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Abstract

Cech Persistence diagrams (PDs) are topological descriptors routinely used to
capture the geometry of complex datasets. They are commonly compared using
the Wasserstein distances OT,; however, the extent to which PDs are stable with
respect to these metrics remains poorly understood. We partially close this gap by
focusing on the case where datasets are sampled on an m-dimensional submanifold
of R%. Under this manifold hypothesis, we show that convergence with respect
to the OT',, metric happens exactly when p > m. We also provide improvements
upon the bottleneck stability theorem in this case and prove new laws of large
numbers for the total a-persistence of PDs. Finally, we show how these theoretical
findings shed new light on the behavior of the feature maps on the space of PDs
that are used in ML-oriented applications of Topological Data Analysis.

1 Introduction

Topological Data Analysis (TDA) is a set of tools that aims at extracting relevant topological
information from complex datasets, e.g. regarding connected components, loops, cavities, or higher
dimensional features. These different notions are made formal through the use of homology theory,
and in particular the i-th homology group H;(A) of a set A, which captures the i-dimensional
topological features of A for i > 0, see e.g. [46] or Appendix [B] TDA has been successfully applied
in a variety of domains, including material science [S1}163|30L|17], biology [21. 168} 8], real algebraic
geometry [29,135] 28 44] and neuroscience [67, 161} 18], to name a few. When used in conjunction
with more traditional approaches such as neural networks, TDA-based methods have outperformed
state of the arts methods for tasks such as graph classifications [[19}150].

The most prominent techniques in TDA rely on multiscale approaches, in particular through the
use of persistent homology [22]]. Given a compact set A in R?, persistent homology tracks the

evolution of the homology groups H;(A") of the t-offset A = (J . B(z,t) of A as ¢ goes from
0 to 400 (where B(z,t) is the closed ball of radius ¢ centered at x). The process is summarized
by the Cech persistence diagram (PD) of degree i of the set A: the PD dgm;(A) is a multise
of points in the half-plane © := {(u1,u2) € R? : wu; < uy}, where each point (uj,us) in the
PD corresponds to a i-dimensional topological feature that appeared in Al at scale t = u; (its
birth time) and disappeared at scale t = us (its death time), see Figure E]E] Points close to the

*Equal contribution

A multiset is a set where each element appears with some non-zero multiplicity.

3In general, PDs can have points with infinite coordinates. For Cech PDs, this will only be the case for a
single point of the diagram for ¢ = 0, of coordinate (0, +00). We discard this point in the following.
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Figure 1: The Cech PD of a point cloud A in R? for i = 1 and its ¢-offsets. The two points far from
the diagonal 92 in dgm; (A) correspond to the two large cycles in the set A.

diagonal 9 = {(u1,uz2) € R? : u; = uy} correspond to topological features of small persistence
pers(u) = “25% which have a short lifetime in the filtration (A");>.

A key property of PDs is their robustness to small perturbation in the data, making them suitable for
analyzing real-world datasets. This stability property is phrased in terms of the bottleneck distance
between PDs [36]. Let a and b be two PDs. A partial matching between a and b is a bijection of
multisets v : a U 9Q — b U 0N2, where each point (u, u) of 92 has infinite multiplicity. In other
words, the points of a are either paired with a single point of b, or mapped to the diagonal 9f2 (and
similarly for the points of b). Let I'(a, b) be the set of all partial matchings between a and b. The
bottleneck distance is defined as
OTwlart) = ot 13 I = 7l ®
The Bottleneck Stability Theorem [26], 22] states that if A; and A, are two compact sets, then for any
integer ¢ > 0
OT. (dgm; (A1), dgm, (A)) < e, @)

where ¢ is the Hausdorff distance between the sets A; and A, defined by dgy(Ai,A2) =
Sup, cpa |da, (x) —da, ()| and where da is the distance function to a set A. An important property of
the bottleneck distance is that it is blind to small-persistence topological features: if OT(a, b) = ¢,
then one can arbitrarily modify the PDs a and b on a slab of width € above the diagonal (for the
{~,-metric) without changing the bottleneck distance between the two PDs.

Due to this phenomenon, the bottleneck distance turns out to be too weak in many situations of
interest, where some topological features of small persistence can be as important as large-scale
topological features in the PD (say, with a classification or a regression task in mind). For this reason,
finer transport-like distances are often preferred to compare PDs. These distances, which we denote
as OT), are defined for 1 < p < oo by

1/p
OTp(a,b) = inf (Z ||U’Y(U)||€o> : A3)

T'(a,b
v€l(a,b) u€alo)

with OT, < OT,, for 1 < p’ < p < oo. They can be seen as modified versions of the Wasserstein
distances used in optimal transport, with the diagonal 0f2 playing the role of a landfill of infinite
mass, see e.g. [33].

The increased sensitivity to small perturbations of the OT,, distances is of crucial importance in
the standard TDA pipeline, which we briefly recall. Starting from a sample of sets A, ..., A,,
one computes a sample of PDs a; = dgm,;(A;), j = 1,...,n. Statistical methods to analyze this
sample of PDs are typically awkward to define, due to the nonlinear geometry of the space of PDs
[[L6l [75]. To overcome this issue, the space of PDs is mapped to a vector space through some map
® called a feature map. Statistical method are then applied in the feature space on the transformed
sample ®(ay), ..., P(ay). Various feature maps have been designed [23} 160} 25| (54} 20} [70} [53] 48],
important examples including persistent images [4]], PersLay [19], and PLLay [50]; in the latter two,
the feature map is parametrized by a neural network. A good feature map should preserve as much as
possible the geometry of the space of PDs [57]]; in particular, Lipschitz (or Holder) continuity of the
feature map is a basic requirement. However, due to their (often desirable) sensitivity to small scale



features, most common feature maps are not regular with respect to the OT ., distance on the space
of diagrams. Instead, they enjoy Lipschitz regularity with respect to either the finer OT; distance
(see e.g. [33] Proposition 5.2]), or to the OT,, distances (for p > 1) when restricted to diagrams a
whose a-total persistence
Pers,(a) = Z pers(u)® (€))
uea
is bounded for some o > 0 large enough, see [34] and [53]]. Boundedness assumptions on the a-total

persistence also yield a version of the Bottleneck Stability Theorem with respect to the finer OT,,
distance: if A; and A, are such that Pers,, (dgm;(Ax)) < M (k = 1, 2), then, for p > «,

OT}(dgm;(As), dgm;(Ag)) < MeP™?, )

where ¢ = dg (A1, Az), see [27]]. Hence, in addition to having intrinsic theoretical interest, controlling
the total persistence and convergence with respect to the OT', distance of PDs is crucial to ensure the
soundness of most methods commonly used in TDA. This is the subject of this article.

Contributions. We provide a deeper understanding of the structure of Cech PDs in the specific case
where the underlying set A is a compact subset of am m-dimensional manifold M in R?, focusing
in particular on the total persistence of the PDs and their convergence to the PDs of M with respect
to the OT), distances. The importance of this case is supported by the manifold hypothesis, which
often serves as a fundamental principle guiding the development of algorithms and models for data
analysis [41. 76| [15]]. Specifically, our main contributions are the following:

* Theorem[2.2; When A C M is a compact set satisfying d (A, M) < ¢ for ¢ small enough,
we provide a quadratic improvement upon the standard Bottleneck Stability Theorem (2)).
Namely, we show that there exists an optimal bottleneck matching v such that the distance
between a coordinate of a point v € dgm;(A) and the coordinate of the matched point
y(u) € dgm,; (M) U 99 is of order O(c?) whenever the coordinate of  is larger than 2¢.

¢ Theorem [3.3} In the case where the manifold M is generic and the set A is a J-sparse point
cloud (i.e. mingzyen || — y|| > 0), we provide a finer analysis by showing that the p-total
persistence Pers,(dgm;(A)) remains bounded and the distance OT,(dgm,(A), dgm;(M))
converges to 0 for all p > m whenever the ratio /6 is upper bounded.

* Corollary[d.3; We then focus on a random context, by assuming that A = A,, is obtained by
sampling 7 i.i.d. random variables with positive bounded density f on a generic manifold
M. We prove that OT,(dgm,(A,,), dgm;(M)) converges in expectation to 0 for p > m.
Furthermore, we obtain a law of large numbers for the a-total persistence of dgm, (A, ):

1 o
Pers,, (dgm, (A,)) = Pers, (dgm, (M))+Cin' =™ 401 (n* /™) +0 ( ( Oi”) )
(6)

for all @ > 0, where C; is a constant that depends explicitly on M and f. In particular, for
0 < i < m, Pers,(dgm,(A,,)) stays bounded if and only if « > m.

Our contributions are to be compared to one of the only preexisting results regarding the a-total
persistence of a PD: in [27]], the authors proved that for all « strictly greater than the ambient
dimension d, the a-total persistence of the Cech PD of a compact set A C B(0, R) C R satisfies

Pers, (dgm,(A)) < Cy.aR™ @)

for some constant C', ¢ depending on « and d. In the two scenarios we considered (either J-sparse
or random samples), the ambient dimension d in the constraint « > d for the control of the a-total
persistence in (/) has been replaced by the smaller intrinsic dimension m of the problem: the manifold
hypothesis has been successfully exploited.

To summarize, our work sheds light on the behaviour of PDs, provides new guarantees for commonly
used ML methods (see e.g. Corollary {.4), and suggests new heuristics (see Section [5). We also
perform various experiments to illustrate the validity of our results and their relevance to the classic
TDA pipeline. All proofs are deferred to the Appendix.

Related work. This work is part of a long ongoing effort to understand simplicial complexes and
PDs in a random context [10} [12, 113} 11} 49,32} |59, [14. 45]. Closest to our work, Hiraoka, Shirai



and Trinh gave limit laws for Cech PDs for random points in the cube [0, 1]d [47], while Goel, Trinh
and Tsunoda gave similar asymptotics in the case of samples on manifolds [42]. Limit laws for the
total persistence have been obtained by Divol and Polonik in the case of random samples in the cube
[34]. Among other contributions, this work generalizes this result to submanifolds: unlike the cube, a
manifold has a nontrivial topology; a fact which considerably complicates the situation, for we have
to take into account the presence of large topological features in the Cech PDs in order to control the
total persistence. Note also that tools other than persistent homology exist for studying the geometry
of point clouds. For instance, the authors in [[77}152] consider complete isometric invariants for point
clouds that are computable in polynomial time.

2 Cech persistence diagrams for subsets of submanifolds

Recall that a fundamental result in TDA, the Bottleneck Stability Theorem (12]), states that Cech PDs
are stable with respect to Hausdorff perturbations. Consider the particular setting where one has
access to a set A, obtained as an approximation of an unknown shape of interest S through some
sampling procedure, with A C S and sup,cg da(z) < e. The Bottleneck Stability Theorem ensures
that OT . (dgm;(A), dgm,(S)) < e for any ¢ > 0, a bound which cannot be improved in general.
However, it turns out that a finer understanding of the proximity between dgm,(A) and dgm;(S) can
be obtained if more regularity is assumed on the shape of interest S, namely in the situation where
S = M is a compact submanifold with positive reach.

Let us first set some notation. Let M be an m-dimensional compact topological submanifold of R%;
we always assume that the boundary of M is empty. The orthogonal projection 7y on M is defined
for z close enough to M, and we define the reach 7(M) as the largest > 0 such that the orthogonal
projection 7y is well (i.e. uniquely) defined for all z € R? at distance strictly less than 7 from M.
The reach is a key notion to quantify the regularity of a manifold, see e.g. [39] and [24] for more
information.

Let A C M be such that dgy (A, M) < e and let z € R, By definition of the Hausdorff distance, it
holds that |da(z) — dm(z)| < . However, this naive bound can be quadratically improved as long as
z stays far away from M.

Lemma 2.1. Let M C R? be a compact submanifold with positive reach and let A C M be a
compact set with dg(A,M) < ¢ for some ¢ > 0. Let z € RN\M. Then, |du(z) — da(z)| <

2 dm(2)
() (1 + 7w )

We can build upon thi§ basic remark to obtain a very precise control  |(2) (3) 2
of the behavior of the Cech PD of the set A. Namely, we identify three |1 Ce?

regions in the upper halfplane € (displayed in Figure[2) which contain
all points in the PD dgm;,(A) (for some integer ¢ > 0). In the first
region, corresponding to microscopic topological features disappearing
at scales smaller than ¢ + £2/7(M), the Bottleneck Stability Theorem
cannot be improved. However, there exists an optimal matching (i.e.
a matching v : dgm;(A) U 92 — dgm,;(M) U 0N that realizes the |(1)\&
bottleneck distance (I))) such that at least one of the coordinates of
any point in the other two regions is larger than 7(M) — &2/7(M),
and the proximity between a large coordinate of a point u € dgm;,(A)
and the coordinate of the matched point y(u) € dgm;(M) U 0 is of Figure 2: PDs of M (red)
order O(£?). This yields a quadratic improvement upon the Bottleneck and of A (black).

Stability Theorem.

Theorem 2.2 (Improved Bottleneck Stability Theorem). Let M C R be a compact submanifold with
positive reach and let A C M be a compact set such that dg (A,M) < e < 7(M)/4. Let i > 0 be an

integer. Then dgm; (A) is the union of three regions dgmgl)(A) =dgm,; (A) N {ur,us < e+ %,TA)}
dgm{® (A) 1= dgm,(A) N {uy < &,up > 7(M) — 555} and dgm'®) (A) = dgm, (A) N {ur, u> >

2

(M) — o).



Furthermore, let C = T(?\,l) (1 + 13((:\\:)) ) where R(M) is the radius of the smallest ball that contains

M. There exists an optimal matching v : dgm,(A) U 02 — dgm;(M) U 9Q for the bottleneck
distance between dgm,(A) and dgm; (M) such that

* Region (1): Ifu € dgmgl)(A), then y(u) € O and ||u — y(u)|| < e

* Region (2): Ifu € dgmz(?) (A), then y(u) is of the form (0,v2) and |uz — va| < Ce%. The
number of such points is finite and depends only on M.

* Region (3): If u € dgm§3) (A), then ||u — v(u)|loo < Ce2

Note that for any ¢ > d, the i-th PDs of M and A are actually trivial.

3  Cech persistence diagrams for subsets of generic submanifolds

The improved Bottleneck Stability Theorem (Theorem [2.2)) yields information relative to the location
of points in the Cech PD of A, but not about their numbers. However, both the a-total persistence of
dgm;(A) and the distance OT,(dgm,(A), dgm,(M)) for p < co crucially depend on the number of
points in dgm;, (A) having small persistence.

Unfortunately, no control on, say, the total persistence, can exist without additional assumptions.
Indeed, in general, even the a-total persistence of the Cech PD of the submanifold M can be infinite.

Example 3.1. Let f : * € R — 1+ 2*sin(1/x)?. Consider the C* curve M in R? defined as
the union of the graphs of the functions f and —f on [—2,2]. Being C?, the curve has a positive
reach [39)]. Fori = 1, the Cech PD of M contains a sequence of points (1,4,,) for n > 1, where
by =1+ O(n™%). Inparticular; as ", ~,({, — 1)* = 400 for a < 1/4, the a-total persistence
of dgm, (M) is infinite for such a value of o. By considering the product M™ C R?™, one can also
build an m-dimensional C? compact submanifold without boundary such that dgm, (M) has an
infinite a-total persistence for « < m/4.

The existence of such counterexamples is explained by the fact that the
distance function dy to a set M is not well-behaved in general, even
when the set M is smooth. In contrast to this bleak general case, Song,
Yim & Monod (in the case of surfaces in R3) and Arnal, Cohen-Steiner
& Divol (in the general case) studied the distance function dy to M
when M is a generic submanifold [6} [71]. Their findings indicate that,
although counterexamples such as the one presented in Example [3.1]
exist, they are extremely uncommon in a sense which can be made
precise.

Namely, given an abstract manifold M, Arnal, Cohen-Steiner and Divol Figure 3: A generic torus.
show that the set of C? embeddings M of M into R? such that dy

satisfies some desirable regularity conditions (described in Appendix [C))

forms an open and dense set in the set of all C? embeddings equipped with the C2-Whitney topology
[6] Theorem 1.1]. In what follows, we will simply refer to a C? compact submanifold M such that dy
satisfies the regularity condition described in Appendix [C|as generic. See Figure[3|for an example.

Proposition 3.2 (Cech PDs of generic submanifolds). Let M be a generic submanifold of R%.
Then, for any integer i > 0, the PD dgm;(M) contains finitely many points. In particular,
Pers, (dgm,(M)) < +oo for all o > 0.

When M is a generic submanifold, it becomes a reasonable task to control the number of points in
dgm, (A) where A C M is an approximation of M with di (A, M) < e. The Bottleneck Stability
Theorem implies that when ¢ is small enough (compared to the smallest persistence of a point in
dgm; (M)), every point of dgm,(M) is mapped to a point in dgm;(A) by the optimal bottleneck
matching, leaving the points of dgm, (A) at £.-distance to 92 less than £ unmatched; those will be
mapped to the diagonal 9. The Improved Bottleneck Stability Theorem [2.2] (see Figure 2)) shows
that these points are of two kinds: those in Region (1), corresponding to small topological features
in the set A (of size of order O(¢)), and those in Region (3), corresponding to large topological
features. There are many points in Region (1) (in fact, our proofs show that when A = A,, is a random



sample of n points, the number of points in Region (1) is of order O(n)). In contrast, the genericity
hypothesis allows us to show that the number of points in Region (3) is small under reasonable
sampling assumptions.

We say that a point cloud A C M is (8, €)-dense in M if dg (A, M) < € and ming£yea ||z — y| > 9.
Such point clouds naturally occur, e.g. as products of the farthest point sampling algorithm [2].

Theorem 3.3. Let M C R? be a generic compact submanifold and A C M be a (8, ¢)-dense set in M
forsome £,5 > 0. Let a > /8 and let i > 0 be an integer. There exist g > 0 depending only on M

Es) (A) has at most Cy

and Cy, C1, Cy, C3 depending only on M and a such that if € < &, then dgm
points and forallp > 1, o > 0,

OTE (dgm;(A), dgm;(M)) < CyeP™™

®)
Pers, (dgm;(A)) < Co(C§ 4+ 7™).

In particular, as long as the ratio /4 is larger than some constant a > 0, the OT,, distance between

dgm, (A) and dgm;(M) converges to 0 for all p > m as ¢ — 0, while the p-total persistence

Pers,(dgm;(A)) stays bounded.

Example 3.4. Consider two parallel line segments M in R?, and a finite set A consisting of two
parallel grids of step 2¢: the set A is (2, ¢)-dense in M. Then, there are O(e~1) points in dgm, (A)

with birth coordinates u, equal to 1/2 and persistence of order O(?); they all belong to dgm§3) (A),
whose cardinality is thus not bounded by some Cy = Cy(M). This example can be easily modified to
make M a compact C? 1-dimensional manifold. This shows that the first conclusion of Theorem
cannot hold without a genericity assumption on M.

4 Random samplings of submanifolds

We now turn to the case of random samplings of (non-generic and generic) submanifolds. They tend
to adopt configurations that are more regular than what can be expected from e.g. a general e-dense
sampling, yet their randomness gives rise to new technical difficulties. Let P be a probability measure
having a density f (with respect to the volume measure) on a compact submanifold M of dimension
m > 1. LetA=A, ={Xy,...,X,}, where X1,...,X,, is an i.i.d. sample from distribution P.
Let ¢ > 0 be an integer; we consider the three regions described in Figure 2] and in the statement of
Theorem|2.2] and write again dgmgl) (An), dgml(-z) (A,,) and dngB) (A,,) for the three corresponding
PDs. This section is devoted to the study of the probabilistic asymptotic behaviour of these three
random PDs, which can be decomposed into two almost independent questions: dgmgl) (A,,) only
depends on small-scale phenomena and can essentially be reduced to the case of a cube, even if M is

non-generic, while dgml@) (A,,) and dgm§3) (A,,) are tightly connected to the macroscopic geometry
of the submanifold and can be further controlled using genericity assumptions on M.

Describing the limit behavior of the random PD dgmgl) (A,,) requires extending the metric OT),
between PDs to more general Radon measures. Indeed, a PD can equivalently be seen as an integer-
valued discrete Radon measure on (2, by identifying a multiset a with the Radon measure ), ., 0.
Let M denote the space of Radon measures on ), that is the space of Borel measures on €2 which
give finite mass to every compact set K C QE] The space of Radon measures is endowed with the
vague topology, where a sequence (i, ), of measures in M is said to converge vaguely to u € M if
fQ odp, — fQ ¢dp as n — oo for all continuous functions ¢ : 2 — R with compact support.

The a-total persistence is defined for 1 € M by Pers, (1) = [, pers(u)®du(u). Forp > 1, we
let MP = {p € M : Pers,(u) < +o0}. The distance OT), defined between PDs in (3)), can be
extended to the set MP, see [33]]. The distance OT), between Radon measures is a variation of the
Wasserstein distance, with the important difference that the standard Wasserstein distance is only
defined for measures having the same mass, while the distance OT,, is defined for measures having
different (and even infinite) masses. We refer to Appendix [F]for the precise definition and the main
properties of the OT,, distance on the space M,,.

*A compact set K C Q is at positive distance from the diagonal. Hence, a measure 1 € M can have an
accumulation of mass close to 92.



For ¢ > 0, given a function f : N — R and a sequence of (nonnecessarily measurable) real maps
(Y;,)n defined on some probabilisitic space, the notation Y,, = O« (f(n)) means that E*[|Y,,|?] =
O(f(n)?), where E* denotes the outer expectation [73, p.6] (and similarly for the little o notation).

4.1 Region (1)

Consider the rescaled Radon measure ji,, ; = %Zuedgmm(h) 0p1/my, and note that i, ; is a
random measure, owing to the randomness of the set A,,. Goel, Trinh and Tsunoda studied the vague
convergence of the sequence (fi,, ;)n [42] Remark 4.2]. Namely, assuming that the density f satisfies
fM f? < oo forall j > 0, they show that with probability 1 the sequence (i, ; ), converges vaguely
to some (non-random) Radon measure 1 ¢ ;. The limit measure /17 ; has support {0} x Ry if i =0
and Q if 0 < ¢ < m; it is the zero measure if ¢ > m. We can further describe it as follows: let
Hoo,i,m be the limit of the sequence (u,, ;) in the case where the sample A,, is uniform on the unit
cube [0, 1]™ (see [34])). Then, for any continuous function ¢ : 2 — R with compact support,

/ d(u)dpyi(u / / fla M)Az d oo i (1) ©)

Note that the vague convergence of Radon measures is only defined with respect to compactly
supported functions; as such, it is blind to phenomena located increasingly close to the diagonal 02
as n goes to infinity. In particular, and except in the case of the uniform distribution on the unit cube
[0, 1]™ (see [34]), it was not known whether i, ; converges to t,i for the OT,, distance as well,
nor whether the sequences of total persistence (Pers,, (1n,;)) converge. We close this gap with the
following result.

Theorem 4.1 (Law of large numbers). Assume that P has a density f on M bounded away from 0 and
0. Leti > 0 be an integer and let 1 < p < co. Then jug; € My, and E[OT) (1, i, p15:)] —— 0.
n—oo

Furthermore, for all o > 0, Persa(dgm( )(An))n%’1 = Persq (pin,i) = Persq (pi5:) + op1(1).

4.2 Regions (2)-(3)

It is a well-known fact that the Hausdorff distance ¢ = dg(A,,, M) between a random sample and M
is of order (logn/ n)l/ ™ whenever the underlying density f is bounded away from zero and co on
M, see e.g. [38]. Hence the PDs dgml(?) (A ) and dgm( )(An) can be described using Theorem

However, in the case where M is a generic submanifold, one can actually obtain tighter results. We
let #E denote the cardinality of a multiset .

Proposition 4.2. Let M be a generic m-dimensional submanifold. Assume that P has a density
f on M bounded away from 0 and cc. Let i > 0 be an integer. There exists an optimal matching

n - dgm; (A,)UOQ — dgm,; (M)UOS for the bottleneck distance between dgm,; (A,,) and dgm; (M)
such that for any q > 1:

* Region (2): It holds that max,, ;. lug — Y (u)2| = Opa(n=2/™).

* Region (3): It holds that max
#(dgm{” (A,)) = Ora(1).

We remark that the same bounds can be obtained almost surely (e.g. “a.s. there exists C' > 0 such that
—2 ” . . . .
MAX, 4o ® (A,) lu — Y (u)]|so < Cn~2/™), rather than in expectation, using similar arguments.

qugm§3)(An) ||’LL - ’yn(u)||oo = OLq(n—Q/m) and

Proposition yields two distinct improvements upon direct applications of Theorem and
Theorem the random case. First, we obtain bounds of order n~2/™ instead of bounds of
order (logn/n)?/™. Second, the random sample A, is in general only §-sparse for & of order n~2/™.
Hence, A, is (4, )-dense in M, but with a diverging ratio £/§. Therefore, Theorem cannot be
applied to control the total number of points in dgm;(A,,) in Region (3).

4.3 Consequences for the Wasserstein convergence of persistence diagrams

As a simple consequence of Theorem and Proposition we obtain that for ¢ < m, the p-
Wasserstein convergence of (dgm;(A,,)) to dgm,(M) holds if and only if p > m, as well as precise
asymptotics for the total persistence of (dgm,(A,,)).
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Figure 4: Left: the Cech PD dgm, (A,,) of a sample of n = 10 points sampled on a generic torus,
with points in Regions (1), (2) and (3) highlighted in different colors. Right: the persistence images
of dgm, (A,,) with weight pers? for different values of p.

Corollary 4.3. Let p > 1 and let 0 < i < d be an integer. Under the same assumptions as in
Proposition the following holds:

* If p > m, then E[OT} (dgm;(A,,),dgm;(M))] — 0 as n — oc.

* Ifp = m, E[OT}(dgm,(A,), dgm;(M))] — Pers,(tioci,m)Vol(M) as n — oo, where
Vol(M) is the volume of M.

* If p < mandi < m, then E[OT}(dgm;(A,),dgm;(M))] — 400 as n — oc.

Furthermore, for all o > 0, Pers, (dgm;(A,,)) is equal to

1
a o o 1 ™
Pers, (dgm;(M)) + nlixpersa(ﬂoo,i,m) / f@)' " mde +opi(n'm) + O ( < 05”) )
M

As noted earlier, both dgm; (A,,) and dgm, (M) are trivial if ¢ > d.

This corollary gives a precise answer to the questions raised in the introduction. First, when A,, is
a random subset of a m-dimensional generic manifold in R¢, the a-total persistence of dgm,(A,,)
is not only bounded for & > d (as was shown by Cohen-Steiner & al. [27]), but for all « > m.
Moreover, the sequence dgm, (A,,) converges for the OT,, distance if p > m. A curious phenomenon
can be observed in the case p = m: the sequence does not converge to dgm;(M) as one would
expect, but its distance to the power p to dgm, (M) converges to some constant—in that case, the cost
to the power p of matching all the points in Region (1) to the diagonal 0€ neither converges to 0 nor
diverges, but is asymptotically equal to this constant.

Using these bounds on the total persistence, we obtain regularity guarantees for a large family of
feature maps, called linear feature maps, which includes feature maps introduced in [23} 4} 60, 25|
54,[70,[19]]. Let (V, || - ||) be a normed vector space, and let ¢ : @ — V' be a continuous bounded map.
For ae > 0, the linear feature map ®,, associated to ¢ and defined on the space D¢ of PDs having a
finite number of points is defined for all a € Dy by O (a) = >, ., pers(u)*d(u) € V.

Corollary 4.4. Let o > 1 and let 0 < i < d be an integer. Under the same assumptions as in
Proposition[4.2] it holds that ®,(dgm,(A,,)) converges in probability to ®,(dgm;(M)) whenever
a>m.

Remark that other weighting schemes are possible. For instance, [53]] argued for using linear feature
maps of the form ®,(a) = >, ., arctan(pers(u)®)¢(u). Similar results would hold for such feature
maps, as the map u — arctan(pers(u)®)¢(u)/pers(u)® is continuous and bounded whenever ¢ is.

5 Numerical experiments

We illustrate our results with synthetic experiments, full details are given in Appendix [Hl We create
a generic submanifold of dimension m by applying a random diffeomorphism W to a given m-
dimensional submanifold Mg (e.g. a torus). We then draw a sample of n i.i.d. observations sampled
according to the pushforward P of the uniform distribution on M by W.
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Figure 5: Plot in log-log scale of Persp(dgml(.l) (A,,)) as a function of n for points sampled on a

circle, ¢ = 0 (left), points sampled on a torus, ¢ = 0 (center), points sampled on a torus, ¢ = 1 (right).
Dashed lines have slopes equal to 1 — p/m.

Continuity of feature maps. As a first experiment, we test the continuity of a feature map, the
persistence image [4]. In FigureEI, we plot the persistence image of dgm, (A,,) where A,, is a sample
of n = 10* points on a generic torus. We observe that the map is discontinuous for p < 2: the two
points with large persistence corresponding to the PD of the underlying torus are nonapparent in the
image. For p > 2, the two points are apparent, and the contribution of points with small persistence
(close to the lower edge) has vanished. In the limit situation p = 2, we see the contribution of both
points with large and small persistence. This phenomenon suggests the following heuristics: when
in presence of multiple datasets on m-dimensional objects whose global geometries need to be
distinguished, feature maps with weights pers” with p > m should be used; when the relevant
information is the underlying density of the datasets, the choice p < m should be preferred.

Convergence of total persistences. We verify the rate of convergence of the total persistence
predicted by Theorem For values of n ranging from 102 to 10*, we compute Persp(dgm(l) (An))

i
in three scenarios: points sampled on a circle for ¢ = 0, and points sampled on a torus for ¢+ = 0 and
i = 1. The correct rates of convergence are observed on a log-log plot, see Figure[5] For i = 1, we

remark that the asymptotic regime starts at larger values of n, above n = 103.

Convergence of 1, ;. We sample n points on a torus by uniformly sampling the two angles (6, ¢)
parametrizing the torus. We obtain a (nonnuniform) probability measure, having density f. We
then compute, for various values of n, the measure (i, 1. The measure is approximated by kernel
density estimation (see Figure |§[) We approximate in a similar manner the measure ji 1,2 by
sampling n = 10° points on a square. We then apply the change of variable formula () to compute
the theoretical limit pi; ;. The distance OT2 (g, 1, ft7,1) is then computed by approximating the
measures on a grid: the distance converges to 0 as predicted by Theorem[d.1] See also Figure[d]

—— OTa(Hn,i, kr,)OT2(0, i, i)

Death
Death

0 5 10 15 0 5 10 15 0 20000 40000 60000 80000 100000
n
Birth Birth

Figure 6: Left: Heatmap of 1, ; for n =5 - 10* points sampled on the torus with density f. Center:
Heatmap of 17 1. Right: OT; distance between p,, 1 and p 1 (normalized by OT2(0, piy,;)) for n
ranging from 102 to 10°.



6 Conclusion

Under the manifold hypothesis, we have greatly refined earlier work regarding the persistent homology
of subsamples of compact sets, with especially strong results when the sampling is either random or
well-behaved. In particular, we have precisely described the PDs of such samplings, and provided
new convergence guarantees w.r.t. the p-Wassertein distances, as well as detailed asymptotics for their
total a-persistence. This results in a deeper understanding of these objects, which play an important
role in ML techniques applied to TDA. The main limitations of our work were the assumptions that
the data is sampled from a submanifold, and without any noise. Relaxing those assumptions, as well
as establishing similar guarantees for Vietoris-Rips complexes, could be the subject of future research.
We also plan on exploring the consequences of our findings regarding the persistent homology
dimension [3, 166, 9, 65] of submanifolds.
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A Outline of the appendix

We recall some basic definitions regarding persistent homology in Appendix [B] In Appendix [C]
we define topological Morse functions and discuss some of the properties of distance functions to
compact sets. We also detail the genericity conditions from [6]], and prove Proposition[3.2] We prove
Lemma [2.T]and Theorem 2.2]in Appendix [D] and Theorem [3.3]in Appendix [E] We rigorously define
the partial optimal transport distance OT,, between Radon measures on 2 in Appendix [ before
proving Theorem [d.1] Proposition .2} Corollary [4.3]and Corollary {.4]in Appendix [G] Finally, we
provide some details on our experimental setup in Appendix [H] Throughout the appendices, we write
C = C(a,b,...) to implicitly state that a newly introduced constant C' depends only on some objects
a,b,...(eg C=C(M)).

B Persistent homology

Although this work is only concerned with PDs with respect to the Cech filtration, it is more natural
to define PDs for the sublevel sets of proper continuous functions that are bounded below. We refer
to [22]] for a thorough introduction to persistent homology and PDs in an even more general context.

Let f : R? — R be a proper continuous function that is bounded below—e.g., the distance function to
a compact set. For t € R, let X; = f~!(—o0, t] be the sublevel set of f at level t. The collection
(Xt)ter is called a filtration. Let ¢ > 0 be an integer. We let H;(X;) be the homology group of
degree ¢ with coefficients in any fixed field F (e.g. F = Z/2Z is a popular choice) of X;. For r < s,
the inclusion between the sublevel sets at levels r and s induces a map ¢; , s at the homology level.
We define the persistent Betti number

Bitr,s(f) = rk(bi,r,s : HZ<XT) — HZ<XS)) (10)

As shown in [22| Corollary 3.34], this number is finite. Informally, it represents the number of ith
dimensional topological features present in the sublevel set at level r that are still present at level s.

Define the extended half-plane Q. = {u = (u1,u2) € (RU {—00,+00})?: —00 < uy < ug <
+oo} and Q = {u = (u3,uz) € R? : u; < up}. The collection of persistent Betti numbers
(Bir.s(f))r<s defines a multiset of points in Q, called the persistence diagram dgm, (f) of degree
i of f. See e.g. [22] for its precise definition.

Though persistence diagrams can have points with infinite coordinates, these will be of little interest
in the cases considered in this articleﬂ To simplify our notation and definitions, we let from now on

3The persistence diagram of degree i of the distance function to a set has no point with infinite coordinates if
¢ > 0, and a single such point if ¢ = 0 whose coordinates are (0, +00).
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dgm, (f) denote the finite part (i.e. the points whose coordinates are finite) of the diagram of degree 4
of f, and we assume that every diagram considered henceforth has no point with infinite coordinates.
In particular, they are all multisets of the half-plane Q := {u = (u,us) € R? : u; < uy}, which
leads to the following definition: the space D of persistence diagrams is the set of all multisets a in 2
that contain a finite number of pointsﬁ in every quadrant Q,,, u € §2.

Note that while persistence diagrams capture key topological features in an interpretable fashion, they
are not complete metric invariants: different sets can have equal persistence diagrams, see e.g. [69].
As such, they can be seen as a form of topology-centered dimensionality reduction technique. Other
topological invariants have been proposed, some of which are complete, such as those from [77,52].

C Distance functions, topological Morse functions and generic submanifolds

In this section, we consider a special class of PDs —those yielded by the distance function to a compact
set A C R?. We give a detailed description of such a PD when A = M is a generic submanifold.

The theory of persistent homology was historically developed for Morse functions f : R? — R.
A Morse function f is a C? function whose critical points z (points for which d,. f = 0) are non-
degenerate (meaning that the Hessian of f at = is non-degenerate). The index of the critical point x is
equal to the number of negative eigenvalues of the corresponding Hessian. The changes of topology
of the sublevel sets of such a function are perfectly understood. First, the isotopy lemma states that
two sublevel sets f~1(—oco,u;] and f~1(—00, us] are isotopic if no critical values are found in the
interval [uy,us] and if f~1[uq,us] is compact. Second, if f~1[uy, us] is compact and contains the
critical points 21, . .., Tk, then f~1(—00,us] has the homotopy type of f~1(—o00,u1] with cells e
of dimension equal to the index of x, attached along their boundaries (see e.g. [56]] for a much more
in-depth treatment).

In such a situation, the PD dgm;,(f) has a clear interpretation: the coordinates (w1, uz) of a point
u € dgm,(f) correspond to the critical value of a critical point of index ¢ and i + 1 respectively.
Informally, the corresponding i-dimensional topological feature appears with the attachment of a
i-dimensional cell at value u1, and is “killed” by the attachment of a (i + 1)-dimensional cell at value
us.

The notion of Morse function extends to continuous functions with the following definition.
Definition C.1 (Topological Morse functions [58]). Let U C R? be an open set and let f : U — R

be a continuous function.

* A point z € U is said to be a topological regular point of f if there is a homeomorphism
¢ : Vi — Vs between open neighborhoods Vi of 0 in R% and Vy of U in R with ¢(0) = z
and such that for all x = (x1,...,24) € V1,

foo(x) = f(2) + za. (11)
* A point z € U is said to be a topological critical point of f if it is not a topological regular
point of f.

* A point z € U is said to be a non-degenerate topological critical point of f of index i if there
exist an integer 0 < 1 < d and a homeomorphism ¢ : Vi — Uy between open neighborhoods
Vi of 0in R and Vo of U in R with ¢(0) = z such that for all v = (x1,...,24) € Vi,

7 d
fodl)=f(z) =D al+ > 2l (12)
i=1 j=itl

* The function f is said to be a topological Morse function if all its topological critical points
are non-degenerate.

For topological Morse functions, both the isotopy lemma and the handle attachment lemma stay valid:

SThis corresponds to the set of diagrams of g-tame persistence modules as defined in [22].
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Lemma C.2 (Isotopy Lemma). Let f : RY — R be a proper topological Morse function. Let a. < b
be such that f~[a,b] contains no topological critical point. Then f~1(—occ,a] is a deformation
retract of f~1(—o0, b].

Lemma C.3 (Handle Attachment Lemma). Let f : R? — R be a proper topological Morse function.
Let ¢ € Rand e > 0 be such that f~*[c — ¢, ¢ + €] contains no topological critical point except
forz1, ...z, € f1(c), with z; of index i;. Then f~'(—o0,c + €] is homotopically equivalent to
f~1(—o00,c — €] with cells B, . .., B% of dimension i1, ... ,ij attached, i.e.

(=00, c4e]~ fH(—00,c—e]UB™* U...UB™,

Their proofs are roughly the same as for smooth Morse functions —see [[71, Theorems 4 and 5] for
details. As a consequence, the description of PDs for Morse functions also stays valid for topological
Morse functions.

In this paper, we are interested in the PDs of the distance function dp to various compact sets A,

called the Cech persistence diagra of A and denoted by dgm;(A). In general, such a function is
not a topological Morse function. Instead, changes in the topology of its sublevels can be partially
(though less completely than for a Morse function) described in terms of zeros of its generalized
gradient, which is defined at y € R?\A as

V@@%=y138&”, (13)

where oa(y) = {x € A: ||z — y|| = da(y)} is the set of projections of y on A and ¢(7) represents
the center of the smallest enclosing ball of a set 7. When y € R%\A satisfies Vda(y) = 0, y is called
a differential critical point of da. We let Crit(A) denote the set of differential critical points of da.
An adapted version of the Isotopy Lemma remains true, as shown in [43]]:

Lemma C.4 (Isotopy Lemma for Distance Functions). If 0 < a < b are such that d;l[a, b]
contains no differential critical point of da, then dj ' (—occ, a] is a deformation retract of dy* (—oc, b].
Consequently, any (u1,ug) € dgm,(A) is such that uy,us € [a, b].

Without further assumptions, little else can be said regarding the topology of the sublevels of da; in
particular, there is no equivalent to the Handle Attachment Lemma to control the changes occurring
at critical values.

However, the distance function dy to a compact C? submanifold M C R? turns out to be a topological
Morse function in a “generic” sense, as was proven by Arnal, Cohen-Steiner and Divol.

Theorem C.5 (Genericity Theorem [6]). Let M be a compact C? (abstract) manifold. Then the set
of C? embeddings i : M — R? such that

1. the distance function d;(ry : R*\i(M) — R is a topological Morse function,

2. for every z € Crit(M), the projections o (z) are the vertices of a non-degenerate simplex
of R? and = belongs to its relative interior,

3. the set Crit(M) is finite,

4. for every z € Crit(M) and every x € owm(2), the sphere S(z,dm(2)) is non-osculating M
at x, in the sense that there exist 6 > 0 and o > 0 such that for ally € M N B(z, 0),

ly — 2|1 > ||z — 2> + ally — =|?, (14)

5. there exist constants C' > 0 and o € (0, 1) such that for every i € [0, po), any point x
such that ||Vdm(z)|| < wis at distance at most C'p from Crit(M),

is open and dense in the set of C? embeddings M — R? for the Whitney C*-topology.

When M is generic, the topological critical points of dy coincide with its differential critical points
(see [6, Theorem 1.8]), and the Cech PD dgm, (M) can be related to the critical points of dy in the
same way as for smooth Morse function. We are now in position to prove Proposition[3.2] which we
restate for the reader’s convenience:

"The distance function da is proper due to the compacity of A, hence its persistence module is g-tame and
the associated persistence diagram is well-defined —see [22].
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Proposition 3.2 (Cech PDs of generic submanifolds). Let M be a generic submanifold of R%.
Then, for any integer i > 0, the PD dgm,(M) contains finitely many points. In particular,
Pers, (dgm;(M)) < 400 for all a > 0.

Proof. The proof is similar to that used in the case of smooth Morse functions, with the Isotopy
Lemma and the Handle Attachment Lemma playing the same role; we briefly summarize it for
completeness nonetheless. We do not distinguish between differential and topological critical values
and points, as they coincide.

The set Crit(M) is finite: this is simply Condition 3. from the Genericity Theorem. The Isotopy
Lemma shows that there is no change in homotopy type between M? and M? if 0 < @ < b and [a, b]
contains no critical value. Similarly, M has the same homotopy type as M® if ¢ > 0 is small enough.
Hence changes in homology in the offsets can only occur at 0, when the entire submanifold appears
in the filtration, and at critical values of dy, and there can be no birth or death of interval between
them.

Let us now consider a critical value ¢ > 0 and 0 < € < ¢ such that dy;'[c — ¢, ¢ + ¢] contains no

critical point except for z1, ..., 2, € dy,' (c), where 2; is of index i;. Then the Handle Attachment
Lemma states that M€ is homotopically equivalent to M¢~¢ with cells B, ..., B% of dimension
i1,...,% attached, i.e.

Mete ~ Me~¢ U B U...U B%.

Leti > 1, and let D; ;, be the dimension of the cokernel of H;(M¢~¢) — H;(M“"¢) (where the
map is induced by the inclusion): it is precisely the number of births of intervals between ¢ — ¢
and ¢ + ¢ (hence precisely at ¢) in the persistence module of degree 7 of the filtration. Similarly,
the dimension D;_; 4 of the kernel of H;_1(M°™¢) — H,;_1(M°*¢) is the number of deaths of
intervals at c in the persistence module of degree ¢ — 1 of the filtration. A straightforward application
of the Mayer-Vietoris exact sequence yields that D; , + D;_1 4 is exactly equal to the number of
i-dimensional cells among B, ..., B, meaning that each i-cell corresponds exactly either to the
birth of an interval for the homology of degree i, or to the death of an interval for the homology of
degree ¢ — 1 (in particular, an ¢ — 1-cell and an ¢-cell cannot “cancel each other out”). This proves
that for any ¢ > 1, the multiset of critical values dy(z) of critical points z of M of index i is equal to
the multiset

{ug : (u1,u2) € dgm;(M), ug # 0} U {ug : (u1,u2) € dgm,_;(M)}. (15)

This fact proves in turn that dgm,(M) is finite for any ¢ > 0, which immediately implies that
Pers, (dgm;(M)) < 400 for all o > 0.

D Proofs of Section 2]

For M a m-dimensional differential submanifold of R? and € M, we let T, M be the tangent space
of M at x, which is identified with a linear subspace of R?. We denote by 7, : R¢ — T, M the
orthogonal projection on this subspace and let 7 = id — 7, be the orthogonal projection on the
normal space at x. A key property, that we will repeatedly used, is that the reach of M controls the
deviation of the manifold M from its tangent space. Namely, [39, Theorem 4.18] states that for all
yeM,

|l — ylI?

(16)

We also define the weak feature size of M, denoted by wfs(M), as the minimal distance between a
critical point of M and M. As by definition, the projection is not unique at a critical point, we must
have wis(M) > 7(M).

We first prove Lemma 2.1}

Lemma 2.1. Let M C R? be a compact submanifold with positive reach and let A C M be a
compact set with dgr(A,M) < ¢ for some ¢ > 0. Let z € RY\M. Then, |du(z) — da(2)| <

2 du(2)
0 2) (1 + %M))'
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Proof. As A C M, we have du(z) < da(z). Let x be a projection of z onto M, and lety € A be a
point at distance less than e from z. Then, using (T6)) and the fact that z — x is orthogonal to T, M,
we obtain that

da(2)* < Iz —yl? = llz —2® + llz — yI* + 2(z — 2,2 — y)
<duw(z)?* + e +2(z -z, (x —y))

< du(z)? + &2 + MR)E

Hence,

We can now prove Theorem [2.2}

Theorem 2.2 (Improved Bottleneck Stability Theorem). Let M C R? be a compact submanifold with
positive reach and let A C M be a compact set such that dg (A,M) < e < 7(M)/4. Let i > 0 be an

integer. Then dgm, (A) is the union of three regions dgm( )(A) =dgm,; (A) N {ug,ue < e+ %,TA)},

dgml(?)(A) = dgm,;(A) N {uy < e,us > 7(M) — —T(M)} and dgm§3)(A) = dgm, (A) N {uy,us >
2

(M) - ZGm -

Furthermore, let C' = (M) (1 + 1;((,\|\//||)) ), where R(M) is the radius of the smallest ball that contains

M. There exists an optimal matching v : dgm,(A) U 0Q — dgm,;(M) U 0Q for the bottleneck
distance between dgm,(A) and dgm, (M) such that

* Region (1): Ifu € dgmgl)(A), then y(u) € 0 and ||u — y(u)|loo < e.

* Region (2): If u € dgml(.z) (A), then ~(u) is of the form (0,v2) and |us — vo| < Ce?. The
number of such points is finite and depends only on M.

* Region (3): Ifu € dngS) (A), then ||u — y(u)]|s < Ce2

Proof. Proposition 5 from [7] states that if ¢ = dg(A,M) < (v/2 — 1)7(M), then the offset A"
deformation-retracts onto M for any

2 2

and A = 7(M)? — 2e7(M) — £2. Under the stronger assumption that dz (A, M) < 7(M)/4, and
using elementary calculus, we find that the offset A™ deformation-retracts onto M for any

g2 g2
€ —7(M) — ——| .
e |o st - o]
This means in particular that the homology type, hence the homology, of A” does not change in

that interval; as a result there can be no blrth or death of intervals in the Cech persistence diagrams
of A between ¢ + (M) and T(M) (M), and all (u1,us) € dgm,(A) must elther be such that

T e |:1(T(M) +e-VA), 1(7’(M) +e+ \/Z)]

2
up,ug < e+ T(M), oru; <e-+ T(M) Jug > 7(M) — Z{vy» OF U1, Uz = 7(M) — (M) This almost
proves that the partition of dgm;(A) into dgmz(-l)(A), dgm§2)(A) and dgml(- (A) as defined in the
statement is correct, except that the definition of dgmgz) (A) requires that u; < e, whereas we only

have obtained that u; < e + T(M)

Let v : dgm,(A) U9 — dgm,;(M) U 99 be any optimal matching for the bottleneck distance:
then the Bottleneck Stability Theorem states that any point u = (u1,u2) € dgm;(A) is such that
[lu —y(u)|loo < dpr(A,M) < e. Suppose that w is such that u; < e + #,;) and us > 7(M) — #,?A)
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Its distance in the infinity norm to the diagonal 9 is equal to (ug — u1)/2 > (7(M) — ¢ —
2¢2/7(M))/2 > £7(M) > &, where we use the fact that e < T(M)ﬁHence ~(u) must belong to
dgm, (M). Let (v1,v2) denote y(u). As in the proof of Proposition 3.2} the Isotopy Lemma shows
that dgm, (M) only contains two types of points: points of the shape (0, ws), which correspond
to the homology of M itself, and points of the shape (w,ws), where in both cases wy, wo are

critical values of dy. In particular, both w; and ws must be greater than wfs(M). Let dgmz(-z) (M)
denote the multiset of all points of the first type, and dgmgd) (M) denote the multiset of all points
of the second type. If v; was non-zero, it would have to be greater than wfs(M) > 7(M), and we

> 7(M) — & — = > 7(M)/2 > &, which would be a
contradiction (we once again use that ¢ < 7(M)/4). Hence v; must be 0 (i.e. y(u) € dgm,@ (M),

and u1 = |u; — v1| < |Ju — ¥(u)]|eo < €. This proves the correctness of the partition into regions
from the statement.

would have [|u — v(u)||eo > |u1 — 1

Consider now u = (ug, us) € dgm(l)(A). All v = (v, v2) € dgm,(M) are such that

o) s s u—n)
1 16) " °° Ttlleos

2

[t = v]|o > v2 — us zwfs(M)—s—% > 7(M) (1—

hence (u) must belong to 9. This completes the proof of the first bullet point of the statement.

We have already shown that if +y is an optimal matching and v € dgml(.z) (A), then v(u) € dgm,(M)

is of the form (0, v3). As -y maps at most a single point of dgml(-z) (A) to each point of dgm, (M),
the number of such points is upper bounded by the number of points of the form (0, v2) with
vy > wis(M) in dgm;(M). Though dgm;(M) need not be finite (M is not assumed to be generic),
applying Corollary 3.34 from [22] to dy shows that dgm, (M) is g-tame, and in particular that it
contains only a finite number N of points (v1,vs) with v; < wis(M)/4 and vy > wis(M)/2. Hence

the cardinality of dgml(?) (A) is bounded by N.

(2

It only remains to show that v can be chosen such that if u = (u1, us) € dgm;™ (A), respectively
(3

v € dgm;” (A), then |us — v(u)a| < Ce?, respectively ||u’ — vy(u)||ooc < Ce?. To that end,
remember first that as shown above, our starting optimal matching v must be such that points in
2 2

dgm;™’ (A) must be matched to points dgm,”’ (M). Conversely and for the same reasons, points in

dgml(?) (M) must be matched to points in dgmz(.z) (A). Similarly, points u € dgml(.?’) (A) can only be
matched to points in dgml@) (M) or to the diagonal 0€; otherwise, ||u—~(u)|loo > |u1 —7(u)1| = uy
would be too large. Likewise, points in dgml(-d) (M) can only be matched to points in dgml(-s) (A) or to

the diagonal. Hence ~y defines disjoint submatchings
A3 dngQ)(A) — dgm§2)(M)

and
~3) dgm(3) (AU — dgmgg)(l\/l) U of.

Now let R(M) be the radius of the smallest ball that contains M, and consider the functions
a:R? = R,z +— min(max(da(z), 7(M)/2), R(M))
and
m : R = R, z +— min(max(dy(z), 7(M)/2), R(M)).
Let us compare the persistence diagrams dgm, (a) and dgm; (m) of the sublevel sets filtration of a and

m and the Cech persistence diagrams dgm, (A) and dgm, (M) respectively (which are by definition
the persistence diagrams of the sublevel sets filtration of da and dp).

Note first that da and dj can have no critical values strictly greater than R(M), as a critical point must
belong to the convex hull of its projections. Note also that for any ¢ € [7(M)/2, R(M)], the sublevel
set a~!(—o0,t] is exactly equal to d; ' (—oo, t] = A*. Consequently, dgm; (a) contains exactly two
disjoint types of points. The first type are points of the form (7(M)/2, us), which are in bijection with
the points (u1,uz) € dgm,(A) with u; < 7(M)/2 (the bijection maps (u1, uz) — (7(M)/2,u2));
those are exactly the points in dng”(A). The second type are points of the form (uq,ug) with
uy > 7(M)/2, which are in trivial bijection (the bijection is the identity) with the points in dgm,(A)
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that satisfy the same condition; those are exactly the points of dgml(-‘g) (A). The points of dgmgl) (A)
cannot be “seen” in dgm; (a). We will call dgm§2) (a) the subdiagram comprised of the points of the
first type, and dgmgg) (a) the subdiagram of dgm,(a) comprised of the points of the second type.

Similarly, dgm; (m) contains two types of points: the first type are points of the form (7(M)/2, vs),
which are in bijection with the points (0,v3) € dgm,;(M) (the bijection maps (0,v2) +—
(7(M)/2,v2)); those are exactly the points in dgmz@) (M). The second type are points of the form
(v1,v9) with vy > 7(M)/2, which are in trivial bijection (the bijection is the identity) with the points

in dgm, (M) that satisfy the same condition; those are exactly the points of dgml(-g) (M). We will call

dngQ) (m) the subdiagram of dgm,(m) comprised of the points of the first type, and dgmgg)(

the subdiagram comprised of the points of the second type.

m)

7(M)
z € R%is such that da(z) < 7(M)/2, then a(z) = m(z) = 7(M)/2; if it is such that dy (z) > R(M),
then a(z) = m(z) = R(M). Otherwise, dm(z) > da(z)—dg (A, M) > 7(M)/4 and du(z) < R(M),

hence g2 dm(z) 2¢2 R(M)
2
(o) = n(a) < s (1 St ) = o (14 Ty ) =0
where C is as defined in the proposition. This means that
[m — alle < Ce>.
Due to the Bottleneck Stability Theorem, the diagrams dgm; (a) and dgm; (m) must be at bottleneck
distance less than Ce?.

Recall that Lemma states that |du(2) — da(2)| < 2dM(z) (1 4 dulz )) for any z € RY\M. If

Furthermore, let § denote max, cdgm, (A)uaq ||t — ¥(u)||oc. The matching + (and in particular the

submatchings v(?) and v()) also induces (through the correspondence detailed above between the
points of dgm;(a) and a subset of the points of dgm;,(A)) a matching v’ between dgm,(a) and
dgm, (m) such that max, cqgm, (@yuan l|v — 7' ()|l < J. Hence the bottleneck distance between

dgm,(a) and dgm,(m) is at most min(§, Ce?).

Let 8 : dgm;(a) U 092 — dgm,(m) U 02 be an optimal matching for the bottleneck distance. For
similar reasons as for ~y, the matching 3 can also be decomposed into two disjoint submatchings

B dgm'® (a) — dgm{® (m)
and
B3+ dgm!® (a) U0Q — dgm!® (m) U oQ.
We can use the two matchings 5(*) and 3(*) to define a new optimal matching 7 : dgm;(A) U 9Q —
dgm, (M) U 9 as follows:

* The points in dgml(.l) (A) are matched by 7 to 912 as with ~.

* Given u = (uy,us) € dgm§2) (A), let v’ = (7(M)/2,u2) be the point of dngQ)(a) with
which u is in bijection. We let 4 match u with the point v = (0,v2) € dgmz@ (M) which is
in bijection with 3 (u') = (7(M)/2,v3) € dgmgz) (m). Then |ug — va| < min (6, Ce?)
due to the optimality of 3, and this defines a bijective matching 5 : dgm!®(A) —
dgm@)(l\/l), Note also that MAX, cqom® (a) lup — 7@ (u),| = MAX,, g () (a) U

ma wedgm® () 11 = 7P (W)l <8

X edgm® (o) lu; —~v? (u)1|, hence max

* We have seen that dgm(?’)( ) = dgm(?’)(A) and dgm(s)( ) = dgm(?’)(M). We simply
define the restriction and corestnctlon 73 dgm( )( A) U — dgml(.?’) (M) U 99 of 4 as
being equal to 3 : dgm )(a) UOQ — dgm )(m) U 9. The optimality of 3 implies

that MAX, 4o (a) lu— ()]s < min (6, Ce?).

Thus the global matching 4 : dgm;(A) U 02 — dgm,(M) U 99 is well-defined, is optimal for
the bottleneck distance, and satisfies the conditions stated in the proposition. This completes the
proof. O
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E Proof of Theorem

We prove Theorem [3.3] which we restate for the reader’s convenience:

Theorem 3.3. Let M C R? be a generic compact submanifold and A C M be a (6, €)-dense set in M
for some e,5 > 0. Let a > €/6 and let i > 0 be an integer. There exist g > 0 depending only on M

and Cy, C1, Cy, C5 depending only on M and a such that if € < g, then dgml(»S) (A) has at most Cy
points and forallp > 1, a > 0,

OTZ(dgmi(A)7dgmi(M)) < Chel™™

8
Pers, (dgm;(A)) < Cy(C§ +“7™). ®

Proof. Let us first prove the bound on the cardinality of dgml(-g) (A). As M is generic, Theorem 1.6
from [6] states that if € is smaller than some g = £¢(M), then each point in Crit(A) at distance more
than 7(M)/2 from A must be at distance at most K & from one of the finitely many points of Crit(M)
for some Ky = K;(M). Corollary 1.7 from the same article then states that the number of points in
Crit(A) at distance less than K& from a given point of Crit(M) is upper bounded by some constant
that depends on M and the ratio €/0, and is decreasing in this ratio; hence it is upper bounded by some
constant that depends on M and a. The proof of this corollary also shows that the maximum number
of projections on A of each of these points of Crit(A) is also upper bounded by some constant that
depends on M and a. Hence there exist constants Ky = K2(M, a) and K3 = K5(M, a) such that if
e < &g, then there are at most K points in Crit(A) at distance more than 7(M)/2 from A, and each
has at most K3 projections on A.

Lemma [E.1] below, applied to the interval [7(M)/2, co) and the set A, then states that the number
of points in dgm; (A) such that at least one of their coordinates is greater than 7(M)/2 is bounded
by Kg((fﬁl) + (ﬁ;)) Hence there are at most Cp := K252 > Kg((fﬁ) + (ﬁg)) points in
dngS)(A) when € < g.

Now let us prove the bounds on OT}(dgm;(A),dgm,(M)) and Pers, (dgm;(A)). As stated in
Theorem , which applies as ¢g < 7(M)/4, each point u = (u1,uz2) € dgmgl)(A) is such that its
coordinates satisfy 0 < uy,us < e + 2/7(M) < 2¢. In particular, they must correspond to the birth
or the death of an interval of the Cech persistence module of A that occurs before filtration time 2.
The homology of the offsets A* can be computed using the Cech simplicial complex of A (see e.g.
[37]). In particular, each change in the homology of the offsets, hence each birth or death in the
Cech persistence module of A, is induced by the apparition of some simplex ¢ at the corresponding
filtration value in the Cech complex, and each such apparition causes at most a single death or birth. If
a simplex o appears before filtration time 2¢, it is by definition contained in a ball of radius 2¢, hence
it is of diameter at most 4¢. Let us assume from now on that ¢y < 7(M)/16. Consider x € A; then
[2, Proposition 8.7] states that the intersection B(z, 4¢) N A contains at most K4(¢/8)™ < Kya™
points for some constant K; = K4(M). Hence x belongs to at most 254%™ simplices that appear
before ¢, and there are at most #A - 2544 such simplices. As the cardinality #A can be bounded by

K;5/d™ for some K5 = K5(M), we find that #(dgmgl)(A)) < Kg/0™ for some Kg = Kg(M, a).
Furthermore, when M is generic, Proposition states that its PD dgm, (M) has a finite number of
points. Let v be an optimal matching between dgm,(A) and dgm, (M) for the bottleneck distance
that satisfies the conclusions of Theorem We find that any point u € dgmgl) (A) is matched to a
point of 02 at distance at most ¢ from u. Moreover, the number of points in dgm§2) (AU dgm53) (A)
is bounded by some constant K7 = K7(M, a), and they are all matched to a point of dgm, (M) or 99
at distance at most ¢. In particular, these finitely many points are at distance at most Kg = Kg(M)
from O€2. Furthermore, this matching is surjective, in the sense that -y matches all points of dgm, (M)
to a point of dgm; (A). As a result, for any p > 1, we find that

OTy(dgm;(A), dgm;(M)) < Y [Ju—y(w)[|% + > e = (@) 1%
uEdngl)(A) uedgmgz)(A)UdngS)(A)
< Kgd MeP + KqeP? < Kga™eP™™ 4+ Kq7eP < CyeP™™
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for some C; = C1(M, a). Likewise, for any a > 0, we have that

Pers, (dgm,(A)) = Z pers(u)® + Z pers(u)®
uedgm{V (A) uedgm{® (A)udgm!® (A)
< Kgd Me® + K7 Kg < Kga™e® ™ + K7 K§ < Co(C§ +e27™)
for some Cy = C2(M, a), C3 = C3(M). This completes the proof. O

Lemma E.1. Let A C RY be a finite set, and let a < b € RU {—o00, +00} and i > 0. Let

L
U € = Crit(A) N dy [a, ]

j=1

be a covering of the set of critical points of dp whose critical value belongs to [a, b][ﬂ and let

N; :=# U oa(z)

zeCj

be the cardinality of the union of the projections of the critical points of C';. Then the number of
points in dgm, (A) such that at least one of their coordinates belongs to [a, b] is upper-bounded by

57y (N4) + (¥5), hence by S, NIF2.

Proof. 1t is shown in [5] that the distance function to any finite point cloud is a topological Morse
function. Hence its topological critical points are in bijection (via their critical values) with the
non-zero coordinates of the points in (the union over all degrees of) the Cech persistence diagrams of
A. The number of points in dgm; (A) such that at least one of their coordinates belongs to [a, b] must
then be upper bounded by the number of topological critical points z of topological Morse index ¢ or
i + 1 such that da(z) € [a, b]. Moreover, it is also shown that the topological critical points of da
are a subset of A U Crit(A), though not all differential critical points need be topologically critical.
Hence any such z belongs to C for some j € {1,..., L}, and 0a(2) C U, cc, oa(2').

As shown in [5]], if z is of critical index ¢, then the linear span Span(ca(z) — z) is of dimension :.
By Carathéodory’s theorem, there exists 4 + 1 affinely independent points in oa(2) C ./ c on(2')
such that z belongs to their convex hull. Those 7 4+ 1 points uniquely identify z among the critical
points of A, as it is the only point equidistant to them that belongs to their convex hull. Hence there
is an injection from the topological critical points of A of index 7 that belong to C; into the set of
subsets of cardinality 7 + 1 of | J,, ec; oa(2'). Applying the same reasoning to the points of index
i+ 1, we find that there are at most Y-7_, (7) + (;}3) points in dgm, (A) with at least one of their
coordinates in [a, b], as desired. O

F The OT), distance between Radon measures

Let M denote the space of Radon measures on €2, and let us define Q := {u = (uy,us) € R? :
u1 < ug}. We call 7 an admissible transport plan between v, 2 € M if it is a Radon measure on
Q x Q such that for all Borel sets A, B C {2,

T(Ax Q) =v1(A) and 7(Q x B) = 1»(B). (17)
For p € [1,+00), we define
OT2 (v, 1) =  inf / lu = v|[2dr(u,0) € R U {+00}, (18)
mwE€Adm(vy,v2)

where |[ul/oo = max(|u1|, |uz|) and Adm(v1, v2) is the set of all admissible transport plans between
v1 and vo. We also define

OT o (v1,12) = 7TEAdimn(i;1 Vz)sup{”u — 0|0 @ (u,v) € Support()} (19)

8When a = —o0, we commit a minor abuse of notation by writing [a, b] rather than (a, b], and similarly
when b = +o0.
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For all p € [1,00], the infimum is in fact a minimum (see [33]). We call OT,(v1,v2) the p-
Wasserstein distance between v1 and v», though it differs from the usual Wasserstein distance, which
is defined between measures with equal finite mass, while OT), is defined between measures that
can have different (and even infinite) masses. Intuitively, OT,, allows for some of the mass of v; and
v to be transported to the diagonal 9 := {(u,u) € R?}, which acts as an infinitely deep landfill.
The p-Wasserstein distance is a distance on the space M, = {v € M : OT,(r,0) < co}, where 0
denotes the null measure.

As explained in Section#, a PD a can be identified with the Radon measure ), .. Let D, be the
set of PDs being in M,,. Then, Divol and Lacombe show in [33] that the OT,, distance defined in
(I8) coincides with the OT), distance defined between PDs in Equation (3)), and likewise for the case
p = 00.

We require the following lemma from [33]:

Lemma F.1. A sequence of measures (vy,),,>1 converges with respect to OT), to some measure v
if and only if the sequence (vy)n>1 converges vaguely towards v and Pers,(v,) — Pers,(v) as
n — oo.

G Proofs of Section [

We start with the proof Theorem [4.1] which is split into a series of lemmas, before proving Proposi-
tion[4.2] Corollary {f.3]and Corollary [4.4]
Let us restate Theorem [4.1] for the reader’s convenience:

Theorem 4.1 (Law of large numbers). Assume that P has a density f on M bounded away from 0 and
0. Leti > 0 be an integer and let 1 < p < co. Then jiy; € My, and E[OT) (1, i, pu5:)] —— 0.

n—oo
Furthermore, for all o > 0, Persa(dgmgl)(/—\n))n%_1 = Persqy (n,i) = Persq(i5,:) + op1(1).
Before proving Theorem[.1] we state a simple lemma which allows us to control the mass of balls
on M.

Lemma G.1. Let M be a compact submanifold with positive reach. Let P be a probability measure
having a density f on M satisfying fmin < f < fmax for two strictly positive constants fmin, fmax-
There exist constants ¢, , Cy, depending only on m such that for all 0 < r < 7(M)/4

C’mfminrm < P(B(Jj, T’)) < Cmfmaxrm- (20)

Let A, be a sample of n i.i.d. observations of law P. Then, there exists C = C (M) depending on M
such that for all x € M and all r > 0,

P(d(x,A,) > r) < exp(—nC finr™). (21)
Proof. For the first statement, see [2, Proposition 31]. Let us prove the second one. Remark that the

probability is zero for r > diam(M). Hence, we can assume that r < diam(M). When r < 7(M) /4,
it holds that

P(d(x,A,) > 1) = (1 — P(B(x,7)))" < exp(—ncm fminr™)-
When 7(M)/4 < r < diam(M), we write
Pld(z, An) = 1) < P(d(z, An) = T(M)/4) < exp(—ncm fuin(T(M)/4)™)
(cM)/H™ .

< - Ly,
=~ GXP( ncmfmm dlam(l\/l)m r )
Hence, the result holds with C' = ¢;,, min (1, %) O

Proof of Theorem Recall that Goel, Trinh and Tsunoda [42]] have shown that almost surely, the
sequence of Radon measures (fi,, i), vaguely converges to the Radon measure ps,. We start by
showing that, using this vague convergence and Lemma 1] it is enough to prove the convergence of
the p-total persistence.
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Lemma G.2. Let (vy,)n>1 be a sequence of random measures in M, that converges vaguely almost
surely to a Radon measure v € M, and such that E[|Pers,(v,,) — Pers,(v)|] —n—o0 0. Then,
E[OT (v, V)] = n—s00 0.

Proof. Let us first show that (Dy,),>1 = (OT}(vp, v))n>1 converges in probability to 0. We use

the following standard result: if for every subsequence (Z,, )k>1 of (Z,)n>1, One can extract a
subsequence (Zy,, )i>1 that converges almost surely to 0, then the sequence (Z,,),,>1 converges
in probability to 0. Let (D, )r>1 be a subsequence of (Dy,)n>1 = (OT)(vn,v))n>1. Then, as
(Persy(vn))n>1 converges in L' to Pers,(v), it also converges in probability. In particular, there
exists a subsequence (ny, )i>1 such that (Persy(vp, ))n>1 converges almost surely to Pers,(v).
When restricting ourselves to this subsequence, we have both vague convergence of the measures
and convergence of the p-total persistence. Hence, according to Lemma we have Dy, =
OT}(vny,»¥) —*10c 0 almost surely, proving that we actually have that (Dy),>1 converges in

probability to 0. To prove that E[D,,] —, 0 0, it remains to show that the sequence (D, ),,>1 is
uniformly integrable. By considering the trivial transport plan that sends all probability mass to 02,
we have forall n > 1

D,, < Persy(vy,) + Pers,(v).

But the sequence (Pers,(vy,)),>1 is uniformly integrable, as it converges in L'. Hence, so is the
sequence (Dy,),>1, concluding the proof. O

Using Lemma [G.2} Theorem [.1| would follow from the facts that py; € M, and that
E[|Persy (tn,;) — Pers,(15,:)|] converges to 0.

Recall that C.(2) is the set of continuous functions f : @ — R with compact support (i.e. the
support is bounded and at positive distance from 9€2). For s > 0, let Ts = {(u1,u2) € Q: ug > s}.

Lemma G.3. Let o« > 0. Let (vp,)n>1 be a sequence of random measures in M, that converges
vaguely almost surely to a Radon measure v € M. Assume that the sequence of random variables
(Un(Q))n>1 is uniformly integrable and that

sup E[Pers, (v,)] < 400 and lim limsup IE[/ pers®(u)dvy, (u)] = 0.
Ts

li
n s——+o00 n

Then, v € M, and E[|Pers,,(v,) — Pers, (V)|] =n—oo 0.
Proof. We divide the proof into several steps.

1. Let ¢ € C.(). We first show that ( [ ¢dv,))n>1 convergesin L' to [ ¢dv. By assumption,
the convergence holds almost surely. Furthermore, as ¢ is bounded and as the sequence
(v (£2))n>1 is uniformly integrable, so is the sequence ( | ¢dvy,),>1. Hence, E| [ ¢d(v,, —
V)|l 2n—oo 0.

2. Let (¢%)r>1 be an increasing sequence of functions in C,(£2) that converge pointwise to the
function pers,. Then, almost surely,

/d)kdu < liminf/(;ﬁkdz/n < liminf/persadun.
n—oo n—oo

By Fatou’s lemma, E[lim inf,,_,~, [ pers,dv,] < liminf,_,. E[Pers, (v,)] = C' < +00
by assumption. Hence, by letting & — oo and applying the monotone convergence theorem,
we obtain Pers, (v) < C, proving that v € M,,.

3. The same argument can be applied to the constant function equal to 1, showing that v(2) <
+00.

4. Let s > 1. The function pers, can be decomposed into a sum of three positive continuous
functions pers, = ¢§1) + ¢§2) + gb(s?’), where ¢§1) has compact support, the support of ¢§2)
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is included in the band {u € Q : pers(u) < 1/s} and the support of #{¥ is included in T
Hence,

lim sup E[|Pers,, (v,) — Pers, (v)|] < limsup E| /gbgl)d(un —v)|]

n—-+4oo n—-+oo

+hmmme/¢9d@n—WH+hm$mEH/¢§H@%—um.

n——+oo n—-+oo

The first term in the above sum is equal to zero because of the first item, the second one is
smaller than s~%(sup,, E[v,,(2)] + »(Q2)), and the third one is smaller than

lim sup E[/T pers,, (u)dvy, (u)] +/T pers,, (u)dv(u).

n

Using the hypotheses of the lemma, the second and the third term converges to 0 as s goes
to co. We obtain that lim sup,, _, | ., E[|Pers, (v,,) — Pers, (v)|] = 0. O

Our goal is to show that the conditions of Lemmaholds for the sequence (g, ;)n>1 to conclude.
Remark that for any Radon measure v € M, and s > 0

/ pers®(u)dv(u) = a/oo t* (T N {u : pers(u) > t})dt
T, 0

o] s/2
< a/ to Ty )dt + a/ t* Ly (T,)dt (22)
s/2 0

< a/s/2 7w (Toy)dt + (s/2)v(Ts),

where we use Fubini’s theorem for the first equality and the fact that {u : pers(u) > t} C Ty, for
the first inequality. We also have v(Q2) = v(T}). Hence, the different conditions of Lemma can
all be obtained by controlling the random variable p., ;(T) for s > 0.

Proposition G.4. Let M be a compact submanifold with positive reach. Assume that P has a density
f on M satisfying fimin < f < fmax for two positive constants fuin, fmax. Then there exist ¢,C > 0
that depend on M, i, fiin and fiax such that for all integer n > 1 and all s > 0,

]E[un,i(Ts)z] < Cexp(—cs™). (23)

Before proving Proposition[G.4] let us show how to use it to conclude the proof of Theorem[@.1] First,
it implies that the random variables fi, ;(2) = pp,,i(To) for n > 1 have a uniformly bounded second

moment, and are therefore uniformly integrable. Second, we have E[u,, ;(Ts)] < E[un +(Ts)?])'/?
using Holder’s inequality. Hence, (22)) implies that for any o > 0, we have

mmmmmmga/ £ 1y 5 (The)]dt
0

(o)
§a\/5/ folem e T gy,
0

In particular, sup,, E[Pers,, ()] < +00. Likewise,

supE [/ persa(u)d,un,i(u)} < a/ t* B i (Tor)]dt + (5/2)“E [ini (Ts)]
n T s/2
< a\@/ gomleme2™ T gy 4 (5/2)2VC exp(—c/2s™)
0
so that limg_, 4 o supnIE[fTs pers, (u)du, (u)] = 0. We are therefore in position to apply

Lemma [G.3] proving the convergence of the c-total persistence. Together with Lemma with
a = p > 1, we also obtain the OT',-convergence of i, ;. It remains to prove Proposition
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Proof of Proposition|[G.4] Write €, = di(A,,,M). Let s > 0 and let ¢ < 7(M)/2 be a small
parameter, to be fixed later. Recall that we write #S for the cardinality of a multiset S. Notice that
tni(Ts) = 0if sn~Vm > g 4+ €2 /7(M). In particular, we may assume without loss of generality
that s < n'/™diam(M)(1 4 diam(M)/7(M)) = n'/™ e ax, for otherwise there is nothing to prove.
Consider the event E = {¢,, + 2 /7(M) < g¢}. By definition of Region (1), if E is satisfied, then
all the coordinates of points of the PD dgml(.l) (A,,) are smaller than (. Notice that the cardinality of
dgm, (A,,) is smaller than the number of i-dimensional simplices in the Cech complex of A,,, which
is itself smaller than n'*! (as each simplex corresponds uniquely to a choice of i + 1 vertices of A,,).
Hence

Eljtn i (T)°1{E )] < n=*nP(e,, + <2 /7(M) > &).

We require the following lemma, which bounds the upper tail of the random variable €,, = dg (A, M).

Lemma G.5. Ifr < 7(M)/2, then

Pl (A, M) >r) <

- . m
fmmr

Sor two positive constants ¢, C, depending only on m. In particular, for any ¢ > 1, dg (A, M) =
Ora((Inn/n)t/m™).

exp(fncmfminrm) (24)

Proof. The bound P(dg (A, M) > ) is given in [, Lemma II1.23]. Furthermore, [1}, Lemma II1.23]
also states that for any ¢ > 0, there exists C'; depending on fi,in and m such that, with probability at

least 1 — n=9/™, du (A, M) < C, (ln—")l/m. In particular, we obtain that

n

Inn a/m . —q/m
Eldu (An, M) < CT [ — + diam(M)In~9"™,
n

proving the second claim of the lemma. O

Note that ¢, < diam(M), so P(g, 4+ €2/7(M) > &) < P(e,, > cpep), with ¢g = (1 +
diam(M)/7(M))~. Apply Lemma|[G.5|with 7 = ce( to obtain that

E[ftn.i(Ts)?1{E}] < ngif Cn;m exp(—ncm fminr™") < Coexp(—cin)

for some positive constants ¢, Cy. Furthermore, recall that s < nl/m

E[un i (Ts)?*1{E°}] < Cpexp(—ciepms™) = Coexp(—cas™)

Emax. Hence,

max
for some positive constant cs.

It remains to bound E[p,, ;(T5)?*1{E}]. Foreach j = 1,...,n, consider the set =7 _ of critical points

—n,s

z € Crit(A,,) such that o, (2) contains the point X; and sn= /™ < da (2) < &, + €2 /7(M).

Lemma G.6. [t holds that p.,, ;(T) is smaller than

1~ s
o 2L 25)
n
j=1
where Lj is the cardinality of the set U =i oa, (2).

Proof. Lemmaapplied to a realization of A,, and the interval [sn~/™ ¢, +¢2 /7(M)] yields that
the number of points in dgm, (A,,) with at least one of their coordinates in [sn=1/m, enten/T(M)] s
upper bounded by Z?:l L;-H. By definition, this means that y,, ;(T) < % Z?:l L§-+2, as desired.

O
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One can show that the set E{hs is localized, in the sense that it is included in a ball centered at X;,
with a radius depending on the sample A,,, that is small with high probability. Hence, the number L;
is controlled by the number of points in A,, found in a small (random) neighborhood of X ;. Let us
make this idea rigorous.

For r > 0, define the shape

ly1I?

€)=y = (o) €R™ X B Iy <7, lyal < 5 54

. (26)

We build a partition of C(r) in the following way. Consider a finite partition W of the unit sphere in
R™ x {0}9~™ into sets of diameters smaller than 6 = 7 /4 (for the geodesic distance on the sphere),
which we fix for a given dimension m. Let W(r) be the partition of C(r) consisting of the sets

{v = Ym:Ya—m) €C(r) : ym/llym| € W},
where W is an element of the partition W.

For z € M, consider an isometry ¢, : R? — R? sending R™ x {0}¢~™ to T,,M. Let C(z,7) =
x + 1, (C(r)). Likewise, we define a partition W(zx, r) by applying the affine transformation W
x + (W) toeach W € W(r).

For j =1,...,n,let R;, be the smallest radius r < & such that every W € W(X, r) contains a
point of A, other than X ;. By convention, we let R;,, = &g if such a radius does not exist. R, can
be made measurable with a good choice of z — ¢,; we assume it to be the case henceforth.

Lemma G.7. Let ey < 7(M)/\/2. Forall j = 1,...,n, if z € Crit(A,,) is such that X; € o, (2)
and dp,, (z) < o, then || X; — z|| < coRjn, for some positive absolute constant cq.

Proof. Recall that for x € M, 7, is the orthogonal projection on 7),M while ;- is the orthogonal
projection on the normal space at . Let j = 1,...,nand let z € Crit(A,,) be such that X; € oa, (2).
The direction e = mx,(z — X;)/||mx,(z — X;)|| belongs to the unit sphere in T'x; M; note that

mx,(z — X;) # 0 due to Lemmabelow, which applies as da, (z) < g9 < 7(M)/+/2. Hence,

¢ (e) belongs to an element W of the partition V. Consider the corresponding element W of the
partition W(X;, Ry ).

If R;,, = €o, then the conclusion of the lemma holds (for ¢y = 1): indeed we have || X; — z|| =
da, (2) < e¢ < Rjj,. Otherwise, by assumption, there exists a point Xy € W for some k # j. As
X, € oa, (%), it holds that || X; — z|| < || X — z||. Hence,

1X; — 2] < 1 Xk — 211? = 1X; — 21> + 11X, — Xil? + 2(X5 — X, X; — 2)
and

< 1X5 — XkH?'

<Xk—Xj7Z—Xj> 5

(27)
We write
(Xi = Xj,2 = X;) = (mx,(Xy, = X;),7x, (2 = X;)) + (w0, (Xi — X;), 7y, (2 = X))

By construction, as the diameter of W, is less than 6, we have (7x, (X, — X;),7x, (2 — X;)) >
cos(m/4)||mx, (X — X;)|lllmx,; (2 — X;)||. On the other hand, according to [39, Theorem 4.18],

X% — X5

1
— X <
Ik, (Xi = X) | < Fp it

(28)

which also implies that ||7x, (X — X;)[| > [|X; — Xg|[4/1 — 47%,{2’/')2. Similarly, Lemmabelow
states that [|mx, (2 — X;)|| > ||z — X;[l/v2 and ||7x, (z = X;)|| < ||z = X;[|*/7(M) (using our
assumption that da, (2) < g9 < 7(M)/V/2).
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Hence we obtain that
_ &
47 (M)2

cos(m/4)[|X; = Xellllz = Xj]| 7

< cos(m/4)[|mx; (Xp — Xj)lllmx; (2 = X5)

X = X012 X = X120 = X2
= 2 27(M)2

X~ X, (44 5d

P2 T ar(m2 )
Dividing by || X; — Xy and using that | X; — Xj|| < Rj, and that &g < 7(M)/v/2, we see that
|z — X|| is smaller than R;,, up to an absolute multiplicative constant. O

IN

We now prove the lemma used above:

Lemma G.8. Let A C M, z € Crit(A) and x € oa(z). Then |7t (z — 2)|| < ||z — =||*/7(M).
Furthermore, if dp(z) < 7(M)/\/?2, then ||7,(z — z)|| > ||z — z||/V2.

Proof. The point z can be written as a convex combination z = ) _, Ay Where the points yy, are in
A C M. Then, using [39} Theorem 4.18],

2
Lz —z)| < L — 2l < llye —|*
ORI VEETE Wt

-3 M lye = 2l* + 1|z — 2l + 2(ye — 2,2 —2) _ |lz — =|?

27(M) T(M) ~’

as |lyx — 2| = |z —2]|? and ", Ak (yx —2) = 0. The second inequality ||7,(z—z)| > ||z— :vH/\f
from the statement follows from the first one through a direct computation.

Let us now show that the random variable R;,, has controlled tails.

Lemma G.9. Forallx € M, r > 0, B(z,7) "M C C(x, r).

Proof. Lety € M be such that ||7,(y — z)|| < r. Then, according to [39, Theorem 4.18], |7 (y —

z)|| < ”g;(f,l”;. In particular, B(z,7) "M C C(z, r). O

Lemma G.10. For0 <t < 7(M)/4andj = 1,...,n, we have P(R;, > t) < Cy,e~¢mfmin(n=1t"
for some positive constants c,, C,.

Proof. If Rj,, is larger than ¢, then there exists at least one set W € W(X, t) such that its intersection
with A,, contains only X ;. Hence,

P(Rjn >tX;) < > PANW=X;X;)= Y (1-PW)" "
WeW(X;,t) WeW(X;,t)

Let 7p be the orthogonal projection from R? to R™ x {0}4~™. The image of a set W € W(X}, )
by the projection y — mx,(y — X;) is equal to tx,(mo(Wy)) C Tx;M for some Wy € W(t).
For ¢t < 7(M)/4, the orthogonal projection y € B(X;,t) "M — 7x,(y — X;) € Tx;Mis a
diffeomorphism on its image, with Jacobian lower bounded by a constant c,,, that depends only on m,
see e.g. [31} Lemma 2.2]. According to Lemma the preimage of v, (mo(Wy)) C Tx, M by this
diffeomorphism is equal to W N M. Hence, by a change of variable,

P(W) = P(W N M) Z fmincnzVOl’rn(WO) Z fminc;ntm

for some ¢, > 0. Hence,
P(Rjp > t|X;) < #We fmincm(n=t™
We conclude by taking the expectation. O
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Let us now control the number of points found in a ball B(X}, kR;,) for some x > 0. Let py > 0
be small enough such that fB(x po) M f < 1/2forany x € M.

Lemma G.11. Letl > 0, > 0 be such that key < min(po, 7(M)/4). Forj =1,...,n, let K;, (k)
i
be the number of elements of A,, found in B(X;, kRjy,). Then, E[K,(k)'] < Cpi(1+ (@) KI™)

min

for some constant Cy, | which depends on m and .

Proof. Let us write {W1,...,Wx} = W(X,,kR;,). Without loss of generality, we can assume
that n > K +1, as otherwise the bound is trivial. Asin [34), Lemma 5], we remark that there is at least
one sample point in every W;, and that there is (almost surely) one single element ;- of the partition
with exactly one sample point on its boundary. Let N; be the cardinality of (W; N A,)\{X}, and
N_; be the cardinality of A,,\ B(X, kRj,). Define

Gy = f
W;
7 . . 1-K a;
and o = # for all ¢ # i*, as well as a1 = 1257(; Note that as kR, < pg, we have

i

—~
z%u

@, < 1/2foralli = 1,...,K. As kR;, < kep < 7(M)/4, we may use once again that the
orthogonal projection y € B(X;, kRj,) "M = mx,(y — X;) € Tx;M is a diffeomorphism on its
image, with Jacobian upper and lower bounded by constants depending only on m (see [31, Lemma
2.2]) to also obtain that

cfmin("{Rjn)m < dz < Cfmax(ﬁRjn)m

foralli = 1,..., K and some constants ¢ = ¢(m), C = C(m). Hence there exists C' = C'(m) > 0
such that

Cfmin(ﬂRjn)m <q; < C,fmax(HRjn)m
foralli =1,..., K. Consider a multinomial random variable L = (L, ..., [ji\*, ooy Lig,L_q)of
parameters n — 2 and (ayq, ..., &, ..., K, a_1), and let F denote the event

(L; > 1Vie{1,..., KN\{i*}).

Then conditionally on X, R, and ¢*, the variable N = (INy,..., N;, ..., Ng,N_1) follows
the same distribution as L | E. Thus, conditionally on X, R, and W;«, the variable K, (k) =

1+ ZzK:1 N; =2+ Zfil,i#* N; (where the initial 1 comes from X;) has the same distribution as

K
2+ Y Li|E.
i=1,ii*

Note that as kR, < pg, we have a1 > 1/2.
As aresult, Lemma below yields that

K K
E[Kjn(r)'|X;, Rjn, Wir] = E[2+ ) L)' |E]<2'(2'+E[( ) L)'|E])

i=1,iF#1*
K
<Cra(l+(n Y a)) < Cpy(1+ (MKC frnax(Rn)™)")
i=1,i#£*
< C(m,l(1 + Hml Ilnaxan%l)

where C , C, and Cy, ; are constants whose dependencies are indicated by their indices (remem-
ber that K’ = #)V depends only on m). We can now conclude by considering

Cong(1+ &™ fL n! R

max Jn

E[Kjn (k)] = Ex, &, Wi [EIKjn(r)'| X, Rjn, Wi=]] < Eg

jn[
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The quantity nl]E[R;TLnl] is bounded by a constant, which is proved by integrating the tail bound found
in Lemma@ Indeed, Lemma@ implies that the random variable n.R7; is subexponential with

a subexponential norm m independent of n, of order O(1/ fimin); the moment of order [ of such a
random variable is bounded by Cym!, see [[74] Section 2.7]. O

Let us now prove the technical lemma used above.

Lemma G.12. Let K > 1and L = (Ly,...,Lk,Lx+1) be a random multinomial variable of
parameters n.and o, . . ., o, 1. Then there exists C = C(K, 1) such that

K

K
B> L)'|Li>1Vi=1,...,K] <C(1+(n)_ ai)).
i=1

i=1

Proof. Let X,...,X,, be iid. categorical variables of parameters «;,...,ax,ax41. De-
fine Li(p) = >°,<,1x,=k; then (L1(n),...,Lk(n), Li+1(n)) has the same distribution as
(L1,..., Lk, Lik+1), and we identify the two in our notations. For a fixed n, and for any injective
function ¢ : {1,...,k} — {1,...,n}, consider the event

B, ={Li((1)) =1,..., Li(«(K)) = 1},

i.e. ¢(2) is the first appearance of ¢ among the variables X1, ..., X,,. Note that E := {L4,...,Lg >
1} = | |, E, where the sum is taken over all such injective functions. Then

K
E[() L)'[E] = Y P(EIE)EID  Li)'|E.].

i=1 L =1

Fix a function ¢, and assume without loss of generality that 1(1) < ¢(2) < ... < ¢(K). Conditioned by

A,, the variable Y; := ZLT(ZJ[(BH 1x, £k +1 is abinomial variable ofparameters i+ —(i)—2 < n

and E=—1all <K ;. Hence B[Y}|E,] < C1(1)(n 32X, a;)! using classical bounds on

ar+...ta;tak 4 - - )
the [-th moment of a binomial variable, and we see that

K K (i+1)-1
E[(Z )'E] = le #i+1) |B] = E[(K + Z Z 1x,2r41)" | E.]
i=1 r=1 1=0 r=¢(i)+1

K K
< 02(Kvl)(Kl + Z]E[YzllEb]) < CS(Kal)(l + (nzai)l)
=0 =1

where we write ¢(0) = 0 and +(K + 1) = n to simplify notations.

O
Let us wrap things up. Recall Lemmal[G.6} it holds that
z EZU“ (29)
n, Z 9 n
where L; is the cardinality of the set |J,.z; oa,(2). Butaccording to Lemma|G.7} if z € ], ,

then || X; — z|| < coR;n. In particular, da, (2) < coR;n, and any p01nt y € oa,(z ) is at distance
less than 2coR;,, from X;. Hence, L, is smaller than K, (k) for £ = 2¢o. Choose ¢¢ so that
ke < ke < min(pg, 7(M ) /4). We are in position to apply Lemma|[G.11] We further remark that
Lemmaunphes that =7, is empty if co R, < sn —1/m,

'I

32



Hence, by Jensen’s inequality,

n

1 .
Epni(Ts)*1{E}] <E ” > 1{200R;jn > sn” VMK (2¢0)

j=1

<E [1{200]%1” > sn_l/m}Kln(Qco)QHﬂ

< \/]P(2C()Rjn > Snil/m)E[Kln(QCO)M‘Fg]
< Cm,i eXp(_cmfminSm)

for some constants ¢,,, Cy,,; > 0, where we apply Lemma|G.10jand LemmaG.TT]at the last line. [J
This completes the proof of Theorem [.1] O

We now prove Proposition 4.2}

Proposition 4.2. Let M be a generic m-dimensional submanifold. Assume that P has a density
f on M bounded away from 0 and co. Let i > 0 be an integer. There exists an optimal matching
T+ dgm, (A, ) UOQ — dgm, (M)UIQ for the bottleneck distance between dgm,(A,,) and dgm,; (M)
such that for any q > 1:

* Region (2): It holds that Max, .02 (a ) |ug — Yn(u)2] = Orq (n*Q/m).

* Region (3): It holds that max
#(dgm{” (An)) = OLa(1).

uedgm(® (A,) lu = Yo(u)||ooe = Ora(n=2'™) and

Proof. Let e, = dpg(An,M). Let IIyy := {z € om(z) : z € Crit(M)} be the (finite) set of
projections of critical points z € Crit(M). The proof of Theoremrelied on the use of Theorem
1.6 in [6]. This theorem states roughly that both critical points z € Crit(A,,) far from M and their
projections x € oa,, (z) are stable with respect to the Hausdorff distance, meaning that every such
point z is at distance O(e,,) from a critical point 2’ € Crit(M), with z being at distance O(e,,) from
a point 2’ € IIy. Thus, the number of critical points of A,, located close to a given z’ € Crit(M)
is crudely upper bounded by the number of subsets which can be formed by selecting elements in
neighborhoods of size Oﬁl) around 2’ € om(z’). We used the same idea to bound the cardinality of

dngS) (A) in Theorem

In a random setting, the distance ,, is of order (Inn/n)'/™, as suggested by Lemma while the
number of points found in a ball of radius r is typically of order nr™, yielding a logarithmic number
of elements in a neighborhood of size O(e,,) around a given point x € M. Hence, our earlier strategy
(3

is not tight enough to bound in expectation the cardinality of dgm,”’ (A) by a constant.

We improve upon this strategy with the following intuition: the maximal distance between a point
of M and the point cloud A,, does not really matter in [6, Theorem 1.6], but only the density of the
point cloud A,, around the (finitely many) projections € IIy. Although ¢,, is of order (Inn/n)Y/™,
the distance between a fixed point z € M and A,, is known to be of order n=m (see (21)). This
remark explains how we can intuitively replace neighborhoods of radii (In7n/n)'/™ by radii of size
n~1/™ in the previous arguments.

We now make these ideas rigorous. Let Crit (A,) = {z € Crit(A,) : da, (z) > 7(M)/2} denote
the set of critical points of A,, “far” from M and let IIp, := {z € oa,(2) : 2 € Crit~(A,,)} be the
corresponding set of projections. We let g be a small constant to be fixed later. Theorem 1.6 from
[6] states that, thanks to the genericity of M, there exist K1, Ko > 0 such that for £y small enough, if
En < €p:

* there exists a map ¢ : Crits (A,) — Crit(M) such that d(z, ¢(z)) < Kie, forall z €
Crit~ (A,), and

o there exists a map ) : IIa, — IIy such that d(x, ¥ (z)) < Kae, forall z € Ila, .
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Furthermore, the map v is such that for each z € Crits (A,,) and each 2’ € om(¢(2)), there exists
x € op, (z) such that ¢(z) = 2’ (if €9 is chosen small enough). Indeed, due to the genericity of M,
each critical point 2’ € Crit(M) belongs to the relative interior of oy (z’) (as stated in Appendix
. In particular, it cannot belong to the convex hull of any strict subset of o (2’). By continuity of
the convex hull for the Hausdorff distance, as soon as z € Crits (A,,) is close enough to ¢(z) and
its projections x € oa,, (z) are close enough to om(¢(2)) (i.e. as soon as €, is small enough), the
point z cannot belong to the convex hull of any subset S C oa,, (z) that does not contain for each
x' € om(¢(z)) at least one point = such that ¢)(z) = 2’. As z must belong to the convex hull of
op,, (z), we conclude that each ' € om(¢(2)) has at least one preimage by ¢ in oa, (z). As Crit(M)
is finite, taking the minimum distance such that this property holds for 2z’ over all 2z’ € Crit(M)
proves the claim.

‘We introduce the random function defined as
Vr >0, E(r) := min(sup{da, (y) : y € MNIIy},e0) = min(F(r),eo), (30)

where IIj, is as usual the r-offset of IIy. This random variable measures the density of the point
cloud A,, in neighborhoods of size r of points z’ € Ily.

Let

pn = sup{dn,, () : x € I, } 31
give (when €,, < ¢ for €y small enough) the largest distance between a projection x € II5,, and the
corresponding projection 1 (x) € ITy. We also define

Ny := sup{dm, () : © =mm(2), z € Crits (A,)}. (32)
We require the following controls on the random variables p,, and 7,,.

Lemma G.13. There exist positive constants €9 = £o(M), K3 = K3(M), Ky = K4(M) and
K5 = K5(M) such that if £,, < €q, it holds that for any z € Crits (A,,)

|da,, (2) — dm((2))| < K3E(n,)?, (33)
N < K4E(ny), (34)
pn < KsE(ny,). (35)

Proof. The lemma follows from a careful read of the proof of Theorem 1.6 in [6]]. First, remark that
in the proof of Lemma 5.1 in [6] (applied with r = 7(M)/2, R = diam(M)), the Hausdorff distance
e = dg (A, M) can be replaced by E(n,,). Hence, if z € Crit (A,,), there exists a p-critical point
z" of M at distance less than E(n,,), with < L1 (M)E(n,,). By genericity, for a choice of £y small
enough, this point z’ is at distance Lo (M) from a critical point 2o € Crit(M). For & small enough,
this point 2 is necessarily equal to ¢(z), with ||z — ¢(2)|| < (14 LaL1)E(n,). Due to the Lipschitz
property of the projection onto M around z; (see the arguments found at the bottom of p. 19 in [6])),
any point & € mm(z) is such that ||z — 2’| < Ls(M)]|z — ¢(z)]| for some 2’ € om(¢(2)). By taking
the supremum over all such points z, we obtain that

Mo < L3(1 + LaL1)E(nn),
proving (34).

One can also check that &,, can be replaced by F(7,,) in the end of the proof of Theorem 1.6 in [6]],
so that (33) holds.

Let us now prove (33). Let z € Crits (A,). Consider za, € oa, (z); we know that |[¢)(za, ) —
za, || < Ks5E(n,) using (33). As ¢(z) — ¥(za,) is orthogonal to Tiy,, M, [39] states that

xa, —(x 2 K2E(n,)?
Wlan, )| < gl D < FEEG hence

TAp,

Hﬂ-’i_(mn)(IA” o
19(2) = za, I = 16(2) = ¥ (@a, )1 + 2(0(2) = b(xa,), Y(2a,) = za,) + [$(2a,) — 24,2

Sd““”f+K%wfsz@HJQM%VSdmwwf+m%fm,

where Ly = K 52 (}f((u)) + 1) , R(M) is the radius of the smallest closed ball that contains M, and

dm(¢(2)) < R(M) because a critical point must belong to the convex hull of its projections. As
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the same bound applies to each of the projections x;n € oa, (2), we find that the closed ball

( \/ du(p(2))2 + E(nn)2L4) contains oa, (z). Since z is the center of the smallest ball that
contains oa,, (2 ), whose radius is da,, (z), we find that
da,(2)* < du(6(2))* + E(1n)* La. (36)

Similarly, consider now xym € om(¢(2)), and let za, € ¥~ (axm) Noa, () (we have seen below
the definition of ¢ and ) that its existence is guaranteed). We have shown earlier that there exists
x € om(z) such that ||z — am||, | — za, || < O(E(n,)), and the same reasoning as above yields
that ||z — za, |2 = ||z — z||> + O(E(,)?) and ||z — zm|]? = ||z — z|* + O(E(n,)?) (with all
big O constants depending only on M), hence that ||z — am|* < ||z — 24, ||? + E(nn)?Ls(M) =
dan ()% + E(10)?Ls.

As before, this shows that the closed ball B ( Vda, (2)2 + E( nn)2L5) contains om(¢(2)), hence
that

du(6(2))* < da, (2)* + E(im)* Ls. (37)
This, together with (36) and the fact that da, (z) > 7(M)/2, shows that |da, (z) — du(¢(2))] <
K3(M)E(77n)2~ O

Consider a (random) optimal matching ~, : dgm,(A,) U 02 — dgm,;(M) U 99 such that

MAX, 400 (a,) lug — Yn(u)2| < Ce2 and MAX, 400 (a,) lu — vn(u)]|eo < Ce2 whose ex-

istence is guaranteed by Theorem [2.2| (for some C' = C'(M) > 0). For r > 0, we let N(r) be the
number of points of A,, found in 11, (i.e. at distance less than r from a point in IIy).

Lemma G.14. There exists ¢g = £o(M) such that if ¢,, < €, then

max  |ug — Yp(u)2| < K3E(n,)?,
uedgm< )(An)

max [Ju—yu(u)]oo < K3E ()%
uedgmf) (Ay)

Furthermore, #(dgmg?’) (A,,)) is smaller than N (p,,)" 2.

Proof. Let us assume from now on that &g is small enough that 2(K3 + C)e2 is smaller than the
smallest difference between two distinct critical values of dp.

Consider a point (u1,us) € dgm(?’) (A,,) that is mapped by +,, to the diagonal. The coordinates u,
and uy differ by at most Ce2, hence they are critical values of dp, that correspond to critical points
that are mapped by ¢ to two cntical points of M that have the same critical value (due to 2( K3 + C)&?
being smaller than the smallest difference between two distinct critical values of dp). But as stated in
Equation (33) of Lemma these critical values must then be K3 E(n,,)2-close to that of the two
critical points of M, hence [[u — v, (1) ||oo = d(u, 0Q) = (uz —u1)/2 < K3E(n,)?, as desired.

Likewise, consider a point (u1,us) of dgm( )(An) that is mapped by ~, to a point (vq,vs) of
dgm(3)(M). The birth coordinates u; and v; differ by at most C'e2, hence the associated critical
values must correspond to a critical point z of A,, and a critical point z’ of M such that ¢(z) has
the same filtration value as 2’ (again due to 2(K3 + C)e? being smaller than the smallest difference
between two distinct critical values of dy). But as above, we have |u; — v1| = |da, (2) — du(Z')| =
|da, (2) —dm(é(2))| < K3E(n,)?. As the same applies to us and vy, we find that ||u — v, (1) ||ee <
K3EE(n,)? and max |l — vn(u)]|oo < K3E(n,)?. The same reasoning shows that

uedngS)(An)

maxuedgm(.z)(An) |fu’2 - 'Yn(u)2| S K3E(7771/)2'

Finally, and by definition, IIa, = {x € oa, (2) : 2z € Crit(A,), da, (z) > 7(M)/2} is included in

A, NTI;, hence #(I1a, ) < N(pn). LemmalE.1|applied to A, and the interval [7(M)/2, +-00) then

yields that the number of points in dgm'® (A,,) is smaller than N (p,,)i*+2. O

Lemma G.15. Let €y be the parameter defined in Lemma [G.14] It holds that for all ¢ > 1,
E(nn){en <o} = Ora(n 1/m) and N(p,)1{e, < eo} = Ora(1).
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Assume for a moment that Lemma [G.T5]holds. Then, we write (for a choice of &( small enough)
max  |ug — Yn(u)2] < K3E(n,)*1{e, < g0} + RIM)1{e, > o}
uedngQ)(An)
< K3E(n,)?1{e, < eo} + RM)1{e, > g0} (38)
where we recall that (M) is the radius of the smallest enclosing ball of M. Because of Lemma G.5|
the random variable 1{e,, > ¢} is a Orq(n~2/™) for all ¢ > 1. But then, because of Lemma|G.15

we obtain that the right-hand side in @) isaOpq (n*2/ ™) for all ¢ > 1. Likewise, we obtain that
MaxX, o) a ) 1 — Y (w)]|oo = Ora(n=2/™) for all ¢ > 1. At last, we have

#(dgm!™ (A)) < N(pn)t21{e, < g0} + n't21{e, > £0}.

The first term is a Opq (1) for all ¢ > 1 because of Lemma|G.15| while the second one is a O« (1)
for all ¢ > 1 because of Lemma[G.3] This concludes the proof of Proposition[d.2] Let us now prove
Lemma|G. 15l O

Proof of Lemma|G.T3] Lett > 0. The key observation to obtain Lemma [G.T3]is that (34) implies
that if 7,, > ¢, then there exists r > t with r < K4 FE(r).

Lemma G.16. For all A\ > 0, there exist positive constants Cly, ¢y (depending on \, M and fin)
such that for all v > 0, P(r < AE(r)) < Cy exp(—cynr™).

Proof. Remark thatif r < AE(r), then r < AF(r). The set MNII}, is the union of a finite number of
balls of radius 7. Hence, it can be covered by C' = C\(M) open balls of radius /(2)), with centers
Z1,...,Tc, € M. Note that if all these balls intersect A, then for all y € M NIIY,, da, (y) < 7/
Hence, if AF'(r) > r, then the intersection of one of these balls with A,, is empty. Hence, according
to Lemmal[G1]

Ci

P(r < AF(r)) < ZP(dA" (xg) = 1/(2X)) < Cyexp(=C(M) fininn(r/A)™). O
k=1

Remark that the fonction E is nondecreasing and 1-Lipschitz continuous: we have for r < s,
E(r) < E(s) < E(r) + (r — s). Fixt > 0 and consider the sequence t;, = a*t for some a > 1
to fix. Assume that n,, > ¢ and that ,, < £¢. Then n,, is between two values t;, < t;1. But then,
according to Lemma|G.14}

E FE — — 1F 1
(tk) > (7771) (77n tk:) P (nn) tk+1 . (a . 1) > (a _ 1)
th Ty a Nt Ky

E(tg+1) > EE(Un) > lE(nn) > 1 .
k1 @ ty T a n, — Kaa

Choose a > 1 such that 7= — (a — 1) > 0, and let
4
1 1
A = mi (—— —1 —) >0
min ; (a—1) -
We have proven that if €,, < ¢g and 7,, > t, then there exists k > 0 with E(ty) > Atg.

Hence,

P(n, > t,en < ep) < Cy Zexp(—cAakmntm).
k>0

A standard comparison between this sum and an integral shows that this sum is at most of order
Kg(nt™) ™ exp(—Kynt™). (39)

for two positive constants K, K7 depending on M and fy,,;,. But when nt™ < 1, we can simply use
the bound P(n,, > t, &, < ) < 1. Hence,

P(n, > t,e, < o) < min(1, Kg(nt™) ' exp(—Kmnt™)) < Kgexp(—Kont™))  (40)
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for two other constants Ky, Ko.

To summarize, we have shown that the random variable nn"1{e,, < ¢} is subexponential, with
subexponential norm depending only on M and fi,i,, see e.g. [74, Section 2.7]. We will now
simply say that a random variable is subexponential to indicate that it is subexponential with a norm
depending only on M and f,iy.

Lemma shows that the random variable nda, (z)™ for a fixed x € M is also subexponential.
Thus, so is nE(0)™ = nmaxger, da, (z)™, as a maximum of a finite number of subexponential
random variables. As nE(n,)"™ < n(n, + E(0))™ < 2™~ Y(ny™ + nE(0)™), the random vari-
able nE(n,)™1{e, < o} is also subexponential. In particular, we have E(n,)1{c, < g} =
Or«(n="/™) forall ¢ > 1.

It remains to bound N (p,,). First, because of (33)), the random variable np"1{e,, < £¢} is subex-
ponential. Also, for a fixed ¢, N (t) follows a binomial distribution of parameter n and P(II},). As
long as t < 7(M)/4, a ball of radius ¢ is of mass smaller than Cy,, fimaxt™ (see Lemma . Let
0 < k < n be an integer. For any ¢ < 7(M)/4, we bound

]P(N(pn) > k,en < 50) < P(N(t) >k, pn < t) + ]P)(pn >t,en < 50)
S P(N(t) =2 k) + 2exp(—Kiont™),

where K¢ is proportional to the subexponential norm of np!"1{e,, < ¢}, see [[74}, Section 2.7]. Let
t = (k/n)Y™ min(7(M)/4,1/(#Ipm - 2C, fmax) /™). This choice of  ensures that t < 7(M)/4
and that E[N(¢)] < n(#m)Cr fmaxt™ < k/2. Then, by Bernstein’s inequality [74, Theorem
2.8.4],

2
B(N(t) > k) < P(N(t) — EIN(£)] > k/2) < exp (n( e s /6>

S exp (7K11k)

for some constant K1 depending on m, M and f,.x. We have proven that for all k£ > 0,
P(N(pn) > k,en < e0) < 2exp (—K11k) + 2exp(—Kignt™)
< 2exp (—K11k) + 2exp(—Ki2k)

for some constant Kj5 depending on m, M, fuin and fnax. Hence, the random variable
N(pn)1{e, < eo} is subexponential, with a subexponential norm depending on M, fp,;;, and
fmax- This implies in particular that N (p,,)1{e, < &g} = Orq(1) forall g > 1. O

Corollary {4.3]is a simple consequence of Proposition 4.2}

Corollary 4.3. Let p > 1 and let 0 < i < d be an integer. Under the same assumptions as in
Proposition|.2} the following holds:

* If p > m, then E[OT} (dgm,(A,,),dgm,;(M))] — 0 as n — oc.

* If p = m, E[OT}(dgm;(A,),dgm;(M))] — Pers,(fio,i,m)Vol(M) as n — oo, where
Vol(M) is the volume of M.

* If p <mandi < m, then E[OT})(dgm;(A,),dgm;(M))] — 400 as n — oc.

Furthermore, for all o > 0, Pers, (dgm,(A,,)) is equal to

. . . 1 "
Pers, (dgm;(M)) + nl_HPersa(Moqum) / f@) = mdz +op(n'~m) 4+ O ( < Oi”) )
M

Proof. Lete,, = di(A,,M). Consider the event E = {e,, < 7(M)/2}. According to Theorem[2.2]
(2)

on E, the number of points of dgm;™’ (A,,) is bounded by some constant Ny depending only on M.

* Consider the optimal matching ~,, given by Proposition[4.2] On the event E, this optimal
matching sends all the points of dgmgl) (A,,) to the diagonal 9€2. Thus, we have (when FE is
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satisfied)
|OTE (dgm; (A,,), g, (M)) — Pers,(dgm!" (A,,))|

<Ny max [lu—yu(w)|% + #[dgm!P(AL))  max [lu— v, ()|
uedgmgz)(An) uedgm(?’)(An)

i

(41)

Furthermore, note that

max [|u— 7, ()2, < max max  Jup — n(u)al?, b
uedgm'? (A,) (u1,uz)edgm® (A,,)

i

< max
(u1,u2)€dgm§2) (An)

Uz — Yn(u)2|? + P
We take the expectation and apply the Cauchy-Schwarz inequality to obtain (together with
Theorem 1] Proposition[#.2]and Lemma|[G.3):

E[OT}(dgm,(A,), dgm;(M))1{E}] < n'=P/™Pers, (1) + o(1).

When FE is not realized, we crudely bound OT} (dgm, (A, ), dgm,(M)) by considering the
matching sending every point to the diagonal. The cost of this matching is bounded by
Cm(1 + ntt1), where n**! is an upper bound on the number of points in dgm;,(A,,) and
Cwm is some constant depending on M. Hence,

E[OT}(dgm;(An), dgm;(M))L{E®}] < Om(1 + n')P(e, > 7(M)/2) = o(1),
according to Lemma[G.3] This proves the first bullet point.
* The second bullet point is proved likewise from @[) Indeed, in that case, it holds that
E[JOT(dgm,(A,), dgm, (M) — Pers, (dgm{" (A,)[1{E}] = o(1).  (42)
Also, using the same crude bound, we obtain that
E{|OT} (dgm; (An), dgm,(M)) — Pers, (dgmi” (A)[1{E}] = o(1).  @3)

So far, we have proved that OT} (dgm;(A,,), dgm,;(M)) = Persp(dgmgl) (An)) 4+ or1(1).

According to Theorem it holds that Persp(dgmgl)(An)) = Pers,(uy,;) + or1(1) for
p = m, proving the second bullet point.

* For the third bullet point, we use that on the event F,
OT?(dgm;(A,), dgm;(M)) > Pers,(dgm!" (A,)). (44)

The latter is equal to n'~?/™Pers, (j15.;) + or1 (n'~P/™), with Pers, (y15,;) > 0: indeed,
the support of the measure y ¢, ; is nontrivial for ¢ < m, see [47,142]. Hence,

E[OT?(dgm, (A,), dgm,(M))] > E[OT?(dgm, (A,), dgm,(M))1{E}]
> E[Pers, (dgm!" (A,))] — E[Pers, (dgm!" (A,))1{E}].

The second term goes to zero (use the crude bound Pers, (dgm'" (A,,)) < Cu(1 + ni+1)),
while the first one diverges. This proves the third bullet point.

At last, we prove the formula for the asymptotic expansion of
Pers, (dgm;(A,)) = Persa(dgmgl) (An)) + Persa(dngZ)(An)) + Pers,, (dgmgg)(An)). (45)

The first term is equal to n'~/™Pers, (ficc,i,m) [y f(2)' ™7 dz + o1 (n'=2/™) according to The-
oremd.1] Remark that for u,v € , |pers,, (u) — pers, (v)| < 2a(pers, (u) + pers, (v))[|u — V| so.
Hence, on the event £ = {¢,, < 7(M)/2},

|Pers,, (dgmgz)(An)) + Persa(dgmgg) (A,)) — Pers, (dgm, (M))|
< 2ae, (Pers, (dgm'® (A,)) + Persa (dgm'™ (A,)) + Pers, (dgm, (M))).

)
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We crudely bound the persistence of a point in dgm,(A,) by R(M), the radius of the smallest
enclosing ball of M, to obtain that

|Persq, (dgm'? (A,)) + Pers, (dgm'® (A,,)) — Pers, (dgm; (M)
< 202, (R(M)* + 1) (#(dgm'? (A,)) + #(dgm!® (A,)) + Pers, (dgm,; (M))).

) )

We have already established that #(dgmgz) (A)) = Or2(1) (actually, it is larger than Ny with only

exponentially small probability). Furthermore, Proposition states that #(dgm§3) (An)) = Or2(1).
Lemmaalso states that £, = Oy (((logn)/n)'/™). Hence,

|Persa (dgm!? (A,)) + Persa (dgm!® (A,)) — Persa (dgm;(M))] = Op: (((log n) /n)/™).
This concludes the proof. O

Finally, remember that we defined linear feature maps as follows (at the end of Section[)): we let

(V]| - |I) be a normed vector space and ¢ : 2 — V be Lipschitz continuous. For « > 0, the linear
feature map ®,, associated to ¢ and defined on the space Dy of finite PDs is
Va € Dy, Ou(a) = Zpers(u)”‘qﬁ(u) eV (46)
uea

Let us prove the associated Corollary

Corollary 4.4. Let a« > 1 and let 0 < i < d be an integer. Under the same assumptions as in
Proposition 4.2 it holds that ®,,(dgm;(A,,)) converges in probability to ®,(dgm;(M)) whenever
a>m.

Proof. According to [33, Proposition 5.1], the feature map ®,, is continuous with respect to the
OT,, distance. But we have shown in Corollary 4.3|that E[OTS (dgm,(A,,), dgm;(M))] — 0 as
n — oo. In particular, OT,, (dgm;(A,,), dgm,(M)) converges in probability to 0. By continuity, so
does [|®q (dgm; (An)) — Do (dgm;(M))]. 0

H Details on numerical experiments

We provide in this section additional details on the numerical experiments conducted in Section[5] PDs
are computed using GUDHI [62]]. PDs are plotted using the giotto-tda library [72] and persistence
images using scikit-tda [64]. All experiments can be easily run on a standard office laptop over a
few hours.

Simulation of generic tori. Let R > r be two positive numbers. The (standard) torus My of major
radius R and minor radius r is given as the image of [0, 2]? by the map

(R 4+ rcos(d)) cos(¢)
F:(0,¢)€0,2n]* — | (R+rcos(f))sin(¢) 47)
rsin(6)
Consider a list y1, . . ., yy of pairs of angles in [0, 27]2, together with positive numbers ay, . . ., ax.

We letr(y) = r+ Y1, arb(d(y, yr) /o), where ¢(t) = 1{t < 1} exp(1/(t2 — 1)),0 < o < 27
and d is the Euclidean distance on the flat torus. We then define
_ (R+1(0,0) cos(9)) cos(o)
F:(0,9) €027 — ((R + (0, ¢) cos(9)) sin(¢)> .
r(0, ¢) sin(0)

Lemma H.1. Assume that max g ¢)e[o,2x)2 ¥(0, ¢) < R — r. Then, the image of F is a compact
smooth submanifold, homeomorphic to a torus.

(48)

Proof. The condition on the function r ensures that the function F is injective and (27)-periodic in
each of its variables. Let (6, ¢) € [0, 27]%. We write r as a shorthand for r(6, ¢). Let S = R+r cos(f)

and U = —rsin(f) + dpr cos(6). The differential of F' is equal to

B U cgs((b) —S'sin(¢) + Jyr cos(0) §OS(¢)
MW@( U sin(6) Smm+%mmwmw> (49)
r cos(0) + Jgr sin(6) Ogrsin(0)

39



The determinant of the two first rows is equal to SU, and is therefore only equal to 0 if U = 0. But
in that case,

~ 0 —S'sin(¢) + Jyr cos(d) cos(¢)
dF(0,¢) = ( 0 S cos(¢) + Opr cos(h) sin(¢) > (50)
r cos(#) + Oprsin(6) Ogr sin(0)

is a rank 2 matrix. Indeed, note that U is equal to the dot product of ey = (—sin(f), cos(#)) with
the (nonzero) vector (r, dpr). Hence, if U = 0, then the dot product of (r, Jpr) with the vector
(cos(),sin(6)) (that is perpendicular to ey) is nonzero. Furthermore, one of the two top entries in the
second column is also nonzero. Indeed, this is clear if dy,r = 0 or if sin(¢) = 0 (we have S > 0 by
assumption). Otherwise, having the two entries equal to zero would imply that S? = —(9,r) cos?(6),
a contradiction.

In all cases, alﬁ(@7 ¢) is of maximal rank. This implies the conclusion. O

Let R=24,r =0.8, 0 = 2 and K = 30. We create a random torus by sampling pairs of angles
Y = {y1,...,yx } uniformly at random, conditioned on the fact that max,c,2)2 dy(y) < 0. We
then draw the numbers a1, . .., ax as exponential random variables of scale 0.5, conditioned on the
fact that max e 2. £(¢) < R — r. We let M be the image of [0, 27]* by F. Although we do not
rigorously prove that the manifold M is almost surely generic, we conjecture that it is the case.

A probability measure on P on M is obtained in the following way. Sample (0, ¢) € [0, 2] so that

F (0, ¢) is uniform on the torus. Then, let z = F(, ¢). To put it another way, P is the pushforward
of the uniform measure on the torus by F o F'~1.

Continuity of feature maps We sample n = 10? points according to P, and compute the Cech
PDs of the corresponding set A,,. For i = 1, we plot the persistence images with weights pers?,
p = 0,1, 2,4, with both birth and persistence values ranging between 0 and 1, and grid step equal to
0.002. See Figure[d]

Convergence of the total persistences. We run three experiments. First, we compute the Cech PD for
1 = 0 of n uniform points on a (nongeneric) circle. Second, we compute the Cech PD for i = 0 of n
uniform points on a (nongeneric) torus. Third, we compute the Cech PD for ¢ = 1 of n uniform points
on a (nongeneric) torus. Each experiment is ran for values of n ranging from n = 10% to n = 10*.
We observe in Figure |5|the convergence rate of the total persistence of dgmgl) (A,,) predicted by
Theorem .1} We then repeat each experiment 10 times, with similar rates of convergence observed
for each run, although with a large relative standard deviation (around 30%) for very small values of
Persp(dgmgl) (A,)) (the relative standard deviation being defined by the ratio between the standard
deviation and the mean).

Convergence of 1, ;. Let i = 1. Let () be the probability distribution obtained as the pushforward of
the uniform distribution on [0, 27]? by the map F defined above. Using Equation (49), one can show
that the density f of () is given by

1 1
(2m)2 r(R + rcos(9))’

Vo € My, f(z) = &1y}

where (6, ¢) = F~!(z). Assume that the Radon measure i, ; 2 has a density go on  (this fact is
not proven, but conjectured and strongly supported by experiments). Then, using (9), one can make a
change of variables and observe that 1 ¢ ; has a density gy, given by

1 m 1 1 v
et gf(”):(2w>3/o r(R+7cos(9)) " <2W r<R+mos(e>>>d9' o

We sample a set A,, of n. = 105 points on a square and consider the convolution of the measure
LS e dgm, (A,,) On1/m, With a Gaussian kernel, so that we obtain an estimation go of the density go.

We then define an estimator gy of g; by approximating the integral over a regular grid of 100 points
on [0, 27].
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We then place a grid of size 100 x 100 over the square [0, 17]%. The measure /¢ ; is approximated by
the measure iy ; with piecewise constant density on each square of the grid, with density in the square
centered at x given by §¢(z). The corresponding measure is displayed in the center of Fi gure@

For a given value of n, we sample a set A, of n points according to ), and compute the corresponding
measure [, ;. The same transformations are applied to ji,, ;, so that we obtain a piecewise constant
measure fi,, ; on the same 100 x 100 grid. The heatmap of this measure is shown on the left of
Figure 6]

At last, we approximate the distance OT2(pn i, 1tf,;) by computing the distance OT(fir 4, fif,i)
using the POT library, see [40}55]]. The distance is then normalized by OT2 (0, fif;) = /Persa(fiy,).
The evolution of the normalized distance with respect to n is plotted in Figure[6] As predicted by
Theorem the OT5 distance converges to 0 as n gets larger. We then repeat each experiment

10 times, with a convergence to 0 observed each time, the relative standard deviation being always
smaller than 7%.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Rigorous proofs of our main claims are provided. All statements include
precise assumptions, which were clearly summarized in the introduction.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Our main results are theorems whose hypotheses are rigorously stated, as well
as informally discussed. These hypotheses (such as the fact that the data is sampled on a
manifold, and the lack of noise) are the main limitations of our work.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

¢ The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: The proofs of all the theorems appearing in the main text are given in the
appendix.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Appendix [H] contains all the details necessary to reproduce the numerical
experiments conducted in Section[5]

Guidelines:

» The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justification: The numerical experiments that we ran are basic and can be easily reproduced
using the GUDHI library [62]]. We therefore did not feel that providing open access to the
code was necessary. We are happy to share it on demand.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

 The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: All the hyperparameters needed to produce the figures in Section[5]are given
in Appendix [H|
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: The two numerical experiments exhibiting rates of convergence (Figure [5]and
Figure[6) were conducted over multiple runs, with orders of magnitude of the fluctuations
presented in Appendix

Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: As stated in the appendix, we only ran small to medium-scale experiments,
which each took no more than an hour on a standard office laptop.

Guidelines:

» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted in the paper conforms, in every respect, with the
NeurIPS Code of Ethics. Note that due to the theoretical nature of our work, many (though
not all) points raised in the Code of Ethics are moot.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: There is no societal impact of the work performed, as it is foundational.

Guidelines:
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» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: All the libraries used in the experiments are free of use and properly credited.
Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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