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Abstract

The Frank-Wolfe (FW) method is a popular ap-
proach for solving optimization problems with
structured constraints that arise in machine learn-
ing applications. In recent years, stochastic ver-
sions of FW have gained popularity, motivated by
large datasets for which the computation of the
full gradient is prohibitively expensive. In this
paper, we present two new variants of the FW
algorithms for stochastic finite-sum minimization.
Our algorithms have the best convergence guaran-
tees of existing stochastic FW approaches for both
convex and non-convex objective functions. Our
methods do not have the issue of permanently col-
lecting large batches, which is common to many
stochastic projection-free approaches. Moreover,
our second approach does not require either large
batches or full deterministic gradients, which is
a typical weakness of many techniques for finite-
sum problems. The faster theoretical rates of our
approaches are confirmed experimentally.

1. Introduction

Empirical risk minimization is a cornerstone for training
supervised machine learning models such as various regres-
sions, support vector machine, and neural networks (Shalev-
Shwartz & Ben-David, 2014). We consider a constrained
problem of this type:

min
zEXCRY

fla) = %Zfi(x) : ()

The objective function of (1) has the form of a finite sum.
Typically, this setting corresponds to the sum of the losses
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of the model with parameters x applied to a large number
of data points, indexed by ¢ = 1, ..., n. Because n is large,
calculating the full gradient of f is expensive. Therefore,
stochastic methods which very rarely resort to calling V f
(or avoid it altogether) are of particular importance. In this
problem setting, we assume the set X C R? to be convex,
that projecting onto this set is expensive, and that it also
admits a fast linear minimization oracle (LMO).

The study of methods for (1) that do not require projections
has a history of more than half a century. Arguably the most
popular projection-free method is the Frank-Wolfe (a.k.a,
Conditional Gradient algorithm (Frank & Wolfe, 1956)).
This method maintains sparse iterates and only requires
a linear minimization oracle that takes into account the
specificity of the constraint set X. In particular, the classical
version of the method considers a linear approximation of
the function at the current point 2, and minimizes this
approximation on the set X’:

s¥ = argmin(V f(2"), s — z*),

SEX

(@)

k+1 k

2P = 2k 4o (sh — 2F),

: 2
where 7, is parameter-free and equal to 755.

In the last decade, the Frank-Wolfe-type approaches have
attracted increasing interest in the machine-learning com-
munity because of their good performance on sparse prob-
lems, or on problems where the constraints are complex
but structured (e.g., various ¢, balls, trace norms), hav-
ing applications to submodular optimization (Bach, 2011),
vision (Miech et al., 2017; Bojanowski et al., 2014), and
variational inference (Krishnan et al., 2015).

Due to the significant increase in dataset size and com-
plexity within the machine learning community, stochastic
algorithms are of great interest and are the focus of this
paper. In particular, we seek to answer the two following
questions:

1. Can we improve upon the convergence rates
of existing approaches for (1)?

2. Can we avoid the computation of both full gra-
dients and large batches of stochastic gradients?
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Table 1: Summary of the results on projection free methods for stochastic constrained minimization problems.

Reference Comvex case complexity Non-convex case ComPIEXIY o full gradients?  No big batches?
SFO LMO SFO LMO

e g0 00w 0@ oG " *
(Hazan & Kale, 2012) 0 (&) O (%) X v X
(Lan & Zhou, 2016) 0 (%) (1) X v X
(Lan & Zhou, 2016) " o (%) (%) X X x
(Reddi etal., 2016) Alg. 2 X o) 0 (%) v x
(Reddi et al., 2016) Alg. 3 X @) (n + "jf) 0 (%) X X
(Reddi etal., 2016) Alg. 4 x 0(5)® 0(%) X x
(Hazan & Luo, 2016) O(n+%) 0(%) X X X
(Quetal, 2018) Alg. 3 X o(L)® o0& v x
(Quetal., 2018) Alg. 4 X 10) (n + "253) O 0L X X
(Yurtsever et al., 2019) O(n+ %) 0(%) O (n+%) 0 (%) X x
(Gao & Huang, 2020) Alg. 1 X 0] (n + —;‘) 0 (%) X X
(Gao & Huang, 2020) Alg. 2 x O(n+5)Y o()"© x x
(Mokhtari et al., 2020) 0 (%) 0 (%) X v v
(Zhang et al., 2020) 0 (%) O (%) X v v
(Négiar et al., 2020) o(z)® o(z)® convergence without rate v v
(Lu & Freund, 2021)®” o (2) 0 (%) X v v
(Akhtar & Rajawat, 2021) 0(%) O () X v v
(Weber & Sra, 2022) Alg.2 o) 0(%) o) 0 (%) v x
(Weber & Sra, 2022) Alg3 O <n n "jf) 0 (%) 10) (n n "jf) 0 (%) X X
(Weber & Sra, 2022) Alg 4 o(%) 0(%) o(%) 0 (%) v x
(Hou et al., 2022) 0 (%) O (%) Of(exp(2)) Of(exp(2)) v v
(This paper) Alg. 1 O(n+E) O(va+l) O(n+¥%) 0 (%) X X
(This paper) Alg. 1 O(n+) O(n+)  0(3) 0 (%) X v
(This paper) Alg. 2 O(n+E) O(va+l) 0O(n+¥%) 0 (%) 7 X
(This paper) Alg. 2 O(n+) O(n+)  0(3) 0 (%) v v

M fully deterministic; ® the authors give a different complexity, but it seems to us that their proof contains an error, we try to correct it (see
Appendix C.2); @ in the original papers, the authors give better results, e.g. O(v7/<) instead of O(v7/2), but this results violate the lower
bounds (see Table 1 from (Li et al., 2021a)]), this is due to the difference in the convergence criterion: in (Li et al., 2021a), the authors use
IV£]|? ~ €2 and in (Qu et al., 2018; Gao & Huang, 2020) — ||V f||? ~ &; ® only for linear models; ® the authors give a rate in the form « /e,
where k is a special constant, which is equal to n in the worst case.

Notation: € = accuracy of the solution, n = size of the dataset, SFO = stochastic first-order oracle, LMO = linear minimization oracle.
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2. Related Works and Our Contributions

After Frank & Wolfe (1956) proposed the FW algorithm,
many works improved its theory and extended it to special
cases (Levitin & Polyak, 1966; Demianov & Rubinov, 1970;
Dunn & Harshbarger, 1978; Patriksson, 1993). About ten
years ago, Jaggi (2013); Lacoste-Julien & Jaggi (2015) de-
veloped more robust and practical versions of the original
FW method, motivated by ML applications with sparsity
and structured constraints (see (Braun et al., 2022) for a
detailed historical survey).

Motivated by applications with large datasets, the theory
of stochastic methods for unconstrained (or projection-
friendly) optimization problems has built upon the highly
successful SGD method (Robbins & Monro, 1951; Ne-
mirovski et al., 2009) to obtain faster methods for finite sum-
problems. Particularly, many so-called variance-reduced
variants of SGD have been proposed, including SAG/SAGA
(Defazio et al., 2014; Schmidt et al., 2017; Qian et al., 2019),
SVRG (Johnson & Zhang, 2013; Allen-Zhu & Yuan, 2016;
Yang et al., 2021), MISO (Mairal, 2015), SARAH (Nguyen
et al., 2017a; 2021; 2017b; Hu et al., 2019; Li et al., 2021b),
SPIDER (Fang et al., 2018), STORM (Cutkosky & Orabona,
2019), PAGE (Li et al., 2021a), and many others.

Extensive research in the theory of deterministic Frank-
Wolfe-type methods and stochastic methods for uncon-
strained problems has led to the development of stochas-
tic versions of projection-free algorithms. Hazan & Kale
(2012) proposed an algorithm for online stochastic opti-
mization. Lan & Zhou (2016) developed a projection-free
version using sliding. Hazan & Luo (2016); Reddi et al.
(2016); Qu et al. (2018); Yurtsever et al. (2019); Gao &
Huang (2020); Shen et al. (2019) proposed modifications
of the Frank-Wolfe method using variance reduction tech-
niques, namely SVRG, SAGA and SPIDER. Mokhtari et al.
(2020); Akhtar & Rajawat (2021); Hou et al. (2022) used the
idea of momentum to deal with stochasticity. Négiar et al.
(2020) and Lu & Freund (2021) explored stochastic meth-
ods for linear predictors. (Weber & Sra, 2022) extended the
results of Reddi et al. (2016) from convex sets to manifolds.
We summarize and compare the convergence rate of each
method in Table 1. Note that for the SAGA-related methods,
we report a slightly different result from the one reported
by Reddi et al. (2016) because we believe that their proof
contains a slight inaccuracy (see App. C.2 for more details).
We also do not include the approach from (Shen et al., 2019)
in Table 1, since this method uses the hessian of the target
function.

Next, we detail our contributions which can be divided into
four parts.

e The best rates in the convex case. Our convergence
guarantees are better than the classical deterministic method

(Frank & Wolfe, 1956; Lan & Zhou, 2016) as well as the
stochastic methods from (Négiar et al., 2020; Lu & Freund,
2021; Weber & Sra, 2022) in terms of dataset size n. More-
over, the theoretical rates of our methods also surpasses
the rest existing results from (Hazan & Kale, 2012; Lan &
Zhou, 2016; Hazan & Luo, 2016; Yurtsever et al., 2019; Gao
& Huang, 2020; Mokhtari et al., 2020; Akhtar & Rajawat,
2021; Weber & Sra, 2022) in terms of the accuracy €.

e No need for full gradients. Many stochastic methods,
especially for finite-sum problems, require the calculation
of some full gradients. This makes these techniques less
practical because even the infrequent computation of the de-
terministic gradient can slow down the convergence. Some
methods for constrained problems also have this disadvan-
tage (Reddi et al., 2016; Hazan & Luo, 2016; Qu et al., 2018;
Yurtsever et al., 2019; Gao & Huang, 2020; Weber & Sra,
2022). While Algorithm 1 also requires the computation of
the full gradient, Algorithm 2 removes this issue and uses
only stochastic gradients. Note that this modification does
not affect convergence: Algorithm 1 and Algorithm 2 have
the same theoretical guarantees.

o Small batches. Many methods that avoid the computation
of the full gradient still use large fixed batch sizes (Hazan
& Kale, 2012; Lan & Zhou, 2016; Reddi et al., 2016; Qu
et al., 2018; Gao & Huang, 2020; Weber & Sra, 2022) or
batch sizes that geometrically increase with iteration num-
ber (Hazan & Luo, 2016; Yurtsever et al., 2019), which,
like with the collection of full gradients, is a rather strong
limitation on the practical applicability of the method. Con-
versely, our algorithms are guaranteed to converge with all
sizes of batches. Large batches are required to get a better
dependence in 7 for the non-convex case. In particular, it is
possible to improve the LMO estimate by a factor of n, and
the estimate on SFO by a factor of \/n. Methods dealing
with fixed small batches are either only analyzed for linear
predictors (Négiar et al., 2020; Lu & Freund, 2021), or have
slower convergence rates than our approach (Mokhtari et al.,
2020; Akhtar & Rajawat, 2021; Hou et al., 2022).

e Non-convex analysis. We give convergence results not
only for the convex problem, but also in the case where the
target function f in (1) is non-convex. In this setting, our
oracle complexity results are the first to be non-exponential
(in €) with small mini-batches, and are state-of-the-art with
large mini-batches.

3. Notation and Assumptions

We use (z,y) = Zle x;y; to denote the standard inner
product of vectors x, y € R?, where x; corresponds to the i-
th component of z in the standard basis in R™. With this no-
tation we can introduce the standard ¢5-norm in R in the fol-
lowing way: ||z|| = /(z, ). We write [n] = {1,2,...,n}.
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Calls of the stochastic oracle means computing the gradient
V f; for some i € [n].

In order to prove convergence results, we state the following
standard assumptions on the problem (1). The first two
assumptions relate to the target function f, and the third
relates to the constraint set X'.

We start with the assumption that the gradients of both the
function f and all terms { f;}_; are smooth. This assump-
tion is standard in the optimization literature and widely
used in the analysis of Frank-Wolfe-type methods.

Assumption 3.1. The function f : & — R, is L-smooth on
X, i.e., there exists a constant L > 0 such that

IVf(z) =Vl < Lz -yl

Each function f; : X — R, i € [n], is L;-smooth on X, i.e.,
there exists a constant L; > 0 such that,

IVfi(z) = V)l < Lillz =y,

We also define the constant L as L2 = % S L. By
convexity of x — 2, it is easy to prove that L > L.

Va,y e X.

Va,ye X.

The second assumption is the convexity of the function f.

Assumption 3.2. The function f : X — R, is convex, i.e.,

Note that we consider both convex and non-convex cases
of the function f. But even if f is convex, we do not addi-
tionally assume that the terms { f;}_; are convex, hence in
general they can be non-convex. Naturally, it is common
to find settings with convex f and convex f;, but formula-
tions with non-convex f; also arise, e.g., in PCA (Garber &
Hazan, 2015; Shamir, 2015; Allen-Zhu & Yuan, 2016).

The next assumption is also typical and found in all works
on projection-free methods.

Assumption 3.3. The set X is convex and compact with a
diameter D, i.e., forany z,y € X,

[l —yll < D.

4. Main Part

In this section, we present two new algorithms and their
convergence guarantees.

4.1. State-of-the-art complexity with Sarah Frank-Wolfe

Previously, Reddi et al. (2016); Hazan & Luo (2016); Weber
& Sra (2022) proposed to modify the classical Frank-Wolfe
algorithm (2) using the SVRG technique (Johnson & Zhang,
2013). The essence of these modifications is to change the

deterministic gradient in the Conditional Gradient method
to some stochastic gradient g*, e.g., calculated according to
the SVRG approach:

gk = vflk (xk) - vflk (wk) + vf(wk)7

where iy, is randomly generated from [n], and w” is rarely
taken equal to z*, much more often equal to w*~!. There-
fore, when we update wk = 2F, we sometimes need to
consider the full deterministic gradient. The update rule
for w* can be deterministic (as in the original version) or
randomized, known as the loopless approach (Kovalev et al.,
2020). Meanwhile, there are other variance-reduced meth-

ods, such as SARAH (Nguyen et al., 2017a):
9" = V(@) = Vi @+ )

where i}, is also randomly generated from [n], and g* is
rarely taken equal to V f(z*) rather than (3). As noted
in the original paper on SARAH, this method has better
convergence guarantees and smoother convergence paths
with less oscillations than SVRG, making SARAH preferred
in both theory and practice. As a result, the SARAH update
is also used in the Conditional Gradient method for non-
convex problems (Yurtsever et al., 2019; Gao & Huang,
2020; Weber & Sra, 2022). In these works, the authors call
(3) the SPIDER technique. We also use SARAH as a base
for Algorithm 1, but unlike Yurtsever et al. (2019); Gao &
Huang (2020); Weber & Sra (2022), its’ loopless version (Li
et al., 2021a). First we give the convergence of Algorithm 1
in the convex case.

Theorem 4.1. Let {x*};>o denote the iterates of Algo-
rithm 1 for solving problem (1), which satisfies Assump-
tions 3.1-3.3. Let ©* be the minimizer of f. Then for any K
one can choose {ny } >0 as follows:

2
ifK§77 Uk::}za

p 2
ifK>gand k<[K—‘, nkzg,

p 2 2

2 K 2
if K>—- and k> |—|, = ]
TR 23] =

For this choice of n, we have the following convergence:

See the full proof in Section B.1. We highlight an important
detail that the convergence is proved not only in terms of
f(x%) — f(x*), but also for the Lyapunov function, which
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Algorithm 1 Sarah Frank-Wolfe

Parameters: step sizes {7, },>0, probability p, batch size b;

Initialization: choose 2° € X; ¢° = V f(20);
1: fork=0,1,2,... K —1do
2:  Compute s* = arg mingcx(g*, s);
3:  Update zFF! = 2% + . (sF — %) with ny,
4: Generate batch S}, with size b;
Vf(akFth),

with probability p,

. k+1 _ .
> Update "% = gk L 1 5™ (7 £ (ah+1) — V£ (aF)],  with probability 1 — p,’

i€Sk
6: end for

includes additionally ||g® — V f(2%)||?. Therefore, The-
orem 4.1 gives guarantees that ||g% — Vf(z)||> ~ %
and hence g% becomes a good approximation of the full
gradient V f(x¥). It is also worth pointing out that the
results of Theorem 4.1 depends on [|g° — V f(z°)|? in the
general case (see Section B.1), but due to our initialization

of Algorithm 1, it is equal to zero.

To choose p, one can note that for each iteration, we on
average compute the stochastic gradient (pn + (1 — p) - 20)
times: with probability p we need the full gradient, with
probability (1 —p) — a batch of size b in two points ¥+ and
k. If we take p close to 1, the guarantees in Theorem 4.1
gives faster convergence, but the oracle complexity per iter-
ation increases. For example, if we take p = 1, we simply
obtain a deterministic method, and the estimates for conver-
gence and the number of gradient calculations reproduce
the results for the classical Frank-Wolfe method. On the
other hand, if p tends to 0, the number of stochastic gradient
calls per iteration decreases, but the iterative convergence
rate drops. It is optimal to choose p based on the condition:
pn = 2(1 — p)b, ie. p = nibzb. From Theorem 4.1 we
can also obtain an estimate on the required number of linear
minimizations (LMO complexity). It is equal to the number
of iterations of Algorithm 1. Then, the following corollary
holds.

Corollary 4.2. Under the conditions of Theorem 4.1, Al-
gorithm 1 with p = ni—l’% achieves an € suboptimality in
expectation with

1
O(nlong
€

L LD?
1+ \/ﬁ] E) LMO calls, and

b bL

LD?
€

Ly/n
b+ —
T

1
@) (nlog +
5

) stoch. oracle calls.

For any b < % the estimate of the number of calls for
the stochastic oracles does not change. Given that L > L,
the smallest batch size b = 1 is appropriate for us. In

this setting, the required number of the stochastic gradient
~ T 2
computations is O (n + \/ﬁg D ) This result is the best

in the literature around stochastic projection-free methods,
especially since it does not require using large batches (see
Table 1). Meanwhile, in the general case (not necessarily
projection-free), these estimates can be explicitly improved
nLD? ) (Allen-Zhu, 2018). Whether this

upto@(n—i—

is possible in the case of Frank-Wolfe type methods is an
attractive question for future consideration. For p = —2

n—+2b

. . A 7 2 .
and b = \/n, the LMO complexity is O (\/ﬁ + %) , this
result is optimal up to an additional factor y/n (see Section
2.1.2 from (Braun et al., 2022)). With b = 1, the LMO
complexity equals ) (n + ‘/ﬁ%[)z) Note that for many
practical examples, the LMO complexity is not the compu-
tational bottleneck since the solution of linear minimization
problems has a closed-form solution (see, e.g., Algorithm
2 from (Bellet et al., 2015)). It is also important to notice
that, based on the above choices for 7y, p, and b, both our
method and the original Frank-Wolfe are independent of the
objective function parameters (e.g., L or L).

Next, we prove the convergence of Algorithm 1 for the non-
convex objective function f. We use the Frank-Wolfe gap
function (Jaggi, 2013) as a criterion for convergence:

gap(y) = max (VI(y),y—x). “)

Such a criterion is standard in the analysis of algorithms
for the constrained problems with non-convex functions
(Lacoste-Julien, 2016; Reddi et al., 2016). It is easy to
check that gap(y) > 0 for any y € X'. Moreover, a point
y € X is stationary for (1) if and only if gap(y) = 0.
(Lacoste-Julien, 2016) notes that the Frank-Wolfe gap is a
meaningful measure of non-stationarity, and also an affine
invariant generalization of the more standard convergence
criterion ||V f (y)|| that is used for unconstrained non-convex
problems. Then the following theorem is valid.

Theorem 4.3. Let {x*};>0 denote the iterates of Algo-
rithm 1 for solving problem (1), which satisfies Assumptions
3.1,3.3. Let x* be the global (may be not unique) minimizer
of f. Then, if we choose ny, = ﬁ, we have the following
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Algorithm 2 Saga Sarah Frank-Wolfe

Parameters: step sizes {7 }x>0; momentum J\; batch size b;

Initialization: choose 2° € X; ¢° = V f(x
1: fork70,1,2 K—-1do
2: Compute s¥ = arg mlIls€X<gk, s);
3:  Update zF+1 = 2% 4 (s — 2F) with n,
4: Generate batch S, with size b

N org®=Vf(z°

) y) =V fi(2%) ory? = 0;

55 Update "' = L S (VA" — VAE) + (1 - Ng" +A [ L 5 (VAEH) — b+ 2 3 of ):
i€S) i€S), Jj=1
\Y % kol ) i€ S )
6: Update ka kf @) l g ;
yi 9 ? ¢ Sk7
7: end for
convergence: and with b = /n, itis O WM) In terms of
lower bounds, only the already mentioned LMO estimates
E { min gap(xk)] @) (é) for the convex setting are known. One important
O0sksK-1 detail to note is that in both the convex (see the discussion
f(z%) — f(z*) LD? L (1—p) after Corollary 4.2) and non-convex cases, LMO estimates
=0 VE + VK L+ 7 b is better when the batches are chosen quite large. In Section

See the proof in Section B.2. In this case, the optimal
choice of the parameter p is the same as in Corollary 4.2 of
Theorem 4.1.

Corollary 4.4. Under the conditions of Theorem 4.3, Al-
gorithm 1 with p = =% achieves an ¢ suboptimality in
expectation with

of (=] [
o[ +[22] oo 2
f(@®).

First, we substitute b =

n+2

L*n

1+ o

) LMO calls, and

) stoch. oracle calls,

where h? .= f(20) —

1 in the previous result. This
72 2 4 2

gives us an oracle complexity of O <"<L+LE%> ,

which corresponds to the Frank-Wolfe complexity. If we

ﬁL

choose the batch size b = that minimizes the expres-

sion [b + %ﬂ, then we need O (n + %‘W)
stochastic gradient calls. If one wishes to avoid us-
ing L and L constants when selecting b, it is possible
to take b = +/n, and the complexity then becomes

T2 2 4 042
O (nJr Vrl(L +L62D +(h%)?]

). As noted earlier, both of
these estimates are the best result of the projection-free meth-
ods for the non-convex setup (see Table 1). Moreover, they
are optimal according to the lower estimates from Table 1 of

(Li et al., 2021a). Additionally, with p = - +2b and b =1,
the LMO complexity is equal to O (M),

C.3, we give reasoning about this.

4.2. Avoiding full gradient computations with Saga
Sarah Frank-Wolfe

The idea of Algorithm 2 is to use a combination (Li et al.,
2021b) of the SARAH and SAGA (Defazio et al., 2014)
approaches. Both SAGA and SARAH are some of the
main variance-reduced methods for finite-sum minimization
problems. An important feature of SAGA is that it does not
use full gradient calculations, but it has worse convergence
guarantees than SARAH (see, e.g., Table 2 in (Nguyen et al.,
2017a)). The synergy of SARAH and SAGA brings together
the strengths of both methods.

The essence of the SAGA method is similar to SVRG, but
where SVRG collects the full gradients at some reference
points, SAGA instead maintains a "sliding" version of the
full gradient. The gradient V f(w) at the reference point w
may become obsolete after a small number of iterations, but
in the course of the algorithm we compute newer stochastic
gradients for some ¢ € [n], and one can leverage them to cal-
culate a more recent approximation of the full gradient. To
do this, SAGA introduces additional vectors {y}}_;; each
such y; keeps the latest version of the gradient V f; (imple-
mented in line 6). The % Z?zl yf term is the aforemen-
tioned approximation of the full gradient. The calculation of
98aca 18 G8aca = (3 Yiesn [V fi(z®)—yk]+ 1 Z;—lzl yf)
(similarly to SVRG and SARAH). Line 5 provides a combi-
nation of g&gay and g&aga-

Recall that the average number of the stochastic oracle calls

per iteration of Algorithm 1 is (pn + (1 — p) - 2b), and that
Algorithm 2 requires 2b computations of the stochastic gra-
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dients each iteration. In lines 5 and 6, one need to calculate
V fi(xF+1), V fi(a®) for i € S. Therefore, if b < 2, then
for any p # 0, the complexity of one iteration of Algorithm
2 is better than that of Algorithm 1.

In summary, Algorithm 2 does not collect full gradients
and has a bit better iteration complexity, but is required to
use 1 extra vectors {y; }7;, requiring an additional O(nd)
memory cost compared to Algorithm 1. Once can note that
the methods from (Négiar et al., 2020; Lu & Freund, 2021)
also use an extra memory size of O(nd).

For the convex target function f, Algorithm 2 satisfies the
following convergence theorem.

Theorem 4.5. Let {x*};.>0 denote the iterates of Algorithm
2 for solving problem (1), which satisfies Assumptions 3.1—
3.3. Let x* be the minimizer of f. Then for any K one can
choose {ni } >0 as follows:

4n b
if K < — -
UC = ba Nk 4’[17
4n K b
s 20 K _b
if >b and k<[2w, M=
4n K 2
if K > — d k> |— =
7> k=[G
and \ = %. For this choice of n, and \, we have the

following convergence:

See the proof in Section B.3. As in the case of Theorem
4.1, here the proof is also obtained in terms of the Lyapunov
function containing HgK — Vf(2®)||?, we can guarantee
that g’ tends to V f(2). The guarantees of Theorem 4.5
depend on [|¢° — V f(2%)||* and 37, [ly7 — V f;(°)[], but
because of initialization we put them equal to 0 again. Since
we do not need to choose p for Algorithm 2 we proceed
directly to the corollary on the oracle complexity.

Corollary 4.6. Under the conditions of Theorem 4.5, Algo-
rithm 2 achieves an € suboptimality in expectation with

T 2
O logt 4|1+ LV LD"N 1310 calls, and
b € bL €
@ <n log +

(L

) stoch. oracle calls.

This result is exactly the same as Corollary 4.2, so we obtain
the same conclusions for choosing the size of b as that

Corollary 4.2. In particular, in this case with b = 1, the

method also have oracle complexity o (n + @ —the

best among the works on stochastic projection-free methods.
The findings on the LMO complexity is also consistent
with Theorem 4.1. The reasoning around optimality is also
consistent with that given after Corollary 4.2. Note also
that Algorithm 2, just the same as Algorithm 1 and the
classical Frank-Wolfe method, is free of the target function’s
parameters.

In the following theorem for the non-convex case of f, as in
Theorem 4.3, we use (4) to estimate convergence.

Theorem 4.7. Let {x*};>0 denote the iterates of Algo-
rithm 2 for solving problem (1), which satisfies Assumptions
3.1,3.3. Let x* be the global (may be not unique) minimizer
of f on X. Then, if we choose ny, = and A= we
have the following convergence:

gap(xk)} =0 (f(xo) —_J@7)

2n’

E min
0<k<K-1

VK
LD? Ly/n
+ ll Ty

VK

See the proof in Section B.4.

Corollary 4.8. Under the conditions of Theorem 4.7, Algo-
rithm 2 achieves an € suboptimality in expectation with

o([e] - [*2]
o(b [h]+ [LfT [Hf;;
G

We once again have the same results as for Algorithm 1 in
Corollary 4.4, resulting in the same analysis for choosing
the batch sizes and for the LMO complexity.

Ln
L2}

) LMO calls, and

) stoch. oracle calls,

where h° = f(z°) —

5. Experiments

We conduct our experiments on the constrained empirical
risk for a linear model with weights w and on training sam-
ples {x;, y; }7_;. Then, the logistic regression problem is

min f(w)

1 — T
i )= £ 3 g1+ sl 9

i=1
where y; € {—1, 1}, and the non-linear least squares loss is

min () = 3" (5~ 1/(+expT2), ©)

weCl ‘
=1
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Figure 1: Comparison of state-of-the-art projection free methods with small batches for (5). The comparison is made on
the real datasets from LibSVM. The criterion is the number of full gradients computations. In the modified plots (the right
plots in the first three lines), we left only every 100th point for (Négiar et al., 2020), (Weber & Sra, 2022), Algorithm 1 and
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with y; € {0,1}. Table 2: Datasets from LibSVM in
We consider two dif- experiments.

ferent loss functions Dataset d n
to test our algo- a9%a 123 22696
rithms on both con-  preast cancer 10 683
vex and nonconvex madelon 500 2000
settings. We choose mushrooms 112 8124
C as the /1 norm ball w8a 300 49749

with radius R = 2 -
103 (see results with other R in Section D). The LMO for
such a constraint set can be computed in a closed-form solu-
tion. We take LibSVM (Chang & Lin, 2011) datasets (see
Table 2).

10°

Nurber of gradient evaluations
(d) w8a
Figure 2: Comparison of state-of-the-art projection free methods with small batches for (6). The comparison is made on
the real datasets from LibSVM. The criterion is the number of full gradients computations. In the modified plots (the right
plots in the first three lines), we left only every 100th point for (Négiar et al., 2020), (Weber & Sra, 2022), Algorithm 1 and
Algorithm 2.

For comparison, we consider the methods from Table 1,
which do not use large batches: (Mokhtari et al., 2020;
Négiar et al., 2020; Lu & Freund, 2021; Akhtar & Rajawat,
2021; Weber & Sra, 2022). Our method is tuned according
to the theory (see Sections 4.1 and 4.2), but we take the
batchsize b = [%-‘ (similarly as the baselines). For the
baselines, we use the implementation of (Négiar et al., 2020)
and tune each method accordingly.'

"Note that the algorithms are not exactly implemented accord-
ing to the theory of the corresponding works. In particular, instead
of randomly selecting the batches, the authors sample them without
replacement.
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In Figure 1 we plot the relative suboptimality which is de-
fined a (f(z¢)=fmin)/(fumax— fmin) Where frax is the largest
value observed along the optimization and f,,;;, is obtained
by running the best algorithm a bit longer than what is plot-
ted. From our results, it is clear that our algorithms are
superior or comparable to the baselines, despite the fact that
some methods were specifically designed for linear models
(e.g. (Négiar et al., 2020; Lu & Freund, 2021)) which is not
the case for Algorithm 1 and 2.

6. Conclusion and Future Works

In this paper, we presented two new algorithms for stochas-
tic finite-sum optimization. Our methods are based on
the Frank-Wolfe and Sarah approaches. Both of our algo-
rithms are free of target function parameters. In both convex
and non-convex target cases, our algorithms have the best
stochastic oracle complexity in the literature. Our methods
do not need to resort to large batch computation. However,
in the non-convex case, it is worth noticing that the methods
with large batch sizes give a better oracle complexity esti-
mate. Moreover, Algorithm 2 does not need to collect either
large batches or full deterministic gradients at all. Our meth-
ods also perform well on different ¢; constrained logistic
regression problems.

Ideas from (Jaggi, 2013), and (Lacoste-Julien & Jaggi, 2015)
can be noted as a starting point for the future research in
order to get fast rates in the strongly convex case. The
modifications presented in these papers make the Frank-
Wolfe method more practical and faster. Combining these
and our approaches can produce a strong synergy that results
in new practical algorithms.

Recall that our estimates of LMO in the convex case and
SFO in the non-convex setting achieve lower bounds, and
thus can be considered as optimal and unimprovable. Mean-
while, the SFO results in the convex setup and the LMO in
the non-convex case have an unclosed gap and potential for
improvement in finding new algorithms or lower bounds,
which give optimality of the current results.

Finally, as mentioned above, the analysis of the algorithms
is based on constructing a recursive estimate not only on
f(z) — f(a*), as for classical Frank-Wolfe, but also in-
cludes ||g — V f(x)||?. But this kind of bound is applicable
to a number of many modern methods. Here we can men-
tion, for example, distributed optimization methods with
compression (Richtarik et al., 2021; Gorbunov et al., 2021),
which are quite far from the setting of the current paper. A
promising direction for future research is the generalization
of the obtained results to a diverse array of optimization
methods, with the aim of developing novel modifications of
the Conditional Gradient method.
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A. Technical Facts

Lemma A.l. Forany x1,...,r, € R? the following inequality holds:

n 2 n
D il <n) il
i=1 i=1

Lemma A.2 (Lemma 1.2.3 from (Nesterov, 2003)). Suppose that f is L-smooth. Then, for any x,y € R,

L
F(@) < f@) + (V)2 —y) + Sz =yl
Lemma A.3 (Lemma 3 from (Stich, 2019)). Let {ry }ix>0 is a non-negative sequence, which satisfies the relation

i1 < (1 —ni)re + onp.

such that:

K c
rg =0 (dro exp (_2d> + K> .

In particular, the step sizes {n}r>o can be chosen as follows

. . 1
Then there exists stepsizes i, < 3,

if K<d, Mk =

9

Ul — -

if K>d and k<ky, m=

7

2

l_fK>d and kzko, nk:m,

where ko = [57].

B. Missing Proofs
B.1. Proof of Theorem 4.1

Theorem B.1 (Theorem 4.1). Let {xk}kzo denote the iterates of Algorithm 1 for solving problem (1), which satisfies
Assumptions 3.1-3.3. Let x* be the minimizer of f. Then for any K one can choose {ny } >0 as follows:

2
if K S . 77k = Ea
p 2
2
if K>= and k<hky, np="2,
p 2
fK>2 and k> k 2
L — an ,
p = T G k- [
For this choice of ni,, we have the following convergence:
1 L [T=p|LD?
E[f(@™) - fz")] =0 <p [f(2%) = f(z")] exp (—f) + 1+ Wp = )

Proof: Let us start with Assumption 3.1 and Lemma A.2:
L
P < Fh) + (VD) oM = ab) 4+ Dl = a2
Subtracting f(«*) from both sides, we get

Fa™h) = f(a*) < f(a®) = f(a") + (Vf ("), 2" —a) + éux’““ - ¥,
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With the update of 2**! from line 3 of Algorithm 1, one can obtain

fa™) — f(a*

~—

2
<F*) — F7) 4 (V). s — o)+ TIE gk o2
=f(a®) — f(z*) + (g, sF — a®) + e (Vf(a®) — g, s — k)
L g
¢ .

The optimal choice of s* from line 2 gives that (g¥, s* — z¥) < (g% 2* — 2*). Then,
FMh) = f@*) <f(a®) = f(@*) +nule®, 2 — 2®) + m(VF(a*) — g°, 8" —a)
Ly ok k2
+ THS -z
=f(a®) = f@*) + (V[ (2"), 2" —a®) + i (g" = V f(z"),2" —2¥)
L 2
+ V(") = gt s = ab) + |5 — 2|
=f(z*) = f(a*) +me(Vf(a*), 2" = 2*) +m(V f(2") - g*, 8" —2*)
Ln?
+ TkHsk — "2

Applying the Cauchy-Schwartz inequality, we deduce <%(Vf(:ck) —g"), %nk(sk —z*)) < 2|V f(zF) — g*|? +

2
% ||s¥ — 2*||? with some positive constant o (which we will define below). Thus,

. * * * o
F@) = fla*) <f(2®) = f@*) + m(V f ("), 2" —a®) + ZIIVf(xk) -4
Ln? Ln?
+ ||k — a2 4 st — k2.
« 2
Using the convexity of the function f (Assumption 3.2): (V f(z¥), x* — 2¥) < —(f(z*) — f(z*)), we have
* * * «
FE) = @) <f@) = @) = (@) = f@9) + 21V ") = "7
L, w2, Lk
e — 2 St — o2
oy O L, .
=(1 =) (f(a*) = f(=*)) + ZIIVf(w’“) —g"|I” + Tkllsk —a*|?
Ln?
+ =Rl — a2,
Taking the full mathematical expectation, one can obtain
* * «
E[f(@"") = f(2")] <L —no)E [f(2") = f(=")] + TE [IVF(@*) = g"|17]
Lng . Lng
+ T’CE [[Is" — 2* 1] + T’“E [IIs* — 2*|1?] . (7
For line 5 we use Lemma 3 from (Li et al., 2021a):
L—p
E[IVf(@*h) =" ] < A =pE[|Vf(=") — ¢"?] + — E[IV/a (@) = V fir (@)[1] -
With Assumption 3.1, we get
1—
E [IVf@@**h) = g"P] <1 =pE [V f(=") = ¢"?] + TP]E (L2, [la*+t —a®)?]
1-p
=(1=pE [[IVf(*) = ¢"[I] + — E[E. (L2 ] [l — )7

14
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In the last step, we use the independence of i and (z**! — 2¥). Taking expectation on i, we obtain

E[|Vf(") = g" ] < (1 = p)E [[Vf(=") - ¢"|I] ( ZLQ) [lla*+ = 2*|2].

The notation of L provides

E [/ ~ 7] < (1~ pE [IV7 () ¢*17) + CoPE R ke — o)

Multiplying (8) by the positive constant M (which we will define below) and summing with (7), we have
E[f(z") = f(a*) + M - |V f(@"F) — g"1)7]
k * k k12
<1 -mE[f*) - f@)] + (1-p+ 777 ) M-E[IV ") - g"|?]

L} Ln} M(1—p)L2n}
+ %E [Hsk _ x*H2] + %E [Hsk _ £k||2] + ( p) nkE [Hsk _ kaQ] .

b
The choice of M = 2a/(pL)
E[f(«"1) = f(a*) + M - |V f (") = g"1)7]
<1 —mE[f@a*) - f(x*)} + (1 -2 M -E[IVf@b) - gknﬂ

Ln? - 2a(1 — p)L?

§max{1 — g, 1 — g}E [f(xk) —fE@)+ M- ||Vf(z ),gknz]

gives

Ln? Ln? 20(1 — p)L?
—i—%E [||Sk—$*||2] +ﬂE [Hsk_kaQ} + Oé( ) WkE[” k_ kHQ]

2 pbL

With Assumption 3.3 on the diameter D of X', we get

E[f(z"*Y) = f(a*) + M - |V f(a"h) — g" 1|7
§max{1 — 1, 1 — B}]E [f(ack) — f(a*) + M - |V f(zF) fngz}

2
L LD LD*ni | 20(1—p)L* D%
« 2 pbL
p .
—max {1 -, 1= ZVE[f(a") = f@*) + M - | VF(a") - ¥
1 1 2a(1—p)L?
LD} | =+ =4+ =2,
If we choose ), < £, a0 = (lzipr)Qp,then we have

E[f(a"*) = f(2) + M - |V f(2"T1) = g" %]
<A —m)E[f(z") - f(w*) +M-|[Vf(z") - "]

1 3L [T=p
LD2 2 -
* ”k<2+ TV )
It remains to use Lemma A.3 with ¢ = LD? (% + % ﬂ>, d= % and obtain

E[f(z%) = f(z*) + M - |V f(z") — "]

15
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1 N Kp LD?
-0 (p [F() = (&) + M - [V 1(%) = 6] exp (—4) " = ) .

L [1—p
14+ =, /£
+L pb

L 1—p
14 =,/ —£
JrL pb

Finally, we substitute g° = V f(z"):
LD2>

K

This completes the proof.

B.2. Proof of Theorem 4.3
Theorem B.2 (Theorem 4.3). Let {xk}kzo denote the iterates of Algorithm 1 for solving problem (1), which satisfies
L, we have th
7o We have the

Assumptions 3.1,3.3. Let x* be the global (may be not unique) minimizer of f. Then, if we choose 1, =

1+% (1pp)D.

following convergence:

£L‘O _ T* 2
E| min gap(:rk)} =0 (f( )\/Ef( ) + f/DF

0<k<K-1

Proof: Let us start with Assumption 3.1 and Lemma A.2:
L
f(xchrl) < f(xk) + <Vf(l’k),$k+1 _ CCk) + §||£Ck+1 _ :Uk||2.

Subtracting f(z*) from both sides, we get

P = F@7) < FR) = F@) + (TR, 2= 0 4 2 b ok

With the update of 2%+ from line 3 of Algorithm 1, one can obtain

L 2
<F@F) = F@®) + (Vb s — )+ ZE st — ok
L 2
sF —ak) + ZE sk — |

f(karl) *f(.T*)
—f(@*) = (") + me(gh, 8 — 2®) + i (Vf(2F) — ¢
kY < (g*, & — *) for any x € X. Then,

sk —

The optimal choice of s* from line 2 gives that (g*
2
F) = Ja) PR — @) +mdgh, - a%) + (VR — b, 5 - ab) + DR gk
=f(z") = f(@") +ne(V f ("), @ — ) +milg® = Vf(a"), 2 —2")
(V@) - g, s - a4 Lok gt
=f(a®) = fa*) + (V[ (2"), 2 — 2*) + (V[ (2") — g*, 5" —2)

L 2
+ st — b

Applying the Cauchy-Schwartz inequality, we deduce (%(Vf(xk) — gk, %nk(sk’ —z*)) < &V f(aF) — g"]* +

LT"’% ||s* — 2*||? with some positive constant o (which we will define below). Thus,
* * «
P = f@7) <f @) = f@") +m(V @), 2 = 2%) + 2 V(%) = g2
Ln? Ln?
+ st — a2+ SE||s* — ok

16
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After small rearrangements one can obtain

ne(VF(ah), 2" —a) <f(a) - f(ﬂv*)—(f(ﬂs'““)—f(ﬂs*))+%|\Vf(ﬂﬁ’“)—g’€|\2

L Ln?
R T
Maximizing over all x € X and taking the full mathematical expectation, we get
* * «
WE [mag(V1(a¥).* - 0)] <E 1) - 1)) - B [ - fa)] + FEIVAG) - o1

L Ln?
+—E {max”s —xﬂ ng [llsF — 2*]%] . )

Multiplying (8) by the positive constant M (which we will define below) and summing with (9), we have

ML
—E[f(a"h) = f(2*) + M|V f(a*) — g" ]

L Ln?
- nkE[maXHs —x||2] ZEE [|s* — 2]

Ml—an
+ ( b) kE[||sk—.’Ek||2].

mE [max<v,f< £), ot —x>] <E [f(z") — f@)] + (1= p+ 577 ) ME [|Vf(z") - g"|?]

The choice of M = «/(pL) gives

O [ (9705, )] <E[64) — 1) + M1V ) — 1]
- E[f(x’““) = F@) + MI[VF(T) = g7
Ln? Ln?
+ T]E {meax [|s* — x||2] gk]E [||sk - xk||2]

Oé( )L nk k k 2
]E . .
pb[ [H H ]

With Assumption 3.3 on the diameter D of X', we get
ME [glgg(vf(wk), v - xk>] <E[f(a*) = f(a*) + MV £(a*) = "]

—E[f(z"") = f(@*) + M|[Vf(a"*1) — "]

1 1 a(l—p)Ln}
LD*r? | =4+ =2 4 2 7 k)
* Tk (2 + a * pbL2

With the choice o = % 1”%’1), we have

W | ma(V£(a4). 2~ a)| <E[£(") - fa") + MIV ") = o* P
—E[f@) = f@") + M|V f(") = g" ]

1 2L [(1—p)
LD*n? | =+ = )
+ ”’f<2+L pb)

Summing over all k£ from 0 to K — 1, we have

K-1

Z mE [maX(Vf( k), 2k — x)] <f(@°) = fla®) + M|V f(°) = ¢°|7

17
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—E [f(z") - f(z*) + M|V f(z") = g"|?]
1 2L [(1-p)g) =
1 LD? (2 T >Hm§
<f(@%) = f(@*) + V(=) — ¢°|?
K
+LD2<1+2L\/ )Z -

If we take n,, = and divide both sides by VK, then

1
VK
K-1

7 3wl —m>] < (@) = )+ MIVS) - o)
LD?> (1 2L |(1—p)
Finally, we substitute ¢° = V f(20):

K-1 )
Ell max(V f(z*), z* —x)} Sf(ffo)—f(x)+LD2 <1+2L (1—p)>

K reX

The definition of (4) finishes the proof.

B.3. Proof of Theorem 4.5

Theorem B.3 (Theorem 4.5). Let {z*} k>0 denote the iterates of Algorithm 2 for solving problem (1), which satisfies
Assumptions 3.1-3.3. Let x* be the minimizer of f. Then for any K one can choose {n, } >0 as follows:

4n b
K< =
if = M=
4 b

if K>2" and k<ky, mp=—o,
b 4n

2
(/o + k — [K/2])”

and A = %. For this choice of n;, and )\, we have the following convergence:

4
ifK>?n and k>ky, np=

n

* . bK
E [f('rK) — f(z )] = 0(() [f(l’o) — flz )] exp <_8n> +

Lb K

L/n| LD?
A ] ) |
Proof: The first steps of the proof are the same with Theorem 4.1 (Theorem B.1 ), therefore we can start from (7). For line 5
we use Lemma 2 from (Li et al., 2021b):

2
E[[Vf(@*h) = g" "] <1 = NE[[IVf(z") = ¢"[1*] + SE IV i (@) =V fi, ()17

2>\2 1<
ZE IV £5(*) = 5177
With Assumption 3.1, we get

E[[Vf(z"h) = g U] <(1 = NE [IIVF(=") = g"[7] + %]E [ ]|l2*Ft = 2]

18
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2 1 - k12
EZ (175" = j11°]

2
JE[IVF(@") = ¢"1] + 3 [Bs [LE] - o™ = 2*|]
2)\2 1 A
ik E [IIV£;(=*) - j1I°] -

In the last step, we use the independence of i and (2! — 2¥). Taking expectation on i, we obtain

E[IVS@H) - 7] <0 - NE [I95@*) - 1P (ZL?) [+ - a*|?]
> B[V 1P

The notation of L provides

T2
E[IVAH) — 4117) <1~ NE VA () o] + 2B [+ - o))
>\2 -
+2 %Z INFICORS A NS (10)

Additionally, we need Lemma 3 from (Li et al., 2021b) with 8 = %:

n 1 n

R BNV o < (150 ) 1 S BIAEN ~ o]

Jj=1 J

2n 1
+ Y E[IVAEE) - VN
i=1
With Assumption 3.1 and the notation of L, we get

1\ E+1 k+1 b 1\ k k|2
S E(IVAE) = < (1- 55 ) - S EIVA G )]
Jj=1 j=1
onL?
b
Multiplying (10) by the positive constant M7, (11) by the positive constant My (M7, Mo will be defined below) and
summing with (7), we have

E [[|2F+! — 2|7 . (11)

Elf(x’““) )4 My I - R 4 M LS ) - e
<(1—m)E [f(z*) - f(2*)]
+ (1 A+ O‘) M, -E[|Vf(*) - *)]
+ (1 ;; + 2%; ) ZIE IV £5(=*) =} 11°]
& 2 Mg e g %E s — o 2]
b Ll [k ot
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With M; = 3% and M, = 8]&[572)\%, we obtain
* 1 -
Elf(:v’““) — @) + My - V) — P+ My ST A — g
=1

<(1—n)E [f(*) = f(a™)]

+<1/2\)M1~]E[||Vf(:ck)gk||] (14b>M2 Z [V £5(=*) = v} 11°]

4al? 8A2n? k1 k112 Lnﬁ k (12 77k k k|2
+ e (1 B YR et - ot + R (1ot - o)) + S (15t - o)

<(1 =B [f(z*) - f(z")]
+<1Q)M«E[nww’“)gkn%(lL)MT Z [1V£5(*) = 51°]

4a[~/2n2 8\2n? Ln? N Ln?
+ k <1+ )E[sk—xk||2] —l—TkE[Hsk—x ||2] —l—TkE [||sk—xk||2] )

bL b2

With Assumption 3.3 on the diameter D of X, we get

Elf(x’““) — J) My TR = R My S ST ) -
Jj=1

) E[IV () — ¢*7] + (1—) ZE 1955 (*) — )]
2o (1 1 4al? 8A2n?2
+Lan<2+a+bL2)\ 1+ 12 .

_ _bL :
The choices of A = and a=ro= provides

k+1H2

E[f(x’““) — F@) My VS P My 2 ST V) -
j=1

<(1—m)E [f(2*) = f(z)]

+(1- 42 M BO9A6H - 1)+ (1- 4 ) e j@E [1945(a*) — 7

1 10Ly/n
+ LD?*n; <+ f)

2 L

F@®) = f(@*) + My - |V f (") = ¢*|)?

110D
+ LD ( f) .

2 Lb

b
<max{1—77k71—}IE
4n

1 n
+ M- DIV =yl
j=1

If we choose 1, < ﬁ, we have

E| f@) = f@0) 4+ My VAR = g2 4 My S VA ) - k+lll2]

20
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(=) B | @) = f@)+ My VT ) = g2 + Mo - = S IV 555 = g2

1 10L
+ LD*nj ( f) :

2 Lb

It remains to use Lemma A.3 with ¢ = LD? (% + wég/ﬁ), d= 4;’ and obtain

E [f(2") - f(2")] =0 <b {f(wo) = f@@) + My |Vf(2?) - ¢"|?

n 2
+M2-;;||ij($o)—y?||2] exp (g ) + LLﬂ D )
Finally, we substitute g° = V f(x°), y? = V f;(2°) and get
VK L LD?
E[£(*) ~ f(a")] =O<’; 7 = ) oxw () + (14 Lﬂ & )

This completes the proof.

B.4. Proof of Theorem 4.7

Theorem B.4 (Theorem 4.7). Let {xk}kzo denote the iterates of Algorithm 2 for solving problem (1), which satisfies
Assumptions 3.1,3.3. Let x* be the global (may be not unique) minimizer of f on X. Then, if we choose 1, = % and

K
A = 5=, we have the following convergence:
. il o[ f@°) = f(z*)  LD? Lyn
E Ogll%llréilgap(x )] = (9( % + = 1+ T .

Proof: Since lines 2 and 3 of Algorithms 1 and 2 are the same, we start the proof from (9). Multiplying (10) by the positive
constant M7, (11) by the positive constant My (M7, Mo will be defined below) and summing with (9), we have

mE[max(Vf(a*),o" - )]
<1 —m)E [f(2F) — f(z)]
(1 A L) My -E[||Vf(z*) - g*)?]

b 2M N2
#(1- 4 G ) ZE IV £5) o)

B | @)~ F) 4 My VAR = P My ST () - g
=1

2(My + nMy) L2,
b

L2 L2
E [||s* — 2%]2] + —kR [maXHsk - xﬂ + 2R |55 — k7]
o zEX 2
With M; = 2 and M, = M0 e obtain
B [max(Vf ("), o" — )]
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<E | fa*) — f(a*) + M [V — g2+ M- = S IV A5 (a) — g2
j=1

. 1 ¢
B [ F@Y) = f@) 4+ My VAR = R My = 3 VA () — g
j=1

2aL?n} (1 4\%n?

ko k2 Lmi k2 Lﬂlzc E k2
o VB [Is* - a#17) + 2 (15t - a17] + Zhm 1o — a4y

b2 2
Assumption 3.3 on the diameter D of X" gives

B [max(Vf ("), o" — )]

<E | f(a*) ~ f7) + My VAR — g2+ My - S IV 5G4 — o2
j=1

* ]‘ .
B | F@) = F@) M [T = g 4 My STV () — g
j=1

1 1 2al? 4)\2n?
+LD277,%<+ + = [1+A”D.

2 "o bL2) b2

The choices of A = % and o = Ll’f/ﬁ provides

n,E [ rfea?<Vf(xk), zk — x)]

<E | f(a*) — f(a) + M [V — g2 + M- = S IV A5 (a) — g2
j=1

* 1 -
B [ FR) = ft) 4 My V) = g A ST VA () — R
j=1

1 6L
+ LD?*nj <+6 ﬁ).

2 Lb

Summing over all k£ from 0 to K — 1, taking 1, = \/% and dividing both sides by

E
K zeX

k=0

K-1
1 max(V f(z"), 2% — x>]

s\/% | F@0) = f@*) + My [V F(°) = g°)P + My i; V55 = y31°
LD? (1  6Lyn
TR <2+ Lb )

Finally, we substitute ¢° = V f(2°), 4} = V f;(2°) and get

1 f(a®) = f(z*) LD? (1 6Lyn
E 7 kzo %a;((Vf(xk),xk —x}] < + -+ .

- - VK VK

The definition of (4) finishes the proof.
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C. Additional Comments
C.1. On the Convergence Criterion in (Qu et al., 2018; Gao & Huang, 2020)

In Table 1, we indicates that the papers by (Qu et al., 2018; Gao & Huang, 2020) considers ||V f(z)]||? as a convergence
criterion. But the authors actually use a more complex criterion |G (z, V f(x),v)||?, where G(z,V f(x),7) = %(az -

P(x, Vf(z),7)) with ¢(z,Vf(z),7) = argmingec ((Vf(x), y) + %Hz - y||2) . Let us simplify this criterion. If
C is large enough, one can assume that we work on unconstrained setting and arg minyec ((Vf(x), y) + % |z — yH2) ~

arg min, ¢ pa ((Vf(x), y) + %Hx - y||2) ie. Y(z,Vf(x),v) =x—~Vf(x). Therefore, we get that G(z, V f(x),~) ~
Vf(z)and ||G(x, Vf(z),7)|?> = |[Vf(x)||>. As we noted in Table 1, to avoid discrepancies with the lower bounds from
(Li et al., 2021a), we slightly modified the result of (Qu et al., 2018; Gao & Huang, 2020). In more details, following (Li
et al., 2021a), we assume that want to achieve ||G(x, V f(z),7)||> ~ 2. In the original papers (Qu et al., 2018; Gao &
Huang, 2020), the authors uses |G (z, Vf(x),7)||? ~ €

C.2. Incorrect Proof of Theorem 4 from (Reddi et al., 2016)

As we noted in Section 2, the paper provides another algorithm (Algorithm 4). This method is a modification of the SAGA
technique. The proof of convergence of this algorithm, in our opinion, contains a mistake. The authors introduce an
additional technical sequence:

LD
ct = (1= p)eirr + \;B\/ﬁ with ¢ =0, (12)
and claim that the following estimate is valid:
LD
Yoo FE
t=1 pVb

But if we consider the simplest case with p = 1, we have that

T
LD LD
ﬂ and E Ct S M

ct = (T'—-1),
’ 7 7 ( )
which is larger than the authors’ estimate: L\'/%‘/ﬁ.
Let us try to correct this error. Running the recursion (12), we get forallt = 0,...,(T — 1)

t+1
LDV\f Z )i < LDyy/n
oo

Ct =

And then,
T
LD
th < l (T —1).
t=1

With (13) from (Reddi et al., 2016): p > %, one can obtain

The result is the following estimate

K—1 n3/2
. Z E {max V(h), 2k — x>} < f(@°) = f(@") + LD*n*K (1 + W) :

zeX
=0
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If we take n = \/% and divide both sides by v/, then

el LU ()

The definition of (4) gives

JE Uk b/

Therefore, the following number of the stochastic oracle calls is needed to achieve the accuracy e:

o[22 (2 o).

With the optimal choice of b = n, we get

ofo [z 12

C.3. Big Batches and LMO Complexities

0<k<K-1

E{ . gap(xk)} 6= fa) | LD? (Hnm).

Here we study the use of large batches to obtain better estimates on LMO by using of lower bounds. For this purposes,
we need to introduce a class of algorithms for which the lower bounds will be valid. Since we work with projection-free
methods, the following definition takes this into account.

Definition C.1. We have local memory M with initialization M = {0}. In addition, we also have an auxiliary buffer H,
which is also initially equal to {0}. These memory M and buffer # are updated as follows.

e One can sample uniformly and independently batch S of any size b (if b = n — it means that we call the full gradient)
from {f;} at some point 2 € M, compute stochastic gradient g = >_ ¢V f;(z) and adds it to the buffer  as linear
combination of existing vectors in the buffer:

H = span{H, g}
We can repeat this operation with different batches with any sizes and different points z € M.

e Using information in the buffer, we can update our memory M by adding to M a finite number of points z’, satisfying
x’ € span{x, LMO(h, X)},

where we can take any x € M, h € H and LMO is the linear minimization oracle.

e The final global output is calculated as x € M.

The next step in constructing lower bounds is to create a "bad" problem on which all methods perform poorly. In our case,
the problem consists of two parts: a function f with its division by f;, and an optimization set C. The functions can be taken
from works on lower bounds for the unconstrained case, e.g., in the convex (Han et al., 2024) and non-convex (Fang et al.,
2018; Li et al., 2021a) setups. As an optimization set we choose ¢1-ball with 0 center and size R = 1. For this ball:

LMO(h, X) = —sign(h;)e; with 4 = argmax|g;|.
j

If the solution of argmax is not unique, we choose the smallest one.

The essence of the lower bounds is classical (Nesterov, 2013) — how the final output close to the real solution is measured
in the number of non-zero coordinates in the output. On non-zero coordinates we can (in the best case) get a number
corresponding to the real solution, and on zero coordinates we cannot. How it works for unconstrained optimization methods:
each gradient call "open" a new non-zero coordinate, then as many gradients we compute — that is how many non-zero
coordinates we have.
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In our case, we have also LMO in the update rule. If # = span{e, ..., e}, then we can guarantee that LMO for any
vector from H lies in span{ey, ..., ek}, since LMO for ¢;-ball is a maximum absolute value of coordinates and if there
are two maximums we choose the smaller one. It means that LMO for our set does give any progress in terms of non-zero
coordinates, but we can make this progress in ‘H and using LMO we transfer a new non-zero coordinate to M. Therefore,
we need to understand how batching affects 7, and then we immediately understand how it affects LMO.

Proposition C.2. After K LMO computations, only the first K coordinates of the global output can be non-zero while the
rest of the d — K coordinates are strictly equal to zero.

Proof: We compute full gradients in the best case, these full gradients add one more non-zero coordinate in / and then
using LMO in M.

O

Proposition C.3. If between LMO computations and M updates we collect batch size of 1 in only one point, then after K
LMO computations, in expectation only the first % coordinates of the global output can be non-zero while the rest of the
d— % coordinates are strictly equal to zero.

Proof: Now we cannot compute full gradients, we compute only batch of size 1. The key problem with such a batch is that
we set f; in such a way that different parts of the whole f are stored on different f;, and only one of all f;s can increase
the number of non-zero coordinates (Fang et al., 2018; Li et al., 2021a; Han et al., 2024). But by virtue of the fact that we
choose this function randomly, then we get a new non-zero coordinate with probability 1/n. It turns out that we can call
LMO for nothing and not get new non-zero coordinates in the output of M.

O

Propositions C.2 and C.3 show that with different batching we can get different number of non-zero coordinates. These
propositions are not a rigorous justification for the use of large (e.g., /1) or even full batches, but they provide a semi-
formalized intuition for why this might be the case.
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D. Additional Experiments

Here we give experiments on logistic regression but unlike the main part we consider other sizes of the ¢/1-ball R = 200, 20, 2.
These experiments also verify the superiority of our algorithms.
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Figure 3: Comparison of state-of-the-art projection free methods with small batches for (5) with R = 200. The comparison
is made on the real datasets from LibSVM. The criterion is the number of full gradients computations.
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Figure 4: Comparison of state-of-the-art projection free methods with small batches for (5) with R = 20. The comparison is
made on the real datasets from LibSVM. The criterion is the number of full gradients computations.
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Figure 5: Comparison of state-of-the-art projection free methods with small batches for (5) with R = 2. The comparison is
made on the real datasets from LibSVM. The criterion is the number of full gradients computations.
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