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ABSTRACT

Recent results in non-convex stochastic optimization demonstrate the convergence
of popular adaptive algorithms (e.g., AdaGrad) under the (Lg, L1)-smoothness
condition, but the rate of convergence is a higher-order polynomial in terms of
problem parameters like the smoothness constants. The complexity guaranteed by
such algorithms to find an e-stationary point may be significantly larger than the
optimal complexity of © (AL026’4) achieved by SGD in the L-smooth setting,
where A is the initial optimality gap, o2 is the variance of stochastic gradient.
However, it is currently not known whether these higher-order dependencies can
be tightened. To answer this question, we investigate complexity lower bounds
for several adaptive optimization algorithms in the (Lg, L )-smooth setting, with
a focus on the dependence in terms of problem parameters A, Lg, L. We pro-
vide complexity bounds for three variations of AdaGrad, which show at least a
quadratic dependence on problem parameters A, Ly, L. Notably, we show that the
decorrelated variant of AdaGrad-Norm requires at least €2 (AQL%J%"‘) stochastic
gradient queries to find an e-stationary point. We also provide a lower bound for
SGD with a broad class of adaptive stepsizes. Our results show that, for certain
adaptive algorithms, the (Lo, L1)-smooth setting is fundamentally more difficult
than the standard smooth setting, in terms of the initial optimality gap and the
smoothness constants.

1 INTRODUCTION

The best performing optimization algorithms for modern deep learning are gradient-based optimizers
with adaptive step sizes. For today’s large-scale deep learning tasks, such as training Large Language
Models (LLMs), classical non-adaptive optimizers like SGD perform significantly worse than their
adaptive counterparts, such as Adam (Kingma & Ba),2014) and AdamW (Loshchilov & Hutter, 2018]).
However, it remains open to theoretically characterize the efficiency of adaptive gradient algorithms
for non-convex optimization.

An increasingly popular framework for describing optimization in deep learning is (Lo, L1)-
smoothness, also known as relaxed smoothness (Zhang et al.,[2020b). The conventional smoothness
condition asserts that the norm of the objective’s Hessian is upper bounded by a constant, while
the weaker relaxed smoothness enforces only that the Hessian norm is upper bounded by an affine
function of the gradient norm (see Assumption [I)). Empirical evidence suggests that this condition
may characterize neural network training (for certain architectures) more accurately than conventional
smoothness (Zhang et al.,2020b; |Crawshaw et al., 2022).

Several recent works analyze the efficiency of adaptive algorithms for non-convex optimization,
particularly AdaGrad-Norm (Li & Orabona, [2019;|Ward et al.;, 2020; Wang et al., 2023} |Attia & Koren)
2023; [Faw et al.,|2023)) and AdaGrad (Wang et al.,[2023)). Indeed, adaptive algorithms are suited
for relaxed smoothness, since the local curvature of a relaxed smooth objective can be determined
from gradient information, and adaptive algorithms adjust their step size based on gradients. Existing
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Table 1: Iteration complexity to find an e-stationary point in non-convex stochastic optimization. A
is the initial optimality gap, L and (Lg, L1) are the smoothness constants for the smooth and relaxed
smooth cases, respectively. o and (o1, 02) are constants bounding the stochastic gradient noise,
depending on the stochastic assumption. See Assumptions|[I]and [2)for the full definitions. +y is the
stabilization constant of AdaGrad. * denotes a high-probability guarantee with failure probability 6.
1,72, Y3 are defined and discussed in Section@

Complexity Stochasticity
L-smooth
SGD (Ghadimi & Lan,|[2013) 0 (M + é) (Bounded-Var)
Dec(iﬁiagfaﬁgsg?gigom @ ((Afj’z + %) <1 + AL;;"2> + W) (Subgaussian)
<v3§f§§?§f§3§s) O ((ar+22girel) (g + ;’—2)> (Affine-Var)
(i i Roren] BOT3) O [ ALiletiie | AL(H”;]M‘/WM%(W?)) * (Affine-Noise)
o(suget  santpar)

(Lo, L1 )-smooth

SGD (Li et al.; [2024) O ({4t 4 (Al | BVl y (M)l ) (Bounded-Var)
Zh(z}l ;?g?ﬁggggﬁa) O (%) (Bounded-Noise)
Ko%:l?;f/zte?gf?iz%gﬂ) (@] (%‘”4 +5 (%Z + 1) (Lo + vLoLie+ Lle)) (Bounded-Var)

\Qﬂzirtaﬁjl(\lzoégg) o ((AzL%(l Y od)+ AL+ (A4L‘1‘+A;L§)ﬂ§‘+df) (;24 + %))* (Affine-Var)
Bt i e s (88 | bty 52) BoundetsNoie
Deco(r'rrcﬂzzg n?ﬁ)tGrad a (Aigio? Aigiuz ) (Bounded-Noise)
AdaGrad (Theorem | Q (% + %ﬁ) (Bounded-Noise)
Single-(sr}elf;;kr:i\gﬁe SGD a (Ale,go'f i (ALI)Z*‘ri;jilazz+’v3*'n ) (Affine-Noise)

works demonstrate that AdaGrad can find an e-stationary point with iteration complexity that scales
as e~ 4 in terms of €, which matches the complexity of SGD in the stochastic, non-convex setting.
However, these guarantees also show that the complexity of AdaGrad (and some variants) is upper
bounded by a higher-order polynomial (i.e., at least quadratic) in terms of problem parameters such
as A (initial optimality gap), o2 (variance of stochastic gradient), and the smoothness constants. See
Table[T]for a summary of these guarantees. This suggests the following question:

Can AdaGrad-type algorithms converge under relaxed smoothness without a higher-order
polynomial complexity in terms of problem parameters?

In this paper, we answer this question negatively for several variants of the AdaGrad algorithm
by providing complexity lower bounds that scale quadratically in terms of the problem parameters
A, Lg, Ly. Our results are summarized in Tablem This shows that, in the non-convex, stochastic,
relaxed smooth settings, the variants of AdaGrad considered here cannot recover the ALyo?e ™4
complexity from the Lj-smooth case; in this sense, these algorithms suffer a fundamental difficulty
in the relaxed smooth setting. In comparison, SGD with gradient clipping does achieve the classical
complexity of ALyo?e~* under the same setting as investigated in our lower bounds (Zhang et al.,
2020a), which shows the surprising consequence that SGD with gradient clipping outperforms
AdaGrad in this setting. Additionally, we give a lower bound for adaptive SGD with a broad class of
adaptive step sizes, in a setting where stochastic gradient noise scales linearly with the gradient norm.

We emphasize that the complexity’s dependence on problem parameters can be important for dis-
tinguishing the relative performance of optimization algorithms. A classic example is the case of
smooth, strongly convex functions, where both gradient descent and Nesterov’s Accelerated Gradient
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(NAG) exhibit linear convergence, but the iteration complexity of NAG is faster than GD by a factor
of \/k, where  is the condition number of the objective function (Nesterov, 2013).
Our contributions can be summarized as follows:

1. In Theorem | we provide a complexity lower bound of  (A?L352e~*) for Decorrelated
AdaGrad-Norm (which uses decorrelated step sizes and a shared learning rate for all
coordinates) under (Lg, L1)-smoothness and almost surely bounded gradient noise. The
proof uses a novel construction of a difficult objective for which Decorrelated AdaGrad-
Norm may diverge (depending on the choice of hyperparameter), combined with a high-
dimensional objective (adapted from Drori & Shamir|(2020)). This lower bound matches
the upper bound of AdaGrad-Norm in two out of three dominating terms, and only differs in
terms of o. See Section 4] for a comparison between these upper and lower bounds.

2. In Theorem [%L we lower bound the complexity of Decorrelated AdaGrad by
A2L202fy Where v is a hyperparameter. The proof uses a novel high-dimensional

objective for Wthh the algorithm diverges when 7 > Q(v/(L10)). Theorem I extends
this result for the original AdaGrad algorithm, achieving a lower bound of 2 (A2L2 *4).
While our lower bound for AdaGrad is weaker than for its decorrelated counterpart, this
complexity is still larger than the optimal smooth rate in regimes when A or the smoothness
constants are large compared to o.

3. In Theorem E], we consider the setting of (Lg, L1 )-smoothness and gradient noise bounded
by an affine function of the gradient norm. For SGD with a broad class of adaptive step
sizes, we show a lower bound that is nearly quadratic in the problem parameters A, L. This
is proven by showing that one of the following must hold: (1) adaptive SGD can be forced
into a biased random walk with a constant probability of divergence, or (2) the adaptive step
sizeis O (1/(AL?)) when optimizing a function with gradient magnitude equal to €, which
leads to slow convergence.

The remainder of the paper is structured as follows. We discuss related work in Section 2] then
give the formal problem statement in Section[3] We then present our complexity lower bounds for
Decorrelated AdaGrad-Norm (Section E]), Decorrelated AdaGrad and the original AdaGrad (Section
[3), and adaptive SGD (Section[6). We conclude with Section[7]

2 RELATED WORK

Relaxed Smoothness. Relaxed smoothness was introduced by Zhang et al.| (2020b)), who showed
that GD with normalization converges faster than GD under this condition. This inspired a line of
work focusing on efficient algorithms under this condition. Zhang et al.| (2020a) showed an improved
analysis of gradient clipping, and Jin et al.|(2021) considered a non-convex distributionally robust op-
timization satisfying this condition. Several recent works (Liu et al.,|2022} |(Crawshaw et al., 2023azb)
designed communication-efficient federated learning algorithms under relaxed smoothness. Li et al.
(2024) analyzed gradient-based methods without gradient clipping under generalized smoothness.
Crawshaw et al.|(2022)) studied a coordinate-wise version of relaxed smoothness, empirically showed
that transformers satisfy this condition, and designed a generalized signSGD algorithm with conver-
gence guarantees. (Chen et al.| (2023)) proposed a new notion of a-symmetric generalized smoothness
and analyzed a class of normalized GD algorithms. More recently, a few works have investigated
momentum and variance reduction techniques within the framework of individual relaxed smooth
conditions (Liu et al.l|2023) or on average relaxed smooth conditions (Reisizadeh et al.| 2023)).

Adaptive Gradient Methods. Adaptive gradient optimization algorithms automatically adjust the
step size for each coordinate based on gradient information, and have become very important in
machine learning. Examples include Adagrad (Duchi et al., [2011; McMahan & Streeter, [2010),
Adam (Kingma & Ba,[2014), RMSProp (Tieleman & Hinton, 2012)), and other variants (Loshchilov
& Huttetd, 2018 Shazeer & Stern, 2018)). Most theoretical analyses of adaptive optimization methods
are based on the assumptions of smoothness or convexity (Reddi et al., 2018 |Chen et al., [2018; |Guo
et all,2021). Recently, some works established convergence results for AdaGrad-Norm (Faw et al.,
2023; Wang et al.| 2023)) and Adam (Li et al.,|2023)) under the relaxed smoothness condition, and all
of the convergence rates in these works exhibit a higher order polynomial dependence on L.
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Lower Bounds. Lower bounds for first-order convex optimization are well studied (Nemirovskii
et all, 1983 [Nesterov, 12013} [Woodworth & Srebro, |2017; 2016). The lower bounds of nonconvex
smooth optimization were studied in the deterministic setting (Cartis et al.,|2010;|Carmon et al.| |2020;
2021)), finite-sum setting (Fang et al., 2018)) and stochastic setting (Drori & Shamir, 2020} |Arjevani
et all,|2023). For relaxed smooth problems, Zhang et al.|(2020b)) and |Crawshaw et al.| (2022)) derived
a lower bound for GD and showed that its complexity depends on the maximum magnitude of the
gradient in a sublevel set. [Faw et al.|(2023)) considered the lower bound for normalized SGD, clipped
SGD, and signSGD with momentum in the affine noise setting, and showed that these algorithms
cannot converge under certain parameter regimes. Crawshaw et al.|(2023b) showed a lower bound
for minibatch SGD with gradient clipping in the affine noise setting.

3 PROBLEM STATEMENT

3.1 OPTIMIZATION OBJECTIVES

We consider the problem of finding an approximate stationary point of a nonconvex, relaxed smooth
function with access to a stochastic gradient. Let A, Ly, L1,01,02,0 > 0. We will denote the
objective function as f : R? — R, the stochastic gradient as g : RY x = — R?, and the noise
distribution as D, which is a distribution over =. We then consider the set of problem instances
(f, g, D) satisfying the following conditions:

Assumption 1. (1) f is bounded from below and f(0) — inf, f(x) < A. (2) f is continuously
differentiable and (Lo, L1 )-smooth: For every @,y € R with ||z — y|| < 1/Ls:

IVf(z) = V)l < (Lo + L[|V f ()|l — y.
3) Ecunlg(x,8)] = Vf(x) for all x € R
Assumption 2. For all x € R%:

(Bounded-Noise) ||g(x,&) — V f(x)| < o almost surely over § ~ D.
(Affine-Noise) ||g(x,&) — Vf(z)|| < o1 + 02||V f()|| almost surely over & ~ D.
(Bounded-Var) E¢.p [[lg(x,&) — Vf(z)|?] <o

(Affine-Var) E¢p [[lg(x, &) — Vf()|]*] < oF + 03|V f()|

(Subgaussian) E¢.p [exp(||lg(z,&) — Vf(z)||*/0?)] < 1.

We will denote by Fys(A, Lo, L1, 0) the set of problems (f, g, D) satisfying Assumption |1 and
(Bounded-Noise), and by Fue(A, Lo, L1, 01, 02) those satisfying Assumptionand (Affine-Noise).

In this paper, we present new results under (Bounded-Noise) and (Affine-Noise), though we state the
other assumptions for discussion with related work. It is important to note that (Bounded-Noise) is
strictly stronger than (Bounded-Var). Therefore, the lower bounds that we prove for F,5 also hold
for the class of problems satisfying Assumption [I]and (Bounded-Var). This is because any difficult
problem instance in the former class is also in the latter. An analogous statement for (Affine-Noise)
and (Affine-Var) holds by the same reasoning. Our primary focus for stochasticity in this work is
(Bounded-Noise), since this is the standard assumption used by early work on relaxed smoothness
(Zhang et al.| 2020bjal).

3.2 OPTIMIZATION ALGORITHMS

We will consider four optimization algorithms — Decorrelated AdaGrad-Norm, Decorrelated Ada-
Grad, AdaGrad, and single-step adaptive SGD — and their behavior for problems in F5 and Fyg.

Decorrelated AdaGrad-Norm We first consider a variant of AdaGrad that we refer to as Decorrelated

AdaGrad-Norm: 0
Tyl = Tt — 9t, ()

—1
Y2+ >0 llgill?
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where 1 > 0 is a step size coefficient, g; = g(x¢,&;), and {; ~ D is independent over ¢. Notice
that the denominator contains the sum of squared gradient norms, as opposed to the coordinate-wise
operations used in the original AdaGrad. This type of denominator is used in AdaGrad-Norm, whose
convergence was studied under various conditions in [Ward et al.| (2020); [Faw et al.| (2022); |Attia
& Koren (2023); 'Wang et al.| (2023); |Yang et al.| (2024). Further, the sum of squared gradients in
the denominator ranges from 7 = 0 to ¢ = ¢ — 1, meaning that it does not contain the most recent
stochastic gradient g;. This type of decorrelated step size was considered in|Li & Orabonal (2019),
which provided convergence guarantees in the smooth setting (see Table [T).

AdaGrad and Decorrelated AdaGrad Next, we consider two coordinate-wise variants of AdaGrad,
including the original AdaGrad and a variation with a decorrelated step size. The original AdaGrad
(Duchi et al., [2011])) is defined as follows:

Ui

thrl = Ty — —tgta
\/ v+ Zi:o 91'2

where the squaring g? is performed element-wise. Decorrelated AdaGrad (Li & Orabonal 2019) is
similarly defined as

(@)

Ui

Liy1 = Ly — —Hgm
\/ Y2+ g;

the only difference from AdaGrad being that the sum in the denominator does not contain the gradient
from the current step, so the step size at step ¢ is independent of the stochastic gradient noise at step .

3

Single-Step Adaptive SGD Last, we consider a class of algorithms that implement stochastic gradient
descent with an adaptive step size, but whose step size function only depends on the current gradient.
For o : R? — R, single-step adaptive SGD is defined as:

LTiy1 = Tt — a(gt)gta 4

where again g; = g(x¢,&;) and &; ~ D is independent over ¢. At each step ¢, the update x;11 — ¢
is determined completely by the stochastic gradient sampled at step ¢, hence the name “single-step".
However, the step size in the direction g; is computed as an arbitrary function « of the stochastic
gradient. This class of algorithms includes SGD with constant step size, SGD with gradient clipping,
and normalized SGD; it does not include Adam or AdaGrad.

3.3 COMPLEXITY

Given a problem (f,g,D) and ¢ > 0, the goal of an optimization algorithm A is to find an e-
approximate stationary point of f, that is, a point € R such that |V f(z)| < e. We want to
characterize the number of gradient calls required by an algorithm to find such a point. Since an
algorithm can only gain information about the objective f through stochastic gradients, it cannot
necessarily guarantee to find an e-stationary point, but it may find one in expectation or with high
probability. Denote by {x;} the sequence of points at which the stochastic gradient is queried by A
when given (f, g, D) as input. We then define the worst-case complexity of A on problem class F as

T(A,F,e) = sup min{t >1 ‘ min E ||V f(zs)||] < e}.
(f,9.D)EF s<t

To summarize, the worst-case complexity 7 (A, F, €) measures the number of gradient calls required
by A to find an e-approximate stationary point in expectation, for any problem in F. We also consider
the worst-case complexity for finding an e-stationary point with high probability:

T(A,F,e,0)= sup min {t >1 ‘ Pr (minHVf(:cs)H < e) >1 —5}.
(f,g.,D)G}' s<t

Following [Arjevani et al.| (2023)), most of our results (Theorems [I} 2} 3) will provide in-expectation
lower bounds, that is, lower bounds for 7 (A4, F, €). Our last result (Theorem will provide lower
bounds for 7 (A, F, ¢, ) for any given d, i.e., high-probability lower bounds. Throughout the paper,
O(+),Q(-) and O(-) omit universal constants, and O(-), £2(-), and ©(-) omit universal constants and
factors logarithmic in terms of problem parameters A, Lo, L1, 01, 02, 0, and target gradient norm e.
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4 DECORRELATED ADAGRAD-NORM

Our first result gives a lower bound for Decorrelated AdaGrad-Norm, which shows that the complexity
has a quadratic dependence in terms of problem parameters A, L.

Theorem 1. Denote F = F,(A, Lo, L1,0), and let algorithm Apay denote Decorrelated
AdaGrad-Norm (Equation |1) with parameters 1 > 0 and 0 < v < O(ALy). Let 0 < € <
O (mln {\/ ALg, /ALy 7AL1}) . IfAL% > Lo, then

A%L202  ALgo?log(1+0%/4%) A2L2
;T 1 T :

T<ADAN1]:7 6) Z Q (

€ € €

The proof is given in Appendix [A] Before giving a sketch of the proof, we make a few observations
about the result. (1) The lower bound contains the term ALgo2e~4, which is the optimal complexity
for a first-order algorithm in the Ly-smooth, non-convex, stochastic setting (Arjevani et al.,|2023]).
This means that Decorrelated AdaGrad-Norm requires at least as many iterations to solve the current
problem as any first order algorithm requires to solve the smooth counterpart. (2) The dominating term
is quadratic in A, L. Therefore, under relaxed smoothness, Decorrelated AdaGrad-Norm cannot
recover the optimal complexity of the smooth case, as one might hope. (3) In the deterministic
case (i.e., o = 0), the complexity is A?L%e~2, which is still quadratic in the problem parameters
A, Ly and does not match the complexity achieved by deterministic GD in the Ly-smooth case, i.e.,
ALye 2. (4) This lower bound for Decorrelated AdaGrad-Norm matches the upper bound of
AdaGrad-Norm in two out of three dominating terms. The dominating terms of the upper bound
of AdaGrad-Norm from [Wang et al.| (2023) (see Table 1) are

. (A2L§a2 L ALg? | o )

(@) 5)

A T 12e

The first two terms of this upper bound match our lower bound up to log terms. Note that this
result (Theorem 8 from [Wang et al.|(2023))) uses (Bounded-Var), whereas we use (Bounded-Noise).
However, their upper bound still applies for the stronger (Bounded-Noise) and our lower bound still
applies for the weaker (Bounded-Var). The gap between our lower bound and this upper bound is the
third term (due to the noise o), which means that either (a) the upper bound can be decreased; (b) the
lower bound can be increased; (¢) Decorrelated AdaGrad-Norm differs from AdaGrad-Norm in its
dependence on the noise o; or (d) the gap is caused by the difference in noise assumptions.

Lastly, the condition AL% > L for Theoremmensures that (Lo, L1 )-smoothness does not degenerate
to L-smoothness. Indeed, Lemma 3.5 of |Li et al|(2024) implies that ||V f(z)|| < O(AL,) for every
x with f(xz) < f(0), so [V2f(x)|| < Lo + L1||[Vf(x)|| < O (Lo + AL}). Therefore, if the
condition AL? > Ly fails, then any objective f which is (Lg, L1 )-smooth is also ©(Lg)-smooth in a
sublevel set containing the initial point. We also require an upper bound on the stabilization constant:
v < @(ALl), which covers all practical regimes in which v is chosen as a small constant. In
Appendix [E| we show that this condition can be removed in the deterministic setting while recovering
the complexity lower-bound Q(A2L2e~2).

4.1 PROOF OUTLINE

The proof of Theorem follows two cases, depending on the choice of the parameter . If n > 1/L,
then the algorithm can diverge on a fast growing function. On the other hand, if n < 1/L4, then
the algorithm converges slowly on a function with small gradient. This proof structure is similar to
previous lower bounds under relaxed smoothness (Zhang et al., [2020b; |(Crawshaw et al.| 2022), but
our result requires significantly different constructions due to the structure of AdaGrad updates, and
since previous bounds only achieve ¢ ~2 dependence, whereas we show ¢ ~* dependence.

Divergence when ) > 1/L; We want the update size ||x;11 — ;|| to be lower bounded by a constant,
but the step size decreases over ¢ due to the sum of squared gradients in the denominator. Intuitively,
this means that the gradient magnitude ||g; || should increase with ¢ to offset the decreasing step size.
However, faster growth of ||g;|| causes faster decrease in the effective step size. We can balance these
two effects and force the trajectory to diverge with a properly constructed objective function and a
sequence of gradients satisfying ||g:|| = © ((tlogt)"), which is executed in Lemma[l}
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w(m)<A
’ X X X X X.
w(m)=AL, m 0 1 2 3 4
(a) Graph of ¥(z) = % (exp(L1|z|) — Li|z| — 1). (b) Trajectory from Lemma
1

Figure 1: Objectives from Lemma m = (Y)Y AL) = L% log (1 + ALLU%).

Lemma 1. Suppose that AL? > Lo, n > L%, and v < O(nAL?). Then there exists a problem
instance (f,g,D) € Fas(A, Lo, L1,0) such that |V f(x:)|| > ALy forallt > 0.

The trajectory of the algorithm analyzed in LemmalT]is informally pictured in Figure[Ib} The objective
function is a piecewise combination of copies of the function ¢ (z) = é—% (exp(Lq|z|) — L1|z| = 1),
which is shown in Figure[la] t is constructed to satisfy |¢)” ()| = Lo + L1 [t/ (2)] for all z, so it
grows as quickly as possible under (Lg, L1)-smoothness. As shown in Figure at each step the
algorithm receives a gradient g; and “jumps" over a valley to reach a new point with gradient g; ;.
In order to achieve this jump, we need the sequence of gradients to satisfy

nlg¢| S ilog <1+ L1|9t+1|)
eyl I Lo

This recurrent inequality is tricky since the magnitude of each |g;| is constrained not just by the
history {|g;|}i<¢, but also by the future g;11. We show that this requirement is satisfied if g, =

O (((t + 1) log(1 + ALILy*(t + 1)))t ALl), and that this sequence of gradients can be realized
by an objective function in Fys(A, Lo, L1, 0).

Slow convergence when < 1/L; In this case, previous lower bounds (Zhang et al., 2020b;
Crawshaw et al., |2022) consider a one-dimensional function with deterministic gradients to show a
complexity of (AZL%S_Z). To achieve e ~* dependence, we consider a high-dimensional function
with stochastic gradients (adapted from Dror1 & Shamir (2020)), for which the first partial derivative
V1 f has magnitude ¢, and the stochastic gradient noise affects coordinates with index greater than 1.
Since the same learning rate is shared by all coordinates, the noise in later coordinates will decrease
the learning rate for the first coordinate. Combining with 7 < 1/L; leads to the desired complexity.

Lemma 2. Let T = © (AZL%UQE_‘l + ALgo%e 4 + AZL%G_Q), and suppose d > T and € <

O (min {/ALg,VAL17}). Ifn < L% then there exists some (f,9,D) € Fas(A, Lo, L1, 0) such
that ||V f(x;)|| = eforall 0 <t <T — 1.

See Appendix [A]for details on the objective function, stochastic gradient oracle, and analysis of the
trajectory. The theorem is then proved by combining Lemmas [[]and 2} No matter the choice of the
parameter 7, the algorithm will not find an e-stationary point within the first 7" steps.

5 ADAGRAD AND DECORRELATED ADAGRAD

Here we present lower bounds for Decorrelated AdaGrad (Theorem [2) and the original AdaGrad
(Theorem [3). Both lower bounds are quadratic in A, Ly, but our result for Decorrelated AdaGrad has
a stronger dependence on ¢ than that of AdaGrad. This discrepancy is further discussed below.
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Theorem 2. Denote F = Fu(A, Lo, L1, 0), and let Apy denote Decorrelated AdaGrad ( Equation
with parameters 1,7~y > 0. Suppose 0 < ¢ < O (min {ALl, \/ALla}). Then

A2[20? A2[20?
72¢l ~2¢2 log2 (1 n AL%)

T(ADA,]:, 6) Z Q

Lo

Theorem 3. Denote F = Fu(A, Lo, L1,0), and let Ay, denote AdaGrad (Equation (3) with
parameters 1,y > 0. Suppose 0 < € < O (min {ALl, \/ALlcr}). If v < o, then

T(Aadaa]:7 6) Z Q

A%L3 AN
+ 2
et €2 log? (1 + ALLOI )

The proofs of both theorems above are given in Appendix [B] The results above exhibit several
important properties. (1) As in Theorem 1| the dominating term A2 L25%y~2¢~% of the lower bound
in Theorem [2is greater than the optimal complexity ALgo?e~* of the smooth case (up to the choice
of -, which is usually a small constant). In fact, the dominating term is quadratic in A and Ly, so the
complexity of Decorrelated AdaGrad in this setting is fundamentally larger than the optimal
complexity of the smooth counterpart. Unlike Theorem[I] L; does not appear in the dominating
term of this bound. (2) Compared to Decorrelated AdaGrad, our bound for AdaGrad loses a factor
of 02 /+2. This arises in our construction from the fact that, at step ¢, any noise present in g; will
also appear in the denominator of the update, so that the update size of AdaGrad is not as sensitive
to noise as the decorrelated counterpart. Still, in regimes where A, L are large compared to o, our
complexity lower bound of Q(A2L2e~*) is larger than the optimal complexity of the smooth case.
This shows that AdaGrad cannot recover the optimal complexity of the smooth case in all relaxed
smooth regimes. (3) The lower bound of Theorem |2| diverges to oo when the v goes to 0, which
confirms the conventional wisdom that a non-zero stabilization constant is necessary in practice.

5.1 PROOF OUTLINE

The structure of the proof is similar to Theorem E] (outlined in Section @, but we can achieve di-
vergence for Decorrelated AdaGrad under the weaker condition > O (min {v/(L10),ve/(Loo)})
using a novel high-dimensional construction that takes advantage of the coordinate-wise learning
rates of Decorrelated AdaGrad by injecting noise into one coordinate per timestep. When 7 is smaller
than this threshold, convergence is slow for a one-dimensional, linear function with slope €.

Divergence when n > © (min {vy/(L10),ve/(Loo)}) For any d > 1, we consider the objec-

tive function f(x) = Zle ¥({x,e;)), where ¢ is as defined in Section Letting m =

(") "L(e) = %1 log (1+ LL—IOC> , consider the initialization ¢y = me;, which by construction satisfies

IV f(x0)|| = €. For the initialization, all of the coordinates besides the first one are already at their
optimal values, and the partial gradient for these coordinates is zero; the stochastic gradient injects
noise into the second coordinate, so that go = V f(x¢) £ ces = ee; & oey. Based on the magnitude
of ), this guarantees |(x1, e2)| > m, and consequently |V f(x1)| > |¢'((x1,e2))| > ¢'(m) = e
Intuitively, the size of 1) causes the second coordinate to "jump" from the minimum at 0 to another
point whose partial derivative is larger than e. This process continues with ¢: at each step ¢, the
stochastic gradient noise affects the coordinate indexed (¢ + 2), so that this coordinate of the iterate
jumps from 0 to a point with magnitude at least /. This guarantees that the algorithm does not reach
a stationary point for d steps, and d can be arbitrarily large. An important detail of this process is
that the coordinate-wise learning rates ensure that the length of each “jump" (i.e., the per-coordinate
update size) does not decrease with ¢. This argument is made formal in the following lemma.

Lemma 3. Let 0 < e < O(ALy). Ifn > Q (ﬁ log (1 + LL—IOE)), then for any T > 1, there exists
some f € F such that Decorrelated AdaGrad satisfies ||V f ()| > € forall 0 <t <T — 1.

Similarly, ifn > Q (L% log (1 + %:)) and v < o, then for any T > 1 there exists some f € F
such that AdaGrad satisfies |V f(x4)|| > eforall 0 <t <T — 1.
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Notice that the 7 requirement for AdaGrad in Lemma 3]is stronger than that of Decorrelated AdaGrad.
As previously mentioned, this happens because the size of AdaGrad’s update is less sensitive to
stochastic gradient noise than Decorrelated AdaGrad.

Slow convergence when 1 < © (min {y/(L10),ve/(Loo)}) In this case, the desired complexity
follows by analyzing the trajectory of each algorithm on a one-dimensional, linear function with
slope equal to ¢, similarly to existing lower bounds (Zhang et al.,|2020bj |(Crawshaw et al.| [2022).

Lemmad4. Let0 < e < O (min {ALl, \/ALla}). Ifn < % log (1 + LL—IOE), then there exists
some (f,q,D) € Fus(A, Lo, L1, 0) such that Decorrelated AdaGrad satisfies ||V f(x,)|| > € for all

t <O (A% Loy 2 + A2Lio?y~2e72).

Similarly, if n < O (L% log <1 + LL—loe)), then there exists some (f, g, D) € Fus(A, Lo, L1, 0) such
that AdaGrad satisfies ||V f ()| > € forallt < O (A?Lie™* + A?Lie2).

Theorems 2] and [3| can then be proven by combining Lemmas [3]and ]

6 SINGLE-STEP ADAPTIVE SGD

In this section, we consider single-step adaptive SGD (Equation ). Our lower bound shows that,
due to relaxed smoothness and affine noise, any algorithm of this type will incur a higher-order
dependence on A, L. The results below are stated in terms of constants y; and a function ¢, which
are defined in terms of § and o5 (see Appendix for the definitions). In the discussion following
the theorem statement, we specify the limiting behavior of these constants in terms of o5, J.

Theorem 4. Denote G = (:)(ALl) and suppose G > o1. Let 0 < € < min {0’1, G G- 7vAL°} .

57 0'271 ) \/5
Let algorithm Ajjng, denote single-step adaptive SGD (Equation El) with any step size function
a : R? — R for a sufficiently large d, and let F = Fo(A, Lo, L1, 01, 09). If 09 > 3, then

= [ ALgo{ AL )2 72— g2t
T(Asingleyf7€,5) >0 ( 201 4 ( 1) 01 ) .
€

62*71

Otherwise, if 1 < o9 < 3, then

~ { ALqo? AL, )27 Y5+76 — V4
T(A~"ingle7‘7:’€’6) >Q ( 01 + ( 1) ((72 — 1)2 ( 7 > ) .

et €2=a oo —1

The proof is given in Appendix [C| Below, we specify the error terms ~; in two regimes of o.

Large o For 0o > 3, the error terms vy, v, v3 satisfy: y1,7v3 = O (log (1 + ¢(2/3,6))) and
72 = O (05"), where {(p, §) is defined in Equation Lemmashows that lims_, ¢(p, ) = 0
forall p € (0,1), so when 6 — 0, the lower bound approaches

AL00'2 AQL% ( g1 )@(1/02)
¢ elog (14 5H) \AL

In this limiting case, the complexity has a nearly quadratic dependence on A, L1, but only in the

non-dominating term. Still, we emphasize the generality of our result, which applies for any adaptive

SGD algorithm whose learning rate only depends on the current gradient, and shows that adaptivity
based on the current gradient alone will incur higher-order dependencies on A, L;.

Q

Small o Existing lower bounds that utilize similar constructions of a biased random walk under
affine noise (Faw et al.l 2023} |Crawshaw et al., 2023b) require that o5 be bounded away from 1. Our
Theorem [ covers the case that 0o — 1, albeit with a lower bound that approaches 0 when o5 — 1.
The error terms 74,75, V6 depend only on d, 09 and satisfy: lims_,ovy4 = 0, lim,,1 75 =
1, lim,,—17v =0, lims_p7s = 0. Note that v5 does not depend on 9, and 5 < 1. Therefore,
letting 6 — 0 yields a lower bound of

AL(]UQ + AL10'1(O'2 — ].) (AL](UQ - 1))1“/5
o €2 log (1 + Afg?)

Q0

01
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Since 1 — 5 — 0 as o9 — 1, the second term in the lower bound goes to 0 when o5 — 1. This
shows that our construction relies on o2 bounded away from 1, and raises the question whether a
single-step adaptive SGD algorithm can converge without a quadratic dependence on A, L in the
regime o < 1.

6.1 PROOF OUTLINE

The full proof of Theorem 4] can be found in Appendix [C} and we provide a sketch of the main ideas
here. The proof of Theorem [ has three main steps:

Step 1 If the step size function « does not satisfy 0 < a(g) < O (1/(L1||gl|)) for every g with
llgll € [e, 01 + (02 + 1)AL;], then Agingie Will diverge for some exponential fe.p, proven in Lemma
[ The difficult objective is constructed similarly as in Lemmal ] pictured in Figure[Tb}]

Step 2 If there exist g1, g> € R? such that g = cg; for some ¢ < 0, and ||g1]| < O(||g2|), but
a(g1)]lg1]l = Qa(gz)|lg2]) (.., a “tricky pair", see Definition [1]in Appendix [C.1)), then there is
some (f, g, D) € F for which Ajingle Will diverge. The construction is based on the idea that g; and
g- are stochastic gradients at a given point, where g» points towards the minimum and g; points
away from the minimum, but (g ) is close enough to a(gs) that Agngie has nearly equal expected
movement in each direction. In this case, the sequence {x; } follows a biased random walk that will
diverge with probability at least 6. This argument is made formal in Lemma [I0}

Step 3 If neither of the above cases hold, then a(g) < O (1/(L1]|g]|)) and there do not exist any
tricky pairs. The non-existence of tricky pairs means that «(g)||g|| grows sufficiently fast in terms
of ||g|| when ||g|| € [, 01 + (02 + 1)AL]. In order for a to respect a(g) < O (1/(L1]|g]|)) while
also growing quickly, it must be that «(g) is small whenever ||g|| is small. Lemma [ 1] formalizes
this idea to show an upper bound for a(g) whenever | g|| = €. The final bound follows by analyzing
the trajectory of Agingle for a piecewise linear objective with gradient g satisfying ||g|| = ¢, since the
convergence rate is inversely proportional to «(g). (Lemma

7 DISCUSSION AND CONCLUSION

It has been stated in the optimization literature (Woodworth et al., [2018;[2021) that a complexity
lower bound should not be interpreted as an unquestionable limit of performance, but rather as a tool
to examine the assumptions that led to the bound and explore alternatives. In this spirit, we consider
the implications of our choice of problem formulation.

First, the optimization problem investigated in this paper (i.e., problem instances satisfying Assump-
tions [T and [Z) may not be a sufficient theoretical framework to explain the behavior of adaptive
optimization algorithms in deep learning. A complete explanation of this type may require addi-
tional assumptions about the structure of the objective functions, such as enforcing a neural network
architecture or a particular data distribution.

Also, the negative results presented in this paper may be bypassed by algorithms other than those we
have considered. In particular, it is possible that higher-order polynomial dependence on problem
parameters can be avoided by more practical algorithms such as Adam and AdamW. Presently, it is
unknown whether these algorithms can recover the optimal complexity of the smooth case (as does
SGD with clipping), or if they behave more like the AdaGrad variants considered in this paper.

Limitations The most important limitation of our work is that our strongest lower bounds (Theorem
[1] 2) are obtained for decorrelated variants of AdaGrad, which are not commonly used in practice.
We view these decorrelated methods as a starting point for lower bounds of adaptive algorithms
under relaxed smoothness, similarly to early work L1 & Orabonal (2019) showing upper bounds for
decorrelated versions of adaptive algorithms. Also, our result for the original AdaGrad (Theorem [3)
is weaker in terms of the dependence on o. It remains open whether this result can be improved, and
whether there is a fundamental difference in the complexity of AdaGrad compared to the decorrelated
variants. Further, even if the same complexity can be achieved by the original AdaGrad, the existing
upper bounds do not exactly match our lower bounds. Therefore, it remains to exactly characterize
the complexity of AdaGrad (and its variants) by providing matching upper and lower bounds.

10
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A PROOF OF THEOREM [I]

Lemma 5 (Restatement of Lemma . Suppose that AL% > Lo, andn > L%, and

Y < nAL?
" 8log (1 +48

AL?
Lo

: (6)
)

Then there exists a problem instance (f, g, D) € Fus(A, Lo, L1,0) such that ||V f(x;)|| > AL for
allt > 0.

Proof. The difficult function f will be piecewise linear and exponential, and constructed in such
a way that the gradients V f(x;) increase at a rate of & t*. The rapid growth rate of the gradients
ensures, even with the update normalization, that the update size ||z;41 — ;|| increases at every step.

Recall the function ¢ : R — R defined as

L
b(a) = 73 (exp(Lalal) - Lifz| - 1),
1

with

(z) = sign<x>§—f (exp(Lfa]) — 1).

It is straightforward to verify that 1) bounded from below by 0, continuously differentiable, and
(Lo, Ly)-smooth.

The difficult function f will be constructed in terms of the following:

2 t
g = <576(t +1)log <1 + AL (t+ 1))) AL,

Lo
1 Ligs
= —1 1
"I Og( - Lo )

ngt
2 t=1 2
ve+ 21':0 g;

t—1
d = L.
=0

For each t > 0, define ¢; : R — R as:

b =

1/1(1 - mt) T S me + my41
de(x) = < ge(x —my —myppr) + Y(Mmygr) x € (my +meg1, by — 2myqq) -
—tp(@ — b +mppr) + 20 (megr) + 9e(be — 3mypr —my) T > 0 — 2my

These functions are constructed to satisfy ¢;(0) = ¢'(—m:) = —g¢ and ¢} (€:) = ' (—meg1) =
—gt+1. To see that this definition makes sense, we should show that ¢; — 2my1 > my + myy1, SO
that the boundary of the first piece is smaller than the boundary of the third piece. This is equivalent
to: ¢y > my + 3my41. Using AL% > Ly, the sequence g; is increasing, and consequently so is m;.
Therefore it suffices to prove

4 > dmyqq

4 L
ngt > 2 log (1 I 1gt+1> ’ )

S, 1 L
Vi Yises 0

We will prove Equation [/|separately for the casest = O and ¢ > 1.
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Case 1 t = 0. In this case, the desired condition is

mo 5 A, (1+L191>.
v T Ia Lo

The RHS of the above inequality can be bounded as

Iilog(Hszl):u <1+§0(115210g< )) )

Lil log (1 + 1152ALL1 log (1 +2 Lf))

2 o (12001 () )
ALy

(Z) i1og; <1+48 %)
- Ly Lo
(437) ALl"]

’y )

where (7) uses logz < 1+ x forall x > 0, (44) uses log(1 + z™) < log((1 + z)") < nlog(l + z)
for all z > 0, and (iii) uses the assumed condition on ~ (Equation[6). This concludes the first case.

Case 2 ¢ > 1. We first simplify the denominator 1/~2 + ZZ —o 92. First, the assumed condition on
v (Equation@) implies that v < nAL? = nL1go, so

t—1 t—1 t—1
VY gl <n'Lig +Zg, <(U+7LY)Y g7 <2’LYY g7
i=0 =0 i=1
Also,
t—2
ZQ? < (t—1)g7 s
i=0
ALQ 2(t—2)
=(t-1) (576(t —1)log <1 + = (t - 1))> A?L2
0
ALQ 2(t—-2)
<(t—1) (576tlog (1 + 3 1t>) A?L?
0
() AL2 2(t—1)
< (576t10g (1 + 1t>> A%L2
Lo
=gi 1
Therefore v2 + ZZ o 92 < 4n?L3g? . So the LHS of Equationcan be bounded as
N9t gt

t—1 2L _
72_’_210%2 19t—1

(576(t +1)log ( (1 + 1)))t AL,
2L, (576t log< 1t))t_1 AL,
t—1
2 576(t + 1) log (t+ 1)
_ 2B HD) (1 LA 1)> ( )
Ly Lo 5761 log< 1t)

288( + 1) AL?

> 2 s (14 e ). ®
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The RHS of Equation [7]can be bounded as
4 Ligin 4 AL? AL? i
—log (1 =—1 t+2)log (1 t+42
o (14 710 L10g< L (5760(c -+ 2)log (14 L1 +2)
® 4t +1) AL\ AL?
(L; <1+576<L1> (t+2)10g<1 Ll(t+2))

(“) 4 " 1 1+1/(t+1)
+ log (1 + 576 (t+2)?

() 4(t +1) AL?
+ log (1 + 576 1) (t+ 2)2>

(“’) 8(t+1) AL?
+ 1og 1+24 (t—l—2)>
AL?
t+1
LO ( + ))ﬂ

I Lo
<v> 8(t +1) (
where (7) uses log(1 + 2™) < log((1 4 z)™) = nlog(1 + x) for x > 0, (i7) uses log(1 + z) < x
for all > 0, (i) uses ALT > Lo, (iv) again uses log(1 + z") < nlog(1 + z), and (v) uses
t+2 < 2(t+ 1) since t > 1. Further,

L
4 L (i) 1 AL?
log (14 2L < 8(t+1) log ( 14+ —2(t+1) ) + log(37)
L1 Ll LO

2
:8(tL+1)1 g<1+AL

: Lt +1)> +8log(37)(t + 1)

(“) 8(1 +1og(37))(t + 1)
I log (

Lj (t+ 1))

288(t+ 1) 2

<——Flog |1+ — AL

- Ly Lo
where (i) uses log(1 + ab) < log((1 4 a)(1 + b)) <log(1l + a) + log(1 + b) for all a, b > 0, and
(i) uses AL? > Lo and t > 1. Combining Equation [8|and Equation ﬁproves Equation

Lt + 1)) ©)

This proves that the definition of ¢, makes sense for all ¢. We can finally define the difficult objective
f as follows:
j(@)-1

f( ) QSJ z) j(ac Z qbz

where
oy [max{t>0|d; <z} x>0
i) = {0 <0’
With this definition, f is essentially a piece-wise function, where each piece is an interval [d;, ;1]

whose function value is a translation of ¢. f is informally pictured in Figure[Ib]of the main text.
Notice that f is continuous and differentiable within each piece. At the boundary of each piece,

lim f(z)= lim ¢ (x—dy) +Z¢z

z—d, z—=d i—0
t—1 t—1 t
= Ge(drer — di) + Y dills) = ¢e(e) + ) illi) = Y dilla),
=0 =0 =0

t t

im  f2) = lim dppr(r—dis) + > Gilli) = dep1(0) + Y dills) = > (L)
=0

x—>dt+1 Jc—>dt+1 i—0 i—0
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Also
lim f'(z) = lm ¢y(z —di) = ¢y (dey1 — di) = ¢(bs) = —gena
a:~>dt_+1 $~>dt_+1
lim f'(z) = lm ¢, (@ —diy1) = ¢ 1(0) = —gipa.
x%d:;l x%d:;l

Therefore f is differentiable everywhere. Also,

t>0 | z€[0,4; T t>02€[0,64]

t—1
ir;f f(z) = inf { inf ](bt(x) + Z(bi(ﬁi)} > inf inf ¢(x) =0.
i=0

The initial point ¢ = 0 satisfies

L L
(o) = d0(0) = p{=mo) = 2 — 73 log (1 + Lli@) <_n

Therefore f(xo) — inf, f(x) < A. Since each ¢; is (Lg, L1 )-smooth, so is f.

We will use a stochastic gradient g, D for this function which is always equal to the true gradient, so
that the noise conditions are trivially satisfied. Therefore (f, g, D) € Fus(A, Lo, L1,0).

Now, consider the trajectory when starting from the initial point zo = 0. We claim that z; = d; for
all ¢ > 0, which we will prove by induction. The base case ¢ = 0 holds by construction. So suppose
that z; = d; forall 0 < 4 < t. Then f'(z;) = f'(d;) = —g; for all i. So

nf'(z
Ti41 = Tt — }ftflt) == d; + LH =dy + 4l = diya.
V2 S0 () 72+ Y g2
This completes the induction.
Therefore, for all t > 0, we have | f/(z;)| = g: > go = ALj. O

The following lemma uses a difficult objective which is adapted from Theorem 2 of |Drori & Shamir
(2020).

Lemma 6 (Restatement of Lemma[2)). Let

A%L20%  ALgo?log(1+0%/4%)  A2L2
144€4 244 144¢€2°

T=1+

and suppose d > T and ¢ < min {%\/ALO, %\/ALW}. Ifn < L% then there exists some
(f,9,D) € Fus(A, Lo, L1, 0) such that |V f (x,)|| = € forall 0 <t <T — 1.

Proof. Letd > T, and define f : R? — R as:

T
f@) = e(@,e) + 3 hil(@ie)),
i=2
where
Fa? o] < %
M) = B -0+ Bt o€ (30
%a? |z > a;
a; = ;0
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To see that f is (Lo, L1)-smooth, notice that each h; is Lo-smooth. Therefore, for any @,y € R4,

IVf(x) = V@)= (Vif(@) - Vif(y +Z Vif(z) — Vif(y))®

d
Z h/ yl))

=2
d
<Y
=2
< L?|lz —y|*.

Therefore f is Lg-smooth, and consequently is also (Lg, L1)-smooth. We will also define the
following stochastic gradient for f:

F(z,§) =Vf(z) + (26 — 1)oeja),

where

(z) = T (x,e;) #O0foralliwith2 <i<d

= min {2<i<d]|(x,e) =0} otherwise
This oracle is defined so that the stochastic gradient noise at step ¢ only affects coordinate ¢ + 2 (this
will be shown later). Let D be the distribution of £, defined as P(§ = 0) = P({ = 1) = 1. With this
definition, the stochastic gradient F' satisfies

E[F(z,¢)] = Vf(z)
|F(z,&) — Vf(z)|| <o (almostsurely).

Therefore, all of the conditions for (f, F, D) € Fu(A, Lo, L1, o) are satisfied other than the condition

that f is bounded from below and f(x() — inf, f(x) < A. This condition will be addressed at the
end of this lemma’s proof.

Now consider the trajectory when optimizing f from the starting point xy = 0. We claim that, for
each 0 <t < T — 1, the iterate x; satisfies the following conditions:

t+1
(x1,01) = 762041 (10)
l(xs,e)| = a; forall2§j§t+1 (11)
(xt,ej) =0 forallj >t+1. (12)

We will prove this claim by induction. The base case ¢ = 0 holds since g = 0. So suppose that for
some 0 < ¢t < T — 2 the claim holds for all 0 < 7 < ¢. Then for each such 7,

Vif(zi) =e
’ (@ 5/ (1) .
Vif(xi) = h;((xi, e;) = hj(a;) 0 forall2<j<i+1
(44) (iv)
Vif(x:) = h;((zi,e5) = h3(0) =
where (i) uses Equation E] from the inductive hypothesis together with the fact that h/(a;) =
h’;(—a;) = 0, (i1) uses Equation (12| from the inductive hypothesis, and both (4ii) and (iv) use the

definition of h;. Therefore V f(x;) = ee;. Also, j(x) = ¢ + 2. From the definition of the stochastic
gradient oracle,

0 forallj >+ 1,

F(z;, &) = V(zi) + (26 — 1)oeja,)
=e€e1 + (2&5 — 1)0ei+2.

Therefore, the update from «; to &, only affects coordinates with index 1 and index ¢ 4 2. Further,
the above implies || F'(z;,&;)||* = €2 + o2. Therefore, the effective learning rate of the algorithm at
step t is

n

n
ne = = — : : -
\/72+Z§:é IF(zi, )2 V2 HHE+?)

= Qg42.

18
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We can then verify the inductive hypothesis for step ¢ + 1 by considering the coordinates of & 1:

(Tiq1,e1) = (xr — e F(24,&), €1)
= <wt7el> - nt<F(wta€t>7e1>
<93t791> — €EQ¢42

. t+1

2 —€ (Z th> — €42
=2

t42

—€ E Qg
i=1

where (%) uses Equation|10|from the inductive hypothesis, and this completes the inductive step for
Equation [T0} For Equation|IT] we separately consider j < ¢+ 1and j =t + 2. For j <t+1,

—

(@)
(i1, €5)| = [(@e, €5) — me(F (e, &), €5) = [(@e, €5) = aj,

where (i) uses Equation[L1] from the inductive hypothesis. For j = ¢ + 2:

|<wt+1, et+2>| = |<mt7et+2> - 77t<F(wt>§t),et+2>\ (Z:) N0 = Q4420 = At42,

where () uses Equation (12| from the inductive hypothesis. This completes the inductive step for
Equation [T} For Equation[I2] we consider j > ¢ + 1:

<$t+laej> = <$t;ej> - nt<F(wtaft)aej> =0,

where the last equality uses Equation [I2] This completes the inductive step for Equation[I2] and
consequently completes the induction. As a result, we have that V f(a;) = eforall0 <¢ < T — 1.

The only remaining detail is whether the objective f satisfies the condition f(x¢) — inf, f(x) < A.
Actually, f does not satisfy this condition because f is not even lower bounded, due to the linear term
e{x,ey). Similarly to Drori & Shamir (2020), we instead argue that there exists a lower bounded
function f that has the same first-order information as f at all of the points x; for0 < ¢ < T — 1. If
this happens, then the behavior of A when optimizing f is the same as that of A when optimizing f,
so the conclusion ||V f ()| = e still holds. Specifically, we need f which is lower bounded and that
satisfies:

Vi@) = Vi), flx)=f(z)
for all 0 < ¢t < T'. The existence of such an f follows immediately from Lemma 1 of |Drori & Shamir|
(2020), and this f satisfies

A 3e2
. — 3¢
inf f(x) > Oggr%l;l_lf(wt) oL,
so that
Fwo) — inf f(@) < 2 4 ~fa) (13)
) — inf f(x) < T ogﬁngaTX—l x).

Recall that f(xg) = 0. For all ¢ >, we can write each — f(x;) as:

T
—f(®:) = —e{mi,e1) — Zhi(@t,eﬁ)

. t+1 t+1 T
(ZZ)EQZai_Zhi(ai)_ Z hz(O)
=2 i=2 i=t+2
t+1 t+1
ii L
CeYa- P d
=2 i=2
t—1 1
1 Loo? 1
2 0 )
—f B ; 14
n; v? +i(e? +0?) T ;72+i(62+02) (14)

Sl SZ
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where (i) uses Equation[10] Equation[11] and Equation[12] and (i) uses the definition of /;. We can
bound S; as follows:

t—1 1 = 1
Sl - = -+
; VY2 +i(e+o02) ; v2 +i(e?2 + o2)
1! 1 (0 1 1 -1+ g
i w21, 1 i
v VP ra@ted) v 4o Vi
1
:; e2+a2( t—1(€2—|—02)—7>
1 +( 62—|—O'2 +
=t (VP - D@ o7 - )W )+
7 €2 + o2 VA2 +( € +02)+7
1 2 (t—1)(e? +0?) _l (t—l)
v e+o? \/72+(t—1)(62+02) T VR +E-D(E+0?2) +7y
= 20— 1) 1yl (15)
v (t—-1)(e2+02) \/ + 02
where (i) uses the substitution u = 7 + z(e* + 02). Similarly for Sa:
t—1 t
1 1
So= — > —————d
2 ;724-1'(624—02) _/0 v2 + z(e? + 02?) v
@) 1 vt +o?) 1 72 4+ t(e? + 0?)
= — —du = log
e +0? [ 2 u €2 + o2 2
1 t(e* 4+ o?) 1 to?
= m IOg (1 + 72 2 62 T 0_2 log 1 + ? s (16)

where (i) uses the substitution u = v2 + x(e? + 02). Plugging Equationand Equationinto
Equation [T4}

Loo21o (1—1—@)
1 2yi—1 00?log >
—f(fvt)<62(+ v )?7— )

v Ve 1 o2 4(e? 4 0?) n
2 o2
< e 1+2‘/ﬁ foo log(l-i—?) 2
<€ 5 E 1ol n 4(& + 02) n
We can decompose 1" = 1 + T + 15, where
T A?L30%  AZLZ _ ALgo?log(1 + % /42 )
VT4t T 14420 7 246

Then \/T—lz\/Tl —|—T2 < \/T1—|—\/T,SO

Voan 2 Loo?log (1 + "—2)
—f(:l:t) S 62 l + 2 Tl n+ 2¢ TQ n— ~2 772 . (17)
v Vere )T Vv T T a@ koY)

D1 D2
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We can bound D; and D5 separately:

D _<€2+ 262 T]_)
1 ~ 21 o2 n

(1) €2 2¢2/Ty

7 7t * LivVe? + o2

(@) A 2e2/Th

< Sy =YL

-6 I \/62+702

(i) A \/A2L202 A2[2
-5 x/gii;};i 144t 144€2
(i<v) A N 2¢? (ALla AL1>
T 6 LivVe 402\ 12¢2 12¢

B A Ao Ae

G 6\/€2+0'2 6\/€2+0'2
_ALA A A

-6 6 6 3’

where (7) uses the condition 7 < 1/Lq, (i¢) uses the condition € < f\/q/ALl, (i7) uses the

definition of T}, and (iv) uses va + b < v/a + V/b. Notice that D is a quadratic function of 7 with
negative leading coefficient, so D5 is upper bounded by the vertex of the corresponding parabola, i.e.
ax? 4+ br < —b?/2a when a < 0. Therefore

D, < < 2e2\/Ty >2 2(e? + 0?)
T \Ve 402/ Lyo?log (1—|—f72)

4
8¢ T,
" Loo?log (1 + %)
(i) 8et ALgo*log(1+0%/9%) A
Loo?log (1+ %) 24e! 3’

where (%) uses the definition of T5.
Finally, plugging back to Equationn yields — f(x;) < %, and plugging this back into Equation

A
o) - inf fla) < oo+ 22

A 2A
<ZS42 A
_3+3 )

where () uses the condition € < f\/ALO Therefore f satisfies all conditions of Fys(A, Lo, L1, o).
O

Theorem 5. [Restatement of Theorem Let A, Lo, L1,0 >0, and let F = Fos(A, Lo, L1, 0). Let
algorithm Apay denote Decorrelated AdaGrad-Norm with parameters 1 > 0 and

AL
AL%) ’
Lo
Let 0 < ¢ < min {@MALO, LVAL, ALl} fAL? > Lo, then

A%L202  ALgo?log(1+ a%/v?) n A%L2
144¢* 24¢* 144€2”

0<y<

81og<

T(ADANa]:, 6) Z 1 +

21



Published as a conference paper at ICLR 2025

Proof. We only need to combine Lemmas and Ifn < %, then

AL, _ AL?
ALZ{) ~ 38l ( AL%)’
Lo ) Lo

so the conditions of v and 7 in Lemma [T] are satisfied. Therefore, by Lemma [I] there exists a

problem instance (f,g,D) € F for which ||V f(x:)| > ALy > eforallt > 0. If n < L%,

2

=<
T 8nlog (

then by Lemma [[] there exists a problem instance (f, g, D) € F for which ||V f(z;)|| > € for all
o A%L?0% | ALgo?log(14+02/~%) | A%L? . .

L<T =1+ g7+ Sach + Tz - In both cases, Apan requires at least 7" gradient

queries to find an e-approximate stationary point. [

B PROOFS OF THEOREM [2] AND 3]

Lemma 7 (Restatement of Lemma[3). Ler 0 < ¢ < ALy. If the parameters of Decorrelated AdaGrad
satisfy n > ‘Lfg log (1 + ng) then for any T > 1, there exists some | € Fo(A, Lo, L1, 0) such
that |V f(xy)|| > eforall0 <t <T — 1.

Similarly, if the parameters of AdaGrad satisfy n > \L/—? log (1 + LL—loe) and v < o, then for any
T > 1 there exists some f € Fos(A, Lo, L1, 0) such that |V f(x:)|| > eforall0 <t <T — 1.

Proof. First, recall the definition of ¢:

9(w) = 73 (exp (Lafel) = Lala| = 1).

Then define

T

fl@) = ¢((m,e)).

i=1

To see that f is (Lg, Ly )-smooth, let z,y € RZ. Denoting « = (z1,...,z7) and y = (y1,...,y7),

T
IVF(x) = Viw)l* = Z(V f(@) = Vif (@)’

T
<3 (Lo + Ll @) (o~ 92)?

<3 Lo+ LiVS@)) i - o)

~

= (Lo + L1[|[Vf(z 22

i=1
2
= (Lo + L[| V(@) [l — I,
where (%) uses the fact that ¢ is (Lo, Ll)-smooth and (i%) uses ¢’ (z;)] < ||V f(x)]||. Therefore f is
(Lo, L1)-smooth. Also, define m = LT log (1 + LL—l(f) , so that ¢'(m) = e. Consider the initial point

22
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xo = me;. Then
f (o) — inf f() = b(m)

L
= L—g (exp (Lym) — Lym — 1)
1

LO L16 L16
=01+ 2 g 1+ 25 ) 1
L%<+Lo Og<+L0) )
€ LO L16
i | 14 1€
Ly L% Og( i LO)
G (i)
=S
where (4) uses the condition e < ALj;.

We also define a stochastic gradient for f as follows:

F(z,§) = Vf(z) + (26 — 1)oej(),
where

(2) = 0 (r,e;) A0foralll <i<T
A min {1 <i < T | (x,e;) =0} otherwise ’

and the distribution D of = is defined as P(§ = 0) = P({ = 1) = 0.5. Then E¢[F(x,&)] = Vf(x)
and ||F(x,&) — Vf(x)|| < o almost surely. Therefore, (f, g, D) € Fus(A, Lo, L1, 0).

Now consider the trajectory of Decorrelated AdaGrad when optimizing ( f, g, D) from the initial
point &y = me;. We claim that forall 0 <¢ < T — 1:

[(xt, er41)| > m (18)
(xy,ej) =0forall j >t +1, (19)

which we will prove by induction on ¢. The base case ¢ = 0 holds from the choice of the initial point
(. So suppose that Equationand Equationhold forall0 < i <tforsome(0 <t <T —2.
Then j(x;) =t + 2, so

(F(1, &) erv2) = (V (1), er42) + (2§ — 1)oery2,e412)
& (x4, €142) + (26 — 1)o
D J(0) + (26 ~ 1o

= (25 - 1)07
where (4) uses Equationfrom the inductive hypothesis. Therefore, for Decorrelated AdaGrad:
(Tit1,€042) = (@1, €042) — — 1 =(26, — )o
\/’)’2 + 2 im0 (F(xi, &), ery2))

(Z:) - ) I 2 (2§t — 1)0'

\/72 + D im0 (F(xi, &), ery2)
w_ L (26~ 1)o

VT )

n
= ——(2& — 1)o,

7( t—1)

where both (i) and (i7) use Equation[19|from the inductive hypothesis. Therefore

(@1, er00)| = ga > m,
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where the inequality uses the condition 1 > 2 for Decorrelated AdaGrad. Similarly for AdaGrad:

Ui

(Tit1,€142) = (T4, €112) — - - (26— 1)o
V2 Sy (i &), er42))
2 7 (26~ 1)o
V2 Sl (P &), er2))
2 ! (26— 1)o

RS W)+ (0 102
S — YR VS

where both (i) and (i7) use Equation[19|from the inductive hypothesis. Therefore

—
.
=
—
=

n

n n
Tit1,€ = —0 > —(/— —
@21, €x42) ~v2 4 02 V2 V2

where (i) uses the assumed condition v < o and (i) uses the condition 1 > v/2m. This proves the
inductive step for Equation [I8] for both Decorrelated AdaGrad and AdaGrad. The inductive step
for Equation[T9]|follows immediately from the inductive hypothesis (Equation together with the
stochastic gradient definition and j(x;) = ¢ + 2. This completes the induction.

For all 0 < ¢ < T — 1, the conclusion of the lemma follows from Equation by:

ii
>

v

>m,

IVf(x)ll > (Vf(2), €041) = ' ({24, €041)) (g P'(m) =,

where (i) uses Equation [18]together with the fact that ¢’ (x) increases with |z|. O

Lemma 8 (Restatement of Lemmafd)). Ler

. ALl ALla
0 < € <min , NG
4v/21og (1+ 55

2

)

If the parameters of Decorrelated AdaGrad satisfy n < % log (1 + LL—l(f), then there exists some

(fvgvp) € —Fas(Av L(]u Llaa) such that va(wt)” 2 EfOV all
A2[30? A2[2g?

< +
2069%¢! " 925692e2log? (14 5%

—.
)
Similarly, if the parameters of AdaGrad satisfy n < \L/—? log (1 + LL—loe) then there exists some
(f,9,D) € Fus(A, Lo, L1, 0) such that |V f (x)|| > € for all

LA A2L2 |

128 agenop? (14 54

Proof. Define m = L% log (1 + LL—loe), and consider the objective
—e(z+m)+9Y(m) =< -m
flx) = () x € [-m,m] .
elx—m)+Y(m) x>m
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This function is differentiable everywhere since 1)’ (m) = € and ¢'(—m) = —e. Since v is (Lo, L1)-
smooth, so is f. Also, m satisfies

(m) = 73 (exp(Lym) — Lym — 1)

LO L16 L

=0 (1 2 peg (14 2E)
L%<+Lo Og<+Lo> >
€ L L16

& B0y (142
L, 1?2 g(+LO>

<

| > 2

where () uses the condition € < %ALl. Therefore, with the initial point zg = m + %, the objective
satisfies

f(zo) — igff(l’) = e(zo —m) +(m)

A A
“ % T
— A,

We will define the stochastic gradient g with noise distribution D as equal to the true gradient, i.e.
g(z, &) = f'(x) for every z, . Therefore (f, g, D) € Fus(A, Lo, L1,0).

Now consider the trajectory of Decorrelated AdaGrad when optimizing ( f, g, D) from the initial
point zg = m + %. Let tg = max {t > 0 | z; > m}. Then f’(x;) = e forall t < ty, so that

ne ne
Tl = & =~ = It — ——,
t—1 2 2

243 e V- +te

and unrolling yields

Tiy1 = Zo _7762 \/m

=To— — — 7€
2l Z\/'y 2 4+ 4e?
ne
> mxg — — e/ 7dx
Y 0 V7?2 +ae?
t
=20 — hne 2 [\/72+x62]
vooe 0
:xofﬁf?n(\/’yz+t627'y)
- ne  2n te?
=29 — — —
TE VAPt 4y
2nt
Sy 1 nte

Plugging t = t( then yields

€ 2ntoe
Tio1 > wg — & — =0 (20)
Y V2 + to€?
On the other hand,
Tio+1 < M. 21
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Combining Equation [20|and Equation 2T}

> ne 2ntoe
m>x)— — — ——
T YR+ toe?
_ 2ntoe ne
—m = =

Nt +t062 v

A €
(4776 - 27) ’ 22

where (7) uses the definition of xy. The last term in Equation [22|can be bounded as

€ - A 4né?
2y T 8ne Axv
(1) A 4€? L
< — © V2 log [ 1+ e
8ne Av Lla Ly
A4
" 8ne ALlo Ly
(“) A4 AL?
< v2e og (1+ =1
8ne ALio Ly
(zn) A
8’176
where (i) uses the condition 7 < f” 1 log (1 + Lle) (27) uses the condition ¢ < ALy, and (4i7)
uses the condition € < %. Plugging back to Equation [22]yields
4flog<1+ 1)
to > A2
V2 +toe2  Bne
to A
- Z -
Vitge? 87762
Vo> —
- 8’176
2
tg > ——— 23
0= 64n2e2 23)

From the assumed upper bound on 7,

‘[710< L16>()\[71 <1+AL2>,

Lo L Lo

and

V2y L€ (”) V2ve
n< log { 1+ < ;
L10' LO L()O'
where (4) uses the condition e < AL, and (i%) uses log(1 + z) < x. Therefore

1 Lla L()O'
— > max
U V2 log (1+ ) V2ve
1 > max L3052 L3o? S L3202 L3o?
- 2 b} — 2
Ua 22log? (1+55) 2% [ 7 aq2iog? (14 85L) - 4%
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Plugging back to Equation 23] yields
A?[30? A%L202

to >
256y%€? 256~2¢€2 log? (1 + ALLO%

Since | f'(x¢)| = e for all t < 1, this completes the proof for Decorrelated AdaGrad.

The corresponding proof for AdaGrad is nearly identical, so we list only the key steps here. For all
t <o,
ne n

L] = Tp — —F———=—x > Xt — .

R Y2+ (t+1)e2 VAL

After unrolling and applying the same bound for ), % as in the decorrelated case, then choosing
t = ty, we have

Tgg+1 = To — 20Vt + 1.

From z;,+1 < m, we have

m > xg—2nVig+1

2

t, 1> ——-.
otl2 16n2€2

The assumed upper bound on 7 yields

1 L2 L2
e RNCY SR W
7 dlog? (1+54)
so that
A2L2 A2L2
to+12>

64et 64€2 log? (1 + —ALLO%) .
Since 2tg > tg + 1 for all £y > 1, this means
AL A2L2
to > + .
1288 198e210g? (14 542
0

O

Theorem 6. [Restatement of Theorem Let A, Lo, Ly,0 > 0andlet F = Fu(A, Lo, L1,0). Let
Apa and Agy, denote Decorrelated AdaGrad and AdaGrad (respectively) with parameters 1,y > 0.
Suppose

. ALl ALla
0 < € <min , INE
27\ 4v2log (1+ 55)
Then
A2[20? A2[2g?

T(ADA,]:, 6,5) >

- 2.4
256+ 2562 €2 10g2 (1 4 ALI(;

%‘)'

Also, if v < o, then

T(Aadm —7:7 €, 5)

N A2[2
= -
128¢1 " 128e210g? (1+ 542
Proof. We only have to combine Lemmas |3| and |4} We first consider Decorrelated AdaGrad. If
n> % log (1 + LL—loe) , then by Lemmathere exists a problem instance for which Decorrelated

AdaGrad will never find an e-approximate stationary point. Otherwise, by Lemma ] there exists a
problem instance for which Decorrelated AdaGrad requires a number of steps at least as large as

A2L20? A2L26?
2069%¢! " 2567262 log? (14 52

Lo
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Therefore in either case, we have

A2L252 A2[252
T(Apa, Fre,8) > =074 -
256%€ 25672¢2 log? (1 + Lol)
O
The corresponding proof for AdaGrad (Theorem 3] is nearly identical, so we omit it.
C PROOF OF THEOREM [4]
C.1 PRELIMINARY DEFINITIONS
We first provide definitions of constants and objects that will be used throughout the proof.
For p € (0,1) and A > 0, consider the random walk parameterized by (p, A):
Xo=1
PXi1=Xe+A)=p 24
P(Xt+1 :Xt—l) = 1—p
Then we can define
zpa=PEFt>0:X, <0)
M@, 0) =inf{A>0:2,, <1-4}

Informally, z,, 5 is the probability that the random walk reaches a non-positive value, and Ao (p, ) is
the smallest \ required to ensure that the chance of never reaching a non-positive value is at least J.

For o5 > 3, define the following constants:

log (1 4+ 2((2/3,6 log 2 log (1 4+2((2/3,0
o QKR L ler L bs(EXQD) o
g log (2+ 225 log (2+ 5.2
For 03 € (1, 3), define the following constants:
12
e A t5.0) log (=127 — 1)
4= y B=1- "
log (_0122_” — 1) log (aifl — 1)
o os (142502 +5).5)
6 —_— .
log (02121 — 1)
Also, we will denote:
AL
G= ! 27)

AL?2
0

1)’

14 4log (1+ 5

which will be used in the following definition.
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Definition 1. For p € (2, = +1) and & € (0,1), we say that g1, g> € R? forms a (p, d)-tricky pair
with respect to the stepsize function « if all of the following conditions hold:

g1 =c1g, and gy = cog for some g € R? with ||g|| = 1 (28)
sign(c1) # sign(ca) (29)
le1] > € and |ca| > € (30)
1-— 1-—
ea] < pp01+( ppcrzl)G 31)
N Lfﬂ;e lei] < 1_Tp01 + 1%”02 —1)e 5
|C2| = ) (e2+D)plei|—01 1-p 1-p (32)
oanap1 lal> FFo+ (Froa—1) ¢
ca|l+G
|ca| < % (33)
-D
alanlorl 05 »
a(g2)llg2|
oo +1

Notice that the lower bound of |cs| for the second case of Equatlon is positive, since p <
The significance of a tricky pair, as shown in Lemma([I0] is that it can be used to construct an instance
(f,9,D) € Farr(A, Lo, L1, 01, 02) for which A diverges with probability at least d.

Finally, let P, (z) = ﬁf;ﬁ) , 50 that P, (z) denotes the component of z in the direction of ” 7- Note
the difference from the common notation Py (x) = <\|wyﬁ12> T.

C.2 PROOFS

We now provide proofs of the lemmas mentioned in Section [6.1}

Lemma 9. Suppose that there exists some g € R% with ||g|| € [¢,01 + (02 + 1)AL1] and
Ly min(|gaAL1)>

4
a(g) <0, or alg 210g<1—|—
@) 9= Ll Lo

Then there exists ( fexp, Gexps Dexp) € Fat(A, Lo, L1, 01, 02) such that ||V fexp(24)|| > € forallt > 0.

Proof. We will construct f : R? — R piecewise with linear and exponential pieces so that
IV f(z¢)|| = min(]|g||, AL;) > eforall t > 0.

First, define g := min(||g||, ALl)ﬁ, m = L% log (1 + %LQH) Recall the function ¢ : R — R
defined as

P(x) = 75 (exp(Lafa]) — L]z - 1).

Ly
LQ
It is straightforward to verify that ¢ bounded from below by 0, continuously differentiable, (Lg, L1 )-
smooth, and satisfies

lgll Lo Liflglly _ llgll _ AL
—m) = == = 1 <= < <A
w(om) = w(m) = 12— 2810 (14 2180) < J01 < S50
[z <m = ['(2)] < [Ig] < AL
W' (=m) = —||g|
' (m) = |gl
The condition in the lemma statement gives two cases: a(g) < 0 or a(g) > H o7~ We handle the two

cases separately below.
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Case 1: «a(g) < 0. This case is easy: the algorithm A is essentially employing a negative learning
rate! For a piecewise linear function that has a piece with gradient equal to g, the trajectory {z;}
moves away from the minimum indeﬁnitely To handle the case that ||g|| > AL;, we instead use
a gradient of g = min(||g||, AL;)Z el = = AL 2 77> @nd construct a stochastic gradient that always
returns either g or 0, so that each updated iterate z;,; either moves further from the minimum than
x;, or doesn’t move at all.

Define the objective

~[|gll(Py (@) +m) +(m) Py(z) <m
f(@) = { $(Py(@)) Py(@) € [=m.m] .
Igll(Pg(x) —m)+1(m)  Fg(x) >m
Notice that f is bounded from below by v(0) = 0. Since ¢'(m) = ||g| and ¥'(—m) = —||g|,

then f is continuously differentiable. Since v is (Lo, L1)-smooth, so is f. Consider the initial point
xo = mg. From the properties of 1) from above, f satisfies

f(@o) = fo =1p(m) < A.
and for all  with f(z) < f(), it must be that Py(x) € [~m,m], so
IVF(@)] = [/ (Pg())| < ALy (35)

Define a stochastic gradient F' for f as follows:
(lgll/llgl) V(=) €=0
F =
@6 ={ oy

where ¢ € {0, 1} has distribution D, defined as P(§ = 0) = ||g||/||g||. Then E¢[F(x,§)] = V f(x).
To see that this stochastic gradient satisfies the noise condition: If ||g|] < AL4, then § = g and
P(£=0)=1,s0 F(x;&) = Vf(x) almost surely. Otherwise,

|F(;0) - V()] = (HZH - 1) 1V f()]

— (25 1) Ivs@

(@) o1+ (0'2 + 1)AL1

(PGSR ) vsw)
o1 +0oAL;

= 2223 9|

= B+ o9 s

(i1)
< o1+ 02| V(@)
where (i) uses the assumption ||g|| < o1 + (02 + 1)AL1, and (i) uses Equation[35] Also
[F(2;1) = V()| = [[Vf(2)] < o1+ o f(2)],

which uses the assumption o5 > 1. So the noise condition is satisfied, and therefore (f, F, D) €
]:aff(A, Lo, Ll, a1, 0'2).

Now consider the trajectory of A from the initial point y = mg. We claim that &, = ¢;g for
some c; > m for all £ > 0. Clearly this holds for ¢ = 0. Suppose it holds for some ¢ > 0. Then
IV f(z:)|| = g. The stochastic gradient has two cases: if £ = 0, then

Fa, €) = (lgll/ gV £ () = ( 9)g = g,

SO

Tip1 = o — a(g)g = (¢ — (g))g = ct+19,
and ¢;41 > ¢ > msince a(g) < 0. If £ = 1, then F(x, &) = 0, S0 Ty41 = T = Q.
Either way, ;11 = c;+1g holds for some ¢;; > m, which completes the induction. Therefore
[V f(z:)| = llgll > e forallt > 0.
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Case2: «fg) > H o1 - In this case, the learning rate a(g) is large enough to ensure that f(x;y1) >

f () for an exponentially increasing f. By creating f that only depends on (x, g) and which
is piecewise linear and exponential in (x, g), this increase of the objective function continues
indefinitely.

Define m’ = a(g)||g|| and ¢ : [0, m/] as
Wz —m) x € 10,2m)
¢(x) = § [1g]l(z = 2m) + ¢(m) z € (2m,m’ — 2m)
—p(x — (m' —m)) + [|g[|(m’ —4m) +2¢(m) € (m" —2m, m/|
Note that the above definition makes sense since we assumed that m’ = «a(g)||g|| > 4m, so

m’ —2m > 2m. Again, ¢ is continuously differentiable, bounded from below, (Lg, L1 )-smooth, and
satisfies

|¢'(x)| < ||g|| < AL; forall z € [0,m/]
¢(z) = 0
¢'(0) = —|gll
¢'(m') = —[Ig|-
Now, we can define the objective f as follows:
f2) = {—||g|P 5(@) + 6(0) Py(@) <0
S(Ly(a) —m! [ Py(a)/m']) + §(m' — 4m)| Py (2)/m']  Py(x) >0

f is continuous inside each "piece” (i.e. each region with Py(z) € (km/, (k + 1)m’) for k € Z>).
Also, using ¢(0) = 0, f is continuous at the boundary of each piece. Similarly, f is continuously
differentiable inside each piece, and using the fact that ¢'(0) = —||g|| = ¢'(m/), is continuously
differentiable at the boundary of each piece. Also, f is bounded below by min,cg ) ¢(z) =
min, ¢ (x) = 0. So with the initial point zy = 0, f satisfies

f(®o) = fi = ¢(0) =0 =9(—m) < A.
Since ¢ is (Lo, L1)-smooth, so is f. Also, |V f(z)|| < |[¢'(m)| = ||g|| < AL; for every z.
Now we can define a stochastic gradient F' for f as follows:
o= JUgll/lgl) Vi(z) £=0
Fio)={§ il

where ¢ € {0, 1} has distribution D, defined as P(¢ = 0) = ||g||/||g||- This is the same stochastic
gradient that we used in Case 1, and an identical argument shows that the noise conditions are
satisfied. Therefore (f, F, D) € Fu(A, Lo, L1,01,02).

Consider the execution of A on (f, F,D) from the initial point o = 0. We claim that x; is an

integer multiple of m/ H T for all ¢ > 0, which we will show by induction. The base case ¢ = 0 holds
by construction. If x; = —km/ m for some ¢t > 0, then there are two outcomes of the stochastic
gradient. If & = 1, then @,y = x4 = —km’ﬁ. Otherwise & = 0, so

Tyl —wt—Oé( a:t, L, )

_ a<)gi >||g| V()

Hg|| gl gl
-kmﬁ il
! !
Tl " Tlal
—(k+1)m’

||g||’
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where () uses the fact that ; = —km/ ﬁ = Vf(z:) =| g||ﬁ. This completes the induction.
Therefore ||V f (2 )|| = Hw (—hm' 1, H = |Igl > e forall ¢. 0
Lemma 10. Suppose that
4 Ly min(||g], AL1)>
0<alg)<—Ilog |1+ ; (36)
(9) < oo I

forall g € R with ||g|| € [e, 01 + (02 + 1)AL1), and suppose that there exist g1, gs € R which is
a (p, 8)-tricky pair with respect to . Then there exists (f,g, D) € Far(A, Lo, L1, 01, 02) such that
IV f(ze)|| > € forallt > 0 with probability at least 0.

Proof. We will construct (f, g, D) such that f is a piecewise linear function, where one piece has
stochastic gradient equal to g; with probability p and g» with probability 1 — p. Using the properties
of a (p, 0)-tricky pair, this instance is a member of Fyi(A, Lo, L1, 01, 02), and A will diverge with
probability at least 4 when optimizing this instance.

From the tricky pair definition, g = c¢1g and g2 = cog for a unit vector g. Without loss of
generality, assume that ¢; < 0 and ca > 0. The following argument applies in the excluded case
¢1 > 0, c2 < 0 by replacing the objective f(x) below with f(—zx). Denote £ = pcy + (1 — p)c2 and

a= L%log(l—&—%f),anddeﬁnef:Rd—HRas

0 (Pyl@) +a) +p(a) Pyl) < —a
f(w) = { b(Py(x)) o

0 (Pyl@)—a) +v(a)  Pyl@)>a
where 1) is as defined in Lemma[l] Notice that f is continuously differentiable, bounded from below
by f. =0, and (Lo, L1)-smooth.
Next, set = = {0, 1} and define F' : R? x = — R? as

—-g1 (@) < —aand £ =0

g2 Py(x)< —aande=1
F(x,§) = (¥ () Py(@) € (~a,a)

g1 g(x) > aand £ =

g2 Py(z) > aand € =1

and define the distribution D over = as

¢ = 0  with probability p
~ |1 with probability 1 — p

for ¢ ~ D. Notice that F(z,£) = Vf(z) for x with Py(x) € (—a,a). Also, Ecup|F(x,£)] =
pg1 + (1 —p)g2 = lg = V f(x) for  with Py(x) > a, and similarly for Py(x) < —a. Using the
fact that g4, g5 is a p-tricky pair, we have for all x:

plal+G

(@)
IVf(@)|| < €= pert+(1=p)ea = —pler|[+(1-p)lea| < —pler[+(1-p) ( 1_

> =G. (37)

where (i) uses Equation[33] We can also use the tricky pair properties to show that (f, g, D) satisfies
¢ > ¢ and the noise condition, depending on the two cases in Equation[32] In the first case,

1— 1—
le| < p01+( p021>e (38)
p p
| |21)|Cl|_|_67 (39)
1-p

SO
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and

lg2 — Lgll = le2 — £]gll

(i2)

SLE—F(H‘F 0—2_L /
L=p L=p

:O'1+O'2€,

where (i) uses Equation[38|and (i7) uses £ > e. Also,

_ 1—
p(62 /) < p(01 + 09l) < o1 + 09k,

1
g1 = tgll = ler = Lligll = £ —e1 =

where the last inequality uses p > % Therefore (f, g, D) satisfies £ > € and the noise condition in
the first case. In the second case,

1-— 1-—
lea| > pay+( p02—1>6 (40)
p p
(o2 + 1)pler| — o1
col > , 41
)2 o D -1 “n
SO
(02 + 1)p(=c1) — o1
Co 2
(o2+1)(1—p)—1
((e2 +1)(1 =p) = 1)eg > (02 + 1)p(—c1) — 01
c2 < o1+ (02 + 1)per + (02 + 1)(1 = p)ez
ca <01+ (og+ 1)
C2_€§0-1 +O—2€7
and

(o2 + Dpler| — o1
T (o2+1)(1—p)—1

_ p 02+1 - 1 el — g1
_1_p|cl+((02+1)(1_p)_1 1—p>p'1' G2t (1 —p) 1
_ Py, 1 ol — o1
T mrna - nap" T mrnap -1
@Llc|+(1_p)al+((1_p)a2_p)€_ g1
“1-p T (o)1 -p)—1)(1—p) (o2 + 1)1 -p)—1
> Ljor] + —,

p p

where (¢) uses Equation 40| Therefore ¢ = pcy + (1 — p)eg > € as in the first case. Also as in the
first case, ¢y — €| < |ca — £]. Therefore (f, g, D) satisfies £ > e and the noise condition in the second
case.

Consider the initial point g = (a + «(g2)||g=2]|)g- Recall that

(i) (i)
lgall = lea| < |+ |co — €| 014 (o2 + 1)l < 01+ (02 + 1)G < 01+ (02 + 1)ALy,
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where () uses Equation [37)and (ii) uses the definition of G (Equation[27). Also, by the tricky pair
definition, ||g2|| = |c2| > €. Therefore ||g2|| € [€,01 + (02 + 1)A L], so we can use Equation [36|to

conclude that
0 < afge) < 1 1 (1 + AL%)
alg ———log .
* 7 Ligel Lo

Therefore, f satisfies

f(@o) = 7 = P(a) + La(ga) | g2l

12 Lo L/
= —Dog (1422
LD og( - LO)+m<gQ>gg|

?
I, + La(g2)|| g ||

4 AL?
€+£log<1+ 1)
2
1

IN

IN

Ly Ly

Lo
/ AL
— [ 14+41 1
Ll( - Og( " Lo ))
AL,

1 AL?
INEAN (1 + 4log (1 + 1))
1+4log (1+4L01> Ly Ly

—
IN=
=

= A7
where (4) uses Equation This shows that (f, g, D) € Fax(A, Lo, L1,01,02).
We now claim that |V f(x;)|| > € for all ¢ > 0 with probability § when A is initialized with

xo = (a + a(g2)|lgz||)g. To see this, consider the sequence

_{W((mt,m—a) (x;,g) > aforalli <t
Yt = . .
0 otherwise

in Equation 24 with A = % > 0. Since g1, g2 is a (p, 0)-tricky pair, A > A\o(p, 9), so that

As long as ﬁ, g) > a, the sequence y; follows the exact same distribution as the random walk
zp,x < 1 — 0 by the tricky pair definition. Therefore

P(||Vf(xs)|| > eforallt > 0) > P ({x,g) > aforallt > 0)
= P (y; > 0forallt > 0)

=1- Zp’)\
> 0.
O
Lemma 11. Suppose that
4 Ly min(||g|l, ALy)
0<alg <log<1—|— , (42)
9) < gl L,

forall g € R% with ||g|| € [e, 01 + (02 + 1)AL;], and that there do not exist any (p, §)-tricky pairs
with respect to a.. Suppose g € R with ||g|| = e. If o2 > 3, then

~ 1
< .
a(g) <O (Ll(ALl)IWVS‘EM 0_’1Y2+73*’Y1 )
On the other hand, if o5 € (1, 3), then

2
S
I

O~ 1
(0-2 — 1)2_74_’75_76674L1(ALl)l_’YS_’YGo"lYSJF’YG_’Y‘l ’

Proof. Different from the proof sketch in Section [6.1] in our actual construction below, we use
two sequences {x; } and {y;} instead of one sequence {z;}. Every x in the sequence {x;} satisfies
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|Py(z)| € [6,01+(02—1)€], and every y in {y;} satisfies | P, ()| € [o1, +(02—1)¢,01+(02—1)G]
(see Equationfor the definition of G).

Denote 5(x) = a (x) |||, fix any py € (%, a;’il) and define a sequence {x;}$2, as follows:

Lo =49

iPOHCL'z;lH +e€ g
@, = (—1y 2T e 9
D o Tl

Also, denote kg = max {z >0: ||l < 1;%01 + (1;(?0 o9 — 1) e}. We claim that, for each

with 0 < ¢ < ko, the pair (z;, ;41 ) satisfies all of the conditions of a (pg, §)-tricky pair, other than
possibly Equation[34] Notice that ||a; | is increasing and (x;, g) has alternating sign, so Equation 29|

and Equation [30| are satisfied. Recall that ||z;| < =200, + (17”0 o9 — 1) e by the definition of

Po Po

ko. Since € < G was assumed in Theorem this implies ||x;|| < 1;%01 + (1;%02 - 1) G. So

Equationis satisfied. Since ||a;|| < 1;%01 + (1;50 o9 — 1) ¢, we must fulfill the first branch of

the RHS of Equation [32| This only requires ||z; 1| > %}’;L‘“, which holds by construction of the
sequence {;}. Finally, Equationis satisfied again from € < G, since

_ pollzill +e _ pollwil + G

I-=po = 1-=po
This verifies the claim that the pair (z;, @; 1) satisfies Equation29]through Equation[33] If (;, z; 1)
also satisfied Equation [34} then it would be a (pg, d)-tricky pair. Since it was assumed that there do
not exist any (p, §)-tricky pairs, it must be that Equation [34]is not satisfied by (x;, ©;41), so that

B(x:) < Ao(po,d)B(xit1)
for all 0 < i < kgy. Choosing ¢ = 0 and unrolling to ¢ = kg — 2:

Blao) < (o(po,6)" ™" Blak,—1). (43)
Now choose yo = (—1)% (o + (09 — 1)6)%. Then ||yo|| > ||@k, || from the definition of k.
We again want to show that (4,1, yo) satisfies Equation 29| through Equation[33] We can use an

identical argument as above to demonstrate Equation [29]through Equation [32] so it only remains to
show Equation It was assumed in the statement of Theoremthat o1+ (02 —1)e < G. Therefore

pler 1 +G
L—-p

which demonstrates Equation [33] This verifies the claim for (x,—1, yo). Again, Equation [34|would

imply that (z,—1,Yo) is a (po, 0)-tricky pair. But we assumed there are none, so Equation |34|cannot

be satisfied. Therefore
B(xr,—1) < Ao(po,d)B(Yo),
and combining with Equation 3] yields

B(xo) < (Moo, 8))"™ Byo). (44)

i1l

lyoll = 014 (02 —1)e < ALy <

)

1 o2

55 m), define the sequence {y;}5°, as:

Now fix some p; € (

ko+i (o2 + Dpallyi—1|l — o1 g9

2+ D0 -p) 1 Tg]
Denote k1 = max {z >0: |yl < %01 + (1;1’)1 o9 — 1) G}. Similarly as for the sequence
{z;}, we claim that for each ¢ with 0 < i < k, the pair (y;, y;11) satisfies all of the conditions of a
Pp1,0)-tric air, other than possi uation uation an uation are satisfied, since

§)-tricky pair, other than possibly Equation[34] Equation[29]and Equation 30 isfied, si

|ly;|| is increasing and (y;, g) alternates in sign. The upper bound of ||y;|| in the definition of k;
ensures that Equation [31]is satisfied. Since

yi = (—1)

1-p 1—p
lyill > llyo| = o1 + (02 — 1)e > 101+< 102—1> €,
D1 D1
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we must fulfill the second branch of the RHS of Equation [32] This only requires

(o2 + Dpi|lyil| — o1
(oo +1)(1—pp) -1’

which holds by construction of the sequence {y; }. Finally, to show Equation we need

lYit1ll >

pillyill + G

h <
HyL+1|| = 1 — )

which is equivalent to

(o2 + Dpillyiall =01 _ pallyill + G

(0'2+1)(17p1)*1 - 1*p1
(1 =p1)(o2 + Dp1llyi-1ll = (1 = p1)or < ((o2 + 1)(1 = p1) — Dpil|yil| + (o2 + 1)(1 —p1) = )G
pillyill < (1 —p1)or + (o2 +1)(1 —p1) = 1)G
1-— +1)(1 — —1
e
P1 P1
1-— 1-—
]| < p101+< p1021> G.
D1 P

All steps in this sequence are reversible, and the last inequality holds by the upper bound of ||y;|| in the
definition of k4. Therefore, Equationis satisfied. This verifies the claim that (y;, y;11) satisfies all
of the conditions of a (py, §)-tricky pair, other than possibly Equation Again, Equation cannot
hold, since this would imply the existence of a (p1,d)-tricky pair, and we have already assumed
otherwise. Therefore

B(yi) < Xo(p1,9)B(Yit1)
forall 0 < ¢ < ky. Unrolling from ¢ = 0 to ¢ = k; — 1 yields

Blyo) < (o(p1,9)" Bly,)- (43)
Combining Equation[d4]and Equation [43] yields

Bao) < (Mo(po, )™ (Mo(p1,6))* B(yr,)- (46)

We can use Lemmal16] for the sequences {||z;||}; and {||y;||}; to lower bound kg and k1. For ko, we
apply Lemma [16] with

1-— 1-—
ap=¢€ T = Po , b= € , A= p001—|—< poag—l)e.
1—po 1—po Po Do

Then

1— 1— 2po—1 €
Ar—1)+b (Tom"l + (Tom@ - 1) 6) 50 T Tpo

ag(r—1)+b 5211’_0;01 + 5
(o (5 ) a1
€(2po— 1) +¢
B % (01 + (02 - 12}()) 6) (2pp — 1)+ ¢
B 2p06
7(2]”0720(17”0) (o1 4 02¢) + 2(1 — po)e
o 2p06
2p0 — 1)(1 — 1-—
_ ( Po )2( pO) (0_1 +026) + pO,
2pge Do
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so Lemma [T6|implies

log (M (0—1 + 0'26) 4 1;1’0)

2pZe 0
ko >
log 172)0

log ((2170—222(61—100) (01 + 026) + 1;(1]00)
> 0 -1
- log 13‘;0

log b

. “

og 1—po

where we denoted

2po — 1)(1 — 1-—
by = (20 )2( Po) (01 + 026) + 120
2pge Do
Similarly, for k1, we apply Lemma [I6] with
(o2 + 1)p1 o1
ag =01+ (02 —1)e, r= , b=—
ootz (02 + (1 —p1) — 1 (02 + (1 —p1) — 1
1— 1-— 1-—
Ao p101+( p10_2_1> _1-m <01+(02— P1 )G>
21 D1 1 1—p1
Then
1 (o2 + 1)py (2t )Cp -1 +1
(oa+1)(1—p1)—1 (c2+1)(1—p1)—1"7
SO
S (o1 + (02— 125 ) G) (02 + )(2p1 — D) +1) —
Alr—1)+b= ,
( ) (oo +1)(1—py)—1
and
ao(r —1) +b = (014 (o2 —1)e) ((o2+1)(2p1 — 1)+ 1) — 01
(oo +1)(1—p1)—1
So

Ar—1)+b a (01 + (02 - 12,1) G) ((o2+1)(2p1 —1) +1) — 01
ap(r—1)+0b (014 (o2 —1)e) (02 +1)(2p1 — 1)+ 1) — o1
Denoting the RHS as b1, this yields

logb log b
by = 08 %1 > o801 ~1. (48)
log (o2+1)py log (024+1)p1
(o2+1)(1—p1)—1 (o24+1)(1—p1)—1
Plugging Equation f7]and Equation [48]into Equation 46}
log bg log by

(c2+1)py

Bzo) < (Mo(po,8)) ™ Mo(p1,6)) ™ Moo, ) ™ T50 (Ao(py,8)) ™ @FIr=1 By, ).
Using the fact that for any p,

R e

we can choose p = log by and p = log by,

L L 1 b0 1 b1
Bia) < Oalm.d) ™ Ot~ (1) () Bl 49)
where
_ 1 Po
%0 = log >\0(I7075)/10g 1 —po
(o2 4+ 1)p

1
= los 5 O o = p) 1
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ALLO%). We can also bound [(yx, ) using the

assumed condition a(g) < %"’, since we previously showed that (yg, , yx+1) satisfies Equation
through Equation[33] In particular, Equation [3T|implies that

Note that ¢g > ¢1, and denote m = Lil log (1 +

1-— 1-—
lye, || < p1p101+< plplaz1>G§ol+(02+1)G§01+(02+1)AL1,

so that ||y, || falls within the range for which the bound on «(g) applies. Therefore a(yy, ) < H;‘Z" i
°1

or 3(yk,) < 4m. Plugging back to Equation 9] yields
. /1 o) 1 b1
Ba) < am Ol )~ ol () (5) (50)

It only remains to choose pg and p; such that by, b1, ¢, and ¢; can be bounded in terms of the
problem parameters. First, using Lemma we can rewrite \o(p, d) as

>\0(p7 5) = >\0(p7 O) + (AO(pv 5) - >\0(pa 0))

_ 1%’ + (Ao(p.6) = Ao(p,0))

1—p
:7+<p757
) (p,9)
so that

L p __p l-p
Ao(p,0)  1—=p+p¢(p,6) 1—-pl—p+p¢(p,d)

We can then rewrite ¢ as

Do 1—po Do
=|lo +lo ( >) lo
%0 < ST-p0 B\ 1= po + poC(po,9) / 51— po

log (1—P0+I)0C(p075))
1 —

1—po

log

Do
1—po

and ¢ as

D1 1—p (02 n 1)p1
=|lo +lo o
" < Y g(l—pl-f—pl(f(plﬁ)))/ g(a2+1)(1_p1)_1
B log(lflpl) log (%ﬁmé))

B o2+1 - p—
log (i) 1o (i)

We choose pg and p; differently depending on the magnitude of 2. We consider two cases: o2 > 3
(bounded away from 1), and o5 € (1, 3) (close to 1).

Case 1: o1 > 3. Here we choose py = p1 = 2, and this satisfies po, p1 € (%, ggfrl). We now

bound the remaining constants. For by:

2pg — 1)(1 — 1-—
b() _ ( Po )2( pO) (0_1 +0'2€) + Po
2pje Do
1 (o1 + )+ 1
=— (o O9€ —
8e 1 2 2
> L
— 8¢
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For b;:

1p1 (01+( p)G) 02+1 2p17]_)+]_)70—1
by
(01+(02—1) J(e2+1)(2p1 — 1) +1) =0y
(52 (G2 + DE@p — 1)+ 1) = 1) o1+ (5205 = 1) (02 + D2p = D+ 1) G
(01 + (o2 = 1)) ((o2 + 1)(2p1 — 1) +1) — 01
0 (5202 1) (02 + 2P~ ) +1) G
(o1 + (o2 =1)€) ((o2+1)(2p1 — 1) + 1) — 01
(i) (1 p102f1) (oo +1)(2p — 1)+ 1) G
>
~ (o1t (02— 1)o1) (o2 +1)(2p1 — 1) + 1) — 01
(520: - 1) (02 + D2~ 1)+ 1)G
(o2 ((o2+1)(2p1 — 1) +1) = 1) 0y
(g) (éO’g—l)( o2 + )G: (0272)(02+4)G > (0'272)(0'24*4)61
(o2 (302—1—3) 1) oy 2(0y(0a+4)—3)o1 = 203(0a+4) 0y
n 20901 - 60’17

where (4) uses the fact that

L-m 1/1 4 1 1
1)(2p1 — 1 1)—-1==-|<- - —1=—-09—->0
(ot )@ - D+ 1) - 1= (Goat3) ~1=goa >0,

(ii) uses € < oy as assumed in the statement of Theoremd] (iii) plugs in p; = 2/3, and (iv) uses
(D) > 3. For (b() :

1—po~+po¢(po,9)
() e
po=1- 1 70 =1-= loo 2 =1="",
Ogl—po 0og

where we denoted

_ log (1 + 2((2/3,5)).

log 2
For ¢1:
5 log (ﬁlpl) log (%ﬁ@m)
1= B
(2t L)p (o2+1)p
log (iS5thr)  loe (wiSis)
log (2—!—02 2) log (24_02 2)
=1—1(1-= log2 710g(1+2<(2/3 5))
log <2+$> log (2+ = _2)
=1=7 =7,
where we denoted
log 2
Yo =1-— #
IOg (2 + o2— 2)
log (1 +2¢(2/3,9))
V3 = )

log (2—|— p 2)
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Finally, we can plug our bounds of by, b1, ¢o, ¢1into Equation [50}

01

Blao) < m (Mo(2/3,6)) " (Mo(2/3.8)) ™" (8) o (621

0 ¢ 1—v1 o
< 192m (A\o(2/3,0)) " (Mo(2/3,0)) " () (El

01

(i) e\ o\ 1m—s
< = )
() 2

1-m

= 768m

1—vo— Y2+v3—71
Gl=72=70g]
el—m ) )
;g {1+
L1Gl=72—7s 0.’1‘/2-"-73 71 Lo

= 3072

where (i) uses the fact that Ag(p, d) is decreasing in terms of 0, and (ii) uses Ao(p, 0)
(from Lemma [T4). As noted after Equation 9} ¢y > ¢1, so that v1 < 72 + 73. Replacing

B(xo) = B(g) = a(g)e yields

(g) < 3072 ) 14 AL?
agr= LiGl=2=weng2 T —m o8

3072

IN

which is the desired result.

__ o245

Case2: o0, € (1,3). Here we choose py = p1 = %45, which satisfies pg, p1 € (%,

this choice,

—o9+ 7 o9 — 1
—— 2pp—1=
12 ) Po

1—po=

and similarly for p;. We can now bound the remaining constants. For by:

2pg — 1)(1 — 1-—
by = (2P0 )2( 20) (g1 4 rpe) + 1P
2pje Po
(02— 1) (=09 +7T)01 +02¢ —09+7
B (o2 +5)? € o9+ 5
(;) 6(og — 1) 01 + 02¢ _1_1
- 64 € 2
< 3(o2 — 1)oq
- 32¢
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1 1+ ALY 1+41 1+
Ll(AL1)1772773671O"1Y2+’Y37’Yl 08 Lo 08

g2
oa+1

_ 1-p

p

).

Lo

). With



Published as a conference paper at ICLR 2025

where (4) uses o2 € (1, 3). For b;:

o (o + L)) (o2 + )2 = 1)+ )~ o
br = (01 + (02 — 1) )((0’2+1)(2p1 — ) +1) -0y
(52 (G2 + DEp — 1)+ 1) = o+ (520 = 1) (2 + D2p = D +1) G
0+ (02— 1)9) (o2 + (2 1) +1) o
N (1 P 1)(0—2+1 @2p1 —1)+1)G
>
= (o1 + (02 —1e) (o2 +1)(2p1 —1)+1) — 01
@ (5o =1) (02 + 1) - 1)+ )G
- (01—1-(02—1)01 (o2 +1)(2p1 — 1)+ 1) — 0y
(1 a 2—1> (G2 + 1)(2p1 — 1) +1) G
(o2 ((o2+1)(2p1 — 1) +1) = 1) 0y

(1 - 2_1)G:<1—p1_ 1>G:(—02+7_1> G

—

> — -
- 0207 p1 o2 ) 01 o2+ 5 o2/ 01
(o2 = 1)(~02+5) G (i;i) (02 — 1)G

O'2<0'2+5) 0'71 - 1204

where (4) uses

—L 1) -
p1 g2 5
_ (o2 +7)(03+5) 1
6(c2 + 5)
. —o9 + 7
6

(o + )2 - )+ 1) 1= 2 (0 1)

—-1>0,

(ii) uses € < 07y, as was assumed in the statement of Theorem[4} and (iii) uses o5 € (1, 3). For ¢o:

oy lm(mmen) s (14 525 00.0)
. .

log 122 log 225
o245
L log (1+ 2 +7C(p0,5)> L log(1+2C(p0» 5))
log ( 027 1) log ( o2 t+? 1)
=1- Y4,

where we denoted
log 1+ 2(4y 02+ 5).0)

Y4 =
log ( e 1)
Lastly, for ¢4, notice that
(02411 _ (024 D(0245) (24 V(=02 +T7) [\
(2 +1)(1—p1) — 1 12 12
(0'2+1)(O'2—|—5) _ (Ug+1)(0’2—|—5)
(o2 +1)(—o2+T7)—12 (02 —1)(—02+5)
3 15 18
= + —-1< — 1.
092 — 1 —02 + 5 09 — 1
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Therefore

1—p1+p1¢(p1,9)
log <1f;1) - log ( — )
(o2+1) (o2+1)
log ((Griiiti=r)  los (GaiSiin=)
log (2222 )  log (1+ 2225.¢(p,0))
log (02151 — 1) log (02131 — 1)
log (—2- —1
- o _log (14 2¢(p1,9))
Cos(a 1) s( )

=1-7% -

¢1 =

where we denoted

B log (—012+7 - 1)
_ log (14 2¢(5(02 +5),0))
Yo o (02131 - 1) .

Finally, we can plug our bounds of by, b1, ¢, ¢1 into Equation 50

1—v4 o 1=v5—76
Blaxo) < 4m (ho(po.5)) " (Malpr.6)) (3(0321)0) (<a121>G>

< 512m (A(2/3,0) ™ (Ao(2/3.0) (6)@)1"“ ((ol)G>1—%—%

(02 —1 g9 — 1
(i) € ) 1=74 < o1 ) 1-=v5—76
< 2048m | ————— —_—
- ((0‘2—1)0’1 (0'2—1)G
61*74
< 2048m

(g — 1)2=7=7—7 Gl_’YS_’YGO"lY‘r’Jr’YG_’Y‘L

< 8192¢!— ) - AL?
O,
N (02 - 1)2—74—75—’YGL1G1—’Y{,—’y60,1Y5+’Yﬁ—’)’4 8] Lo

8192¢ 4 AL? AL?
— oa 1)2774775776111(AL1)1775,760¥5+76—’Y4 log (1 + I ) (1 + 4log (1 + I )) ;

where (%) uses the fact that A\o(p, 9) is increasing in terms of p and decreasing in terms of d, and (%)
uses A\o(p,0) = 1_719 (from Lemma . As noted after Equation ¢o > @1, so that y4 < v5 + 6.

Replacing B(xg) = B(g) = a(g)e yields

8192 AL% AL%
< e
T (0g — 1) Ly (ALY ) s Ye g s TIe T ‘o (1 " Ly ) (1 T log <1 * Ly )> ’

which is the desired result. O

a(g)

Lemma 12. Define

ap = max a(g).
lgll=e

There exists | € Fa(A, Lo, L1,0,0) such that |V f(x:)|| > € for all t with

< .
- 204()62
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Proof. Denote a = L% log (1 + %106) and let g € R? such that ||g|| = € and a(g) = ag. Define the
objective f : R? — R as follows:

8
I
|
S

(Pg x) a) +9(a) Py(
F(@) = v(Py()) o(@) €
e (Py(@)—a) +v(a)  Py(a)za
where v is as defined in Lemma It is straightforward to show that f is continuously dif-

ferentiable, bounded from below (f. = 0), and (Lo, L1)-smooth. Also, with the initial point
Ty = (a + At“‘”) ﬁ, f satisfies f(x0) — f* = A. So f € Faw(A, Lo, L1,0,0).

Consider the execution of A on f from xy = (a + A_f(“)) ﬁ, and let t¢ = max{t >

0| Py(xs) > aforall 0 <s <t}. Then Vf(z;) = g for any t < ¢, so that

xip1 = o — (Vf(x))Vf(xe) = 20 — a(g9)g = Tt — g,
SO

g g A
Py(@iss) = <w+ ||m|> _ <a: ~ a0g, ”g||> = By(,) — aollgll = By(@:) — ae.

Unrolling over ¢ yields

Py(@is1) = Py(a

0) —
In particular, choosing t = tg yields P, (mt0+1) P, (o) — (to + 1)a(e)e. By the definition of #,
we also know Py (x;,41) < a. Therefore P, (o) — (to + 1)a(e)e < a, and rearranging yields

(t + Dage.

Py(xp) —a A—w(a)'

to+1> -2 =
0t a(e)e a(e)e?
Also,
€ Lie € ALy A
=— —log(1+E )< —< <=
vla) =7, Og(+L0)_L1_2L1_2’

where the last inequality uses the condition € < 2Ll from Theorem @ So

t 1> ——.
0ot 2a(€)€?

Therefore, t < 5 (E) > implies that ¢ < ¢ + 1, so that P (1) > a by the definition of ¢(, and finally

IVf(@)] = e H

The following lemma is nearly identical to parts of the proof of Theorem 2 in [Drori & Shamir
(2020), with some small modifications to fit our requirements. We include it here for the sake of
completeness.

Lemma 13. For any sufficiently large d € N and any o : R — R?, there exists some (f,g,=) €
Faie(A, Lo, L1, 01, 02) such that ||V f (x:)|| = e forall 0 < t < T, where

AL()O'%

T =
2¢

Proof. Suppose d > T. Let o : RY — R? and define f : R — R as

T
f(w) = 6<a:ae1> + Zhl(<wve2>)v

1=2
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where
% 2 2] < —ay
—L0(z+a;)*+ L2a? x| € [-a;, — %]
hi(z) = %Lﬁ \ Do |z| € (;%7%)
— 5 (r = b))+ 20 7] € [, 0]
Lop? lz| > b;
=01 (ee1 -+ alei)
=01 (661 — Ulei).
For any x,y € RY,
d
IVf(@) = VEI® =D (Vif(x) = Vif(y))*
i=1
d
=) (W(z:) = h'(y:))?
=2
) & )
< LO Z(mz yz)
i=2
< Ljllz — y|*

where (7) uses the fact that h is Lo-smooth. Therefore f is Lo-smooth, and consequently is (Lg, L1)-
smooth. Also, define the following stochastic gradient for f:

F(z,§) = Vf(z) + (2§ — 1)o1€j(a),
where
j@)=min{l <i<d|(z,e;) =0}.
This oracle is defined so that the stochastic gradient noise at step ¢ only affects coordinate ¢ + 1 (this

will be shown later). Let D be the distribution of £, defined as P(£ = 0) = P({ = 1) = 1. With this
definition, the stochastic gradient F' satisfies

E[F(z,§)] = Vf(z)
[F(x,§) — Vf(z)| <o (almost surely).

Therefore, all of the conditions for (f, F, D) € Fux(A, Lo, L1, 01, 02) are satisfied other than the
condition that f is bounded from below and f(xo)—inf, f(x) < A. This condition will be addressed
at the end of this lemma’s proof.

Now consider the trajectory of A on f from the initial point &g = 0. We claim that forall 0 < ¢t < T"

t—1
(@, e1) = —€ Y a(F(@;,&)) (51)
=0
—a; & =1 :
(4, €5) = forall2 < j<t+1 (52)
b, £ =0
(zt,e5) =0 forallj >t+1, (53)

which we will prove by induction on ¢. By construction, all three of the above hold for the base case
t = 0. Now, suppose that they hold for some 0 < ¢ < T — 1. Then for j > 2,

h;(—aj) j§t+1and§j:1
i : (@)
Vjif(x) = h;((z,e5)) = § h;(b)) j<t+land&; =0 = 0,
h’:(0) j>t+1
where (i) uses Equatlon and Equatlonﬂfrom the induction hypothesis, and (uﬁcomes from
P3|

the definition of h. Therefore V f(x;) = ee;. Also, Equation and Equation [53| imply that
jlxe) =t + 2,50

—~
=

F(x, &) = Vf(xe) + (28 — 1)o1€442.
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Therefore, the next iterate x; 1 is:

(F'(xt, &) F (21, &)
a(F (e, &) (eer + (26 — 1)o1€442)
- t+1

a(F(wi,&))> e+ Z<=’Bt, e)e; — a(F(x,&)) (cer + (2§ — 1)o1es12)

Li41 = Tt —

1=

|

15
N
-~ o~

Il
'/PT

t+1
a(F(zi, & ) e + Z Ty, ei)e; — (26 — Do F (x4, &) o1€42,

where (i) uses Equatlonﬂfrom the inductive hypothesis. Notice that the last term (i.e. the coefficient
of e;42) equals —a; when & = 1 and it equals b; when & = 0. This proves Equation[5T} Equation [52]
and Equation [53|for step ¢ + 1. This completes the induction. Together, these three equations imply
that |V f(x;)|| = € for all ¢ < T, which is the desired conclusion.

The only remaining detail is the satisfaction of the condition f(xg) — inf, f(x) < A. As currently
stated, the objective f does not satisfy this condition because it is not even bounded from below due
to the linear term e(x, e1). Similarly to|Drori & Shamir|(2020), we instead argue that there exists a
lower bounded function f that has the same first-order information as f at all of the points x, for
0 <t < T. If this happens, then the behavior of A when optimizing f is the same as that of A when

optimizing f, so the conclusion ||V f(a;)|| = e still holds. Specifically, we need f which is lower
bounded and that satisfies:

Vi) =Vi(ze), flze)=f(a)

for all 0 < ¢ < T'. The existence of such an f follows immediately from Lemma 1 of |Drori & Shamir
(2020), and this f satisfies

. 3e?

it f(e) 2 miy, f(@) - 5p-

Therefore

R R 2
flan) ~inf f@) < 57— min fa)

3e? T
< _ _ _ _
= 9%, +01£tanT ( e{xy,e1) Zth(@:t,eZ)))
362 t—1 i1
= 2
- 2L0 +0I§?§XT (6 ;O& wzafz Zh act,el > . 54)

Denote o, = a(F(a4,&;)). Then for 2 <14 <t +1,
1
hi((x¢, e;) = ZLOU%%{?

Plugging into Equation [54}

362 t—1 t+1
" . )
f(wo) —inf f(x) < GTAR (e Z; Loa1 Za )
3e? il 2, 1
< — i 2 2
— 2L + OrgntaSXTiz:; € 4 0oy
Qi
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Qi can be upper bounded by the maximum value of €2z — X Loo7x? as a function of z, which is

4
et
Too?" Therefore

R <3
Flao) = mf 2L0 0<t<TZ Loo?
3¢ | T
2Ly Lgo?
i) 32 A

N + N

—~

where (i) uses T' <2 0 ! and (ii) uses € < \/ALg/3. O

Theorem 7. [Restatement of TheoremE]] Let A, Ly, L1,01 > 0 and o5 > 1. Denote
ALy
AL2Y’
1+ 4log (1 + Lol)

G:

G—

02—

and suppose G > o1. Let 0 < € < min {01, g, } Let algorithm A,q, denote single-step

adaptive SGD with any step size function o : R? — R for sufficiently large d, and let F =
Fatt(A, Lo, L1, 01,02). If 09 > 3, then

52 71

T (Audas Fr€,8) > Q <(AL1)2 s “)

Otherwise, if oo € (1,3), then

(AL1)2 ¥5— ’YGO.’YJ’FPYG Y4

62 Y4

T (Aada, 71 €,6) = ( (o3 — 1)2+"/475“/6> '

Proof of Theoremd}, We only need to combine Lemmas [0} [I0} [TT] [T2] and [T3] If there exists any
g € R such that |[g|| € [¢,01 + (02 + 1) M] and
L1 mi M
o 1+ La2nllol: A0

Lg

4
a(g) <0 or alg)>
Lilg|

then there exists some problem instance (f, F', D) such that ||V f(x¢)|| > € for all t > 0 (Lemma
[9). If no such g exists, and there exist any tricky pairs with respect to the stepsize function c, then
there exists some problem instance ( f, F, D) such that |V f(x;)|| > € for all ¢ > 0 with probability
at least 0 (Lemma|[I0). Suppose neither of these cases hold. Lemma [T2]implies that there exists a
problem instance (f, F', D) such that |V f(x;)|| > € for all ¢ with

A
T < .
~ 4dage?

Since neither of the above cases hold, the conditions of Lemma [ 1] hold, so we can bound a with
two cases. If 05 > 3, then

3072 AL? AL?
< log ( 1 L) (1+4log |1+ =2
ap < Ll(ALl)l,wﬂsﬂlﬂzﬂsﬂl Og< + To ) ( + 0g< + To )>,

s0 ||V f(z)|| > e for all ¢t with

(55)

64 62—"{1

B (ALOJ% N (AL1)2A/27301Y2+7371>
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If o5 € (1,3), then

8192 AL% AL%
(02 — 1)2774=7% 7674 Ly (ALy) =570 g2 7677 o (1 "L, ) (1 o <1 "L, )> ’

0 ||V f(x:)|| > e for all ¢ with

- [ ALno2 AL;)2— 7= V5+76—74
th( 001 (A1) (02—1)2( 7 ) ) (56)

ap <

€t €2 o9 — 1

Lemma [T3]implies that
ALyo?
T(Aadzn]:a €, 5) Z 2604 ! )

and this can be combined with Equation[55]and Equation[56]to obtain the two conclusions of Theorem

Ml O

D AUXILIARY LEMMAS

Lemmas [T4] and [T5] deal with the asymmetric random walk described in the proof of Theorem ] We
restate the associated definitions below.

Forp € (0,1) and A > 0, consider the random walk parameterized by (p, \):
Xo=1

P(Xip1=Xe+A) =p (57)

P(Xip1=Xy—1)=1-p.
Define

zpa=P(3Ft>0:X; <0)

M@, 0) =inf{A>0:2,, <1-4}
¢(p,6) = Ao(p, 8) = Ao(p, 0).

Informally, z,, » is the probability that the random walk reaches a non-positive value, and Ao (p, J) is
the smallest \ required to ensure that the chance of never reaching a non-positive value is at least J.

Lemma 14. Let X, be as defined in Equation Then \o(p,0) = 1%’.

Proof. Denote a A b = min(a, b). Define 7 = irt1f{t >0: X; < 0}. Note that X; = X + >_, &,
where {&; }{_; are i.i.d. and follow the same distribution: Pr(§; = A\) = pand Pr(§; = —1) =1 — p.

Now we first prove that {X; — t((A + 1)p — 1)}2, is a martingale with respect to itself. To see this,
note that for any ¢ > 0, we have

EX,—t(A+Dp—1) | X4 ]| =E[Xp1 + & —t(A+1)p—1) | Xyq] = Xy — (=) (A+1)p—1),
where the last inequality holds because E[¢; | X¢—1] =Ap—(1—-p)= A+ 1)p—1.

Let T' > 0 be a fixed constant. Note that 7 A 7" is a stopping time which is almost surely bounded.
Then by the optional sampling theorem,

E [XT/\T — (T /\T)(()\ + 1)]? — 1)] = E[XQ] =1.

Therefore, we have

E[X:ar]—1
A+1p—-1"
Let T' — oo. By the monotone convergence theorem,

E[r AT =

lmy oo B[ Xar] — 1
E =
7] O+ 1)p-1

We consider the following cases.
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s If A < 1%’, then (A + 1)p — 1 < 0. Combined with E[7] > 0, this implies
lim E[X,n7] — 1< 0.

T—o0

Now we show that E[7] < oo by contradiction. If E[7] = oo, then limp_, oo E [ X a7] =
—o00, which is impossible because X 1 > —1 for any 7. Therefore Pr(7 = oo0) = 0 and
Zp X\ = 1.

e If A > =2 then (A + 1)p — 1 > 0. Combined with E[] > 0, this implies
lim E[X 7] —1>0.

T— o0
Now we show that Pr(t = oo) > 0 by contradiction. If Pr(7 = oo) = 0, then by
the bounded convergence theorem, we have limr_, o E [X,ar] = E[X,;] < 0, which

contradicts limp_, o E [X;a7] — 1 > 0. Therefore Pr(7 = 00) > 0 and 2, » < 1.

Therefore Ao (p) = 1;—”. O

Lemma 15. Let X; be as defined in Equation Then limgs_,o+ Ao(p,d) = Xo(p,0) for all
€ (0,1).

Proof. The idea of the proof is, given some ), to find some a € (0, 1) such that Y; = oXt is a
martingale. We can then apply the optional sampling theorem to oX* in order to get a bound of Zp,x 1N
terms of A, which we can use to upper bound Ao (p, 6). This upper bound goes to Ao(p,0) as & — 0.
Combining with the fact that Ao(p, §) is increasing in terms of § yields lims_,q+ Ao(p, d) = Ao (p, 0).

Letp € (0,1) and § € (0, p). We want to find A such that z,5 < 1 — 0 (so that Ao(p,d) < \) and
A = Xo(p,0) as & — 0. First, we need o € (0, 1) such that o”* is a martingale. This requires

]E[aXt+1 IXt] — aXz

Xf+)\ (1 ) Xi—1 — aXt

pOéXt+)\ Xt 4 (1 ) X:—1 — O

pat —a+ (1-p) =0, (58)

so we are looking for a root of by (z) = pz* ! — x4 (1 —p) in the interval z € (0, 1). We claim that
for all \ > 1%’, there is exactly one root of hy in (0, 1). To see that such a root exists, notice that
ha(0) = 1—p > 0and hy(1) = 0. Also, 2} (1) = p(A + 1) — 1 > 0 (since A > 1=2). Therefore
hx(1 — z) < 0 for sufficiently small z > 0. Then we can apply the intermediate value theorem to h
at hy(0) > 0 and hx(1 — z) < 0 to conclude that & must have a root in (0, 1).
To see that this root is unique, note that hy is strictly convex in (0, 00), since h¥(z) = pA(A +
)z*~' > 0 for z > 0. Suppose hy had two roots z1,2o € (0,1), with 2; < 5. Letting
a = (z2 — x1)/(1 — x1), we have by strict convexity hy(z2) < (1 — a)ha(x1) + ahA( ) =0,
which contradicts h(z2) = 0. Therefore, h has a unique root in (0, 1) for every A > 2. Denote
this root as ().

Now define A\ = inf {A > 1%” [r(A\) <1-— 6} (the threshold 1 — § will be used later to show

Z 5 <1 — ). In order to show that \ exists and that A\ — Xo(p,0) as § — 0, we need a few facts
about (). Specifically, we need

r(A) is decreasing (59)
lim r(\) = (60)
Aizet
lim r(\) =1—p. (61)
A—00
To see Equation let Ao > A1 > 1;%. For any z € [r(A1),1):

h/\Q(fb) < h/\l(fb) < (1 - T_:Ei\j;) b, (7“()\1)) + T_:Ef\j))h/h(l) =0,
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where the first inequality uses the fact that /) (x) is decreasing in terms of A for any fixed x, and the
second inequality uses convexity. Then r(A2) cannot lie in the interval [r(A1), 1), so r(A2) < r(A1).
This shows that () is decreasing.

To prove Equation notice that 7(\) € (0,1) already implies lim y_1—p+ < 1. So it suffices to
show for any € € (0, 1) that r(\) > 1 — e for sufficiently small A. Denoting ¢ = %,
lim hy(1—€) =pl—e)? —z+ (1 —p)=he(l —€) > hy(1) —eh)(1) =0, (62)

A l=p
P

where the inequality uses strict convexity of i, and the last equality uses hg(1) = hj(1) = 0. Also
im PA(1-e= lm pA+1)at—1=(1-0% —1<0. (63)

1-p+ 1-p
A— > A— >

Together, Equation [62| and Equation [63|tell us that for sufficiently small A\: hy(1 —¢) > 0 and
h\(1—¢€) <0. Thenforany x <1 —e¢,

ha(z) > ha(l— €) + (z — (1 — €))h4 (1 — €) > 0.

In other words, for sufficiently large A, the root of ) cannot be smaller than 1 — ¢, or r(\) > 1 — €.
This proves Equation [60}

For Equation letz € (0,1) and A > lp;p. Then by strict convexity of hy:

ha(x) > ha(0) + 2k (0) = (1 —p) — =,

so hy(x) > 0 for any « < 1 — p. Therefore r(A) > 1 — p for any A, so that limy_,oc r(A) > 1 —p.
We can also show that limy_,o, 7(A) < 1 — p by showing for any € > 0 that 7(\) < 1 — p + € for
sufficiently large A. By convexity of hy:

lim hy(1—p+e) = lim pl —p+e)* -1 —-p+e)+(1—-p) =—e
A—00 A—00

So ha(1 —p+ €) < —e/2 sufficiently large A. Then forany 2 > 1 — p+e,
ha(z) < (1 —a)hx(1 —p+e€) +ahr(l) = —(1 —a)e <O0.

So the root of k) must be smaller than 1 —p+-¢, or r(A) < 1—p-+e. This proves that limy o, 7(A) <
1 — p, and completes the proof of Equation [61}

Recall the definition A = inf {A > 1%” |r(A) <1-— 5}. Equation and Equation together

imply that A exists, since § € (0,p) = 1—0 € (1 —p,1). Also, Equationand Equation
imply that A — 22 = A (p, 6) as § — 0.

We can now consider the random walk X defined in Equation with A = . Our goal is to show
that z,5 < 1- 0, which implies that Ag(p, §) < M\ Leta = r(:\) < 1 — 4. We have constructed « to
be a root of hy, so that ot is a martingale, as shown in Equation Let Tp = inf{t > 0| X; < 0},
and T}, = inf{t > 0 | X; > b}, where b > 0. Define T = min(T,T},). We have aXmin(mn) is
bounded for any n and it is nonnegative, therefore by optional sampling theorem and martingale
convergence theorem (e.g., Theorem 4.8.2 in|[Durrett| (2019)), we have

a=aXe
=E [aXT]
=Pr(Ty < Tp)aX™ + (1 — Pr(Tp < Tp))aX ™
> Pr(Ty < Tp) + (1 — Pr(Ty < Tp))a"™,

where the inequality holds due to « € (0,1), X1, <0, and X7, < b+ A. Let b — oo on both sides,
and note that a® — 0, we have

a > Pr(Ty < o0) = Z, 5 (64)

Therefore
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so that )\0 (p, (5) < 5\ Finally,
A 0) < lim A §) < lim 5\ =A 0
0(p7 )_510 0(p7 )_610 O(pa )7

so that limg_,g+ Ag(p, §) = Ao(p,0).
O

Lemma 16. Let {a;}32, be a positive sequence of reals satisfying a; 11 = ra; + b for r > 1, and let
A > ag. Define k = max{i > 0: a; < A}. Then

A(r—1)+b
log (ag(r—1)+b)

k‘ =
logr

Proof. 1t is straightforward to show by induction that for any 7 > 0:

P s b b
a; = aor +b§ rl =apr'+0b =r"la+—— ) —
r

= -1 r—1 r—1

Then a; < A if and only if

(oor i)
rlagt+ —= | — <
r— r—1
Tia+ b
0 r—1 r—1
7 7‘31 A(T71)+b

’I"-< =
_a0+fbl CLo(T—l +0b

A(r—1)+b
IOg (ao(r—l)—i—b)

log r

b

IN

A
A+
A+

i <
So k is the largest integer smaller than or equal to the RHS of the above. [

E DISCUSSION ON STABILIZATION CONSTANT 7y

In Theorem [I] we showed that Decorrelated AdaGrad-Norm exhibits a quadratic dependence on
A, Ly in the dominating term of its convergence rate, so that the number of iterations required to
find an e-stationary point is Q(A2L302¢~*). This result depends on the condition v < O(AL;),
which covers the standard protocol in practice of choosing 7y to be a small constant, e.g. v = le — 8.
However, it is natural to ask whether our result can extend to any choice of ~.

In this section, we answer this question in the deterministic setting, that is, with ¢ = 0, we show that

the lower bound of Theorem can be recovered even if the condition v < O(ALy) is removed. This
shows that (deterministic) Decorrelated AdaGrad-Norm cannot recover the optimal complexity from
the smooth (deterministic) setting, no matter the choice of «y. This result is stated below.

Theorem 8. Denote Fuy = Fus(A, Lo, L1,0), and let algorithm Apay denote Decorrelated
AdaGrad-Norm (Equation with parameters n,~v > 0. Let 0 < ¢ < min { AQLl sr/ i—;} f
AL? > Lo, then

~ (A%L2
T (Apan, Fers €) = £ ( 5 1) .

The proof structure is similar as Theorems and[3] by splitting into cases depending on the choice
of n and . However, for this proof we split into cases slightly differently than in these three theorems;
here, the cases are determined by the magnitude of 1 and ~ /7. The proof relies on Lemma for one
case and reuses the hard instance of Lemma for the other.
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Proof. We consider two cases: In the first case, both of the following hold:

IN%:
n=1/Li and 7/n < IVERR (65)
8log (1 + = 1)
In the second case, one or both of these two conditions fail:
2
n<1/Ly or ~/n> AL148AL2 . (66)
8log (1+ 24

We will show that in the first case, there exists an objective for which Decorrelated AdaGrad-Norm

will never converge, and in the second case, there exists an objective for which convergence requires
Q(A%L3e2) iterations.

Case 1 This case is the simpler of the two, since we can directly apply Lemma[5] The conditions of
this lemma are immediately satisfied by the conditions of this case. Therefore, in Case 1, there exists
an objective (f, g, D) € Fge such that |V f(x;)|| > AL, forall ¢t > 0.

Case 2 For this case, we will reuse the hard instance from Lemma @ Denoting m =
L% log (1 + LL—loe), the objective is defined as

—e(z+m)+yY(m) z<-m
f(z) = ¢(@) x € [-m,m],
elx—m)+yY(m) z>m
where

(z) = ﬁ (exp(Lae]) — Lnfz] - 1).

With g, D defined so that g(x, &) = f/(z) almost surely when £ ~ D, it was already shown in the
proof of Lemmathat (f,9,D) € Fuaer, when we use the initial point xg = m + 2%.

Letting x; be the sequence of iterates generated by Decorrelated AdaGrad-Norm, we define ¢y =
max {t > 0| z; > m}. Notice that f'(x) = e for all x > m, so the definition of ¢, implies that
|f/(x¢)| = e forall t < ty. Accordingly, we want to show that
~ A2 L2
sz( 2».

€

Actually, the trajectory of Decorrelated AdaGrad-Norm for this objective is identical to that of
Decorrelated AdaGrad, since the objective’s domain is one-dimensional. Therefore, to analyze the
trajectory x;, we can reuse the analysis from the proof of Lemmal(§] Starting from Equation [22]

to >1<A 6)
\/m_e dne  2v )’

Using the assumed upper bound on e,

SO

8ne’ty > Av/72 + €2t
64n* ettt > A%% + A%t
A2,y2 AQ
= 2.4 T 33 t0-
64n%e 64n%e

51



Published as a conference paper at ICLR 2025

. 2 2,2 . . . .
Denoting b = 64@7262 and c = @77;’64, this gives the quadratic inequality

t2 — bty —c > 0.
Since ty > 0, this implies

A? A~y

/32
to > w > el
128n2€2  8ne?

> 5 > (67)

b
g T Ves

Finally, we can apply the conditions on 7 and /7 from the case analysis. We know that either
AL

8log (1 i 48LAOL§) .

n<1/Ly or v/n=>

(63)

If n < 1/Ly, then Equation [67]implies

A2 AQL%
to > > .
0= 712822 = &
On the other hand, if

In> AL?
Ynz )
8log (1+ 24
then Equation [67]implies
Axy A2
to > >

81€ T G4e2 log (1 + 48AL%> '

Lo

~ 272

tOZQ<Afl),
€

Either way, we have

which finishes the analysis for Case 2.

Putting The Cases Together The case analysis above shows that, no matter the choice of v, 7,
there always exists some objective (f, g, D) € Fue such that the number of iterations to find an

e-stationary point is at least
€2 ’
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