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Abstract

We show that low-rank adaptation of large-scale models suffers from a low stable
rank that is well below the linear algebraic rank of the subspace, degrading fine-
tuning performance. To mitigate the underutilization of the allocated subspace,
we propose POLAR, a parameterization inspired by the polar decomposition that
factorizes the low-rank update into two direction matrices constrained to Stiefel
manifolds and an unconstrained scale matrix. Our theory shows that POLAR yields
an exponentially faster convergence rate on a canonical low-rank adaptation prob-
lem. Pairing the parameterization with Riemannian optimization leads to consistent
gains on three different benchmarks testing general language understanding, com-
monsense reasoning, and mathematical problem solving with base model sizes
ranging from 350M to 27B.

1 Introduction

Large language models (LLMs) transformed the field of machine learning through their proficiency
in understanding and generating text, as well as handling complex multimodal tasks. Typically, those
models require a number of parameters that is on the scale of billions, rendering fine-tuning of large-
scale models infeasible in hardware-constrained setups. Consequently, parameter-efficient fine-tuning
methods have been developed to enable adaptation of LLMs with limited resources (Houlsby et al.,
2019; Li and Liang, 2021; Lester et al., 2021; Hu et al., 2022). One notable work is that of Hu et al.
(2022), which performs fine-tuning by learning an additive low-rank update parameterized as the
product of two low-rank matrices. Such Low-Rank Adapters (LoRA) have been the subject of study
in a large body of work. Various improvements, ranging from initialization strategies (Meng et al.,
2024; Li et al., 2025a) and custom learning rate settings for stable feature learning (Hayou et al.,
2024b) to alternative parameterizations (Liu et al., 2024a) have been proposed ever since.

Recent work attempts to overcome the low-rank constraint imposed by LoRA while preserving its
parameter-efficiency (Xia et al., 2024; Lialin et al., 2024; Zhao et al., 2024; Huang et al., 2025; Jiang
et al., 2024). The underlying premise is that the low-rank nature of the adapter limits its expressiveness.
However, this premise is at odds with recent theoretical results that LoRA can approximate any target
transformer model reasonably well under mild assumptions on the rank that depend on the relationship
between the pre-trained and the target model (Zeng and Lee, 2024). Additionally, Kalajdzievski
(2023) shows that raising the nominal rank does little to improve performance. Taken together, these
findings suggest that the low-rank space offers sufficient expressiveness, but the classical low-rank
adapter formulation struggles to fully utilize this potential.
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(a) diversity collapse (DC) (b) DC in LoRA (c) PoLAR solves DC

Figure 1: (a) Illustration of directional diversity collapse (DC) of w; = w;/||w;||2 where w; denotes
the i-th row of low-rank update AW. (b) and (c) Diversity of update directions of LoRA and PoLAR
for a Llama-2-7B down-projection layer on dataset Social-IQA, respectively. Each pixel shows
||W; — W||2; rows and columns are rearranged to reveal cluster patterns in both plots. Emergence of
a cluster pattern is evidence for DC. The algebraic rank is 32 for both methods, yet the stable rank is
1.06 and 5.49 for LoRA and PoLAR, respectively. See also Section 2.1.

Indeed, we observe comprehensive empirical evidence for this underutilization: when fine-tuning
Llama-2-7B with LoRA, we find that the stable rank, a robust analogue of the matrix rank and
measure of expressiveness, of the resulting update remains well below the linear algebraic rank.
For some learned LoRA updates AW, the stable rank, defined as sr(AW) := |[AW||2/||AW]|3
(Rudelson and Vershynin (2006), see Appendix B), is as low as 1.06. This reveals that approximately
arank 1 subspace is utilized even if the LoRA rank is chosen as 32. Similar behaviors of low stable
rank are consistently observed across layers and datasets; see Figs. 2 and 6. Such deficiency results
in a diversity collapse in the update directions among different neurons, where in extreme cases the
updates for all neurons strongly align along a single direction (up to a sign flip); see Fig. 1a for an
illustration and Fig. 1b for the directional diversity collapse when fine-tuning Llama-2-7B.

To address this pathology, we put forth POLAR, a co-design of architecture and optimizer that
mitigates the directional diversity collapse, as shown in Fig. 1c. On the architecture side, POLAR
facilitates effective exploitation of the linear algebraic rank by expressing the low-rank update as the
product of two column-orthogonal direction matrices and a r X 7 scale matrix. This parameterization
can also be interpreted from the perspective of decoupling direction and magnitude, which arises
naturally when the low-rank factors are lifted via the polar decomposition. On the optimizer side, we
apply methods from Riemannian optimization (Boumal, 2023). Theoretically, we demonstrate that
our co-design enables exponentially faster convergence than vanilla LoRA on a canonical problem.
To further enable training at scale, we draw on recent advances in infeasible methods for optimization
over Stiefel manifolds (Ablin and Peyré, 2022). The resulting method is tailored to GPU hardware,
catalyzing a speedup of at least 3 x over feasible methods. In a nutshell, our contribution is four-fold:
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» Our empirical analysis demonstrates that the update matrices learned by LoRA have a stable rank
far below their full linear algebraic rank, leading to a collapse in directional diversity and, in turn,
preventing the adapters from fully realizing their expressiveness.
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We introduce PoLAR, an architecture-optimizer co-design that ensures diverse update directions
by factoring the low-rank updates into column-orthogonal direction matrices and an arbitrary
scale matrix. Riemannian optimization is then adopted for our POLAR parameterization.
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On a matrix factorization prototype problem, we prove that our POLAR parameterization achieves
an exponentially faster convergence rate than vanilla LoRA.

g

% We evaluate POLAR on three benchmarks (language understanding, commonsense reasoning, and
mathematical problem solving) using several backbones: DeBERTa-v3, Llama-2-7B, Gemma-3-
12B, and Gemma-3-27B. Consistent performance gains are observed across all settings.

Notation. Bold capital (lowercase) letters denote matrices (vectors); (-) " and || - || refer to transpose
and Frobenius norm of a matrix; || - || is the /5 (spectral) norm of a vector (matrix); o;(-) and \; (")
denote the i-th largest singular value and eigenvalue, respectively. For a matrix X € R"*", let
Skew(X) = (X — XT) be its skew-symmetric part. The set of matrices with orthonormal columns,
i.e., the Stiefel manifold, is denoted as St(m,r) := {X € R™*" : XTX =1I,.}. The set of 7 x r
positive semi-definite (PSD) matrices is denoted as ST , := {X ¢ R"™*" : X > 0}.



1.1 Related Work

Memory-Efficient Fine-Tuning. Low-Rank Adapters (Hu et al., 2022) are now a standard approach
for fine-tuning large language models. There are various efforts to further enhance LoRA, e.g.,
via adaptivity (Zhang et al., 2023), chaining (Lialin et al., 2024; Xia et al., 2024), low-bit training
(Dettmers et al., 2023; Li et al., 2024), modifications for long sequences (Chen et al., 2024), weight
decomposition (Liu et al., 2024a), or sparsity (Nikdan et al., 2024). For this work, LoRA-variants that
change the parameterization of AW are particularly relevant. DoRA (Liu et al., 2024a) reparameter-
izes the low-rank update according to weight normalization (Salimans and Kingma, 2016), learning
direction and magnitude of the update separately. AdaLoRA (Zhang et al., 2023) allocates the rank
of adapters adaptively according to layer importance, learning an SVD-type update with a diagonal
matrix and two orthogonal low-rank factors. A work concurrent to ours (Li et al., 2025b) proposes a
reparameterization of LoRA that is similar to ours, using feasible methods from the literature of Rie-
mannian optimization for training. VeRA and LoRA-XS propose novel parameterizations to further
shrink the number of trainable parameters (Kopiczko et al., 2024; Batazy et al., 2024). Building on
top of the LoORA-XS parameterization, Ponkshe et al. (2024) develop a custom initialization scheme
which is informed by the SVD of the gradient at the pre-trained model. Another closely related
line of research is dedicated to the development of subspace optimizers which maintain the memory
efficiency of low-rank adapters, while enabling full rank parameter updates. Such subspace methods
project gradients to a low-rank subspace within which optimizer states are maintained (Zhao et al.,
2024; Liang et al., 2024; Hao et al., 2024; Robert et al., 2025; Chen et al., 2025).

Optimization on Manifolds. Riemannian optimization generalizes gradient methods to smooth
manifolds (Absil et al., 2008; Bonnabel, 2013; Boumal, 2023) and has proven useful in scenarios
such as matrix completion (Vandereycken, 2013) and eigenvalue problems (Edelman et al., 1998).
Despite the theoretical appeal, such methods are rarely applied in large-scale settings, as expensive
retraction operations are required to ensure the feasibility of iterates. Ablin and Peyré (2022) propose
an infeasible method for optimization on the orthogonal manifold that does not require retractions.
Rather than ensuring the feasibility of all iterates, the specifically designed landing field guarantees
convergence to the manifold in the limit. Gao et al. (2022) extend their analysis to the Stiefel manifold,
and Schechtman et al. (2023) generalize the landing method to more general cases.

2 PoLAR: A Co-Design of Architecture and Optimizer

We begin by empirically identifying inefficiencies in LoRA’s utilization of its nominal rank, an insight
that motivates our POLAR parameterization based on polar decomposition.

2.1 Overcoming Low Stable Rank with POLAR

Given the pretrained weight (of a linear layer) W € , . FoLAR

R™*™ LoRA learns an additive low-rank update | B LoRA 1

AW € R™*™ with rank(AW) < r. The adapted EE DoRA

weight is thus given by Wy + AW. In Hu et al. !

(2022), the parameterization AW = Z;Zj with

7, € R™<" and Zy € R™ " is used. ‘O'I

While LoRA significantly enhances parameter effi- I
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gles to fully utilize the expressiveness of its param- . % %4 s .ﬁ_ m m ,%4 K13
Q7°°\Q Q‘;:‘ : ‘,@

[AW|I/|AW]I3

eterization. In particular, when fine-tuning Llama-2- 0 : : : :
7B with LoRA, we find that the stable rank sr(AW) S A

remains small on various datasets, oftentimes ap- b
proaching 1 for many layers even with a reasonably Figure 2: sr(AW) of Llama-2-7B low-rank
updates fine-tuned on commonsense tasks

large choice of » = 32; see Fig. 2. Similar observa- "t
tions are also evident in official LORA weights; see With rank 32.
more in Fig. 6. Such a low stable rank translates to a loss in directional diversity of the neural updates.

The directional diversity of an update matrix is measured by the average pairwise Euclidean distance
of neurons when projected to the unit sphere. Note that this distance is within [0, 2] with the lower
and upper bounds attained by a pair of collinear neurons, pointing in the same or opposite directions,



respectively. Consequently, a distribution of pairwise distances with most mass at the ends of the
interval can be interpreted as evidence for low directional diversity.

As observed in Fig. 1b, the LoRA update closely aligns along a single direction, with most neural
updates being nearly collinear. Using the compact SVD AW = UXV | it is possible to explain
this observation and identify a low stable rank as a driver behind the lack of directional diversity.
Here, U = [uy,...,u,] € R™*" and V = [vy,...,V,] € R"*" have orthonormal columns and
¥ = diag(oy,...,0.) € R™*" contains the singular values on its diagonal. Also, let w; denote the
i-th row of AW. With this notation, we can see that the direction of the LoRA update for the i-th
neuron can be approximated by:

) 1 "
Wi = E O‘jUijVT (%) Sign(U‘lUil)V;—,VZ’ S {1,27...,m} @))]
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where (a) comes from sr(AW) =~ 1. Equation (1) suggests that the weight update of all neurons
tends to strongly align with the direction of the leading right singular vector up to a sign flip, causing
the two-cluster pattern in Fig. |b. Moreover, Fig. 2 demonstrates the wide applicability of this finding,
as the LoRA updates across several datasets suffer from a very low stable rank.

We provide more thorough empirical evidence of this collapse in directional diversity in Appendix F.1.

This pathology suggests that LoORA does not fully utilize its rank capacity, and we conjecture that a
parameterization addressing this pathology increases the performance of LoRA. These insights lead
to the following desiderata: we wish to learn O(r) roughly orthogonal directions whose contributions
to the unit-norm neural update are roughly balanced, avoiding the collapse of directional diversity.

To this end, we advocate to incorporate orthogonality directly into the architecture. This can be done
by applying the polar decomposition (Golub and Van Loan, 2013) to each of the low-rank factors.

Definition 1 (Polar Decomposition). Let Z; € R™*" withm > r and Zo € R™"*" withn > r. It
admits factorizations Zy = X1 and Zy = Y©O,, where X € St(m,r) > and Y € St(n,r) have
orthonormal columns and ©1, @ € R"™" are positive semi-definite, respectively.

When r = 1, Definition | reduces to the familiar magnitude-direction decomposition of vectors.

The polar decomposition thus generalizes magnitude-direction decomposition to matrices, where the
semi-orthogonal factor represents the directional component and the positive semi-definite factor
captures the magnitude. Using this magnitude-direction decomposition, the desirable orthogonality
is naturally enforced through the manifold structure of X and Y. Moreover, rather than relying on
two individual scale matrices, it is more convenient to learn a joint ®@ € R”*" matrix for the overall
update, which amounts to merging the product ®, 0, .

These considerations give rise to our Polar-decomposed Low-rank Adapter Representation (PoLAR):
AW = XOY " with X € St(m,r), Y € St(n,r),and ® € R"™*". )

As a byproduct, POLAR admits a natural interpretation in terms of a direction—magnitude decomposi-
tion. However, unlike alternative decompositions, such as the column-wise weight normalization
used in DoRA (Salimans and Kingma, 2016; Liu et al., 2024a), PoOLAR enforces orthogonality,
substantially increasing the stable rank and generating low-rank updates with more competitive
downstream task performance (see later in Section 4).

In the following subsection, we show that our POLAR parameterization in (2) offers provable
advantages over LORA when paired with appropriate optimization algorithms.

2.2 Faster Optimization with POLAR Parameterization

We now compare the convergence of POLAR and LoRA on the problem of learning a low-rank adapter
for a single layer with whitened data. As discussed in Arora et al. (2018); Zhang and Pilanci (2024);
Li et al. (2025a) and Appendix C.3, applying LoRA in this case is equivalent to matrix factorization
under the asymmetric Burer-Monteiro (BM) parameterization (Burer and Monteiro, 2003)

. 1
min —

Z1ER™XT ZyERNXT 2|\Z1ZJ Al )

’The Stiefel manifold is defined as St(m,r) := {X ¢ R™*" : XX =1I,.}.



In problem (3), the matrix to be factorized (or ~ Algorithm 1 RGD for POLAR parameterized (4)
the target matrix of LoRA; see Appendix C.3)
is denoted as A € R™*", and Z1, Zs repre-
sent the LoORA weights. In light of the low-
rank setting, 7 < min{m,n} is assumed.
Problem (3) has been widely adopted as a L . .
testbed for developing advanced optimiza- Obtain Riemannian gradients E; and F;

tion schemes for LoRA; see, e.g., Zhang and Update X1 and Yy with (5b) and (5¢)

Pilanci (2024) or Li et al. (2025a). end for

Require: Learning rates 7, v; sample Xy and Y
uniformly from St(m, ) and St(n, 1), respectively.
fort=0,...., 7 —1do

Find ©; via (5a)

Our goal in this subsection is to understand the optimization dynamics of our POLAR parameterization
applied to the same one-layer setting, yielding the problem below

: 1 T 2 rXT
i §||X®Y —A|f, st. XeSt(m,r),Y €St(n,r), ® e R™*". “4)

Considering the sufficient expressiveness of LORA (Zeng and Lee, 2024), we focus on the overpa-
rameterized regime for both (3) and (4), where r > r4 := rank(A). In this setting, zero loss is
attainable. Let the compact SVD of A be USV " with U € R™*"4, V € R"*"4 and diagonal
3 € R"4*74, Without loss of generality, we assume 01 (%) = 1 and 0,, (¥) = 1/x where & is the
condition number. We also assume m > n, as one can transpose A if necessary.

Note that the semi-orthogonal low-rank factors live on Stiefel manifolds, requiring a treatment with
Riemannian gradient descent (RGD). For technical simplicity, we consider a procedure that alternates
between updating ®; and (X, Y}). At iteration ¢, it starts by finding ®; with gradient descent (GD)
using learning rate v > 0, i.e.,

©; = (1-7)0;_; +7X/; AY,. (5a)

Setting v = 1 significantly simplifies our analysis. With this value and the updated matrix ®;, the
Riemannian gradient of X can be obtained via E; = —(I,,, — X; X: JAY, @: . Further involving
polar retraction to remain on the manifold, the RGD update on X, is given by

X1 = (X¢ — nE) A, + B E,) "2, (5b)
Likewise, the Riemannian gradient of Y is F; = —(I,, — YthT )ATXt ®,, leading to the update
Yt+1 = (Yt — nFt)(Ir + 772F;|—Ft)_1/2. (SC)

Alg. | summarizes the resulting RGD procedure. Despite the main technical challenge of establishing
global convergence in the presence of saddles, RGD for our POLAR parameterization admits a natural
geometric interpretation in terms of principal angles between subspaces. In particular, define the
alignment matrices ®, := U'X, € R™*" and ¥, := V'Y, € R™*". The singular values
{0:(®)};2, of ®, give the arc-cosine of the principal angles between the two subspaces spanned by
bases X, and U, respectively. In other words, {o;(®;)}.2, capture the alignment of the subspaces,
yielding Tr(®,®, ) = >/, 0?(®,) as a suitable metric to measure total alignment; see more in
Appendix C.1. Analogous statements apply to {o;(¥,)};#,. This alignment perspective further
complements the discussion of direction-magnitude decomposition in the context of equation (2).
Our first theoretical result demonstrates that the alignment between X; and U is non-decreasing over
iterations. This geometric observation bears resemblance to the descent lemma in standard GD.

Lemma 1 (Increasing Alignment). Let 3; := o1(1,, — ®,®/) and §; := 011, — ¥, ¥,), and
suppose that the learning rates are chosen as 1 < 1 and v = 1. If the following conditions are met,
2(1 = n*Br)or, (T)

2
2(1 = n?3)o}, (1)

P
Alg. | guarantees that Tr(®4.1 @, 1) > Tr(®,®, ) and Tr(¥, ¥/, 1) > Tr(¥, ¥ ).

Tr((X,, — 2,2 )®,®,) > 0B Tr(2,®,)

Tr((@, — O, )0, 8, ) > 06, Tr(¥,T,)

Next, we show that, with a proper 7, Lemma | leads to global convergence of Alg. 1.
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Figure 3: Overparameterized matrix factorization for different condition numbers and degrees of
overparameterization using the POLAR parameterization with Riemannian Gradient Descent (PO +
RGD) and the Burer-Monteiro parameterization with Gradient Descent (BM + GD). (a) Asymmetric
scenario and (b) symmetric case. The experimental details can be found in Appendix G.4.

Theorem 1 (Global Convergence). Suppose thatra < 5. Let p := min{%, (r—ra)® }. Wh.p. over

m

_ 2
the random initialization of Xo and Yo, choosing the learning rates n = O( %

Alg. 1 ensures 1| X7©7Y | — Al < eforall T > (’)(;"QZ(TSTA"i ikl og 1.

T—T4) p(r—ra)t

Yand vy =1,

Theorem | builds on a three-phase analysis to prove global convergence of Alg. 1. It demonstrates
that RGD with PoLAR parameterization avoids getting trapped by saddles of (4) without the need
for artificial noise. Our rate compares favorably to previous results of GD in the overparameterized
regime.’ In particular, Xiong et al. (2024) show that overparameterization slows down GD, leading
to an undesirable  dependence with O (max{rx'?, x"} log(1/e)). Although this bound is originally
obtained for matrix sensing, the numerical example in Fig. 3 confirms that GD barely progresses
beyond certain iterations. Our rates in Theorem | exponentially improve the x dependence to a
quartic one. Compared with other works of overparameterized GD on BM such as Soltanolkotabi
et al. (2023), our bound not only has a more favorable dependence on «, but also ensures last-iteration
convergence, removing the need for early stopping.

It is also worth noting that, unlike GD with BM, PoLAR improves with overparameterization. To see
this, consider the slightly overparameterized regime with r =~ r 4, e.g., 7 = 74 + 5. Our bound in
Theorem | reads O(m4r6ﬁ4+m3r4/€4 log(1/ e)) However, once at the highly overparameterized
regime r = Cr 4 for some constant C, e.g., C' = 5, we have a bound with a drastically improved

dependence on the dimension: O(m4f<a4 + %:4 log(1/ e)) A graphical illustration can be found in
Fig. 3a, where the convergence of » = 5r 4 is much faster than that of r = r4 + 5.

Theorem | also suggests practical merits of POLAR, notably its simplified initialization (via, for
instance, Lemma 6). In contrast, initialization of BM can impose multiple requirements both
theoretically and empirically (Ye and Du, 2021; Xiong et al., 2024; Hayou et al., 2024b). In addition,
our choice of an unconstrained ® € R"*" plays a crucial role for convergence. Empirical evidence
in (Mishra et al., 2013, Fig. 5) shows that substituting ® by a diagonal matrix ®9, as done in
AdaLLoRA (Zhang et al., 2023), can adversely affect convergence, potentially because of the presence
of non-strict saddles in the loss landscape (Levin et al., 2024). These spurious stationary points can be
removed by a parameterization with positive-definite ®° (Levin et al., 2024, Prop. 2.10). Our PoOLAR
parameterization poses no constraints on ®. It thus avoids computational overheads associated with
enforcing positive-definiteness (e.g., matrix exponentials), yet still ensures global convergence.

Lastly, we extend our analysis to the symmetric matrix factorization problem in Appendix E, where
we prove last-iterate convergence with complexity O(H4 log(1/ e)). This represents an exponential
improvement in the e-dependence over GD on BM-type problems, which is subject to the lower
bound of Q(k?/+/€) established in Xiong et al. (2024); see also Fig. 3b for an illustration.

The works of (Ward and Kolda, 2023; Xu et al., 2024b) provide improved « dependence of Alternating GD
and GD when the column/row space of A is known at initialization. They are excluded from comparison because
knowing the column space of A amounts to setting Tr(®o®] ) = r.a, which is already optimal at initialization.



3 Practical PoOLAR for Scalable Fine-Tuning

Although PoL AR increases expressiveness and accelerates convergence, optimizing under the mani-
fold constraint of (2) with standard feasible methods does not scale to tasks such as LLM fine-tuning.
Every retraction back onto the Stiefel manifold requires a matrix inversion or SVD (see (5b)), opera-
tions whose sequential nature limits GPU parallelism and becomes a runtime bottleneck (see Table 4
and Sun et al. (2024)). Retractions are also numerically brittle in the low-precision arithmetic, now
standard in training. To sidestep these issues, we take inspiration from the recently proposed landing
algorithm which completely eschews retractions, producing iterates that are not necessarily on the
manifold, but provably land on it as training proceeds (Ablin and Peyré, 2022; Gao et al., 2022).

To fine-tune the POLAR parameterization of (2), we initialize Xy and Y randomly on the Stiefel
manifold and set @, = 0. At iteration ¢, we update X; and Y; with the landing field. Taking the
update on X, as an example, we use

I(X;) = ¥(X,)X; + AVAN(X;) (6) Algorithm2PoLAR Fine-tuning

Riemannian grad.  Infeasibility penalty Reqlﬁl’e: Parameterize via (2)’ Initialize Xo, YO
uniformly random from Stiefel manifolds, set

as a drop—in.replz.icemen.t for the Riemannian ®y = 0, and denote \ regularization strength,
update described in Section 2.2. The first com- , stateful gradient transformation (e.g., Adam)
ponent in (6) is the standard Riemannian gradi- fort=0.....T —1do
ent for matrices on the Stiefel manifold with F(Xt’) %’th)xt + AVN(X,)
P(X) = Skew(VxL(X,©,Y)XT). The T(Y,) « (Y)Y, + AVN(Y,)
second component in (6) is given by the gra- X1 — Xp — mp(T(Xy))
dient of the infeasibility penalty, N (X) := Y — Y —mup(T(Yy))
[ X TX —1I,||2, which attracts the iterate towards ©i1 — O —nipi(Ve,L(X:, 04, Y,))
the Stiefel manifold, making retraction obsolete. end for

The landing field (6) has several appealing prop-
erties. First, the two components of the field are orthogonal to each other, decoupling loss mini-
mization and convergence to the Stiefel manifold. Second, its computation involves only matrix
multiplications, eliminating the need for sequential retraction routines that do not map well to GPU
parallelism; see Section 4.4 for numerical comparisons.

The complete POLAR fine-tuning procedure is summarized in Alg. 2. We treat A > 0 in (0) as a
tunable hyperparameter chosen such that iterates converge to the Stiefel manifold in the limit (see
Fig. 8). Alg. 2 also omits the alternating update for ® used in Alg. 1 to simplify training by avoiding
a second backward pass. Additional details relating to deployment appear in Appendix A.

4 Experiments

To demonstrate POLAR’s effectiveness at scale, we fine-tune backbones spanning 350M—-27B param-
eters on three benchmarks of varying difficulty. Our study includes both masked and autoregressive
language models and evaluates their abilities in terms of general language understanding, common-
sense reasoning, and multi-step mathematical problem solving.

4.1 Commonsense Reasoning

Commonsense reasoning tasks aim to assess how well LLMs can mimic human-like understanding.
A standard suite of eight different datasets is chosen, and LLMs are finetuned separately on each of
the datasets. For evaluation, we employ the widely-adopted /m-evaluation-harness framework from
Eleuther-AI (Biderman et al., 2024). We report the accuracy based on multiple-choice log-likelihood
evaluation to facilitate reproducibility. More details can be found in Appendix G.1.

We first isolate the contribution of our ® parameterization and the optimizer based on the landing
field. To this end, we compare POLAR with a modified procedure which (i) sets @ € Diag(r) and (ii)
replaces the Riemannian gradient with the Euclidean gradient. These changes bring our procedure
closer to the SVD-type parameterization discussed in AdaLoRA (Zhang et al., 2023). Gemma-2-2B
is chosen as the base model (Gemma Team, 2024), and adapters with diverse ranks are tested. We
report the results in Table | and remark that POLAR outperforms the diagonal parameterization across
all ranks, validating the effectiveness of our co-design.



Table 1: Accuracy of Gemma-2-2B with POLAR on commonsense reasoning tasks for different
gradient types and parameterizations. Rie. (Eucl.) refers to Riemannian (Euclidean) gradient.

Rank Param. ® Grad. BoolQ PIQA SIQA HeSw WiGr ARC-e ARC-c OBQA  Avg.
Diag(r) Eucl. 86.24 81.50 58.70 79.88 78.69 78.75 52.39 56.80 71.62

4

R™>" Rie. 86.48 81.66 5890 79.69 80.03 81.78  54.69 5640 72.45
3 Diag(r) Eucl. 86.06 82.05 59.52 8038 77.19 7950  55.03 5720 72.12
R™>r Rie. 86.94 81.77 58.80 8049 79.64 8194 56.14 5580 72.69
16 Diag(r) Eucl. 86.82 81.83 59.52 81.08 7837  78.87 5435 5480 71.96
R™" Rie. 8691 81.18 5993 81.01 79.16 8245 5392 5740 7275
3 Diag(r) Eucl. 87.03 81.39 60.08 81.73 77.51 79.21 5529  56.60 72.35
R™*" Rie. 87.28 81.61 59.72 8140 77.74 81.78 5486  57.80 72.77

Table 2: Performance on commonsense reasoning tasks with Llama-2-7B using PoLAR for different
ranks in a single-task setup. HeSw refers to HellaSwag and WiGr to WinoGrande.

Rank Adapter BoolQ PIQA SIQA HeSw WiGr ARC-e ARC-c OBQA  Avg.

LoRA 87.16 81.01 58.85 8236 74.35 81.90  57.68 56.80 72.51
4 DoRA 87.22 80.30 5896 8239 7522  81.69 57.85 56.80 72.55
PoLAR 8749 8259 5931 8123 81.77 81.61 56.31 55.80 73.26

LoRA 87.34 81.07 58.80 82.68 7466 8224  58.11 55.80 72.59
8 DoRA 8749 80.58 5839 8232 7522 8224  58.19 55.60 7250
PoLAR 87.74 8270 59.62 82.14 8240 8136 5691 5520 73.51

LoRA 86.94 81.18 58.96 8257 76.01 82.58 57.85 56.00 72.76
16  DoRA 86.85 81.34 5829 8239 74.59 82.62  57.68 5540 72.39
PoLAR  88.01 8292 5993 82.68 81.77 81.82  57.51 57.40 74.00

LoRA 87.89 81.56 59.06 8251 72.61 82.37 56.83 54.60 72.18
32 DoRA 87.61 8145 5870 82.50 74.43 82.28 57.17 55.60 72.47
PoLAR  88.13 82.64 60.03 83.12 82.00 81.99 56.14  55.60 73.71

Scaling up to Llama-2-7B (Touvron et al., 2023), POLAR again delivers the highest mean accuracy
across tasks, outperforming both LoRA and DoRA (Table 2). Whereas the gains of DoRA and LoRA
appear to be mostly flat as the adapter rank grows, POLAR’s accuracy increases with larger rank. This
is consistent with our conjecture that POLAR counteracts directional-diversity collapse by exploiting
the allocated rank more effectively. We next examine the stable rank of the learned update matrices
(Fig. 2) at nominal rank 32. For all datasets, except for ARC-e and ARC-c, PoLAR significantly
increases the stable rank of the update. Correspondingly, these two tasks are also where POLAR
shows no accuracy advantage relative to LoRA and DoRA. These results support the intuition that a
higher stable rank correlates with improved downstream performance. Figs. 4a and 4b (and more
in Appendix F.1) extend the analysis over multiple nominal (linear algebraic) ranks: LoRA’s stable
rank rarely exceeds 2, while POLAR’s increases steadily with the nominal rank, indicating a richer
subspace and mirroring the observed accuracy gains. Figs. 4c and 4d further visualize the evolution
of the stable rank over the course of training. While the stable rank for LoORA remains relatively
constant, POLAR’s stable rank increases throughout training and appears to dynamically vary with
the layer type: MLP layers (up and down projection) appear to require a larger stable rank, while that
of the value projection layer often comes out lowest (see more examples in Fig. 7).

In Appendix F, we provide further experimental results for the commonsense reasoning benchmark,
comparing POLAR to GaLore (Zhao et al., 2024). In addition, we further scale up the experiment
and report detailed results for Gemma-3-12B (Gemma Team, 2025), where POLAR is observed to
improve upon LoRA by more than a percentage point.

4.2 Mathematical Problem Solving

Our second set of experiments tests the ability of fine-tuned models to perform multi-step mathe-
matical reasoning. To do so, we apply PoOLAR to adapt Gemma-3-27B on MetaMathQA (Yu et al.,
2024) and evaluate on GSM8K (Cobbe et al., 2021), a set of 8.5K grade school math word problems,



16| E PoLAR . = PoLAR
20| B LoRA

AW/ AW

"1'%{'%*:} 4 lrerrls s

(a) Social-IQA (b) HellaSwag (c) Social-IQA (d) HellaSwag

Figure 4: Left two: Stable rank distribution of Llama-2-7B adapter layers trained with POLAR and
LoRA and different 7 on the Social-IQA and HellaSwag datasets. See also Fig. 5. Right two: Stable
rank dynamics of the fifth transformer block over the course of training by layer type. See also Fig. 7.

Table 3: Performance comparison on GSM8K and MATH. Table 4: Runtime (us) of landing (Land.)

¥ results are taken from Yu et al. (2024). and retraction (Retr.) on a H1I00 GPU
Model ~ Method Trainable (%) GSMS8K MATH  With parameter size (4096, )
GPT-4t ] ] 9200  42.50 r 4 32 64 256
Gemma-3- LoRA 0.2816 8537  41.94 Retr. 541 1050 1916 9889
27B-PT  PoLAR 0.2818 85.67  42.70 Land. 180 186 238 539

and MATH (Hendrycks et al., 2021), a set of 12.5K high school competition mathematics problems.
As is done in Yu et al. (2024), a zero-shot prompt is leveraged for evaluation. We report results in
Table 3 and remark that POLAR achieves superior performance compared to LoRA with the margin
being larger on the more challenging MATH benchmark. In Appendix F.3, we show that approximate
feasibility is maintained throughout training with the manifold constraints fulfilled at convergence.

4.3 Natural Language Understanding

Lastly, we demonstrate the applicability of our method beyond auto-regressive language models. To
achieve this, we use DeBERTa-V3 (He et al., 2021) as a representative of masked language models
(Devlin et al., 2019) and fine-tune it on the GLUE benchmark (Wang et al., 2019). We repeat the
experiment with four seeds and report the evaluation results in Table 5 with the standard deviation
in the subscript. Comparing POLAR with LoRA, we note significant improvements across all tasks
except for QQP and MRPC where results are comparable. These results highlight that POLAR can
handle both autoregressive as well as masked language model setups.

4.4 Practical Runtime Improvement over Retraction

For X € R™*" alanding step requires O (m?r) FLOPs while a retraction-based routine only requires
O(mr?) operations. While landing offers no advantage in terms of FLOPs over retraction-based
methods, the General Matrix Multiplications (GEMMs) used in a landing step achieve much higher
FLOP utilization on GPU hardware than the SVD-based retraction routine. To quantify runtime
differences, we benchmark the retraction and landing operations using the most frequently occurring
attention and MLP weight dimensions in Llama-2-7B LoRA fine-tuning. As Table 4 shows, even
for very small ranks of » = 4, which make retraction relatively cheaper, usage of the landing
method provides roughly a speedup of 3 x with the advantage increasing to & 18x for higher ranks.
Appendix F.2 extends the study to a broader range of layer shapes and additionally compares memory
and runtime overhead to LoRA and DoRA.

Table 5: Performance of POLAR on GLUE with DeBERTa-V3-base. We report the matched accuracy
for MNLI, Matthew’s (Pearson) correlation for CoLA (STS-B), and accuracy for other tasks.
Name  MNLI SST-2 MRPC CoLA QNLI QQP RTE STS-B Avg.

LoRA  90.01i00s 95.18:050 89.71i134 68.174107 94.061016 92471003 84.844100 90.994015 88.18
POLAR  90.671012> 959610020 89.524051 69.891047 94.371013 92.1240.05 87.181133 91.83100; 88.94




5 Conclusion and Future Work

Low-rank adaptation has become the workhorse for efficient fine-tuning, yet our analysis revealed
that the classical BM parameterization in LoRA often underutilizes its allocated subspace: the
stable rank of the learned updates collapses, limiting expressive power. Building on this empirical
finding, as well as theoretical insights from a canonical low-rank optimization problem, we introduced
PoL AR, a reparameterization inspired by the polar decomposition that is coupled with a landing
field optimization procedure. Across backbones from 350M to 27B parameters and tasks that span
general language understanding, commonsense reasoning, and multi-step mathematics, POLAR
delivered consistent accuracy gains. The improvements often scale with adapter rank, validating
that maintaining a higher stable rank translates into richer, more task-aligned updates. In practice,
PoLAR’s reliance on nothing more than matrix multiplications implies that it maps cleanly onto GPU
hardware, offering a drop-in replacement for existing LoRA pipelines.

Given the low stable rank of the LoRA update, a closer examination of the spectral dynamics of
low-rank fine-tuning seems to be a promising direction for future work. While several works already
study the spectral evolution of weights during ordinary training of deep neural networks (Boix-Adsera
et al., 2023; Martin and Mahoney, 2021; Mousavi-Hosseini et al., 2023), the impact of the explicit
low-rank constraint on the spectrum is not yet well understood. An investigation into the dynamics of
the spectral distributions of POLAR could bring more insights into the benefits of the parameterization.
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A Limitations, Broader Impact, and Practical Concerns

Limitations. In our empirical evaluation of POLAR we exclusively focused on natural language
processing tasks using transformer architectures. We did not evaluate our method on other sequence
modeling architectures (e.g., RNNs) or computer vision tasks. Also, we did not cover model sizes
beyond 27B. Due to computational cost associated with fine-tuning decently-sized models with 1B+
parameters, we repeat each dataset-model combination only for a single seed. For DeBERTa-v3-base,
we repeat training with four different seeds.

Broader Impact. The theories and approaches developed are applicable in discriminative and
generative use-cases. The proposed algorithmic tool improves fine-tuning performance on dis-
criminative tasks such as sequence classification. Use-cases range from recommender systems to
content-moderation pipelines where reliable classification is crucial. For generative downstream
tasks, model output should be audited through automated gating or filtering mechanisms.

Practical Concerns. In the scenario of serving multiple adapters concurrently (Sheng et al., 2024)
PoLLAR and LoRA share identical storage and runtime costs at inference, as @1 can be merged into
either X1 or Y once fine-tuning is complete. We note that POLAR incurs computational overhead
during fine-tuning compared to LoRA, due to the landing field computation and the additional
r X r matrix ®,. As already mentioned, this runtime overhead compares favorably to a classical
Riemannian treatment based on retractions (see Section 4.4). Moreover, we observe runtime benefits
over other popular LoRA variants such as DoRA (see Table 6).

B Additional Related Work

Parameter-Efficient Fine-Tuning. The goal of PEFT is to reduce the resource requirement for
finetuning LLMs on downstream tasks. Some commonly employed methods include adapters
(Houlsby et al., 2019) and prefix tuning (Li and Liang, 2021). The family of LoRA adapters (Hu et al.,
2022) recently gained significant popularity. Beyond the works already mentioned in Section 1.1,
there are several lines of work focused on improving or understanding different aspects of LoRA.
Zhu et al. (2024); Hayou et al. (2024a) contribute to the understanding of the different roles of the
low-rank factors. Gu et al. (2023) extend the framework to diffusion models. Xu et al. (2024a);
Dettmers et al. (2023) improve memory-efficiency through quantization strategies. Liu et al. (2022)
further improve parameter efficiency. Zhang et al. (2024) apply landing methods to LoRA fine-tuning
and present LoRA variants that constrain the up-projection to the Oblique and Stiefel manifold.

Optimization for Matrix Factorization. Existing works mostly handle matrix factorization problems
under the BM parameterization, i.e., (3). Such problems are classical examples for understanding the
optimization dynamics of LoRA. They involve a complex landscape characterized by nonconvexity,
saddle points, and the absence of the PL condition.

Recent works have examined the convergence of several algorithms under the BM parameterization,
such as GD, Alternating GD, and ScaledGD (Du et al., 2018; Ward and Kolda, 2023; Li et al., 2025a)
in overparameterized settings. Another closely related problem is matrix sensing. The convergence
behaviors of different algorithms under the BM parameterization can be found in e.g., (Stoger and
Soltanolkotabi, 2021; Zhang et al., 2021; Jin et al., 2023; Xiong et al., 2024).

Stable Rank. The stable rank (Rudelson and Vershynin, 2006) is a continuous and perturbation-robust
analogue of the classical linear algebraic rank (Ipsen and Saibaba, 2024). It is given by the square
of the ratio of the Frobenius and spectral norms. In the context of regularization for convolutional
neural networks, constraining the stable rank has been found to curb expressivity, mitigate overfitting,
and reduce memorization (Sanyal et al., 2020; Georgiev et al., 2021).

Other Related Work. Qiu et al. (2023); Liu et al. (2024b) use a multiplicative orthogonal matrix to
fine-tune diffusion models, attempting to preserve the angular relationships between neurons of the
pre-trained matrix. This is motivated through the preservation of hyperspherical energy of a weight
matrix. Hyperspherical energy measures the distribution of neurons on the unit-norm hypersphere
and attains its minimum when neurons are distributed uniformly across the sphere (Liu et al., 2018;
Lin et al., 2020). A low stable rank of the LoRA update can be understood in terms of a state of high
hyperspherical energy of the low-rank update.
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C Useful Facts

C.1 Angles Between Subspaces

Angles between two subspaces are known as principal angles. Suppose that n > pand n > g,
and let I/ and V be two linear subspaces of dimension n x p and n x g. Then the principle angles
0; € [0, 5],Vi < min{p, ¢} is defined as

(u,v) |u
[[ull[v ||

a0 €V v vy € i 1] ¥ £

There is a well-known relation between principal angles and SVD. Let U and V be basis of ¢/ and
V respectively. It can be seen that all the singular values of UV belong to [0, 1]. Moreover, the
principle angles defined above are just the arc-cosine of these singular values (Bjorck and Golub,
1973). For convenience of this work, we refer to the singular values of UV as principal angles
(instead of the arc-cosine of them). If the basis U and V are both from St(m, r), we sometimes use
the term “alignment”, where we say U and V are aligned if all the singular values of U TV are 1; or
in other words, they share the same column space.

eu,vev}

f1 = max { arccos

0; = max { arccos

The principal angles are also related to the geodesic distance on Grassmann manifolds. Oftentimes,

people use the term chordal distance to refer to d(U, V) = />, sin? ;, where 6; are principal

angles between two subspaces spanned by U and V. The square of the chordal distance coincides
with our notation Tr(I — ®;®," ), where ®; is defined in Section 2.2.

C.2 Other Useful Lemmas

Lemma 2. Given a PSD matrix A, we have that 1+ A)~1 =1 — A.
Proof. Simply diagonalizing the LHS and RHS, and using 1/(1 + A) > 1 — A\, VA > 0 gives the
result. O

Lemma 3. Suppose that X € St(m,r), U € St(m,r4) and ra < r. Let U, € RmX(m=ra4)
be the orthogonal complement of U. Denote ® = U'X and @ = U | X. It is guaranteed that
o2(®) + 02(Q) = 1 holds fori € {1,2,...,7}.

Proof. We have that

.
I,=X"X=X"1,X=X"[U,U,] Bﬂ X (7

=2'®+Q7Q.
Equation (7) indicates that ¥ " ¥ and & " & commute, i.e.,
(@'®)(Q'=(® P -D' )= > P> P
=L -2 ®)(®'®) =(Q'Q)(d"P).

The commutativity shows that the eigenspaces of @ ' ® and Q" € coincide. As a result, we have
again from (7) that 02 (®) + 0(2) = 1 fori € {1,2,...,r}. The proof is thus completed. O

Lemma 4. Suppose that P and Q are m x m diagonal matrices, and their diagonal entries are
non-negative. Let S be a PD matrix of m x m with smallest eigenvalue A\, then we have that

Tr(PSQ) > Anin Tr(PQ).

Proof. Let p; and ¢; be the (i,7)-th entry of P and Q, respectively. Then we have that
Tr(PSQ) = Zpl #ii > Amin szqi = Amin TH(PQ) ®)
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where the inequality above comes from the positive definiteness of S, i.e., S; ; = eiT Se; > Anin, Vi.

Lemma 5. Let A € R™*" be a matrix with full column rank and B € R"*P be a non-zero
matrix. Let omin(-) be the smallest non-zero singular value. Then it holds that owyin(AB) >

Umin(A)Umin (B)

Proof. Using the min-max principle for singular values,

Omin(AB) = min |ABx]|
||x||=1,x&€ColSpan(B)

= i A8
HxH:l,xrgg(}lSpan(B H ||B || H XH
(@
min [Ay] - [[Bx]]
[Ix]|=1, HyH 1 xEColSpan(B),yEColSpan(B
= Ayl - |Bx]|
I\Y\I—lvyECOISpan(B) |\x|\=1,xecO15pan(B)
n [[Ayll- min IBx||
” H 1 ||x||=1,x€ColSpan(B)
where (a) is by changing of variables, i.e., y = Bx/||Bx||. 0

Lemma 6 (Theorem 2.2.1 of (Chikuse, 2012)). If Z € R™*" has entries drawn iid from Gaussian
distribution N'(0,1), then X = Z(Z" Z)~/? is a random matrix uniformly distributed on St(m, r).
Lemma 7 (Vershynin (2010)). ] If Z € R™*" is a matrix whose entries are independently drawn
from N'(0,1). Then for every T > 0, with probability at least 1 — exp(—72/2), we have

oi(Z) < Vm+r+T

Lemma 8 (Rudelson and Vershynin (2009)). If Z € R™*" is a matrix whose entries are indepen-
dently drawn from N (0,1). Suppose that m > r. Then for every T > 0, we have for some universal
constants C1 > 0 and Cy > 0 that

P( (Z) < 7(v/m —Vr — )) < (C17)™ " 4 exp(—Cyr).

Lemma 9. IfU € St(m,r4) is a fixed matrix, X € St(m,r) is uniformly sampled from St(m,r)
using methods described in Lemma 6, and r > 14, then we have that with probability at least
1 —exp(—m/2) — (Ci7)""4H! — exp(—Cad),
T(r—ra+1)

6y/mr
Proof. Since X € St(m, r) is uniformly sampled from St(m, ) using methods described in Lemma

6, we can write X = Z(Z'Z)~'/2, where Z € R™*" has entries iid sampled from N (0,1). We
thus have

o, (UTX) >

0, (UTX) =0,,(UTZ(Z72)71/?).

Now consider UTZ € R"4 %" It is clear that entries of U Z are also iid Gaussian random variables
N(0,1). As a consequence of Lemma 8, we have that w.p. at least 1 — (Cy7)" "4 1! — exp(—Car),

oA (UZ) > 7(Vr = Vra —1).
We also have from Lemma 7 that with probability at least 1 — exp(—m/2)
01(2"2) = 01(Z) < (2V/m +V/r)*.
Taking union bound, we have with probability at least 1 —exp(—m/2) — (C17)" "4+ —exp(—Car),

o UTx) D 7 (UT2) (ViAo rat ) rlr—rat )

= a(Z)  2ym+r T 3yme2r 6ymr

where (a) comes from Lemma 5. O

C))
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Lemma 10. IfV € St(n,74) is a fixed matrix, and Y € St(n,r) is uniformly sampled from St(n,r)
using methods described in Lemma 6. Suppose v > r 4. Then we have that with probability at least
1 —exp(—n/2) — (C17)"~ "4+ — exp(—Car),

T(r—ra+1)

6/nr

Proof. The proof is omitted since it follows the same steps of Lemma 9. O

o, (VTY) >

C.3 Equivalence of Matrix Factorization and LoRA

Whitening data refers to transforming the data such that the empirical uncentered covariance matrix
of the features is identity. Suppose D € R™*¥ holds N training examples in its columns with
n features each, then whitened data refers to having DD'T =1,. We follow standard arguments
laid out in Arora et al. (2018); Li et al. (2025a) to show that low-rank adaptation on a linear model
with whitened data and squared loss can be written as a matrix factorization problem. Consider the
minimization of

L(X,Y) = [[(Wo+XY")D - A|]?

where A € R™* holds m labels for each example, W € R™*" is the pre-trained weight, and
X e R™*" Y € R™*" are the weights of LoRA. Rewriting L(X,Y) yields

L(X,Y) = |[(Wo+XY")D - A}
=Tr(Wo+ XY )D - A)(Wo+ XY )D-A)T)
=Tr(Wo+XY")DD"(Wo+XY ")) = Tr(Wo + XYT)DAT)
~Tr(AD"(Wo+ XY ")) +Tr(AAT)

& Tr((Wo + XY ) (Wo + XY T)T) = Tr((Wo + XY T)DAT)

—Tr(ADT(Wo+ XY "))+ Tr(AAT)

T (Wo+XYT) = A)(Wo+XYT) = A)T) = TH(AAT) + Tr(AAT)

where (a) uses the fact that the data is whitened and (b) defines A = AD T € R™*" j.e., the matrix
to be factorized. Thus, we can write
LX,Y)=[(Wo+XY")— Al +c
— XY - A+
for A’ :== W — A and constant ¢ := —Tr(AAT) + Tr(AAT). Using the same arguments, one

can frame low-rank adaptation of a linear model with the POLAR parameterization as the matrix
factorization problem given in (4).

D Proofs for Asymmetric Problems
D.1 Riemannian Gradients of (4)

One can start with the Euclidean gradient with respect to X; as Et = (XtG)thT — A)Yt@tT =
(XX —1,,)AY;0/ . Note that for ®; = X, AY, (i.e., v = 1) the Euclidean gradient is skew-
symmetric such that it is already contained in the tangent space of St(m,r) at X; (i.e., X, E; +

E;r X; = 0), yielding equality between the Riemannian gradient E; and Euclidean gradient E,. This
equivalence holds regardless of whether the Euclidean or canonical metric is used. In other words,
the Riemmanian gradient for X, at iteration ¢ is given by

E;, = —(I, - X,X/)AY,©/.

Similarly, one can obtain the Riemannian gradient for Y; via

F,=—-(I,-Y,Y,)ATX,0,.
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D.2 General Dynamics

Here we derive several equations that are useful throughout this section. Note that the choice of
learning rate v = 1 will be leveraged in some equations.

Dynamics on X, E;, and ®,. From the updates in Alg. 1, it is straightforward to arrive
R™4*" 3 U'E, = -U"(I,, - X;X,)AY,0/
= -U'(1, - XX/ ) Uxv'Yy,®/
=1, - 9,9 )Z¥,0/,.
Similarly, we also have
R™™" 5 E/E, = ©,Y, AT (I, — X;X/)?AY,®/
=0,Y/AT(1, - X;X])AY,®,
=0,9,/3(1,, - 9,9, )ZV,0,.

Applying o1(®;) < 1and 01(A) = 01(X) = 1 to the equation above, and leveraging v = 1 in the
update of ©; (i.e., ®; = X AY; = &/ ZW,), we have that

o1(B/E) <0} (2)or (1, — ®,®)) =01(I,, — P, B/). (10)
And the dynamics on the alignment ®; € R"4*" can be written as
—1/2
B,y = [® + (I, - 2,8)S0,0/]] (I, + B/ E,) "

DI, 91, — ,8)S0,8] 2] 8, (1, + *E/ E,) "/

where (a) uses ®; = X AY; = ®] X¥,. Hence, we have that
o9/, (11)
=L, +n, — ®®)S¥, ¥ 3], (I, + UQEZEt)_létT I, +n2%,¥ /51, — 2,2/)].

Dynamics on Y, F;, and ¥;. From the updates in Alg. | and similar to the derivation above, we
arrive at

R™4*" 3 V'F, = -V (I, - Y, Y, )ATX,0,
= -V (I, -Y,Y)VZU'X,0,
=1, —¥,¥/)X®,0,.
Moreover, we also have
R™>" 5 F/F, =0/ XA, -Y,Y/)’ATX,0,
=0/X/AI, -Y, Y/ )ATX,0,
=0/®/x(1,, —¥,¥/)X$,0,.
Applying 01 (®;) < 1 and 01(A) = 1 to the equation above, we have that
o1(F{Fy) <ol(Z)or (I, — 0, ¥ ) =01, — ¥, ¥/). (12)
The alignment ¥, = VY, € R"4*" can be tracked via
U =[O 49, - 9 )28,0,] (1, +°F F,) "’
O, 401, - ©,9))28,8] ]®, (1, + ?F F,) "
where (b) uses ®; = X AY; = ®] ;. Finally, we have that
L ZNE A (13)

-1
=L, +nd, - ¥, ¥ )2®,d 2|V, (I, + n°F/F) ¥/ I, +nZ®,®/ 2(I,, — ¥, ¥/)].

With these preparations, we are ready to prove our main results.
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D.3 Initialization

Lemma 11. Suppose that Xy and Yy are uniformly sampled from St(m, r) and St(n, r), respectively,
using methods described in Lemma 6. There exist universal constants c1 and co such that whp the
following holds

Proof. The proofs, the constants c¢; and ca, as well as the exact probability follow directly from
Lemma 9 and Lemma 10. O

D.4 Increasing Alignment

Lemma | is proved in this subsection, where the detailed proof is divided into two parts.

D.4.1 Increasing Alignment Between X, and U
Lemma 12. Consider Alg. 1 withn < 1and vy = 1. Let B; := o1(I,, — ®,®, ). If it holds that
2(1 —n°By)or, (P)
12
we have Tr(®,11®, 1) > Tr(®,®, ).

Tr((L, — ®,®)®,®,) > 18, Tr(®,®, ),

Proof. From (11), we have that
®,1®, (14)
= [L, + 7., — &)U, ¥ 2] &, (I, + B/ E,) &/ [L., + S0, ¥ S(1,, — &,&,)]

()

= L, +0@, — 2.2 )20, ¥ 3]0, (I, — »’E/E)®/ [I,, + =¥, ¥ 21, — 2,®/)]
®)

= (1 -8 [L, + 0, — 2,2 )2, ¥ 3]|®,®/ [I,, + =¥, ¥, (1, — 2P/ )]

= (1- nzﬂo{@tiﬁ +n,, — 2.2 )20, ¥ 2®,®] + 1P @ XU,V N(1,, — &P/ )}

where (a) is by Lemma 2; and (b) is by (I, — n?E/ E;) = (1 — %01 (L., — ®,®,))L, as a result
of (10), and we write 8; := o1(1,, — i’téj ) for convenience. We also dropped the fourth term
I, —®:® )0, ¥/ >®,®/ =¥, ¥ N(I,, — P;P,) given its PSDness. Note that 3; € [0, 1].

Now let the EVD of &, ®] = Q;A;Q/, where both Q; and A; are 74 x r4 matrices. Note that
0 < Ay X I,,. Then we have that

Tr((Im - @@Z)zxptxpjz@@j) (15)
= Tr(QuL, - A)QI S BQAQ))
= Tr((IrA - At)QtTE‘I’t‘I’tTZQtAt)

/{2 TI’((I,-A — At)At)
_ o ()
= 7,€2

(T, - @)@/ )

where (c) is by Lemma 4 and Lemma 5. More precisely, the PSDness of Q, X%, ¥ Q; justifies
the prerequisites for Lemma 4, and then we use 0., (Q/ =¥, ¥/ ¥Q,) > o2 ()02, (¥,) =
of (¥y)/r2
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Taking trace on both sides of (14) and plugging (15) in, we arrive at

Tr(@H_l(I)T ) 2’[’]0’3 (‘I’t)
ﬁ%i“ > Tr(®,®/ ) + #Tr((lm - .9/ )0,/ ) (16)
Simplifying this inequality gives the results. O

D.4.2 Increasing Alignment Between Y, and V

We proceed by proving the analogue of Lemma 12 for the alignment between Y; and V by following
the same steps.
Lemma 13. Consider Alg. | withn < 1 andy = 1. Let 6; := o1(L,, — U, ). If it holds that

2(1 = n*8;)0?, (Py)
2

Tr(@,, — T )T, T, ) > 06, Tr(¥, 8, ),

K

we have Tr(Wyy 1 W] ) > Tr(T, ¥ ).

Proof. From (13), we have that
|\ WER AR (17)
—1
=L, +n, —¥,.¥)2®,d 2|0, (I, + n°F/F) O] [, +n2®,®/ 2(I,, — ¥, ¥/ )]

1., +nd,, — ¥ ¥ )28.® 2|V, (I, — °F/F)¥/ I, + nE®,®, (I, — ¥, T)]

AA
< IYs

= (1 -n*) L, + 0, — T, ¥ 28,3 |0, ¥/ [I,, + 128,821, — T, T/ )]

= (1- nz‘ét){\llt\lli +n(l, -2 )2P,®/ 2, ¥/ + ¥, ¥/ 28,82, - ¥,/ )}

where (a) is by Lemma 2; and (b) is by (I, — n°F F¢) = (1 — %0 (L., — ¥ ¥, )L, as aresult
of (12), and we write §; := o1 (I, — ¥, ¥ ) for convenience. Note that §; € [0, 1].

Now let the SVD of ¥, \Il,;r = PtAtP;r, where both P; and At are r4 X r4 matrices. Note that
0 < A; <1I,,. Then we have that

Tr((IrA - \I:t\pj)z:cb@quft\pj) (18)
- Tr(Pt(I,.A — A)P] 28,8 SP,AP/ )

- Tr((ITA ~A)P/T®,®] EPt[xt)

(c) O'%A(@t) ~ ~
> TTr((Im - At)At)
o (@)
- #Tr((ITA - \I:tq:j)\ptq:j)

where (c) is by Lemma 4 and Lemma 5. More precisely, we use the PSDness of P,/ X&,®/ X P, for
applying Lemma 4, and then employ o, , (P £®,®] EP,) > 02, ()02, (®:) = 02, (®;) /K>

Taking trace on both sides of (17) and plugging (18) in, we arrive at

Tr(W, P/ 2mo? (P
Tr(®er1Piy) i e S (@, w7 4 210 (B t)Tr((ITA - \Ilt\I'tT)\Ilt\IltT). (19)
1 —n24, K2
Simplifying this inequality gives the results. O

D.5 Non-Increasing Misalignment

Misalignment of X, refers to the principal angles between X; and the basis of the orthogonal
complement of U. Similarly, one can define the misalignment of Y.
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D.5.1 Non-Increasing Misalignment of X,

Lemma 14. Denote the orthogonal complement of U as U | € R™*(™=74)_ Define the (m—ra)Xr
matrix Q; := U | X, to characterize the alignment of X, and U |. Under the same setting of
Lemma 12, we have that Qt+1QtT+1 =< QtQtT. Moreover, if ro < 2, it is guaranteed to have
o7 (Pry1) = 07 (B).
Proof. From update (5b), we have that
Qi1 = U (X, — nEy) (I + n°E[ Ey) /2

= (4 + UL (I, — X,X][)AY, 0/ ) (I, + n’E[E,) /2

(@) _

2 (2 —nU[X0,0]) (I +n°E/ E,) /2

=Q(1, — 10,0/ ) (I, +*E/E,) /2
where in (a) we have used UIA = 0 and ®; = X AY;. With this, we can see that

Q) = —70,0/) (1. +7’E/E,) (I, — 10,0, )9/
= .09/

where the last inequality comes from the fact that the three matrices in between are all PSD and their
largest eigenvalues are smaller than 1 given our choices of 7. This gives the proof for the first part of
this Lemma.

To show o2 (<I>t+1) > 02 (By), notice that given 2r4 < m, we have from Lemma 3 that o7, (®,) =
1—o02 (Qt) and o2 (‘I’t+1) =1— 072, (Q4+1). The conclusion is straightforward. O

D.5.2 Non-Increasing Misalignment of Y,

Lemma 15. Denote the orthogonal complement of Vas V| € R**("="4)_ Define the (n—ra)xr
matrix €y = VIYt to characterize the alignment of Y, and V . Under the same setting of
Lemma 13, we have that flt+1(~2:+1 < Qtflz. Moreover, if ro < %2, it is guaranteed to have
o7, (Bep1) = a7, ().
Proof. From update (5¢), we have that
Qi1 = V(Y —nF) (I + n*F]F,) /2

= (U +nVI(IL - Y. Y)ATX,0,) (1, +n*F/F,) /2

= (% —nV]Y,0]0,) 1, +7*F[F,) /2
(L — 00/ ©) (I, +1/°F[Fy) =12
With this, we can see that

Q19 = QI — 10/ 0,) (I +n’F/F,) (I, —n©/ ©,)Q/
= Qtﬂj

where the last inequality comes from the fact that the three matrices in between are all PSD and their
largest eigenvalues are smaller than 1 given our choice of 7.

To show o2 (\Ilt_H) >0 (\Ilt) notice that glven 2r4, < m, we have from Lemma 3 that
2 (¥)=1-02 (Qt) and 02 (¥i41)=1-02, (41). The conclusion is straightforward. [J

D.6 Convergence of Tr(®,®, ) and Tr(¥, ¥, )
D.6.1 Dynamics of Tr(®;®, )

Lemma 16. Suppose that ry < %, and let p := min{-L, %} Choosing n= (’)(L;“:‘n)z)

r2K
TAT K/4m + m T K/
pA(r—ra)t p(r—ra)t

and v = 1, Alg. | guarantees that after at most T = (9( log = ) steps

Tr(I., —®,®]) <e
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Proof. By rewriting (16), we arrive at

Tr(®rs1®,, ) — Tr(®: @) ) (20)
2770 (W)

,i2 (1 =n*B)Tr(A,, — 22 )®: D)) — * B Tr(2, P, ).

Based on (20), we discuss the convergence in three different regimes.

Phase L. Tr(I., — ®;®,) > r4 — 0.5. This is the initial phase, and the condition is equivalent
to Tr(®;®,) < 0.5. For notational convenience, let the SVD of ®;®] = Q;A;Q/. Given
these conditions, it can be seen that o,., (I, — ®,®)) = o,,(I,, — A;) > 0.5. Recalling that
Bi = o1(I,, — ®;®,) < 1, we can simplify (20) as

2noz (¥
(@1 @/ ,) — Tr(®®/]) > ,{72(0(1 — ) Tr((L, — ADA,) — PTr (@)
(@) noz (P
= %(1 — ) Tr(Ay) — °Tr(2, @)
) n(r —ra)*
U ) Tr(@,@]) — *Tr(®,®])

where (a) uses oy L (I 2 — A:) > 0.5; (b) uses Lemmas 15 and 11, which jointly imply that
o2, () > 02, (¥g) > (r — r4)?/(conr) for some universal constant ¢, defined in Lemma 11.
Rearranging the terms, we arrive at

n(r —ra)? 2 2 T
Tr(®11®/ ) > (1 + W(l =) =n" ) Tr(®,®, )
which is linearly increasing once the term in parentheses is greater than 1. This amounts to choosing
a small enough 7, i.e., n < 0(%)

PhaseIL. 0.5 < Tr(I,, — ®,®, ) < r4 — 0.5. Suppose that Tr((I, , — A;)A;) > p, for some p > 0
to be discussed shortly. Let n = O(%) and n < 0.5, it is straightforward to have

T T 2n(r —r4)? 2 2
Tr(<I>t+1<I>t+1) — Tr('IJt‘I>t ) Z 7(1 -1 )Tr((I,.A — At)At) —nNra (21)

K2comr
2n(r —14)?
> Cp— (1 =) Tr((@, — A)Ay) —n°r
2 4
pir—ra)ty
Z O( r3ktm? ) = A

Note that the O(-) notation ignores the dependence on constants including ¢; and ¢y. This means
that per step, Tr(<I>t<I>tT ) increases at least by A;. Consequently, after at most (rg4 — 1)/A; =
O(rar®s*m?/(p*(r — ra)*)) iterations, RGD leaves Phase II.

Next, we show that p > O(min{-L, %}) Notice that Tr((I,, — A¢)Ay) > 302 02(®,)(1—
o(®)) = 02, (®:)(1 — 02, (®;)) > O(min{ L, %}), where the last inequality comes from
the facts that i) for z € [a b] with 0 < a < 0.5 < b < 1, the smallest value of z(1 — z) is
2
min{a(l — a),b(1 — b)}; and, ii) o2, (®,) belongs to interval [a,b] with a = O(%) and

T
b= raz08 — 1 — oL <1— . Lemmas |4 and |1 are adopted to calculate a, that is, o7, (®;) >

ofA(@U) =0O((r— rA) /mr).

Phase IIL. Tr(I,, — ®;®,) < 0.5. This is a regime near the optimum. An implication of this phase
is that Tr(®;®, ) > 74 — 0.5. Given that the singular values of ®;®, belong to [0, 1], it can be seen
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that o, , (®,®]) = 0., (A;) > 0.5. Together with 3; < 0.5 in this scenario, we can simplify (20) as

Tr(<I>t+1‘I>tH —Tr(®,;®])

2na (1 ) — A)A;) — B Tr(®, @)
(c) nr—ré (1 ) A - 2B
CoNTrk
;7_17:; (1 T;)Tr P, ) - 772@7“,4
(d) : ;r_zr:; F (1 7722>Tr ra— 2@ ) —PraTr(I, — ®,®))

where (c) uses o, (A;) > 0.5; and (d) comes from 3; < Tr(I,, — ®;®, ). This further implies
that

T, — 1 ®) ) — Tr1,, — &:P))

n(r—ra)?

< - 2
Conrk

2
(1 - 772>Tr(ITA — &, ®]) + nPraTr(L,, — &,®]).
Reorganizing the terms, we arrive at

n(r —ra)’ n? 2 T
TI’(I (I)tJrl(I)tJrl) (]— - W 1-— ? +n°ra TF(ITA — (I)t(I)t ) (22)
This indicates a linear rate until we achieve optimality once 7 is chosen sufficiently small.

Note that our choice of 1 ensures the conditions in Lemma 12 are satisfied, indicating that an increase
of Tr(®;®/) per iteration is guaranteed. This means that Tr(®,®/ ) traverses Phase I, II, and III
consecutively. Combining these three phases together gives the claimed complexity bound. O

D.6.2 Dynamics of Tr(¥,¥,)

Lemma 17. Suppose that vy < %, and let p := min{-- (T_“)Q} Choosing n = O(P(T‘?;;‘n)?)

2K
TAT K, m + m T' K/
p2(r—ra)t T p(r—ra)t

and v = 1, Alg.] guarantees that after at most T' = (9(
‘I’t‘Il;r) § €

log 1) steps Tr(I,, —

Proof. By rewriting (19), we arrive at

Tr(C 1T, ,) — Tr(2, 8, (23)
2no;, (P
”T(t)(l — 26 Tr((L, — @ )0, W] ) — 025, (0, 0],

Based on (23), we discuss the convergence in three different regimes.

Phase L. Tr(I,, — ¥, ¥]) > r4 — 0.5. This is the initial phase, and the condition is equivalent
to Tr(¥, ¥, ) < 0.5. For notational convenience let the SVD of ¥, ¥ = PtAtPtT. Given these
conditions, it can be seen that o, , (I,, — ¥, %) = 0, (I,, — A;) > 0.5. Together with §; < 1
(recall that §; = o (I, — ¥, ¥)), we can simplify (23) as

2no?, ()

Tr( @, P ) — Tr(, %) > (1 ) Tr((, — A)As) — 0 Tr(T,2])

(;) 770-3,4(@15)
> A
®) p(r —r4)2
2l —ra)”
K“cimr

(1= n*)Tr(Ay) — *Tr(T,®])

) Tr(2, ) — P Tr(¥,])
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where (a) uses oy, (I., — A;) > 0.5; (b) uses Lemmas 14 and 11, which jointly imply that
2 (®y) =02, (®o) > (r— ’I"A) /(cyme) for some universal constant ¢; in defined in Lemma 1 1.
Rearrangmg the terms, we arrive at

n(r—ra)® 2 2 T
Tl > (14 2 ) 2 T ]
which is linearly increasing once the term in parentheses is greater than 1. This amounts to choosing

a small enough 7, i.e., n < O((T ra)” ).

Km'l"

Phase IL. 0.5 < Tr(I,, — ¥, ¥) < r, — 0.5. Suppose that Tr((L,, — A¢)A;) > p, for some p to
be discussed shortly. Choosing n < 0.5, and n = O(M), it is straightforward to have

r2Kk2m

T T 2n(r —ra)? 2 Y 2
Tr( O O ) = Tr(8, ¥, ) > = ——2 (1= n*)Tr((L, — A)A) —n°ra (24)

K2cimr
2 —ra) o,
> W(l — ") Tr(I, — A)As) —n°r
2 4
p°(r —ra)
> —_— ] = .
= O( r3rhm2 ) Az

Note that the O(+) notation ignores the dependence on constants including ¢; and co. This means
that per step, Tr(\Ilt\IlltT ) at least increases by Ag. Consequently, after at most (r4 — 1)/As =
O(rar®k*m? /p*(r — ra)*) iterations, RGD leaves Phase II.

Next, we show that p > O(min{, (r=ra)” “) }) = O(min{X (r— T“‘) }). Notice that Tr((L,,

ADA) > X0 (W1 - 02(8) > o (,)(1 - o2, (%)) > Omin( 2, U=2°}) where
the last inequality comes from the facts that 1) for x € [a bl with0 < a < 0.5 < b < 1, the
smallest value of (1 — x) is min{a(1 — a),b(1 — b)}; and, ii) o7, (¥;) belongs to interval [a, b]

with a = O(W) and b = 74=0% =1 — L <11 Temmas 15 and |1 are adopted to

TA 27"A

calculate a, that is, a = o2, (¥;) > 02 (¥o) = O((r —r4)*/nr).

Phase IIL Tr(I,., — ¥, ¥]) < 0.5. This is a regime near the optimum. An implication of this phase
is that Tr(®, ¥ ) > 74 — 0.5. Given that the singular values of ¥, ¥, belong to [0, 1], it can be
seen that o, (¥, W) = 0,, (A;) > 0.5. Together with &, < 0.5 in this scenario, we can simplify
(20) as

Tr(@ 1P, ,) — Tr(2,8))

2 o (P 2

0 HQ( ) (1 L T((s = AA) = 726 Tr(@ 0]
(Q (UG P § 0 S
— amrr? 2 " t)TIrora

@ n(r —r4)? 2
> M (1 _n )Tr(ITA — \Ilt‘I’;r) — UQTATr(IT’A - ‘Il*\Il;r)

2
0.5, as well as 07 (®;) > 07 (®g) > (r —r4)*/(cymr); and

where (¢) comes from o,., (A;)
). This further implies that

(d) uses 6; < Tr(L,, — ¥, ¥
T, — 1P ) — Tr(I,, — ¥, 8))

n(r—ra)’

< - 2
c1mrk

2
(1 - Z)Tr(lm — OO+ 2raTe(I,, — O,T)).

Reorganizing the terms, we arrive at

n(r —ra)’ N
Tr (I ‘Ilt+1lI’t+1) (1 — W 1-— ? + 772TA Tr(I'rA — ‘I’t‘I’;r)
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This indicates a linear rate until we achieve optimality once 7 is chosen sufficiently small.

Note that our choice of 7 ensures the conditions in Lemma 13 are satisfied. In other words, increasing
Tr(W, ¥, ) across t is guaranteed. This means that Tr(¥, ¥, ) will traverse Phase I, II, and III
consecutively. Combining these three phases together gives the claimed complexity bound. O

D.7 Convergence of O,

Lemma 18. Suppose that at iteration t, Alg. | with v = 1 satisfies Tr(I,, — ®;®,) < p, and
Tr(I., — OO ) < po. It is guaranteed to have f(X;, Yy, ©;) = O(p1 + p2).

Proof. Recall that y = 1 implies ®; = X,/ AY/, we thus have that
X0, Y, — Al = X, X[ AY, Y, — All
= XX/ AY, Y] — AY, Y] + AY, Y, — Al
< (XX = L) AY, Y [l + [A(Y Y — L)
(a)
< IXeX! = L)UlEIEVTY, Y/ | + US| V(Y. Y, — 1)
< IS (T — XX U + [V (L — YY)
where (a) uses the compact SVD of A = UXV . Now we have that
| (L = X XU = Te(UT (1 = X X[ )T — X X[)U)
=Tr1,, — 2:®/) < p1.
Similarly, we also have
IVT (@ =YY )E =Te(VT (L = YoOX)(T, = Yo Y] )V)
=Tr(I,., — U, ¥,) < p,.

Combining these inequalities, we have that

(b)
1X,0,Y7 — AlR € 2L, — XXTYUIZ + 2SIV (L — VoY, ) = O(on + p2)
where (b) uses (a + b)? < 2a? + 2b2. This finishes the proof. O

D.8 Proof of Theorem 1

Proof. The proof is straightforward. We apply Lemma 16 and Lemma 17 to show that within
2

o(% rirant 4 mPrisl log 1) iterations, we have Tr(IL,, — ¥, %) < eand Tr(I,, — ®,®]) <e.

p*(r—ra)* ' p(r—ra)? )
Then, Lemma 18 is adopted to reach the conclusion. O

E Theoretical Extensions to Symmetric Matrix Factorization

This sectlop extenq § our tk.leor.etmal results Algorithm 3 RGD for PoLAR-parameterized (25)
to symmetric matrix factorization problems.

While slightly deviating from the LoRA ap- Require: Learning rates 7, 7v; sample X, uniformly

plication, we still include these results be- from St(m, r).

cause we believe the improvement of the e fort =0,....7—1do

and x dependence is important in its own Find ©; via (262)

right. Obtain Riemannian gradient G, using (26b)
Update X1 with (26¢)

Let B € R™*™ be a symmetric positive
semi-definite matrix with rank(B) = rpg. Its
compact SVD is given by B = UXUT,
where U € R™*"5 and 3 € R"2*75. Without loss of generality, we assume 0(X) = 1 and
0,5 (X) = 1/k with k denoting the condition number.

end for
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E.1 Detailed Setups and Main Results
In the same spirit of the asymmetric problems (4), the standard BM factorization is reformulated as
1
min fyn (X, ©) = §||X@XT ~B| st Xe€St(m,r),® R (25)

We again consider the overparameterized setting where r > rp.

The algorithm to solve (25) shares the same principles as Alg. 1. At iteration ¢, we first apply GD to
update © using Ve f(X;, ©;_1), which gives

O, =(1-7)0;_1 +7X/BX,. (26a)
Next, the Riemannian gradient (of X;) calculated at (X;, ®;) is given by
G; = —(I,, - X, X/ )BX;X/ BX,. (26b)
With G, and polar retraction, the update on X, is given by
X1 = (X¢ — 1G)(L + 172G/ Gy)~V2 (26¢)

The detailed algorithm is summarized in Alg. 3.

Main Results for the Overparameterized and Symmetric Problem. We show that the POLAR
parameterization optimized with Alg. 3 can exponentially improve the dependence of € compared
with GD applied on BM.

(r=rp)” TB) }. Choosmgn*O(p( B)z)

Theorem 2. Suppose that rg < 5, and let p := HllIl{ oo Zm

and v =1, Alg. 3 guarantees fsy,,,(XT, Or) <eforal T > O(TBT "“47"4 +5 mr i log i)

(r—rgB) (r—rp)?

Note that a lower bound of Q( \/) applies to GD on the overparameterized matrix factorization

problem with BM parameterization (Xiong et al., 2024). This shows that our POLAR parameterization
exponentially improves the e dependence, transforming a sublinear rate into a linear one. Moreover,
it can be seen that the convergence of Alg. 3 improves with overparameterization, since r = crp
induces a tighter dependence on r compared to » = rg + ¢ for proper ¢ > 0.

E.2 Proof of Theorem 2
E.2.1 Dynamics

The alignment matrix is defined as ®; := U X, € R"2X", Next we derive several equations and
inequalities that help to establish the main theorem. Note that the choice of learning rate v = 1 will
be leveraged in some equations. We start with

R™" 5 G G; = X/ BX; X, B(I,, — X;X/ )?BX; X, BX;
= X/BX,X/B(,, - X;X])BX,XBX,
- 0,®/%(1,, - &, )P0,

where we use R"™*" 3 ©, = X/ BX, = &  ~®,. Applying 0;(®;) < 1 and o1(B) = 1 to the
equation above, we have that

01(G{ Gy) < 01()o1 (L, — 8@ ) = 01(I,, — 81 ®)). (27)

We also have that
By = [®; + (L, — 2,8 )E®,0,] (1, +1°G/ G¢)
=L, +n,, — 2,2/ )2®,®/ 2|8, (I, + n°G/ G,)

—1/2

—-1/2

This gives that
o9/, (28)
= [y + (1, — 8] )50, 2|, (I, +1°G] G;) ' ®] [I,,, + 58,8 (I, — &, )].

With these preparations, we are ready to prove our main results.
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E.2.2 Initialization

Lemma 19. Suppose that X is uniformly sampled from St(m, r) using methods described in Lemma
6. There exists a universal constant c1 such that whp the following hods

r—r 1 r—r
B+ > B

Jeomr T o Jaomr

Proof. The proofs, as well as the constants c;, and the exact probability, follow directly from Lemma
0. O

Orp ((I)O) =O0Orp (UTXO) >

E.2.3 Increasing Alignment in Symmetric Problems
Lemma 20. Let 3; := o1(1,, — ®,®]). Assumingn < 1,y =1, and

2(1 —n?Be)ol, (By)
2

- (@, — 2.9 ) 2@, ) > 1B Tr(®:®,)

holds, we have Tr(®,1.1 9, ) > Tr(®,®/).
Proof. From (28), we have that
D1 P,

-1
=L, +nd,, - 2,2/ )2®,®/2]|®, (I, + n’G/ G;) @/ [I,, + =8, @/ (1., — 2, P, )]

Y=

I, + 01, — 2.2 )5®,®,/ =8 (I, — G, G)®/ [I,, +nZ®:®/ =(1,, — &,/ )]

A
Y=

(1=n?B) Ly + (1, — 8,2 ) S0,/ =|®,®/ [, + nE2,®/ X(I,, — &P/ )]
where (a) is by Lemma 2; and (b) is by (I, — n*G/ G¢) = (1 — no1 (L., — ®,®/))L as a result
of (27), and we write 3; := o1 (I, — ®;®/) for convenience. Note that 3; € [0, 1].

Now let the thin SVD of ®; be QtAtPtT, where Q; € R"™3*"8 A, € R"™8*"8 and P, € R"*"5,
This gives that

.
P 11P,,

0
= (1=1°B)Q¢ Ly + 0Ly — A7)SiATS A7 (L, + 1S:A7S: (I, — AD)]Q/

= (1= 1080 Qu[A? + 01, — AD)SiAZS,A? + nAZSAZS,(1,, — AD)]Q/

—~

where in (¢) we denote S; := Q,' Q, which is PD. Noticing that 1 —n?3; > 0, and taking the trace
on both sides, we have that

1

—Tr( Py P/, 29

T N(®Pe1®11) (29)
> Tr(®:®)) + nTr((L, — A})S;ATS A7 + AFS,A7S,(I,, — A}))
@) 2no, . (A2
S t@.e]) + 171, - A7)AY)

2no,.. (A2

= Tr(®,®,) + %(t)ﬁ((lm - 0,9 )0, ®))

where (d) is by Lemma 4 and Lemma 5. More precisely, we use o, (S;A7S;) > 02 (S¢)or, (A7)
o5 (A?)/K%. Simplifying the inequality finishes the proof.

0

E.2.4 Non-Increasing Misalignment in Symmetric Problems

Lemma 21. Denote the orthogonal complement of U be U | € R™*("™=78)_ Define the (m—1pg) X1
matrix ¥, = UIXt to characterize the alignment of Xy and U, . Under the same setting of
Lemma 20, we have that \IltH\Il;_l < 1Ilt\Il:. Moreover, if rg < % it is guaranteed to have
07, (Pri1) = 07 (o).
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Proof. From update (26c), we have that

U, =U](Xy —nG)(L 4 n>G] Gy)~1/?
= (¥, + U] (In — X, X/ )BX; X/ BX,) (I, + 7*°G/ G;) /2
= (0, —UIX,07)(L +7°G/ Gy) 1/
=W, (I — nO®}) (I, +1*°G, G,) /2

‘With this, we can see that

‘I’t+1\I’tT+1 =v, (Ir - 77®t2) (Ir + 772G7:TGt)71 (Ir - 7765)‘1’:
=t A
where the last inequality comes from the fact that the three matrices in between are all PSD and their

largest eigenvalues are all smaller than 1 given our choices of 1. This gives the proof for the first part
of this lemma.

To show o7 (®141) > o7, (P¢), notice that given 2r g < m, we have from Lemma 3 that o2 (®¢) =
1—02, () and 02, (®441) =1 — 07, (¥¢41). The conclusion is straightforward. O

B B

E.2.5 Convergence

The proof of Theorem 2 is a direct result of the following Lemmas.

p(r—TB)Q)
r2Kk2m

Lemma 22. Suppose that rp < 2, and let p := min{L, %} Choosing n = O(
and v = 1, we have that after at most 0(;5(7'3”47”1 + p(m’”z’# 5 log %) steps, Tr(L,., — <I>t‘I>;r) <e

r—rg) r—rg)

Proof. By rewriting (29), we arrive at
Tr(®r41®, ) — Tr(2,®]) (30)

o2no, . (A2
> 2100 80 (1 2T, - AZIAD) BT @] ).
Based on (30), we discuss the convergence in three different regimes.

Phase L. Tr(I,, — ®;®,') > r5 — 0.5. This is the initial phase, and the condition is equivalent to
Tr(®;®, ) < 0.5. Given these conditions, it can be seen that oy (I, — ®:®/) = omin(l, —
A?) > 0.5. Together with 3; < 1 (recall that 3; := o1 (I,, — ®;®,)), we can simplify (30) as

T (@B @) — T @@ ) > 217D (| oy A2)AR) — o Tr (@,
r(Prt1 t+1) r(®;®, ) > 12 ( n)r((rs t) t) " Tr(®,®, )
@ no,, (A?
210 ) (1 ) Tr(A) - T @)

O n(r —rp)? 2 T 2 T

2 W(l =) Tr(®e®y ) — 1" Tr(: 2, )
where (a) uses oyin (L, — AZ) > 0.5; (b) uses Lemmas 21 and 19, which implies that 0., (A?) >
07, (®9) > (r —rp)?/(cymr) for some universal constant ¢ defined in Lemma 19. Rearranging
the terms, we arrive at

T—7T 2
TH( @01 ®).,) > (1 Gk ) O 772>Tr(‘1>t‘ﬂ )

KZcymr

which is linearly increasing once the term in parentheses is greater than 1. This amounts to choosing
(r—rp)? )

K2mr

a small enough 7, e.g., n < O(
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Phase IL. 0.5 < Tr(I,, — ®;®,) < rg — 0.5. Suppose that Tr(( — A?)A?) > p, for some p to
be discussed shortly. Choosing n < 0.5, and n = (’)(p (:;ﬁf%) ), it is straightforward to have

on(r —rg)?
TH(@1®),,) — Tr(®®] ) > 21T (1T, — A2)AZ) — e
KZcymr
S 2n(r — rB)2 %

pr—U ) Tr((L, — ADAT) —nPr

so(Zlorty o

r3im2

This means that per step, Tr(i)ﬂI’T) increases at least by A. Consequently, after at most (rg —
1)/A = O(rgr3x*m?/p?(r — rg)*) iterations, RGD leaves Phase II.

Next, we show that p > O(min{ > %ff}) Notice that Tr((L,, —AZ)A?) > D12 02(®,)(1—

0(®1)) > 02, (®4)(1 — 02 (<I>t)) > O(min{L w}) where the last inequality comes from
the facts that i) for z € [a bl with 0 < a < O 5 < b < 1, the smallest value of (1 — x)

is min{a(l — a),b(1 — b)} and ii) o2, (®,) belongs to interval [a,b] with a = O(ir TB)2)

mnr

and b = ’"BT 05 — 1 — 2r3 <1- i Lemmas 21 and 19 are adopted to calculate a, that is,

07, (®1) = 07, (o) = O((r — ?"B) Jmr).

Phase IIL. Tr(I,, — ®;®,) < 0.5. This is a regime near the optimum. An implication of this phase
is that Tr(®;®, ) > rp — 0.5. Given that the singular values of ®;®, belong to [0, 1], it can be

seen that o, (®;®, ) = 0,,(A?) > 0.5. Together with 3; < 0.5 in this scenario, we can simplify
(30) as

Tr(q>t+1<1>f+1 — Tr(®,®,)

2 o
7 ”? ( ) rs — ADAT) —° B Tr(®, @] )
@i 1= VT, — A2) - 2B
— 2K2 2 B
2
_n n T
= W(l 2) ’I‘B ‘I’t‘I’ )_ n BtTB
(@ 2
> % 1— ’;)Tr(l —®,®]) — PrpTr(l,, — ®,®)
K

where (c) applies o, (A?) > 0.5 twice; and (d) follows from 3; < Tr(I,,, — ®;®, ). This further
implies that

Tr(L, — ®:1®) ) — Tr1,, — &:®,))

< — 5.3 (1 - )Tr(I —®,®) 4+ 1?rpTr(1,, — ®,2,)).
K

Reorganizing the terms, we arrive at
T n n? T
Tr(L, — ® 1@/ ) < (1 5.2 (1 — 2) + nQTB)Tr(ITB -9,/
This indicates a linear rate until we achieve optimality once 7 is chosen sufficiently small.

Note that our choice of 7 ensures the conditions in Lemma 20 are satisfied, guaranteeing an increase
of Tr(®;®,) in every iteration. This means that the Tr(<I>t<I> ) will traverse Phase I, II, and III
consecutively. Combining these three phases together gives the claimed complexity bound. [

Lemma 23. Alg. 3 with v = 1 guarantees that f(X;,0;) = O(¢) if Tr(I,, — ®:®]) < e is
satisfied.
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Proof. We ignore the subscript in X; and ®; = X BX; for simplicity. We have that
XX —B|f = | XX'BXX' - BJ|r
= | XX"BXX" - BXX" +BXX'" - B
< |(XXT ~ 1,)BXX" [ + [BXXT ~1,,)]le

(a)
< (XX ~ L) U[e[SUTXX || + [US|[UT(XXT L) ¢

(b)
< 2B [[(Ln — XXT)U e

Now since we have that
(L, — XXT)UJ2 = Tr(UT(Im ~ XX )L, — XXT)U)

=Tr(I,, — &P )<e

Combining above inequalities, we have that
IXOXT - B2 < 4] 2|[(L,, - XXT)U}? < 4e.
This finishes the proof. O

F Additional Experiments

F.1 Additional Analysis on Stable Rank

In addition to the low stable rank in commonsense reasoning tasks shown in Fig. 2, we analyze
the official LoRA checkpoints from Hu et al. (2022) for DeBERTa-XXL.* The results are shown in
Fig. 6. It demonstrates that for most tasks the median stable rank of LoRA is in [1.30, 1.40] even if r
is chosen as 16 in LoRA. This implies that for half of the layers the stable rank is at the lower end,
leading to low directional diversity as outlined in the main text.

We also provide more comprehensive results on the relationship between the stable and nominal rank
for LoORA and PoLAR fine-tuned on commonsense reasoning tasks. Fig. 5 confirms the argument
made in the main text that LoRA suffers from a low effective rank which is addressed by our POLAR
parameterization. This applies to all commonsense reasoning datasets considered with the exception
of ARC-e and ARC-c. Moreover, the stable rank of POLAR increases with 7 on all datasets, yet the
trend is unclear for LoRA.

In Fig. 7, we show the evolution of sr(AW) over the course of training for POLAR and LoRA at
r = 32. While the stable rank for LoRA does not deviate significantly from the stable rank early in
training, POLAR’s stable rank appears to dynamically vary with the layer type: more often than not
the MLP layers (up and down projection) appear to require a larger stable rank, while the stable rank
of the value projection layer often comes out at the lowest.

F.2 Runtime Comparison

Benchmarking against Retraction. We provide the experimental details for the runtime compari-
son of a landing step and retraction step based on polar retraction in Table 4. For the retraction step,
we re-implement the polar retraction from Boumal et al. (2014) in PyTorch and compare it to our
parameter update based on a landing step. We use torch.compile to pre-compile each function and
run the benchmarking on a single NVIDIA H100 device. We sample measurements until the ratio of
interquartile range to median is below 0.15 and report the median. We provide detailed results for
additional values of m in Table 7 below, where the choice of m comes from the dimensions of linear
layers of Llama models.

Benchmarking against LORA/DoRA. We compare runtime and memory usage of POLAR to that
of LoRA and DoRA by reporting average step time and reserved memory usage in Table 6. We record
memory usage with the PyTorch profiler and measure step time using the HuggingFace Trainer. We
remark that POLAR only slightly increases memory usage relative to LoRA. The step time overhead
of POLAR over LoRA is at approximately 15%.

4Available at https://github.com/microsoft/LoRA.
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Figure 5: Stable rank of AW for Llama2-7B fine-tuned on commonsense reasoning tasks.
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Figure 6: Stable rank of the official DeBERTa-XXL LoRA checkpoints trained on GLUE tasks with
r = 16. ¢1 and g5 denote the first quartile and median, respectively.

Table 6: Reserved memory, average step time, and total time of training different low-rank adapters
for Llama-2-7B on PIQA with » = 32. A single NVIDIA H100 GPU was used.

Method Mem. (GB)

Avg. Step Time (s)

Total Time (min)

LoRA 52.37
DoRA 67.05
PoLAR 52.68

2.72
5.71
3.13

28.74
60.38
33.13
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F.3 Approximate Feasibility

In Fig. 8, we display the Frobenius norm distance to the Stiefel manifold for X and Y of PoOLAR
as well as Z; and Z- of LoRA. The displayed values refer to averages across all layers. The plot
provides empirical evidence that POLAR ensures (i) approximate feasibility of X and Y throughout
training and (ii) convergence to the Stiefel manifold.

Table 7: Retraction (Retr.) and landing (Land.) times (in ps) for different (m, ).

r

m 4 32 64 256

768 Retr. 507 1160 2178 8317
Land. 167 100 102 109

4096  Retr. 541 1050 1916 9889
Land. 180 186 238 539

11008 Retr. 606 1312 2237 11653
Land. 1785 1233 1632 3606
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Table 8: Performance on commonsense reasoning tasks with Llama-2-7B using GaLore and PoOLAR
for rank 16 in a single-task setup. HeSw refers to HellaSwag and WiGr to WinoGrande.

n BoolQ PIQA SIQA HeSw WiGr ARC-e ARC-c OBQA Avg.

1x107° 8193 8020 5640 80.23 81.53 80.22  47.53 4480 69.10
4x107° 86.48 8281 6126 83.84 78.85 83.08 5444  57.80 73.57

PoLAR 88.01 8292 5993 8268 81.77 81.82  57.51 57.40 74.00

GaLore

Table 9: Performance on commonsense-reasoning tasks with Gemma-3-12B using LoRA and PoLAR
at rank 8 for different learning rates (). HeSw refers to HellaSwag and WiGr to WinoGrande.

n BoolQ PIQA SIQA HeSw WiGr ARC-e ARC-c OBQA  Avg.

4x107*  90.03 8433 59.77 86.25 79.40 88.55 70.90 63.60 77.86
8x107% 9043 8243 57.68 83.70 77.35 87.79 69.28 63.00 76.46

4x107* 89.72 8553 61.87 87.19 86.50  90.11 6553  66.00 79.06
8x10™* 89.54 8558 61.87 86.58 86.50  90.61 66.81 65.80 79.16

LoRA

PoLAR

F.4 Comparison with GaLore

We compare POLAR to GaLore (Zhao et al., 2024) in Table 8. We adopt our commonsense reasoning
training setup from Table 2 with rank 16. For GaLore’s hyperparameters, we take inspiration from
their fine-tuning experiments in Appendix D and set the scale to 2. We set the update projection gap
s.t. the projections are updated once 15% increments of training are completed and tune the learning
raten € {1 x 107°,4 x 1075}

F.5 Gemma-3-12B on Commonsense Reasoning

In Table 9, we evaluate POLAR on Gemma-3 on the commonsense reasoning benchmark, replicating
the setting described Appendix G.1 with the difference of setting A = 5 x 1073, » = 8, and using
Gemma-3-12B.

G Experimental Setup

Experiments are performed on either of NVIDIA GH200 and NVIDIA H100 GPUs. We use PyTorch
(Paszke et al., 2019) for all experiments.

G.1 Commonsense Reasoning

We consider the following tasks: BoolQ (Clark et al., 2019), PIQA (Bisk et al., 2019), SIQA (Sap
et al., 2019), HellaSwag (Zellers et al., 2019), WinoGrande (Sakaguchi et al., 2019), ARC-e and
ARC-c (Clark et al., 2018), and OpenbookQA (Mihaylov et al., 2018). To facilitate reproducibility,
we use Eleuther-ATI’s Im-evaluation-harness (Biderman et al., 2024) and report the accuracy based
on multiple-choice log-likelihood evaluation, i.e., we select the answer choice with the highest
conditional log-likelihood as the predicted answer. For datasets with answer choices of varying length
(PIQA, ARC-e, ARC-c, OpenbookQA, and Hellaswag), we perform byte-length normalization of the
log-likelihood scores to remove any bias due to the answer length.

For the results in Table 10, we train for 5 epochs on each task with batch size 128 and choose the
learning rate within {4 x 107%,8 x 107%,4 x 1073}. We tune X € {1073,5 x 1073} for POLAR
and set o = 32. We choose the combination that performs best on average throughout all datasets
(see Table 10) and report these.

For the comparison in Table 1, we train again on each task for 5 epochs with 7 = 4 x 1073 and set
A = 0.1 for all datasets and settings.
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Table 10: Learning rate and regularization lambda values for different ranks and adapters.

Rank Adapter Learning Rate A«
4 DoRA 4x1074 32
LoRA 4x1074 32
PoLAR 4x107% 5x1073% 32
8 DoRA 4x1074 32
LoRA 4x1074 32
PoLAR 4x107% 5x1073% 32
16 DoRA 4x1074 32
LoRA 4x1074 32
PoLAR 4x107% 5x1073% 32
32 DoRA 4x1074 32
LoRA 4x1074 32
PoLAR 4x107% 5x107% 32

G.2 Mathematical Reasoning

For the mathematical reasoning experiment, we tune the learning rate grid in {2 x 107%,4x 1074, 6 x
10_4}. We train for 2 epochs on MetaMathQA (Yu et al., 2024) using rank 16, batch size 128, and
tune A € {1073,5 x 10~3}. Further following Yu et al. (2024), we do not use few-shot prompting,
as the zero-shot setup reduces inference costs and tends to work better for fine-tuned models (see
Appendix B in Yu et al. (2024)). We use the following Alpaca-based prompt (Taori et al., 2023) for
training and evaluation:

"Below is an instruction that describes a task. Write a
response that appropriately completes the request.\n\n###
Instruction:\n{instruction}\n\n### Response:\n". We evaluate on GSM8K (Cobbe
et al., 2021) and MATH (Hendrycks et al., 2021) using Im-evaluation-harness and the above prompt.

G.3 GLUE

We set the rank » = 16 and batch size 32 for all methods. Additionally, we fix « = 8 and A\ = 1.
For both methods, we do a grid-search of the learning rate € {4 x 107%,8 x 1074,1 x 1073} and
report the set of runs that yields best performance across all datasets. We report the average accuracy
across four seeds.

G.4 Matrix Factorization

Here, we provide the experimental details for Fig. 3. We compare Riemannian Gradient Descent
(RGD) with the PoOLAR parameterization (PO) to Gradient Descent (GD) with the Burer-Monteiro
parameterization (BM). We set A € R™*" with r4 = 4 evenly spaced singular values in the interval
[1, k] with k € {10,100}. For x = 10, we set n = 1073 and v = 1 for PO + RGD and n = 10~ for
BM + GD. For x = 100, we use 7 = 10~* for both methods. In the symmetric case, we use again
n = 1073 for kK = 10 and n = 107 for x = 100.

G.5 Licenses

Our evaluations are carried out on commonly-used datasets in the literature.

Language Understanding. GLUE (Wang et al., 2019) is designed to provide a general-purpose
evaluation of language understanding. Those adopted in our work include MNLI (inference, Williams
et al. (2018)), SST-2 (sentiment analysis, Socher et al. (2013)), MRPC (paraphrase detection, Dolan
and Brockett (2005)), CoLA (linguistic acceptability, Warstadt et al. (2019)), QNLI (inference
Rajpurkar et al. (2018)), QQP° (question-answering), RTE® (inference), and STS-B (textual similarity,
Cer et al. (2017)). These datasets are released under different permissive licenses.

Shttps://quoradata.quora.com/First-Quora-Dataset-Release-Question-Pairs
*https://paperswithcode.com/dataset/rte
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Commonsense Reasoning. These datasets are a collection tasks that require commonsense reasoning
to answer. The considered datasets include WinoGrande (Sakaguchi et al., 2019), PIQA (Bisk et al.,
2019), Social Interaction QA (SIQA) (Sap et al., 2019), HellaSwag (Zellers et al., 2019), ARC-easy,
ARC-challenge (Chollet, 2019) and OpenbookQA (Mihaylov et al., 2018). These datasets are released
under different permissive licenses.

Mathematical Reasoning. For mathematical problems, we consider GSM8K (Cobbe et al., 2021)
dataset that consists of high quality linguistically diverse school math problems created by human
problem writers. MATH (Hendrycks et al., 2021) contains high-school competition mathematics
problems from different areas of mathematics with varying degrees of difficulty. We also adopt
MetaMathQA dataset (Yu et al., 2024), which is constructed through bootstrapping mathematical
questions by rewriting the question from multiple perspectives. All three datasets are under the MIT
license.

Models. We summarize licenses and terms of use of the models employed in this work. All
model checkpoints are obtained from HuggingFace, if not stated otherwise. DeBERTa-v3-Base and
DeBERTa-v2-XXL are under the MIT License. Llama-2 models are under the Llama 2 community
license agreement.” Gemma models are under the Gemma terms of use.” The official LoRA
checkpoints for DeBERTa-XXL available on Github are under the MIT license.’

"https://huggingface.co/meta-1lama/Llama-2-7b-chat-hf/blob/main/LICENSE. txt
$https://ai.google.dev/gemma/terms
‘https://github.com/microsoft/LoRA/releases/tag/DeBERTa
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