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ABSTRACT

The mean-field Langevin dynamics is characterized by a stochastic differential
equation that arises from (noisy) gradient descent on an infinite-width two-layer
neural network, which can be viewed as an interacting particle system. In this
work, we establish a quantitative weak propagation of chaos result for the system,
with a finite-particle discretization error of O(1/N) uniformly over time, where
N is the width of the neural network. This allows us to directly transfer the learn-
ing guarantee for infinite-width networks to practical finite-width models without
excessive overparameterization. On the technical side, our analysis differs from
most existing studies on similar mean field dynamics in that we do not require the
interaction between particles to be sufficiently weak to obtain a uniform propa-
gation of chaos, because such assumptions may not be satisfied in neural network
optimization. Instead, we make use of a logarithmic Sobolev-type condition which
can be verified in appropriate regularized risk minimization settings.

1 INTRODUCTION

Mean-field neural networks. We consider the optimization of a two-layer neural network in the
mean-field regime, which is represented as an average over /N neurons:

| X
fx(2) = Nzhz(%)a

where given the input z € R?, each neuron computes a nonlinear transformation based on trainable
parameters x € RY; for example, we may set h,(x) = tanh(w ' z + b) for = (w,b) € R* 1,

Importantly, the mean-field parameterization allows for the parameters to move away from initial-
ization during gradient descent and hence learn informative features (Yang and Hu, 2020) even
when the network width is large (N — 00), in contrast to the Neural Tangent Kernel (NTK) pa-
rameterization (Jacot et al., 2018) (corresponding to a 1/ VN prefactor), which freezes the model
at initialization under overparameterization. This feature learning ability enables mean-field neural
networks to outperform the NTK counterpart (or linear estimators in general) in learning a wide
range of target functions (Ghorbani et al., 2019; Li et al., 2020; Abbe et al., 2022; Ba et al., 2022).

Optimization guarantees for mean-field neural networks are typically obtained by lifting the finite-
width model to the infinite-dimensional space of parameter distributions and then exploiting convex-
ity of the objective function. Using this viewpoint, convergence of gradient flow on infinite-width
neural networks to the global optimal solution can be shown under appropriate conditions (Nitanda
and Suzuki, 2017; Chizat and Bach, 2018; Mei et al., 2018; Rotskoff and Vanden-Eijnden, 2018;
Sirignano and Spiliopoulos, 2020). However, most existing results are qualitative in nature, in that
they do not characterize the rate of convergence and the finite-particle discretization error.
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Mean-field Langevin dynamics. An often-studied optimization method for mean-field neural net-
works is the noisy particle gradient descent (NPGD) algorithm (Mei et al., 2018; Hu et al., 2019;
Chen et al., 2020b), where Gaussian noise is injected to the gradient to encourage “exploration” and
enable global optimality to be shown under milder conditions than the noiseless case. The large
particle and vanishing step size limit is termed the mean-field Langevin dynamics (Hu et al., 2019),
which globally minimizes an entropy-regularized convex functional in the space of measures.

Recently, Nitanda et al. (2022); Chizat (2022) established exponential convergence for the mean-
field Langevin dynamics under certain logarithmic Sobolev inequalities which can be easily verified
in regularized risk minimization problems using two-layer neural networks (1). This represents a
significant step towards a quantitative optimization analysis of neural networks in the presence of
feature learning, yet the limitation is also clear: these results are obtained from directly analyzing the
large particle limit (i.e., the limiting McKean-Vlasov stochastic differential equation), and cannot be
easily transferred to practical finite-width networks. In fact, naively applying the quantitative results
in Mei et al. (2018; 2019) leads to discretization error bounds that blow up exponentially in time,
rendering the guarantee vacuous beyond the very early stages of gradient descent learning. There-
fore, for the purpose of characterizing the optimization behavior of finite-width neural networks, it
is important to derive a finite-particle discretization error bound that holds uniformly over time, that
is, the error remains stable even when ¢ is large.

1.1 OUR CONTRIBUTIONS

In this paper, we establish finite-particle guarantees for the

mean-field Langevin dynamics via a propagation of chaos

calculation (Sznitman, 1991) which controls the weak error 5 10-2

between the empirical distribution of the interacting particle §

system and the corresponding infinite particle limit along the 2

optimization trajectory. This allows us to bound the differ- § V=16

ence in the function value between the finite-width neural net-  ~ — M=2048

work optimized by NPGD and the infinite-width counterpart. Feee gt (PDA) === e

In particular, starting from N initialized particles X iid 1o, 100 10T 102 103

if we denote the finite-particle model at time ¢ of optimiza- number of steps

tion as fx,, and its corresponding infinite-particle limit as Figure 1: Training error of two-layer
Jfuu,» then our propagation of chaos result is the following. NNs optimized by NPGD. Solid curve:

. . . .. mean over 100 runs. Translucent curve:
Theorem (informal). Under suitable regularity conditions, . 4 iqual runs. Dashed black line:

E[(th(Z) _fﬂt,(z))2:|:(9 (1/N) for any t>0 and = eRY. global optimum approximated by the
PDA algorithm (Nitanda et al., 2021).
We make the following remarks on the main theorem:

* To our knowledge, we provide the first rigorous uniform-in-time propagation of chaos result in the
context of mean-field neural networks. This is in contrast to prior works where the discretization
error typically increases as optimization proceeds (e.g., | fx,—fu, | = O(exp(t)- N~/2) as in Mei
etal. (2018, Theorem 3)). The theorem implies that as the width N becomes larger, the difference
between the finite-width and infinite-width model output diminishes rapidly, as shown in Figure 1.

* Qur analysis assumes a modified Log-Sobolev condition which is satisfied in regularized risk
minimization problems using neural network when the convex regularizer on the parameters has
super-quadratic tail. Noticeably, we do not impose any constraint on the strength of regularization
and interaction; this differs from many existing results where uniform propagation of chaos is only
achieved under weak interaction or large noise (Eberle et al., 2019; Delarue and Tse, 2021).

Due to the space constraint, we defer discussions on additional related works to Appendix A.

2 PRELIMINARIES

In this section, we formulate the problem setting and introduce some useful notations for the fol-
lowing sections. We optimize a two-layer neural network by minimizing the empirical or expected
risk in a supervised learning setting, where the input is included in a set Z C R? and the output is
in a bounded set ) C R. As defined in the Introduction, h(.y(x) : z € Z + h.(x) € ) represents
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one neuron (particle) with parameters = € RY, and the mean-field neural network is written as the
average over N neurons: fx(z) = & S h.(x;), where X = (z;), ¢ R? denotes the col-
lection of parameters and z € Z. The continuous limit of the neural network is obtained by taking
N — 00, and in analogy to the law of large numbers, fx converges to the following integral form:

fulz) = / e (2)d(x),

where 1 is a probability measure on ( R‘i B 5Rd representing the weight of each parameter. Let
P be the set of probability measures on (R?, B(R?)), and P, be those with a finite p-th moment
(p > 1). As typical for the mean-field analys1s we aim to optimize the density function y so that
the neural network f,, accurately predicts the output y € Y from the input z € Z.

In the following, we take (regularized) empirical risk minimization as a concrete example, and we
note that the exact same analysis applies to the minimization of expected risk. Let £(z,y) : Y x ) —
R be a convex loss function, such as the squared loss £(z,y) = (z — y)?/2 for regression, or the
logistic loss £(z,y) = log(1 + exp(—yz)) for classification. For each (z;,y;) in the given training
data (z;,y;)", C Z x ), we use the notation h;(x) and ¢;(f) to indicate h, (x) and ¢(f(2;), y:)
respectively. Our goal is to find an approximate minimizer of the following objective over P:

= 2> )+ 0 rle)duta), (M
=1

where \; > 0 is the regularization strength and r(-) is a convex regularizer. More specifically, we
will analyze the mean-field Langevin dynamics which solves an entropy-regularized version of (1).
It is worth noting that this entropy-regularized objective can also be globally optimized by the re-
cently proposed particle gradient-type methods in Nitanda et al. (2021); Oko et al. (2022), for which
finite-width convergence rates have been provided. However, those methods employ an intricate
double-loop structure which does not mirror the commonly-used gradient descent algorithm. There-
fore, an important question to be addressed is whether noisy gradient descent also enjoys similar
quantitative convergence guarantee — this is precisely the motivation of the current paper.

3 MEAN-FIELD GRADIENT LANGEVIN DYNAMICS

Derivation of the continuous dynamics. The basic idea of the mean-field Langevin dynamics is
to optimize the aforementioned objective via Wasserstein gradient flow over a set of measures P. To

define the gradient with respect to the measure, we introduce the first-variation ‘;—lcj of a functional

G : Py = Rat u € Py (for a given ¢ > 1) as a continuous functional P, x R — R that satisfies

timg A=) [OC 1 q— ),

e—0 € O
S We say G admits a first-variation at y, or simply

for any v € P,. If there exists such a functional 3¢

Gis differentiable at ;1. To avoid the ambiguity of & up to constant shift, we follow the convention

of imposing f w)dp = 0. In our setting, the ﬁrst variation of the objective F'is given by
6F
o Zﬂn )+ har(a).

We track F'(y;) along a trajectory of measures (11;); in Pz following a continuity equation:

Ospie = V - (pvy),

where v; : R? — R% is a vector field included in L2 (1), and the time-derivative and the divergence
operator are defined in a weak sense, that is, for any continuously differentiable function ¢ with a

compact support, [ ¢duy — [ ¢dus = — fst J V¢ - v-du,dr. Then, the time-derivative of G/(f1;)

can be written as
)= o VGl @

We refer readers to Villani (2009); Ambrosio et al. (2005); Bakry et al. (2014) for more details. In
this sense, V(;%F(ut) can be seen as a gradient direction in the measure space (endowed with a
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Wasserstein metric). The mean-field Langevin dynamics approximately minimizes the objective F'
based on the Wasserstein gradient flow. Specifically, define the nonlinear drift term:

oF

(0 = = 3 ) Vhi() + M Vr(z),

the mean-field Langevin dynamics is then given by the following stochastic differential equation:

dX; = —b(Xy, pe)dt + V2AdW;, (3a)
e = Law(Xy), (3b)

for Xy ~ po, where Law (X)) denotes the distribution (probability law) of the random variable X,
and (W});>0 is the d-dimensional standard Brownian motion. The existence and uniqueness of the
solution are ensured by Theorem 3.3 of Huang et al. (2021) (see also Corollary 3 for more details).

For concise presentation in the subsequent analysis, we follow the notation in (Delarue and Tse,
2021) and denote the law fi; in the mean-field Langevin dynamics with the initial condition pg as
e = m(t, po). It is known that y; satisfies the following nonlinear Fokker-Planck equation:

Om(t, po) = AAmM(t, po) + V - [m(t, po)b(-, m(t, o)), )

with m(0, o) = po (this is again defined in a weak sense, that is, [ ¢d(m(t, uo) — m(s, po)) =

fst [(AAG — b(-,m(T, po)) T Vé)dm(, po)dr for smooth test function f with compact support).
This dynamics is an example of distribution dependent SDEs originating from the study of interact-
ing particle systems which dates back to 1950s (Kahn and Harris, 1951; Kac, 1956; 1959; McKean,
1966; 1967). A fundamental characterization of the mean-field Langevin dynamics is that it is a
Wasserstein gradient flow that minimizes the following objective (Mei et al., 2018; Hu et al., 2019):

L(p) = F(p) + AEnt(p), (5)

where Ent(p) = — [log(du(z)/dz)dpu(z) is the negative entropy of p. Indeed, it is known that

v 5%514“) = V% + AV log(p) = AV log(p) +b(-, p1t) (e.g, Theorem 4.16 of Ambrosio et al. (2005))

and the continuity equation corresponding to p; can be rewritten as Oy = V - [(AV log(py) +
b(+, )] =V - (VM&—(J’) 4+), which, in combination with the identity (2), yields that

2

d 0L (1)
—L =— V——=|| d
dt (12t) / S e
We therefore see that pi; decreases £(j;) unless 6%—2‘) = 0, which is a crucial property that guaran-

tees the convergence of 1, to the global optimal solution (Lemma 1). This can be seen as a nonlinear
extension of the usual gradient Langevin dynamics (e.g., see Bakry et al. (2014)), where F'(p) is a
linear functional in the form of (1) = [ L(x)dp with some objective function L.

It is easy to see that the objective L can be reformulated as the following objective (up to constant)
that employs the KL divergence from a distribution characterized by the regularization term 7:

£00) = = 3" 4lf) + AKL(1,12), ©

i=1

where v, is a distribution with density proportional to exp(—A17/A) and KL(, ) is the KL diver-
gence (relative entropy) defined as KL(u, ) := [ log(dp/dv)dp.

Particle discretization. One of the main difficulties to simulate the mean-field Langevin dynamics
is that we cannot access the exact information of y; in the practical setting. Instead, we approximate
this infinite-dimensional objective by a finite set of particles, which yields the following SDE:

N
N n . . 1
AX] = —b(X{, ) )dt + VMW, = > gy, (7)
=1

and Xév ~ po. Our goal is to quantify the finite-particle approximation error due to replacing i
with g, . The main mechanism of this approximation is the propagation of chaos (Sznitman, 1991),
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which roughly refers to the phenomenon that as the number of particles N — oo, the correlation
between particles vanishes and p¥ — p;. However, it is far from trivial to establish a quantitative
estimate of such approximation that provides a meaningful guarantee for the finite-particle system.
In the following sections, we will show that under appropriate conditions, the finite-particle error
can be (weakly) controlled uniformly over time, which allows us to transfer learning guarantees in
the mean-field limit to finite-width neural networks that are not excessively overparameterized.

4 MAIN ASSUMPTIONS AND LOGARITHMIC SOBOLEV INEQUALITY

In this section we present our main theoretical result — the quantitative propagation of chaos. First,
we introduce the main assumption in our analysis.

Assumption 1. We assume h;, ¢;, v € C* and satisfy the following conditions:
1. Convexity of loss: {; is a convex function.

2. Boundedness and smoothness: There exists B > 0 such that ||hi]|cc < B,
IVV T hilloo < B, max{|;(f.)], 1€;(u)], 1€} ()} < B uniformly over P.

|th'||oo < B,

3. Regularity of r: The regularization term v is a convex function satisfying c,||z||**0 < r(z) <

Cr(1+ ||z)|*T), Vr(z) -z > ¢ ||z)|>T° and 0 < VV T r(z) < C,.(1 + ||2]|°)I for constants
0<édandc,,C, > 0.

We make the following remarks on the assumptions.

* The loss convexity is a standard assumption to ensure that the objective L is convex with respect to
1 (note that this does not imply convexity with respect to the parameters {xz}f\il of the network).

* The second assumption is satisfied for standard two-layer models under the following conditions:
(1) ||z]| < C; (i) smooth loss function, such as the squared loss and logistic loss. For example,
we may set b (z) = tanh(ro(w'z)) with smooth activation function o and z = (r,w), or

h.(z) = o(w ' z + b) with smooth and bounded activation and = = (w, b).

* The constraint on 7(-) requires the regularization term to have a super-quadratic tail, which is
satisfied, for example, by 7(x) = ||z||*. While this does not cover the standard weight decay, we
note that such regularizers with stronger tail growth have been employed in the theoretical analysis
of neural networks (Chen et al., 2020a; Allen-Zhu and Li, 2022). The purpose of this assumption
is to ensure good isoperimetry of y; along the trajectory (see Corollary 1).

* The infinite differentiability condition is imposed only for the simplicity of our analysis.

Proximal Gibbs distribution. An important quantity in the convergence analysis is the proximal
Gibbs distribution: for y € P, we define the proximal density function as

1 10F(p)
(o) = s (43 )

where Z(u) is the normalization constant. One may check that this corresponds to the minimizer

of the linearized potential: min,cp [ M;L“) dv + AEnt(v). For a given p;, we denote by fi; its

proximal Gibbs measure, that is, the probability measure with the density p,,. Then, we have the
following characterization of the minimizer of L.

Proposition 1. Under Assumption 1, the functional L has a unique minimizer in P that is absolutely
continuous with respect to the Lebesgue measure. Moreover, i* € Poys is the optimal solution if
and only if i* is absolutely continuous and its density function is given by p,,».

This proposition can be shown in the same manner as Proposition 2.5 of Hu et al. (2019). We remark
that although this prior result assumed r to have at most quadratic growth, its proof does not require
such growth condition but requires only the integrability of v, and v,-(z) log(v,-(z)).

Many convergence properties of the mean-field Langevin dynamics can be characterized by prop-
erties of p* and the proximal Gibbs distribution ;. We first introduce the logarithmic Sobolev
inequality (LSI) which will be very useful in the subsequent analysis.

'This condition can be easily relaxed to ¢, ||z[|>*? < r(z) < Cr(1 + ||z]|**®") with § # &' > 0. Here we
consider § = &’ just for simplicity of presentation.
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Definition 1 (Logarithmic Sobolev inequality). Let p(0) be a smooth probability density function on
R, p(0) (or its corresponding probability measure on (R, B(R?))) satisfies the LSI with constant
o' > 0 if and only if, for any smooth function ¢ : RY — R with E,[||$||*] < oo, it holds that

B, [0 log(6?)] — E,[0?] log(B,[67)) < S E,[|Vo3].

We can verify that in our setting, the proximal Gibbs measure satisfies the LSI condition.

Proposition 2. Under Assumption 1, p,, satisfies the log-Sobolev inequality with a constant o that
depends on d, ¢, B, \, 6. If additionally VN "1 = I, then the LSI holds with o = % exp (—%).

The proof is given in Corollary 5 in the Appendix. Note what similar characterization was obtained
in Nitanda et al. (2022); Chizat (2022) under a quadratic regularizer r(z) = ||z||?, via the standard

Bakry—Emery and Holley—Stroock arguments (Bakry and Emery, 1985; Holley and Stroock, 1987)
(see also Corollary 5.7.2 and 5.1.7 of Bakry et al. (2014)). However, our Assumption 1 does not
entail VV 7 = I and thus our proof follows a different strategy. This LSI condition is crucial to
the geometric ergodicity of the mean-field Langevin dynamics described in Theorem 1 below.

5 CONVERGENCE GUARANTEE FOR FINITE-WIDTH NEURAL NETWORKS

To present our (weak) convergence result, we first introduce an objective function in the form of
UL, p) == 2(m(t, 1)),
where @ : P — R is assumed to be sufficiently smooth, that is, ® is twice differentiable with respect

to pu and v, and the derivatives are bounded as sup,, .. cga [0%% ... 0% %(k“)(xl, Soxp) < C

for k = 0,1,2 and j; = 0,1, 2 uniformly over all u € P with some constant C' (see Delarue and
Tse (2021) for related definition).

Example 1. Under Assumption 1, we allow for the following objective functions.
(i) Neural network function value: ® (1) = [ h.(x)dp(z) with a fixed z € Z.

(ii) Training and test error: (1) = E(z v\ p[l(f.(Z),Y)] where P is a distribution on Z x Y.
For a smooth loss ¢, ® satisfies the smoothness condition. If P = % Dy O(z;,y) then @ is the
training loss, and if P is the test distribution, it is the test loss.

We proceed by bounding the the weak difference between the finite-particle system at time ¢ and the

optimal z* (see Proposition 1): E[®(ul¥)] — ®(u*). We utilize the following decomposition:

E[@(py)] — (") = EU(t, ') — D(u)] + B0, 1) — Ut )], (8)

(I), ergodicity term (II), propagation of chaos term

where the ergodicity term (I) monitors the convergence of the infinite-particle dynamics (3) (starting
from 12') to the optimal solution p*, and the propagation of chaos term (II) controls the fluctu-
ation due to the finite-particle update (4). The two terms are bounded separately in the ensuing
subsections. Note that while we focus on two-layer neural networks under Assumption 1, the same
computation can be performed under certain isoperimetric conditions on the trajectory. In particular,

* Analysis of the ergodicity term (I) only requires the proximal Gibbs measure fi; to satisfy the
LSI. This condition can be easily verified for both quadratic regularizer as in (Nitanda et al., 2022;
Chizat, 2022) and super-quadratic regularizers as shown in Proposition 2.

» To control the propagation of chaos term (II), we require an LSI condition on p; along the
trajectory. Similar assumption also appeared in Lacker and Flem (2022) to obtain a uniform-in-
time evaluation, and is very challenging to establish in the mean-field neural network setting. We
prove this assumption by transferring the LSI constant from fi; to u; via a super LSI condition,
which is verified under the super-quadratic regularization in Assumption 1 (see Lemma 2).

5.1 BOUNDING THE ERGODICITY TERM (I)

Let W,,(u, v) denote the p-Wasserstein distance between j, v € P,. We first show that m(t, ud)’)
converges to u* in an exponential order (geometric ergodicity) in the following sense.
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Lemma 1. Under Assumption 1, for pi, = m(t, ud)’), it holds that L () < oo for any t > 0, and

L(pe) — L(p*) < exp(—2a(t — 70)) M2 (70) Wa (o, 1*)?,
KL(p, 1*) < exp(—2a\(t — 70))va2(10) Wa (o, 1),

2
for any t > 1o where T > 0 is arbitrary, 12(t) = 5= (1 fo(z V2D + 1 exg(4B O), and o is the

LSI constant of [i+ given in Proposition 2.

The proof can be found in Corollary 4 in the Appendix. This is an extension of the “entropy sand-
wich” argument in Nitanda et al. (2022); Chizat (2022), in which the right hand side of the bound
is given by KL (0, 11*) instead of the Wasserstein distance. However, in our setting, po = ) is a
discrete distribution and thus the KL divergence from p* is not finite. To resolve this issue, our anal-
ysis shows an upper bound of the KL divergence at t > 7 via the Wasserstein distance Wa(po, p*)
(see Corollary 3). Then, we obtain the following theorem on the convergence of term (I).

Theorem 1 (Geometric ergodicity). Under Assumption 1, the term (I) converges as

EU(t, 1 )] — ®(1) < C/2a by (ro) exp(—a(t — 7o) E[Wa (), 1)),

for any t > 19 where 9 > 0 is an arbitrary positive real number.

Proof. By Otto-Villani’s theorem (Otto and Villani, 2000), LSI implies Talagrand’s inequality:
Wa(p, p*) < 4/ 2KL(p, p*). Also, the smoothness of ® entails ®(p) — ®(p*) < CWa(pu, pu*)
(see Lemma 10). The assertion is obtained by combining Lemma 1 and Talagrand’s inequality. [J

5.2 BOUNDING THE PROPAGATION OF CHAOS TERM (II)

Bounding the second term (II) is much more involved. We utilize the following evaluation adapted
from Delarue and Tse (2021) (see Arnaudon and Del Moral (2020) for similar calculation):

B0, 5¥) — Ut ) NZ / / (am)iam)f;i’a—svufxa:?x))uf(dxﬂds.

Intuitively, the integrand on the right hand side approximately represents E[t/(0, u2, ) — U(t, u2)]
for small e, that is, how a small time difference between the finite particle and continuous limit
propagates to the terminal time ¢. Here, for a linear operator g acting on a function f : R — R, we
write f(q) := q(f). Then from Delarue and Tse (2021) (see also Appendix C.2, C.3) it holds that

52U
0(21); O(w2); =5 (L T1,T
(21): O )’5M2( po)(z1,22)
(52<I>

P
T o2 *(Nt)(dg?(t;ﬂo,%l,@)),

(Nt)(d( )(t po, &, 1), d d! )(t to, &, z2)) + 5

where d( ) and d( ) are linear operators defined by

AV (t; 110, €,21)(0) = Do), 2 (Mt )(6)) o (1),
) (t; po, 1, 22)(9) = 8@1)1.0@2)].%(77@@; VO o (21, 22),

for a smooth test function ¢ : R? — R, where m(t, u)(¢) = [ ¢(x)dm(t, p)(x) (we will also
use the same notation for a general measure p). The dynamlcs of these operators is characterized
by Proposition 6 in Appendix C.1, which is adapted from Delarue and Tse (2021). To obtain a

uniform-in-time evaluation of term (II), we aim to show a rapid decay of dgl) and dg)
Isoperimetry of j; via super LSI. Our strategy is to establish the boundedness of the integral
fot E [f 8(9,:1)1.8@2)1.%@ — 5, 1) (z, x),uév(dx)} ds by proving the exponential convergence of

(1), 9(z2): %(t — s, uN)(x, z). However, this requires a local evaluation around m(t — s; uV),
for which we cannot exploit “global” properties such as the log-Sobolev condition of the optimal
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solution y*. Instead, our current analysis requires m(t — s; u) to also satisfy the LSI condition,
which is technically demanding to establish. To our knowledge, similar condition has only been
recently verified in Guillin et al. (2021); Lacker and Flem (2022) for a limited class of interaction
potentials which cannot cover the case of mean-field neural networks.

To overcome this difficulty, we impose a stronger-than-quadratic tail growth condition on the regu-
larizer, i.e., 7(x) = Q(||z]|>T?) (see third point in Assumption 1). Under this assumption, we can
show that the proximal Gibbs measure fi, associated with i, = m(7 + s; u) satisfies the super
logarithmic Sobolev inequality defined below.

Definition 2 (super logarithmic Sobolev inequality (super LSI)). We say that a probability measure
w satisfies super log-Sobolev inequality if there exists a monotonically non-increasing function (3 :

(0, 00) — R such that for any ¢ satisfying E,,[¢*] = 1 and E,,[||V¢||?] < o, it holds that

(2 log &) < r / IVol2du + B(r) (vr > 0).

It is known that super LSI implies LST if there exists 7 > 0 such that 5(r) = 0.

Lemma 2. For any p € ‘P, the probability measure [i corresponding to the proximal Gibbs density
py. satisfies the super log-Sobolev inequality with B(r) = C' — 4+T2610g(r/2) with a constant
sc’ )

C' > 0. Furthermore, it satisfies the log-Sobolev inequality with LSI constant & = exp(—m

The proof is given in Appendix B.3. An important consequence of this lemma is that p; and fi; have
a bounded density ratio when t is sufficiently large. This implies that many properties of ji; are also
inherited by ;. Crucially, the bound on density ratio is strong enough for the LSI condition to be

transferred from fi; to ji;, which allows us to establish the exponential convergence of dl(»l) and dl(.?j).

Corollary 1. Under Assumption 1, there exists some Ty > 0 depending on d, B, §, o, A, ¢, C;. and
Qo depending on Wy (o, u*) such that for all t > Ty + Qo we have

1<‘th
V2 T |di

where C' is some positive constant. Moreover, for t > Ty + QO, e satisfies (a/2)-LSI.

(g:)’ < V2 (Vz € RY), ‘ j%z — 1”00 < O exp(—a(t — Tp)),

Uniform-in-time propagation of chaos. Equipped with the LSI condition on p;, we can now
control term (II) in the error decomposition by proving exponential convergence of dl(l) and d§23)

In particular, LSI implies the Poincaré inequality which then roughly ensures the KL-divergence
behaves like a strongly convex function around p;. Therefore, a small perturbation from pu; expo-

nentially converges to 0 as ¢ grows, which entails the fast convergence of dl(.l) and dEQJ) because these
quantities represent infinitesimal displacement of ;.

Theorem 2 (Uniform Propagation of Chaos). Suppose that the support of g is bounded. Then for
any 0 < s < tand 1 <1 < d, it holds that

52U
| [ (0 00en g = 5.0 )(0v0) ) ¥ (@0)| = Ofexp(-Aalt — s - To)/2).
with some constant Ty > 0. This implies that
E[U(0, ) —U(t, g )] = O(N 7).

The proof of this theorem can be found in Appendix C.6. In addition, note that the informal theorem
stated in Section 1 is a direct consequence of the above theorem (see Corollary 7 for details).

5.3 PUTTING THINGS TOGETHER

By combining the previous calculations, we arrive at the following characterization on the difference
between the finite-width neural network and the optimal (infinite-width) solution p*.

Corollary 2. Under Assumption 1, if the initial distribution iy has bounded support, then we have

EU(0, 1)) — @(1*) < CLNT + Ca/2a71a(o) exp(—a(t — 7)),

for some constants Cy,Cy and any 19 > 0.
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Noticeably, since both Theorem 1 and Theorem 2 do not require sufficiently large regularizations,
our finite-particle guarantee holds for any choice of regularization strength A, A1; in contrast, prior
works on uniform propagation of chaos typically assume weak interaction or large noise, which
limits the applicability to the optimization of neural networks in the mean-field regime.

As an important consequence of our general convergence guarantee, we know that the finite particle
dynamics also exhibits a similar decay of the training and test losses compared to the continuous
limit up to a O(1/N) discretization error; this can be straightforwardly checked by considering the
special setting where ®(u) = E(z vy~ p[l(f.(Z),Y)] (see Example 1).

Remark 1. Our current convergence result holds in expectation. To obtain a high probability state-
ment, as discussed in Arnaudon and Del Moral (2020), one may apply a martingale concentra-
tion inequality (e.g., see Lemma 3.2 of Nishiyama (1997)) to obtain a guarantee in the form of

UO, 1) = U, 1) —EUO, ulY) — U, 1)) = ev/log(e=1) /N with probability 1 — .

6 NUMERICAL EXPERIMENTS

We provide empirical support for our propagation of chaos
result in a synthetic student-teacher setting. We consider 2x107?
the empirical risk minimization problem, where the training
labels are generated by a teacher model which is a Gaus-

. . % N llz—a? 1072
sian function defined as f*(z) = exp ( —"57— ). We set

test error

n = 2000,d = 20. The loss is chosen to be the squaretzi 6x10-3 5:3348

error, and for the regularization term we set r(z) = ||z|| b ooy (pDA) ~- -8

or r(z) = |lx||* and the regularization strength \; = 4x1072, - - -
A = 1072. The student model is a two-layer neural net- number of steps

work with tanh activation, and the width N is.tal.<en to Figure 2: Test error of NNs optimized
be {16, 32,64, 128,256,512, 1024, 2048}. We optimize the by NPGD (r(z) = ||z||?). Solid curve:
student model using NPGD with step size 7 = 1072. The mean over 100 runs. Translucent curve:
global optimal solution p* is approximated via the particle individual runs.

dual averaging (PDA) algorithm (Nitanda et al., 2021): we

set the model width N = 2048 and number of outer loop steps 7' = 250; we scale the number of
inner loop steps 7} with ¢, and the step size 7; with 1/1/¢, where ¢ is the outer loop iteration.

For the figures, we report the training or test error without the regularization terms. In Figure 1 in
the Introduction, we plot the training error for r(z) = ||z||*; whereas in Figure 2, we plot the test
error for r(x) = ||z||%. Observe that even though our current theoretical analysis does not cover the
latter setting, the empirical trends are almost identical: as the width N increases, the performance
of the finite-width network improves and approaches that of the (approximate) optimal solution p*.

7 CONCLUSION

In this paper, we established the first uniform-in-time propagation of chaos for the mean-field
Langevin dynamics in the context of neural network optimization. In contrast to most existing
works, our analysis gives a quantitative discretization error and does not blow up through time, and
we do not impose the commonly-assumed weak interaction condition. This is achieved by utilizing
a super logarithmic Sobolev inequality that is satisfied by a regularization term with super-quadratic
tail. This condition then enables us to establish good isoperimetry of the intermediate solution g,
which gives an exponential convergence of the error propagation.

Limitations and future directions. Our current analysis requires a super-quadratic tail of the
regularization term, which does not cover the commonly-used /5 regularization (weight decay). We
note that after our initial submission, Chen et al. (2022a) developed a different proof technique based
on the tensorization of LSI which handles the case of quadratic regularization. Another important
future direction is to extend the analysis discrete-time dynamics. Finally, the mean-field Langevin
dynamics has found applications beyond neural network optimization (Chizat et al., 2022); hence
we are optimistic that our technique can provide finite-particle guarantee for interacting particle
algorithms in other applications.
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Appendix

A  ADDITIONAL RELATED WORKS

A.1 OPTIMIZATION OF MEAN-FIELD NEURAL NETWORKS

Mean-field analysis of two-layer neural networks describes the optimization dynamics as a partial
differential equation (PDE) of the parameter distribution, from which convergence to the global op-
timal solution can be shown (Nitanda and Suzuki, 2017; Chizat and Bach, 2018; Mei et al., 2018;
Rotskoff and Vanden-Eijnden, 2018). However, quantitative convergence results usually requires
additional assumptions on the learning problem (Chizat, 2019; Akiyama and Suzuki, 2021; Chen
et al., 2022b), or modification of the dynamics (Rotskoff et al., 2019; Wei et al., 2019). For the
entropy-regularized objective (5), efficient optimization algorithms have been proposed in Nitanda
et al. (2021); Oko et al. (2022); Nishikawa et al.; noticeably, the quantitative convergence rate guar-
antees for these particle-based methods remain valid in both finite-width and discrete-time settings.

If we restrict ourselves the standard gradient descent-based methods, then fluctuation around the
mean-field limit has been studied in Rotskoff and Vanden-Eijnden (2018); Sirignano and Spiliopou-
los (2020); Pham and Nguyen (2021). Closely related to our work are the quantitative propagation
of chaos results for two-layer neural network from De Bortoli et al. (2020); Chen et al. (2020c).
In particular, De Bortoli et al. (2020) studied the impact of learning rate in the stochastic gradient
descent update, but did not provide a convergence rate or uniform control of the discretization error
over time (due to the lack of regularization). Chen et al. (2020c) showed that the long-time fluctua-
tion induced by finite width can be controlled assuming that the mean-field dynamics converges at
a specific rate, but such condition is very challenging to establish in their setting. In contrast, our
result provides a uniform-in-time bound on the finite-width discretization error under conditions that
can be verified for regularized risk minimization problems.

A.2 INTERACTING PARTICLE SYSTEMS AND PROPAGATION OF CHAOS

Propagation of chaos has been analyzed mainly in the context of McKean-Vlasov equations whose
drift term has the form of b(z,n) = VV(z) — V [[W(-,y)du(y)|s. Generally, neural network
optimization is not included in this class, but techniques to analyze such equations can be applied to
the neural network setting. Many existing works analyze the discretization error in a bounded time
horizon (see Lacker (2021) and references therein). That is, for a fixed time horizon 7', it has been
shown that sup,¢ (o 7 | W () — U(pus)| < Cr/N. However, the constant C depends on 7" and the
dependency is often exponential.

To obtain a uniform in time control, there are roughly two approaches: (i) the uniform log-Sobolev
(or Poincaré) inequality approach, and (i) the local Taylor expansion approach. The first approach
(i) directly derives the LSI constant of the N-particle dynamics (X = (X)) and show that the
constant can be bounded from below uniformly over all N. For example, Guillin et al. (2022) (see
also references therein) established a uniform LSI constant under a weak interaction assumption.
Ren and Wang (2021); Delgadino et al. (2021) showed geometric ergodicity based on a similar
evaluation. Salem (2018) considered a uniform WJ-inequality instead of the log-Sobolev inequality
also based on weak interaction conditions. The second approach (i7) is what we employed; in
particular, we follow the framework developed in Arnaudon and Del Moral (2020); Delarue and
Tse (2021). In addition, Durmus et al. (2020) devised a different technique using a sophisticated
coupling argument. We note that these prior results all assume weak interaction between particles
to establish a uniform-in-time evaluation, and thus cannot be applied to the neural network setting.

B BASIC PROPERTIES OF THE SOLUTION

B.1 BOUNDEDNESS AND UNIQUENESS OF THE SOLUTION

Proposition 3 (Theorem 2.1 and Corollary 4.3 of Wang (2018), adapted). Suppose that there exist
Ky, Ks, K3 € C(]0,00); (0, 00)) such that
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o« —2(b(z, 1) =b(y, v),x—y) < K1 (t)|x—yl]* + K2 (t)Wa(p, v) |z —yl| for any z,y € RY,
t>0and p,v € Py,

* 11600, w)|I* < Ks(®){1+ p(ll - |1*)} for any pu € P> and t = 0.

Then, the mean-filed Langevin dynamics (3) has a unique strong solution.

) 1 @

Moreover, for two different solutions Xt(l) and Xt(2 with different initial distributions jig ’, i ) e

P, the corresponding laws ugk) = Law(Xt(k)) (k = 1,2) are equivalent for t > 0 and satisfy the
following contraction property:

Wa(ut, i) < e (OWaus? )2, KLt i) < ea(®Walpg?, u)2 ©)
fort > 0, where 1; : (0,00) — [0,00) (j = 1,2) depends only on K1, K>, K3, \ and is an
increasing function.

Note that it is possible that lim;_,o 1)2(t) = oo. Indeed, 12 (t) is given as

1 Ki(t) tEo(t) exp(2t(K1(t) + Ka(t))))
n(l—e—K1<t>t+ 2 >

As a consequence of this proposition, we obtain the following corollary.

Pa(2)

Corollary 3. Under Assumption 1, the mean-filed Langevin dynamics (3) has a unique strong solu-

tion. Moreover, the two distributions /1,(51) and u,(f) corresponding to different initial distributions in

Py are equivalent and satisfy the contraction property (9).

In particular, i, is equivalent to pu* and hence is equivalent to the Lebesgue measure. Therefore,
¢ has a density that is positive for all x € R?, and if iy € Pa, then the density of y; satisfies

(t, ) — Y (z) € C12°((0,00) x R% R).

dz

Proof. Let H(z,p) = 1 Z}Z:l €, (fu)hj(x). We just need to check the two conditions in Proposi-
tion 3. The first condition can be checked as follows: by noticing the convexity of r, we have

= 2(b(z, p) = b(y,v),z —y)
= —2(VH(z,p) = VH(y,v),x —y) — 2\(Vr(z) = Vr(y), z —y)
=—2(VH(z,p) = VH(y,p),x —y) = 2VH(y, p) = VH(y,v),z - y)
=2\ (Vr(z) = Vr(y),z — y)
<2B%|z — y||* + 2B?||f. — fullllz — y|| (.- Assumption 1 and convexity of )
< 2B%|z —y|* + 2B*Wa(u, v)l|lz — y,
which yields the first condition. Next, the second condition can be guaranteed as
10, )| < [VH(0, w)l| + M [[Vr(0)]| < B* + XC,.
Therefore, applying Proposition 3, we obtain the first assertion.

As for the second assertion, we first note that p* is an invariant measure of the mean-field Langevin
dynamics. Hence, if yug = p*, then u; = p* for any ¢ > 0. Moreover, recall that p,~ = p*
by Proposition 1. Combining these relations, we have p* = p,+ = p; (¢t > 0) when the initial
distribution satisfies 1o = p*. Therefore, p; with a general initial distribution is equivalent to p*
by Proposition 3. Finally, (t,z) — % (z) € C1°°((0,00) x R%, R) follows from Theorem 5.1 of

dz
Jordan et al. (1998). O]

In the subsequent analysis, it is important to ensure the boundedness of the moments of X;. Indeed,
we have the following estimate.

Lemma 3. Under Assumption 1, for any p > 2, E[|| Xo||”] < oo implies

E
t€[0,T]

sup ||Xt||p] < 00

foranyT > 0.
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This is a direct consequence of Theorem 2.1 of Wang (2018). Therefore, we have that i, € P, as
long as ji9 € P,. Indeed, we are interested in a situation where 19 = uly = % vazl X;, and hence
i € Pp for any p > 2 because a discrete measure has a finite moment for any p > 2.
If p=2orp =2+ 4, we have a sharper uniform bound as follows.
Lemma 4. Under Assumption 1, we have the following uniform boundedness of the moments:

1 B*
Are(1+6/2) [)qc(l +0/2)

sup B[ 2] < s { M + 2] B[Ol
t>0

EEEE[T(‘X})} < max {E[T(XO)]»

C, (249) 1 (B2C,)*  (1+26)\ic, 2 (245)/2 5 8/2
/\1c$(1+6) |:2 + ) (AlcT/Q)l—HS 2 T 5 + )\C’r‘ + 2 + 6(ACT) ()\Cr(l-‘ré)) .

The same bounds also hold with respect to E[|| X?||2] and E[r(X})].

Proof. Let Hy(z) = L 3" =105 (fu)hj(x). By the formula of the infinitesimal generator, we have

d
*E[”XtHQ] = E[_2Xt—rb(Xt7,ut)] + 2Ad.

By Young’s inequality, the right hand side can be bounded as
—2E [X, (VH,(X;) + M Vr(X,))] + 2\d
< 2B2E[|| X, ] — 2A1cE[|| X, ||2T0] + 2Ad
< 4B* 2X1¢(1+ 8/2)E[|| X¢ %]
T 4AAce(1+6/2) 2

B4
< - - @
~ Ae(1+4/2)

Hence, we obtain that

E[||X¢ )] <

é
+one{3 - (4 DEIXI | + 200

+ Ared + 2Xd — Aie(L + S)E[[| X [[).

1 B*
Ae(l+0/2) [ Me(l +6/2)

+ Acd + 2)\d} Vv E[|| Xo|1?]-

In the same vein, we can show the bound for r(X;) as follows. First note that

S BI(X0)] = BV Tr(X0)b(Xe, )] + XE[THTY (X))
By Young’s inequality, the right hand side can be bounded as
—E[VTr(Xe) (VH(Xy) + M Vr(X,)] + AC, (1 + E[| X))
< B2E[|[Vr(Xo)[] = ME[[Vr(X0) 7] + AC- (1 + E[|l X [°])
< B2GE[| X)) = M B[ X PH ]+ ACH (1 +E[| X))
207 246
O A O {2 D)

/2
2 (2+8)/ o 0 Arer(1+46) 245
. E[||X

AC +2+6()‘O) <)\cr(1+5) 2(2+0) [l

1 (B2C,)* S\ 2 2 b o/2
< - LD Ao etz (9%
—2+5(A1cr/2)1+5+2+<SJr C+2+ (Gt (Acr(1+6)>

e (146
e

———

2E[r(X:)]/Cr—1

This gives the second bound.

The same argument can be applied to X, which concludes the assertion. [
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Lemma S. Under Assumption 1, for jo € P, with p > 2, it holds that

VIogw)(x):fﬁE [ / (I + sVb(, po)lx,) - AWL|X, = 2,

and, if p/d > 1, it also holds that
E[|V log(ju) (X0)[[7/°] < o0,
foranyt > 0.
Proof. First, note that ug € P, ensures differentiability of y,. The characterization of V log(fs;) is

given by the integration by parts formula investigated by Follmer (1986) (see also Lemma 6.2 of Hu
et al. (2019), Wang (2014) and Theorem 5.1 of Wang (2018)).

As for the moment bound, first we note that
IVb(-, )|l = O(L + ||2°),

by the assumption. Then, by Jensen’s inequality and the moment inequality of stochastic integral
(Kim, 2013), we have that, for g = p/J,

E[| ¥ log(uo) |17 < (Nlﬁ)ma [ / (0t sl TB )

< <t\/15>qct,q1a [/Ot(us(u ||Xs||5))qu} < oo (- Lemma3),

Xs

s

a/2 -
where C; ; = (@) 7 O

According to Lemma 3 and the remark following the lemma, we have y; € P, for any p > 2

in our situation where p is a discrete measure like g = pY. Hence, we may assume

E[||V log(u:)(X:)||?] < oo for any p > 2. In particular, the Fisher divergence I(u||p*) is well-
defined for any ¢ > 0 (but not defined for ¢ = 0).

B.2 GEOMETRIC ERGODICITY

For u, v € P where v is absolutely continuous with respect to x and thus can be written as dv =
fdu, the Fisher divergence of v with respect to y is defined as

1000 =4 [I9VFPdu= [ |9 10g(s)dv

Proposition 4 (Geometric ergodicity of the mean-field Langevin dynamics (Nitanda et al., 2022;

Chizat, 2022)).
L) — L") < exp(—2a0)(L (o) — L)),
AKL(pl[p*) < L(p) = £(p") < AKL(pe|[pye)-
Although Nitanda et al. (2022); Chizat (2022) assumed r(x) = O(||z||?), we can adapt the same
argument also to our situation. Indeed, the quadraticity of the regularization term is used to ensure

the well-posedness of the solution, and in our setting this is ensured by Corollary 3, which yields
the assertion of the proposition.

Combining Corollary 3 and Propositions 4, we obtain the following corollary.

Corollary 4. Under Assumption 1, for any initial condition po € P with Wa(pg, p*) < oo, it holds
that L) < oo, and

L) — L(p*) < exp(—2a(t — 70)) M2 (70) Wa (o, 1*)?,
KL (g, 1*) < exp(—2a\(t — 70)) v (10) Wa (o, 1),

for any t > 19 where 9 > 0 can be arbitrary.
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Proof. We know that * = p,,~ = p; (t > 0) when the initial distribution is ;19 = p* from the proof
of Corollary 3. Plugging this relation into Corollary 3 and Propositions 4 gives the assertion. O

As remarked in Section 5, in the convergence analysis we need to assume an LSI (or Poincaré
inequality) on p, instead of fi;. This is not generally ensured. However, we can verify this condition
if the semi-group satisfies the super log-Sobolev inequality. Indeed, the super log-Sobolev inequality
entails the ultra-contractivity yielding an L°°-convergence of the density ratio between p; and fi;.
This is remarkably useful to transfer the LSI property of ji; to 1.

B.3 SUPER LOGARITHMIC SOBOLEV INEQUALITY

Definition 3 (super log-Sobolev inequality (super LSI)). We say that a probability measure
satisfies super log-Sobolev inequality if there exits a monotonically non-increasing function [ :
(0,00) — R such that

u(f2log f2) < r/Vf Vfdu+B(r)  (Yr>0,VfeDE), u(f?) =1).

Proposition 5. If a probability measure i is given by p = exp(—V') where V() = \yr(x) + H(x)
with a convex function r : RY — R satisfying \1Vr(z) - x > c||z||* for § > 0and h : R — R
satisfying |VH||o < C < oo, then p satisfies the super log-Sobolev inequality with 3(r) =
C'— 4'%—25 log(r/2) where C' > 0 is a constant depending on d, ¢, C, §. In particular, it satisfies the
log-Sobolev inequality with a constant o/ > 0 such that $(2/a/) = 0.

Proof. This can be proven by adapting Corollary 5.7.5 of Wang (2005). Let P, be the semigroup
that corresponds to the generator L*¢ = A¢ — VV - V. Then, we have that

L*|e)|? = d — (\Vr + VH) - (2x)
<d—2c|z)** + 2| VH| oo |||

< d = 2cl|z|*T° + cf|=|*T° +
o3
= d+ —— —clfe|**.

2445

VH|S . .

IVHll (*. Young’s inequality)
c

Corollary 5.7.5 of Wang (2005) implies that
||Pt||L2(p,)~>L°0(M) < exp[clt7(1+§/2)/(5/2)] — exp[c/t7(2+5)/5]’

2448

for a constant ¢/ > 0 depending on d, ¢, C. Indeed, (5.7.9) of Wang (2005) holds for ¢ + d + €3
and (r) < cr'19/2 in their notations, which yields the bound.

Then, Theorem 5.1.7 of Wang (2005) states that the super log-Sobolev inequality holds for 3(r) =
210g || Py j2ll L2 (uy— Lo (u) < 2 log(c’) — 220 log(r/2). By resetting C” +— 2log(c’), we obtain the
assertion. O

Due to our assumption on the regularization term in Assumption 1, we know that the proximal Gibbs
measure satisfies the super LSI condition.

Corollary 5. fi; satisfies the super log-Sobolev inequality with 5(r) = C' — 4%;25 log(r/2). In
‘e . . . . . ~ Yol
addition, it satisfies the log-Sobolev inequality with the LSI-constant & = exp(— 5 55 ).

Let Ps, (s < t) be the semigroup associated with X, i.e., (Ps . f)(z) = E[f(X})|Xs = 2] and
Msps,tf = /~Ltf
Theorem 3. There exists to € (0, 1] such that

B )

IPossalli2Geg iy < 00| | I+ Cty

for some constant C' > 0. In particular, there exists Cy > 0 such that | Ps,s+to ||L2(ﬁs+to)_>Loo(ﬁs) <
Co < oo uniformly over s > 0.
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Proof. We first note that

7 10()) < =0l 25 1)+ 6 (L) b in(77) 4 ) o1 ) (10)

forall f € D(Ly, ) such that f > 0 (which we denote as f € D), 2 < p < oo, 7 > 0 (by definition
the invariant measure corresponding to L}, is fir, i.e., Ly, fiz = 0).

Letto := [, %dp < 1forv(p) = i We define p(7) and N (7) as functions on [0, ¢) such that

pr) =L 0 =2,

/ p(T)—1)yop(T)
() (Moo )
2 » N
p(7)
Then, for f € D, if we rewrite s < s + ty, one has

N'(r) =

7||P37T.SfHLP("')(ﬂs )

ﬂs T(d‘r( s— TSf) ) p/(T)
TN ) |Ps—rs fll Lo () 108U Ps—r s fll Lot (1))
s=T8J lip(r)

1 1—p(r) / d .
N P@—T S 0 ~ Ps—'r s p(T)i S—Td . 11
+ p(T) | P ¥ f”Lp(T)(“S_T) | P, ¥ Il dT'u( € 1D

The last term of the right hand side can be bounded as

1 1 T T
T IPen e SISy [ 1Pere SO St

1 1—p(7) p(T) 1 - * ~
SmHPS—T75f||LP(T>(ﬁS_T) |Ps—~r,sf| ﬁg f,ue 7— ,Us T(Llu,s__rhj) Hs—de

h P 2] Hl s—T sf”Lp(T)(~ )
<C S— ‘rsf lpZ:'T) / s—T sf p(7)~377-d$ =C : Poor .
p( )H HL (M) (fas— ‘ , ‘ (7—)

By the backward Kolmogorov equation, and combining these inequalities (11) and (12) with the
super log-Sobolev inequality (10), we have

(12)

d —N(7
T (e N Pe—r s fll oo ()
/ —N(s)
= aat p(T) {ﬂsf‘r((Psz’Sf)p(T) log Ps—7.s f)
p(T)HPS s— TfHLP(T)(u,b )
p(7) - (r)—17%*
S—T PS—T S P L PS—’TS
+ p/(T)/u’ (( £ 3 f) Hs—7 ’ f)
N'(r)p(7) _ . r
- ,7st7(( s—T sf)p( )) ;U's T((PS*T,Sf)p( )) IOg HPS*"’vSf”LP(")(ﬁs—T)}
p'(7)
1 _
—N(7) 1—p(7) i 4 -
+e p(T) HPS—T,SfHLP(T)(ﬁ57T) / |Ps T, ef| dr Hs— T
1 —N(1
< Cme ( )HPS—T7Sf||LP(T)(ﬂS_T)'

Hence, we obtain that
T —1 ’
1Ps—rs fll oin g,y < ¥ OFCITPEITAT f]] gy < NOTET e

Here, notice that

(fis)-

rem) yp) P () [
A » dp—/O (7) dT—/O 1dr = tp.
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On the other hand, since we also have £y = f;o 2p )dp by its definition, it must be the case that
lim; ~;, p(7) = oo and hence

1imN(7’):/200B<4(p1 d</ EACal62)

T o
This yields the first assertion. By Corollary 5 we can see that f > Mdp = fzoo %dp <

foc 1+1;>2g( P)

5 dp =: Cy < oo. This yields the second assertion. O

Let p(t, z,y) be the density function of the distribution X; conditioned by Xy = = € supp(uo)

dp%j(:m (y). Then, we have that

with respect to fiz, i.e., p(t, z,y) =
’/(p(t + to, , y) - 1)f(y)dﬂt+to (dy) < |P0,t0 : Pto’ttho (f - ﬁt+t0f)(w)|

<Col|Pro t4to f — fittto fllL2(firy ) (13)

where we used the bound || Po.to[|22(5,)— L () < Co and the fact that the support of fig is the

whole space R?. We will show that the right hand side converges to 0 in an exponential order by
taking its differentiation with respect to s:

aSHZDS,tf - ﬁtf”QL?(ps) = 2/83(Ps,tf - ﬂt.f)(Ps,tf - ﬂt.f)dﬂs + /(Ps,tf - ,at.f)2as,asdz-

‘We evaluate each term as follows.

(1) The second term in the right hand side can be evaluated as

‘/(Ps,tf - ﬂtf)zasﬂsdw

<\ [Pt =t (S GO0l |

Jj=1

T
< C/(Ps,tf — funf)*fisda - - Z |Ospis (hy)
=1

(1s) — Vlog(fis))dps

<C [(Puf ~ e y
j=1
< C\ P f = e 720y VI (s s)- (14)
(i1) Next, we evaluate the first term. By the Poincaré inequality (PI), we have that
[ 0uPuat = ) (Pt = uf)d
= [ L (PahPos = )
= [ VP,

> N[ Py f 4 fus(Poe )22y = Al Poef = i f + e = fis(Ps e )22,

= X\ Paif = fuefl 72,y + 20s(Poof — i f) (i f = fs(Peef)) + (fief — fis(Pef))?]
= Aafl| P f — Mtf||L2(ﬁS) = 2(fs(Pse f) — ﬂtf)2 + (fief — ﬂt(Ps,tf))g]

= Xall|Psof = N2,y — (s (Poif) = e f)?]

= Aa||Pyof = e flZ2(a,) — Aalis(Poif) = fef)?
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Denote the total variation norm of two probability measures 1 and v by ||u — v||Tv, we notice that,
if t — s > tp, it holds that

|fis (Ps tf) — fuf|

< (P s,t— toﬂs ﬁt—to)(Pt—to,tf) — (fir — Pt*—to,t.at—to)f|

<Pyt fis = fi—tolTv || Pieto,ef o + (e — Py pfii—to) f

<PS—iofts = B—to v | Pe—to | L2 (ae) = Lo (o) 1 N 22 (i) + [t — Py i fit—t0) £

< CollPsi—iois — fre—tolov I fll L2 () + 1t S — ft—to (Pi—to .t )], 15)
and, if t — s < tg, the same bound without the first term in the right hand side holds. By Pinsker’s

inequality || — v||rv < /KL(ul||v)/2, we have that
725 = llov < V/KL(fs][1*) /2

1 SE(u) - SF(uy), \ DR e
s ( M (- 2 ) + o2/ 21)

SF(n OF (s
f¢ up [ 2L () — Ole) ()

[ fu. = fulloo < C"exp(—as)Wa(po, 1*), (16)

f

where C” > 0 is a constant depending on 79, ., \. Moreover, if we let fi, = P fi,, then
0.KL(ir 1) = [ ol /")0rird
— [ A= BTl i s

— / (~AV log(f1,) — b, )V log(jir /") jir da

A [ 19 10g(2r) = Vo) P

= [ (Fhog7) 4 A7 10)T (Vo) — Vlog(u)diin

-\ / |V log(ir) — ¥ log(u*) | 2dir
i\ / (Vlog(u*) — Vlog(iir)) T (V log(jir) — V log(u*))djir

A R . . A - N .
- / IV 1og () — ¥ log(u") [*djir + / IV log(7ir) — ¥ log (™) |%dir
< “AaKL(jir [[1*) + sup |V log(fir)(z) — V log(u*) ()|

< —XaKL(ji, ||1*) + C" exp(—2077)Wa (o, )7,

where we used the same argument as Eq. (16) in the first inequality. This evaluation, together with
the bound of KL(jis||p*) in Eq. (16), implies that

KL (jirl[57) < C" max{exp(—Aa(r — 5))KL(iel |5, exp(—20Ar) Wa s, 1)}
< O exp(—a\[(T — s) + 28])Wa(po, ).
Therefore,
VP o fis — itto v < 1P amsofis — 1w + 15° = iesy v
S exp(—aX[(t —to — 5)/2 + s])Wa(po, 1*).

Next, we evaluate the second term of the right hand side of Eq. (15), |fitf — fle—to (Pi—to.t f)|- We
notice that

as /(Ps,tf)ﬂsdm

- ‘/[(AA — by V)(Ps i f)fisda + /(Ps,tf)as/lsdx
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- ‘/(—)\V log(fis) — bs) " V(Ps¢ f)fisda + /(me)asgsdx

_ ‘ / (Pyf)0fisdr
<c / | Pa fliisda/T(aallin) < £l (s v/ TCtal [

where the first inequality is obtained by the same argument as (14) and the last inequality is by
Theorem 3 and the fact that the density ratio between /i and fi,- are bounded from above and below
for any 7, 7/ because of the boundedness of ‘;—Z. Hence, as in Eq. (22) and Eq. (23) below, we have

it —to (Pe—to,tf) — it f]
t

<C o V I(/’LS‘|ﬂ5)dst||L2(ﬁt—t0)
—to
1 *
< O Vo exp(=aA(t = to = 70)) (1 + v/d2(r0) Wa (o, k) F Il 22 ey )
Therefore, by applying these bounds to the right hand side of Eq. (15), we arrive at

(is(Psef) = fief)? < Cexp(=Aa(t — s+ 25)) (1 + Walpo, 1*))* 22z, )-

(iii) Finally, by combining the bounds of (i) and (ii), we obtain that
Os||Ps.tf — ﬁtfH%Z(ﬁS)
> 20| P o f = fiefIl72(n,) — CAaexp(=Aa(t + )1+ Waluo, ")) 22z,
— C|[Pscf — e f 72, VI (sl s),
which yields that, by taking the differentiation with respect to s in the reverse direction,
sl Prestf = it 72z

< —(2ha = CVI (sl i) Pr—si f = e 1724, .y

+ Chaexp(=Aa(t + 5)) (1 + Walpo, ")) 122 (z,):
. . t =
and thus, if we write C; = C' [, /I (s ||fis)ds,

1Proivto f — Feroee FI 22z,

< exp(—2Xat + Crrty) | Perto,trto f = Atrto fll 725, )

t+to
+ \aC exp(—Aa(t + 5))(1 + WZ(/”’Ov/'l’*))z||fH%2(ﬂt+t0)6_2/\a(t_8)+0t+t0_CSdS
to

< exp(=20at) || 1|72, ) XP(Crate)[1 + C(1+ Walpo, 1))?]-
As in Eq. (23) below, the right hand side can be bounded by
Crexp(=2Xat) || fll72(z,.,, ) (1 + Walko, 1)?) exp(Ca(1 + Wa (o, 1))
for constants C; and C5. This is further bounded
Cs exp(—2Aat) exp(Cy (1 + Wa(po, /i*)))HfH%?(ﬂmo)
with constants C's and C. Therefore, we arrive at
1 Pro,t+tof — Bttto fllL2(a) S exp(—adt) exp(Cy(1 + Walpo, p )N FIlL2 (esry )

where we used that the density ratio between fi, and fi,+ are bounded from above and below for any
7,7’ because of the boundedness of %—5 and Cy = Cy/2.

Therefore, by applying this bound to the right hand side of (13), we have that
sup [p(t -+ to, ,y) — 1| < C" exp(—at)Qo, (17)
zy
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for a constant C” and Qg = exp(C4(1+Wa(po, 1#*))), which can be checked by noticing the density
of yu; is smooth and taking f(x) = 1{||x — 2’| < €} for arbitrary 2’ € R? and letting ¢ — 0. This
indicates that the density function of y; with respect to ji; satisfies

d,LLt
di

< C" exp(—a(t — t9))Qo.

Importantly, this observation indicates that p; satisfies the («/2)-LSI for sufficiently large ¢ such as
C" exp(—a(t — t0))Qo < min{y/2 — 1,1 — 1/+/2} via the Holley-Stroock bounded perturbation
principle (e.g., Proposition 5.1.6 of Bakry et al. (2014)).

Corollary 6. Under Assumption 1, there exits Ty depending on d, B, 6, a, A, ¢, C,. such that i,

satisfies the (cv/2)-LSI condition for t > Ty + log(Qo) /a\. Moreover,
1 d,U/t ’ dut H I A

— < — —1 < C'exp(—a(t — T ,

55 < |t < O exp(~aA(t ~ T)) Qo

Sorallt > Ty + 10g(@0)/a)\, where C' is a constant.

By setting Qo = log(Qo)/a, we obtain Corollary 1 in the main text.

C COMPUTATION OF ERROR TERMS

C.1 DYNAMICS OF THE DERIVATIVE TERMS

Recall that dg and d ) are linear operators defined by

d;' ><t;uo,e,x1><¢> = o) 3 (m (8 )(6) g (21),

452 0 o, 1, 22)(9) = 8<z1>i8<m>j$<m<t; D)o 1,2,
for a smooth test function ¢ : R? — R, where m(t, pu)(¢) = [ ¢(x)dm(t, p)(z).

Given a linear operator g, we introduce a differential operator L,, as follows,
Lug=MAq+ V- (b(-,n)q) + V- (M%(n u)(q)> :

which is defined in a weak sense, i.e., (L,q)(¢) = q(L},¢) = gq(AAp—b(-, p)-Vo— [ g—z(y, w)(+)-

Vo(y)u(dy)) for a test function ¢ : RY — R with appropriate regularity condition. Following
Delarue and Tse (2021), we know that these operators obey the following dynamics.

Proposition 6. dgl) and dfj) follows the following differential equation: fort > 0,
Ohdy) (8 1, 0) = Loy (1, ),
a7 (0:p,) = (D)),
where (D.); is defined by (D.,);(¢) = 0y, ¢(x), and
ad( )(t .ua'rlv'IQ) Lm(t,u)d;j(t ﬂazlaIQ
+V - (d$) (5, 2) (- m(t, 1)) () (8 1, 21))
+V - (df! )(t'ﬂaﬂfl)?('am(taﬂ)) (8 1, 72))
+ - (), E5 (- mt, ) (@ (8 ), d5 (8
43 (0s 21, 29) = 0.
The above equations should be interpreted in a weak sense,i.e., when 0yq; — Ly (1.1

that qi(¢(t,-)) — qs(6(5,7)) = [} ar(0-6(r, ))dT + [} qr(Liy (0 @(,))dr + [17-(6(7,))dr
Sfor a smooth testfunctlon qS 1 [0,00) x RY — R.

/’Lax2 )

—1ry = 0 means

The well-posedness of this differential equation is justified in Delarue and Tse (2021); Tse (2021)
for mean-field dynamics on the d-dimensional torus. Although our dynamics is defined on R? and
the regularization term 7 has unbounded gradient, the arguments there can be applied because r is
convex and does not depend on the distribution. Here we omit the technical details.
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C.2 FIRST ORDER DIFFERENTIATION

Let Hi(x) = Zj 1 05 (fu)hj(z). Here, we evaluate the first order derivative dgl)(t;u, x). For

that purpose, we define an operator d(l)(t; w, &, x) where £ € R% x € R ;1 € P as (we omit the
argument z if there is no confusion)

0
(1) (4. _¢T
d (t,,uf,x)((b) - € va€

o
= ¢ Vg m(tm(9)(@)

m(t, 0y, + (1 - E)M)((b)le:O

One may check that dz(l) (t; ) = dV (t; pu, e, ©) where e; is the indicator vector that has 1 in its
i-th coordinate and 0 in other coordinates. In our case, we are interested in a setting

1 N
_ N _ E i
Ho = fs = N s Xs?

which is a discrete measure with support consisting of [V points. In that case, d(l)(t; o, &, x) can
be reformulated as the following gradient flow

5 5 N P
B [ £ TV om0 (0)] = 7 TV it (o),

where £(Xo) = N¢ when Xy = = and £(X() = 0 otherwise. Clearly, € € L?(0). Accordingly,
we define the following SDE:

dX; = —b(X;, pg)dt + V2AdW,,

us = Law(X?), X§= Xo+ €€(Xo).

Xt , it holds that

Then, if we define ﬁf ;= lim._,o Xio

A (t; o, &, 2)(¢) = E[55 - V(X))

We can see that the infinitesimal displacement @f follows the following differential equation:

1)
aif = [ Vbl ) o, + b(xt,u»(q})] a, ()

o

from which we can derive moment bounds for v;. In particular, for p > 1,

1d||ot|? P P o
S = NI Vb e, 7 b ) @) -0
- - - - d N
= 517 )T HCX + AGHTTT TR0 + 60K ) @)
< B?|l5 [P + B |15 [P )15 |],
where we used Assumption 1 and convexity of r in the last inequality.
First, by taking expectatlon of both sides for p = 1, we know that E[||75]] = ||| yields that
E[||55 ||] < exp(QB2 JE [HUOH] = exp(2B2 )|I€]|. Then, for p > 1, noticing that &5 = 0 for X, #
and ||55 /P E[|5; 1] < (1 = 21551 + SE[|5F 17, we have that, for 2 # z,
E[|155 171 X0 = '] (19)

< exp((2p — 1) B*)E[|551”| Xo = 2] + /O E[]|55])” exp(2p — 1) B2(t — 5)]ds

< / exp(2pB2s) exp|(2p — 1) B(t — s)]dsE[|[35 )7
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< exp|(2p — 1) B*t][exp(Bt )— 1B~2E[|17)”
< B~ exp[(2p — 1) B?t][exp(B°t) — 1][|¢]|”

< B~ %[exp(2pB*t) — 1]|¢]|". (20)
In the same vein, when Xy = x, we have that
|57 [P = O(exp(2pBt))N*||&]|” (21)

forp>1landt > 0.
By Corollary 3, m(t, e, — (1 — €)pp) has a smooth density for ¢ > 0, which we denote by M§E>.

Corollary 3 also asserts that u,(f (z) > 0 and is equivalent to x* for any ¢ > 0. Let

Wy — L T D (0
qt :E( ) ,Uzt(x/)f aeﬂt (:E )|€:0'
For concise presentation, we introduce the abbreviated notation
1 1
611 (9) =By, la ) ¢]
Let fi5),, be the distribution of X conditioned by X§ = 2’ + e€(2'). We define the condi-

e /(z,,)ﬁTVae g‘?c,( "|e=o. Accordingly, we define

1 1 N (1
qf a?‘z’(d)) =E,, ., [qt( a:)|r’¢] Then, we can see that q( )( ¢)= %>, qu,m)\)%g (9).

Lemma 6 (Bismut formula). Suppose Assumption I holds. Then for a bounded measurable function
[R5 R, o € Pyandt > 0, m(t, (I + €€)suo)(f) is differentiable with respect to € at t = 0,
and we have

Do, (T + €€)gpi0)()lemo = EIVF(X,) - 5] = [ Xt/’é mv}

tional version of ¢, as qf(lgzlx,(x”) =

de

where

e (V2! (vf + s?Z(X&us)(qﬁ,lﬁ)) :

Also, ¢\1) (2') = B[S ¢& - dW,| X, = '), ¢! () = B[y ¢§ - dAW,| X, = 2, Xo = '], and

4 x|z’

El(q) ), (X1))*| X0 = 2] < K(t)N?,

and E[(qt(}x)‘x, (X1))?| X0 = 2'] < K(t) for 2’ # x, where K(t) is a constant depending on t.

Proof. The first assertion is obtained by the Bismut formula with respect to the Lions derivative
by the initial distribution po (Ren and Wang, 2019). In particular, Theorem 2.1 of Ren and Wang
(2019) yields the assertion by setting g, = s/t in their notation. We note that although they assumed
b(x, pt) and their derivatives are bounded, the same argument can be directly applied to our setting
because r(x) is a convex function that forces X; to contract to origin instead of diverging.

. d 6 t (T
As for the second assertion, we first observe that d—lé]E[f(Xt)] [ f(z #‘: (i,) e =

[ f(2)0c log py(x)dpu for all f (note that p;(z) > 0 for all 2 € R? by Corollary 3). This indi-
cates that 0, log(p:)(z) = EJ fot ¢t - dW,|X, = ] almost surely. In the same vein, we also have
1) (

t,x|x’
X; = (X4, Xo) and apply the same argument on p; to the distribution of X;.

the characterization of the conditional version ¢ 2'). Indeed, we may consider a dynamics of

The moment bound can be ensured by noticing that

t
E £ AW,
UO %
. 2
(/ cf-dws) |X093]
0

26
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4y x|z

2
X() :C:| ‘Xo SL"|
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t
< c/ E[¢]12| X0 = «]ds

< %2 (14 PRI = alds
0
C Cio(l+1)3
s S - o (2N,

where the first inequality is due to Jensen’s inequality, the second inequality is by the moment
inequality of stochastic integral (Kim, 2013) (C} , = (q(q2 ) )’1/ 24 ) and the last inequality is due
to Eq. (21) and Assumption 1. When X # =, Eq. (20) gives E[||7¢||?| X0 = 2'] = O(exp(2pB?t)),
which gives the bound for Xy # x. O

Let )
Lip = AA¢ — b/ Vo

for ¢ : R? — R. Then, the derivative of qflg with respect to ¢ can be evaluated as

d 0 9
Ewlat2 ] = 5 5 Bl (X))o
) .
= 2 Bl
= JEOA 5 9)F(XD)]le=o

= [a0a -5V - ST s
We can also see that
Bl = [ 408 =590 = ST Fae
Note that the second term in the right hand side is ‘Sbt (qt( z)) instead of ‘%t (qt( le,) We refer readers

to Tse (2021) for higher order regularity of the nonhnear PDEs 1nduced by the derivative with
respect to the initial distribution in the torus setting. Therefore, by applying Theorem 4, we obtain
the following convergence bound.

Lemma 7. Under Assumption 1, it holds that, for any t > T with sufficiently small T > 0,
E[(g5 (X0))?] < O(A,.q exp(—Aa(t — To) /2)E[(¢54)(X0))?))
= O(Ay, exp(=Aa(t — Ty) /2)N||€]1?),
where A, = exp(O(Wa(po, 11*))).

Proof. We apply Theorem 4 in Appendix C.4. We first note that the conditions of Theorem 4 hold
for ¢, = Cexp(—ait)Wa(po, u*) by Corollary 4 and 6, = 0. Moreover, by Corollary 6, we

can assume oy = /2 for t > Tp + log(Q;)/(A) and oy = 0 otherwise. Next, we check the
integrability of /I (p||f:) with respect to t. According to Nitanda et al. (2022); Chizat (2022),

d

g (Llue) = L£(1")) < =NL (el lfue) <0,

which implies that

[ 1n170)as < 35(€Gu) = £07) = (£ ) = £)).

’

Hence,

/ VI (ps|lfis)ds < \/ t)(ﬁ(ﬂf’) — L))
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<0 (SViTep(-dalt —m)VEG) ~L07). @)

By takingt = k+ 1+ 19andt' = k+ 7o for k = 0,1, ... and taking summation over k, we obtain

[ VIGlTagas O (VEim) = £6)) = 01+ V/aalm) Waluo.17) = O,(1). @3

70

where we omitted the dependence on A, « in the order symbol. Therefore, Theorem 4 yields that
El(g12(X1))) < O(Ay, exp(=Aa(t — T)(3/4) El(g; ) (X:))?)),

for sufficiently small 7 > 0, where A,,, = exp(O(Wa(uo, 11*))). Combining this evaluation and

Lemma 6 completes the proof. O

However, observe that the bound in Lemma 7 has O(N) factor in the right hand side. We can
remove that factor by considering ]E[|q,§1$) (X¢)|)? instead of E[qt(lx) (X1)?]. Recall that g = pl¥ =

N g N i
~ Sitq XI. Here we define pig\, := 57 Zi:l:X§¢x X.
Lemma 8. Under Assumption 1, it holds that, for any t > T with sufficiently small T > 0,

1
Ellg; ) (X0) | = O(A, exp(—a(t — To)/2)[€]]*).

where A, = exp(O(Wa(po, 1*) + Wa(piore, 1¥)))-
The proof of which can be found in Appendix C.5.

We finally remark that combining Eq. (21) and Lemma 8, we know that for any ¢ € Cj(R?) and
t > 0, it holds that

AV (t; o, €, 2)(¢) < O (Mg exp(=Aa(t — To)/2) €]l 6l s0.1) 24)
where |[¢[|oo,1 = max{[|¢]loc, [|V|oo }-

C.3 SECOND ORDER DIFFERENTIATION

Now we evaluate the second order derivatives. Let 21,75 € R? fixed. For € = (€1, €2) with €, > 0
and ¢M ¢l € RY, we note that

52
TV, VT U, o) (1, )12

82
=Wy, v] D(mt, €105, + €204, — (1 — €1 — €2)110))|e=(0,0)€
2 861862
o 9
25[2]TVI277(I)(m(t’ 626932 + (1 - 62):“’0)(d(1)(t; 625«’62 + (1 - 62)”076[1]))
862 om
62
:W‘P(m(tﬂo))(d(l)(t; po, M), dM (t; po, £7))
]
+ 57m(b(m(t7 MO))(d@)(ta Ho, 6[1] ) 5[2] , L1, CEQ)),
where
d(2) (ta o, 5[1] ) 5[2] y L1, x2)(¢)
82
= {1V, Vi, 5o omit 10, + 20, — (1= &2 = 2)10)) (6) =o€
By Corollary 3, m(t, €10, + €205, — (1 — €1 — €2)p0) has a smooth density for ¢ > 0, which is
denoted by ygel’sz). Corollary 3 also asserts that 4\ **) () > 0 and equivalent to 1* for any ¢ > 0.
If we write 52
2) — 1 MTyyT 2 (e1,€2) 2]
qt7(fl1,r2)(‘r) ,ut(x)g De10es g ()€,
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then we can notice that d® (¢; g, €M1, €12, xl,mg)(qS) = E,,[¢¥ ¢]. Here, we denote by

t,(z1,22)
Ay (@) = dD(t; o, €%, 24)(9) = £T Vo Sl 65% (1= €)110))(é)|e—o. Then, by taking the
derivative of <> d(l)( -) with respect to €3, we know qt (and d®)) follows the following dynamics:

id@) (tﬂ Ko 5(1), 5(2)7 T, 1’2)(¢)

dt
- ob
By [0y L(O)] = [ G250, €0, €701, 2)) - Vi

d A
thﬂf [qt(z()zl zQ)Lt(QS)]

(1) 5bt (1) (1) 5bt (1) 5 bt (1) (1)
dtm((s (d 2) - V¢)dt [2](6 (dipy) Vo | - iZm (dy ) di o) - VO

and also @
qO (whwz)( ) = 0'

Now, let
1 N
(2) _ § L
qy = = N o 4y (Xi Ri)
(1)

and consider a situation where x; = o € {Xé}fil We write Q)i 1O indicate ¢,

dD (t; po, f[k],Xé) when zj, = Xé Then, we have that

(1)
% for

- ob
“Eula (@) = | @) - Vodu

1 1) Oby (1) 1
1 t
N Z]E [qt 1145y (qt7[2],i) : Vqﬁ] N ZEM [q

i=1
0%be (1) ()
— ]E/u, |:(5 M (qt [ ]1aqt7[2]7i) . V¢ .

By Eq. (24),

b
NEIM[ﬁh 6t )+ 96| < 0 (M exp(-rale ~ To)/ 2 5,196l
1Y 8b
- % 2 Ew i1 e taiD) - V9] < 0 (W exp(-rae - T2l B 190111

In the same vein, we also have

52b
ool ol ) V| < 0 (A2, exp(-rate - T NI 1B V0111 )

Then applying Theorem 4, we obtain the following lemma.

Sby
“op

ew/\

Sl vl

1)
2],

Lemma 9. Under Assumption 1, it holds that
El(g;” (X1))] < O(Ayq exp(=Aa(t = To)/2) 61| [[€)])-
where Ay, = exp(O(Wa(po, 1) + Wa(piorz, 17)))-
Proof. From the argument above, the assumption in Theorem 4 guaranteed for d; = exp(—At/2).

The other conditions are also satisfied as in the proof of Lemma 7. Hence, for arbitrary small positive
time 7(, > 0, we have that

E[(¢(X1))%] = 01+ El(¢5” (X0))?)) = O(1),

due to Theorem 4-(i) and q(()z) =0.
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On the other hand, Corollary 4 yields that £(z;) — £(p*) < M2 (79)Wa(po, 1*)?. Combining this
with the argument in Eq. (23), we see that

| VTG e < 0 (14 oalrWalha, i) )
5
Then, by the same argument as Lemma 7 and Theorem 4-(ii), we obtain the assertion. ]

C.4 GENERAL CONVERGENCE GUARANTEE

We can see that ¢; = qt(lw and ¢; = q§2) satisfy
d A oby
aEm [q:6] = Elq:L+(9)] — E(Qt) -Vodus +ri(9), (25)

where |r(¢)| < Cexp(—coAat)\/E,, [[[V¢[?], and with slight abuse of notation we write g;(¢) :=
E,, [q:¢]. We define

1 n
Di(t) = = Y Byl Dat) = [ abd
j=1

where 7, = 07(f.,)-

In addition, recall the w satisfies the Poincaré inequality (PI) with constant « if for all smooth
functions f : R? — R, we have

Var, (f) < a7 E,[|VF]?).
It is well-known that LSI implies PI with the same constant.
The following theorem provides an upper bound on D; and D5 under the Poincaré inequality.
Theorem 4. Given Assumption 1 and suppose that |%€;”t| < €, q; satisfies Eq. (25) with r¢(q:)
satisfying |r(q)] < C\/0:E,,[[[Va||?] with a sequence of 1/2 > 6; > 0 and C > 0, and i
satisfies a-PlI for oy > 0 (o = 0 is also allowed in the case that p; does not satisfy the LSI), then
the following bounds hold:

(i)
Dy(t) < exp [t (B:l + gj)] (DQ(O) + 2(%“Ci§j)> :

%(Dl(t) +ADs (1)) < — 2(1 — 8)Aaw (D1 (t) + ADao(t))

(ii)

2

_ 5 C
+ B? (2B>\\/I(,ut|ut) + € + 2B? : t5 ) Da(t) + =0t
— Ut

In particular, it holds that, for 0 < 7 < t,

t 2
Di(t) + ADs(t) < / %5SeAt—Asds + exp(A; — AL)(Dy(7) + ADy (7)),

where

s 58
As :/ _2(1_6S)Aas+01 (A I(M5‘|ﬂs)+es+ 1 ) )d57
; — Os

and Cy = max{2B3,1,2B*}/\.

Proof. By substituting ¢ < g, it holds that

d

. 0 ob
E (q¢)*dps =2E,,, [q:Le(q:)] — qtz&dut - 2/ 57;(%) -V + 2r(qu)-
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Here, the first two terms in the right hand side can be evaluated as

2E/M[Qt£t(q}f)] */( ) gtduf

—2E,,,[g:(AA — b V)(g0)] — / (A — 7 V) (g0)?dps
=2E,,, [q:(AA — b/ V)(q0)] — 2B, [M(Aqt) g + A Vael* = b (Var) 1]
— B, (Ve

Part (i). By the assumption, the Cauchy-Schwarz inequality, and the arithmetic-geometric mean
inequality, we can see that

ob
- 2/ 57;(%) -Vaedpy + 2ri(qe)

B! 2 20, C° 2
< B g ]+ MBIVl 7]+ =00 + ARy [[[Vae7]

- A A
B* C?
= 20, (196l + B (6] + .
Therefore, A
d B Cc?
— D5 (t) < —D»(t —
a& 2(t) h\ 2(t) + h 0y
This yields that

0

B4 02 02 B4 2
< Z +2)ID . =+ = ].
_eXp{t()\JrQ/\)} 2(0)+2(B4+02)6Xp[t()\+2 }

This gives the first inequality.

B4 2 t 2 t B4 2 t
Dy(t) <exp | t— + « 0sds | Da(0)+ — | dsexp | (t—s8)— + C—/ d,d7 ) ds
PR PN
C

Part (ii). Next, we evaluate the time differentiation of D, as

d

Z Dyt
ndtl)

d Z ot qt Z/I

n

\ o

<

B 5b)
_ T

B ook ]{ 28], B + s 0 |
1
2ZEHt [qthj]gg'/,tEut |:qt()\Ahg - b;I—th)

7j=1

_ —2)\ZEM aih; Ejt/Vqt Vhdu,

Jj=1

(gt)Vh; } + B%ne; D (t)

n

FAS B k! o [ @b + AV log(u) - Ty

j=1
2
= 2O D, + BPraDa(t) (where (@0 = [ Vhi - Ty )

Here, we notice that

n

Z Ep,laih]€ | qe(be + AV 1og(ue)) - Vhjdps

j=1
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<Ay V / qzdw / IV log(jir) — vmg(ut)quut\/ / 2dpel! |1V sl oo 15
j=1

< MBI (pe] i)y, [07] = An BN/ T (e 1) D2 (2)

In addition, note that

1 &b

- ZIEM [qthj]ég»’,t/Vqt - Vhdz = /Vqt - (q)da.

n = o
Therefore,

d
S (Dit) + ADs (1)
2
< = SIEE ), — 4 [ Vo S — 22 [ 1ValPan
+ 2B3 M1 (14| |fie) Do (t +BQEtD2()+2)\7"t(Qt)
< = DI bl ) [ Vo 5@ - 22 [ |90
— C?
+ 2B AT (] |1e) Do (t) + B®€, Da(t) + 26,0 / IV gel[*dpss + <50

ob ob
/H %1—6,56/; @) + /1 — 6, AVq, _5t_1>/‘t(h
02
+ B2 QB)\\/ /«Lt”/f't + Gt D2 + 75t
(5bt
V1—=§\V
/Hm Qt + t qt
2

Ot C
+ B? (23)\\/ (paell ) +€t+2321 3, )D2( )+75t-

When p; satisfies a.-PI (which is implied by «a;-LSI), it holds that

2
1
/lelzzﬂh Em[qth]ngqt] duy <

for any 601, 62 > 0, which gives that

d
dt

2
< — 20 /[ =rn ZE”hEM qth +\/1—5t)\qt] Ay
- t

2

d/lt+2<

dﬂt

2
dpu

Qt) + 02AV ¢,

— (D1(t) + ADx(t))

2

Oy C
(2BA\/ Gll) + e+ 252 2 5)Dz<>+25t

1 n
< - 2%?@? ijzzl E;i/,tgg,t]Eut [chi]Eut [chj] /hihjdﬂt

1 n
- 4>\04t5 Z O By, [arhi By, [qehs] — (1 — 6:) 20,02 / a7 dp
j=1

_ 5 c?
+32 <2B)\ I(/,LtH,ut)—FEt‘FQBQl t(s >D2(t)+25t
— Ut

< = 2(1 = §)Aae(Di(t) + ADso(t))
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_ b c?
+ B? <2B>\\/I(ut||,ut) + € +2B? 1 t(s > Do(t) + 50
— U

Using AD2(t) < D1 (t) + AD2(t) and Gronwall’s inequality (Mischler, 2019), we arrive at
t C2
Dy (t) + ADs(t) < / 5 Ose T ds + exp(A;) (D1(0) + AD»(0)),
0

where
s 58
Ay = / —2(1 — 6 )Aas + C4 (/\\/I(usms) + € + 15) ds,
0 — Us

for a constant C; = max{2B3,1,2B*}/\. O

C.5 PROOF OF LEMMA 8

Recall that in Lemma 7 we obtained a bound on E[(qt(la? (X

refine this result by considering a bound ]E[qt(lx) (X1)9] < Hqt . (Xt)H ||| oo -

¢)? ] that contains a factor of N. Now we

Define the events 7; := {Xo = x} and Z{ := {Xo # x}. We let 7, be the conditional

distribution of X; conditioned by Z; and p 7z be that conditioned by Z7. For notation simplic-
1

ity, we write ¢ = g}, qyz, = q'), and qyz(-) = X, P(Xo = 21X, = Jal). () =

tle () 1 .
D Itz mqﬁ z)|x/( ). Accordingly, we write g7, (¢) := Bopryyz, [q¢7, ¢] and gy 7¢(¢) =

IE,MZ% [Qt\zlc ¢] for a test function ¢.

We control E[|qt(11) (X¢)|] by utilizing the following bound:

Ellaf (X)) < 1Bl (X0)P21X0 = 2] + Bl (X)RIXo £l @6)

We first evaluate E[(qt(lx)|11 (X)) Xo = z]. If we let Da(t) = E,, [¢?], then it holds that, for a
positive sequence d; > 0,

d ob

thMt\Il [Qt|I1] 2)\Ellt\zl [HVqt\Il || ] T;(qt) ) VQHIlth\Il
AE,, 7, [IVayz, [IP] + 2B%/Da(t) \/E/Lt\ll IVayz, 117]
< =201 = 0By, 1, [IVauz, [I°] + B Da(t) /(26;)

< —2Xa(1 = 80)Ey, ., [a77,] + B D2(t)/(26,).

IN

Thus, Gronwall’s inequality (see also the proof of Theorem 4) yields that

" B*Dy(s
Eﬂt\11 [qu] < / #() exp(A: — Ag)ds + exp(At)IEHTlI1 [QE\LL
where A, = [ —2(1—0,)Aa,ds. Here, we recall that Do(t) < A, N exp(—aX(t—Ty)(3/4))|€]?

by Lemma 7. Hence, if we set §; = exp(—aA(t — Tp)(1/8)), then A; < —2Xa(s — Tp)+ + C for
a constant C' which can depend on «a, A, Ty. This argument and Lemma 6 give

Bz, [007,) S Ao N exp(—a(t — Tp)(5/8)) 1<) 27)

Next, we evaluate IE[(qt(,lglelc(Xt))ﬂXo # a]. Let Dy o(t) := + i qeze (hj)?0 , and Dy (1) :=
J qf‘zi.dut‘zf. For D .(t) + D2..(t), we can see that

ZEM,T (qezchi1€7 /Qt|zc (be + AV log(peize)) - Vhjdpg ze
Jj=1
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Z\/T\//qtzcdutzl\//Wlog (fi) Vlog(Mt\IL)||2d“tIIL€//t||Vh-jHOOthHOO
< B\ [T (pyze||fue) Da,c(t)
—

=:5;
We also notice that

Z Qt|I° ; 7£;/t < B EtDQ c( )
Hence by the same reasoning as the proof of Theorem 4, we have

d
d—(Dl (t) + AD2c)

) ||( Gt uqzv [Qt|zch D] 1||Qt 2)\/ VQt|ICth|IC + B? (23/\St +€t)D2 c( )

- ZAQEMt\If [||VQt|If||2] - 2>\/ E(Qt) ’ VQt|Ifd,ut\If

2

ob
= / Ht Geize) + AVanzg || dppeize + B*(2XS: + €) Da.o(1)
8b ? 8b
_2N/Ht((hzf) dpz, —4N 5 t(q,qzl)Vqﬂch,ut‘Ir —2—/||qu|1r duflzf
(5bt 2
- 27 Qt|I°) + )\VQHIL dquc + B? (2AS; + €1) D2 c(t)
1 2
+AAB | 7Bz, [lanz, ] IV aqyzel12dpsy ¢
5bt 2
- 27 Qtllc) + AVayze || dpejze + B*(2AS; + €) D2 o(t)

1
+ 4\B? ﬁszl [qflzl]\// IV qsze 1> dpsyze
2

5b
- 27 / H t (@1)7¢) + AVaq|| dpyze + B2(2\S; + €)Da..(t)

+2AB%0 (\/ Ay exp(—Aa(t — To)(5/16))||€|| \// IVayz;

where we used Eq. (27) in the last inequality. Then, by noticing that the same argument as Corollary
6 holds for the conditional distribution fi;z¢ since Eq. (17) holds uniformly for any = € {X OGN
we may apply the same reasoning as the proof of Theorem 4 to obtain that, for sufficiently small
T > 0, the following holds

Dy () + XD (t)
< Ay exp[—aX(t = Tp) /2 + C(L + Wa(uojzs. 1)) (IE]1* + Dre(7) + Dae(7))

< exp(O(Wa(po, 1) + Wapoz» 1)) exp(—aX(t — To) /2)[|€]I?, (28)
where we used Lemma 6 in the last inequality.

2dp‘t|l—f7

Finally, by combining the inequalities (27) and (28) to Eq. (26), we obtain the assertion.

C.6 COMBINING ALL BOUNDS TOGETHER

Recall that

B0, 1Y) — Ut 1) Z / [ (0 900, S = s ) (0 s
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Hence, by applying Lemma 7 and 9 with o = plY, € = ¢l = ¢[2] = ¢;, we obtain

52U N N
a(ml)ia(wz)iW(t — S Mg )(I,:L’) Hs (dl‘)

2
:/%m(t—s,uﬁv»(dm( =iy € 2), d (= s € @)

od
+ @(m(f =5, )P (t = s, € 6 )l (d)
= O(A,~ exp(=Aa(t — s — Tp)/2)),
where A, v = & SN exp(O(Wa(ulY, ) + Wz(ﬂg& ,11*))). Now we only need to evaluate the
term E[A v ].
. N * *

Suppose C'is a constant such that A,v < 5 37,0, exp(C(Wa(ul, n*) + Wg(,ui\(f(;,u ). Then,
we can verify A~ < exp (30\/1[3”5 [ X]12] + E, | 2]) Since p*(z) < exp(—Ac,||z]?>9),
E,[| X]|?] = O(1) and thus we need to evaluate E [exp (C1 /B~ [||X||2H>] This can be upper
bounded by E {exp (g + %E#N[HXHQ])} =E [exp (% + 7% ZZI\; ||X;||2)} Let Qs =
L SN IXE)12. By Ito’s formula, we have

1L
E |exp (wDin?ﬂ

N
E |exp (Q/2) (—1Zb X)X+ S Z<d+||5<z’|2)>]
i=1

i=1

d
dt

<E

n \ N
P (@/2) 7 D (B - @+ e P + 2(d+||X;||2>)].

Then, by Young’s inequality, there exists a constant C’ depending on B, A, §, ¢, d such that

(24 0)Acr

i i A i i
B?|X{| - (2+5)/\CrHXtII2+5+§(d+ IX7[1?) < C' - 5 X717+,

Moreover, by Jensen’s inequality, the term related to || X?||2+? can be further bounded by

" " (246)/2
1 i (12468 1 i (12 (2+9)/2
— STIKIE < - [ DI = QP
i=1 i=1

In summary, we arrive at

%E lexp (Q:/2)] < Elexp(Q;/2)(C” — eQ{*T9/?)]

with another constant € = %. Here, by noticing that

C' — QP2 < 201[Q, < (207 /)2 D] — ¢,
it holds that

E [exp (Q¢/2)] < Elexp(Q¢/2)(2C"1[Q; < (2C"/e)*/ @9 — )]

< E{2C" exp[}(2C /) 9] — " exp(Q1/2) }

4
dt

This means that

Elexp(Q:/2)] < max{2exp[L(20"/e)>/+)] Elexp(Qo/2)]} = O(1).
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One side remark is that we can further show an exponential decay of the term related to
E[exp(Qo/2)], but the above is sufficient for our purpose.

Finally, we arrive at

B0, 1Y) ~ Ut i)] = 5,0 (Blhs] [ exp(-Aale—s - To)/2)ds)

< —(9 <exp(/\ozT0/2) L (1+E[A, ])> )

By selecting the initial distribution so that E[A,~] = O(1), the right hand side is O(1). This is
satisfied if the support of 11 is bounded, e.g., )’ = + Zf\il 0o

D AUXILIARY LEMMAS

Lemma 10. Suppose that ¥ : P — R has smooth first-variation such that ||V‘;T\I:||Oo < C. Then,
for any vy, v1 € Ps, it holds that

|\I/(l/1) — \I/(I/Q)| é CWQ(VQ,I/l).

Proof. By the Benamou—Brenier formula, for any v1, vy € Ps, it holds that

1
W22(V13 VO) = inf {/ /”Ut”zdl/tdt | atl/t + AV (I/t'Ut) =0 (t c [0, 1})} s
0

where the infimum is taken over all curves v; : [0,1] — P2 continuous with respect to the weak
topology (Ambrosio et al., 2005, Chapter 8). Then, for any v; satisfying O,y + V - (1yvy) =0 (¢ €

[0, 1]), we note that M = fvtTV‘f;—‘I’(ut)dyt, and thus

W (1 \I’(Vo)l

Vt dl/tdt‘

e
< c\//o /||vt||2dytdt.

By taking infimum with respect to v;, we obtain the inequality. O

thdt’

fx, in the informal theorem stated in Section 1 formally corresponds to fﬂfv in the main text. Then,
we have the following corollary as a direct consequence of Theorem 2.

Corollary 7. Under the same setting as Theorem 2, we have
E[(fu. (2) = fux (2))*] = O(1/N),
where py = m(t, ud’), and the expectation is taken over the dynamics of ulN with a fixed initial

condition ).

Proof. By conditioning the initial distribution p1{, the evolution of i, is deterministic. Hence, for
fixed z € R? | it holds that

E[(fuy (2) = fue(2))?]
= E[(f.uy (2) = fu(2))%]
+ 2Ex [f5 (2) = fu (D (fu(2) = 7(2)) = 2E[fyun (2) = fue (D))(f, (2) = £7(2))
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+ (fu(2) = F7(2))? = (fue(2) = 7 (2))?
= E[(fuy (2) = [ ()] = (fu (2) = f*(2))°
= 2B[fuy ()] = fu (2) (fue (2) = [7(2))

Therefore, by considering ®(u) = f,,(z) and ®(u) = (f.(2) — f*(2))?, Theorem 2 indicates that
E[(fup (2) = £7(2))%] = (fu.(2) = f*(2))* = O(U/N), E[f,y(2)] = fu,(z) = O(1/N),

which yields the assertion. O
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