1. This setup is not of practical interest, since the predictor sees all the empirical distribution,
including the point on which the prediction is performed. The next section will introduce a more
practical setup.

Let fpn be a minimizer of 5]}5): _(.) that we assume exists in F. In order to derive sample complexity

bounds we need to make assumptions on the structure of the meta-distribution [P, as well as a structure
that holds on all probability measures p, P almost surely.

For P, we use the notion of upper Wasserstein distance introduced in [Weed and Bach, 2019].

Definition 1 (Upper Wasserstein Dimension [Weed and Bach, 2019] ). Given a metric space (X, d).
Given a measure pon X , the (¢,7) covering number of i in (X, d) is:

Ne(p, ) = inf{N(S) = u(S) > 7},
where N.(S) is the € covering number of S, and the (¢, T) dimension is :

o Ne(p, )
de(p, 1) := Tlog(®)”

The upper Wasserstein distance is defined as follows:
d, (1) = inf{s € (2p,00) : lim sup ds(u,sﬁ) < s}
e—0

Assumption 3. We assume that P satisfies in the metric space (P(P(Z)), W1) a bounded upper
Wasserstein dimension: df(P) < s.

For p ~ P we assume that these distributions are clusterable in the following sense defined in [Weed
and Bach, 2019]:



Definition 2 (Clusterable Distribution [Weed and Bach, 2019]). A distribution is (q, A) if supp(1)
lies in the union of q balls of radius at most A.

Assumption 4. We assume that all p ~ P are (q, A)-clusterable .

Theorem 2 (Sample complexity of in-context learning). Under Assumptions | and 2, the following
bound holds for the generalization of in-context learning:

E (&Y (for,)) < (fo) + 2L (EWww, (P, Pn) + EWaw, (P, P7))

Under Assumptions 3 and 4, we have for any m > 1 and n < q(2A)~2:
E (&) () €0 ()21 (7 12, /1)),
m n

Without Assumption 4 the learning is cursed in dimension and we have instead of \/g a rate of

—71 . . 3 . -
n  %+dy  For the squared euclidean loss, if we assume that f* defined in Equation 5 € F, we have
fe = f*, and we see that as n the number of in-context examples grows and the number of tasks

m grows we recover the bayesian inference regression function f*, and hence the estimator fpn
performs implicit bayesian inference.

4 Learning to Learn In Context: Few Shots or Batched Setting

One crucial shortcoming of the theory presented in the previous Section, is that we require in the
lifted ERM to see all samples from context distributions, whereas in practice we only see few shots,
i.e. only k shots or demonstrations. Hence we define the k- shots expected risk as follows:

k
1
RI‘C/,]P(f) = EPNP]EZ:(I’Q)NPEQ7~~Zk~PV <y’ f (k Z (522,$>>
/=1
- / / V(y, £ (oo @))dpla, )Ty dp(ae, ye)dB(p) ®)
Pz)Jz

where p, = %25:1 820, (20 = (0, 90))1<0<k ~ p®F. Intuitively as k — oo, RXP(f) recovers
& (f)-

Lemma 1. Under Assumptions | and 2 we have:
R
R () = EX(F)] < Lv (1 + LF)EppE,por Wipr, p) S Lv (1 + L)k %5,
and limy, 00 RY p(f) = E(f).
Define the batched Wasserstein [Sommerfeld et al., 2019] [Fatras et al., 2020] [Fatras et al., 2021]:
1 1 &
k1,k N
Wl ! 2(p7 P ) - EZZ/1~~ZZ/k1NP/ [Wl <k1 Z 6Z7’,7 ?2 Z 5Z:>] 5 (9)
1Ry P i=1 i=1
Note that this is a not a metric, since I/VllC 1ok (p, p) > 0, and this quantity is related to the notion of

k— variance of p introduced in [Solomon et al., 2022].

We study first transferability in this setting:

Theorem 3 (Transferability of in few shot Learning). For any P,Q € P(P(Z)), under Assumptions
I and 2, for all f € F we have:

(R, () = RY, o(H)] € VILy(1+ Lr) Wy s (B.Q), (10)

where WW1+Wk1,k2 is the lifted Wasserstein distance YWp (defined in Equation (6)) for D being the
1

sum of the Wasserstein 1 distance W1 and the batched Wasserstein Wy, 1., defined in Equation (9),
. K1,k
i.e. for D(p, p') = Wi(p, p') + Wi (p, p').



We see that the number of shots k; and ko goes to infinity in Theorem 3, we recover up to constants
the stability Theorem | of the idealized setting. In the few shot setting, the transfer learning between
two meta distributions of tasks is bounded by a stricter distance than the idealized setting since it
takes into accounts the batched Wasserstein that measures the closeness of the distribution when
seeing only few samples. It is easy to see that :

Wy, yaie 2 (B, Q) > Wawr, (B, Q) + Wigsa s (B, Q) > Waw, (P, Q).

This means that for transfer learning to be feasible in the few shot setting we need also a small Lifted
batched Wasserstein distance Ww, ., (P, Q).

Few Shots Lifted Empirical Risk Minimization Let (p;)i<i<m ~ P®™, and (z; =
(Tij,Yij))i<j<n ~ pP" and let pP = %Z?:l 6.,,. Define ﬁf’k = %Z? 1525, where
(2%)e=1. kp=1..B ~ pZ@kB. We note S = {pi,,ﬁ?,[}?’k,i =1...mb = ...B}.We consider
for the simplicity the following empirical unbiased estimator :

; 111
Rist) =00 ZZZV (Wig £ (A" i), (11)

i=1 j=1 b=1
we recover here the training cost in [Kirsch et al., 2022] and [Miiller et al., 2022].

Remark 2. Note that we have decoupled all random variables in the expectation to ease the analysis
and to get interpretable geometric bounds. Other U-statistics estimators can be derived for sampling
(k + 1) tuples from n samples, and decoupling techniques involving Rademacher chaos [De la Pena
and Giné, 2012] can be used, but we decided to state the results with easier to interpret bounds in
this simplified setup.

Let fr p be the optimal function in F minimizing the expected risk given (8) and let fv’jmu p be the
minimizer in F of the empirical risk given in (11).

Theorem 4 (Generalization of Few Shot In-Context Meta-Learning). Let P, = % Z:’;l 0p, (tasks
seen in the training) and P}, = = 5" 8,/ (unseen tasks during the training), where pj; ~ P®™

independent from p;. Define S’ stmllarly to S from points sampled from p),. Under Assumptions |
and 2 we have:

Es (RUp(Fhn5)) < RUp(Fre) +2v2Ly (1 + Lr)EsEs Wy, y s (P, Pr),

where:

m m
A / b1,k A" \bok
le+wk,k(]P)m,Pm) min E E Yivia | Wa( le,Pzz E Wi(pi ™, p,%")
1 ’YEF(]vaIP )
i1=112=1 bl,bg 1

m

Note that the generalization in the few shot learning depends on the similarity of two independent
empirical samples from the meta distribution [P corresponding to seen tasks in the training and unseen
tasks. If this similarity is low this leads to good generalization guarantees. This similarity is measured
by an estimate of the lifted Wasserstein for D being the sum of the Wasserstein distance and the
batched Wasserstein that assesses the few shot scenario. The first term can be seen as the variance
on unseen test samples and the second term as the variance of the context or few shots examples as
tasks change. This notion of variance is related to the k-variance notion introduced in [Solomon et al.,
2022] for measures in P(Z) and was linked to generalization in supervised learning in [Chuang et al.,
2021]. As the number of tasks m increases the “borrowing of strength” between unseen tasks in the
training (p;) and seen tasks (p;) increases, leading to better generalization as this reduces the Lifted
Wasserstein distance. This is in line with empirical findings in [Kirsch et al., 2022] and [Miiller et al.,
2022].

The generalization bound given in Theorem 4 can be evaluated empirically given seen and unseen
tasks in meta-training. We give here non-sharp quantitative bounds :

Corollary 1 (Quantitative Bound). The following bounds holds for few shot learning:
A 1 1
Es (RkV,P(ffa,n,B)) S RYp(frep)+2vV2Ly (14+Lx) <2Ep,p/~IPW1(07 p')+ 2k =F 4 2n d”‘“’)



The constant term E,, ,,.pW (p, p’) accounts for out of distribution tasks, and is not a sharp bound.
The learning is cursed in the dimension unless we consider Assumption 4, then the rate in n and k
are replaced by n~2 and k2. Note that m and B does not enter in the bound for the expectation
and will only reduce the variance of the estimator.

We will now relate the empirical solution of the few shot problem (1 1) to the idealized setting ((1)):

Corollary 2 (From Few Shots Back To the Idealized Setting). We have the following bound relating
the few shot setting to the idealized in-context learning objective:

Es (& (fhn8)) S & (fo) + 2V2Ly (1 + Lr)EsEs Wy, ok (P, ) + 207 70
+ (g]}y(fR,P) - Eﬁf(fp)) .

When we consider the square loss and assume that the regression function f* given in Equation (5) is
in the function space F so that fp = f*. Recall that f* performs bayesian inference, plugging f* in
the equation above we obtain:

~ o~ _ 1
Es (5]}Y(f7]fL,n,B)) SE(f)+2vV2Ly(1+ LF)EsEs Wy, s (P, Py,) + 2k Tt

L Ly / dP(p) / dy(£*(p,2), frp(pr2))dpx ().

We see that fffl_n p Wwill learn to do bayesian inference, as long as the few shot numbers £ is large, the
generalization bound as measured by the lifted Wasserstein distance is small, and the function space
F is large to approximate the regression function f*. Hence we can think of ffm g as performing
implicitly a bayesian inference.

S Meta-Learning Transformers and Implicit Bayesian Inference

[Kirsch et al., 2022] and [Miiller et al., 2022] showed emprically that meta-learning transformers
within a few shot in-context learning setup (same setup as ours in Section 4) enable general purpose
in-context learning [Kirsch et al., 2022] or implicit bayesian inference [Miiller et al., 2022]. The
central assumption in our theory is the regularity of the function class in terms of its Lipschitzness
given in Assumption 2 with respect to measures (in p) and points (in x). Note that in the few shot
setting it is enough to have regularity on empirical measures only. Hence in order to apply the results
of the previous section to transformers, we need to understand the regularity of transformers and
attention models. This question was addressed recently in two concurrent works: [Kim et al., 2021]
studied the regularity of attention in the euclidean geometry and [Vuckovic et al., 2021] studied it in
the Wasserstein geometry.

Regularity of Self-Attention In Encoder Transformers We start here by reviewing the trans-
former architecture and focus on the setup considered in [Miiller et al., 2022] i.e encoder only
models (no masking) and without positional encoding (to ensure permutation invariance). Given
an input the sequence z = (71...27) € X C B(R,R%), following [Vuckovic et al., 2021]

and [Sander et al., 2022] we think of attention as a push forward map applied to the empirical

measure m(z) = %Zle 8z,- A self-attention block * acts on m as follows: fort = 1...T

T Wows Wi ts Lo
Ty (@) = 25y dejfiié(a(g‘fvtggajt}f‘ka)is/))vas7 where Wg, Wx and Wy, are matrices in

with bounded spectral norms. For u,v € X, a in the original transformer is the dot prod-
uct a(u,v) = (u,v). If X is convex and compact, [Vuckovic et al., 2021] showed that the self-
attention with a being the dot product, has Lipschitz regularity in the Wasserstein geometry. For

unbounded domains, this Wasserstein regularity is satisfied only for a(u, v) = — |Ju — v||>. We set
here some notations that will be used in the remainder of the paper. Let u = % ZtT: 1 0, We note

Rdxd

(To)e(p) = Zthl 07, (b,)» the point cloud that result after applying self attention. Denote by t(u)

the inverse map from a measure to a sequence ¥(u) = (by,...by). It follows that the resulting
sequence after self-attention is : ¥(7,,)4(1)) = (T (b1), ... T, (br)).

We summarize in the following proposition results implied by the work in [Vuckovic et al., 2021]:

We present it here with a single head



Proposition 1 ((Informal)). Consider two sequences x = (x1,...,x7) andy = (y1 . ..yr). There
exist constants L and L' that depends on d, T spectral norms of Wq, Wi, and Wy (in the bounded

case for a being dot product and in the unbounded case for a(u,v) = — ||u — v||*) such that:

1 Wi (T (@), (T (M) ) € L Walm(),m(y))
2. Forallt =1...T we have:

A (Ton(a) (@), Ton(yy (Ye)) < L' (dae (24, y2) + Wi(m(x), m(y)))
Note that in the transformer architecture, Self-Attention blocks (7;]], ,J = 1...D) are followed
by residual feedforward networks (FN;, j = ... D) that preserve the Lipschitz regularity. Iterating
through multiple layers of attentions results therefore in a Lipschtiz constant that is the multiplication
of Lipschitz constant of the consecutive blocks.

Using Transformers in-context Learning For learning to learn using transformers, given k
in-context examples {(z¢, y¢)1<¢<y fand a point z, we define f(+ Zif:l O(ws,ye)> ), as follows:

1. For the case (X # )), for example z is an image and y is the label encoded as one hot,
define a sequence a = (21 = (z1,91), ... 2k = (T, Yr), (2,0)) of length T' = k + 1, this
is the setup considered in [Kirsch et al., 2022]. For the case X = ), this is the case in
natural language define the sequence a = (z1,¥1 .. . Tk, Yk, ) of length T = 2k + 1, this
is the setup considered in in-context-learning in [Brown et al., 2020]°. Let m(a) be the
corresponding empirical measure to the sequence a in both cases.

2. Define a deep transformer by iterating for j = 0...D — 1, j41 = (FN;)y {(ﬁj)ﬁ(,uj)},

where (9 = m(a). We obtain a sequence from the p;41 by using the operator ¥ (pj41) =
(W R,

3. Extract h% from pp and define f(p,x) = WohE (W is a linear map to the output space
Y that has bounded spectral norm).

The following proposition uses the regularity of self-attention in the Wasserstein geometry (propo-
sition 1) and shows that encoder transformers satisfy the regularity assumptions we considered in
Section 4.

Proposition 2. f defined above by an encoder transformer satisfies Assumption 2 in both cases for
X # Y and and for X = ).

We conclude that encoder transformers are meta in-context learners thanks to their regularity in the
Wasserstein geometry and their generalization properties are given in Section 4. The generalization
to unseen tasks is governed by the lifted Wasserstein distance with a cost involving the Wasserstein
distance and the batched Wasserstein. Proposition 3 in the Appendix gives generalization bounds
in the attention feature space, that further links generalization of ICL to the cluster-ability of the
contexts in the lifted wasserstein geometry.

6 Conclusion

We presented in this paper a statistical learning framework for learning to learn in-context and showed
that encoder transformers are in-context meta learners and they can infer the task at hand from few
shots and perform in a way an implicit bayesian inference. We based our analysis on the regularity of
self-attention in the Wasserstein geometry [Vuckovic et al., 2021].

We leave for future work the study of decoder transformers and their emergent in-context learning
[Brown et al., 2020] when pre-trained for next token prediction. We conjecture that their emergent
in-context learning is also due to some form of regularity. The main challenge is reconciling the
sequential regularity of decoder models and the permutation invariance of in-context examples, a
problem that was alluded to in [Xie et al., 2022]. Another venue for future work is the analysis of the
complexity of encoder transformers using coverings in the Wasserstein geometry, this would lead to a
tighter analysis of the generalization of in-context learning.

3[Brown et al., 2020] consider a decoder transformer and our analysis does not apply to their results.
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A.1 Related Work: Discussion of Meta-Learning

We discuss our work in the context of the learning to learn framework of [Baxter, 2000]. Baxter
[2000] introduces also the notion of an environment that is a meta distribution on tasks 7). For a task
t ~ 1, we draw an iid training set z* = (2} ... z!) ~ u?, and one wants to learn a function f o h,
where h is a feature map. The meta learning problem can be written as follows (see for e.g [Maurer,
2016] ):

() = min - SV ()

h = argmln—zwt

heH
The feature map is meta learned across all tasks.

Black-Box Meta-Learning Our setting does not fall within this category of bi-level optimization
and is in line with works on black-box meta learning methods, where a single model is jointly learned
on all environments: RNNs were considered in [Santoro et al., 2016], conditional neural process in
[Garnelo et al., 2018], meta networks in [Munkhdalai and Yu, 2017] and attention in [Mishra et al.,
2017]. Our work can be seen as a study of black-box meta learning with transformers.

Gradient Based Meta Learning The bilevel optimization problem in meta learning is expensive
as it appeals to computing hessians and this lead many advances via unrolled optimization pioneered
by the MAML approach [Finn et al., 2017] and other gradient based approaches studied in [Finn and
Levine, 2017, Balcan et al., 2019, Bullins et al., 2019, Denevi et al., 2019, Finn et al., 2019].

A.2 Proofs of Section 3

Proof of Theorem . Assume without loss of generality that all measures have densities. Let v be the
optimal coupling between [P and Q, i.e the minimizer of (6), y satisifies:

/v(p,p')dp' =P(p) and /v(p, p')dp = Q(p').

For p,p’ € P(Z2), let 7, be the optimal coupling in I'(p, p’) i.e the minimizer of wasserstein
distance between p and p’:

/ Ap,pr (@, y, 2’y da' dy' = p(x,y)and/ Appr @y, a' y Yz = p' (2! y).
zZ Z

From Assumption | and the compactness of ), we deduce that the loss V' is bounded : |V (y,y")| <
V(0,0) + Ly+/2 diam()) and hence using Fubini’s Theorem we obtain:

5n¥(f):/ dp/ V(y, f(p,x))p(z, y)dady
P(2)

/ dp (/ (P, pl)dpl> / V(y, f(p,)) (/ Yo,p (x,y,x',y')dm’dy’) dxdy
P(Z) P(Z) =z
/ / / / V(y, f(p,2)v(ps PV Vp.pr (z,y, 2",y )dpdp' dedyda’ dy’
P(2)JP(E)JZ2JZ
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the last equality is another application of Fubini’s theorem. A similar expression holds for 6}5 (f):

Q = Yy, f0x))v(ps )V, (T, y, 27,y ) dpdp dedydx’ dy
&5 (f) V', £ )y (s 0 )ppr (2,9, &y Vdpdp! dadyda’ dy’
pyJpiz)lzJz

Hence we have:
Y () —EX ()
/ / // W', f(p',z")) — (y,f(p,w)))v(p,p’)%,p/(x,yw’,y’)dpdp’dxdydx’dy’
(12)

Turning now to :

V(' £ ) = Vs f(p )] < Ly [ (0,5') + Bo(f (p,), £ (o)
< Ly (dy(y,y') + dy(f(p,2), S (¢, "))
< Ly (dy(y,y') + Lr (dx(,2') + Wip, )
< Lv(1+ L) (dx(z,2") +dy(y,y") + Wi(p, p))
< 11+ L) (VBB ) + df0) + Wil
(13)

where in the first inequality we used Assumption |; in the second inequality we used that for
a,b > 0,va? + b% < a + b; in the third inequality we used Assumption 2; and in the last inequality
we used the fact that |a + b| < 1/2(a? + b2). It follows from equations (12) and (13) that:

&5 (f) =&Y ()| < Lv(1 + Lz)(A + B), (14)

where :

A=V2 / / / / \/ A% (z,2") + d3(y, ')y (P, 0 Appr (2,9, 2,y ) dpdp' dadyda’ dy'
PZ)JPZ)JZ2JZ
= \/i/ / v(ps p') (/ / \/dgc(x,w’) +d3,(y, ') p.pr (xvy,x’,y')dwdx’dydy') dpdp’
P(Z)JP(Z) ZJZ

-2 YW (p, p)dpdp'
f/P(Z)/P(Z)v(pp) 1(p, p')dpdp
= V2Ww, (P,Q),

in the second equality we used Fubini Theorem, in the third and last equality we used the optimality
of 9, ,» and -y respectively. And,

B = / / / / Wi(p, 0 (0s )0, (2,9, 2y ) dpdp dxdyda’ dy’
PE2)JIP(2)J2/zZ

= / Wip, p)v(p, ) ( / / %,p'(%y,x’vy’)dpdp'dxdydw’dy) dpdp’
P(Z)JP(2) ZJZ

=1

= / Wilp, p")v(ps p')dpdp’
P(2) JP(2)

= WWI (P7 Q)7

where we used Fubini and the fact that [ [ 5, (z,y,2',y')dpdp’ dxdydz’dy’ = 1 since 7, is a
coupling and the optimality of +y in the last equality. Finally,

€Y (f) =& (H)] < Lv(1 + Lr)(1 + V2)Ww, (P,Q). (15)
O
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Proof of Theorem 2. Our goal is to bound:

& (For,) — & (fo) = (& (o) — &k (Fon)) + (&8 (Fon) — €51, () + (&, () — & (1))
< (& (o) — &8 (o)) + (€5 (o) — & (fo))
<2L WW1 (IP7 an)a

where we used in the first inequality £, (fpgn ) < &Y. (fp), since J/c]\pzl is a minimizer of &Y, (.) and
the last inequality is a direct application of the stability Theorem I|. Taking the expectation on the
randomness in both P,,, and P}, we obtain by applying the triangle inequality:

E (& (fr) — & (f6)) < 2L EWw, (P,P}y) < 2L (EWw, (P, Pm) + EWsw, (P, P3))
(16)
Under Assumption 3, we have by Theorem 1 in [Weed and Bach, 2019]:
EWw, (P, Py) < m™+. (17)

Note that Wy, (P, P7,)) = 32,5 v Wa(pi, p} ), where 7* is the optimal coupling in I'(P,,,, 7, ).
Letvj: = % fori=1...mand~;; = 0fori # j. By optimality of v* we have:

n u AT 1 S AN
Ww, (P, PT)) < Z’Yile(Pi,Pj) ~m Z Wi(pi, p7')
ij i=1
Hence taking expectations we obtain:

n 1 G AT

EWw, (B B) < 20 5 EWA (01 7).
without further assumptions W is cursed in dimension and we have:
EW: (pi, 3}) S 0”75

Under Assumption 4, by proposition 13 in [Weed and Bach, 2019] we have for n < q(QA)*Q, for all
1=1...m:

EWy(pi, ) < 12\/5. (18)

Hence under Assumptions 3 and 4, combining Equations (16), (17) and (18) we have for n <

q(2A)~%:
E (6 (o) - ¥ () S22 (mt +12/2).

A.3 Proofs of Section 4
Proof of Lemma 1.

RI‘C/,]P)(f) - g]}y(f) = EPNPE(I,y)r\«pE(z@,y@)Np@kV(y7 f(ﬁkv .27) - V(ya f(p7 .’L'))) (19)

It follows from Equation (13) in proof of Theorem | that:

IV (y, f(pr,z) = V(y, f(p,x)))| < Lv(Lx + L)Wi(px, p)

Taking expectation, absolute values and using Jensen inequality we get the results, using classical
bounds on W7, see for example [Weed and Bach, 2019]. O
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Proof of Theorem 3. The proof is similar to the proof of Theorem 1. Let -y be a coupling between P
and Q. For p ~ P and p' ~ Q, 7, is optimal W; coupling between p and p'.

Ry, (f) = Ri, o(f)
1 & L1 & ,
Vily f kflzfszz»m Vv, f Ezfszg,f
=1 =1

(20)

= E(ﬂ,ﬂ’)~vE((z,y),(m’,y’))M’fp,p/EZl..,Zkl~p
Z/ Z/ ~ !
121y ™P

Under assumptions Assumption | and Assumption 2 by equation (13), we have:

1o 1 &
(s (s 3gom)) v (00 (R o))

< Lu(1+ £2) (VB Bl + B o) + Wil )

Hence taking absolute value in Equation (20), using Jensen inequality and the above bound on the
loss, we have:

[RK, p(f) = Ri, o(N)] < Lv (1 + Lf){ﬁE(p,p')wE«x,ny/,y/»wp,p/ \/dgz(% ')+ d3(y,y')
1 k1 1 ko
---'+E(p,p’)~'yEZlmZk1~p Wi 725%’725@ }
z .7 ’ kl ) k2 )
1oLy ~P =1 1=1
= Lv(l + L]:) (\/EE(p,p’)w'yWI(p7 p’) + E(pyp/)N,Ythkz (p, p/))
< Ly (L+ Le)VIE 1 (Walp. o) + W2, ) @1

where we used that 4,, is the W; optimal coupling, ie Wi(p,p') =

E((2.p).(x' ) ~F, \/dif(x, x') +d3(y,y'), and the definition of the batched Wasserstein
distance given in Equation (9).

Now choosing «y to be the optimal coupling v* of Wp, for

D(p,p') = Wilp,p') + Wi (p, o)
we obtain:
[RY, () = R, o(N)] < Lv(L+ Le)V2E (1 (Wil p') + W (. )
=Ly(1+ L;)\/éwwﬁwllq,kz (P, Q).

Note that :
le (IP, @) + lelq,kz (IP, Q) S le +Wl1<1ak2 (P, Q)

Proof of Theorem 4.

R/‘;P(f’r]‘fz,n,B) - RX,IP(fP) < RX,IP’(fA’r]‘fL,n,B) - 7%’};,5( A’r]‘fL,n,B) + ﬁ}c/,s(flp) - RX,]P’(fIP)

Taking expectations on (p;)1<i<m ~ P®™, ((zij, Yij))1<j<n) ~ pE" and (2%)i=1. kp=1.B ~

pl@kB , we denote all those random variables on which expectation is taken by S = { Pi, Py, ﬁ?’k, 1=

1...m7b:...B}:
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]Est P(fmnB) Rk p(fp) <Es (Rk ]P’(fmn B)— Rk s(fE mon, B)) +Es (ﬁkv,s(fﬂﬂ’) - RI‘C/,IP(fP))

< 2sup Es [RY o (f) = RY (/)]
fer

< 2Eg sup ‘Rkv,lp(f) - 7%/,5(]0)’
feF

Note that:

k
1
1%
Rip(f) = EonbEay)~pE = (20,9001 <0ci)mp®® V <y f <k > 52@79”)
=1

m

111 & 1<
= - e
o EP;NP@"LE@U%»yﬁj)1§j§n~P;®nE(Z£f)z:1...k,b:l...13~p;®k mn ZZZV (y”’ (k ;6213’x”>>
=1

i=1 j=1 b=1
= EslﬁkV’S/(f%

A’I’L

where S’ is an iid set of random variables constructed similar to S, S’ = { ph ~ PO b,

" bk k . B
N X1 Ot ) —kze:ﬁz;z,Z—1...n,b—...B}.

Now:

RUp(f) — RYs(F) = Bor (RYs (/) = REs(1)) (22)
It follows that:

Es (RUp(fhn.5) — RUp(fp)) < 2Es sup [Es (RYs/ () - RYs(5))|

fer
< 2Eg sup Eg/ |RY s (f) — 7@,‘6/ s(f )’ Jensen inequality convexity of absolute value
fer
< 2858 sup [RY 5 () = R (/)| 23)
€

Let v € RT™>™ be a coupling between P, = - >"_,d,, and P, = - >"" 4, , and let

m i1=1 i0=1 Piy

yi1iz € RT"X" be an optimal coupling (in W) between p% and ﬁ;g

m n B

Rk
m n B
111 bk 111 bk
= EEE Z Z Z V(yiljpf(lel l'ilh mnB Z Z y7,2]2af Plzz ) ;2]2)))

11:1]1:11)1:1 7,2 1]2 1b :
n B
~ ~b ~"b
S Y e X Y A 3 (Vi S )~ VO S ,,0)
i1=1142=1 Ji=1j2=1 b1,b2=1
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Hence using Equation (13) we have

RYs(f) = REs(f)]

B

n
- ~b1, ba,k
SFNIRTSYDID LD Db DL e =5 2 VI @i ,) + B vhy) + WA )
i1=11i2=1 J1=1j2=1 b1,b2=1
m m n
NIESASIC) ) LMD B DE1 11 AN NRER ITRNTIN
i1=11i2=1 Jj1=172=1
B
. bk A bok
DD IETID S) PE i 52 W)
i1=11i2=1 J1=1792=1 by,ba=1
=1
m m
= Ly(1+ L{VZ Y D v W31, 50 + Z Z Viria g3 Z WA(pl*, 5i*) } by optimality of 51°2)
i1=1142=1 i1=1142=1 bl,bz 1
m m 1 B
~b1,k A" boLk
< LV 1+L.7: {Z Z Virio Wl pzl7p12) B2 Z Wl(pzll ’p122 ) } @
Zl 122 1 bl,bgzl
Let P, = = >" 6, and P}, = = > | 6/, define:
A / . Ab k A b
WW1+W’1‘"="'(]ID"13Pm) = weF%}EP 221 Zzl Viviz Wl p71’p12 b bz 1W1 ’0111 1 Piy v ) ’
1 2 1,b2

Choosing 7 to be the optimal coupling to the above problem we have combining Equations (23) and
the bound in @:

Es (Rk ]P’(fm n, B) — RIZ,P(f]P’)) < 2EsEg: ?uP 7%/75' (f) = kl‘c/S(f)‘

< 2V2Ly (1 + Lr)EsEs Wy, ik (P, 7).

O
Proof of Corollary 1. By reverse triangle inequality we have:
‘Wl(pzlang) Wl(piup;g)‘ < Wl(ﬁ;ll?pil) + Wl(ﬁLZ7p;2) 5 2n71/(dm+dy)

Writing:
WW1+Wllc,k(]Pm,]:ED,/,n)

m m B
3 S e W)+ G — Wil )+ S 30 (G A5 = Wi
= Viria i, piy) + (Wa(p3 s i) = Wilpia, piy)) + 3 Wi(pi, " p,*7) = Wilpiys pi,))

i1=1ip=1 b1,by=1
S23 0 3 e Wilpi,, ph,) + 200 g/ (k)

i1=1ix=1

1 m
<9 W- i ! 2 —1/(dg+dy) 2k_1/(dm+d'y)
~“m l:zl I(P 7pz) +2n +
where the last inequality follows from suboptimality of coupling with 0 off diagonal and 1/m on
diagonal. Taking expectation we obtain:

2 & 1 a1
2 a4 20 1 20
m

i=1

__1 1
=2E, ypWi(p,p') + 2k~ %+ 4 2n~ Tty
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Proof of Corollary 2.
E]P ( mnB) 51;/(fp):(g[¥( Arlfl,n,B) R]}{k( m,n, B))+(RI‘P{JC( ATva,,n,B)iR]}’((f]}z’z))
+(RE (fu??) — & (f8) + (& (F5) — & (fe)
KT+ (RYF(FE  p) = RY (FR)) + 677500 + (X (fR) — €Y ()

where we used Lemma 1. Taking expectation gives the result. To bound we use the lipschitzty of V'
and get :

& (f8) — & (fe) < LvEpupBanpdy (fr, f5).

A.4 Proofs of Section 5

Proof of Proposition 1. Point 1) is proved in [Vuckovic et al., 2021]. For point 2) We use the same
notations as in [Vuckovic et al., 2021] (attention kernel defined in Definition 7 in [Vuckovic et al.,
20217):

dX(Tm(m) (‘Tt)’ 7—m(y) (yt ) Wi (6$tAm (x)> 6 A )>
Wi(M¥e(q,,)(m (x))]L], (I[¥ Gy, (m(y))]L])
()7 (L )Wl(‘I’G(xt,.)(m(w))v‘I’G(yt,.)(m(y)))

| /\

where 71 (IT) = d, and 71 (L) = ||Wy||2. By proposition 27 in [Vuckovic et al., 2021] we have:

Wi(¥o(a,,.) (m()), Yoy, (m(y))) < [Vdy[log T + zieHGan +1Glloo + Vd + 2)(da (21, yo) + Wi (m(@), m(y)))

it follows that there exists a constant L’ such that:

dx (Tm(z)(xt)a Tm(y)(yt)) < Ll(dX (xtv yt) + W (m(x)v m(y)))
O

Proof of Proposition 2. We consider here euclidean distances. Define ¢T(% Zle da;) = ar.

Consider a and o' are two sequences constructed as in step 1 (¢ = (21,91, ... Tk, Yk, ) and
a = (24,91, .. T4, Yy, &) ) in the case X' = V.

By iterating Lipschitzity of the push forward maps (we ignored in the computation of lipchitz constant
the residual and feedforward that will result in multiplicative lipchitz constant on each layer ) we
have :

[f(p,x) = f(', )| = [Wo(h? — hiFP)|
< [[Wollz [|hF = h? ||
< |Woll2Lp (dx(¥r(pp-1), ¥r(p_1)) + Wilpp-1, 1))
< ||WO||2LID (LlD—l(dX(wT(,UD—2)7'(/JT(//D—2)) + W (UD—%//'/D—2)) + LD—1W(HD—2, H/D—2))
<|WollaLp2max(Lp—1, Lp_1) (da (Yr(pp—2), vr(pp_2)) + W(pp—2, tip_>))

Hence we obtain a recurrence:

(dx(¥r(pp—1),¥r(Wp_1)) + Wilpp—1, tip_1))
<2max(Lp_1,Lp_1) (da(r(pp—2), Yr(ip_2)) + W(np—2, p_»))

Note that residual connection and feedforward networks will result with a multiplicative Lipschitz
constant:

(dx(FNp_1[¢r(up—1)], FNp_1[¢r(p_1)]) + Wi((FNp_1)spp—1, (FND_1)34p 1))
< 2L max(Lp_1, Lp_y) (da(Vr(pp—2), 1 (tp_s)) + W(kp—2, ip_5))

18



We can iterate this recurrence up to pg = m(a) and pj, = m(a’), and 7 () = x and Pr(uf) = '
Hence there exists L = ||[Wo||2Lh2P~ 1HD Ll max(Lj, L, ) such that:

[f(p,x) = f(p', )| < L(d(z, ") + Wi(m(a), m(a))) ,

Let v* optimal coupling between p and p':

k
V2———Wi(p,p') +

/
2k‘+1 dX(xax)

b

2k +1
1

2 !

_f2k+1z w\/ (@5, 25) + d*(yi, ) + 2k+1d x(z, ")

E 1
§ i m%j(dx(w“xj)+dX(yi7yj)) g @ )

Define fori =1... k7] =1...k: ’721‘,1’%‘,1 = ﬁ’ﬁj and ’721‘,1’%‘ = 0and :ygl 2j 1= 0 and

:Y211,2j = %_H’y:j, ’~)/2k+17g = 0 and ’3/[72]“_1 =0for/=1...2kand &2k+1,2k+1 2k+1 It is casy
to see that 7 is coupling between m(a) and m(a’):

/ / / / /

~

k371 Y1 kx2 Yo T kxk Yy, T
Ty [ sprrm i 0 Shr1 V12 i 0 SR T s 1% i 0 0
Y1 . 0 2k+1 ’)/ikl . 0 2k+1 7;2 T . 0 2k+1 ’yfk 0
T2 | sprr a1 i 0 Sh1 V22 i 0 SR Y2k . 0 0
Y2 0 HrT 21 0 HriY22 0 ohriv2k 0
5= ' ' S
k * k * k *
Tk | 241 Tkt i 0 k1 k2 i 0 U okt1 Vkk i 0 0
Yk 0 %11 k1 0 sEriVke 0 SE1 Yk (1)
z| 0 0 0 0 0 I ——
Rows and columns of 7 sum to 571 It follows that:
2k+1
ﬁLwl(p o)+ de(x o) > > Aeedx(a ap) > Wi(m(a), m(d))
2k +1 ’ 2k +1 ’ Rt i -
and therefore we have:
Wi(m(a),m(a")) < ﬁLW (p,p)) + #d (z,2") < Wi(p,p") + dx(z, ")
1 ) = 2% +1 1\Ps 2% +1 X\ 4Ly >~ ) )

and hence :

[f(p, )= f(p',2")| < Ld(x, 2" )+ Wi(m(a), m(a")) < L(2dx (z,2")+Wi(p, p')) < 2L(dx (. ")+ W1 (p,

it follows that f is lipschitz in both argument. for the case X # ), a similar proof relates
Wi(m(a),m(a’)) to Wi(p, o). O

Proposition 3. For two lndependent samples from the meta distributions P, = 7; ZZ 106,, and
P, =L13" Op;- Let p = Ezz':1 (zi,y:) and © € X define a = (x1,y1 ... Tk, Yg, ). De-
fine attention blocks A;(1;) = (FNj)y {(Wj)ﬁ(,u])} and (% Zle da;) = ar. The encoder
transformer for few shot learning can be written as:
f(p,x)=goproAp o...A_10A,0...A1(m(a))
h A
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we have:
~ v ok \/* kg /
R ( m,n, B) < ESRk,S(fmm,B) + 2LV(1 + L}—)W(Aﬁpm’ AﬁPm)D
Where
W( AP, AP, )

B

k ’ ba,
R, Z > [ e 0 (WG )+ WA ) | | e

e B, v | b1 ,ba=1

and:
B

A, . - ba,k b

W k(pzﬁpm) N eF(lpnf ) Z Z Jl;ﬁ B2 Z C(I“]l’ 22 J2’y“31’ylzh’pzz2 "0111 )
12 =1 ja=1 b1,b2=1
where:
A bak Ab
C(‘Z‘lljlv 92 327y11]15y12]27p122 ’pzll )
b b

= \/d%((wﬂAﬁ(mW(p; ) @ @i,))s br (A (m((p72") @ ,5,))) + B (Wi Ul )

For a sequence a = (ay,...,ar), we define a ® x = (a1, ...,ar,x), and 1 maps the empirical

measure to a sequence.

Note that the lifted wasserstein is evaluated in the hidden space following an intermediate self
attention block. Note that in (25) the test points are now not contributing to the generalization
independent of the context since W+ depends on the context. The generalization bound given in
the attention latent space can be much smaller then the one in the input domain , by lipschitzity the
input domain bound is an upper bound. Note that this type of bounds is not uniform on the function
class and hold only for a given function. The input space bound is uniform on the function class.

Proof of Proposition 3. Let a = (x1,y1... %k, Y, x) , Aj(p;) = (FNj)y [(7;{])11(/;])} and

1Z)T( Z 5%) =ar.

f(p,x)y=goproAp o...A_10A.0...A1(m(a))
h A

Note that is A lipschitz in .A(m(a)) in the sense that there exists L x:

[h(A(m(a)))=h(A(m(b)))] < Lr (Wi(A(m(a)), A(m(b)) + dx (¢r(A(m(a))), b (A(m(b)))))

The proof follows from the proof of Theorem 4. The main difference with theorem 4 is that the
lipchiizity is not in the input z;, ;, but in wT(An(m(w(ﬁfll’ ) @ x;, ;, ) that is the last output in the
tensor output of the attention block at layer r. The hpschltzty is also in the empirical measure of
output of the attention block Ay ﬁfllk and not in ﬁfl Note that in the test points x;, ;, and the

contexts don’t appear any more in independent contrlbutions.

Es (RYp(fhnp) ~ Ris(fonp)) SEsEs s |RVo(f) = RUs(f)
he{h|f=hoA}

< \/iLv(l + L]—‘)W\(.Aﬁpnu AﬁP;n)
W(AP, AP, )

= _min Y Y v, % Z (WA ) + Wa (Al Asp M) | @29)

(P, ,P
VEL (P "L)z =1lis=1 b1,bo=1
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where:
B

.A k 3 ~7,17,2 L b2 k Abl k
w (pzlvng) - EF(lgf n § E ]1]2 32 E C(l”zul73312,3273111]17%232a,012 ?pzl )
YEL@L A1) ST fom by ,ba=1

where:

( "ba,k abik )
c xllleng Jz’yh]lﬂymh?pzz 7p21

= B (A mW ") @ 21,1)), or (A (m(p(02) @ @,0)) + A (Wi, )

For a sequence a = (ay,...,ar), we define a ® x = (aq,...,ar, ).

Hence we have for encoder attention:

Es (R p(Fhn5) = RUs(fhnp) < V2Ly (1 + Le)W( AP, AP, ).
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