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ABSTRACT

Interval-based designs represent cutting-edge adaptive methodologies for phase I clinical trials to iden-
tify the maximum tolerated dose (MTD). These designs exhibit robust performance comparable to more
intricate, model-based designs, and their pretabulated decision rule enables them to be implemented as
simply as the conventional algorithm-based designs. In this paper, we introduce the posterior predictive
(PoP) design, a novel interval-based design that leverages advanced Bayesian predictive hypothesis testing
techniques for dose escalation and de-escalation. Our work moves beyond the existing model-assisted
interval-based designs by achieving global optimality in dose transition. Theoretically, the global optimality
ensures that the proposed design can consistently select the true MTD at an impressive convergence rate
of n=1/2. Through extensive simulation studies, we demonstrate that the PoP design yields substantial
improvement in operating characteristics to identify MTD, thereby presenting a valuable upgrade to the
popular interval-based designs in practice. Supplementary materials for this article are available online,
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1. Introduction

In this work we are interested in the adaptive design of phase I
clinical trials to identify the maximum tolerated dose (MTD),
which is the highest dose of a treatment that can be safely given.
Incorrect determination of MTD can result in either expos-
ing patients to an overly toxic dose or a sub-therapeutic dose.
Thus, accurately identifying MTD and treating more patients
at the MTD level are key objectives for dose-finding studies
to ensure the success of subsequent phase II and III clinical
trials.

Popular dose-finding methods can be classified into three
major categories: algorithm-based design, model-based designs,
and model-assisted designs (Jaki, Clive, and Weir 2013; Iasonos
and O’Quigley 2014; van Brummelen et al. 2016; Yuan, Lin, and
Lee 2019). Algorithm-based designs use simple rules to guide
dose escalation or de-escalation in practice, such as with the
“3+3” design, which are easy to implement but have low accu-
racy in identifying MTD and a lack of flexibility to adjust when
encountering variations in real-world situations (Le Tourneau,
Lee, and Siu 2009). Addressing more specific dose-finding prob-
lems, the model-based methods, such as the continual reassess-
ment method (CRM) (O’Quigley, Pepe, and Fisher 1990) and its
extensions (Faries 1994; Braun 2002; Leung and Wang 2002; Yin
and Yuan 2009), build upon a parametric model for the dose-
toxicity relationship and adaptively evaluate the model based
on the observed data. The model-based designs provide more
efficient performance of MTD selection (van Brummelen et al.

2016), but they require special software and are challenging to
implement in clinical settings.

Model-assisted designs establish a novel model-free paradigm
for the easy implementation of phase I clinical trials (Yuan,
Lin, and Lee 2022). They benefit from both the simple
forms of algorithm-based designs and the superior operating
characteristics of model-based designs (Zhou et al. 2018; Yuan,
Lin, and Lee 2019). However, model-assisted designs are indeed
model-free, and the patient dose assignment is implemented
using predetermined intervals to minimize incorrect decisions
of dose escalation or de-escalation. Therefore, we refer to
the model-assisted designs as interval-based designs (Oron,
Azriel, and Hoff 2011) to avoid the misconception of using
any specific dose-toxicity model. Some examples of interval-
based designs include the modified toxicity probability interval
(mTPI) design (Ji and Wang 2013; Guo et al. 2017), the Bayesian
optimal interval (BOIN) design (Liu and Yuan 2015), the
Keyboard design (Yan, Mandrekar, and Yuan 2017) and their
variants and extensions. Interval-based designs can tabulate the
decision rules in advance. During the trial, the decision of dose
assignment for the next cohort of patients involves only a simple
comparison of the observed toxicity rates with a prespecified
toxicity tolerance interval. This makes it easy for the clinical
team to conduct the trial. Meanwhile, the BOIN and Keyboard
designs have demonstrated robust operating characteristics
comparable to the CRM design (Zhou et al. 2018; Zhu, Hwang,
and Li 2019), highlighting the accuracy, efficiency, and safety of
interval-based designs.
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Interval-based designs have gained remarkable popularity in
dose-finding studies, but they also raise concerns due to the arbi-
trary choice of the toxicity tolerance interval. The “optimality”
property of these designs, which minimizes the risk of incorrect
decisions, theoretically holds with respect to a predefined toler-
ance interval. In reality, the efficiency of these designs is inher-
ently dependent on, and limited by, the choice of this interval.
A poorly chosen interval can lead to suboptimal performance,
potentially worse than that of conventional algorithm-based
designs.

In practice, the tolerance intervals are often pre-specified for
each design method and calibrated through simulation to yield
reasonable empirical performance. However, there is no guaran-
tee of robust performance across all possible target toxicity rates.
The optimization over the tolerance intervals, or equivalently
the optimal decision rules, remains largely unknown. Therefore,
the theoretical establishment of an optimal tolerance interval
for the widely used interval-based designs remains an important
open question.

It is also worth noting that even with a large sample size,
the popular interval-based designs with well-calibrated toler-
ance intervals can suffer from another significant limitation.
Specifically, these designs may select an arbitrary dose within
the tolerance interval, rather than converge to the true MTD (Liu
and Yuan 2015; Pan et al. 2020). Shortening the toxicity tolerance
interval to exclude undesirable doses will not solve this issue
because this may result in overly frequent dose transitions and
lead to a loss of efficiency. Therefore, it is critical to develop new
interval-based designs that can more accurately and efficiently
identify the MTD.

The optimal choice of adaptive decisions for dose transition
to minimize wrong decisions in previously published interval-
based designs is contingent upon the “local” choice of tolerance
interval, which we refer to as the “local optimality”. This is
in contrast to the “global” optimality in which the optimality
is achieved without the specification of a tolerance interval in
the dose-finding algorithm. Currently, only local optimality can
be claimed in popular interval-based designs such as mTPI,
BOIN, Keyboard, and their many variants. However, as we
will demonstrate in the Methods section, the specification of a
local tolerance interval is arbitrary and unnecessary. If it can
be avoided, it will enable the improvement of convergence in
probability 1 to identify MTD to reach global optimality.

In this article, we propose a new interval-based approach, the
posterior predictive (PoP) design, established on an improved
test statistic for decision-making. Our approach applies the pre-
dictive Bayes factor (Zhou 2011) as a hypothesis testing tool to
determine the optimal action of dose allocation, that is, whether
to retain or transit, by regarding each as a candidate hypothesis.
In this Bayesian decision framework, the dose escalation or de-
escalation boundaries are globally determined by minimizing
the risk of incorrect actions. Without the specification of local
tolerance interval, the PoP design can reduce the efficiency loss
caused by testing of interval hypotheses and converge to the true
MTD at a rate of n~ /2. The decision rule of the PoP design can
be pretabulated, making it as convenient as other interval-based
designs.

The remainder of this article is organized as follows. In
Section 2, we review the predictive Bayes factor and formulate
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the dose-finding problem as a model selection problem. Then,
we propose the PoP design for dose assignments. In Section 3,
we investigate the theoretical properties of the PoP design. In
Section 4, we discuss practical implications. In Section 5, we
perform simulations to evaluate and compare the operating
characteristics of the PoP design. We conclude with a discussion
in Section 6.

2. Methods
2.1. Global Hypothesis Testing for Dose Assignment

We assume that there are J prespecified dose levels of the drug
of interest. Let d, da, . . ., dj denote these dose levels. The dose-
limiting toxicity (DLT) is assessed as a binary outcome for each
individual patient/subject, defined by the occurrence of some
severe toxicity. The true dose toxicity is assumed monotonically
increasing as the dose level increases. Let ¢ be the target toxicity
rate, and 7; be the true dose-toxicity of dose level d;, for j =
1,2,...,].

To guide the dose finding, we formulate the following global
hypothesis testing for a given dose level d;:

Hoj!ﬂj:(f)

(1)

H 1 T 75 (f))
where Hy; indicates that d; is MTD and should be retained; Hj;
reflects the current dose is either below or above MTD, so that we
should transit to a different dose level. Thus, the dose assignment
decision is well aligned with hypothesis testing of Hy; against
Hij. When Hj; is favored, the direction of dose adjustment is
determined by the observed toxicity rate: we either de-escalate
the dose if the observed toxicity rate is above the target toxi-
city rate ¢, or escalate the dose if the observed toxicity rate is
below ¢.

As patients are enrolled sequentially, the dose assignment
problem can be viewed as a series of decisions to update which
hypothesis would be favored. However, because the true toxicity
rate 77j is unknown, these decisions may not always be accurate.
As a result, it is essential to minimize the risk of incorrect
decisions to optimize the assignment of patients to MTD. Later
in Section 3.1, we will establish the global optimality property
to minimize the risk of incorrect decisions with respect to the
global hypothesis testing in (1), which differs fundamentally
trom local optimality in existing interval-based designs.

2.2. Posterior Predictive (PoP) Design

The Bayes factor is a widely used approach for Bayesian hypoth-
esis testing. However, it may raise issues in conducting the
hypothesis testing described in (1) in Section 2.1 (Kass and
Raftery 1995). Specifically, even for data sets extremely implau-
sible under the point hypothesis Hy;, the Bayes factor may yield
confusing results in favor of Hyj; this is known as Lindley’s para-
dox (Lindley 1957). It cannot be resolved by increased sample
size, as evidence in favor of the point hypothesis Hy; may become
overwhelming as the sample size increases (Bernardo 1999).

In the dose-finding setting, the straightforward employment
of Bayes factors could mistakenly lead to incorrect decisions



2648 C.FU,S.ZHOU, AND J. J. LEE

of retaining the current dose even if the updated toxicity data
suggest a high DLT rate. This issue is particularly concern-
ing, as it can expose patients to higher levels of toxicity than
necessary (Berry et al. 2010). To avoid this problem, popular
interval-based designs employ local hypothesis testing rather
than directly testing (1). For example, the prominent BOIN
design (Liu and Yuan 2015) adopts

Hyj:j = ¢,
Hj;: mj = ¢1, (2)
H;] . 7-[] = ¢27

by specifying two single points ¢; and ¢ (¢1 < ¢ < ¢2), as
the empirical local alternative hypotheses to guide dose escala-
tion and de-escalation, respectively. When the local hypothesis
testing strategy takes a detour to replace the global hypothesis
testing in (1) in Section 2.1 and solve the target hypothesis
testing problem, it is also constrained by the specific choices of
¢1 and ¢, for locally guided decision rules in risk minimiza-
tion of incorrect decisions (i.e., local optimization), potentially
diminishing the dose-finding efficiency.

In contrast, the predictive Bayes factor (Zhou 2011) pro-
vides an alternative solution to conduct the hypothesis testing
problem (1) (see also Appendix A). In the context of dose-
finding, we apply the predictive Bayes factor for the problem to
determine the dose assignment of the next cohort of subjects.
Lety; = Zln’: 1 ¥ji denote the sum of DLTs among #; subjects
who received dose dj, forj = 1,2,...,], following a binomial
distribution

yj ~ Bin(n;, 7).

Under Hj, we assume a non-informative prior 7r; ~ Unif(0, 1).
Then, the predictive Bayes factor comparing Ho; and Hj; is given
by

Jj 1— ni=)j
PI‘BFO’I =e€ (TIJ + 2)nj < ¢ ) < ¢ ) 5 (3)
yi+1 nj—yi+1

where e is the Euler number. The smaller the value of PrBFy ;,
the stronger the evidence favors Hj; for dose transition against
Ho; for dose retention.

The evidence provided by PrBF ; can be interpreted in terms
of the observed DLT counts y;. As a function of y;, PrBFy; in
(3) is a strict bell-shaped function, with the tails on both ends
favoring Hj; for the dose transition. A small y; < ¢ - nj indicates
low toxicity and suggests dose escalation, while a large y; >
¢ - nj suggests high toxicity and dose de-escalation. Given the
observed y;, there is no ambiguity in deciding whether to esca-
late or de-escalate when H 1j is favored. Therefore, the two-sided
interval hypothesis Hj; is sufficient for statistical evaluation to
guide the dose-finding.

Dose transition. Following the discussion above, we have
the following decision rule for dose transition:

+ IfPrBFo,; < C, the evidence is in favor of Hy;. We assign the
next cohort of patients to an adjacent dose according to y;,
such as

- If Yj < ¢ - nj, we escalate the dose;

- Ify; > ¢ - nj, we de-escalate the dose.
o Otherwise, we retain the current dose.

The threshold C describes the tolerance in strength of
evidence for dose transition. Mathematically, it can be intrin-
sically determined by specifying a loss function of making
incorrect decisions. More technical details will be provided in

Section 3.1, which justifies the theoretical foundation for the
threshold C.

Dose exclusion. To improve patient safety and trial effi-
ciency, the PoP design also employs a dose exclusion rule in
patient allocation. If the predictive Bayes factor based on the
observed y; indicates a dose is above MTD with certain evi-
dence, we exclude the current dose and the doses above it to
avoid treating patients at overly toxic doses. Alternatively, if the
predictive Bayes factor implies that a dose is substantially below
MTD, we exclude the current dose and doses below it to prevent
patients from receiving subtherapeutic doses. We present a dose
exclusion rule as follows:

+ IfPrBFy,; < E, the evidence is strongly in favor of Hy; and:

- Ify; < ¢-nj, the current dose is deemed as subtherapeutic
and we exclude the current dose and lower doses.

- Ify; > ¢-n;j, the current dose is overly toxic and we exclude
the current dose and higher doses.

When all the doses are excluded from further investigation,
the trial is terminated early. The exclusion threshold E ensures
the safety of the patients and efliciency of the design by influenc-
ing the early termination rule. See also Section 3.1 for technical
details on how to determine E.

MTD selection.  After the patient enrollment completes and
outcomes are observed, a dose level needs to be selected as MTD.
Following the BOIN and keyboard designs (Liu and Yuan 2015;
Yan, Mandrekar, and Yuan 2017), the PoP design applies the
isotonic regression to the observed DLT rates to ensure they
are monotonically no-decreasing and selects MTD based on the
isotonic estimates (Brunk et al. 1972). In addition, we consider
a dose j to be overly toxic, if

P(ztj > ¢lyj,nj) > 0.95and n; > 3,

then we eliminate the dose j and higher doses from the MTD
selection process. This dose elimination rule is the same as
in the BOIN design. If the lowest dose is eliminated from
the MTD selection process, no dose level will be selected
as MTD.

3. Statistical Properties

As the first step in evaluating a novel drug in humans, phase I
clinical trials require a conscientious and statistically rigorous
design. An effective phase I trial should strike a balance of safety,
efficiency, and ethical conduct (Le Tourneau, Lee, and Siu 2009).
In this section, we present the theoretical properties of the PoP
design.



3.1. Global Optimality

We first provide a justification of optimality for the thresholds C
and E under the Bayesian decision framework. The objective is
to minimize the risk of incorrect decisions for global hypotheses
(1). At a current dose level d;, we have three potential actions:
retain the current dose, transit but not exclude the current dose,
and transit and exclude the current dose, denoted as R, T, and
&, respectively. Here R is considered the correct decision under
“Hyj : djisMTD”. T and £ are considered as the correct decisions
under “Hj; : d; is not MTD?”, where £ is superior to 7. Because
the decision rule is identical for various dose levels, hereafter we
suppress the subscript j in the notation for theorems and proofs
when there is no ambiguity.

R T &
H():T[]‘=¢ 0 by 1
H1:7Tj75¢ b, b3 0

To assess the risk of incorrect decisions, we define the loss
function L(a(y), H) for action a(y), and hypothesis Hy with k =
0, 1, and loss scores in the minitable above (by, b2, b3) € {0 <
by < by(1—03),0 < by < 1,0 < bz < 0.5b,}. We set the upper
bound of b3 to 0.5b;, rather than b,. This is because, in the case
of an incorrect dose assignment Hj, the action 7 that involves
transitioning but not excluding the dose may not be ideal, but is
still viable as a suboptimal decision. Thus, the predictive Bayes
risk R(a) is given by

R(a) =P(Ho(D)) ) _ L(a(y), Ho(D))
+ P(Hy(D)) ) L(a(y), Hi (D))
= P(Ho(D)) + Y (b1 P(Hy(D)) + b3P(H; (D))

ye€ yeT
+ ) byP(H (D))
yeR
oY PrBFo; + ) (b1PrBFo; +bs) + » | by
ye€ yeT yeER

where D = {y, n}, and P(H (D)) denotes the posterior weight of
the posterior predictive model from the predictive Bayes factor
with k = 0,1 (Appendix A). After some algebra, it can be shown
that R(a) is minimized with the following decomposition of the
sample space:

by — b
R = 1y:PrBEy; > >
by
by, —b
T={y: = < PrBFy < = 3},
- 1
b3
£ = : PrBF .
y:Pr 0’1<1—b1}

The action sets R, T, and £ are determined by by, b,, and b3,
which characterize the potential loss from incorrect decisions,
or equivalently the relative tolerance to risk.

We denote C the PrBFj; lower bound for R, and E the
PrBF,; upper bound for £. It is easy to derive the following
property for the PoP design:
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Theorem 1. (Global optimality) The PoP design minimizes the
risk of the incorrect decision of dose assignment when C =

ba—bs _ _bs
o and E = —

C and E specify the decision rules and determine the deci-
sion boundaries for dose transition and exclusion. In the trial
implementation, we set 1 < C < e. Large C values encourage
dose transition. It will be more likely to retain the current
dose if C becomes smaller, which poses a stricter rule for dose
transition. Similarly, smaller E values suggest a stricter rule for
dose exclusion.

Theorem 1 suggests the optimal thresholds for PrBF ; in (3)
to achieve both the safety and efficiency of the PoP design, as
the risk of incorrect dose assignment is minimized at each time
point of the adaptive decision-making process. Importantly,
Theorem 1 is derived against the interval hypothesis H; : 7j #
¢, making it unnecessary to specify any point hypotheses for ¢;
and ¢, in (2) for dose escalation/de-escalation. To distinguish
this optimality result from those specific to point hypotheses,
we refer to it as the global optimality, in the sense that it provides
the best solution across the entire composite alternative space.
This global optimality facilitates the PoP design with a unified
performance of high efficiency and accuracy in finding MTD.

3.2. Consistency and Convergence Rate

Here we temporarily shift the focus to the large-sample prop-
erty of the design, which has become increasingly important
due to the high failure rate of correctly identifying MTD in
dose-finding trials. While interval-based designs such as mTPI,
BOIN and Keyboard have been widely used, they suffer from
a common drawback: they may fail to distinguish suboptimal
doses from the true MTD when the tolerance interval covers
multiple dose levels. Subsequently, these designs cannot guar-
antee the convergence to the true MTD. This is mainly because
the lower and upper convergence boundaries of these interval-
based designs do not effectively exploit the improving precision
of the toxicity rate as the sample size grows. As a result, any dose
level within the tolerance interval may trigger a dose-transition
stopping, while retaining the current dose with probability 1.

In contrast, the PoP design uses the predictive Bayes fac-
tor to overcome this limitation. We demonstrate that the pro-
posed design has the desirable asymptotic dose-finding prop-
erty, which is shown in the following theorem:

Theorem 2. (Consistency) Dose allocation based on the escala-
tion and de-escalation boundaries in the PoP design converges
almost surely to the dose level j* if 7j» = ¢. If no dose level
achieves the toxicity rate ¢, the PoP design would eventually
oscillate between two dose levels at which the associated toxicity
rates straddle ¢.

The proof is given in Appendix B. Theorem 2 states that the
PoP design will continue to seek MTD until it is found. If none
of the dose levels have a toxicity rate of ¢, the oscillation between
the two adjacent doses around ¢ could still provide an effective
approach to collecting DLT data for isotonic MTD estimation
at the end of a trial. Compared to other interval-based designs,
the PoP design has the advantage of more accurately identifying
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Method + BOIN

Keyboard PoP

Boundaries (rate)

1 10 100 1000

The number of patients treated at the current dose

Figure 1. Consistency of interval-based designs. The scatterplot of escalation and
de-escalation boundaries of PoP (red dot), Keyboard (blue cross) and BOIN (green
plus) design as the number of patients treated at current dose increases. The figure
corresponds to ¢ = 0.3.

MTD and distinguishing it from suboptimal doses, which makes
it a better tool for dose-finding trials.

Figure 1 illustrates the consistency property of the PoP
design, which is not guaranteed in other interval-based designs
(Liu and Yuan 2015; Yan, Mandrekar, and Yuan 2017). The
figure shows the escalation and de-escalation boundaries for the
PoP design (red), the BOIN design (green) and the Keyboard
design (blue) by varying sample sizes at a target toxicity rate
of $=0.3. As the sample size increases, the boundaries of the
PoP design are roughly monotonic and both upper and lower
boundaries converge to the target toxicity rate, indicating that
dose-escalation (or de-escalation) may effectively occur when
the observed DLT rate deviates from the target toxicity rate. In
contrast, the boundaries of the BOIN design and the Keyboard
design converge to an interval that may include suboptimal
doses higher or lower than MTD.

Furthermore, as the only interval-based design that con-
verges to MTD, we are interested in estimating the convergence
rate of the PoP design. We denote the lower and upper transition
boundaries with n patients treated at a given dose level as

arg min, PrBFg;(y,n) > C
L,= 24 and
n

arg max, PrBFg;1(y,n) > C

U, =

n

respectively, where C > 0 is an arbitrary threshold. In Appendix
C, we prove the following theorem:

Theorem 3. (Convergence rate) Under the condition C < e,
we have the boundaries of PoP design satisfy |L, — ¢| <
kn='/? and |U, — ¢| < kn"Y? asn — o0, where k =

V291 —¢)(1 —log O).

Theorem 3 shows that the lower and upper boundaries of
the PoP design converge to the target toxicity rate ¢ at a rate
of n~1/2, the same as the optimal convergence rate achievable
for an unbiased estimator using Cramer-Rao lower bounds. This
implies that the PoP design is highly efficient in identifying
MTD.

3.3. Coherence

The concept of coherence for trial design was introduced by
Cheung (2005), and later extended to long-memory coherence
by Liu and Yuan (2015). While the original (also known as
short-memory) coherence only concerns the observations from
the most recent cohort, a long-memory coherent design pre-
vents counter-intuitive dose escalation (or de-escalation) if the
observed toxicity rate at the current dose is larger (smaller) than
the target toxicity rate ¢. It is a principle that aims to prohibit
the next patient from receiving overly toxic (subtherapeutic)
doses when newly observed data show a reverse signal. Similar
to other interval-based designs that use accumulative data to
decide dose escalation or de-escalation, the PoP design possesses
a long-memory coherence property, but does not strictly adhere
to the short-memory coherence principle. We have the following
theorem:

Theorem 4. (Long-memory coherence) The PoP design is long-
memory coherent in the sense that the probability of dose esca-
lation (or de-escalation) is zero when the observed toxicity rate
7j at the current dose is higher (or lower) than the target toxicity
rate ¢.

The proof of Theorem 4 is straightforward and is provided in
Appendix D. The long-memory coherence is an attractive fea-
ture of many interval-based designs, including the PoP, BOIN,
and Keyboard designs. It addresses the safety and ethical con-
cerns about dose escalation by ensuring that no subject will be
treated at an overly toxic dose when the observed toxicity rate
is higher than the target. Moreover, it enhances the efficiency of
the trial by ensuring that patients are not allocated to overly safe
doses when the observed rate is below the target.

4. Practical Implementation

In practice, implementing the PoP design is simple and straight-
forward for a clinical research team as dose assignments can be
made through the observed DLTs y; rather than PrBFo, with
decision boundaries explicitly tabulated for y;. Table 1 presents
the decision boundaries for up to 30 patients with a cohort size
of 3 and a target DLT probability of ¢ = 0.25, where C = 2.5
and E = 5/24. Figure 2 illustrates the process of the PoP design
for conducting a trial starting at the lowest dose.

The values of C and E in Table 1 are determined by mini-
mizing the risk with loss function specified by loss scores b; =
0.2, b, = 2/3 and b3 = 1/6. These loss scores {by, by, b3},
similar to the target DLT probability of ¢, are trial design char-
acteristics that need to be specified by clinical collaborators for
any oncology trial given its domain knowledge. In practice, we
recommend setting b, € [0.5,0.75] to explore an alternative
dose when the dose seemingly deviates from the true MTD, as
is the case here with b, = 2/3. We recommend setting b3 as
ibz to improve the efficiency of dose transition. To ensure that
there exists y; such that PrBFy,; (yj,nj) < C, by must be greater
than b,/(1 + e), as the predictive Bayes factor converges to e as
n — 00. Moreover, we believe that b; should be greater than
b3, as the loss of transition is likely smaller when the dose is not
MTD compared to when it is. Thus, a suggested range of b; is
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Figure 2. Flowchart of the PoP design.

Table 1. Decision boundaries for y; in the PoP design with a cutoff value C = 2.5, £ = 5/24, and with a target toxicity ¢ = 0.25.

Number of patients treated at the current dose

n; 3 6 9 12 15 18 21 24 27 30
Escalation if no. of DLT < Uyp: 0 0 1 2 2 3 4 4 5 6
De-escalation if no. of DLT > Uy : 2 3 3 4 5 6 7 7 8 9
Overly safe exclusion < Vi NA NA NA NA 0 0 1 1 2 2
Overly toxic exclusion > Vy: 3 5 6 7 8 9 1 12 13 14

[0.2,0.3]. It is demonstrated that the PoP design is not sensitive
to the choice of by, b, and bs for practical implementation (see
e.g., sensitivity analysis over combinations of loss scores in an
appropriate range in Appendix I) with a small sample size. When
the sample size is moderate or large, the loss scores will have less
impact owing to the guaranteed convergence to MTD.

The PoP design terminates the trial either when the max-
imum sample size is reached or when all doses are excluded.
MTD is then selected according to the rules specified in Sec-
tion 2.2. The PoPdesign package, which can be found on CRAN
(Fu, Fang, and Zhou 2022), provides an R implementation for
phase I trial design.

5. Simulation

To assess the design operating characteristics, here we present
numerical simulation studies to examine and compare the
empirical performance of the PoP design with those of the BOIN
and Keyboard designs. The simulation scenarios follow Zhou
et al. (2018), as described in Section 5.1. The primary focus of
the comparison is within the interval-based design class.

5.1. Simulation Settings

We assume there are K = 4, K = 6 doselevels and the maximum
sample size is N = 30 for K = 4, and N = 36, 60, or 96

for K = 6, with cohort of size 1 or 3. The target toxicity rates
are ¢=0.2, 0.25, and 0.3. Under each setting, we generate 10,000
random dose-toxicity scenarios using the pseudo-uniform algo-
rithm proposed by Clertant and O’'Quigley (2017) as follows.
Given the target toxicity rate ¢ and the number of dose levels
K, the algorithm follows these steps:

1. Choose one dose level Ky from the available set with equal
probabilities as MTD.

2. Randomly generate M from Beta(max{K — Kp,0.5},1) and
set an upper bound B = ¢ + (1 — ¢)M for the toxicity
probabilities.

3. Continuously sample toxicity probabilities uniformly from
(0, B) for each dose level until a scenario is generated where
the selected dose level is MTD.

Under each scenario, we simulate 20,000 trials to control the
simulation error.

For the PoP design, we set b = 0.2, b, =2/3,and b3 = 1/6
as the loss function. Accordingly,

C=25 and E =5/24.

For the BOIN design, we set the boundaries at recommended
0.6¢ and 1.4¢ and assigned the equal prior probability to the
hypotheses. For the Keyboard design, we use the recommended
default values for the key width of 0.1. In the simulation, all
three methods are implemented in combination with accelerated
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titration steps in which patients are treated one by one from
the starting dose—if no DLT was observed, escalate the dose to
the next dose level; otherwise, proceed with the decision table
with the specified cohort size (Simon et al. 1997). The dose
elimination rule described in the “MTD selection” subsection
in Section 2.2 has been applied to all methods in simulation
for a fair comparison. Additionally, the specifications of CRM
skeletons, based on the indifference-interval based approach of
Lee and Cheung (2009), are provided in Appendix E.

5.2. Metrics

We consider the following four metrics to measure the operating
characteristics of the designs over 20,000 trials for each scenario:

1. The percentage of correct selection (PCS) of the true MTD,
defined as the average proportion of trials that selected the

true MTD. It is the primary metric for phase I clinical trials,
measuring the accuracy of identifying MTD.

2. The average percentage of correct patients allocated (PCA) to
MTD.

3. The risk of overdosing, defined as whether more than a
certain percentage of patients (e.g., 70% in Zhou et al. (2018))
were treated as the dose level above MTD.

4. The percentage of overdose selection (POS), defined as the
average proportion of the trials that selected a dose above the
MTD.

5. The average number of patients enrolled in the trial.

5.3. Results

To illustrate the comparative performance of the PoP design,
we focus on its differences from other designs. For example,
using BOIN as a benchmark, we reported APCS = PCSPF —

Table 2. Performance metrics of the PoP, BOIN, Keyboard, and CRM designs across 10,000 random scenarios for a cohort size of 1.

K=4, N=30 Target ¢=0.20 Target ¢=0.25 Target ¢=0.30

PoP BOIN KB CRM PoP BOIN KB CRM PoP BOIN KB CRM
PCS, % 58.2 54.0 53.4 557 59.4 54.2 52.8 55.5 58.6 54.2 519 554
PCA, % 46.3 445 446 46.4 46.7 445 43.8 46.1 45.6 446 43.1 46.0
Risk of OD 70%, % 7.9 9.3 8.7 8.6 9.1 9.2 9.1 8.9 84 10.1 94 9.7
POS, % 13.4 135 12.8 14.3 15,5 145 13.9 15.7 16.0 15.8 14.7 16.9
Avg. samplesize 29.1 28.6 28.5 285 29.4 28.8 28.5 284 29.0 28.8 28.3 28.3
K=6, N=36 Target ¢p=0.20 Target ¢=0.25 Target ¢=0.30

PoP BOIN KB CRM PoP BOIN KB CRM PoP BOIN KB CRM
PCS, % 49.6 46.8 459 48.0 515 47.4 46.2 48.8 50.4 47.1 45.0 48.8
PCA, % 37.4 36.5 36.4 38.0 38.0 36.6 36.1 38.2 37.0 36.6 354 38.2
RiskofOD70%,% 9.7 11.2 10.6 10.7 104 10.7 10.5 10.9 9.6 11.7 109 11.7
POS, % 15,5 16.0 14.8 16.3 17.6 169 16.1 17.4 18.2 18.2 16.7 18.9
Avg. samplesize 35.0 34.7 34.7 34.6 354 349 34.7 34.7 349 349 345 345
K=6, N=60 Target ¢=0.20 Target ¢=0.25 Target ¢=0.30

PoP BOIN KB CRM PoP BOIN KB CRM PoP BOIN KB CRM
PCS, % 55.2 49.4 48.1 53.5 57.7 50.8 49.1 54.7 56.4 504 47.8 549
PCA, % 41.5 40.5 40.1 43.2 42.5 40.9 40.1 43.7 41.4 40.9 39.0 43.7
Risk of OD 70%, % 7.5 8.9 8.4 9.5 8.5 9.0 8.8 9.8 84 104 9.2 10.7
POS, % 12.7 11,5 10.7 134 147 12.7 12.0 14.5 15,5 14.0 12.7 15.9
Avg. samplesize 569 574 573 57.3 57.8 57.8 57.4 57.4 569 57.8 57.1 57.1
K=6, N=96 Target ¢p=0.20 Target ¢=0.25 Target ¢=0.30

PoP BOIN KB CRM PoP BOIN KB CRM PoP BOIN KB CRM
PCS, % 59.7 50.7 49.1 58.2 62.6 52.5 50.6 599 61.2 52.2 493 60.1
PCA, % 449 435 429 48.0 46.4 444 432 48.9 451 444 42.0 48.9
Riskof OD 70%, % 6.0 7.0 6.8 8.5 6.9 7.6 7.3 8.9 7.1 9.0 7.8 9.7
POS, % 10.1 8.3 78 11.0 119 94 89 12.0 12.7 106 9.5 133
Avg. samplesize 88.3 91.1 91.0 91.0 90.1 91.8 91.2 91.2 88.3 91.8 90.7 90.7

Abbv: KB: Keyboard; PCS: percentage of correct selection; PCA: percentage of correct allocation; POS: percentage of overdose selection; OD: overdosing. Methods that exhibit
superior performance are highlighted in bold.
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Figure 3. Plots of difference in the percentage of correct selection (APCS) of the maximum tolerated dose (MTD) for PoP versus BOIN and PoP versus Keyboard across
10,000 scenarios. In each scenario, we calculated APCS with 20,000 simulated trials. Arrowed numbers represent the percentage of scenarios in which APCS was positive.
Avalue > 50% indicates the PoP design outperformed the design under comparison (top, Keyboard design, in light blue; bottom, BOIN design, in dark blue).

PCSBOIN  where a positive APCS value indicates superior per-
formance of the PoP design in accuracy of identifying MTD.
Table 2 presents the average of each metric described above for
each design.

MTD selection. Figure 3 demonstrates the performance of
the PoP design with respect to MTD selection based on PCS
under various settings. Generally, the PoP design yielded higher
PCS than the BOIN and Keyboard designs. In each panel of

Figure 3, we highlighted the percentage of scenarios in which
PCSPP — PCS' was positive (" for either Keyboard design (top, in
light blue) or BOIN design (bottom, in dark blue), respectively),
indicating that PoP design consistently outperformed the BOIN
and Keyboard designs to select the correct MTD. When the
cohort size was 1, the percentage of positive difference in PCS
was larger than that of when the cohort size was 3, which indi-
cated that the PoP design had even higher accuracy in selecting
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Figure 4. Density plots of difference in the percentage of correct allocation (APCA) of patients to the maximum tolerated dose (MTD) for PoP versus BOIN and PoP versus
Keyboard across 10,000 scenarios. In each scenario, we averaged APCA with 20,000 simulated trials. Arrowed numbers represent the percentage of scenarios in which
APCA was positive. A value > 50% indicates the PoP design outperformed the design under comparison (top, Keyboard design, in light blue; bottom, BOIN design, in dark

blue).

MTD for continuous interim assessment. When there were more
patients relative to the dose numbers (e.g., with K = 6, N = 60
and K = 6, N = 96), the PoP design outperformed the BOIN
and Keyboard designs in more dose-toxicity scenarios, which
aligned with the consistency property discussed in Section 3.2.
Patient allocation. Figure 4 depicts the comparative per-
formance of each design with respect to assigning patients to
MTD according to the average percentage of correct patient

allocation (PCA). In most of the panels, the majority parts of the
density were positive, indicating that more patients in the PoP
design would be treated at the true MTD than in the BOIN and
Keyboard designs. When the cohort size was 3, the percentage
of positive difference in PCA was often larger than that of when
the cohort size was 1.

Overdose control. The risk of overdosing at least 70% of
patients and the percentage of overdose allocation are shown in
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Table 3. Performance metrics of the PoP, BOIN, Keyboard, and CRM designs under four prespecified dose-toxicity scenarios for cohort sizes of 1. The target toxicity rate is
0.25.N = 36.

Target ¢=0.25

. Dose level Not Choosing Risk of Over-
Design .

1 2 3 4 5 6 Any Dose dosing
Scenariol Pr(toxicity) 0.25 0.35 05 0.6 0.7 0.8

PoP Selection(%) 63.7 26.1 19 0.1 0.0 0.0 8.1 19.5
#Patients 20.4 10.2 3.0 0.7 0.2 0.0

BOIN Selection(%) 54.4 232 1.8 0.1 0.0 0.0 20.5 20.1
#Patients 179 92 29 09 03 0.1

Keyboard Selection(%) 53.4 22.3 16 0.1 0.0 0.0 22.5 19.5
#Patients 176 89 28 08 0.2 0.1

CRM Selection(%) 53.0 225 1.6 0.0 0.0 0.0 22.8 17.7

#Patients 180 89 26 06 0.2 0.0
Scenario 2 Pr(toxicity) 0.1 0.25 04 0.6 0.7 0.8

PoP Selection(%) 15.0 68.1 16.5 0.3 0.0 0.0 0.2 8.6
# Patients 87 166 83 16 0.3 0.1

BOIN Selection(%) 23.0 60.6 14.7 0.5 0.1 0.0 1.0 9.1
#Patients 10.2 158 7.4 18 05 0.1

Keyboard Selection(%) 24.5 59.3 139 0.5 0.1 0.0 1.7 8.6
#Patients 10.6 156 7.0 1.7 04 0.1

CRM Selection(%) 14.4 66.3 17.4 0.3 0.0 0.0 1.7 7.5

#Patients 86 173 7.8 14 03 0.1
Scenario 3 Pr(toxicity) 0.05 0.1 0.25 0.32 0.5 0.6

PoP Selection(%) 0.2 15.7 50.7 30.3 3.0 0.1 0.0 18.5
#Patients 22 7.7 130 91 3.1 0.7

BOIN Selection(%) 1.1 21.8 45.2 285 3.1 0.2 0.1 18.6
# Patients 24 88 119 89 3.1 0.9

Keyboard Selection(%) 1.8 23.2 44.4 274 28 0.1 0.3 18.4
# Patients 26 91 118 87 29 0.8

CRM Selection(%) 0.1 12.7 55.2 293 24 0.0 0.3 19.2

#Patients 21 7.0 144 93 25 0.6
Scenario 4 Pr(toxicity) 0.01 0.02 0.03 0.04 0.05 0.25

PoP Selection(%) 0.0 0.0 0.0 0.1 125 87.4 0.0 0.0
#Patients 1.1 1.3 1.4 1.7 7.7 21.9

BOIN Selection(%) 0.0 0.0 0.0 0.2 222 775 0.0 0.0
#Patients 1.1 1.2 1.3 16 95 211

Keyboard Selection(%) 0.0 0.1 0.1 0.4 24.1 75.1 0.0 0.0
#Patients 1.1 1.3 1.4 1.7 10.0 20.6

CRM Selection(%) 0.0 0.0 0.0 0.2 10.8 88.9 0.0 0.0

# Patients 11 11 13 1.7 6.6 24.1

Table 2. Because it is critical to explore the boundary between the ~ design feature is to minimize the risk of exposing too many
overly toxic doses and MTD in a dose-finding trial, rather than  patients to overly toxic doses. Compared with the BOIN and
completely avoiding the overly toxic assignment, an attractive =~ Keyboard designs, the PoP design had the lowest risk of overdose
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allocation. Meanwhile, PoP design showed robustness in dose
selection, with POS slightly higher than BOIN and Keyboard
but marginally lower than CRM. Coupled with its significant
advantage in PCS over BOIN and Keyboard, the simulation
studies confirm that the PoP design achieved superior empirical
performance among interval-based designs for dose selection.

Table 3 presents four prespecified scenarios for oncology tri-
als in Liu and Yuan (2015). We evaluated these scenarios for ¢ =
0.25 (Table 3) to illustrate cases where a specified dose matches
the target toxicity rate and ¢ = 0.20 (Table Al in Appendix
F) where specified doses oscillate around the MTD. The results
showed that the PoP design outperformed the CRM design in
Scenarios 1 and 2. The CRM design performed best in Scenarios
3 and 4, with the PoP design being the second best. However,
isolated scenarios across different design categories should be
interpreted with caution, as performance can substantially vary
by scenario. In general, among the interval-based designs, the
PoP design yielded the highest PCS and PCA in all scenarios.

The distributions of MTD recommendation by different
designs were shown in Appendix G. A numerical example in
Appendix H demonstrated the consistency property of the
PoP design. Finally, a sensitivity analysis that evaluates the
performance of the PoP design with respect to various sets of
loss functions was included in Appendix I.

6. Discussion

We have proposed the PoP design, a cutting-edge interval-based
design for phase I dose-finding clinical trials. Given a binary
primary endpoint over multiple dose levels at a small sample
size, a key challenge is to maintain algorithm simplicity and
safety while improving the efficiency of correct MTD selec-
tion. The PoP design shares common advantages with other
interval-based designs, such as its straightforward implemen-
tation, facilitated by pretabulated decision rules, and its long-
memory coherence. Remarkably, the PoP design has demon-
strated outstanding performance in dose selection compared
with existing phase I designs. As suggested by the theoretical and
empirical results, this research endeavor may, while keeping the
trial implementation simple, help to better identify MTD and
deliver safer and more effective phase I clinical studies.

The proposed method is established based on a robust pre-
dictive Bayesian hypothesis testing approach to guide dose tran-
sition. The decision rules in the PoP design can achieve global
optimality by minimizing the predictive risk of the incorrect
decision of dose assignment during the trial, with the potential
of customized loss functions to meet different clinical needs.
One unique feature of the PoP design is that for a large sam-
ple size, it is consistent by distinguishing the true MTD from
the suboptimal doses, therefore ameliorating the inconsistency
concern of phase I interval-based trial designs to select the
suboptimal MTD. As more modern phase I trials start to recruit
patients in moderate sample sizes, this property will be increas-
ingly important and appealing for dose-finding problems.

We note that the optimality property discussed in Section 3.1
differs from the optimality property in popular interval-based
designs (Liu and Yuan 2015; Guo et al. 2017; Yan, Mandrekar,
and Yuan 2017), rooted from different alternative hypotheses
to guide dose transitions. For example, the BOIN design has
the local optimality for a prespecified set of (A4, A.), which

respectively corresponds to two local alternative point hypothe-
ses for dose de-escalation and escalation. Given a different set
of point hypotheses, the optimal decision boundaries must be
recalibrated. Similarly, the optimality in the Keyboard design
is dependent on the preselected length of the key. In contrast,
the PoP design achieves the global optimality for dose transition
based on Bayesian testing against the global interval alternative
hypothesis in (1) when the predictive Bayes factor assures the
sound asymptotic and finite properties without suffering from
Lindley’s paradox. Subsequently, the global optimality allows the
PoP design to exploit the accumulated data more effectively and
adaptively, which explains why the PoP design is both more
efficient in selecting MTD and safer with alower risk of assigning
patients to overly toxic or subtherapeutic doses.

At the early stage of a trial with few accrued patients, the
PoP design tends to be more conservative in dose escalation
and de-escalation than the other interval-based designs. It may
require more patients treated at a given dose for enough evidence
to make correct decisions for dose transition. For example, the
dose might only escalate 0/6 in Table 1 rather than the con-
ventional 1/6 in mTPI, BOIN, keyboard or “3+3” designs. A
possible extension is to calibrate the loss function to encourage
dose transition when 7; is small. Practically speaking, the losses
b1, by, and b3 need not be constant and how best to specify
them deserves further study, as the sample size-dependent loss
function is fully reflected in the decision boundary tabulation, so
that the trial can be the same easily implemented from user’s end,
while theoretically, all the attractive properties like optimality,
coherence, and consistency are still maintained. Nevertheless, an
accelerated titration step is helpful and recommended to reduce
the overall number of undertreated subjects.

Like many conventional phase I trial designs, the PoP design
relies on rapidly ascertaining toxicity relative to patient accrual,
requiring the toxicity outcomes of previously treated patient
cohorts to be fully assessable by the time a new cohort is ready
for dose assignment (Cheung and Chappell 2000). Extending
the PoP design for time-to-event outcomes to effectively manage
delayed toxicities remains an area for future research. Another
limitation of the PoP design is that it only focuses on toxicity out-
comes without efficacy evaluation. An interesting future direc-
tion is to extend the PoP design to phase I/II trials for simulta-
neous efficacy and toxicity monitoring. In fact, the US Food and
Drug Administration launched the initiative of “Project Opti-
mus” in 2021 to reform the dose optimization and dose selec-
tion paradigm in oncology drug development with the goal of
finding safe and efficacious doses (FDA 2022; Fourie Zirkelbach
et al. 2022; Korn, Moscow, and Freidlin 2023; Thall et al. 2024;
Yuan, Zhou, and Liu 2024). As demonstrated in Table 2, the
underlying algorithm becomes more effective when the sample
size increases. With the relatively larger sample size in the phase
I/II dose-finding trials, it will be attractive to apply the posterior
predictive probability approach in pursuing global optimality as
a key design feature when evaluating both toxicity and efficacy
together.

Supplementary Materials

The supplemental materials include a brief introduction to the predictive
Bayes factor (Section A); proofs of Theorems 2, 3, and 4 (Sections B, C, and



D, respectively); the CRM simulation settings (Section E); and additional
simulation results (Sections F, G, H, and I).
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