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Abstract

Recovering transport pathways from particle-tracking mea-
surements of fluid flows remains challenging due to the
large number of detections, directional variability, and the
lack of well-defined geometric boundaries. We propose a
new algorithm based on a projected L1 geometric median:
points are attracted toward local centers of mass while
motion along the local mean flow direction is suppressed.
This constraint prevents collapse to density maxima with-
out explicit regularization and operates directly on point
coordinates, producing skeletons that are not constrained
by voxel-grid discretization. Convergence is robust to ran-
dom initialization given adequate sampling density, and the
method remains scalable by operating on an aggregated
representation of the data.

We demonstrate feasibility on simulated and experimen-
tal data. In particular, for in vivo 3D ultrasound localiza-
tion microscopy (ULM), the method recovers the microvas-
cular network of a rodent brain. The results indicate that
flow-aware skeletonization provides a viable alternative to
pipelines operating primarily on particle density represen-
tations.

1. Introduction

Curve skeletons provide a simplified, compact represen-
tation of 3D data, capturing the essential structure. It is
widely used in segmentation, registration, and shape anal-
ysis [4, 21]. In computer graphics and vision, extensive
research has addressed skeleton extraction directly from
point clouds, avoiding discretization or mesh reconstruction
[6, 12, 14]. Most existing methods, however, assume that
points sample an object surface, as is typical for sensing
modalities such as LiDAR, RGB-D cameras, or multi-view
photogrammetry [18]. Under this assumption, the skele-
ton corresponds to a medial structure of an underlying solid
shape.

Lagrangian point clouds are a fundamentally different

type of data produced by recent imaging modalities [20].
In flow measurement techniques such as particle tracking
velocimetry, tracer particles are observed as they move with
the flow [15]. These measurements enable reconstruction
of complex 3D flow fields and have been used to study
transport processes in systems such as porous media [5].
As a result, the data encode transport pathways through
particle motion rather than surface geometry, producing
samples concentrated along flow trajectories instead of ob-
ject boundaries. A similar type of data arises in medical
imaging: ultrasound localization microscopy (ULM) recon-
structs microvasculature by tracking intravenously injected
microbubbles [8, 9]. These detections are commonly raster-
ized onto a 3D grid, but the high spatial resolution leads to
representations containing up to 10? voxels, making con-
ventional analysis computationally demanding and intro-
ducing discretization artifacts associated with the grid.

Therefore, recovering a skeleton representation of such
data is important because it provides a compact description
of the underlying transport network [2]. Instead of analyz-
ing millions of individual particle detections, the flow struc-
ture can be represented as a graph of centreline curves en-
capsulating the connectivity and topology of transport path-
ways. Such representations enable quantitative analysis of
transport networks, flow routing, and structural connectivity
in complex biological and physical systems [19, 22].

Applying conventional point-cloud skeletonisation algo-
rithms directly to Lagrangian point clouds is problematic
because no surface is observed. Related approaches in
data analysis extract curve-like structures as density ridges
of volumetric point clouds, but rely solely on scalar den-
sity and therefore do not exploit the directional information
present in flow measurements [7, 11, 17]. Trajectory-based
methods, on the other hand, operate at the level of individ-
ual paths and are not formulated as a volumetric centerline
estimation [1]. These limitations motivate a formulation tai-
lored to densely sampled volumetric flow data.

In this work, we introduce Lagrangian Point Cloud
Skeletonization (LPCS), a method for skeleton extraction
from volumetric particle-tracking data. The approach ex-
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ploits the local flow orientation of particle detections to re-
cover the topology of transport pathways directly in con-
tinuous space. By attracting points toward local centers
of mass in the plane orthogonal to the flow, the method
recovers centerlines aligned with the underlying network
while avoiding explicit estimation of geometric features.

We demonstrate the approach on simulated datasets and on

in-vivo 3D ULM measurements of rodent brain microvas-

culature.

The main contributions of this work are:

e A skeletonization method for volumetric Lagrangian
point clouds, where geometry is inferred from oriented
particle detections rather than surface samples.

* A projected L;-type optimization algorithm that uses lo-
cal flow direction to recover centerline structures while
preventing collapse to density maxima without explicit
regularization.

* A practical pipeline for large volumetric datasets, demon-
strated on simulated data and on in-vivo ULM measure-
ments of rodent brain microvasculature.

2. Related work

Skeleton recovery is essentially the retrieval of a curve that
best summarizes the data. However, the data acquisition
and representation play a major role in the method design.

2.1. Skeletons from Rasterized Images

Skeletonization of flow-derived volumetric images is com-
mon in biomedical imaging, where curve networks repre-
sent transport pathways such as vascular flow [16]. These
methods typically operate on scalar representations of the
measurements (e.g., intensity, contrast concentration, or ve-
locity magnitude) rather than the vector flow. Tubular struc-
tures are commonly enhanced using multiscale vesselness
filters based on the Hessian eigenstructure [10, 13], and cen-
terlines are then extracted using distance transforms or min-
imal path techniques [2]. Such pipelines rely on dense voxel
grids and therefore incur substantial computational cost and
discretization artifacts tied to grid resolution.

2.2. Skeletons from Geometric Point Clouds

For point clouds, methods evolved from geometric contrac-
tion approaches that collapse the point set while preserv-
ing topology [6], to robust medial formulations estimating
interior symmetric points from local neighborhoods [12].
Recent work further improves robustness to incomplete
data by exploiting additional geometric relations between
points, for example through visibility analysis [23], and
learning-based approaches infer skeletal structures directly
from point sets [14].

Collectively, these methods treat the skeleton as a medial
structure of an underlying solid object [21]. Consequently,
they assume the points sample the object boundary, so that

an interior—exterior separation is defined. For volumetric
detections filling the interior of a tube, this assumption no
longer holds: the available signal is dominated by point den-
sity rather than boundary geometry, making the task closer
to density-ridge extraction than medial-axis recovery.

2.3. Density Ridge Estimation

A related line of work extracts structures as ridges of a den-
sity estimated from point samples. These ridges capture the
principal modes of the distribution and have been used to
recover skeleton-like representations in sampled point sets
[7, 11]. They are typically computed by iteratively mov-
ing points along directions given by the local Hessian of
the density [17]. While effective, the required repeated lo-
cal eigendecompositions become computationally demand-
ing for large point clouds.

In Lagrangian flow measurements, particle detections
additionally carry directional information: nearby particles
tend to follow locally consistent motion aligned with the
underlying transport pathways [5, 15]. The structure of in-
terest can therefore be characterized through the local co-
herence of flow orientation rather than solely through spa-
tial density, motivating our formulation in which centerline
extraction is constrained by the local flow direction.

2.4. Trajectory-Based Skeletonization

Beyond geometric and density-based approaches, skele-
tonization has also been studied in the context of trajec-
tory analysis. In transportation research, trajectory-based
map inference methods reconstruct road center lines di-
rectly from collections of GPS tracks [3]. A representative
example is RoadRunner, which starts from an initial graph
and iteratively refines it by following the flow of GPS tra-
jectories to construct a road network [1]. Its optimization
therefore depends on trajectory geometry and the quality
of the initial graph, and it is not formulated as volumet-
ric centerline extraction. These approaches are tailored to
sparsely sampled vehicle-tracking data and operate at the
level of individual trajectories rather than spatially aggre-
gated, densely overlapping volumetric samples.

3. Overview

The input is an unevenly distributed set of oriented points
Q = {(gj,p;)}je1..s C R3 x R3, and the output is a set of
oriented skeleton points X = {(x;,1;)}ie1..1 C R? x R3.
The LPCS algorithm proceeds as follows; the individual
steps are illustrated in Fig. 1:

1) Downsample () at a scale comparable to the minimum
flow-channel radius and assign each retained point a
mass (density weight) and a mean orientation; the re-
tained points serve as attractors defining local centers of
mass.

CVPR
raren

126
127
128
129
130

131

132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148

149

150
151
152
153
154
155
156
157
158
159
160
161
162
163

164

165
166
167
168
169

170
171
172
173
174



CVPR
gprenen

175
176
177
178
179
180
181
182
183
184
185
186

187

188

189
190
191
192
193
194
195

CVPR 2026 Submission #*****, CONFIDENTIAL REVIEW COPY. DO NOT DISTRIBUTE.

Figure 1. Overview of the LPCS algorithm. Starting from a dense Lagrangian point cloud, samples are attracted toward local centerlines
using a projected optimization and subsequently refined to produce a connected skeleton graph. (a) Full Lagrangian point cloud (positions
only). (b) Downsampled data with point mass encoded by colour. (c¢) Initial optimization samples (red points); dashed segments indicate
local flow orientation. (d) Projected optimization attracting samples toward local centerlines. (e) Local refinement through a second
optimization pass. (f) Final skeleton graph after smoothing and resampling.

2) Initialize samples with approximately uniform spatial
coverage and iteratively project them toward the local
center of mass defined by nearby attractors within a pre-
scribed radius, restricting displacement to the plane or-
thogonal to the local orientation.

3) In regions where the samples do not collapse to a one-
dimensional structure, perform a second pass where the
converged samples become the new attractors and the
projection is repeated locally.

4) Extract and connect branches to form a skeleton graph,
then smooth and resample to the desired spatial resolu-
tion.

4. Method
4.1. Projected L, Medial Skeleton

We seek skeleton points located at the center of local tubu-
lar structures. For very dense point clouds, operating di-
rectly on individual detections becomes computationally
prohibitive. The point cloud is therefore downsampled by
partitioning space into spatial bins at a resolution compa-
rable to the smallest recoverable skeleton scale, such that
the smallest vessels are represented by multiple bins across

their diameter. Each bin is represented by the centroid of its
detections, along with the corresponding mass and average
orientation. This aggregation substantially reduces compu-
tational cost while avoiding discretization artifacts associ-
ated with rasterization, as subsequent processing operates
on centroid positions rather than a discretized image grid.

After downsampling, we obtain a set of weighted ori-
ented points Q,,, = {(g;,p;,m;)}. Residual noise is re-
duced by smoothing mass and orientation with a Gaus-
sian kernel, whose full-width-at-half-maximum (FWHM) is
chosen small enough to preserve small structural features.
This provides stable local estimates for the subsequent op-
timization.

We then define a loss function whose minimizer yields
the skeleton points

L(x:) :ij [z = gill Onllzi —g;l); (D)

J

where 0, (r) = exp(—4r?/h?) is a fast decaying smoothing
function defining the support of the minimizer. The param-
eter h controls the spatial scale of interaction and is chosen
on the order of the characteristic radius, balancing conver-
gence stability and accurate centerline localization. The ob-
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Figure 2. Synthetic example illustrating the LPCS pipeline and the role of the projected update. Cyan denotes the ground-truth centerline,
and dashed segments indicate the local flow orientation. (a) Full Lagrangian point cloud (positions only). (b) Downsampled data with
point mass encoded by color. (c) Initialization of the optimization: red points denote initial samples. (d) Early iteration of the projected
update. (e) Later iteration of the projected update. () Final optimization, producing skeleton points aligned with the centerline. (g) Final
optimization without projected update: points collapse toward density maxima and fail to form a curve skeleton. (h) Skeleton graph

constructed from the converged points in (f).

jective corresponds to a local geometric median, attracting
the point toward the center of nearby samples.

Minimization of this energy leads to the Weiszfeld itera-
tion

k
k1 _ 25 4o of — On(lzf — a5)

' ymiady Y e =g

Direct optimization of (2) collapses points to density modes.
To recover a curve rather than a set of isolated clusters, we
constrain motion to directions orthogonal to the local flow
orientation. The update is therefore projected

T

2

P =2k 4 (2 = 2F)  P(ny), (3)

where P(n;) = I — n;n; is the projection operator and the
local orientation is defined as

Ok = gl
152, Okt = aj1)|

The projection removes motion along the flow direction,
allowing convergence only in transverse directions and
thereby recovering a 1D structure. When the converged
points do not form a locally 1D structure, a refinement stage
is applied in which the converged points become new attrac-
tors and the optimization is repeated locally. The resulting
procedure defines the LPCS algorithm.

Figure 2 illustrates the algorithm on synthetic data
with simulated attenuation. Without the constrained up-
date, points collapse toward local density maxima, leaving
sparsely sampled regions uncovered. The projected update
prevents this collapse by restricting optimization to direc-
tions perpendicular to the flow. In this synthetic example

‘ . 4)

the refinement stage is not activated, as the points already
converge to a 1D structure. The refinement step is illus-
trated later for experimental data in Fig. 5.

4.2. Graph Construction

To obtain a structured representation of the skeleton, we
first downsample the set of skeleton points to reduce re-
dundancy and simplify subsequent processing. A relative
neighborhood graph is then constructed, restricted to a max-
imum connection distance in order to prevent linking spa-
tially distant branches. The adjacency matrix of this graph
is used to identify individual branches, which are subse-
quently smoothed and resampled. Branches shorter than a
user-defined length threshold are discarded as spurious frag-
ments. Finally, the directionality of each skeleton point is
inferred from the local flow. The skeleton graph of a syn-
thetic dataset is shown is shown in Fig. 2(h).

Even after construction of the relative neighborhood
graph, certain regions may remain disconnected; see Fig. 3.
This behavior is expected; In physical flows, trajectories en-
tering a daughter branch typically originate from the bound-
ary of the parent branch rather than its centerline, and there-
fore the centerline points do not provide a direct connection.
Hence, the resulting discontinuity reflects the structure of
the flow rather than a limitation of the algorithm.

Whether explicit reconnection is required depends on
the downstream application. Tasks involving full graph
analysis may require a connected topology, whereas indi-
vidual branch flow analysis pipelines might not. When
needed, connections can be introduced by identifying ter-
minal nodes of the relative neighborhood graph and linking
them to the nearest point belonging to a neighboring branch.
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Figure 3. Disconnected skeleton segments caused by flow topol-
ogy. (a) Point cloud with the final skeleton graph. (b) Streamlines
and contracted skeleton points before resampling. The apparent
gap is not an algorithmic failure but a consequence of the trans-
port structure: trajectories entering the daughter branch originate
near the boundary of the parent channel, so no centerline passes
continuously through the junction.

5. Experiments

5.1. Dataset and Processing Pipeline

We evaluate the method on a dataset obtained from 3D
ULM imaging of rat brain microvasculature [8, 9]. The
dataset and source code are proprietary and cannot be pub-
licly released due to intellectual property constraints. We
provide detailed descriptions of their characteristics and the
evaluation protocol to ensure transparency.

The data were acquired from an anesthetized rat follow-
ing craniotomy between Bregma and Lambda. ULM imag-
ing was performed over a 40-minute period with continuous
injection of microbubble contrast agent. The final dataset
consists of a volume of size 5 x 10 X 10mm? containing ap-
proximately 2 x 108 localized contrast agent detections, rep-
resenting sparse and noisy samples of the underlying vas-
cular network. Our goal is to recover a skeleton of vessels
with radii on the order of A = 10um, which defines the
aggregation scale used throughout the pipeline. The over-
all processing pipeline is illustrated in Fig. 1, and the main
steps are described below.

The point cloud is first downsampled to a spatial res-
olution of A, after which local masses and velocities are
computed. Velocities are smoothed using a Gaussian kernel
(FWHM = 4A). Points with low local support (m; < 3)
are removed, yielding an average reference-point density of
3 x 10*mm~2, while local densities remain strongly non-
uniform and can reach up to 10 mm™3 in large vessels.
To improve convergence, a nonlinear feature lift is applied
to the mass values, m; — exp(m;). To obtain uniform
coverage of the domain, optimization samples are initial-
ized using Poisson-disk sampling with a minimum separa-
tion of 2A between samples. This prevents oversampling in
densely populated regions while maintaining adequate cov-
erage in sparse areas.

The LPCS algorithm is then applied in three stages with
increasing interaction radius:

Figure 4. Effect of the attraction radius h during the initial op-
timization stage (before refinement). (a) When h is too small,
the attraction is too local, causing slow or incomplete convergence
to the centerline. (b) An intermediate value yields stable conver-
gence and accurate reconstruction. (c) Large h oversmooths the
geometry and fails to resolve fine details. The blue circle shows
the local neighborhood defined by h.

1) 50 iterations with A = 3A.
2) 100 iterations with h = 4A.
3) 150 iterations with h = 5A.

This multiscale schedule improves convergence while pre-
serving structural detail; the effect of the interaction radius
is illustrated in Fig. 4. Points moving less than A /100 be-
tween iterations are considered converged and are not up-
dated in subsequent iterations or stages.

Real data contain measurement noise and other artifacts
not present in a synthetic setting; as a result, some branch-
ing regions do not collapse to a well-defined curve (Fig. 5).
To address this, we perform a local refinement:

1) Downsample the obtained skeleton points to A.

2) For each sampled point, compute PCA of the neighbor-
ing skeleton points within a 4A neighborhood and obtain
eigenvalues \; > Ay > A3. Points with A3/A\; > 1074
are classified as non-curve points.

3) Re-run the skeletonization algorithm in these regions us-
ing the current skeleton points as reference points.

The resulting set of points is again downsampled to A and
converted into a graph using relative neighborhood graph
with distance threshold 3A. Individual branches are identi-
fied form graph adjency matrix, and are further smoothed
and resampled to 2A arc length. Branches shorter than
10A are discarded. Finally, branch endpoints are detected
and connected to the nearest point on a neighboring branch
within a spatial radius of 10A. The connection is accepted
only if the angle between the local flow direction at the end-
point location and the displacement toward the candidate
point is less than 20°.
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5.2. Results

The extracted skeleton reveals a dense microvascular net-
work spanning the imaged volume (Fig. 6). The resulting
graph consists of numerous interconnected branches repre-
senting the vascular tree across the entire field of view, with
many bifurcations reflecting its hierarchical structure. The
reconstruction captures vessels of varying sizes present in
the data.

Poisson-disk initialization provides uniform spatial cov-
erage while preventing oversampling in densely populated
regions, enabling recovery of vessels across a wide range
of scales. The method is robust to random initialization
provided that the sampling density is sufficiently high. Al-
though some regions do not initially collapse to a locally
one-dimensional curve, the refinement step promotes con-
vergence to a curve-like skeleton in these areas. Discon-
tinuities at bifurcations arising from the flow topology are
subsequently corrected during graph construction.

5.3. Limitations

The method depends on the density of the initial optimiza-
tion samples. Although robust to random initialization, in-
sufficient sampling density may leave some regions under-
sampled and prevent accurate recovery of the skeleton. The
contraction stage also depends on the kernel support param-
eter i, which defines the region of attraction. Large values
may merge nearby vessels, while small values may fail to
capture larger structures. In our implementation this trade-
off is mitigated by applying the optimization in multiple
stages with increasing interaction radii.

X

< \

A\

Figure 5. Local refinement following the initial optimization.
(a) Turning region where the optimization fails to collapse to a
one-dimensional curve. (b) Measurement artifact where the flow
abruptly terminates. (c) Result after refinement in the turning re-
gion. (d) Result after refinement in the measurement artifact re-
gion. Black dashes: local flow; red: skeleton points.

The nonlinear feature lift applied to the local mass
improves convergence by emphasizing strongly supported
structures. However, because it is based on an exponen-
tial transformation, it can produce extremely large values
when the aggregated mass becomes high, particularly at
coarse downsampling resolutions. In such cases, care must
be taken to avoid excessive dynamic range. Possible reme-
dies include normalizing the mass by a reference value be-
fore exponentiation, or replacing the exponential lift with a
milder power-law transformation.

The final skeleton graph is constructed using a relative
neighborhood graph, which requires selecting a distance
threshold for connecting points. If the threshold is too
small the graph may become disconnected, whereas overly
large values may link unrelated vessels. In addition, dis-
continuities may arise near bifurcations due to the topol-
ogy of the underlying flow field. In the current implementa-
tion these are resolved using a simple proximity-based and
orientation-based connection rule, which may not always
perfectly recover the underlying centerline geometry.

5.4. Comparison with Prior Work

Biomedical skeletonization pipelines typically operate on
rasterized volumetric data. While effective for many imag-
ing modalities, voxelization introduces discretization arti-
facts. The proposed approach instead operates directly on
point coordinates, producing a continuous centerline rep-
resentation that is not constrained by voxel-grid discretiza-
tion. This difference is illustrated in Fig. 7.

Many point-cloud skeletonization methods assume that
points sample the surface of an object and recover the me-
dial structure of the enclosed volume. In Lagrangian flow
measurements, however, detections occupy the interior of
transport pathways rather than their boundaries, making
such formulations unsuitable. Density ridge estimation pro-
vides a closer connection, as it extracts curve-like struc-
tures from volumetric point distributions. Classical ridge
algorithms infer ridge directions from the Hessian of a den-
sity field and therefore require repeated eigendecomposition
during optimization. In contrast, the proposed method esti-
mates ridge directions directly from the local flow orienta-
tion. Furthermore, the high redundancy of Lagrangian de-
tections allows spatial aggregation before optimization, so
the computational cost scales with the number of reference
points rather than the total number of detections.

Trajectory-based network reconstruction methods oper-
ate directly on individual paths rather than volumetric sam-
ples. For example, RoadRunner iteratively constructs a road
network by following the flow of GPS trajectories starting
from an initial graph. Similar to tractography, such methods
recover network structure by tracing trajectories, and the re-
sulting paths are therefore sensitive to the initialization. In
contrast, the proposed formulation treats the detections as

CVPR
raren

369
370
371
372
373
374
375
376
377
378
379
380
381
382
383
384
385
386
387
388

389

390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
a1
412
413
44
415
416
417
418
419
420



CVPR
gpreren

421
422
423
424
425
426

427

428
429
430
431
432
433
434
435
436
437

CVPR 2026 Submission #*****, CONFIDENTIAL REVIEW COPY. DO NOT DISTRIBUTE.

Figure 6. Skeleton reconstruction from experimental 3D ULM data using LPCS. (a) Full vascular skeleton extracted from brain-wide
microvasculature, shown with centerline sampling of 35 um. The reconstructed graph reveals a dense network of interconnected branches
spanning the imaged volume. (b)—(d) Enlarged views of local regions displayed with finer 20 um sampling, highlighting small vessels and
complex bifurcations. Local sampling density provides spatial reference for the 3D view.

samples of a volumetric transport field and estimates the
centerline from their collective spatial and directional struc-
ture. Because optimization samples are initialized randomly
and iteratively attracted toward local centers of mass, the
method converges directly to the centerline of the transport
pathways.

6. Conclusion

We introduced Lagrangian Point Cloud Skeletonization, a
framework for extracting transport centerlines from volu-
metric Lagrangian point clouds. Optimization is restricted
to directions orthogonal to the flow, preventing collapse
to density maxima, and the resulting skeleton curves are
not constrained by voxel-grid discretization. The method
was demonstrated on simulated and in-vivo 3D ULM data,
where it successfully recovered the microvascular network
of a rodent brain. These results show that incorporating
flow orientation provides an effective way to extract trans-

port structures from volumetric particle detections.

Future work could focus on improving reconstruction
near complex bifurcations and developing more robust
graph construction strategies. Automatic selection of op-
timization parameters would further improve robustness
across datasets. The framework could also be extended to
rasterized vector data by converting non-zero voxels into
weighted point samples, enabling sub-voxel skeleton ex-
traction.
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