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ABSTRACT

We present a constructive derivation of exactly E(n)-equivariant spherical deci-
sion surfaces by extending prior O(n)-equivariant hypersphere neurons to include
translations. To achieve this, we present a decomposition of the features of the
O(n)-equivariant neurons and provide explicit representations for translation and
E(n)-transformations to fulfil the respective equivariance constraints. The resulting
decision surfaces are exactly E(n)-equivariant without input centring or explicit
pairwise differences, and admit explicit closed-form matrix representations. In
addition, we numerically verify the correctness of the derivations and perform a
downstream check of the resulting geometric primitives.

1 INTRODUCTION

Typically, O(n)—equivariamﬂ methods (Esteves et al.,[2017; Deng et al.,|2021; |Assaad et al., 2023}
Ruhe et al.||2023)) require centring the input to become translation-equivariant, i.e., equivariant under
the Euclidean group E(n), or explicitly using the differences between input points, considering input
as a collection of points (Thomas et al., 2018}; [Fuchs et al.| 2020 [Satorras et al.,[2021). Motivated
by the fact that spherical decision surfaces (Perwass et al.,|2003) produce isometric activations, as
shown by Melnyk et al.|(2021) (which hints at the equivariance under the full Euclidean group), see
Section we aim to make O(n)-equivariant hyperspheres (neurons) (Melnyk et al.| [2024a) also
translation-equivariant, beginning by considering only a single-point input.

Section[3]in its entirety constitutes the contributions of our work. Our goal is to establish and explicitly
derive an exactly E(n)-equivariant extension of O(n)-equivariant spherical decision surfaces (Melnyk
et al., [2024a) at the neuron level, rather than propose a composable deep architecture. We summarise
our contributions as follows:

« We improve the understanding of the features learned by O(n)-equivariant spherical neurons by
showing how to decompose them into irreducible representations (irreps) — see Section[3.1}

» We derive the E(n)-equivariant hypersphere neuron based on regular simplices and spherical
decision surfaces (see (24), (26)), and Figure[l), with the E(n)-invariant primitives and (@3);

 We provide explicit transformation representations fulfilling the equivariance constraints (see (28)
and 7).

In addition, we numerically demonstrate the correctness of our derivations, with the results presented
in Section[d] The code is available at github.com/pavlo-melnyk/equivariant-hyperspheres, under
notebooks/en_equiv_spherical_decision_surfaces/.

2 BACKGROUND

In this section, we present a comprehensive background on the theory of spherical neurons (Perwass
et al.,2003; [Melnyk et al.|[2021)) and their rotation/reflection-equivariant version (Melnyk et al.| 2022}
2024a)), as well as on the general geometric concepts used in our work.

2.1 REGULAR SIMPLICES AND THE SIMPLEX CHANGE OF BASIS

Geometrically, a regular n-simplex represents n + 1 equidistant points in nD (Elte} 2006), lying on
an nD sphere with unit radius. In the 2D case, the regular simplex is an equilateral triangle; in 3D, a
regular tetrahedron, and so on.

"Here, we also include methods that are strictly speaking only SO(n)-equivariant.


https://github.com/pavlo-melnyk/equivariant-hyperspheres/tree/main/notebooks/en_equiv_spherical_decision_surfaces
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Following (Cevikalp & Saribas|(2023)), we compute the Cartesian coordinates of a regular n-simplex
as n + 1 vectors p; € R™:

n~1/21, i=1 14+vn+1 1
pi={ ——ar o k=t )]

kl+pe,_q, 2<i<n+1’ e n3/2 ’

where 1 € R" is a vector with all elements equal to 1 and e; is the natural basis vector with the
i-th element equal to 1. For convenience we define P,, as an n X (n + 1) matrix holding the regular
n-simplex vertices, p;, in its columns:

P,=|p1 P2 ‘- Pnl. 2)

Based on the definition of the regular simplices (I), Melnyk et al| (20244) generalised to nD the
change-of-basis matrix defined in 3D by Melnyk et al.|(2022) as an (n + 1) x (n + 1) orthogonal
matrix M, (i.e., representing rotation or reflection) holding in its columns the coordinates of the
regular n-simplex appended with a constant and normalised to unit length:

n+1 1| ps Pi n+1
M, = [m;| " m; = » {n_yz} y P= {n_lﬂ} = ma (3)
where the norms p are constant, since ||p;|| = ||p;|| for all ¢ and j by definition of a regular simplex.

The following relation between M, and P,, is important for the O(n)-equivariance derivation of the
neurons recapped in Section 2.4}

I
M, P, =p {O’T‘] : @

2.2 EQUI- AND INVARIANCE UNDER E(n)—TRANSFORMATIONS

The elements of the orthogonal group O(n) can be represented as n X n matrices R with the properties
R'"R=RR" = I,,, where I, is the identity matrix, and det R = 41, geometrically characterizing
nD rotations and reflections. The special orthogonal group SO(n) is a subgroup of O(n) and includes
only orthogonal matrices with the positive determinant, representing rotations.

The Euclidean group E(n) is defined as a semidirect product E(n) = R™ x O(n); it consists of
all orthogonal transformations together with translations, which can be represented as pairs (R, t):
E(’I’L) = {(R,t) | R <€ O(n), te R"} with (Rg,tg)(Rl,tl) = (Rg Ry, t2+R> tl).

We say that a function f : X — ) is E(n)-equivariant if for every R € O(n) and t € R", there exists
the transformation representation p(R, t), in the function output space, ), such that

p(R,t) f(x) = f(Rx+t) forall (R;t) € E(n), xe X CR", 3

where p(-) is a group representation, i.e., a homomorphism p : E(n) — GL()’), mapping each (R, t)
to an invertible linear operator on )) — a matrix operator in some chosen basis.

We call a function f : X — ) E(n)-invariant if for every R € O(n) andt € R", p(R,t) = I,,. That
is, if

f(x)=f(Rx+t) forall (R,t) €E(n), xe X CR". ©)
Following the convention of prior work (Melnyk et al.|[2022};/2024b)) hereinafter, we write R to denote
the same nD rotation/reflection as a n x n matrix in the Euclidean space R”, as a (n + 1) x (n + 1)
matrix in the projective (homogeneous) space P(R"™) C R"*! and as an (n + 2) x (n + 2) matrix
in R"*2. For the latter two cases, we achieve this by appending ones to the diagonal of the original
n X n matrix without changing the transformation itself (Melnyk et al., [2021]).

2.3 SPHERICAL NEURONS VIA NON-LINEAR EMBEDDING

Spherical neurons (Perwass et al.| | 2003; Melnyk et al., |2021)) are neurons with, as the name suggests,
spherical decision surfaces.
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Sphere as a classifier By virtue of conformal geometric algebra (L1 et al., [2001)), Perwass et al.
(2003) proposed to embed the data vector x € R™ and represent the sphere with centre ¢ =
(c1y...,¢n) € R™ and radius r € R respectively as

1 1
X = (xl,...,:cn,f1ﬁ§||x||2) e R"*2 S=(c1,...,cn, 5(ch’é’ —7r%),1) e R""2, (7)

and used their scalar product X' § = — % Ix — c||2 + %TQ as a classifier, i.e., the spherical neuron:
fs(X;8)=XTS, ®)

with learnable parameters S € R™*2. The sign of this scalar product depends on the position of the
point x relative to the sphere (c, r): inside the sphere if positive, outside the sphere if negative, and
on the sphere if zero (Perwass et al., 2003).

Geometric interpretation and isometric activation Geometrically, the activation of the spherical
neuron (8) determines the cathetus length of the right triangle formed by x, ¢, and the corresponding
point on the sphere (see Figure 2 inMelnyk et al.[|(2021)), and, as shown by Melnyk et al.|(2021), is
isometric, i.e., rigid transformations of the spherical neuron (or rather, its spherical decision surface)
correspond to the rigid transformations of the vector it acts upon: Using two (n + 2) x (n + 2) motor,
i.e., rigid transformation, operators Q¢ and Q  that act on S and X (7)), respectively,

R 0 t R -t 0
Qs=|t'R 1 3t|?)| and Qy=| OF 10, )
0" o0 1 —t'R L[t 1

such that Q x is the adjoint of Q g, i.e., Q}QS = I,,4+2, we obtain
QxX)T(QsS)=X"00sS=X"S. (10)

Non-linear activation We note that with respect to the data vector x € R"™, a spherical neuron
represents a non-linear function fs(-;8) : R"*2 — R, due to the inherent non-linearity of the
embedding (7), and therefore, does not necessarily require an activation function, as observed by
Melnyk et al.[(2021)).

Independent learnable parameters The components of S in (/) can be treated as independent
learnable parameters. In this case, a spherical neuron learns a non-normalised sphere of the form
S = (31,...,8n12) € R"2 which represents the same decision surface as its normalised counterpart
defined in (7)), thanks to the homogeneity of the embedding (Perwass et al., 2003} [Li et al. [200T).
The last parameter of S is called the scale parameter 7y := 5,12, so the definition (8) can be written
more generally as

fs(X;8) =7 X'S. (11
For simplicity and without loss of generality, in the following we suppose v = 1.

2.4 O(n)-EQUIVARIANT HYPERSPHERES (NEURONS)

Following the proposal for 3D by Melnyk et al. (2022), which was later utilised in an end-to-
end method (Melnyk et al.l 2024b), Melnyk et al.| (2024a) generalised to nD an O(n)-equivariant
hypersphere neuron (also referred to as equivariant hypersphere) based on spherical decision surfaces
(Perwass et al.| [2003; [Melnyk et al., 2021) and regular simplices (see Section @)

Definition Particularly, an equivariant hypersphere F,,( X ; S) is defined as the (n + 1) x (n + 2)
matrix (S) for the spherical decision surface § € R™*2 with centre ¢ € R™ and an nD input x € R"
embedded as X € R"*2 as

F.(X;S)=B(S)X, B(S) = [(Rg R7. Ro S)Tr+1 , (12)

i=1

where {Rr, ?:11 is the R"*2 rotation isomorphism corresponding to the rotation from the first vertex
to the i-th vertex of the regular n-simplex (and therefore, R, = I,,12), and Rp € SO(n) is the
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geodesic (shortest) rotatiorﬂ from the sphere centre c to||c|| p1:
Ro ¢ = |c[p1, (13)

where p; € R™ is the first vertex of the regular simplex according to (I). Hence, R1, Ro ¢ = |c||p;.
Note that if the centre ¢ happens to be —p;, R is a reflection about the origin. Thus, in principle,
we could also write Rp € O(n).

The definition of B(S) in (I2) can be written by using the definition of a spherical decision surface (7)
and a regular simplex (T)) and (2)), as well as the definition of Ro (T3):

n+1 T .7 n+1
B(S) = [(Rg R7, Ro S)T} = [CTRO R} Ro  Sni1 1}
=t ' i=1 (14)
n+1
= [llclpf Ro  sup1 1)) = [chpz Ro snal 1],
where s,,11 == %(HCHQ —7r?).

O(n)-equivariance The O(n)-equivariance property for the equivariant hypersphere is
V(R) B(S) X = B(S) RX, (15)

where R is the rotation representation in R" 2 obtained by extending the diagonal of the original
n X n matrix with 1s (ones), and the transformation representation in the neuron output space R"+!
is given by the (n + 1) x (n + 1) matrix

V(R) =M, Ro RR,M,, , (16)

where M,, € O(n+1) is the-change-of-basis matrix defined in (3] and a 1 is appended to the diagonals
of Rp and R to make them (n + 1) x (n + 1). Furthermore, V(R) belongs to a proper subgroup of

O(n+1): G=0(n) x S, ie., G < O(n+ 1), where G is formed as O(n) x M,, (HCL”, 0) with
M, (HCLH,O) e s,
The original transformation is found directly as

R=R M, V(R) M R, , (17)
followed by the retrieval of the upper-left n X n sub-matrix.
Non-linearity With respect to the input vector x € R", the equivariant hypersphere F,,(-;S) :

R"+2 — R"*! represents a non-linear O(n)-equivariant function. Also, the sum of the output
B(S) X is an O(n)-invariant scalar due to the regular n-simplex construction.

3 THEORETICAL RESULTS

In this section, we present the main results of our work. Complete derivation and proofs are presented
in Appendix |A] which, for convenience, follows the same order as this section.

For the derivation of translation equivariance, it is instrumental first to consider the following
decomposition of the output y of the O(n)-equivariant hypersphere neuron.

3.1 IDENTITY SPLIT: EQUIVARIANT HYPERSPHERE OUTPUT DECOMPOSITION INTO IRREPS

Given X € R"+2 andy = B(S)X € R""!, we decompose y into O(n)-equivariant and
invariant parts using (14) as

X

, 18
r? — elf? — x]I2) (18)

Ro My y =RoMy B(S)X =plell |,

*In practice, it is computed utilising the Householder (double-) reflection method, e.g., as described by (Golub
& Van Loan| (2013)).
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cS iy — x'= Rx+t

X = x-1L—3lx|? € rt2
&, r 7 1 m2 +2
E X= &L=ty ern
5
' = ] e rnt2

I 1

R Biw® X' = [ "] e rnt2

Q(R' t) Bhom(s) X = Bhom(s) X,

Figure 1: Geometric interpretation of the equivariant hypersphere neuron and its homoge-
neous extension, By, (S) (best viewed in colour). Each component of B(S) X corresponds to the
scalar product between the embedded input X = (x, —1, —3||x||?) and a spherical decision surface
transformed by the simplex rotations Rr,. The homogeneous operator Bponm (S) augments the output
with an additional coordinate depending on the space dimensionality n and the sphere centre norm,
|lc||, enabling a linear representation Q(R, t) of the Euclidean group E(n). Only the parameters
defining the sphere S—its centre ¢ and radius —are learnable; the remaining quantities arise from
the geometric construction.

where o = fm = 2‘@‘, and the invariant part is Y21 (2 — ||c||2 — ||x||), with c and 7 being

learnable parameters.

Observe that in the case ||c|| = 0, the O(n)-equivariant part, i.e., the original vector x, zeroes out,
and what we are left with is

RLM,y =R M, B(S)X =

2

0
B (2 — |x2>1 | (19

Also, if X is transformed with R € O(n) extended to (n + 2) X (n + 2) using the identity matrix, as
R X, defining yg := B(S) R X, we obtain

Rx
RLM, yr=R,5M, B(S)RX =p||c { } 20
o) Yr 0] (S) pllc|l 04(7“2 _ HCHQ . ||X||2) (20)
3.2 TRANSLATION EQUIVARIANCE
The desired equivariance property is
T(t) B(S) X = B(S) Trus X, (21)
where T'(t) is the translation representation we seek and
I, -t 0
Trus = | OT 1 0 (22)
-t gft)* 1

is the (n + 2) x (n + 2) matrix @) with R = I,,.

Consider the RHS and denote y, to be the output of the equivariant hypersphere given the input x
translated as x 4+ t and embedded in R"*2 (see @) as X:
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¥y = B(S) X; = B(S) Trus(t) X € R". (23)

As we show in the Appendix, to satisfy (Z1)), we need to make the original (n+1) x (n+2) equivariant
hypersphere B(S) (12) output a homogeneous feature. For this, we create the (n + 2) X (n + 2)
Bhom (S)

._ B(S)
Bhom(s> — |:0T —p ||C|| 0:| ) (24)
so that )
_|BS)X| _ y n+2
Bn($) = [0 = |, o] <7 2

where ¢ € R"™ are parameters in S, and hence no new learnable parameters are added, and the — sign
in the —p ||c|| element in Byom (S) is due to the second last element of the embedding X (7)) being —1.

Observe that with respect to the input vector x € R”, the equivariant hypersphere 24) F,,(-;S) :
R"*2 — R"*2 represents a non-linear E(n)-equivariant function. In the general case with the

learnable v € R parameter (see Section , we define Byom(S) as

Buon(8) =1 {OT e 0] 26)

We rewrite the desired equivariance property (1)) for the new Byom(S):
T(t)Bhom(S) X = Bhom(S) TRHS X7 (27)

where we find that
T(t) =M, Ro Tinermn RS M, (28)

where, gently abusing notation, M,, € O(n + 1) and Rp € O(n) are extended to (n + 2) x (n + 2)
using the identity matrix, and Tiperm 18 the (n + 2) X (n + 2) matrix

I, 0 t
Tinerm(t) = | —2atT 1 —alt|?]|, (29)
o' 0 1
_ V/nt1l _ /n
where o = el = 2l

|
We verify that T(t) is indeed a linear representation as necessary for the equivariance definition (3),
by (a) finding its inverse

I, 0 —t
T(t)"' =M, Ro Tppm RO My, Til = 2af 1 —alt)?], (30)
0 0 1

which is valid for all t € R™ and « with ||c|| # 0 (we will consider this case below), and (b) verifying
that the action of T(t2) T'(t;) results in the translation of the original nD x as x +t; + to:

T(t2) T(t1) = M, Ro Tinerm(t1 +t2) RS M, . O 31)

Degenerate case c = 0 Geometrically speaking, the case ¢ = 0 means that the entire regular
simplex construction in B(S) (I4) collapses to a single sphere with three identical copies, all centred
at 0; additionally, it means that Ro (I3) does not exist. In practice, we can prevent the degenerate
case, e.g., by adding some negligible € to ||c]|.

3.3 COMPLETING TO E(n)-EQUIVARIANCE
The desired equivariance property is

O(R,t) Bhom(S) X = Bhom(S) Qrus X, (32)
where Qgys == Qx (@)
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By using an identity complement and extending V (16) to (n + 2) x (n + 2) on the LHS in (I3), we
note that Bpom (S) 24) is also O(n)-equivariant: since the RHS in (T3] can be rewritten as

(33)

Brom(S) R X — {B(S)RX} ’

pllc]l

where p||c|| = /™ |[c[| and ||x||? = ||R x||? are O(n)-invariant. The same is valid for the LHS,
where the additional (n + 2)-th element in the resulting vector is also p||c||.

In turn, the RHS of (32) is
B(S X
Yrt = Bhom(S) Qrus X = [ ( ;HQCT‘HS ] ) (34)

where using the decomposition of y (I8), we note that

Rx+t
-
ROM, yre=plc| |a(r?— ||c||21— [x+t]%)] . (35)

where ||x +t||? = |[R x +t|%.

Keeping the extended (n+2) x (n+2) versions of M,, € O(n+1), Ro € O(n),V € G < O(n+1),
using the translation representation T' derived earlier, as well as yg, and following the same
order of operations on the LHS as on the RHS of @]) (first an O(n) action, and then translation), we
find that

TV Bhom(S) X = Bhom(s) QRHSX' U (36)

Thus, we have proved for

R 0 t
O(R.t):=T(t)V(R) =M, Ro |-2at"R 1 —aft|*| R; My, (37)
0 0 1

where M, R, and V (16)) are extended to (n + 2) x (n + 2) using the identity complement, T is
given by (8), and a = ¥2t1 = i

2pllell = 2ffell”

Similarly to what we did with T'(t) in Section we verify that Q(R, t) is a linear representation by
(a) finding its inverse

R" 0 —-R"t
QR,t)"' =M, Ro 2atT 1 —ait|? R, M, (38)
0 0 1

which is valid for all Rin O(n), t € R™ and a with ||c|| # 0 (which is the degenerate case considered
in Section , and (b) confirming that the action of Q(R3, t2) Q(R1, t1) results in the transformation
of the original nD x as Ro(Ry x+t1) +to = Ro Ry x+ Rty +to, i€,

O(R2,t2) Q(Ry,t1) = Q(R2Ry1, Roty +1t3). [ (39)

This completes a constructive existence proof of an explicit E(n)-equivariant representation for
spherical decision surfaces, without relying on input centring or pairwise coordinate differences. For
geometric interpretation, see Figure

3.4 INVARIANT OPERATORS

For the E(n)-equivariant feature in our case (23], we can no longer take the inner product of the input
with itself to obtain an invariant feature as it is possible with O(n)-equivariant features (as performed
inMelnyk et al.| (2024ab))), and thus require other invariant operators.
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Figure 2: Numerical verification of our construction with histograms of log; , residual norms. Left-
to-right and row-by-row, we report errors for: the invariant/equivariant split (identity split) (T8),
translation equivariance with T, the equivariance constraint (32)) with full E(n) actions Q, the
inverse of the translation representation 7~ * (BO), group composition Q, @, (39), and invariants

I;j . @2) and (@3). Residuals cluster at machine precision, confirming the derived identities up to
numerical roundoff.

Canonical triplets and translation law Within the neuron-specific (indexed with k) canonical

frame, i.e., after the change of basis RE,” M,,(34)— (33) and normalisation by p|| c, ||, the homoge-
neous feature for an input point x; € R" splits into a vector—scalar triple [ x;; s;x; 1]. Under a global
translation x; — x; + t, the equivariant representation acts as

X; — X; +t, Sik — Sik — 20 t1 x5 —ag || t]]?, (40)
where ay, = 520 and sy, = o (r2 — || e |2 — || % [|?).
Single-point invariant A per-neuron scalar
Lip = sie + ol xi |* = on(ri — [l ex |I?) (41

thus remains invariant under translations and rotations/reflections. It serves as a learned bias/radius
term for normalisation or gating across neurons.

Pairwise invariant and distance form For two points ¢, 7 under the same neuron k, we define
: T
Lijk = sik + sjk + 20k X; X5, (42)

which is exactly translation-invariant; expanding s;; yields the rotation/reflection-invariant distance
form

Lo = e (208 = 2l e | = Il 3 = |12), 3)

so I;; , depends only on the pairwise distance || x; — x; || and neuron parameters c;, and ry.

3.5 STRUCTURAL IMPLICATIONS

The results of this work are best interpreted at the level of individual geometric constructions. In
particular, enforcing exact E(n)-equivariance for non-linear spherical decision surfaces leads to
representations Q(R, t) (37) that depend explicitly on the learned geometric parameters c;, € R™ of
each neuron. This dependence is intrinsic to the construction and reflects the fact that the geometry

of the decision surface itself is learned. As a consequence, the output vector [p ﬁ’c”} € R"2 @) is
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neither in the same space as the input x € R" nor in the conformal space in which the embedding
X € R™*2 () resides (since the last two parameters of the output are not as they should be in the

embedding). For this reason, Bhon(S) cannot be interpreted as a drop-in neural network layer whose

outputs can be directly stacked or composed in the usual way. We therefore view Byop (S) primarily
as a theoretically well-defined geometric primitive rather than a drop-in neural network layer. Possible
ways of integrating such primitives into larger equivariant systems (e.g., via canonicalisation and
invariant extraction) can be envisaged but are not pursued further in this work.

4 DEMONSTRATION

Numerical verification As a sanity check of the derived operators, we use PyTorch (Paszke et al.,
2019) and numerically validate the identities from Section [3| by sampling random x € R"™ (where
required, x; and x2), R € O(n), t € R", ¢ € R", and r € R, and reporting the distribution of
log, residual norms for each check. Each check is performed 1000 times for each dimension
n = {2, 3,4, 5}. The resulting histograms presented in (Figure show that residuals concentrate at
machine precision, supporting the correctness of our derived operators.

3D Tetris data classification We then perform a minimal proof-of-concept experiment verifying
that the derived E(n)-invariant primitives (42)) behave as predicted in practice. We solve a classifica-
tion task on a modified version of the 3D Tetris dataset used by Thomas et al.|(2018): we remove the
mirrored chiral copy to avoid reflection-sensitivity since our demonstration targets E(n)-invariance.
Each sample is a 4-point shape in R3, and 7 distinct shapes in total constitute the entire training set.
The test set consists of the Tetris shapes subjected to random rotations/reflections and translations,
with 7000 samples in total.

We build our model using one E(3)-invariant bank with X' = 10 neurons (26) (with randomly
initialised S, and each 7 initially set to 1), producing closed-form invariants {2}, followed by a
single linear head classifying from these invariants, in total containing 127 parameters. As a baseline,
we construct a 3-layer multilayer perceptron (MLP) with ReLLU activations and the same head size,
yielding a 191-parameter network. We train three versions of this MLP: (i) as-is (MLP), (ii) with on-
the-fly E(3)-augmentation (MLP+aug), and (iii) with centring the input and using O(3)-augmentation
(MLP+centr+aug). All the models follow the per-point DeepSet (Zaheer et al.,[2017) construction,
and are therefore permutation-invariant (we use mean pooling). We train the models for 1000 epochs
by minimising the cross-entropy and using the Adam optimiser with the default hyperparameters. The
results in Table[T|show that the derived invariant primitives behave as theoretically expected under
E(n) transformations, while standard MLPs rely on additional mechanisms to achieve invariance.

Table 1: Downstream classification accuracy on the 3D Tetris dataset under unseen E(n) transforma-
tions. Chance level is 1/7 = 14.3%.

Model Test Accuracy (%)
MLP 14.7
MLP+aug 159
MLP+centr+aug 36.5
Ours 100.0

5 CONCLUSION

In this work, we presented a constructive derivation of exactly E(n)-equivariant spherical decision
surfaces, focusing on explicit representations and geometric correctness rather than architectural
design. We hope this work serves as a theoretical reference point for future investigations into
geometric decision surfaces and equivariant representations.
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A COMPLETE DERIVATIONS

In this section, we present complete derivation and proofs, for convenience, following the same
organisation as Section [3|and restating expressions.

A.1 IDENTITY SPLIT: EQUIVARIANT HYPERSPHERE OUTPUT DECOMPOSITION INTO IRREPS

Given X € R"+2 andy = B(S)X € R"*!, we decompose it into O(n)-equivariant and
invariant parts using (I4) as

R M, y =RLM, B(S)X =R}, M, H||o||PZ Sni1 1| Ro 1] X

e I, 0 0

=Ry | |pllcl |:0T PV St Ro PR
plle|| In 0 T 0 plle|| In 0 0

- RO R X= X (44
{ 0" pynsny| 079 pvn 0" pynsn pyn “

B {pHCHIn 0 0 } pllell x
Lot pvaglel =) pva] T B2 — el — |Ix]|?)

=2l | o 2~ e - ||x||2>] G NER

vn+1 _
2pllell — 2]
learnable parameters.

where o ==

o+ and the invariant part is VREL (r2 — ||e||? — ||x(|?), with c and r being

Observe that in the case ||c|| = 0, the O(n)-equivariant part, i.e., the original vector x, zeroes out,
and what we are left with is

RLM,y=R M, B(S)X =
2

p0x _ 0 45)
P2 0 — [|x|2)| T |2 - x]D)|

Also, if X is transformed with R € O(n) extended to (n + 2) x (n + 2) using the identity matrix, as
R X, defining yg := B(S) RX, we obtain

Rx
Rg M, yr :RgMn B(S)RX =p]c] [a( 2 X2):| . (46)

2 —|lef* =

A.2 TRANSLATION EQUIVARIANCE

The desired equivariance property is

T(t) B(S) X = B(S) Trus X, (47)
where T'(t) is the translation representation we seek and
I, -t 0
Trus = | 0T 1 0 (48)
—¢7 g2 1

is the (n + 2) x (n + 2) matrix @) with R = I,,.
Consider the RHS and denote y, to be the output of the equivariant hypersphere given the input x
translated as x + t and embedded in R"*2 (see @) as X:

v = B(S) X; = B(S) Trus(t) X € R"™1. (49)

12
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In the decomposition of y {@4)), we can left-multiply both sides with some (n + 1) x (n + 1) matrix

Tinterm :

Tinterm RT My = c|| Tinterm X :| . 50
o R My = pllell a2 1 — ©0

From this decomposition, it is clear that in order to act as a translation, t, on the original x, Tinerm
must transform the expression in the following manner:

p||c|| Tinterm { 2 X2 2 ] ZPHCH { 2 X2+t 2}
a(r® —|cf|* — [[x[|*) a(r® —|cf|* =[x+t (51)
=R, M, y, =R, M, B(S)TrusX.

It is achievable with an affine transformation, i.e., if instead of left multiplying with Tjperm, we added
t . .

plcl|l {_20& T x—al t||2:| to the decomposition. This would, however, need to depend on the data

vector x. However, this is impossible with a linear transformation, that is, in the original (n + 1)D

space, which means there is not such a translation representation T(t) € R +1x(+1) (o satisfy

7).

Homogeneous representation to the rescue If in (51) we instead use a homogeneous representation

X
plie| |a(r?- H01H2— <) | (52)

resulting in

e X+t
pllell Tinerm a(?“?—IIClIz—I\XIIz) =p|lc| 04(?"2—||6|I21—||X+tH2)

x+t
=plell [a(r?®—]c|? - ||X||12 = 2x[|Tt—[t]*) ],

(53)
we can find a linear transformation T'jnerm that satisfies this equation.
Solving for each row of Tiperm in (33)), we obtain the (n + 2) X (n + 2)
I, 0 t
Tierm(t) = | —2atT 1 —allt]?], (54)
o o 1
ntl _ +/n
where & = 37e[ = 3Tl
Subsequently, we can write the decomposition (50) backwards as
X T y
R, M Of |57
pllel T |00 = el = [xI2)| = plle] Tonean | KO 1] 7
! (55)
B R, M, 0| [B(S)X
- Tinterm T .
0 1 | »lell
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To obtain the homogeneous representation of y in the equation above (39), [p |y , we need to

lell
modify the original (n+1) X (n+2) equivariant hypersphere B(S) (12), and create the (n+2) x (n+2)
Bhom (S)

— B(S)
Bhom(S) i |:0T —pHCH 0:|a (56)
so that
[BE)X] [y 2
Bron(S) X = [pncn ] B [pncd SR oD

where ¢ € R"™ are parameters in S, and hence no new learnable parameters are added, and the — sign
in the —p ||c|| element in Bhom (S) is due to the second last element of the embedding X (7)) being —1.

Observe that with respect to the input vector x € R”, the equivariant hypersphere (56) F,,(-;S) :
R™*2 — R"*2 represents a non-linear E(n)-equivariant function. In the general case with the

learnable v € R parameter (see Section , we define Byon(S) as

Bom(8) =1 {OT e O] (58)

We rewrite the desired equivariance property (7)) for the new Bhom (S):
T'(t) Bhom(S) X = Bhom(S) Trus X - (59
We first start with the LHS: To complete the (n + 2) x (n + 2) representation T'(t) on the LHS

of (59), we complete the last expression of (39), i.e., rotate the (n + 1)D part back to the original
coordinate system of y using M,TL Ro:

M R, © RLM, 0
T(t) Bhom(S) X = T © Tinerm | © T Bhom(S) X
0 1 0 1
I 0 t X
M! R, 0 "
—plle| |MaRo O | aatT 1 —aftf2| [a(2 - fe]? - [x?)
o" 0 1 1
+t
M'Ro © *
=plel |77 © L] et = HCH21* 1% +t[?)
_ |M, Ro O [RoM,y,| _ |M, Ro O| |RoM, O| [y,
o" 1 plcl 0" 1 o" 1| [plcll
B(S) Trus X
= In+2 |: <p)HCR|I‘{S :| — Bhom(S) TRHSX7 g
(60)
where y, € R" ! is defined in (@9), effectively proving (39) for Bhom(S) (56) and
T(t) = M;Lr Ro Tinterm Rg M,, (61)

where Tiperm is given by (34) and, gently abusing notation, M,, € O(n + 1) and Rp € O(n) are
extended to (n + 2) x (n + 2) using the identity matrix.

We verify that T(t) is indeed a linear representation as necessary for the equivariance definition (3),
by (a) finding its inverse
T(t)"'=M) Ro Tl R, M,,

mterm

I 0 —t

n (62)
Ti;tlerm: QQtT 1 70‘Ht”2 )

o' o0 1
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which is valid for all t € R™ and « with ||c|| # 0, and (b) verifying that the action of T'(t2) T'(t1)
results in the translation of the original nD x as x + t1 + to:

T(t2) T(t1) = M, RO Tinerm(t2) RG My, M) Ro Tinerm(t1) RS M,
= M;Lr RO Tinterm(t2) Timerm(tl) Rg Mn

In 0 ta In 0 ty
=M Rop |—2aty; 1 —alta]?| |-2at] 1 —a|ti]?| RS M,
0T 0 1 0" 0 1
i I, 0 t1+to
=M Ro | —2a(t;+t2)T 1 —alt; +t2]?| RS M,
i o' 0 1
=M, RO Tinerm(t1 +t2) RO M, . O
(63)
A.3 COMPLETING TO E(n)-EQUIVARIANCE
The desired equivariance property is
Q(R, t) Bhom(s) X= Bhom(S) Ogus X, (64)

where Qgys = Qx @

By using an identity complement and extending V (16)) to (n 4 2) x (n + 2) on the LHS in (I3, we
note that Byom (S) (24) is also O(n)-equivariant: since the RHS in (I3) can be rewritten as

R x
B(S) B(S)RX
Bhom(S) R X = -1 | = , 65
m© kX =g SR o] | L= (7 (©
2|1l
where pllc|| = /2L ||c| and ||x||? = ||R x||? are O(n)-invariant. The same is valid for the LHS,
where the additional (n + 2)-th element in the resulting vector is also p||c||.
In turn, the RHS of (64) is
Rx+t
B(S) B(S) Orus X
Yrt = Bhom(s) Orus X = [OT —»lle 0:| -1 |: c ’ (66)
p|| || f%HXthHZ p|| H
where using the decomposition of y (@4)), we note that
T T Rx+t
Ro My, yge = RoMy, B(S) Qrus X = pllc|| {a (r2 —|lc|? - ||X+t2)} ) (67)

where ||x +t||? = [|R x +t|%.

Keeping the extended (n+2) x (n+2) versions of M,, € O(n+1), Rp € O(n),V € G < O(n+1),
using the translation representation T (61)) derived earlier, as well as yg., and following the same
order of operations on the LHS as on the RHS of (first an O(n) action, and then translation), we
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rewrite (64) starting from the LHS as

TV Boom(S) X =M, Ro Tinerm R, MM Ro R RS M Byon(S) X
= M;ll— Ro Tinerm R Rg M, Bhom(s) X

I, 0 t R 0 0
= M) Ro|-2at" 1 —alt|?| |0T 1 0|R) M, Bym(S) X
o' 0 1 0" 0 1
R 0 t
:MI Ro —20t"R 1 _O‘Ht”2 Rg M, Bhom(S) X
0’ 0 1
R 0 t b'e
=plel M, Ro |-2at"R 1 —aft|?| [a(r?—|c|?—|x|?)
0" 0 1 1
Rx+t
=ple| M) Ro |a(r?—|c|®> — |x+t]|?)| =M, RoR}, M, [pylfctld
1

B(S X
L | 7)) — Bun(5) Qs X. 0
(68)
Thus, we have proved (64) for
R 0t
QR,t) =T(t)V(R) =M Ro |—2at"R 1 —alt|?| RS M,, (69)
o' 0 1

where M., Ro, and V (I6) are extended to (n + 2) x (n + 2) using the identity complement, T is
given by (61), and @ = YL — v©

2p|lell = 2ffell”

2
Similarly to what we did with T(t) in Section[3.2] we verify that Q(R, t) is a linear representation by
(a) finding its inverse

QR t) ' =VR)'Tt) ' =M] RoR" T . R5M,

mterm

R" 0 -R"t 70
T T 2| pT ’ (70)
=M, Ro |2at" 1 —aft|?|Ro M,
o" o0 1

which is valid for all Rin O(n), t € R™ and « with ||c|| # 0 (which is the degenerate case considered
in Section[3.2), and (b) confirming that the action of Q(R5, t2) Q(R1, t1) results in the transformation
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of the original nD x as Ro(Ry x +t1) + t2 = Ro Ry x + Ra t1 + to:
O(R2,t2) O(Ry,t1)

R2 0 t2 Rl 0 t-‘1
=M Ro |—2at] Ry 1 —altz]?| R, M. M! Ro |—2at{ R, 1 —alti|?| R, M,
| of 0 1 o' 0 1
[ Ry R, 0 Roty +to
=M Ro |—2at] RoR; —2at{ R, 1 —2at] Roty —alti]]? — alta]?| RS M,
i o' 0 1
[ RoR; 0 Raty +to
=M Ro |—2a(ty Ra+t{)Ry 1 —a(2ty Raty +|[Rat1]? + [[t2]?) | RS M,
i o' 0 1
I Ry R, 0 Ryt +to
=M] Ro |—2a(ty +t] RJ)RsR, 1 —a|Ryti+t2]?| RS M,
i o' 0 1
= Q(RyRy, Ryt +ts). O

(71)
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