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ABSTRACT

We study the implicit bias of gradient flow (i.e., gradient descent with infinitesi-
mal step size) on linear neural network training. We propose a tensor formulation
of neural networks that includes fully-connected, diagonal, and convolutional net-
works as special cases, and investigate the linear version of the formulation called
linear tensor networks. With this formulation, we can characterize the conver-
gence direction of the network parameters as singular vectors of a tensor defined
by the network. For L-layer linear tensor networks that are orthogonally decom-
posable, we show that gradient flow on separable classification finds a stationary
point of the {57, max-margin problem in a “transformed” input space defined by
the network. For underdetermined regression, we prove that gradient flow finds a
global minimum which minimizes a norm-like function that interpolates between
weighted ¢ and /5 norms in the transformed input space. Our theorems subsume
existing results in the literature while removing standard convergence assump-
tions. We also provide experiments that corroborate our analysis.

1 INTRODUCTION

Overparametrized neural networks have infinitely many solutions that achieve zero training error,
and such global minima have different generalization performance. Moreover, training a neural
network is a high-dimensional nonconvex problem, which is typically intractable to solve. However,
the success of deep learning indicates that first-order methods such as gradient descent or stochastic
gradient descent (GD/SGD) not only (a) succeed in finding global minima, but also (b) are biased
towards solutions that generalize well, which largely has remained a mystery in the literature.

To explain part (a) of the phenomenon, there is a growing literature studying the convergence of
GD/SGD on overparametrized neural networks (e.g., Du et al. (2018a;b); Allen-Zhu et al. (2018);
Zou et al. (2018); Jacot et al. (2018); Oymak & Soltanolkotabi (2020), and many more). There are
also convergence results that focus on linear networks, without nonlinear activations (Bartlett et al.,
2018; Arora et al., 2019a; Wu et al., 2019; Du & Hu, 2019; Hu et al., 2020). These results typically
focus on the convergence of loss, hence do not address which of the many global minima is reached.

Another line of results tackles part (b), by studying the implicit bias or regularization of gradient-
based methods on neural networks or related problems (Gunasekar et al., 2017; 2018a;b; Arora
etal., 2018; Soudry et al., 2018; Ji & Telgarsky, 2019a; Arora et al., 2019b; Woodworth et al., 2020;
Chizat & Bach, 2020; Gissin et al., 2020). These results have shown interesting progress that even
without explicit regularization terms in the training objective, algorithms such as GD applied on
neural networks have an implicit bias towards certain solutions among the many global minima.
However, in proving such results, many results rely on convergence assumptions such as global
convergence of loss to zero and/or directional convergence of parameters and gradients. Ideally,
such convergence assumptions should be removed because they cannot be tested a priori and there
are known examples where GD does not converge to global minima under certain initializations
(Bartlett et al., 2018; Arora et al., 2019a).

*Based on work performed during internship at Google Research
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Regression Task; Initial scale (alpha) = 0.01 ]

Figure 1: Gradient descent trajectories of linear coefficients of linear fully-connected, diagonal, and
convolutional networks on a regression task, initialized with different initial scales o = 0.01, 1.
Networks are initialized at the same coefficients (circles on purple lines), but follow different trajec-
tories due to implicit biases of networks induced from their architecture. The figures show that our
theoretical predictions on limit points (circles on yellow line, the set of global minima) agree with
the solution found by GD. For details of the experimental setup, see Section 6.

1.1 SUMMARY OF OUR CONTRIBUTIONS

We study the implicit bias of gradient flow (GD with infinitesimal step size) on linear neural net-
works. Following recent progress on this topic, we consider classification and regression problems
that have multiple solutions with zero training error. Our analyses apply to a general class of net-
works, and prove both convergence and implicit bias, providing a more complete characterization
of the algorithm trajectory without relying on convergence assumptions.

« We propose a general tensor formulation of nonlinear neural networks which includes many
network architectures considered in the literature. In this paper, we focus on the linear version
of this formulation (i.e., no nonlinear activations), called linear tensor networks.

« For linearly separable classification, we prove that linear tensor network parameters converge
in direction to singular vectors of a tensor defined by the network. As a corollary, we show that
linear fully-connected networks converge to the ¢ max-margin solution (Ji & Telgarsky, 2020).

« For separable classification, we further show that if the linear tensor network is orthogonally
decomposable (Assumption 1), the gradient flow finds the £3/4cptn Max-margin solution in the
singular value space, leading the parameters to converge to the top singular vectors of the tensor
when depth = 2. This theorem subsumes known results on linear convolutional networks and
diagonal networks proved in Gunasekar et al. (2018b), without using convergence assumptions.

« For underdetermined linear regression, we study the limit points of gradient flow on orthogo-
nally decomposable networks (Assumption 1), and provide a full characterization of the limit
points. This theorem covers results on deep matrix sensing (Arora et al., 2019b) as a special
case, and extends a similar recent result (Woodworth et al., 2020) to a broader class of networks.

« For underdetermined linear regression with deep linear fully-connected networks, we prove that
the network converges to the minimum ¢5 norm solutions as we scale the initialization to zero.

« Lastly, we present simple experiments that corroborate our theoretical analysis. Figure 1 shows
that our predictions of limit points match with solutions found by GD.

2 PROBLEM SETTINGS AND RELATED WORKS

We first define notation used in the paper. Given a positive integer a, let [a] := {1,...,a}. We use
I, to denote the d x d identity matrix. Given a matrix A, we use vec(A) to denote its vectorization,
i.e., the concatenation of all columns of A. For two vectors a and b, let a ® b be their tensor product,
a © b be their element-wise product, and a®* be the element-wise k-th power of a. Given an order-
L tensor A € RF1xkz we use [A]}, . j, to denote the (ji, jo2, . ., jr)-th element of A, where
Ji € [ki] for all [ € [L]. In element indexing, we use - to denote all indices in the corresponding
dimension, and a : b to denote all indices from a to b. For example, for a matrix A, [A]. 4.¢ denotes a
submatrix that consists of 4th—6th columns of A. The square bracket notation for indexing overloads
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with [a] when a € N, but they will be distinguishable from the context. Since element indices start
from 1, we re-define the modulo operation @ mod d := a — |25+ |d € [d] for a > 0. We use e

to denote the j-th stardard basis vector of the vector space R¥. Lastly, we define the multilinear
multiplication between a tensor and linear maps, which can be viewed as a generalization of left-
and right-multiplication on a matrix. Given a tensor A € RF1**kz and linear maps B; € RP1 <k
for [ € [L], we define the multilinear multiplication o between them as

Ao (vaBgvaBg) = Z [A].j1,~-<7jL<e§11 ®"'®6§LL) ° (B?vag)

= Z [A]j17---7jL (Bleé?ll R ® BLG?LL) € RP1XXPL

2.1 PROBLEM SETTINGS

We are given a dataset {(x;,v;)}" ,, where ; € R? and y; € R. Welet X € R"*? and y €
R"™ be the data matrix and the label vector, respectively. We study binary classification and linear
regression in this paper, focusing on the settings where there exist many global solutions. For binary
classification, we assume y; € {£1} and that the data is separable: there exists a unit vector z and a
constanty > 0 such that y;&} z > ~ foralli € [n]. For regression, we consider the underdetermined
case (n < d) where there are many parameters z € R such that X z = y. Throughout the paper,
we assume that X has full row rank.

We use f(;0) : R? — R to denote a neural network parametrized by ©. Given the network
and the dataset, we consider minimizing the training loss £(©) := Y | {(f(x;; ©),y;) over O.
Following previous results (e.g., Lyu & Li (2020); Ji & Telgarsky (2020)), we use the exponential
loss £(,y) = exp(—yy) for classification problems. For regression, we use the squared error loss

0(g,y) = 3(§—y)*. On the algorithm side, we minimize £ using gradient flow, which can be viewed
as GD with infinitesimal step size. The gradient flow dynamics is defined as %@ =-VeLl(O).

2.2 RELATED WORKS

Gradient flow/descent in separable classification. For linear models f(z;z) = x”z with sep-

arable data, Soudry et al. (2018) show that the GD run on £ drives ||z|| to oo, but z converges in
direction to the > max-margin classifier. The limit direction of z is aligned with the solution of

minimize,cpa  |2|| subject to yx! z > 1fori € [n], (1)

where the norm in the cost is the /5 norm. Nacson et al. (2019b;c); Gunasekar et al. (2018a); Ji &
Telgarsky (2019b;c) extend these results to other (stochastic) algorithms and non-separable settings.

Gunasekar et al. (2018b) study the same problem on linear neural networks and show that GD
exhibits different implicit bias depending on the architecture. The authors show that the linear
coefficients of the network converges in direction to the solution of (1) with different norms: ¢5 norm
for linear fully-connected networks, £5,;, (quasi-)norm for diagonal networks, and DFT-domain
¢5/1, (quasi-)norm for convolutional networks with full-length filters. Here, L denotes the depth.
We note that Gunasekar et al. (2018b) assume that GD globally minimizes the loss, and the network
parameters and the gradient with respect to the linear coefficients converge in direction. Subsequent
results (Ji & Telgarsky, 2019a; 2020) remove such assumptions for linear fully-connected networks.

A recent line of results (Nacson et al., 2019a; Lyu & Li, 2020; Ji & Telgarsky, 2020) studies general
homogeneous models and show divergence of parameters to infinity, monotone increase of smoothed
margin, directional convergence and alignment of parameters (see Section 4 for details). Lyu & Li
(2020) also characterize the limit direction of parameters as the KKT point of a nonconvex max-
margin problem similar to (1), but this characterization does not provide useful insights for the
functions f(-; ©®) represented by specific architectures, because the formulation is in the parameter
space ©. Also, these results require that gradient flow/descent has already reached 100% training
accuracy. Although we study a more restrictive set of networks (i.e., deep linear), we provide a
more complete characterization of the implicit bias for the functions f(-; ®), without assuming
100% training accuracy.

Gradient flow/descent in linear regression. It is known that for linear models f(x;2) = =7z,

GD converges to the global minimum that is closest in ¢ distance to the initialization (see e.g.,



Published as a conference paper at ICLR 2021

Gunasekar et al. (2018a)). However, relatively less is known for deep networks, even for linear
networks. This is partly because the parameters do not diverge to infinity, hence making limit points
highly dependent on the initialization; this dependency renders analysis difficult. A related problem
of matrix sensing aims to minimize Y, (y; — (A;, W1 --- W) over Wy,..., W € R¥4 It
is shown in Gunasekar et al. (2017); Arora et al. (2019b) that if the sensor matrices A; commute
and we initialize all W;’s to o, GD finds the minimum nuclear norm solution as o — 0.

Chizat et al. (2019) show that if a network is zero at initialization, and we scale the network output
by a factor of @ — o0, then the GD dynamics enters a “lazy regime” where the network behaves like
a first-order approximation at its initialization, as also seen in results studying kernel approximations
of neural networks and convergence of GD in the corresponding RKHS (e.g., Jacot et al. (2018)).

Woodworth et al. (2020) study linear regression with a diagonal network of the form
fleywe,w_) = af;T(ng — w®), where w, and w_ are identically initialized w (0) =
w_(0) = aw. The authors show that the global minimum reached by GD minimizes a norm-
like function which interpolates between (weighted) /1 norm (o« — 0) and ¢5 norm (@ — c0). In
our paper, we consider a more general class of orthogonally decomposable networks, and obtain
similar results interpolating between weighted ¢; and /5 norms. We also remark that our results
include the results in Arora et al. (2019b) as a special case, and we do not assume convergence to
global minima, as done in Gunasekar et al. (2017); Arora et al. (2019b); Woodworth et al. (2020).

3 TENSOR FORMULATION OF NEURAL NETWORKS

In this section, we present a general tensor formulation of neural networks. Given an input € R?,
the network uses a linear map M that maps « to an order-L tensor M(x) € RFvxxkr wwhere L > 2.
Using parameters v; € R* and activation ¢, the network computes its layers as the following:

Hi(z) = ¢ (M(z) o (v1, Iy,,..., It,)) € RF> Xk,
Hi(z) = ¢ (Hi—i(z) o (v, Inyyys oo Iy )) € REERL . fori =2 . L—1, (2
fl@;0) =Hp_1(x)ov, € R.
We use © to denote the collection of all parameters (v, ...,vr). We call M(x) the data tensor.
Although this new formulation may look a bit odd in the first glance, it is general enough to capture

many network architectures considered in the literature, including fully-connected networks, diago-
nal networks, and circular convolutional networks. We formally define these architectures below.

Diagonal networks. An L-layer diagonal network is written as
faing (%5 Odiag) = ¢(- - - d(Pp(x © wy) ©ws) - - ©wp_1) T wy, €))

where w; € R forl € [L]. The representation of fdiag as the tensor form (2) is straightforward. Let
Maiag(z) € R %4 have [Myiag()];.5,....; = [x];, while all the remaining entries of Mgiag () are
set to zero. We can set v; = wj for all [, and M = Mg;, to verify that (2) and (3) are equivalent.

Circular convolutional networks. The tensor formulation (2) includes convolutional networks

Jeonv(®; Ocony) = G-+ p(p(x + w1) xwy) - xwp_1) wy, (4)
where w; € R¥ with k; < d and k7, = d, and * defines the circular convolution: for any a € R< and
b € R* (k < d), we have a x b € RY defined as [a  b]; = Z?Zl[a](iﬂ»_l) mod a[b];, for i € [d].
Define Mcony () € RF1xxke g Meony (2)]51ja,..ir. = [x](Zle Ji—L+1) mod d for ji € [k,
I € [L]. Setting v; = w; and M = M.y, we can verify that (2) and (4) are identical.

Fully-connected networks. An L-layer fully-connected network is defined as

fre(@;Os) = ¢(- - p(d(x" W1)Wy) -+ Wr_1)wy, (5)

where W; € R%*di+1 for | € [L — 1] (we use d; = d) and w;, € R?. One can represent fj.
as the tensor form (2) by defining parameters v; = vec(W;) for I € [L — 1] and v;, = wy, and
constructing the tensor Mg.(x) by a recursive “block diagonal” manner. For example, if L = 2, we
can define M. () € R%92%4z (o be the Kronecker product of I, and . For deeper networks, we
defer the full description of Mg () to Appendix B.
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Our focus: linear tensor networks. Throughout this section, we have used the activation ¢ to
motivate our tensor formulation (2) for neural networks with nonlinear activations. For the remaining
of the paper, we study the case whose activation is linear, i.e., ¢(t) = t. In this case,

flx;0) =M(x) o (v1,v2,...,vL). (6)

We will refer to (6) as linear tensor networks, where “linear” is to indicate that the activation is linear.
Note that as a function of parameters vy, ..., vy, f(x; ®) is in fact multilinear. We also remark that
when depth L = 2, the data tensor M(x) is a k1 x ko matrix and the network formulation boils down
to f(x; ©) = vIM(z)v,.

Since the data tensor M() is a linear function of @, the linear tensor network is also a linear function
of . Thus, the output of the network can also be written as f(x; ©) = 7 3(0©), where 3(0©) € R?
denotes the linear coefficients computed as a function of the network parameters ®. Since the linear
tensor network f(x; ©) is linear in x, the expressive power of f is at best a linear model « +— =7 2.
However, even though the models have the same expressive power, their architectural differences
lead to different implicit biases in training, which is the focus of our investigation in this paper.
Studying separable classification and underdetermined regression is useful for highlighting such
biases because there are infinitely many coefficients that perfectly classify or fit the dataset.

For our linear tensor network, the evolution of the parameters v; via gradient flow reads

U =~V L(O) = 721‘:1 C(f(xi;0),y:)M(x;) o (v, ..., 011, Iy, Vi1, - -+, 0L)
= M(—XT’I') o (’vl,...,’Ul,l,Ikl,’vlJrh...,’UL), vl e [L],

where we initialize v;(0) = a®,, for | € [L]. We refer to o and v; as the initial scale and initial
direction, respectively. We note that we do not restrict ¥;’s to be unit vectors, in order to allow
different scaling (at initialization) over different layers. The vector » € R" is the residual vector,
and each component of 7 is defined as

—yiexp(—y; f(x;;©))  for classification,
f(xi;©) —y; for regression.

irli = 0(f (2 ©), 4:) = { -

4 IMPLICIT BIAS OF GRADIENT FLOW IN SEPARABLE CLASSIFICATION

In this section, we present our results on the implicit bias of gradient flow in binary classification
with linearly separable data. Recent papers (Lyu & Li, 2020; Ji & Telgarsky, 2020) on this separable
classification setup prove that after 100% training accuracy has been achieved by gradient flow
(along with other technical conditions), the parameters of L-homogeneous models diverge to infinity,
while converging in direction that aligns with the direction of the negative gradient. Mathematically,

o) _ o>,

Jim [©()] = oo, lim S

. e’ VeLl(®)
R R TETON] lim o 1

A TeNMVeL®@E)] —

Since the linear tensor network satisfies the technical assumptions in the prior works, we apply these
results to our setting and develop a new characterization of the limit directions of the parameters.
Here, we present theorems on separable classification with general linear tensor networks. Corollar-
ies for specific networks are deferred to Appendix A.

4.1 LIMIT DIRECTIONS OF PARAMETERS ARE SINGULAR VECTORS

Consider the singular value decomposition (SVD) of a matrix A = Z;nzl s;(u; ® vj;), where m is
the rank of A. Note that the tuples (u;, v;, s;) are solutions to the system of equations su = Av
and sv = ATwu. Lim (2005) generalizes this definition of singular vectors and singular values
to higher-order tensors: given an order-L tensor A € R¥1X*"XFL we define the singular vectors
U1, Us, ..., ur, and singular value s to be the solution of the following system of equations:

sup =Ao(uy,...,u—1, Iy, uy1,...,ur), forl € [L]. (8)

Using the definition of the singular vectors of tensors, we can characterize the limit direction of
parameters after reaching 100% training accuracy. In Appendix C, we prove the following:
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Theorem 1. Assume that the gradient flow satisfies L(©(to)) < 1 for some tg > 0 and XTr(t)
T
converges in direction, say 4™ = lim;_, %

vectors of M(—u°).

. Then, vy, ...,vL converge to the singular

For this theorem, we make some convergence assumptions, because the network is fully general;
this is the only result where we assume convergence. It fact, for the special case of linear fully-
connected networks, the directional convergence assumption is not required, and the linear coef-
ficients B¢, (Os.) converge in direction to the ¢5 max-margin classifier. We state this corollary in
Appendix A.1; this result also appears in Ji & Telgarsky (2020), but we provide an alternative proof.

4.2 LIMIT DIRECTIONS FOR ORTHOGONALLY DECOMPOSABLE NETWORKS

Admittedly, Theorem 1 is not a full characterization of the limit directions, because there are usu-
ally multiple solutions that satisfy (8). For example, in case of L = 2, the data tensor M(—u°)
is a matrix and the number of possible limit directions (up to scaling) of (vy,vs) is at least the
rank of M(—u®). Singular vectors of high order tensors are much less understood than the ma-
trix counterparts, and are much harder to deal with. Although their existence is implied from the
variational formulation (Lim, 2005), they are intractable to compute. Testing if a given number is
a singular value, approximating the corresponding singular vectors, and computing the best rank-1
approximation are all NP-hard (Hillar & Lim, 2013); let alone orthogonal decompositions.

Given this intractability, it might be reasonable to make some assumptions on the “structure” of
the data tensor M(x), so that they are easier to handle. The following assumption defines a class
of orthogonally decomposable data tensors, which includes linear diagonal networks and linear
full-length convolutional networks as special cases (for the proof, see Appendix D.2 and D.3).

Assumption 1. For the data tensor M(x) € R¥1* %KL of q linear tensor network (6), there exist
a full column rank matrix § € C™*? (d < m < min; k) and matrices U, € CF>™ . U; €
CFLx™ such that UH U, = I, for all | € [L), and the data tensor M(z) can be written as

M) =" [Sal;([U],;® U], @ ©[ULl) ©)

j=1

In this assumption, we allow Uy, ..., Uy, and S to be complex matrices, although M(z) and param-
eters v; stay real, as defined earlier. For a complex matrix A, we use A* to denote its entry-wise
complex conjugate, A” to denote its transpose (without conjugating), and A to denote its conju-
gate transpose. In case of L = 2, Assumption 1 requires that the data tensor M(xz) (now a matrix)
has singular value decomposition M(x) = U, diag(Sx)UY; i.e., the left and right singular vectors
are independent of @, and the singular values are linear in . Using Assumption 1, the following
theorem characterizes the limit directions.

Theorem 2. Suppose a linear tensor network satisfies Assumption 1. If there exists A > 0 such that
the initial directions 1, . .., vy, of the network parameters satisfy |[U/ v));|* — |[UF L) ;> > X for
alll € [L — 1] and j € [m)], then B(O(t)) converges in a direction that aligns with ST p>, where
p°° € C™ denotes a stationary point of the following optimization problem

minimizep,ecm  [|pll2/  subject to yixl 8Tp > 1, Vi€ [n].
If S is invertible, then 3(©(t)) converges in a direction that aligns with a stationary point z*>° of

minimize, cpa ||S*Tz||2/L subject to  y;xlz > 1, Vi€ [n)].

Theorem 2 shows that the gradient flow finds sparse p>° that minimizes the £5,7, norm in the “sin-
gular value space,” where the data points x; are transformed into vectors Sx; consisting of singular
values of M(x;). Also, the proof of Theorem 2 reveals that in case of L = 2, the parameters v;(¢) in
fact converge to the fop singular vectors of the data tensor M(— X 7'r); thus, compared to Theorem 1,
we have a more complete characterization of “which” singular vectors to converge to.

The proof of Theorem 2 is in Appendix D. Since the orthogonal decomposition (Assumption 1) of
M(x) tells us that the singular vectors M(x) in Uy, ..., UL are independent of , we can transform
the network parameters v; to U, lTvl and show that the network behaves similar to a linear diagonal
network. This observation comes in handy in the characterization of limit directions.
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Remark 1 (Necessity of initialization assumptions). In order to remove the assumption that the loss
converges to zero, at least some condition on initialization is necessary, because there are exam-
ples showing non-convergence of gradient flow for certain initializations (Bartlett et al., 2018; Arora
et al., 2019a). In our theorems, we pose assumptions on initial directions v; that are sufficient con-
ditions for the loss £(©(t)) to converge to zero. Although such sufficient conditions are “stronger”
than assuming £(©(t)) — 0, they are useful because they can be easily checked a priori, i.e., before
running gradient flow. We note an important fact that in Theorems 2 and onwards, the conditions
on initialization are used solely to prove convergence of the loss to zero, and our statements on
the implicit bias hold whenever the loss converges to zero, even for initializations that do not
satisfy our conditions. In addition, we argue that our assumptions are not too restrictive; A can be
arbitrarily small, so the conditions are satisfied with probability 1 if we set v, = 0 and randomly
sample other v;’s. Setting one layer to zero to prove convergence is also studied in Wu et al. (2019).
Lastly, the condition that vy, is “small” can be replaced with any layer; e.g., convergence still holds
if |[Ul'v)];]? — |[Uf01];> > Aforalll =2,...,Land j € [m].

Remark 2 (Comparison to existing results). Theorem 2 leads to corollaries (stated in Appendix A.2)
on linear diagonal and full-length convolutional networks, showing that diagonal (or convolutional)
networks converge to the stationary point of the max-margin problem with respect to the /5,7, norm
(or DFT-domain /5,7, norm). Theorem 2 recovers the results in Gunasekar et al. (2018b) without
relying on assumptions such as directional convergence of parameters and gradients.

Remark 3 (Implications to architecture design). Theorem 2 shows that the gradient flow finds a
solution that is sparse in a “transformed” input space where all data points are transformed with S.
This implies something interesting about architecture design: if the sparsity of the solution under a
certain linear transformation 7" is needed, one can design a network using Assumption 1 by setting
S = T Training such a network will give us a solution that has the desired sparsity property.

Other than Assumption 1, there is another setting where we can prove a full characterization of limit
directions: when there is one data point (n = 1) and the network is 2-layer (L = 2). This “extremely
overparametrized” case is motivated by an experimental paper (Zhang et al., 2019) which studies
generalization performance of different architectures when there is only one training data point.

Theorem 3. Suppose we have a 2-layer linear tensor network (6) and a single data point (x,y).
Consider the compact SVD M(x) = U, diag(s)UY, where U; € RFv*™ U, € RF2X™ and
s € R™ form < min{ky, ka}. Let p>° € R™ be a solution of the following optimization problem

minimizep,erm  ||p||; subject to ys’p > 1.

Assume that there exists A\ > 0 such that the initial directions v1,Vs of the network parameters
satisfy (U 01]% — [Ug'ﬁg]? > X forall j € [m]. Then, v and va converge in direction to Un§°

and Usn$®, where [ng°| = [ns°| = |p>°|®V/2, and sign(n$°) = sign(y) ® sign(ns°).

The proof of Theorem 3 can be found in Appendix E. Since p°° is the minimum ¢; norm solution in
the singular value space, the parameters v; and vy converge in direction to the top singular vectors.
We would like to emphasize that this theorem can be applied to any network architecture that can
be represented as a linear tensor network. Recall that the previous result (Gunasekar et al., 2018b)
only considers full-length filters (k; = d), hence providing limited insights on networks with small
filters, e.g., k1 = 2. In light of this, we present a corollary in Appendix A.3 showing that linear
coefficients of convolutional networks converge in direction to a “filtered” version of x.

5 IMPLICIT BIAS OF GRADIENT FLOW IN UNDERDETERMINED REGRESSION

In Section 4, the limit directions of parameters we characterized do not depend on initialization.
This is due to the fact that the parameters diverge to infinity in separable classification problems, so
that the initialization becomes unimportant in the limit. This is not the case in regression setting,
because parameters do not diverge to infinity. As we show in this section, the limit points are closely
tied to initialization, and our analyses characterize the dependency between them.

5.1 LIMIT POINT CHARACTERIZATION FOR ORTHOGONALLY DECOMPOSABLE NETWORKS

For the orthogonally decomposable networks satisfying Assumption 1 with real S and U;’s, we
consider how limit points of gradient flow change according to initialization. We consider a specific
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initialization scheme that, in the special case of diagonal networks, corresponds to setting w;(0) =
aw forl € [L — 1] and wy, (0) = 0. We use the following lemma on a relevant system of ODEs:

Lemma 4. Consider the system of ODEs, where p,q : R — R:

p=p""2q, ¢=p""" p0)=1, q(0)=0.
Then, the solutions pr,(t) and qr(t) are continuous on their maximal interval of existence of the
form (—c,c) C R for some ¢ € (0,00]. Define hr(t) = pr(t)L=1qL(t); then, h(t) is odd and
strictly increasing, satisfying lim. by (t) = oo and limg| . by, (t) = —oo.

Using the function hy, (t) from Lemma 4, we can obtain the following theorem that characterizes the
limit points as the minimizer of a norm-like function @1, 5 among the global minima.

Theorem 5. Suppose a linear tensor network satisfies Assumption 1. Assume further that the matri-
cesUy, ..., UL, and S from Assumption 1 are all real matrices. For some \ > 0, choose any vector
n € R™ satisfying [ﬁ]? > A forall j € [m)], and choose initial directions ©; = Uy} for 1 € [L — 1]
and vy, = 0. Then, the linear coefficients 3(©(t)) converge to ST p™, where p> is the solution of

minimizeyerm  Qr.a.5(p) = a? ijl[ﬁ]?HL (%) subject to X STp =1y,

where Qo5 : R™ — R is a norm-like function defined using Hy,(t) := fot hp'(r)dr. If S is
invertible, then 3(©(t)) converges to the solution z*° of

minimize,cpe  Qr.a.n(S™72) subjectto Xz =4y.

The proofs of Lemma 4 and Theorem 5 are deferred to Appendix F.

Remark 4 (Interpolation between ¢ and ¢3). It can be checked that H,(¢) grows like the absolute
value function if ¢ is large, and grows like a quadratic function if ¢ is close to zero. This means that
m m 2
I Qron(p) o Do e m Quaal(p) oY e,

s0 Qr,q,5 interpolates between the weighted ¢; and weighted ¢ norms of p. Also, the weights
in the norm are dependent on the initialization direction 1 unless L = 2 and a — 0. In general,
Q10,57 interpolates the standard ¢; and ¢5 norms only if |[7];| is the same for all j € [m]. This
result is similar to the observations made in Woodworth et al. (2020) which considers a diagonal
network with a “differential” structure f(z; w4, w_) = 27 (wP" — w®"). In contrast, our results
apply to a more general class of networks, without the need to have the differential structure. In
Appendix A.4, we state corollaries of Theorem 5 for linear diagonal networks and linear full-length
convolutional networks with even data points. There, we also show that deep matrix sensing with
commutative sensor matrices (Arora et al., 2019b) is a special case of our setting.

Next, we present the regression counterpart of Theorem 3, for 2-layer linear tensor networks with
a single data point. For this extremely overparametrized setup, we can fully characterize the limit
points as functions of initialization v1(0) = a®; and v3(0) = as, for any linear tensor networks
including linear convolutional networks with filter size smaller than input dimension.

Theorem 6. Suppose we have a 2-layer linear tensor network (6) and a single data point (x,y).
Consider the compact SVD M(x) = U, diag(s)UY, where U; € RF1*™ U, € RF2X™ and
s € R™ form < min{ks, ko}. Assume that there exists A > 0 such that the initial directions vy, Vs
of the network parameters satisfy [U{ )5 — [U3 Do) > A for all j € [m]. Then, gradient flow
converges to a global minimizer of the loss L, and v, (t) and v (t) converge to the limit points:

vi°=al; (UlTT)l ® cosh (g*1 (%) 8) + ULy © sinh (gil (%) s)) +a(Iy, — UL U)oy,

v =al, (UleJl ©® sinh (g_l (%) s) + UZ 0y ® cosh (g_l <%) s)) +a(Iy, — UsUY ),
a et

1

where g~ " is the inverse of the following strictly increasing function

m

gw) =" [s]; (w sinh(2[s];v) + (U} 91];{U; v2]; COSh(2[S]jV)>~

j=1
The proof can be found in Appendix G. We can observe that as o — 0, we have g~ * (%) — 00,
which results in exponentially faster growth of the sinh(-) and cosh(-) for the top singular values.

As a result, the top singular vectors dominate the limit points v{° and v$° as & — 0, and they do
not depend on the initial directions v, v2. Experiment results in Section 6 support this observation.
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5.2 IMPLICIT BIAS IN FULLY-CONNECTED NETWORKS: THE @ — 0 LIMIT

We state our last theoretical element of this paper, which proves that the linear coefficients B (©s,)
of deep linear fully-connected networks converge to the minimum ¢» norm solution as & — 0. We
assume for simplicity that dy = de = --- = d = d in this section, but we can extend it for d; > d
without too much difficulty. Recall fi.(x; ©.) = 2T Wi - -- W _jw,. We minimize the training
loss £ with initialization W;(0) = aW, forl € [L — 1] and wy,(0) = awy,.

Theorem 7. Assume that initial directions W1, ..., Wy_1, W}, satisfy (1) WZTWZ > VVZH VVlf_l
forl € [L—2), and (2) there exists A\ > 0 such that W} _\W,_1—wwl = \I,. Then, the gradient
flow converges to a global minimum, and lim,_,o lim;_, o0 B (O (1)) = XT(X XT) "1y,

The proof is presented in Appendix H. Theorem 7 shows that in the limit « — 0, linear fully-
connected networks have bias towards the minimum ¢; norm solution, regardless of the depth.
This is consistent with the results shown for classification. We also note that the convergence to
a global minimum holds for any o > 0, and our sufficient conditions (W W, = Wi, W}, and

WLTleL,l —w L'LTJ:LF > A1) for global convergence is a generalization of the zero-asymmetric
initialization scheme (W, = --- = W _; = I; and w;, = 0) proposed in Wu et al. (2019).

6 EXPERIMENTS

Regression.  To fully visualize the trajectory of linear coefficients, we run simple experiments
with 2-layer linear fully-connected/diagonal/convolutional networks with a single 2-dimensional
data point (x,y) = ([1 2],1). For this dataset, the minimum ¢5 norm solution (corresponding to
fully-connected networks) of the regression problem is [0.2 0.4], whereas the minimum ¢; norm
solution (corresponding to diagonal) is [0 0.5] and the minimum DFT-domain ¢; norm solution
(corresponding to convolutional) is [0.33 0.33]. We randomly pick four directions 21, ...z, € R?,
and choose initial directions of the network parameters in a way that their linear coefficients at
initialization are exactly B3(©(0)) = a?z;. With varying initial scales o € {0.01,0.5,1}, we run
GD with small step size 7 = 10~3 for large enough number of iterations 7" = 5 x 10°. Figures 1 and
2 plot the trajectories of 3(@) (appropriately clipped for visual clarity) as well as the predicted limit
points (Theorem 6). We observe that even though the networks start at the same linear coefficients
a?%;, they evolve differently due to different architectures. Note that the prediction of limit points
is accurate, and the solution found by GD is less dependent on initial directions when « is small.

Classification. It is shown in the existing works as well as in Section 4 that the limit directions
of linear coefficients are independent of the initialization. Is this also true in practice? To see this,
we run a set of toy experiments on classification with two data points (z1,y;) = ([1 2],+1) and
(z2,92) = ([0 —3],—1). One can check that the max-margin classifiers for this problem are in
the same directions to the corresponding min-norm solutions in the regression problem above. We
use the same networks as in regression, and the same set of initial directions satisfying 3(®(0)) =
a?%z;. With initial scales o € {0.01,0.5,1}, we run GD with step size n = 5 x 107 for T =
2 x 10 iterations. All experiments reached £(®) < 107° at the end. The trajectories are plotted
in Figure 2 in the Appendix. We find that, in contrast to our theoretical characterization, the actual
coefficients are quite dependent on initialization, because we do not train the network all the way
to zero loss. This observation is also consistent with a recent analysis (Moroshko et al., 2020) for
diagonal networks, and suggests that understanding the behavior of iterates after a finite number of
steps is an important future work.

7 CONCLUSION

This paper studies the implicit bias of gradient flow on training linear tensor networks. Under a
general tensor formulation of linear networks, we provide theorems characterizing how the network
architectures and initializations affect the limit directions/points of gradient flow. Our work provides
aunified framework that connects multiple existing results on implicit bias of gradient flow as special
cases.
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Figure 2: Gradient descent trajectories of linear coefficients of linear fully-connected, diagonal, and
convolutional networks on a regression task with initial scale « = 0.5 (top left), and networks on
a classification task with initial scales &« = 0.01,0.5,1 (rest). Networks are initialized at the same
coefficients (circles on purple lines), but follow different trajectories due to different implicit biases
of networks induced from their architecture. The top left figure shows that our theoretical predictions
on limit points (circles on yellow line, the set of global minima) agree with the solution found by

GD. For details of the experimental setup, please refer to Section 6.

A COROLLARIES ON SPECIFIC NETWORK ARCHITECTURES

We present corollaries obtained by specializing the theorems in the main text to specific network
architectures. We briefly review the linear neural network architectures studied in this section.

Linear fully-connected networks. An L-layer linear fully-connected network is defined as
Jie(@;Og) =" Wy -+ W _wy, (10)
where W, € R%4*di+1 for | € [L — 1] (we use dy = d) and wy, € Rz,
Linear diagonal networks. An L-layer linear diagonal network is written as
faiag (%5 Odiag) = (X O w1 © -+ ©wr_1) wp, (1D)
where w; € R? for [ € [L].
Linear (circular) convolutional networks. An L-layer linear convolutional network is written as
feony (€ Ocony) = (- (@ *w1) x ws) -+ wr 1) wr, (12)
where w; € R¥ with k; < d and k;, = d, and % defines the circular convolution: for any a € R4
and b € R* (k < d), we have axb € R? defined as [axb]; = Z?Zl[a](iﬂ-_l) mod a|blj, fori € [d].
In case of k; = d for all [ € [L], we refer to this network as full-length convolutional networks.

Deep matrix sensing. The deep matrix sensing problem considered in Gunasekar et al. (2017);
Arora et al. (2019b) aims to minimize the following problem
. . . pyp— " PR— . RS 2
inimize - Log(WiWi) =3 (= (A Wi-- Wi))*, (13)
where the sensor matrices A1, ..., A, € R?*¢ are symmetric. Following Gunasekar et al. (2017);
Arora et al. (2019b), we consider sensor matrices A1, ..., A, € R?*? that commute. To make the
problem underdetermined, we assume that n < d, and A;’s are linearly independent.

12
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A.1 COROLLARY OF THEOREM 1

Corollary 1. Consider an L-layer linear fully-connected network (10). If the training loss satisfies
L(O(to)) < 1 for some ty > 0, then Bi.(Ox(t)) converges in a direction that aligns with the
solution of the following optimization problem

minimize,, cga Hz||§ subject to  y;xlz > 1, Vi€ [n)].

Corollary 1 shows that whenever the network separates the data correctly, the linear coefficients
Bt(O¢.) convergence in direction to the ¢ max-margin classifier. Note that this corollary does
not require the directional convergence of X Ty which is different from Theorem 1. In fact, this
corollary also appears in Ji & Telgarsky (2020), but we provide an alternative proof based on our
tensor formulation. The proof of Corollary 1 can be found in Appendix C.

A.2 COROLLARIES OF THEOREM 2

Corollary 2. Consider an L-layer linear diagonal network (11). If there exists A > 0 such that the
initial directions Wy, . . ., Wy, of the network parameters satisfy [w;]3 —[wr]3 > A forall | € [L—1]
and j € [d], then Biag(Oaiag (t)) converges in a direction that aligns with a stationary point 2> of

minimize,cga  [|2]]2/r,  subject to y;x] 2 > 1, Vi€ [n].

For full-length convolutional networks, we define F' € C?*? to be the matrix of discrete Fourier

transform basis [F]; ; = ﬁ exp(—w). Note that F* = F~!, and both F and F*

are symmetric, but not Hermitian.

Corollary 3. Consider an L-layer linear full-length convolutional network (12). If there exists
A > 0 such that the initial directions Wy, ..., wy, of the network parameters satisfy |[Fwy);|* —
|[Fwp);|* > Xforalll € [L — 1] and j € [d], then Beony(Ocony(t)) converges in a direction that
aligns with a stationary point z>° of

minimize,epe || Fz|a/, subject to yziz>1, Vi€ [n].

Corollary 2 shows that in the limit, linear diagonal network finds a sparse solution z that is a sta-
tionary point of the /5, max-margin classification problem. Corollary 3 has a similar conclusion
except that the standard £5,;, norm is replaced with DFT-domain /5,7, norm. By specifying mild
conditions on initialization (see Remark 1), these corollaries remove the convergence assumptions
required in Gunasekar et al. (2018b). The proofs of Corollaries 2 and 3 are in Appendix D.

A.3 COROLLARY OF THEOREM 3

Recall that Theorem 3 can be applied to any 2-layer networks that can be represented as linear
tensor networks. Examples include the convolutional networks that are not full-length (i.e., filter
size k1 < d), which are not covered by the previous result (Gunasekar et al., 2018b). Here, we
present the characterization of convergence directions of Beony(®cony(t)) for small-filter cases:
kl = 1andk1 =2.
Corollary 4. Consider a 2-layer linear convolutional network (12) with k1 = 1 and a single data
point (x,y). If there exists X\ > 0 such that the initial directions wy and ws of the network parame-
ters satisfy ||&|® 02 — (£T02)2 > || @||* A, then Beony (Ocony () converges in direction that aligns
with yx.
Consider a 2-layer linear convolutional network (12) with k1 = 2 and a single data point (x,y).
Let %t = [[x]y - [z]a [xh] and @ = [[z]a [x]y -~ [®]a_1]. If there exists X > 0
such that the initial directions w1 and w3 of the network parameters satisfy
. . (= + %)T0,)? _ oy ((—%)T0,)?
([0:1]1 + [B1]2)* — TRl are 2N and ([0 - [0i]2)” - S e 2 A
(3 + = |3 — ="z
then Beonv(Oconv (t)) converges in a direction that aligns with a filtered version of x:

li /Bconv(e)conv(t)) 2yw + yg + y? lf$T% >0,
5% [Boone (Ocom ()2~ 292~y —yT  if2"F < 0.

13
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Corollary 4 shows that if the filter size is k; = 1, then the limit direction of Bcony (@ conv) is always
the /5 max-margin classifier. Note that this is quite different from the case k; = d which converges
to the DFT-domain ¢; max-margin classifier. However, for 1 < k; < d, it is difficult to characterize
the limit direction as the max-margin classifier of some common norms. Rather, the limit directions
of Beony(Ocony) correspond to a “filtered” version of the data point, and the weights of the filter
depend on the data point . For k; = 2, the filter is a low-pass filter if the autocorrelation 7% of
x is positive, and high-pass if the autocorrelation is negative. For k; > 2, the filter weights are more
complicated to characterize in terms of &, and the filter length increases as k; increases. We prove
Corollary 4 in Appendix E.

A.4 COROLLARIES OF THEOREM 5

In this subsection, we apply Theorem 5 to linear diagonal networks, linear full-length convolutional
networks with even data, and deep matrix sensing. The proofs of the corollaries can be found in
Appendix F.

Corollary 5. Consider an L-layer linear diagonal network (11). For some \ > 0, choose any vector
w € RY satisfying [w]? > X for all j € [d], and choose initial directions w; = w for | € [L — 1]
and wy, = 0. Then, the linear coefficients ,@diag(@diag( )) converge to the solution z>° of

minimize,cga  Qr.ow(2) = =a? Z (%) subject to Xz =1y.

Recall that the original statement of Assumption 1 allows the matrices S, Uy, ..., Uy to be com-
plex, but Theorem 5 poses another assumption that these matrices are real. In applying Theo-
rem 2 to convolutional networks to get Corollary 3, we used the fact that the data tensor Mcopy ()
of a linear full-length convolutional network satisfies Assumption 1 with § = d “'F and
U = --- = Uy = F*, where F ¢ C%*? is the matrix of discrete Fourier transform basis
[Flir = % exp(fW) and F* is the complex conjugate of F'. Note that these
are complex matrices, so one cannot directly apply Theorem 5 to convolutional networks. However,

it turns out that if the data and initialization are even, we can derive a corollary for convolutional
networks.

We say that a vector is even when it satisfies the even symmetry, as in even functions. More con-
cretely, a vector & € R? is even if [x]; 2 = [z]q_; for j = 0,..., [%52]; i.e., the vector has the
even symmetry around its “origin” [x];. From the definition of the matrix F' € C%*, it is straight-
forward to check that if @ is real and even, then its DFT F'x is also real and even (see Appendix F.4
for details).

Corollary 6. Consider an L-layer linear full-length convolutional network (12). Assume that the
data points {x;}_, are all even. For some \ > 0, choose any even vector W satisfying [Fw]; > A
Sorall j € [d], and choose initial directions w; = w forl € [L — 1] and wy, = 0. Then, the lmear
coefficients Beony(Ocony (t)) converge to the solution z*° of

minimize Qp o, Frw(Fz) = a? Zj . 2HL (#) subjectto Xz =1y

T
z€R? even [Fwl,|

Corollaries 5 and 6 show that the interpolation between minimum weighted ¢; and weighted /5 so-
lutions occurs for diagonal networks, and also for convolutional networks (in DFT domain, with the
restriction of even symmetry). The conclusion of Corollary 5 is similar to the results in Woodworth
et al. (2020), but the network architecture (11) considered in our corollary is a slightly different from
the “differential” network f(x; w4, w_) = scT('wJQFL — w®%) in Woodworth et al. (2020).

As mentioned in the main text, we can actually show that the matrix sensing result in Arora et al.
(2019b) is a special case of our Theorem 5. Given any symmetric matrix M € R?*4, let eig(M) €
R? be the d-dimensional vector of eigenvalues of M.

Corollary 7. Consider the depth-L deep matrix sensing problem (13). Let A;’s be symmetric, and
assume Ay, ..., A, commute. For o > 0, choose initialization W;(0) = ol forl € [L — 1] and
W.(0) = 0. Then, the product W,(t) - - - W1 (t) converge to the solution M of

minimize Qr.o(eig(M)) := a? Z (LM)]J) subject to  Ly,s(M) = 0.

MeRI* 4 symmetric
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Under an additional assumption that A;’s are positive semidefinite, Theorem 2 in Arora et al.
(2019b) studies the initialization W;(0) = al for all | € [L], and shows that the limit point of
W, ... Wj converges to the minimum nuclear norm solution as o — 0. We remove the assumption
of positive definiteness of A;’s and let W, (0) = 0, to show a complete characterization of the so-
lution found by gradient flow, which interpolates between the minimum nuclear norm (i.e., Schatten
1-norm) solution (when v — 0) and the minimum Frobenius norm (i.e., Schatten 2-norm) solution
(when a — o0).

B TENSOR REPRESENTATION OF FULLY-CONNECTED NETWORKS

In Section 3, we only defined the data tensor Mg, () of fully-connected networks for L = 2. Here,
we describe an iterative procedure constructing the data tensor for deep fully-connected networks.

We start with T1(z) := z € R%. Next, define a block diagonal matrix To(x) € R%92%% where
the “diagonals” [To(x)]q, (j—1)+1:4,5,; = T1() for j € [da], while all the other entries are filled

with 0. We continue this “block diagonal” procedure, as the following. Having defined T;_;(x) €
RdleX‘”Xdl—2dl—1 Xd]_l’

1. Define T;(x) € R%dzxxdiydixdi
2. Set [Ty(@)].....di s (=) 1:dy_rjpj = Vi—1(x), V] € [di].

3. Set all the remaining entries of T;(x) to zero.

We repeat this process for I = 2,..., L, and set Mg.(x) := Ty (x). By defining the parameters
of the tensor formulation v; = vec(W;) for [ € [L — 1] and v, = wp, and using the tensor
M(x) = M¢. (), we can check the equivalence of (2) and (5).

C PROOFS OF THEOREM 1 AND COROLLARY 1

C.1 PROOF OF THEOREM 1

The proof of Theorem 1 is outlined as follows. First, using the directional convergence and align-
ment results in Ji & Telgarsky (2020), we prove that each of our network parameters v; converges

in direction, and it aligns with its corresponding negative gradient —V,,, £. Then, we prove that the
T

directions of v;’s are actually singular vectors of M(—u°), where 4™ := lim;_, o, M

Since a linear tensor network is an L-homogeneous polynomial of vy, ..., vy, it satisfies the as-

sumptions required for Theorems 3.1 and 4.1 in Ji & Telgarsky (2020). These theorems imply that

if the gradient flow satisfies £(©(ty)) < 1 for some ¢y, > 0, then ©(¢) converges in direction, and

the direction aligns with —Vg £(©(t)); that is,

T
Jim [©(t)]» = oo, lim O _gx y, _OWVeL(O()
— 00

=2e [[©()]|2 = [0)[:[Ve LO®)]2

~1. (14

For linear tensor networks (6), the parameter ® is the concatenation of all parameter vectors
T
v1,...,vL, s0 (14) holds for ® = [vf ... 'u%]

Now, recall that by the definition of the linear tensor network, we have the following gradient flow
v = M(—XT’I") o(vi,...,v_1,Ip,vi41,...,0L).

Note that we can apply this to calculate the rate of growth of ||v;[|3:

d

%Hvlll% =200, = 20/ M(—=XTr) o (v1,...,v1_1, I, V141, ...,00L)

=2M(—X"r)o (v1,...,0_1,v,0141,...,VL)

d
= £||vl/||§ forany I’ € [L],

15
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so the rate at which |v;]|3 grows over time is the same for all layers | € [L]. By the definition of ©
and (14), we have

L
1815 = llull3 = oo,
=1
which then implies

i el 1e)3
lim ||v;(¢)||2 = o0, lim - _ \FL,
t—00 t—oo ||y (t)||2 ||Ul(t)||%

for all [ € [L]. Now, let Z; be the set of indices that correspond to the components of v; in @. It
follows from (14) that
Lo u() o) 8@ _ . [©M)]z [|©1)]:
lim ——~— = lim = lim = \/E[@OO}I,
o o)l e [O@)]2 [u®)ll2 t=ee [[O@)]2 lvu(t)l2 ’

thus showing the directional convergence of v;’s.

Next, it follows from directional convergence of © and its alignment with —Ve£(®) (14) that
Ve L(O) also converges in direction, in the opposite direction of @. By comparing the components
in Z;’s, we get that V,,, £L(@®) converges in the opposite direction of v;.

Forany [ € [L], now let v;° := lim;_, o, % Also recall the assumption that X 7 r(t) converges

T
in direction; let the unit vector u>° := lim;_, o, % be the limit direction. By the gradient
flow dynamics of v;, we have

% o =V, L(OF) = M(—u™) o (v7°, ..., 02, I, v, -, VD),
for all [ € [L]. Note that this equation has the same form as (8), the definition of singular vectors in
tensors. So this proves that (v$°,. .., v$°) are singular vectors of M(—u°).

C.2 PROOF OF COROLLARY 1

The proof proceeds as follows. First, we will show using the structure of the data tensor Mg, that the
limit direction of linear coefficients B (©¢°) is proportional to cu®, where c is a nonzero scalar
and © is the limit direction of XTr. Then, through a closer look at ©* and ¢, we will prove
that B¢ (©FY) is in fact a conic combination of the support vectors (i.e., the data points with the
minimum margins). Finally, we will compare 3¢ (©¢°) with the KKT conditions of the ¢ max-
margin classification problem and conclude that B¢ (@F7) must be in the same direction as the ¢5
max-margin classifier.

Due to the way how the data tensor Mg, is constructed for fully-connected networks (Appendix B),
we always have

XTr 0 0

0 XTr 0

—Vo, £(O) = Mg (=X T7) o (It,,v,...,v1) € span A P N R
6 0 XTr

From Theorem 1, we have directional convergence of v, and its alignment with —V,,, £(®x.). This
means that the limit direction v7°, which is a fixed vector, must be also in the span of vectors written
XTr(t)

above. This implies that X 7'~ must also converge to some direction, say ©> := lim;_, o TXTr L
2

Now recall the definition of v; in case of the fully-connected network: vy = vec(W7). So, by
reshaping v{® into its original d; x ds matrix form W, we have

[ oo T
W xu>*q,

for some ¢ € R?. This implies that the linear coefficients B¢ (Os.) of the network converge in
direction to

B (OF) = WXEW© .. . Wi wP o« u®q? W5 ... Wi 1w = cu™, (15)

16



Published as a conference paper at ICLR 2021

where ¢ is some nonzero real number.

Let us now take a closer look at the vector u°, the limit direction of X *r. Recall from Section 2.1
that for any ¢ € [n],

(7] = —yi exp(—yi fre(xi; Oc)) = —yi exp(—yix! Bre(Oxc)),

in case of classification. Recall that || Bs.(®x(t))||]2 — oo while converging to a certain direction
Bt (©F2). This means that if

y]a}f,@fc(@?co) > ylm,&TIBfC(G?CO)

for any i, j € [n], then
exp(—y; 2L Br. (O (t
lim p(—y; jTBf (Or(t))) _0 (16)
t=o0 exp(—1i; Bre(Or(1)))
Take ¢ to be the index of any support vector, i.e., any ¢ that attains the minimum yixiTﬁfc(Gfg )
among all data points. Using such an , the observation (16) implies that lim;_, ., [r(¢)]; = 0 for any
x; that is not a support vector. Thus, by the argument above, u° can in fact be written as

. > @ilr(t)]
u® = lim L Vil X, 17
t=oo |30 ilr(t)]i H2 Z

where v; > 0 for all « € [n], and v; = 0 for x;’s that are not support vectors. Combining (17) and
(15),

Bie(OF) c}jm%mz (18)

Recall that we do not yet know whether ¢, introduced in (15), is positive or negative; we will now
show that ¢ has to be negative. From Lyu & Li (2020), we know that £(®x(t)) — 0, which implies
that yimiTﬁfc(@fco) > 0 for all ¢ € [n]. However, if ¢ > 0, then (18) implies that B (©F°) is inside

a cone K defined as
K= {Z%—yiwi | 7 <0,Vie [n}}

i=1
Note that the polar cone of K, denoted as K°, is
Ke:={z|B"2<0,VB8e K} ={z |yl z>0,Vie [n]}.

It is known that K N X° = {0} for any convex cone K and its polar cone K°. Therefore, having
¢ > 0 implies that B (®52) € K\ K°, which means that there exists some i € [n] such that

yl:cfﬁfc((afco) < 0; this contradicts the fact that the loss goes to zero as ¢ — oo. Therefore, ¢ in
(15) and (18) must be negative:

Bre(OF) E:%%w“ (19)

for v; > O for all ¢ € [n] and v; = O for all a;’s that are not suport vectors.
Finally, compare (19) with the KKT conditions of the following optimization problem:

minimize ||ZH§ subject to  y;xl 2z > 1, Vi€ [n].

z
The KKT conditions of this problem are
z= Z,uiyimi, and p; >0, pi(1 —ysxlz) = 0foralli € [n],

i=1

where /i1, . .., /i, are the dual variables. Note that this is (up to scaling) satisfied by B¢ (Og) (19),

if we replace f1;’s with v;’s. This finishes the proof that 3¢ (©¢?) is aligned with the £, max-margin
classifier.
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D PROOFS OF THEOREM 2 AND COROLLARIES 2 & 3

D.1 PROOF OF THEOREM 2

D.1.1 CONVERGENCE OF LOSS TO ZERO

Since Theorem 2 does not assume the existence of ¢, > 0 satisfying L(©(tg)) < 1, we need to first
show that given the conditions on initialization, the training loss £(@(t)) converges to zero. Recall
from Section 2.1 that

0=V, LO) =M(=XTr) o (v1,..., 01, In,v141,...,0L).
Applying the structure (9) in Assumption 1, we get

o =M(=XTr)o (v1,...,v1_1,I1,v141,...,0L)
m

= [SXTr)(0f [U)] ;@ @1 [Uia] j® U] ;@ o1 U] i@ - @ 0L [Ur). )
j=1

=— i[SXTT]j ( H[UkT’Ukb) [Ui.;-

j=1 k#l

Left-multiplying U/ (the conjugate transpose of U;) to both sides, we get
H,. _ T © L7
Ullo, = -SX"ro Hk# Ul v, (20)

where H® denotes the product using entry-wise multiplication ©.

Now consider the rate of growth for the absolute value squared of the j-th component of U/ v;:

d . d
Ulv);l” = %[UlTvl]j[UlTvl]j = @[UzTUZ]j[UzH’UZb
= [U 0;[U v + (U050 vl
=2Re ([U/];[Uv];)

~ 2Re (—[SX% [T, wi ”’“b)

d
= EHUITUV]]'F forany I’ € [L],
so for any j € [m], the squared absolute value of the j-th components in U, lT'vl grow at the same
rate for each layer [ € [L]. This means that the gap between any two different layers stays constant
for all ¢ > 0. Combining this with our conditions on initial directions, we have

U o)~ UL vr (0] = [T (0] — [[UL v (0)];]

4
dt

2D
= o?|[U ] - ?|[UL L) * > o?),
forany j € [m],l € [L — 1], and ¢ > 0. This inequality also implies
U ()52 > [[UL oL ()7 + o®A > oA (22)

Let us now consider the time derivative of £(©(t)). We have the following chain of upper bounds
on the time derivative:

%ﬁ((ﬂ(t)) =VeL(O(t)TO(t) = ~||VeL(®(1))l3
< Ve LOW)IE = oz @)

(a) . (b) o} 2
< -lUfe - [sxTrw o I, Ufe)|,

==Y ISXTrLP T, U o))

18
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@ o a1 T 2
< —a? Y ISX ()
a2 AL SX T (1)
(d)
< —a?E 2N (8)2 X T (1)])2, (23)

where (a) used the fact that ||9,(¢)(|3 > [|[ULU 41, (t)||3 because it is a projection onto a subspace,
and |[ULUEL(t)]13 = |UHoL(t)||3 because UZ U}, = I, ; (b) is due to (20); (c) is due to (22);
and (d) used the fact that S € C™*? is a matrix that has full column rank, so for any z € C%, we
can use ||Sz||2 > Smin(S)||z]|2 Where smin(S) is the minimum singular value of S.

We now prove a lower bound on the quantity || X 7 (¢)||3. Recall from Section 2.1 the definition of
[r(t)]; = —y: exp(—y; f(x;; O(t))) for classification problems. Also, recall the assumption that the
dataset is linearly separable, which means that there exists a unit vector z € R? such that

yixlz>~>0
holds for all ¢ € [n], for some v > 0. Using these,
IXTrt); = IIZ yizi exp(—y; f(zi;©(1))[13
2" Z yi; exp(—yi f (zi; ©(1)))]
> [Z: exp(—yif (@i O(1))]2 = 12L(O(1)2.

Combining this with (23), we get

d —oNL—

aﬁ(@)(t)) < =P 2N s i (S) 22 L(O(1))?,
which implies

L(O(0
LOW) < 7 amA(L(lsl)ﬂn<S>2vzt'

Therefore, L(O(t)) — 0 ast — oc.

D.1.2 CHARACTERIZING THE LIMIT DIRECTION

Since we proved that £(©(t)) — 0, the argument in the proof of Theorem 1 applies to this case,
and shows that the parameters v; converge in direction and align with ¥, = —V,, £(©). Let v;° :=

lim; s o0 W be the limit direction of v;.

The remaining steps of the proof are as follows. We first prove that S X7 (t) converges in direc-
tion ©*°. Using this u°°, we derive a number of conditions that has to be satisfied by the limit
directions of the parameters. Finally, we compare these conditions with the KKT conditions of the
minimization problem, and finish the proof.

By Assumption 1, we have

m L
f(@:©) =M(z) o (vy,...,vr) = Y [Sz); [ [[Uvi);
j=1 =1
_.Trqrl © T _ . TaT
{Z <H f vl )[S}]}mm S (HIG[L] U, 'vl> =z S p.
Here, we defined p := Hl%[ L) UlT'Ul € C™. Since the linear coefficients must be real, we have

STp € R? for any real v;’s. Since v;’s converge in direction, p also converges in direction, to
= Hl% 1] U'v. So we can express the limit direction of 3(®) as

©
B(O>) ST<H16[L] UlvaO) = 8Tp>. (24)

19



Published as a conference paper at ICLR 2021

From (20) and alignment of v; and v;, we have
. . ‘ . ©
tllglo Ut (t) = tllglo(UlTvl(t)) x — tllglo SXTr(t)o Hk# Ulv(t). (25)

Since all vectors Ul v;(t) converge in direction, the term SX ”r(¢) should also converge in direc-

tion. Let ©u™>° := lim;_, % One can use the same argument as in Appendix C.2, more

specifically (16) and (17), to show that 4°° can be written as

SZ a:z[ i
u® = lim =1 -8 ViYi®s, (26)
t=oe S0 aifr()ill, Z

where v; > 0 for all ¢ € [n], and v; = 0 for «;’s that are not support vectors, i.e., those satisfying
st 8T p > mingep yix] ST p>

Using u®°, we can rewrite (25) as
oo © T,,00
U v o« —u™ © Hk# U; v.°,
for all [ € [L]. Element-wise multiplying U}/ v{® to both sides gives
UT,Uoo ® UH,voo _ |UT,UOO‘®2 x —u>® ® HG UT,UOO — —u™® ® poo (27)
1Y 1Y 1Y kerr) k Uk )

where a®® denotes element-wise b-th power of the vector a. Since the LHS of (27) is a positive real
number, we have

arg(|[U] v;|*) = 0 = arg([~u™];) + arg([p™];), (28)
so using this, (27) becomes
U/ 07° [ o [u] @ [p]. (29)
Now element-wise multiply (29) for all | € [L], then we get
P72 oc [u|%F @ [p] ", (30)
A close look at (30) reveals that if L > 2, p® and 4> must satisfy that
00 0o 0ol |2 —
P>l # 0 = |[w™];] o< [[p>];17 7, 3D
for all j € [m]. There is another condition that has to be satisfied when L = 2:

151 = 0,1[p%]5| # 0 = |[u™];] < [[w™];, (32)
for any j, j' € [m]; let us prove why. First, consider the time derivative of [p]; = [U{ v1];[Uf v2];.
1ol = U7 o (0] SO 0a(0)]; + [OF wa(0) 10T 1 ()]
@ [SXTr ()] ([UF 01 (0] + [[UF wa(0) ), (33)
where (a) used (20). Now consider
| le )| _ SXTr@))] U v (0] + [[Us v (0)]* (34)
ISXTr(@)ll2l ()]s [1SXTr(B)]l2 ()]

We want to compare this quantity for different j, 5/ € [m]. Before we do that, we take a look at the
last term in the RHS of (34). Recall from (21) that

U 1)) = [[UF 02(0];] + [[UT 01 (0);* = |[U3 v2(0)];*. (35)

For simplicity, let §; := |[[U{ v1(0)];]* — |[Ufv2(0)];|?, which is a positive number due to our
assumption on initialization. Then, we can use (35) and |[p(t)];| = |[U{ v1(t)];||[[UF v2(t)];| to
show that

U1 (1)];]* + |[UF 02 ()] 2|[U3 va(1)]; + 65
()51 UF o2 ()] VU w2 (52 + 65

)
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U v ()5 + [[UF 02(8)]51

lim I =2 if lim |[Uf vy(t)];] = oo.

Lt on A, 102 0
Recall that we want to prove that (32) should necessarily hold. For the sake of contradiction, suppose
that there exists j € [m)] that satisfies |[p°°];] = 0 but [[u™];| > |[u];/], for some j' € [m]
satisfying |[p*°];/| # 0. Note that having |[p>°];| = 0 and |[p>];/| # 0 implies that |[p(¢)];/| — oo

and ||[[,’;((tt))]],.j,l| — 0. We now want to compare the ratio of (34) for j and 5. First, note that

CISXTr@LISXTr®) s |[w)]
! = > 1. 36
5% [SXTr(0)]; | /[SXTr)]>  |[wely] (36)
()] 22”18

Next, using oL 0 and the fact that x —
6 > 0, we have

T/ sa decreasing function of z > 0 for any

(U0 (OL12 + [[TF w25 2)/ (1))
(0T o (O], 1 107 w201 )/~ G7)

for any ¢t > ty, when ¢ is large enough. Combining (36) and (37) to compare the ratio of (34) for j
and j', we get that there exists some ¢{, > 0 such that for any ¢ > ¢, we have

POl /el _ |
[ 4101 | /100

This implies that the ratio of the absolute value of time derivative of [p(t)]; to the absolute value
of current value of [p(t)]; is strictly bigger than that of [p(t)];7. Moreover, we saw in (33) that the
phase of 2[p(t)]; converges to that of —[u]7. Since this holds for all ¢ > #;, (38) results in a
growth of |[p(t)];] that is exponentially faster than that of |[p(t)],/|, so [p(t)]; becomes a dominant
component in p(t) as t — oo. This contradicts that [p>]; = 0, hence the condition (32) has to be
satisfied.

(38)

So far, we have characterized a number of conditions (26), (28), (31), (32) that have to be satisfied
by the limit directions u> and p> of X7 and p. We now consider the following optimization
problem and prove that these conditions are in fact the KKT conditions of the optimization problem.
Consider

minimize lpllyy,  subject to  yix] STp>1, Vie [n]. (39)
Pt

The KKT conditions of this problem are

0llpllyyr, 8> mivizi, and p; >0, (1 — yia] ST p) = 0 forall i € [n,

i=1
where fi1, .. ., i1, are the dual variables. The symbol 0 |||, /1, denotes the (local) subdifferential of
the 45/, norm!, which can be written as

Alplly = {u e C™ | [[u];| < 1forallj € [m], and [p]; # 0 = [u]; = exp(v —Targ([pl;))},
if L = 2 (in this case 0 || p||, is the global subdifferential), and

L
if L > 2. By replacing pu;’s with v;’s defined in (26), we can check from (26), (28), (31), (32) that the
that p> and u° satisfy the KKT conditions up to scaling. Therefore, by (24), 3(©(t)) converges in

direction aligned with S7 p>, where p™ is again aligned with a stationary point (global minimum
in case of L = 2) of the optimization problem (39).

ap|2/L={ue<cm oy £0 = ful; [pmf-lexp(ﬁarg([p]j))},

If S is invertible, we can get S~73(@>) o p>°. Plugging this into the optimization problem (39)
gives the last statement of the theorem.

'the definition of subdifferentials used here is taken from Gunasekar et al. (2018b).
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D.2 PROOF OF COROLLARY 2

It suffices to prove that linear diagonal networks satisfy Assumption 1, with S = I;. The proof
is very straightforward, since Maiag() € R4xxd hag [Maiag(2)];,5,....; = [x]; while all the
remaining entries are zero. It is straightforward to verify that Mgsg () satisfies Assumption 1 with
S =U; =---=Up = 1. A direct substitution into Theorem 2 gives the corollary.

D.3 PROOF OF COROLLARY 3

For full-length convolutional networks (k; = --- = kr = d), we will prove that they satisfy

Assumption | with § = d“= Fand U; = --- = U, = F*, where F € C%*4 is the matrix

1 (—\/jl'%(jd_l)(k_l))

of discrete Fourier transform basis [F;, = 7 exp and F™* is the complex

conjugate of F'.

For simplicity of notation, define 1) = exp(— _;‘2”). With such matrices S and Uy, ...,Up, we
can write M (x) as

d
M(z) = > [S];([U1] ;@ [Us] ;@ ® [UL]. ;)

j=1
o
—(j—-1 d
S AL G-1)(k—1) ¢—2<j—1>/\§&
= |4 Yl y ,
j=1 k=1 :

Y= d=DG=1 )/
where a®’ denotes the L-times tensor product of a. We will show that M(z) = Mcopy ().

For any j1,...,41 € [d],

d [d
1 1—1)(k— —(-1)2E 4L
Mo = 53 [S 0] o
1=1 Lk=1
14 d L
LS a3t e
k=1 =1
Recall that
d . L . . .
Zz/}(l—l)(’f—l—xﬁ:ljﬁm _Jd ifk—-1- > q=1Jq + L is a multiple of d,
P 0 otherwise.
Using this, we have
1< d L
1-1)(k—1-3E_, jo+L
(@)L p = 3 3 lala Yl DO Ei )
k=1 =1
= L jq—L+1modd — [Wconv FERREY N
[®]se_ 5, [Meony ()]
Hence, linear full-length convolutional networks satisfy Assumption 1 with § = d“z F. A direct

substitution into Theorem 2 and then using the fact that |[F'z];| = |[F*z];| for any real vector
z € R? gives the corollary.

E PROOFS OF THEOREM 3 AND COROLLARY 4

E.1 PROOF OF THEOREM 3

E.1.1 CONVERGENCE OF LOSS TO ZERO

Since Theorem 3 does not assume the existence of to > 0 satisfying £(©(t()) < 1, we need to first
show that given the conditions on initialization, the training loss £(©(t)) converges to zero. Since
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L =2 and M(z) = U, diag(s)UZ, we can write the gradient flow dynamics from Section 2.1 as
01 = ~M(XTr) o (I, v2) = —rU; diag(s)US v, (40)
Dy = —M(XTr) o (vy, I,) = —rUs diag(s)U vy,

where r(t) = —y exp(—yf(x; ©(t))) is the residual of the data point (x,y). From (40) we get
Ul'v, = —rs U vy, Ulvy = —rs 0 U] v;. (41)

Now consider the rate of growth for the j-th component of U{ v, squared:
d ) d
%[vaﬂ? =2[U0{ v1|;[U] %15 = —2rs];[U{ v1];[U3 va]; = %[UQTW]?- 42)

So for any j € [m], [UL vl]g and [UT '1)2]? grow at the same rate. This means that the gap between
the two layers stays constant for all ¢ > 0. Combining this with our conditions on initial directions,

[UT01(1)]; — [U3 v2(1)]; = [UT v1(0)]5 — U3 v2(0)]
27T 12 _ 2177 T 12 2 (43)
for any j € [m] and ¢ > 0. This inequality implies

U o1 (1)]3 > [Ug va(t)]? + a®A > a® A (44)

Let us now consider the time derivative of £L(©(t)). We have the following chain of upper bounds
on the time derivative:

4 £(0(1) = VoL(®(1)O(1) = - [Vor(©():
< [V L(O0)] = ~2(0) 3
< L uT a3 Y -2 s © UTn )]
= —r(t? Y IS0 0 (0]}

(o) m

2 a2 2 2

< —aAr(t) Zj:l[s]]

= —a®A|s|3£(0(t))?,
where (a) used the fact that ||92(t)||3 > ||[U2UZ 92(t)||3 because it is a projection onto a subspace,
and | UxUT v, (1)]13 = ||USL 9(t)||3 because UL Uy = I4,,; (b) is due to (41); (c) is due to (44).
From this, we get

£(©(0))

Therefore, L(O(t)) — 0 ast — oc.

E.1.2 CHARACTERIZING THE LIMIT DIRECTION

Since we proved that £(©(t)) — 0, the argument in the proof of Theorem 1 applies to this case,
and shows that the parameters v; converge in direction and align with v; = —V,, £(@®). Let v;° :=
limy_s oo % be the limit direction of v;. As done in the proof of Theorem 2, define p(t) =
Ui'vi(t) © Ul vy(t) and p>° = UL v © UL vse.

It follows from r(t) = —yexp(—yf(x; O(t))) that we have sign(r(t)) = —sign(y). Using this,
(41), and alignment of v; and v;, we have

Ul'v® x ys © Uf vs°, Uvs® o ys © Ui v$e. (45)
Element-wise multiplying U, v to both sides gives

(UTv$2)9? cys © p™°, (UFv5°)%% o ys @ p™. (46)
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Since the LHSs are positive and s is positive, the following equations have to be satisfied for all
j € [ml:

sign(y) = sign([p>];). (47)
Now, multiplying both sides of the two equations (46), we get
(p™)9% xx 8% @ (p™)92. (48)
From (48), p> must satisfy that
(™15 # 0,[p%] #0 = |[s];] = |[sly], (49)
for all j,j' € [m]. As in the proof of Theorem 2, there is another condition that has to be satisfied:
[0%]; = 0,[p]; #0 = [[sl;] < |[s];], (50)

for any j, j' € [m]; let us prove why. First, consider the time derivative of [p]; = [U{ v1];[Uf v2];.

1ol = U7 o (0] S OF0a(0); + [OF w2 (0) 5 10T 1 ()]

a

= —r(t)[s];([U] v1(1)]} + U3 v2(1)]3),
where (a) used (41). Now consider
[ale®;] (51| [UTv1(1)] + [US v (D)3
[r@®llp(®)];] ! lp()];]

We want to compare this quantity for different j, 5/ € [m]. Before we do that, we take a look at the
last term in the RHS of (51). Recall from (43) that

—
=

(G

[Uf v (t )} [U3 va(t )] Ui 111(0)] Uy U2(0)}2 (52)
For simplicity, let §; := [U{ v1(0)]5 — [U3 v2(0)]3, which is a positive number due to our assump-
tion on initialization. Then, we can use (52) and |[p(t)];] = |[U{v1(t)];]|[UF v2(t)];| to show
that
Ul o1())F + [Us v ()] 2[UF v2(1)] +9; -9
o)L [OF o)1/ UF 002 46,
T
A i vl(t)][ t )][U|2 w0 _ =2 if lim [[U3 v(t)];] = 0.

Recall that we want to prove that (50) should necessarily hold. For the sake of contradiction, suppose
that there exists j € [m] that satisfies [p>]; = 0 but |[s];| > |[s];/|, for some j' € [m] satisfying
[p™];s # 0. Note that having [p>]; = 0 and [p>]; # 0 implies that |[p(¢)];/] — oo and

|‘[[5((Z))]]'.j,|\ — 0. We now want to compare the ratio of (51) for 7 and j’. Using \l[f((t))]] ‘I — 0 and the

fact that z — 2220 j5 4 decreasing function of = > 0 for any ¢ > 0, we have

oV +5
(U o1 (]2 + [UF w02/ 0(0)))
W + 07w OB ) [lo) ]~ 53

for any ¢ > ¢y, when ? is large enough. Combining |‘[[ ]] |‘ > 1 and (53) to compare the ratio of (51)

for 7 and j’, there exists some ¢y > 0 such that for any ¢ > t(, we have

[aile®Ls| /Ile )]
| &[] /1lp(®)]]

This implies that the ratio of the absolute value of time derivative of [p(t)]; to the absolute value of
current value of [p(t)]; is strictly bigger than that of [p(t)];,. Moreover, by the definition of r(t),
4 [p(t)]; does not change sign over time. Since this holds for all ¢ > t,, (54) results in a growth of
ﬁp(t)} ;| that is exponentially faster than that of |[p(t)];/|, so [p(t)]; becomes a dominant component
in p(t) as t — oo. This contradicts that [p>°],; = 0, hence the condition (50) has to be satisfied.

(54)
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So far, we have characterized some conditions (47), (49), (50) that have to be satisfied by the limit
direction p*™ of p. We now consider the following optimization problem and prove that these
conditions are in fact the KKT conditions of the optimization problem. Consider

miniﬂr{lize |pll, subjectto ys’p>1. (55)
pER™M
The KKT condition of this problem is

Alplly > ys,
where the global subdifferential O ||-||, is defined as

d|lpll; ={u e R™ | |[u];| < 1forall j € [m], and [p]; # 0 = [u]; = sign([p];)}.
We can check from (47), (49), (50) that the that p>° satisfies the KKT condition up to scaling.

Now, how do we characterize v$° and v5° in terms of p™? Let n° := Ui v{° and n5° := U] v5°.
Then, v{® = Un® = U,U v;° holds because any component orthogonal to the column space of
U, stays unchanged while the component in the column space of U; diverges to infinity. By (42),

In°| = |n5°| = |p™|©1/2. By (45), we have sign(n{°) = sign(y) © sign(ns°).

E.2 PROOF OF COROLLARY 4

The proof of Corollary 4 boils down to characterizing the SVD of Moy ().

E.2.1 THE k1 = 1 CASE
First, it is straightforward to check that for L = 2 and k; = 1, we have
Beonv (Ocony) = v102.
For k; = 1, the data tensor is simply Mcon, () = z?. Thus, we have U; = 1, Uy = ﬁ,
and s = ||x||2. Substituting Uy and Uy to the theorem gives the condition on initial directions in

Corollary 4. Also, the theorem implies us that the limit direction v5° of vy satisfies v5° x yvix.
Using this, it is easy to check that

Beonv (Ooon,) X v°V5° x y.

E.2.2 THE k; = 2 CASE

First, it is straightforward to check that for L = 2 and k; = 2, we have

[’01]1 0 0 tee 0 [Ul]g
[’01]2 [’01]1 0 s 0 0
0 ['1)1]2 [’1)1]1 cee 0 0
ﬁconv(econv) = : : . . : : V2. (56)
0 0 0 [’01]1 0
0 0 0 [01]2 [’01]1

For k1 = 2, by definition, the data tensor is

Meony () = [;ﬂ :

and it is straightforward to check that the SVD of this matrix is

2T+ &7

o Yvz Yva lz|l; + 27t 0 V223 +eT
MCOHV(‘T) = |:§T = 1/\/5 71/\/5 2 T m
0 2|y —=Tx | | 5 [zl —=T %

SO

2 P
1/\/5 1/\/5 :| z+ic z—% ] s — Hm”Q +alz

o L/ﬁ “ya| V2= [ﬁ\/uwnaw‘f V2=l —aT® lz|l; — =7%
2
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Substituting U; and Us to the theorem gives the conditions on initial directions. Also, note that the
maximum singular value depends on the sign of T, Consider the optimization problem in the
theorem statement:

minimize,cgm  ||pl|; subject to ys’p > 1.

If 7% > 0, then the solution P to this problem is in the direction of [y 0]. Therefore, the limit
directions v7° and v5° will be of the form

v X 1 B] . v X o+ ),

where sign(cy ) sign(ce) = sign(y). Using (56), it is straightforward to check that

100 --- 01
110 --- 00
o1 1 -+~ 00
IBCOHV((-)(??)IIV) XYy : : : .. : : (:E + g) = y(Qm + g + ?)
000 -« 10
0o 00 --- 11

Similarly, if 2T5E < 0, then the solution p°° is in the direction of [0 y]. Using (56), we have

1 o o0 --- 0 -1
-1 1 0 --- 0 0
o -1 1 --- 0 0
5COHV(®E§HV) (08 y : : : ., : : (:B - %) = y(2m - % - ?)
0 0 0 1 0
0 0 O -1 1

F PROOFS OF THEOREM 5, COROLLARIES 5, 6 & 7, AND LEMMA 4

F.1 PROOF OF LEMMA 4

In this subsection, we restate Lemma 4 and prove it.

Lemma 4. Consider the system of ODEs, where p,q : R — R:

p=p""2q, ¢=p"', p0)=1 ¢q(0)=0.

Then, the solutions pr,(t) and qr(t) are continuous on their maximal interval of existence of the
form (—c,c) C R for some ¢ € (0,00]. Define hr(t) = pr(t)L"1qL(t); then, hy(t) is odd and
strictly increasing, satisfying limgqc hr,(t) = oo and limy_. h(t) = —oo.

Proof  First, continuity (and also continuous differentiability) of p(¢) and ¢(t) is straightforward
because the RHSs of the ODEs are differentiable in p and ¢. Next, define p(t) = p(—t) and §(t) =
—q(—t). Then, one can show that p and q are also the solution of the ODE because

d d

SB(t) = Sp(—t) = —p(—1) = —p(~0)* (1) = 5(1)" 240,
d d

S(t) = = La(=0) = d(=0) = p(=n)" " = ).

However, by the Picard-Lindelof theorem, the solution has to be unique; this means that p(¢) =
p(t) = p(—t) and q(¢t) = ¢(t) = —q(—t), which proves that p is even and ¢ is odd and also implies
that the domain of p and ¢ has to be of the form (—c¢,¢) (i.e. symmetric around the origin) and
h = pt~lqis odd.

To show that h is strictly increasing, it suffices to show that p and ¢ are both strictly increasing on
[0, ¢). To this end, we show that p(t) > 1 forall ¢t € [0, ¢). First, due to the initial condition p(0) = 1
and continuity of p, there exists €; > 0 such that p(¢) > 0 for all ¢ € [0,¢;) =: I. This implies
that §(t) = p(t)f=! > 0fort € I, \ {0}, so q is strictly increasing on I;. Since q(0) = 0, we
have q(t) > 0 for t € I, \ {0}, which then implies that p(t) = p(t)¥~2¢(t) > 0. Therefore, p is
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also strictly increasing on I7; this then means p(¢) > 1 for ¢ € [0, €1] because p(0) = 1. Now, due
to p(e1) > 1 and continuity of p, there exists ea > €1 such that p(t) > 0 for all ¢ € [e1, €2) =: I5.
Using the argument above for I results in p(t) > 1 for ¢ € [0, e2]. Repeating this until the end of
the domain, we can show that p(t) > 1 holds for all t € [0,¢). By p > 1, we have ¢ = p*~1 > 1
on [0, ¢), so q is strictly increasing on [0, ¢). Also, ¢(t) > 0 on (0,c), so p = p£~2¢ > 0 on (0, ¢c)
and p is also strictly increasing on [0, ¢). This proves that h is strictly increasing on [0, ¢), and also
on (—c¢, c) by oddity of h.

Finally, it is left to show lim. h(t) = oo and lim;|_. h(t) = —oo. If ¢ < oo, then this together
with monotonicity implies that the limits hold. To see why, suppose ¢ < oo and lim4. h(t) < oo.
Then, p and g can be extended beyond ¢ > ¢, which contradicts the fact that (—c, ¢) is the maximal
interval of existence of the solution. Next, consider the case ¢ = co. From p(¢) > 1, we have
4(t) > 1fort > 0. This implies that q(t) > ¢ for t > 0. Now, p(t) > p(t)L~2q(t) > t, which gives

p(t) > g + 1 for ¢ > 0. Therefore, we have

.2 L—1
. _ . L—1 . e _
tlggo h(t) = tlggop(t) q(t) 2 tllglo ( 2 + 1) b= oo,

hence finishing the proof. O

F.2 PROOF OF THEOREM 5
F.2.1 CONVERGENCE OF LOSS TO ZERO

We first show that given the conditions on initialization, the training loss £(@©(t)) converges to zero.
Recall from Section 2.1 that

U = -V, L(O) = M(—XT'I') o(vy,...,v—1,1,v141,...,0p).
Applying the structure (9) in Assumption 1, we get

'l)l = M(*XT’I’) @) (’1)1, . avl—leklavl—‘rl? PN ,’UL)
= [SX"r)(0f [Uh] ;@ @ [Uia] ;@ U] ;@ v U] ;@ -+ @ v [Ug]. )
j:

[

[SXT7]; ( H[Ugvkb> [Ui]. ;-

k£l

j=1

Left-multiplying U/ to both sides, we get
T, T © o7
Ul'o = —SX"r 0[], Ulw, (57)

where H® denotes the product using entry-wise multiplication ®.
Now consider the rate of growth for the second power of the j-th component of UIT (B

d . L
— U]} =200 o [U v); = —2(SX "], |

d
pr Uk ol = U7 o))

dt

for any I’ € [L]. Thus, for any j € [m], the second power of the j-th components in U v; grow at
the same rate for each layer [ € [L]. This means that the gap between any two different layers stays
constant for all £ > 0. Combining this with our conditions on initial directions, we have

(U w(®)]] ~ ULvc ()] = [U/wi(0)]; — [ULvL(0)]F = o®[7]; > a®A,
forany j € [m],l € [L — 1], and ¢ > 0. This inequality also implies

U v()]F > [Ufvp(t)] 4+ X > oA (58)
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Let us now consider the time derivative of £(©(¢)). We have the following chain of upper bounds
on the time derivative:

%E(G(t)) =VeL(©(1))'O(t) = ~|VeL(®(1))|3
< Ve, LO@W)IE = ~ o ()]

(a) ) b 2
< U Y - | sx rw e [1,,, Ufv)

- Z [SXTr( Hk#[Uk vk (1))
< —a S SX ()

= o LS X Tr()

()
< = N 5010 (8) smin (X)? 7 (1) 3,

= =27 72N 510 (8) % min (X)) 2 L(O (1)), (59)
where (a) used the fact that |01, (t)||3 > |[ULUL 1 (t)||3 because it is a projection onto a subspace,
and UL UL (t)||3 = |UFvL(t)||3 because UF U, = I, ; (b) is due to (57); (c) is due to (58);
and (d) used the fact that S € R™*% and X7 € R?*"™ are matrices that have full column rank, so for

any z € C", we can use ||SX 7 z||2 > Smin(S)Smin(X)]|2||2 where spin(+) denotes the minimum
singular value of a matrix.

From (59), we get
L(O(1)) < L(©(0)) exp(—2a*F 2N 5101 (5)  smin (X)), (60)

so that £L(O(t)) — 0ast — oo.

F.2.2 CHARACTERIZING THE LIMIT POINT

Now, we move on to characterize the limit points of the gradient flow. First, by defining a “trans-
formed” version of the parameters 1;(t) := Ul v;(t) and using (57), one can define an equivalent
system of ODEs:

®
- _ _gxT
m=-SX r@Hk#nk forl € [L],
m(0) =anforl € [L —1], n,(0)=0.

(61)

Using Lemma 4, it is straightforward to verify that the solution to (61) has the following form. For
odd L, we have

t
n(t) = an ®pr <—0¢L2|17|®L2 ©® SXT/ r(T)dT) forl e [L —1],
0

¢ (62)
nL(t) = aln| © qu <—04L_2|77|®L_2 © SXT/ T‘(T)dT) .
0
Similarly, for even L, the solution for (61) satisfies
t
m(t) =an©pL <—aL_2?7®L_2 © SXT/ T(T)dT) forl € [L —1],
0
(63)

¢
nr(t) =an©qr (—aL_QﬁGL_2 ® SXT/ 'I"(T)dT) .
0

Now that we know how the solutions 7); look like, let us see how these relate to the linear coefficients
of the network. By Assumption 1, we have

m

f(@;0) =M(z)o (vy,...,v.) = > _[Sx];

j=1 =1

U v];

=
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- {Zm: (ﬁ[m]j) [S]j,}m = mTST(HZ[L} m) _2TSTp.

j=1 Ni=1

Here, we defined p := Hl@e[ IS R™. Therefore, the linear coefficients of the network can be
written as 3(©(t)) = ST p(t). From the solutions (62) and (63), we can write

L t
o) = [T m(0) = ablal* @ o (~a2al**2 0 5X7 [ orjar ).
1=1 0

where hy = pf’qu, defined in Lemma 4. By the convergence of the loss to zero (60), we have
lim; 0o XB(O(t)) = y. Therefore,

xSt (aL|n|®L O hr (—aL_anQL_2 ©) SXT/ r(T)dT>> =y. (64)
0

=:p>

Next, we will show that p°° is in fact the solution of the following optimization problem

miniﬂr{nize QrL.oq(p) subjectto XSTp=y, (65)
peER™

where Q1,5 : R — Ris a norm-like function defined using Hp,(t) := fot hit(r)dr:

Qr.an(p) = o Z[ﬁ]?HL (0%> .

j=1
Note that the KKT conditions for (65) are
XSTp =Y, vaL,oz,f](p) = SXTVv

for some v € R™. It is clear from (64) that p>° satisfies the first condition (primal feasibility), so let
us check the other one. Through a straightforward calculation, we get

VoQraa(p) = a* Ll E o npt (a  n/*CP @ p).
Equating this with SX T v gives
ROy (oleﬁ\@(*L) ® p) =sxTv
& bt (a7 H PP @ p) = a2 0 SX Ty
& p=an®" o hL (@ 27F 0 SX V).

Hence, by setting v = — fooo r(7)dr, p* satisfies this condition as well. Also, if S is invertible, we
can substitute p = S~7 2 to (65) to get the last statement of the theorem. This finishes the proof.

F.3 PROOF OF COROLLARY 5

The proof is a direct consequence of the fact that Assumption 1 holds with § = U; = -+ =
U; = I, for linear diagonal networks. Hence, the proof is the same as Corollary 2, proved in
Appendix D.2.

F.4 PROOF OF COROLLARY 6

We start by showing the DFT of a real and even vector is also real and even. Suppose that 2z € R¢
is real and even. First,

d

V-1-27(j — 1)(k — 1)>

1
Py = 2> e (- -

k=
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1 20— 1)(k—1)\ V=1 < o 2= (k—1)

= ﬂ;[w]kcos <— ¥ )—i— 7 ;[m]ksm (_d >
1 & (2 -D(k-1)

= %;[w]kc% <_d> e R,

d .
1 2(j + 1)(k — 1)
Falyia = > lelioos -
Vi i d
d .
1 2 (k-1
= — > [x])cos (277(k: -1)- ﬂ-(‘]—’—d)())
Vi
d .
1 2n(d—j7—-1)(k—-1)
=— Z[az]k cos (
VS d
d .
1 2n(d—j7—-1)(k—1)
= — Z[m]k cos (—
VD d
= [Fz]q—;
It is proved in Appendix D.3 that linear full-length convolutional networks (k1 = --- = k, = d)
satisfy Assumption 1 with § = d*= Fand U; = --- = U, = F*, where F € C%<? is the matrix

1 (fw) and F* is the complex

of discrete Fourier transform basis [F]; ; = 5 €Xp
conjugate of F'.
The proof of convergence of loss to zero in Appendix F.2.1 is written for real matrices

S,U;,..., UL, but we can actually apply the same argument as in Appendix D.1.1 and prove that
the loss converges to zero, even in the case where S, Uy, ..., Uy, are complex.

Next, since U;’s are complex, we can write the system of ODE as (see (20) for its derivation)

L-1
pl

. 1 T © *
Fiy, = —d = FX r@Hk#ka, (66)

Since all data points x; and initialization w;(0) are real and even, we have that F X Tr is real and
even, and F*w,;(0) = Fw;(0)’s are real and even. By (66), we see that the time derivatives of Fw;
are also real and even. Thus, the parameters w;(¢) are all real and even for all ¢ > 0. From this

observation, we can define 7;(t) := Fw(t), j :== Fw, and S := a“= Re(F'), which are all real
by the even symmetry. Then, starting from (61), the proof goes through.

F.5 PROOF OF COROLLARY 7

Since the sensor matrices A1, ..., A, commute, they are simultaneously diagonalizable with a real
unitary matrix U € R4, ie., UT A;U’s are diagonal matrices. From the deep matrix sensing
problem (13), we can compute Vw, Ling, Which gives the gradient flow dynamics of W;.

Wi=-—VwLos=-W - WIQ  rA)WL - W,

where r; = (A;, W7 --- W) — y; is the residual for the i-th sensor matrix. If we left-multiply U T
and right-multiply U to both sides, we get

UTWU = -U"WE U - UTWIU(Y" nUTAUUTWIU - - UTWE, U (67)
If UTW'U is a diagonal matrix for all k # I, then U7 W,U is also a diagonal matrix. Note also

that, since W;(0) = al; = aUUT for [ € [L — 1], the product UT W, U is a diagonal matrix at
initialization. These observations imply that W;(¢)’s are all diagonalizable with U for all ¢ > 0.
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Now, define v;(t) = eig(W;(t)), i.e., UTW,U = diag(v;). Also, let ¢; = eig(A;). Then, (67)

can be written as
. n ®
v = _(Zi:1 TiT;) © Hkﬂ V-

Therefore, this is equivalent to the regression problem with linear diagonal networks, initialized at
v;(0) = al forl € [L—1] and v (0) = 0. Given this equivalence, Corollary 7 can be implied from
Corollary 5.

G PROOF OF THEOREM 6

G.1 CONVERGENCE OF LOSS TO ZERO

We first show that given the conditions on initialization, the training loss £(©(t)) converges to zero.
Since L = 2 and M(z) = U, diag(s)UZ, we can write the gradient flow dynamics from Section 2.1
as

01 = —M(XTr) o (It,,v2) = —rU, diag(s)UZ v,

] - _ T (68)
Ve = —M(X " r) o (v1, It,) = —rUs diag(s)Uj vy,
where r(t) = f(x; ©(t)) — y is the residual of the data point (x, y). From (68) we get
Ul'v, = —rs0UJ vy, Ulvy =150 U] v. (69)

Now consider the rate of growth for the j-th component of U{ v; squared:

d . d
%[vaﬂ? = 2[U] v1];[U{ 01]; = —2r[s];[U] v1];[U3 vo]; = %[UQTW]?-

So for any j € [m], [U{ v1]? and [U v5]3 grow at the same rate. This means that the gap between
the two layers stays constant for all ¢ > 0. Combining this with our conditions on initial directions,

U o1()]F = [U5 v2(0)]; = [U 01 (0]} — [U3 v2(0)];
= az[UlTﬁl]? — Oéz[UQT’EQ]? > o),

for any j € [m] and t > 0. This inequality implies

Ul o1 (1)]? > [Ug va(t)]? + a®A > P\ (70)

Let us now consider the time derivative of £(©(t)). We have the following chain of upper bounds
on the time derivative:

d

—L(O(1) = Ve L(©(1)"O(1) = —[[Ve L©O®)3

< |V, LOM)Z = ~[l52(0)]3
© UL ()]3 Y —r )2 ||s © UT oy (1)]|2
==l 3 IO 0

Y ar)? S ()2

j=1

= —2a%)|[s[3L(©(1)),

where (a) used the fact that || (¢)||2 > ||[U2UJ 92(t)||2 because it is a projection onto a subspace,
and ||U2UT v, (1)]13 = ||USL 92(t)||3 because UL Uy = Ii,; (b) is due to (69); (c) is due to (70).
From this, we get

£(®(1)) < L(®(0)) exp(—20°A|s]2). 1)

Therefore, L(O(t)) — 0 as t — oo.
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G.2 CHARACTERIZING THE LIMIT POINT

Now, we move on to characterize the limit points of the gradient flow. First, note that any changes
made in v; over time are in the subspace spanned by the columns of U;. Therefore, any component
in the initialization v;(0) = aw; that is orthogonal to the column space of U; stays constant.

So, we can focus on the evolution of v; in the column space of Uj; this can be done by defining
a “transformed” version of the parameters 7;(t) := U/ v,(t) and using (69), one can define an
equivalent system of ODEs:

M =-rsOn, N2=-18OMN,

72
n1(0) = afin, mo(0) = o, 72)

where 1; := U{ 0y, 2 := U vy. It is straightforward to verify that the solution to (72) has the
following form.

¢ ¢

m (t) = am © cosh (s/ r(T)dT> + ame ® sinh <s/ r(T)dT> ,
0 0

. . (73)

12(t) = amy © sinh <s/ T(T)dT) + ame ® cosh <s/ T(T)dT) .
0 0

By the convergence of the loss to zero (71), we have lim;_, o f(x; ©(t)) = y. Note that f(x; O(t))
can be written as

f(@;0(t)) = M(z) o (v1(t), va(t)) = v (t)" M(2)vs(t)
= v1(t) Uy diag(s)Uy va(t) = s™ (1 (t) © ma(t)).
Therefore,

Jim f(z:©(1) = Jim 57 (m (1) © na(t)

— o287 |(72? + 79?) ® cosh (3/ T(T)dT) ® sinh <s/ r(T)dT>
i 0 0

+ (M ©M) O (cosh®2 (—s /OOO r(r)dT) + sinh®? (—s/ooo r(T)dT»]

',’7]@2 +77]®2 [ee] o0
- % ® sinh (—23/ T(T)d’]’) + (71 ® 72) © cosh (—23/ T(T)d7'> }
I 0 0

~aYld, (“”;“” sinh (2[s,) + [ ] ] cosh <2[s]ju>)

=Y, (74)

where we defined v := — [ r(7)dr. Consider the function v ++ asinh(v) + bcosh(v). This is a

strictly increasing function if @ > |b|. Note also that

[+ [eff
LT > sl 79)
which holds with equality if and only if |[7:];| = |[72],]. However, recall from our assumptions on

initialization that [7;]2 — [72]2 > X > 0, so (75) can only hold with strict inequality. Therefore,
M5 — (M21; y q y

g(v) = Z[Sb (W sinh(2[s];v) + [71];[n2]; COSh(2[S]jV)>

j=1

is a strictly increasing (hence invertible) function because it is a sum of m strictly increasing func-
tion. Using this g(v), (74) can be written as a?g(v) = ¥, and by using the inverse of g, we have

v=— /OOO r(r)dr =g ! (%) . (76)
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Plugging (76) into (73), we get
Al
= U1 lim ’l’]l(t) + Oé(Ik,l — UlUlT)’l._Jl
t—o0

=al; (771 ® cosh (g*1 (%) 8) + 72 ® sinh (gf1 (%) 3)) + oI, — U UD)D,

)
= Uy lim na(t) + (I, — U,U] v,
= al; (ﬁl ® sinh (gfl (%) s) + M2 ® cosh (gf1 (%) s)) + a(Iy, — U,UL),.

This finishes the proof.

H PROOF OF THEOREM 7

H.1 CONVERGENCE OF LOSS TO ZERO

We first show that given the conditions on initialization, the training loss £(©(t)) converges to zero.
Recall from (10) that the linear fully-connected network can be written as

fre(®;Op) = 2T WiWs - Wi _qwy.

From the definition of the training loss L, it is straightforward to check that the gradient flow dy-
namics read

W, = -Vw,L(Ow) = WL, - WIXTrwl W] ... WL, forl € [L—1],
Wy = Vi, L(Or) = W] - - WIXTr,

W, (0) = aW, forl € [L — 1],

wr,(0) = awy,

(77)

where r € R" is the residual vector satisfying [r]; = fi.(x;; Os) — v, as defined in Section 2.1.
From (77), we have

VVlTVVZ = Wl+1vvlii1 = —VVlT e WlTXTTw{ngl . VVEA’
VVlTVVl = VVl+1Wﬁl =Wy Wiwer ' XWy - W,

for any | € [L — 2]. From this, we have

Lwirw = Cwia W,
and thus
W0 W) = Wier(DWiaa (07 = WO Wi(0) = Wi OWin (0
= a2VVlTVVl - 0‘2m+1wfl£—17
for any | € [L — 2]. Similarly, we have
W 1 ()TWL 1 (t) — wr(H)wp ()T = Wi _1(0)TW,_1(0) — w (0)wr(0)T 79

=a*W! W — o*wpw?.

Let us now consider the time derivative of £(®x(t)). We have the following chain of upper bounds
on the time derivative:

L (@r(t)) = Vo L(O() Or(t) = || Ve, L(On ()2

dt
< ||V, L(Og ()15 = —||lwr(t) I3
=— Wl - WI'X"r|. (80)
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Note from (80) that if WLT_1 . WlT is full-rank, its minimum singular value is positive, and one
can bound

Wi WEXTrll2 > omin(WE_y - W[ X T, @D
We now prove that the matrix W/, - - - W is full-rank, and its minimum singular value is bounded
from below by a“~*A(Z=1/2 for any ¢ > 0. To show this, it suffices to show that

Wk - WIw, .. W, =2\, (82)
Now,
Wi WiWIW W, Wy
= WL_1 e WQT(WQWQT + QZwal - QQWQWQT)WQ e WL_1
=Wl WIWI W, wiIw,ws - W
(;) WE_1 ce W3T(W3W3T + OAZWQTWQ - QQW3W5)2W3 s WL_1
=W W (WsW )Wy W
= = (W W)t

where equalities marked in (a) used (78), and inequalities marked in (b) used the initialization con-
ditions W' W, = W, WL |. Next, it follows from (79) that

T L-1 T o7 2. T\L-1
(Wr_1Wi_1) = (wpwy, + "W, Wiy — a*wpwy,)
2L—2vi;T & o _PNL-1
Z o (Wi Wi —wpwy)
()
t OZ2L_2)\L_1Id.

where (c) used the assumption that W1 W —wrw? = \I,. This proves (82). Applying (82)
to (80) then gives

d
SL(O() < —[ Wy WX v

S _Umin(W,LT_l e W1T)2||XTT||§
< _a2L—2)\L—1 HXTTHS

(@) o 2L72>\L71 (X 2 2

< —«a omin (X)) 7|2

= —OZ2L_2AL_1O'min(X)2[’(®fC (t))a

where (d) used the fact that X7 is a full column rank matrix to apply a bound similar to (81). From
this, we get
L(Orc(t)) < L(Orc(0)) exp(—aF 2N opin (X)),

hence proving L(O¢.(t)) — 0 ast — oo.

H.2 CHARACTERIZING THE LIMIT POINT: o — 0 CASE

Now, we move on to characterize the limit points of the gradient flow, for the “active regime” case
a — 0. This part of the proof is motivated from the analysis in Ji & Telgarsky (2019a).

Let u; and v; be the top left and right singular vectors of W, for | € [L — 1]. Note that since W,
varies over time, the singular vectors and singular value also vary over time. Similarly, let s; be the
largest singular value of W;. We will show that the linear coefficients B¢ (@) = Wi --- Wr_jwy,
align with u; as @ — 0, and w; is in the subspace of row(X) in the limit & — 0, hence proving
that B¢ (®s.) is the minimum ¢ norm solution in the limit o — 0.

First, note from (78) and (79) that if we take trace of both sides, we get

IWilIE — [IWisallp = o2(| Wiy — [|Wisa ;) forle [L—2],
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IWealp = ol = o*(|[Wea |7 = o ])-

Summing the equations above for [,/ + 1,...,L — 1, we get
2 2
Wil = llwe 3 = o2(|[ Wi — s ]3). (83)

Next, consider the operator norms (i.e., the maximum singular values), denoted as ||-||,, of the
matrices.

Wi ||§ 2 ulTJrlvvlTWlule

(e)
= uf Wi Wiiw + @®ufyy (W Wi — Wi Wi i

= Wil + o®ufy (W Wi = Wi W Dug
> [Wigalls — oW/ W, = Wi Wi |l forl € [L— 2],

w w
Wl > W Wy
Jwel, lwelly
w w w - - w
(:) L 'wL'wf L +a? L (WLT_1WL_1 — ’lI)L’lI)g) L
Jwell, well lwell lwell,
> |wr | — o®|W/_ Wiy — wpw] ||2.
where (e) used (78) and (f) used (79). Summing the inequalities gives
L—1
IWill5 = [lwr s — o Y W Wi = Wi Wil 1o (84)
k=1

From (83) and (84), we get a bound on the gap between the second powers of the Frobenius norm
(or the ¢5 norm of singular values) and operator norm (or the maximum singular value s;) of W:

L—1
W) 17 — IWa@)ll; < @*(|Wil[ = l@Ll3) + o D7 W Wi = Wit W [l2, (85)
k=l
which holds for any ¢ > 0. The gap (85) implies that each W, for I € [L — 1], can be written as
Wi(t) = s;(H)w () ()T + O(a?). (86)

Next, we show that the “adjacent” singular vectors v; and u;+; align with each other as a — 0. To
this end, we will get lower and upper bounds for a quantity v W VV[TH’UZ-

v Wi Wi o = of W Wi, — oo W Wi + oo Wi Wkv
WA o [WE Wi Wi Wi
o a [WIW - Wi W &
o Wi Wihor = of (st wuly + Wi Wk — sfwaudy)u
= st (0] win)? +of (Wi Wk — st ywau o
< 741 (0] wi)” + [Wigallp — [Wigall3. (88)
Combining (87), (88), and (85), we get
W' W, = Wi WL |, + Wi [lf = Wi

si < sty (0] uign)?

L—1
< st (0 wn)? + @2 (| Wi [ — [102]13) + 0 Y [[WI Wi = Wia W o (89)
k=l
Next, by a similar reasoning as (87), we have
st 2 ulp W Winig > siyy — o [[WIW = Wi W |, (90)

Combining (89) and (90) and dividing both sides by s? 1, We get
2 G
si+1(t)?

(v w1 (1) > 1 -« 1)
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for ¢t > 0, where

L—1
— — — — — 2 _ — — — —
Gy = Wi Wi = Wi WL, + (Wi [ = 102 ]12) + D WE Wi = Wi Wil 2.
k=1
By a similar argument, we can also get
T 2
lwz (Bl IIwL( )H

where

GL,1 =2 ||W571WL71 - ’lIJL’lZJgHQ .
From (91) and (92), we can note that as « — 0, the inner product between the adjacent singular
vectors converges to &1, unless s,...,sr_1,||wgl, also diminish to zero. So it is left to show
that the singular values do not diminish to zero as o« — 0. To this end, recall that we proved in the

previous subsection that
tlgglo XWi(t)-- - Wr_1(t)wr(t) = y.

A necessary condition for this to hold is that
L-1

|I|)yc|:|22 m [[Wi (1) W 1<>wL<>H2<hmHsz ) wr @l -

This means that after converging to the global minimum solutlon of the problem (i.e., t — 00),
the product of the singular values must be at least greater than some constant independent of a.
Moreover, we can see from (87) and (90) that the gap between singular values squared of adjacent
layers is bounded by O(on), for all ¢ > 0; so the maximum singular values become closer and closer
to each other as v diminishes. This implies that

P P Oy N N A WP VI -
w0 Xy b S

Therefore, we have the alignment of singular vectors at convergence as o — 0:

) Twr(1))?
lim lim (v () w1 (t)? =1, forl € [L—2], lim lim (vr-1(?) sz( ) _
a—0t—o0 a0 t— 00 HwL(t)||2

93)

So far, we saw from (86) that W;(¢)’s become rank-1 matrices as & — 0, and from (93) that the
top singular vectors align with each other as ¢ — oo and o — 0. These imply that, as ¢ — oo and
a — 0, Bs(Ox) is a scalar multiple of the w1, the top left singular vector of W7:

ilgl() tlirgo /ch(gfc (t)) =c: 0141310 tlilgo ul(t)a (94)
for some ¢ € R.

In light of (94), it remains to take a close look at u; (¢). Note from the gradient flow dynamics of W,
that Wy is always a rank-1 matrix whose columns are in the row space of X, since X 77 € row(X).
This implies that, if we decompose W into two orthogonal components Wi~ and W1” so that the

columns in W” are in row(X) and the columns in Wit are in the orthogonal subspace row(X )+,

we have ) ] )

Wit =0, W/ =w,.
That is, any component Wit (0) orthogonal to row(X ) remains unchanged for all ¢t > 0, while the
component W1” changes by the gradient flow. Since we have

W@l = WO < oW

the component in W that is orthogonal to row(X') diminishes to zero as & — 0. This means that
at the limit o« — 0, the columns of W are entirely from row(X ), which also means that

ilgb tl_lglo Bt (O (t)) € row(X).

I

However, recall that there is only one unique global minimum of Xz = y in row(X): namely,
z = XT(X XT)~ly, the minimum /5 norm solution. This finishes the proof.
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