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Abstract

Recent advancements in zero-shot reinforcement learning (RL) have facilitated
the extraction of diverse behaviors from unlabeled, offline data sources. In par-
ticular, forward-backward algorithms (FB) can retrieve a family of policies that
approximately solves any standard RL problem (with additive rewards, linear in
the occupancy measure), given sufficient capacity. While retaining zero-shot prop-
erties, we tackle the greater problem class of RL with general utilities, in which
the objective is an arbitrary differentiable function of the occupancy measure. This
setting is strictly more expressive, capturing tasks such as distribution matching or
pure exploration, which may not be reduced to additive rewards. We show that this
additional complexity can be captured by a novel, maximum entropy (soft) variant
of the forward-backward algorithm, which recovers a family of stochastic policies
from offline data. When coupled with zero-order search over compact policy em-
beddings, this algorithm can sidestep iterative optimization schemes, and optimizes
general utilities directly at test-time. Across both didactic and high-dimensional
experiments, we demonstrate that our method retains favorable properties of FB
algorithms, while also extending their range to more general RL problems.

1 Introduction

Zero-shot RL has recently received increasing attention because of its ability to train capable policies
without an explicit reward signal at training time. Although several definitions have been brought
forward, they largely agree: zero-shot methods may use significant amounts of compute in an initial,
unsupervised pretraining phase, but should be capable of producing near-optimal behavior with
minimal computation for rewards specified at test-time [[Touati et al., 2023 [Frans et al.,|2024, [Sikchi
et al.,2025a, |Agarwal et al.,2025]]. Among these methods, forward-backward representations [Touati
and Ollivier, |2021]] have been proposed as a zero-shot algorithm for solving arbitrary (Markov)
reward functions at test-time. Although some have speculated that this family of reward functions
is sufficient to extract any behavior of interest [Silver et al., [2021], its expressiveness remains limited
[Kumar et al., [2022].

In this work, we turn towards a broader class of RL problems: while Markov rewards lead to a
linear objective in the policy’s occupancy, we aim to optimize arbitrary differentiable functions
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of the policy’s occupancy, known as General Utilities (GU, Zhang et al.| 2020, 2021} |[Kumar et al.|
2022, Barakat et al., 2023)). This increased scope includes interesting problem instances, such
as pure exploration [Hazan et al.| 2019], active learning [Mutny et al., [2023]] and learning from
observations [[Torabi et al.l 2019]], which are generally beyond the reach of linear RL algorithms.
Ad-hoc algorithms have been proposed for specific instances of GUs (e.g.,[Ho and Ermon|[2016],
Hazan et al.|[2019], Ma et al.|[2022], Bolland et al.|[2024]]), but they are not designed to generalize
beyond their respective domain. A large body of work has instead proposed principled algorithms
for optimizing arbitrary GUs, with particular focus on convex [Zahavy et al.,[2021, Mutti et al., 2022]
or submodular objectives [De Santi et al.,|2024]. Generally, the resulting practical algorithms rely
on online learning through semi-gradient methods [Zahavy et al[2021| |De Santi et al.,[2024], e.g.
by constructing sequences of rewards from the gradient of the objective. While these methods enjoy
strong theoretical guarantees in terms of convergence [Zhang et al., 2020, [Kumar et al., 2022 [Barakat
et al.,2025], they scale poorly to high-dimensional settings: they need separate online training for
each GU, and they have not been shown to scale beyond tabular MDPs and linear policies.

retrieves

In this work, we introduce Soft FB (SFB), a practi- trains on ([
cal zero-shot algorithm for RL with GUs. Building EXD), rw]
upon the forward-backward framework [Touati and @ [ DimewRL
Ollivier, 2021]], we introduce a soft variant [Ziebart . -
et al}, 2008} [Haarnoja et al.} 2018, [Hunt et al., 2019] General Utilty RL | includes heag opme!
which retrieves a family of stochastic policies, ap-
proximating all solutions to maximum entropy RL
problems. Interestingly, given sufficient capacity
and exact training, we show that the set of poli-
cies retrieved through entropy-regularized linear
RL contains a near-optimal Markov policy for each
differentiable GU. Thus, one may optimize GUs zero-shot by simply (i) learning maximum en-
tropy policies and (ii) searching among them to find a good policy for a given GU. The first step
bypasses the challenge of parameterizing GU instances. While the second step remains generally
intractable, we find that it can be solved approximately and efficiently through zero-order search over
low-dimensional policy representations. SoftFB departs significantly from standard policy-gradient
approaches for GUs [Zhang et al.,|2020, Kumar et al.| | 2022]]. While, it only guarantees the existence of
a solution among retrieved policies under perfect training, we find that it is better suited for practical
settings: it does not require re-training for each GU nor access to online rollouts, and it scales to high-
dimensional environments on which optimization of arbitrary GUs has not yet been demonstrated,
to the best of our knowledge [Barakat et al.}[2023]]. As a result, our method can be seen both as a gen-
eralization of existing zero-shot frameworks, or as a practical offline algorithm for optimizing GUs.

Hstoch
i Hdnt I

Figure 1: We propose Soft FB, a soft version of
the Forward-Backward algorithm which solves
maximum entropy RL instances to retrieve a
richer set of stochastic policies, and searches
them to optimize general utilities at test-time.

We demonstrate the flexibility of the method in illustrative continuous environments, in which Soft
FB can solve several zero-shot RL problems that are out-of-reach for existing, linear methods. We
then extend this evaluation to established, complex zero-shot benchmarks, demonstrating scalability
and studying the impact of entropy regularization for standard, linear tasks. Our contributions can
be summarized as follows: (i) we propose Soft FB, a soft forward-backward algorithm, capable of
retrieving stochastic policies and optimizing GUs zero-shot, (ii) we provide formal guarantees for
the expressiveness of our method (iii) we present a thorough empirical evaluation of our method,
demonstrating its ability to capture a richer class of policies while retaining the desirable properties
of forward-backward algorithms.

2 Background

In the context of sequential decision making, a general way to describe an environment is through a
reward-free MDP M = (S, A, P, 119, ), where S and A are potentially continuous state and actions
spaces, P : S x A — A(S) is a stochastic transition kernel, o € A(S) is an initial state distribution,
and v € (0, 1) is a discount factor. Additionally, the agent’s behavior may be described by a Markov
policy, that is a state-conditional action distribution 7 : S — A(A). These simple entities induce
a discounted occupancy measure over states-action pairs, also known as the successor measure of
policy 7:

M7 (s,a, X)=(1 =)y _7'Pr((st, a) €X|s0=5,a0=0)

t>0



where X C S x A and Pr(+) is the visitation likelihood under policy = and dynamics P. If S
and A are both discrete, M™ may be directly represented as a (|S||.A| x |S||.A|) stochastic matrix.
Intuitively, each element of the matrix would track the discounted cumulative likelihood of visiting
a given state-action pair, starting from another state-action pair. While our algorithm generalizes
to continuous spaces, we will consider the discrete case in our formal derivations.

We further note that the successor measure might instead track state-only visitations. By overloading
Xes,

M3 (s,a,X)=(1— ’y)z V'Pr(s;€X|sg=5,a0=a) =M"(s,a, X x A).
>0

Due to a particular choice of parameterization, our practical algorithm will estimate this object
directly. However, samples (s, a) ~ M7 can be easily obtained by sampling s ~ MZ and a ~ 7(|s),
as we describe in Section[4.4] We will finally use M™ and M7 to denote successor measures when
marginalized over the initial state distribution pg, €.g. M™(X) = Egympg,a0~r(|s0) M (50, a0, X).

Many interesting RL problem instances can be directly defined as a function of the successor measure
MT™, and classified according to the properties of the function. Standard RL problems can be
expressed as a discounted sum of Markov rewards: if the rewards are expressed as a vector R the
objective can be simply computed as JI, = (M7”, R), and this instance is thus referred to as Linear
RL. Another instance that has received significant attention in recent years is that of Maximum Entropy
RL [Ziebart et al.| 2008|, [Haarnoja et al.| 2018]], which adds an entropy term to the linear objective:
J5, = (M™, R+ HT"), where H™ is a vector which contains the entropy of the policy 1" (s,a) =
H(m(-|s)) for each state-action pair (s,a) € S x A. Because of this policy-dependent entropy term,
maximum entropy RL is not a linear problem in the occupancy, but rather an instance of Convex RL
[Mutti et al., 2022]. In general, Convex RL problems can be expressed as J7& = f(M™), where f(+)
is an arbitrary convex function. Finally, all these instances are encompassed by General Utility RL
[Zhang et al.,[2020]], which aims at optimizing a general differentiable scalar objective JG; = f(M™).

3 Forward-Backward Representations and General Utilities

Having established common terminology, we will now analyze the forward-backward algorithm
for zero-shot reinforcement learning [Touati and Ollivier, 2021, Blier et al.,|2021]] and pinpoint its
limitations motivating this work. At its core, the FB framework introduces a family of parameterized

policies {7.}.cz with Z := RY, each inducing an occupancy M? := M7™-. Crucially, each
occupancy undergoes a specific low-rank decomposition
M? =F]B, 1))

where both F, and B are (d x |S||.A|) matrices, and may be called the forward and backward
representation matrices. If the decomposition holds exactly, then for a |S||.A|-dimensional reward
vector R, the Q-function for a policy 7, can be simply expressed as

Q*=M*R=F'BR"E" T2 )

where B can be reinterpreted as a projection from the space of reward vectors to a d-dimensional
reward embedding 2z’ := BR. Finally, the policy =, is enforced to be optimal with respect to the
discounted sum of rewards encoded by its own reward embedding, that is

7, € argmax F. z, (3)
A

leading to the following formal result:

Theorem 3.1. [Touati and Ollivier|[2021] For an arbitrary bounded reward vector R € RISIIA if both
Equations|[I|and[3|hold for all z € Z, wgg is optimal with respect to R: M™2% R = max, M™R.

While this theorem guarantees the retrieval of a solution for each linear RL problem, the policy ex-
traction objective in Equation [3 (or its empirical counterparts, cf. Appendix [E.3) may simply produce
deterministic policies. This is sufficient for linear RL instances, as they admit optimal deterministic
policies [Sutton and Bartol [1998]], but remains generally suboptimal for GUs. This is the main motivat-
ing insight: the set of policies retrieved by FB may not contain the solution to non-linear RL problems.



Remark 3.2. LetIl = {7 : S — A(A)} be the set of all Markov policies. There exist an MDP M
and a scalar function f of occupancy measures and a set of policies IT, = {7, }.cz such that (i) 7,
satisfies Equations[Tjand3|for all z € Z, and (ii) maxrem f(M™) > maxqem, f(M™).

Counterexample As a straightforward counter-example, it suffices to consider an MDP with
a single state S = {so} and two actions A = {ag, a1}, and a convex RL objective such as pure
exploration over states and actions, i.e. J* = f(M™) = H(M™), where H(-) denotes entropy over
state-action pairs. For each reward function in R?, forward and backward representations satisfying
both Equations [T]and 3] exist, but may not retrieve the (optimal) uniform policy (see Appendix [A.2).
Following this motivation, we propose a variant of the FB algorithm which recovers a richer class
of policies, and may provably optimize all GUs.

4 Soft Forward-Backward Representations

4.1 Core algorithm

As for the linear case, we start by introducing a family of parameterized policies {7, }.cz, and
decompose their occupancy as M = F,| B, thus enforcing Equationagain. We however introduce
an entropy regularization term to encourage stochastic behavior [Haarnoja et al., 2018]. The
action-state value function for a policy 7, is then expressed as

fn = MA(R+ M) = FBR+ MM, " LRI+ M, )

where H,, € REHA‘ contains the policy’s entropy at each state, and is a convex term in the
occupancy measure. Conforming to soft policy improvement [[Haarnoja et al.| 2018], each policy
7, is then defined with respect to its regularized action-value function:

7, < exp(F, z + M*H,.), 5

Equation[I]} which remains unchanged, and Equation[5]are the core of the Soft FB algorithm. The intro-
duction of entropy regularization alters the set of policies that are retrieved during training to include
all policies with full support. Crucially, as we will show formally in Section[d.2] training on maximum
entropy RL instances alone is sufficient to capture e-optimal solutions to general utilities. We will later
describe a practical algorithm for estimating soft forward and backward representations from continu-
ous data, in combination with sample-based objectives and function approximation (see Section [4.3).

4.2 Guarantees

Due to the introduction of entropy regularization, we can show that Soft FB retrieves the optimal
policy among all Markov policies II for each maximum entropy RL instance.

Theorem 4.1. For an arbitrary bounded reward vector R € RISIAL " if both Equations
and P| hold for all = € Z, mpg is the optimal maximum entropy policy with respect to R:
M™8R(R+ Hypyr) = maxzern M™ (R + Ha).

Moreover, while only trained for solving maximum entropy instances, we can show that the set
of policies retrieved by Soft FB includes arbitrarily good solutions to a greater class of problems:
namely, it optimizes any GU.

Theorem 4.2. Let f be an arbitrary differentiable function of occupancy measures, and I1. be the
set of policies retrieved by Soft FB. If both Equationg[Z]and hold for all z € Z, for any € > 0 there

exists a reward embedding 7' € Z such that w, € 11, and maxqerr f(M™) — f(M™') < e.

We remark that this is an existence result; a good policy is in practice recovered via search and
successor-measure estimation, as described in Section We refer to Appendix |A| for proofs of
these two statements and further formal remarks. The latter has important practical consequences:
while parameterizing GUs is far from straightforward, maximum entropy instances can be easily
parameterized, as we discuss in Sectiond.3] As a result, we can directly optimize general utilities
at test-time, while only dealing with tractable maximum entropy objectives at training time.



4.3 Practical algorithm

An algorithmic instantiation of Soft FB in potentially continuous spaces needs to address two points.
First, the embedding z € Z solving each General RL problem as described so far would lie in R9,
which is arbitrarily large and impractical to search. We will show that this can be easily addressed
through a simple reparameterization. Second, we will introduce sample-based objectives that may
be used to train function approximators over continuous state and action spaces, and approximately
enforce Equations[I]and[5] A compact description of the full algorithm is reported in Appendix

Reparameterization Soft FB reduces policy optimiza-
tion to search over stochastic policies parameterized

by vectors in Z = R?. In principle, every stochastic Z @ [zll=1 = m € e
policy may be retrieved for some z € Z; however, this 0< 1 — ..
embedding could lie anywhere in R?. In fact, determin- o & ™ & et
istic policies are only retrieved by embeddings whose O |zl=0 = m=U(A)

norm approaches infinity (such that £z completely
outweighs the entropy regularization term in Equation
[B). Fortunately, recalling that in maximum entropy RL
optimal policies are invariant to reward scaling as long
as the entropy coefficient is scaled proportionally, we can
find an alternative parameterization for which z may be sampled from a bounded space. For a given
policy 7z and an embedding z € Z, we observe that

Figure 2: Geometric interpretation of z
after reparameterization: the stochastic-
ity of 7, grows with || z]|.

/

- _ 1 _ 2=t -
Q° = F 2+ M*H,, o W(F;Z+MZHTF2) =Y 4 (1= (| )M . (6)

Therefore, as 0 < ||z’|| < 1, we can now map all maximum entropy RL instances to embeddings
z € Z sampled from the volume of a d-dimensional hypersphereﬂ This allows an intuitive geometric
interpretation: the origin of R? is associated with a uniform policy (as z is the null vector, and the
Q-function equates the entropy bonus alone), and embeddings on the surface parameterize the family
of deterministic policies that standard FB algorithms would return (see Figure2).

Training objectives A practical instantiation of Soft FB for continuous spaces can leverage the
framework proposed by [Touati and Ollivier [2021]]: we can approximate each entry of M? by the
dot product between a forward and backward embedding, produced by function approximators
Fo:SxAxZ—=ZandBy:S§S — Z ﬂ The decomposition from Equationis thus generalized
as an equality over measures: M?(s,a,ds’) = Fy(s,a,z)Bg(s)p(s’), where p(-) represents the
data distribution. We can then adopt a standard objective for training forward and backwards
representations, minimizing Bellman residuals by sampling from the data distribution p (i.e., an
offline dataset of transitions) [Blier et al.| 2021]):

- = 2
Ly (0,¢) = E |:(F0(5ta ag, Z)Tqu(S/) = YE(St41, a1, Z)TB(S/))
2~ U(Z), (81,at,5t4+1)~p
s'~py app1~Ta(se41)

—2F9(st,at,z)TB¢(st+1)}, @)

where F and B may be target networks [[Fujimoto et al., 2018]], and forward representations are
averaged over twin networks. As in[Touati and Ollivier [2021]], we employ an auxiliary orthonor-
malization loss over By. In continuous spaces, the policy 7, is also represented through function
approximation, and may be expressed as 7y (-|s, ) ﬂ However, the policy’s learning rule needs to be
altered significantly, in order to account for entropy regularization. First, we’ll split the maximum
entropy action-state value function from Equation [6]in a reward-based component, and an entropy-
based component: Q*(s,a) = Q%(s,a) + (1 — [|z]|)Q%(s,a). The former is easily computed
as Q%(s,a) o< Fy(s,a,z)" 2, while the latter can be estimated by training a parameterized critic

ATouati and Ollivier|[2021] operate over normalized embeddings z, thus sampling them from the surface of the hypersphere.

3Following prior work [[Touati and Ollivier, 2021, our practical instantiation models the successor measure M3 over
states only.

4While Soft FB is compatible with expressive policies with explicit likelihoods (e.g., normalizing flows), in our evaluation
my, Will be parameterized as a diagonal Gaussian.



Q#,n (s, a, z) through the TD objective

_ 2
EH(U)ZZNE;(Z) [(QH,W(St:ataZ)_’Y(QH,U(St-i-l»at-i-lvz)_10g77w(at+1|5t+1az)))} (8

(st,atvsH»l)Nl)

a1~ (Se41)
In any case, recalling Equations [5|and [} we update the policy parameters ¢) by minimizing the KL
divergence to the soft policy implicitly defined by the regularized Q-function [Haarnoja et al.; 2018]:

Q% (s,)
e =TT
L) = z~zIE:(Z) Dkr (Ww('|57 z), Z(s)> ; 9)
s~p

with Z(s) = [, exp ((1 — [[2]]) "' Q*(s, a))da. As Z(s) is independent of y,, we can redefine an
equivalent loss up to policy-independent factors as
[’Tl'(w) = E (1 - ||Z||)[log7r1/)(a|s,z) _QH,H(S,CL,Z)] —FQ(S,U,, Z)Tza (10)
2 U(Z), srop, anomy (¢]s,z)
which is optimized with a standard reparameterization trick.

4.4 Inference

Soft FB returns a set of parameterized policies, {7, }.cz; as shown in Corollary this family
is rich enough to include a solution for a large class of problems. However, solving a specific
downstream task requires searching the policy class {7, } . z. Fortunately, policies are parameterized
by a low-dimensional embedding z € Z, and the search process remains arguably efficient. In
practice, paralleling Generalized Policy Improvement techniques in |[Farebrother et al.| [2025]], we
resort to zero-order optimization. Given an objective J™ = f(M;) in its analytical form at inference
time, a good policy 7.+ = argmax_ f(M,) may be found through offline evaluation:

2* ~ argmax f(M.), (11)

z€Z

where M. is a sample-based estimate of the measure induced by policy m,. As Z is relatively
low-dimensional, zero-order, sampling-based optimization methods such as random shooting or CEM
[Rubinstein, [1999] can be leveraged to find 2*. Due to its simplicity, this is the solution we adopt in

our empirical evaluation. We will consider two ways to recover sample-based estimates M., of policy
dependent measures: implicit and explicit.

Implicit measure model Approximately recovering samples from the measure is possible by sam-
pling states from the pre-training buffer distribution p with importance weights .| B: s ~ M7 where
M (s) o E Fy(s0,a0,2) " By(s)p(s), (12)
S0~ K0, a0~Ty (80,2
and then drawing actions a ~ 7y, (-|s, z), thus only leveraging networks we previously trained.

Explicit measure model As the importance weights may be inaccurate, we can alternatively train
a flow-based generative model of the successor measure, completely offline [Farebrother et al.
2025]). In practice, this may produce more accurate samples, at the cost of increased compute during
pre-training. We detail training objectives in Appendix [C] The variant of algorithms relying on
generative models for inference will be marked by a subscript (e.g., SFB f;6.,).

Beside zero-order optimization, for some specific objectives Soft FB retains closed-form inference.
Linear RL problems can be solved by computing z* = BR/|BR|| [Touati and Ollivier, |2021].
Moreover, a closed-form solution is also possible in the case of maximum entropy RL by computing
the optimal embedding 2* for the corresponding linear RL instance, and rescaling it by (F." z) /(F.| 2+
1). Furthermore, all imitation learning approaches described in [Pirotta et al.| [2024]] remain possible.

S Experiments

We now complement the formal analysis of Soft FB with a detailed empirical evaluation. We
will first present qualitative results in an easily interpretable setting, and then evaluate how Soft FB
performs across zero-shot, general utility objectives, including imitation learning, pure exploration and
constrained reinforcement learning. Finally, we include an evaluation on standard, high dimensional
deep reinforcement learning benchmarks [ Yarats et al., 2022].
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Figure 3: Qualitative evaluation of Soft FB in a didactic environment. White dots are samples from
policies 7, over a 2D actions space, and the color map represents learned unregularized Q-values Q%

for each action (Fy(so, a, z) | z). From left to right, we infer task embeddings z for a goal-reaching
task, and scale them linearly. The policies conditioned on z become more deterministic as its norm
increases. The same visualization for FB can be found in Appendix [E3]

5.1 Qualitative evaluation

Let us consider a simple, continuous environments, with

Dirac(a)
Dirac(s)

if s = (0,0)

13
otherwise. (13)

S§=A=[-1,1] x [-1,1], po = Dirac(0,0) and P(s'|s,a) = {

This didactic environment mimics a bandit-like MDP: the agent stays indefinitely in a state dictated
by the action chosen in the initial state. We collect a dataset by executing actions uniformly at random,
and train Soft FB over this data. We start by defining a simple goal-reaching task as R(s|g) =
1)5—g)<0.2 and computing the corresponding reward embedding 2* = %; for instance, we may fix

g = (0.0,0.5). We may then introduce a controlled amount of entropy regularization through a scaled
reward embedding z = az* with a € [0, 1], and retrieve an optimal policy for all corresponding
maximum entropy RL objectives in a zero-shot fashion. If the norm of z is set to 1, the optimal
deterministic policy should be retrieved, while very low norms should return near-uniform policies.

We observe this exact behavior in Fig- Table 1: Zero-shot performance over several General Utilities

ure 3] From left to right, we increase
the norm of the task embedding, thus
decreasing the degree of entropy
regularization, and plot samples from
7y (+|50, 2), as well as the entropy-

in the didactic environment. For each inference technique,
the best policy retrieved by SFB constitutes, on average, a
better solution. Results are averaged across 3 seeds, and bold
when their 95% confidence intervals intersects with that of
the best score.

unregularized action-value function

Qr(s0,2) = Fy(s0,,2)7z as a FB  FBfi,w SFB  SFBjiou
function of 2D actions. As expected, -

we observe that policies become more Linear RL 0.96 +.01 0.99 £.01 0.95 +.01 0.99 +.01
deterministic as the entropy regular- Goal-reaching RL 1.00 .01 1.00 +.01 1.00 .01 1.00 +.01
ization decreases, while still optimiz- Deterministic IL  0.78 +.06 0.86 +.01 0.78 +.01 0.90 +.01
ing for the goal-reaching objective. Stochastic IL 0.67 .01 0.77 +.03 0.79 .02 0.83 +.01
The state-action value function is Pure Exploration 0.37 .01 0.37 £.01 0.49 +.13 0.90 +.01
highest around the goal, and scales lin- Constrained RL  0.00 +.01 0.00 +.01 0.00 +.01 0.65 +.52
early in the norm of z by construction. Robust RL 0.01 £.01 0.79 £.00 0.39 £.26 0.96 +.02

Average 0.54 0.68 0.63 0.89

5.2 Quantitative evaluation

Within the environment outlined in the previous section, we now evaluate the performance of poli-
cies retrieved by Soft FB and FB, respectively. We thus consider a set of different General RL
objectives: (i) standard linear RL, (ii) goal-reaching RL, imitation of a (iii) deterministic or (iv)
stochastic agent, (v) pure exploration, (vi) constrained RL and (vii) robust RL. Both IL objectives are
formulated through minimization of forward KL divergences between successor measures; specifics
of each objective can be found in Appendix [F| For each objective and algorithm, we search for
the optimal policy according to the inference procedures outlined in Section[d.4} we sample 1024
task embeddings z, select the best one according to the measure model (implicit or explicit) and
evaluate it in the environment. Table [I| compares the performance of Soft FB and FB, optionally
relying on an explicit model for inference. As expected, the performance gap between FB and
Soft FB on objectives admitting a deterministic solution is minimal (the first three); however, when
deterministic policies are not sufficient, Soft FB achieves better performance. Furthermore, we
observe that relying on an explicit measure models for policy evaluation increases performance,
confirming the effectiveness of flow modeling [Farebrother et al., [2025] in stochastic settings.
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Figure 4: Quantitative results over several General RL objectives in a didactic environment. The z-
axis and y-axis represent, respectively, offline performance estimates, and ground-truth performance
in the environment. Each dot represents a policy sampled from each method across 3 seeds; for each
seed, a darker dot marks the best policy according to offline evaluation. Horizontal lines represent the
mean performance over points with the respective color. The policies captured by Soft FB (right) are
more expressive, and the top policies affording to offline evaluation outperform, on average, those

trained by FB (left). Explicit measure models (top) are more accurate.

This is further confirmed in Figure []
which relates offline performance estimates
to ground truth performance in the environ-
ment in three representative tasks. These
two are more strongly correlate(ﬂ when
the former is estimated through an ex-
plicit measure model (SFB f;4., FB f10u);
SFB 0., performs the best as it also re-

Table 2: Zero-shot performance on GUs in DMC. We
consider entropy maximization and KL minimization
with respect to a deterministic or stochastic expert (i.e.
an optimal policy for a linear task, e.g. walker-walk,
with injected Gaussian noise in the stochastic case).
Scores are averages over 5 seeds, with 95% confidence
intervals and bold numbers signaling overlaps.

trieves a richer class of policies (wider FB fiow Soft FB 10w
spread on the y-axis). H(ME) 12.56 +.91  13.97 +.25
. H%NE() B %%’(‘351410 lggsl +.03
. . . . - s Mgstoeh -5.35 +.24 -5.25 +.14
5.3 High-dimensional evaluation ‘ﬁ“ KL (Mg ; M;gsmh) 040 oy 148 s
So far, evaluation has largely focused on a > -KL (M%5 M;r:g:) -5.69 .27 -5.69 +.02
continuous, yet low-dimensional setting, in —KLMT; M7eer) —943+18  -153+09
which we demonstrated the expressiveness H(M3) 11.74 +.43  13.63 +.10
of policies retrieved by Soft FB. We g H(M™) 11.68 +.89  17.83 +.07
now extend our evaluation to standard, + —KL(M§Mgree") —556+3  -4.56+.31
high-dimensional ~continuous control g —KL(MT; M:‘:‘:h) —7.25+76  -1.02 +.08
benchmarks, in order to demonstrate ° KL (M§7 deft) —5.45 .65  -4.38 1.1
scalability. We consider the Deepmind —KLQMT; M) —795k70 123408
Control Suite (DMC, [Tassa et al., [2018)), H(MES) 13.37 +.43 14.43 +.24
which includes tasks across four em- E H(M™) 10.11 .08 19.10 +.01
bodiments, and follow the established 3 —KL(MgMgteer) 544208  -4.64 +20
evaluation protocol in [Touati et al,[2023] 5 —KL (M:? M:::Ch) —9.92+16  -0.76 .04
relying on exploratory data [Yarats et al, & —KL (Mﬁ ; Mgdet) —5.61+30  -4.52 416
2022]]. We first consider classic linear —KL(M"; M"a<t) —994+20 -0.79 +.02
objectives: Figure 3] tracks the return of H(M3) 10.83 +.56 11.22 +.70
policies trained with Soft FB and their H(MT) i 10.52 .66 15.54 +.16
entropy when conditioned on scaled task ~ § ~ —& L( 5; Mg““}h) -6.49 +36  -5.25 +.90
embedding z obtained by linear regression & _g ILJ EM MW;ZL)L) _ggg izi ';gg iZ;
(i.e., the standard task inference procedure —KL(M? M et R 251 4 a5

for Forward-Backward algorithms). As
expected, decreasing the vector norm

induces more stochastic behavior, which results in performance degradation. However, we notice
that, for low entropy regularization, performance matches or exceeds that of policies trained by FB,
confirming that the richness of policies does not come at the cost of performance.

As standard objectives in DMC are exclusively linear, we additionally define several GUs: pure
exploration (i.e. entropy maximization) and imitation of a deterministic or stochastic expert (i.e. KL
minimization) over state and state-action measures. Appendix [E.4]reports an in-depth description of

SWe report rank-based correlation coefficients and numerical results in Appendix
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Figure 5: Zero-shot cumulative returns (in blue) and step-wise policy entropy (in orange) of Soft
FB for different levels of entropy regularization in DMC, averaged over linear tasks. As entropy
regularization decreases, returns generally improve, eventually matching the performance of FB
(in grey), or surprisingly exceeding it in quadruped. Shaded areas represent 95% CIs over 5 seeds.

these objectives, and a nuanced discussion of results, including additional baselines. For brevity, we
also compare the performance of Soft FB and FB with explicit measure models in Table [2| While
performance is explainably similar for linear tasks, we find that a significant gap appears as soon as a
deterministic optimal policy does not exist, confirming the effectiveness of Soft FB in producing a
richer class of policies, with strong performance beyond linear rewards.

6 Related Works

We present an essential discussion of the literature here, and extend it in Appendix

Zero-shot Reinforcement Learning In its purest instantiation, reinforcement learning is centered
on optimizing a single, scalar reward function [Sutton and Barto| |1998]]. Despite its flexibility [Silver
et al., 2021]], this formulation does not adapt to changes in the objective without re-training. The
successor feature framework [Dayan, |1993| Barreto et al., 2017] tackles this problem by specifying or
learning policy representations that enable efficient evaluation and optimization; in this context, [Hunt
et al.| [2019] formulate a related entropy-regularized variant, but remain focused on linear rewards.
Forward-backward representations [Blier et al.,|2021] [Touati and Ollivier, 2021} (Touati et al., 2023
leverage low-rank approximation of occupancy measures to retrieve suitable representations for any
reward function, and have been scaled to high-dimensional environments [Tirinzoni et al., 2024, |Li
et al.;,2026]. However, forward-backward algorithms remain constrained to linear RL problems and,
practically, deterministic policies, which becomes a limitation for more complex objectives, involving
multimodal data distributions or exploration objectives. Our work directly addresses this limitation.

Non-linear Reinforcement Learning Much of the existing RL machinery builds upon the assump-
tion that the objective may be broken down in additive terms, each of which may be traced back to
a single state-action pair [Sutton and Bartol [1998]]. This is referred to as RL with additive rewards, or
Linear RL. Convex RL [Zahavy et al., 2021} |Geist et al., 2022, Mutti et al.,|2022] encompasses a richer
class of objective, such as pure exploration [Hazan et al., 2019], active learning in MDPs [Mutny et al.,
2023]] and distribution matching [Kostrikov et al.,[2020, Rupf et al., [2025]]. A further generalization
leads to RL with General Utilities [Zhang et al.,|2020], for which we provide more related works
in Appendix [B|due to space constraints. Solutions to Convex or General Utilities may be found by
iterative procedures [|Geist et al.,|2022]], which involve a low-level MDP-solving routine, or adver-
sarial optimization schemes [Zahavy et al.;|[2021]]. This generally produces mixture, non-Markovian
policies, while Soft FB returns a single, Markov policy. Zero-shot methods have been applied to
non-linear problems before [Pirotta et al.,|2024]], but are restricted to imitation learning and only take
non-additivity into account during inference. To the best of our knowledge, our work is the first in
exploring zero-shot solutions to arbitrary General RL problems in a principled and scalable way.

7 Conclusion

At its core, this work proposes a novel extension of zero-shot reinforcement learning beyond linear
rewards. We introduce a soft forward-backward algorithm, which leverages a simple entropy regular-
ization mechanism to capture stochastic behaviors in a dynamical system. At inference, the space of
behaviors can be searched efficiently to retrieve an approximately optimal policy for an arbitrary GU.

Limitations and Future Work While Soft FB may provably retrieve all stochastic policies, this
requires infinite-dimensional task representations and expressive actors: in practical settings, a
narrower set of policies will be retrieved. Formally studying the properties of this set represents



an important direction for future work. Accurate search over policies relies on precise modeling of
successor measures: while a dedicated generative model suffices, it also increases the computational
costs during training. Furthermore, while we found simple zero-order optimization to be sufficient
for search among policies, more involved optimization techniques may further scale this approach
to higher-dimensional representation spaces. A further interesting extension would generalize our
framework to arbitrary successor-feature-based algorithms.

Soft FB introduces a first-of-its-kind extension of zero-shot RL beyond linear rewards. We hope
that this work represents a step forward in bringing fundamental works on general utilities closer to
application in practical settings.
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A Theoretical results and proofs

This section starts by reporting proofs for the main formal results. We later present some counterex-
amples, examples, and additional insights in smoothness and interpolation properties that arise with
Soft FB’s entropy regularization.

A.1 Proofs

This section contains proofs for Theorems [.1|and .2} the latter is preceded by a useful intermediate
Lemma.

Theorem 4.1. For an arbitrary bounded reward vector R € RISIAl | if both Equations
and P| hold for all = € Z, mpg is the optimal maximum entropy policy with respect to R:
M™BR(R+ Hypp) = maxpern MT(R + Ha).

Proof. This result can be proven through a direct generalization of the results in [Haarnoja et al.
[2018] and |Touati and Ollivier| [2021]]. Starting from Equation@ setting z = BR, we can observe
that

7, < exp(F. 2z + M*H,) (14)
*LE oxp(F] BR+ M*H,.) (15)
Pl exp (M*(R+ H.r.)) (16)
= exp(Q)- (17)

Up to normalization constants, the policy satisfies the optimality criterion from Theorem 1 inHaarnoja
et al.|[2017], and is thus the optimal maximum entropy policy, i.e. 7, = argmax, M™(R+H,). O

Lemma A.1. Let I1, be the set of policies retrieved by Soft FB and © € 11 be an arbitrary Markov
policy. If both Equationsandholdfor all z € Z, and 7(a|s) > 0 for every (s,a) € S x A (i.e.,

7 has complete support), then € 11,.

Proof. We will show that a maximum entropy problem admitting 7 as its optimal policy can be
constructed, which will imply that 7 is part of the set of solutions to entropy-regularized instances
retrieved by Soft FB by Theorem Let R(s,a) = logm(als): since m has complete support,
R(s,a) is bounded. Let us now consider its corresponding maximum entropy objective:

oo

TR = B > A (Rlsea) +H(x (1)) (s)
05457 4o

— § t _ /

- ALU,IIED,W/ t=0 ! atNTrI/E("St) <10gw(at‘8t) log (at|st)) (19)

I
M8

7 (= D (7 Clsolim(ls) ) < 0. (20)

This objective is an expected, discounted sum of negative KL distances, and therefore non-positive.
As Dgy(pllp) = 0, Ji,(R*) = 0, and 7 is the optimal policy for the maximum entropy objective
with reward R. Theorem [4.1] guarantees that there exist a reward embedding z € Z recovering a
solution 7, for each maximum entropy problem; therefore, there exist a reward embedding z € Z

such that 7, = argmax .y JZ (R) =7, and 7 € IL. O
Theorem 4.2. Let f be an arbitrary differentiable function of occupancy measures, and I1. be the

set of policies retrieved by Soft FB. If both Equationgand[bj hold for all z € Z, for any € > 0 there
exists a reward embedding z' € Z such that w,» € 11, and max e f(M™) — f(M™) < e.

Proof. This proof will rely on the construction of a sequence of policies. We will first show that each
policy is retrieved by Soft FB, and then that this sequence gets arbitrarily close to the optimum.
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Let us consider an arbitrary differentiable objective f and its optimal policy 7* = argmax . f(M™).
Let T = U(.A) denote the uniform policy (i.e., the policy choosing each action with equal probability).
We can construct a sequence of increasingly stochastic policies as a linear interpolation of the two
through a parameter « € (0, 1]:

To(als) := (1 — a)n*(a|s) + aw(als). 21

Forall o > 0 ancﬁ a) € S x A, ma(als) > am(als) > 0. Thus, each policy 7, has full support.

Through Lemma we can conclude that 7, € I, that is the set of policies retrieved by Soft FB.

We will now show that, as o — 0, 7,, is approximately close to the optimum for f.

We can first bound the distance in action space to the optimal policy 7* for each s € S, that is

I7*(|s) = mal[9)]l1 = Y |7*(als) = (1 — a)7*(als) — aw(als)] (22)
a €A

= Y alr*(als) — 7(als)] (23)
a €A

< 2a, (24)

where the last inequality follows from the fact that 7* and 7 are probability distributions, and thus
bounded in [0, 1]. We can now apply the Simulation Lemma (Kearns and Singh|[2002], cf. Appendix
[A.3) to bound the distance between marginalized successor measures of the two policies:

2

. 1
IM™ =M™y < ——max ||[7"([s) = ma(|s) 1 <

25
1—7 ses T 1l-y @5

The last step requires bounding the difference f(M™) — f(M™=), which is possible through uniform
continuity. Let us consider the set of all valid occupancy measures K = {M™}cir C RISIMI, Each
element of K must respect the following linear constraints: M (s,a) > 0 for all (s,a) € S x A
(i.e., probabilities must be non-negative), (ii) > sacsxaM (s,a) =1 (i.e., M is a valid probability
distribution), and (iii) >, M(s,a) = (1=7)uo(8) +7 X_y o P(s]s’,a")M(s', @’) (i.e., Bellman flow
constraints respecting the dynamics of the MDP). C is thus closed and bounded, and by consequence
a compact set. Furthermore, differentiability of f implies continuity of f: by the Heine Cantor
Theorem (cf. Appendix [A.5), a continuous function on a compact set is uniformly continuous.
This is equivalent to the existence of a continuous, monotonic function w; : [0, 00) — [0, c0) with
lims_,o wy(6) = 0 (i.e., a modulus of continuity) such that

(M) — FOM)] < wp (M = M|1) (26)

Combining the uniform continuity property in Equation 26 with the bound on measures in Equation
we finally have

m* m m* o 20
FOI7) = £ < w7 = M7 ) < (12 @)
Since wy(x) — 0 as z — 0, for any precision ¢, one can find a sufficiently small « such that
wr(2a(1 —)™1) < ¢, and thus 7, achieves an arbitrarily close objective value to the optimum of

f. As m, € II,, we can conclude that there exist a policy among those retrieved by Soft FB that
optimizes f arbitrarily well. O

A.2 Extended counterexample

Section [3| anticipates a counterexample to clarify why policies retrieves by FB may fail to optimize a
given GU. We will now formalize this counterexample in detail, while providing a visual description
in Figure 6]

Let us consider an MDP M with a single state S = {so} and two actions A = {ag, a; }. Let us also
consider representations of size d = 2 (i.e., Z = R?). Let us now set the backward representation
matrix as the identity matrix (i.e., B = I). By doing so, we can take (the transposes of) policy-
conditional successor measure matrices M, as forward representation matrices (i.e., FZT = M.), and
trivially satisfy Equationas F] B = M_I = M, for any policy 7. Furthermore, setting B to the
identity matrix projects all rewards functions R € R? to identical reward embeddings z = BR = R.
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It remains to show that there is a family of policies that

satisfies Equation [3|as well. We thus choose the family of

z-parameterized policies I, = {r}. ¢z, where the policy “ 20 < 2
parameterized by z picks the action indexed by the largest () =a [ Z
of the two elements of z: m,(-) = ag if zg > 21, else a;. - >
Intuitively, as z = R, these policies are simply choosing /
the action associated with the largest reward. In order to m() =
check whether these policies satisfy Equation 3] we need >
to calculate its right hand-side; as FZT = M., it suffices to
compute the successor measure for all policies. Let us start Figure 6: The simple MDP referred
by considering zy > z: in this case 7,(-) = ag. When
starting from (s, ag), the other state-action pair is never
visited: M. (s, agp, s,a09) = 1. When starting from (s, a1),
this state-action pair is only visited at the beginning of the
trajectory, and never again: M, (s, a1, s,a1) = (1 —7) :=
C with 0 < C < 1. By considering that M, is a stochastic
matrix, and similarly working through the case in which
20 < z1, we have

| z0> 21

to for the counterexample (left); we
consider a 2-dimensional representation
space Z (right), and policies 7, that out-
put the first or second action depending
on the semi-plane their parameter z be-
longs to (right).

1 0

. Cc 1-C
F] =M, = [1—6’ C] if 29 > 21, else {0 1 } (28)
We can now verify directly that Equation [3|holds. In the case in which zy > 21, we have
T, 1 0 20| _ 20
Foz= {1 e c} M = {(1 — )z + C’zl] : 29

z1<z
Since (1 —C)zp+Cz < ’ (1 = C)zp + Czy = zp, then the policy optimizes its own Q-function:
7.(-) = ap = argmax 4 F 2. Similarly, in the case in which 2y < 21, we have

FZTZ _ |:O 1-— C:l |:ZO:| _ |:OZ0 + (1 — 0)2’1:| . (30)

0 1 21 21

2122
This time, Czg + (1 — C)z; < ’ C(z1) + (1 — C)z1 = z1, and the policy still optimizes its own
Q-function: 7,(-) = a; = argmax 4 F ZT z. Since these two cases (zg > 21 and zg < z7) cover all
policies 7, € II., Equation [3|holds.

All policies 7, are strictly deterministic. We can now consider a convex RL objective such as pure
exploration over states and actions, i.e. J™ = f(M™) = H(MT™), where 7(-) denotes Shannon
entropy over state-action pairs. For this objective, all policies in 11, are actually minimizers: J™ =0
for all z € Z. The optimal policy is uniform over the two actions (i.e., 7*(-) = U(A)), achieves
J™ =log 2 and does not belong to II.. This thus represents an instance in which the set of policies
retrieved by FB may not include the optimal policy for some GU.

A.3 Didactic Example

This section derives a possible policy set retrieved by SoftFB in the MDP described in Figure [6] for
illustrative purposes.
The MDP in question has one state s and two actions [ag, a1]. For each z € R?, let us consider the
policy 7 := [z,1 — z] T, and compute its occupancy measure as

M?* = (1 —y)I +~1x]. (31)
We will set B := I € R?*2, and ensure Equation|[I]holds by setting F.| := M?. The exponent in
Equation [5]simplifies as

Flz4+ M*H, = (1 —7)z+ (yr] z 4 h(x))1, (32)
where h(z) = —zlogaz — (1 — x)log(1 — z). Equation[5]states that
7 ocexp((1 —7)z + (yr) 2z + h(z))1) = Cexp((1 —v)z), (33)
since the second part is constant (C') across the policy vector. We have then that
T = ! (150 ((1=m)=a]T. (34)

e(I=7)z0 4 e(1=7)21
By substituting 7, into F,| we complete the example.
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A.4 Additional remarks

One well-known property of entropy regularization in RL is that of inducing smoothness in the
mapping from rewards to optimal behaviors [Geist et al., 2019, |Husain et al.l |2021]]. This property is
reflected in Soft FB, as we discuss in this section.

Remark A.2. Let us assume that Equations[I]and [5]hold, and that backward representations B are
full-rank. Let us now consider the map ¢ : Z — M from the reward representation space Z to the
space of feasible occupancy measures M, such that g(z) = M™=. The map g is C*>° (smooth).

Proof. The map g is a composition of several functions: we will show that each of these functions is,
in turn, smooth.

* As established in Theorem , each policy 7, € II, is the regularized optimal policy for
reward R if z = BR. We can thus project the reward representation z to its reward as
R = (B"B)"'BTz where B B is invertible as B is full rank. This map z + R is linear
and thus also smooth in z.

* Let us define the optimal entropy-regularized state-action value function for reward R:
Q* = max,en M™(R+H,). This is the unique fixed point of the Soft Bellmann optimality
operator 7,.. We may then define its root finding function as G(Q,r) = Q — 7-(Q) = 0.
Component-wise for each state-action pair (s, a) it takes the form

Glo(@:7) = Q(s.0) — <r<s,a> +9 3 P(s'|s,a) 1ogzepr<Sgaf>> (35)

which, as a composition of linear function and the LogSumExp function, is itself smooth. In
order to apply the Implicit Function Theorem, we examine the Jacobian of G w.r.t. ). The
partial derivative takes the form

0G (5,0 exp Q(s',a’)
——2 = e a=(s'.a) — VP (5|5, a)Teori(a’|s’) where myp(a’ls’) = =—————4—.
8@(5/"1/) (s,a)=(s",a’) ( | ) ft( | ) ft( | ) Zb eXpQ(SI(73b6))

In matrix form, this is Jg = I — vP™", which has eigenvalues with norm of at least
1 —~ > 0, making it non-singular. We can thus apply the Implicit Function Theorem, and
confirm that the map R — @™ is unique and smooth.

* By Theorem[4.1] 7. = softmax(Q*): this map is smooth in Q* because of the smoothness
of the softmax operator.

* Finally we have M* = (I — yP™)~L. First, we notice that I — yP™ is smooth as a
composition of smooth functions, and second, that it is non-singular, as we showed for Jg
above. As such, the matrix inverse is also smooth, making 7, — M?* a smooth function.

As g is a composition of smooth functions (z — R +— Q* — 7, +— M?#), we can conclude that it is
also smooth. O

This property allows smooth interpolation of behaviors; however we note that the solutions of linearly
interpolated task vectors do not necessarily lie on a line in the space of successor measures. In
contrast, the remark above does not hold for FB in general: repurposing the counterexample in
Section[A.7] and in particular Figure [f] we can see that changes in z results in a sharp change in 7.
and M~? when z; = 2o.

A.5 Useful Results

This section refreshes some known results leveraged in the proofs.

Theorem A.3 (Simulation Lemma for Discounted Successor Measures (adapted from |[Kearns and
Singh| [2002]))). Let 7, @' be two stationary Markov policies in an MDP M and M™(X) = (1 —
Y)Y >0 Pr((se,ar) € X | po, P, m) be the marginalized state-action successor measure for .
Then,
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1
™ w’ < — (. .
I N < a1 ) = 719l

Proof. Following the Bellman flow constraints, we start by fixing an initial state s € S and consid-
ering the state-action successor measure M7 := (1 — ) > ,5 o7 Pr((ss,a;) € X | so = s, P, 7)
starting from s, as well as the state-only successor measure M% _ := (1 — ) 3", 7' Pr(s; € X |
so=s,Pm): l -

Mz =M= D7 D [ME () m(als) — M ()7 (als) (37
s’eSaceA
= 7 3 [ME () m(als) = ME ()7 (als') + M3 () (als') = M5, () (als)
s’eSacA
(38)
< Z Z M5 ((s') 7 (als") — 7'(als")| + Z Z ’M (s’) 7’ (als’)
s'eSacA s'eSacA
(39
= 3 MBI =7 () + 3 M () = MZ, ()] 3 '(als")
s’eS acA
(40)
< max [[w(-[s") =7 (sl + M5, — ME |1 (41
‘We can now focus on bounding the second term:
Mg, = ME, = ((1—9)e] +9ME P7) — ((1-7)ef +7ME P™) 42)
= yMZ P™ —AME P™ 43)
= yMZ P" —AME P™ + M5 P™ — yMZ P™ (44)
= yME (P — P™) + (Mg, — Mg ) P™ (43)
We then rearrange the terms as
B~ ME, —1(ME,, — MF,)P™ = Mg (P~ P7) (46)
( g,s - g,s)(l - rYPﬂ- ) = ’yMg,s(Pﬂ - P7 ) (47)
M3, = ME,, = M5 (P" = P*)(I—9P")"" @8)
We can then take the L; norm and apply the standard norm inequality:
IMZ o = M [t < YIME L [1P™ = P [loo (T = vP™) ™ oo (49)

We then note that |[M7 ([[; = 1, as it is a probability distribution, that ||(I — AP™) | =
Yi>07" = 1= and that [|P™ — P™||o < sup,eg|m(- | ) — /(- | )]s as the underlying
dynamics are the same. Therefore,

o ' i
MG, ~ ME. s < 12 ma (-1 )~ 7 )l 50

and combining this with the previous bound for state-action measures we have
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T _MT I, < LN ] v e ]
INE =M1 < max ) = [ )]s + 2 max ([ ) =2 G 6D
1
— = maxlln( [ ) = )l 52

We finally note that M™ is an expectation of M7 over S, and thus

IM™ =M™ ||y = |[Egmpo [MT — MT ]||1 (53)
< B [MT = MT |3 (54)

< T maxlinC | ) = ()l 69

O

Theorem A.4 (Heine-Cantor Theorem). If K C R" is compact and f : K — R™ is continuous,
then f is uniformly continuous on K, i.e.

Ve>030>0Ve,yec K, [z—yl|<d = |f(z)-fy)l<e.

B Further Related Work

Zero-shot Reinforcement Learning Goal-conditioned policies [Andrychowicz et al., 2017, [Ey-+
senbach et al., [2022] and universal value functions approximators [Schaul et al., [2015]] represent
a further approach to extract flexible multi-task policies with minimal supervision. Such methods
normally specialize to specific, parameterized reward classes (e.g., Dirac [Tian et al., [2021]]), or
combinations thereof [Frans et al.,[2024], and can train conditional policies through self-supervision
[Ghosh et al., [2023]], with impressive empirical results [Akkaya et al.,|2019]]. Successor-feature-based
methods [Dayan), (1993 Barreto et al.l 2017] try to solve a potentially broader class of function,
containing all scalars that are linear in the features. Such algorithms, and in particular those relying
on forward-backward representations, were gradually expanded for imitation learning [Pirotta et al.,
2024]], self-supervised exploration [Urpi et al.,[2025]]. Recent works have further explored alternative
parameterizations [Cetin et al.l 2024, Bagatella et al., 2026|], more capable generative models for
occupancies [Farebrother et al.| [2025]], fast online exploration or adaptation [Sikchi et al., |2025b|
Urpi et al., 2025} Rupf et al., 2026].

Non-linear Reinforcement Learning RL with General Utilities [Zhang et al., 2020] may not
be directly solved through standard dynamic programming or actor-critic approaches, as the key
assumption behind TD learning is violated. On the other hand, policy gradient theorems may still be
derived [Zhang et al.| 2020} 2021}, Kumar et al.| [2022] [Barakat et al.l 2023|]. Specific algorithms for
subclasses of convex RL problems (such as maximum entropy RL [Haarnoja et al.,|2018]| or imitation
learning [Kostrikov et al.,|2020]) can be derived, for instance by building upon duality [Sikchi et al.|
2023]], but do not generalize to arbitrary objectives. Recent works have also focused on non-linear
objectives displaying set properties [De Santi et al., 2024, while a parallel line of work has departed
from optimizing for expected occupancy to consider finite trial objectives [Mutti et al.| 2023 Jain
et al.| [2023]]. While theoretical analysis of algorithms for non-linear RL has received significant
attention [[Huang and Jiang, 2024| Barakat et al., |2025], their scalability to high-dimensional problem
has not been extensively tested. Similarly, most algorithms deal with the standard online setting, and
solve for one objective at a time.

C Explicit Measure Models

The inference procedure of Soft FB requires accurate measure estimates. As we mention in Section
|.4] while a rough estimate can be extracted from an implicit measure model (i.e., relying on forward
and backward representations directly for importance sampling), we find that training an explicit
measure model results in much more reliable estimates. Following recent work on geometric horizon
models [Farebrother et al.| 2025| Zheng et al.l 2026]], we train a generative model of z-conditional
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successor measures M?* through a temporal-difference, conditional flow-matching objective; we
briefly report the core idea as follows. We will omit the conditioning on z for notational simplicity.

Let us consider a time-dependent probability path m; : S x A — A(S) for t € [0, 1] describing a
process transporting samples from an initial distribution mo = N'(0, ) to m; = M?. This process
is described by a vector field v; : S x S x A — S, which may be integrated to produce the flow
Yy S x § x A — S governing the probability path:

Sl | ,0) = wlbile | 5,0) | 5,0),
¢
Yo(x | s,a) = <= Yi(x ] s,a) = x—|—/ vr (Y- (x| s,a) | s,a)dr.
0

If X; = ¢(Xo | S, A) ~m(-| S, A) for Xy ~ myg, vy is said to generate m.; estimation of v,
is facilitated by introducing a conditioning (e.g., Z = X;) and choosing a Gaussian conditional
probability path p; 7 := N (-|t X1, (1—t)*I), which grants a closed form for a conditional vector field
ug x, () := (X1 — 2)/(1 — t). Furthermore, off-policy learning is possible by bootstrapping (i.e.,
using the estimated vector field to sample from measures conditional on the next state), and variance
reduction can be carried out by directly matching the the estimated vector field. This results in the
TD?-CFM objective for training a parameterized estimator of the vector field 7,9 : S x S x A — S,
which we report:

L) =E

_ N 2
s % [ 5(X | S, A;0) — iy 2 (X, | Z)H } :

where Z = X1 ~ P(-| S, A), X; ~ pyz(- | 2),

Z(Q) - Ep’t,)?t U

where Xy ~ po, S~ P(' | S, A)» Xt = {/Jvt(Xo \ Slvﬂ-z(sl))v
Lrp2.crm(0) = (1 — 7)5(9) + ’7/3(9)7

where p represents the empirical distribution of states in the same dataset used for training Soft FB.
We refer to [Farebrother et al.|[2025]] for a detailed discussion, and for implementation details, which
we closely follow.

~ _ o~ 2
0| 5.4:0) - 5% 87

D Algorithmic Description

Algorithm [T]describes the practical version of SoftFB introduced in Section[4.3]in its entirety.

E Additional Experimental Results

E.1 Correlation

The policy search procedure outlined in Section .4 relies on offline performance estimates, which
are only effective if they correlate with ground truth performance in the environment. We find that
the degree of correlation depends on the objective and on the technique used for sampling from
the measure: explicit models (denoted with, e.g., SFB y,,,,) generally result in more reliable policy
evaluation. For completeness, we compute Spearman’s rank correlation coefficients across the results
from Table [T]in Table 3l

E.2 Linear RL on DMC

We report numerical results from Figure[5](i.e., the evaluation of linear objectives in DMC) in Table 4]

E.3 Visualization of Action Samples

While Soft FB retrieves stochastic policies, the standard forward-backward objectives do not explicitly
prevent policies to collapse towards determinism. While set of policies retrieved by FB may, in
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2

Algorithm 1: Practical Soft FB for Zero-shot RL with GUs

Input: Number of gradient updates N, test-time budget K, dataset D, batch size B
Randomly initialized policy y,, representations Fy, By and entropy critic Q7
(Optional) Randomly initialized explicit measure model v

// Pre-training phase

Initialize target networks for Fy, Q)4 , and, optionally, v;
fori =1to N do

Sample training batch (s, a, s’)E | from D;

Sample embeddings z2 | ~ U(Z);

Sample bootstrap actions a;, ~ my(+|s}, 2;);

Update 6, ¢ by minimizing Eq. (optionally with regularization, cf. Appendix Iﬂ);
Update 7 by minimizing Eq. (8}

Update 1/ by minimizing Eq.[9)

Update v as described in Appendix |C|(optionally);
Update target networks through Polyak averaging;

// Test-time (e.g., optimizing through random shooting)
for each GU objective f do
Receive initial state distribution p;

Sample K candidate embeddings 2 ;;
Estimate successor measures {M,, } X ; through Eq.|12]or @;
Evaluate successor measures f; = f(M.,);

Find best sample ¢* = argmax;, fl and yield downstream policy 7y, (2;+);

Table 3: Spearman’s rank correlation coefficients between offline policy estimates and ground-truth
performance in the didactic environment.

FB FB f0u SFB SFB f1ow

Linear RL 0.98 +01 1.00 o1 0.83 02 1.00 .01
Goal-reaching RL  0.90 +.01  1.00 £.01  0.86 +.03  1.00 +.01
Deterministic IL 0.91 £02 097 £02 0.41+03 1.00 £.01
Stochastic IL 0.90 £.04 094 +03 0.34+05 1.00 +.01
Pure Exploration ~ 0.09 +.14  0.53 +.15  0.01 +.04  1.00 +.01
Constrained RL 0.13 03 0.76 .15 0.40 £.03  0.96 +.03
Robust RL 0.19 £.03 0.96 £.02  0.47 +.02  1.00 +.01

Average 0.58 0.88 0.48 0.99

principle, also include stochastic policies, we find that this is, in practice, not the case. As a didactic
example, we repeat the visualization in Figure[3] this time sampling actions from policies trained with
FB. These samples are displayed in Figure[7} which confirms that retrieved policies are deterministic.

E.4 Extended results on DMC

This Section extends the experimental results summarized in Table2]in several ways.

First, we include two additional objectives (Jiopust and Jeonstrained, thus evaluating the same family of
non-linear objectives considered in Table[I] When interpreting results, we remark that the domains
considered are not generally designed for non-linear objectives; as dynamics are unknown, it is not
clear whether some of these objectives may still admit deterministic optimal policies: for instance,
high state entropy may be achievable in maze by a deterministic policy which covers the room in a
non-overlapping zig-zag pattern. We find that Soft FB is consistently the strongest method for the
two objectives that do not admit an optimal deterministic policy, namely maximum entropy over
states and actions ((M7™)) and imitation of a stochastic policy (—K L(M7™; M7 stecr)). Perhaps
surprisingly, Soft FB also performs well in imitating a deterministic policy: while KL divergence
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Table 4: Episodic returns and step-wise action entropy across different environments as a function of
||z||, averaged over tasks and reported from Figure

1] walker cheetah quadruped maze

Return Entropy Return  Entropy  Return  Entropy Return  Entropy

0.00 123 x24 3.5 +o0.5 77 +5 14.5 t02 171 10 29.8 +o.2 0 +o 4.6 +o.1
0.25 622 t16 0.3 +o0.1 313 +24 13.1 01 681 +2 24.8 03 224 +11 3.8 +o.2
050 688 +13 —2.3+02 399 +23 11.2 0.2 696 +7  20.3 0.4 350 +62 2.6 +o.2
0.75 698 +12  —8.2 +07 440 +12 7.0 +o0.5 687 +4  16.1 03 472 +52  —0.0 +0.2
1.00 702 +s —12.4 +o7 446 19 —3.2 +t09 668 +6 7.1 +10 522 +18 —2.9 0.2

|z =0.0 [z = 0.25 |z = 0.5 |z =0.75 |z =1.0
1 1 1 1 1
{; - mﬁ . rg . rs . rg n
0 0 0 0 0
-0.5 0.5 -0.5 0.5 -0.5 0.5 -0.5 0.5 -0.5 0.5
ED ED aog ao ao

Figure 7: Qualitative evaluation of FB in a didactic environment. White dots are samples from policies
m, over a 2D actions space, and the color map represents learned unregularized Q-values Q% for each
action (Fy(sg,a, z) " z). From left to right, we infer task embeddings z solving a goal-reaching task,
and scale them linearly. In this case, all retrieved policies are near-deterministic; interestingly, FB
often outputs optimal actions for embeddings of norm ||z|| < 1, despite not being explicitly trained
on them.

to the expert is minimized by a deterministic policy, we hypothesize that finding a stochastic policy
with a low divergence is generally easier. For other objectives (e.g., state-only entropy maximization,
constrained or robust objectives), we find that the best policy captured by FB may perform as well,
confirming that deterministic policies may be sufficient for nonlinear objectives in specific MDPs.

Second, Table [5includes the performance of FB and Soft FB with implicit measure models (2nd and
4th columns, respectively). We find that implicit measure models also perform relatively well, and
not significantly worse than explicit measure models in most tasks when combined with Soft FB. We
believe that with further compute allocation, explicit measure models can be further improved, as
discussed in Appendix [F}

Third, we report the performance of a random policy sampled from those trained by FB for each
objective and domain (first column of Table [5). While this simple baseline is surpassed by Soft
FB 10, in each instance, the performance difference is not significant in a few cases. This suggests
that, for specific objectives, Soft FB may in practice not recover a rich enough class of policies, such
that the best of its policies may not be much better than the average FB policy (we remark that the
guarantees in Section [4.2]only hold with exact minimization of the objectives, and for sufficiently
high-dimensional representations). Furthermore, the accuracy of the inference procedure remains
limited by the quality of measure models, which are also learned, and therefore imperfect. This is in
particular the case for higher-dimensional domains such as quadruped.

Fourth and last, we briefly discuss our results in pinpointing and evaluating algorithmic foplines.
A direct source of comparison would be principled algorithms for GUs, which often come with
strong theoretical guarantees (e.g. convergence) for arbitrary objectives [Zhang et al.,[2020, |Kumar|
et al., 2022, |Barakat et al., [2023], [2025]]. Being single-task and online algorithms, we would expect
them to outperform Soft FB when allowed privileged access to the environment. However, these
algorithms have not been shown to scale beyond tabular MDPs or linear function approximation
[Barakat et al., 2023]]. When evaluated in high-dimensional environments (i.e., DMC), we did not
find these policy-gradient-based methods to perform well.
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Table 5: Zero-shot performance on general utilities in DMC. We extend Table [2| by including three
additional methods and two objectives. Scores are averages over 5 seeds, with 95% confidence
intervals and bold numbers signaling overlaps.

FB.and FB FB /10w Soft FB Soft FB 10
H(MS) 1299 +.94 1282 +.02 1256 +.01 1391 +20 1397 +.25
L HOMT) 9.90 £.11 9.77 +.09 9.86 +.10 18.00 +.02 18.01 +.03
& —KL(MZ;MZt")  -6.08+89 —6.91+.03 -535+24  -511+07 -5.25 +.14
o —KLM™; MTstoch)  —9.64+20 —9.56+.23 —9.40+17 -1.39+.05 -148 +.11
B —KL(M%; Mgdt) -6.18 +.05 —6.87 +.97 —5.69 +.27  -5.02 +.16 -5.69 +.02
—KL(M™; M7det) —9.66 +.15 —9.62+.20 —9.43+.18 -1.48 +.08 -1.53 +.09
Jrobust (M) 0.39 +.04 0.51 +.08 0.51 +.03 0.56 +.12 0.44 + .07
Jeonstrained (M) 0.13 +.22 0.13 +.30 0.23 +.32 -0.10 +.25 0.17 +.19
H(ME) 11.57 +.43  12.66 +.15  11.74+.43  13.69 +.15  13.63 +.10
g  HMT) 9.96 +.21 10.59 +.88  11.68 +.89  17.85 +.04 17.83 +.07
g —KL(MZE;Mgtech)  —6.54 +.68 —5.58 +.20 —5.56+.31 -4.36 £.15 -4.56 +.31
° —KL(M™;MTstoch)  —8.64 +45 —7.90+.00 —7.25+7 -1.11+.05 -1.02 +.08
S —KL(M§;Mg*t) —6.52 +78 —5.58 +.28 —5.45+.65 -4.35+.27 -4.38 +.18
—KL(M7T M™det) —892+40 —814+8 —T7.55+79 -1.19 +.05 -1.23 + .08
Jrobust (M) 0.19 +.07 0.22 +.04 0.24 +.06 0.24 +.04 0.21 +.01
Jeonstrained (M) 0.11 +.08 0.18 +.09 0.14 + .18 0.19 +.10 0.23 +.07
H(MS) 13.84 +.49  13.67 +.72a  13.37+43 1448 +23 1443 +.24
T HMT) 10.19 +.08  10.18 +.14  10.11 +.08  19.09 .03  19.10 +.01
g* ~KL(MZ;Mgteen)  —554+47 —599+60 —5.44+28 -495+35  -4.64+.20
9 —KL(M7T M”Sf"c”) —9.93 +08 —9.87+18 —992x+16 -0.75 +.02 -0.76 +.04
3, —KL(Mg; M) —5.64 +.53 —6.07+.74 —5.61+30 —4.96=+14 -452+.16
—KL(M7T M’rdﬁf) —9.95+.07 —9.99+22 —994+20 -0.79 +.02 -0.79 +.02
Jrobust (M) 0.07 +.01 0.14 + .02 0.09 +.03 0.17 +.04 0.08 +.01
Jeonstrained (M) 0.03 +.03 0.02 +.04 0.04 +.06 0.06 +.04 0.07 +.06
H(ME) 10.31 +.34  10.68 +.21  10.83 +.56  10.62 +.66  11.22 +.70
HMT) 10.00 +.48  10.96 +.70  10.52 +.66  15.67 +.08 15.54 +.16
@  —KLMZ;Mgtech)  —6.32+62 -615+67 —6.49+36 -5.23 +.31 -5.25 +.90
8 —KL(M™;MT7stech)  —7.22+31 —6.61+14 —6.45+61 -1.08 +.21 -1.39 +.31
— K L(MZ%; Mg™) —6.62 +.54 —6.42 +.58 —6.57 +.61  -5.76 +.32 -5.07 +.69
—KL(M7T M7det) —8.67 +.54 —T7.2T+96 —7.27+58 -2.37 +.27 -2.51 +.35
Jrobust (M) 0.17 +.10 0.44 +.06 0.34 +.19 0.33 +.13 0.52 +.05
Jeonstrained (M) —0.01 +.11 0.46 + .22 0.53 +.24 0.31 +.22 0.57 £.14

F Implementation Details

Our practical implementation of Soft FB builds upon the vanilla FB algorithm introduced in [Touati
and Ollivier| [2021]] and open-sourced in |Tirinzoni et al.|[2024]). Architecturally, the sole modification
lies in changing the policy’s parameterization: from a Gaussian with a fixed standard deviation of
o = 0.3 to a squashed Gaussian with learnable standard deviation. This modification is applied to all
of the algorithms we evaluate. All networks are MLPs with embedding layers; width and depth are
reported in Table [6]

Unlike FB, Soft FB trains an action-state value function to estimate discounted sums of entropy terms
(see Equation [8), which shares the same optimization hyperparameters and the same architecture as
the forward map Fjy, but outputs scalar values instead of embeddings. As the forward map, the critic
also relies on twin networks, and on a target network updated at the same pace. While the discounted
sum of entropies may also be estimated implicitly through forward and backward representations, we
found that training a separate critic resulted in more reliable estimates.

When explicit measure models are used for inference, a flow-matching generative model is trained in
parallel with Soft FB. For this purpose, we closely follow the implementation details described in
[Farebrother et al., [2025]]. Due to limited computational budget, we train the model for fewer gradient
steps (3M instead of 8M). While this was sufficient for policy selection, allocating further resource to
measure estimation may bring additional performance gains.
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Our implementation of Soft FB inherits all of FB’s hyperparameters, without any additional tuning;
we present the main hyperparameters in Table[6] and we refer to our codebase for specific details. Soft
FB does not introduce any additional hyperparameter: the standard entropy regularization coefficient
common in entropy-regularized RL [Haarnoja et al., [2017] is not needed, as Soft FB trains on all
levels of entropy regularization, as discussed in Section{4.3] Additionally scaling the entropy term
by a fixed coefficient is possible, and may lead to better performance for tasks in which high- or
low-entropy policies are favored.

Our implementation is open-sourced on the anonymous project’s website}, further details on imple-
mentation and evaluation are organized by environment in the following sections. Each experimental
run requires between 3 and 72 hours on a single GPU (e.g. RTX 4090 or equivalent), depending on
the complexity of the environment. The total compute cost of this work hovers in the order of ~ 10°
GPU-hours.

Table 6: Hyperparameter Configuration

Parameter Value
Fy - Learning rate 1x1074
Fy - Width 1024
Fy - Depth 4

By - Learning rate 1x 1074
B, - Width 256
B - Depth 3

7y - Learning rate 1x 1074
Ty - Width 1024
my - Depth 4
Q31 - Learning rate 1x1074
Q2 - Width 1024
Q11,, - Depth 4
Optimizer Adam [Kingma and Ba, [2015]
Dimensionality of z o0
Polyak coefficient 7 0.01
Orthonormality regularization coefficient 1.0
Goal sampling ratio 0.5
Q-value aggregation mean
Batch size 1024

F.1 Low-dimensional Evaluation

The didactic MDP described in Section[5.1]has a discount factor of 0.5; due to its simplicity, agents
are trained for 5 - 10* gradient steps. The task inference procedure is carried out as described in
Section[4.4] with 1024 uniformly sampled reward embeddings as candidates. In the case of standard
FB, they are always sampled from the surface of an hypersphere, as the agent was not trained for
embeddings lying within its volume. For each z, 1024 samples are drawn from the z-conditional
successor measure M ™, estimated through either implicit or explicit measure models. These samples
are then evaluated according the objective, which are presented in full in Table [/} the highest-scoring
sample is provided as a conditioning to the policy, which is then evaluated in the environment for
1024 episodes to produce the scores reported in Table

Objectives were designed to be easily interpretable: the linear task encourages states on a unit
circle around the origin, the goal-conditioned task involves landing in proximity of a certain state,
while the deterministic and stochastic imitation learning tasks feature an expert which always visits
the same state, or visits states uniformly on a line, respectively. The pure exploration objective
simply maximizes state coverage, while the robust objective considers the minimum between a goal
conditioned objective and its complement, and the constrained objective maximizes a goal-conditioned
objective within a given range. For objectives requiring estimation of entropies or Kullback-Leibler
divergence, we employ a standard nearest-neighbor-based estimator [Wang et al.l 2009], with k£ = 3.
For each objective, we normalized scores between minima and maxima (theoretical if available, or
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estimated from the policies with lowest performance), as described in the last two columns of Table[7]
Across this work, confidence intervals are computed assuming scores are normally distributed.

Table 7: Objectives considered in the quantitative evaluation in low-dimensional settings (see Figure
M). s = (z,y) denotes the two coordinates of each state s € S.

Task Objective min max
Linear RL max, (M%, R) with R(z,y) = —((2* + y?) — 1)? ~0 1
Goal-conditioned RL  max,(M%, R x,y)) with R z,y) =1 1 0 1
7T< S (0.0,0.5)( U)) (zq,yq)( y) ({zfz_q)?ﬁ»(yfyg)z) 1 <0.2
Deterministic IL max, — Dy (MZ||M%) with M5 = 1,_0.0,0.5) ~-15 0
Stochastic IL max, — Dy (MZ|[M%) with M% = U ({z € [~0.5,0.5],y = 0]}) ~-15 0
Pure Exploration max, H(M%) ~ ~ 16
Robust MDP max, min ((MZ, R0.0,0.5) (2, %)), (ME, 1 — R0.0.0.5) (2, y))) 0 0.5
Constrained RL max, (M%, R(o,0.5)(,9)) s.t. (M5, Reo..0.5)(x,¥)) <0.9 0 0.9
F.2 High-dimensional evaluation

walker cheetah quadruped maze

Figure 8: The four domains considered from ExORL [Yarats et al} [2022]] and the Deepmind Control
Suite 2018].

High-dimensional experiments revolve around locomotion and navigation tasks from the Deepmind
Control Suite and use ExORL data [Yarats et al.,[2022]. All evaluation parameters,
including linear reward functions, are taken from Touati and Ollivier [2021]]: algorithms are trained
until convergence (for 3M gradient steps) with a discount factor of 0.98 (0.99 for maze). The inference
procedure for General Ultilities differs minimally from the didactic environment (detailed previously):
it evaluates 1024 candidates for z, but considers slightly more samples from the estimated successor
measure (2048). The chosen policy is then evaluated through a Monte Carlo estimator: we execute
the policy for 10 episodes and resample visited state-action pairs according to a geometric distribution
parameterized by 1 — .

Objectives involving entropy or Kullback-Leibler divergences also rely on a K-nearest-neighbor-based
estimator, with k = 3 2009]. For imitation learning objectives, the expert is a determin-
istic optimal policy for one of the tasks defined by the suite (walk for all domains, except for maze,
which demonstrates reach_bottom_left); the stochastic variants simply inject Gaussian noise
(o = 1.0) to expert actions. The robust and constrained objectives are less direct in their definition.
For simplicity, we consider the velocities of the first two degrees of freedoms for all embodiments
(e.g., going right/left and up/down for maze), and refer to the function extracting them from a state
as v, and v,. The robust objective is simply the minimum between the discounted averages of the
two absolute velocities, i.e. Jropust(M™) = min((M™, R,), (M”, R,)), where R.(s) = abs(v(s))
and R, (s) = abs(vy(s)). The constrained objective encourages high velocity in the first degree of
freedom, while ensuring the velocity is not always positive: Jeonstrained(M™) = (M™, R) constrained
by (M™, R.) > 0 with R(s) = v,(s) and R.(s) = 1, (s)<0-

As in this case minimum and maximum performance are not easily estimated, we do not normalize
scores.
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