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ABSTRACT

Implicit regularization is important for understanding the learning of neural net-
works (NNs). Empirical works show that input weights of hidden neurons (the
input weight of a hidden neuron consists of the weight from its input layer to the
hidden neuron and its bias term) condense on isolated orientations with a small
initialization. The condensation dynamics implies that the training implicitly reg-
ularizes a NN towards one with much smaller effective size. In this work, we
utilize multilayer networks to show that the maximal number of condensed orien-
tations in the initial training stage is twice the multiplicity of the activation func-
tion, where “multiplicity” is multiple roots of activation function at origin. Our
theoretical analysis confirms experiments for two cases, one is for the activation
function of multiplicity one with arbitrary dimension input, which contains many
common activation functions, and the other is for the layer with one-dimensional
input and arbitrary multiplicity. This work makes a step towards understanding
how small initialization implicitly leads NNs to condensation at initial training
stage, which lays a foundation for the future study of the nonlinear dynamics of
NN and its implicit regularization effect at a later stage of training.

1 INTRODUCTION

Over-parameterized neural networks often show good generalization performance on real-world
problems by minimizing loss functions without explicit regularization (Breiman, 1995} Zhang et al.,
2017). For over-parameterized NNs, there are infinite possible sets of training parameters that can
reach a satisfying training loss. However, their generalization performances can be very different.
It is important to study what implicit regularization is imposed aside to the loss function during the
training that leads the NN to a specific type of solutions.

Empirical works suggest that NNs may learn the data from simple to complex patterns (Arpit et al.,
2017; Xu et al.l 2019; [Rahaman et al.l 2019; Xu et al.l 2020; Jin et al.l 2020; [Kalimeris et al.}
2019). For example, an implicit bias of frequency principle is widely observed that NNs often learn
the target function from low to high frequency (Xu et al.l [2019; Rahaman et al.l 2019} Xu et al.,
2020), which has been utilized to understand various phenomena (Ma et al.l 2020; |Xu & Zhou,
2021) and inspiring algorithm design |Liu et al.| (2020). The NN output, either simple or complex,
is a collective result of all neurons. The study of how neuron weights evolve during the training is
central to understanding the collective behavior, including the complexity, of the NN output.

Luo et al.| (2021)) establish a phase diagram to study the effect of initialization on weight evolution
for two-layer ReLU NNs at the infinite-width limit and find three distinct regimes in the phase
diagram, i.e., linear regime, critical regime and condensed regime. The non-linear regime, a largely
unexplored non-linear regime, is named as condensed regime because the input weights of hidden
neurons (the input weight or the feature of a hidden neuron consists of the weight from its input
layer to the hidden neuron and its bias term) condense on isolated orientations during the training
(Luo et al.,[2021). The three regimes are identified based on the relative change of input weights as
the width approaches infinity, which tends to 0, O(1) and +oo0, respectively.

The condensation is a feature learning process, which is important to the learning of DNNs. Note
that in the following, condensation is accompanied by a default assumption of small initializa-
tion or large relative change of input weights during training. For practical networks, such as
resnet8-like (He et al.,[2016) in learning CIFAR10, as shown in Fig. a) and Table we find that
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Table 1: Comparison of common (Glorot & Bengio, 2010) and condensed Gaussian initializations
on resnetl8. m = (Mmiy + Mout) /2. Min: in-layer width. mg,¢: out-layer width.

common condensed
Glorot_uniform Glorot_normal N (0, X) ‘ N(0,——) N(0,——) N(0,(%)?
Test 1 0.8807 0.8777 0.8816 0.8847 0.8824 0.8826
Test 2 0.8857 0.8849 0.8806 0.8785 0.8813 0.8807
Test 3 0.8809 0.8860 0.8761 0.8824 0.8861 0.8800

the performance of networks with initialization in the condensed regime is very similar to the com-
mon initialization methods. However, the condensation phenomenon provides an intuitive explana-
tion of the good performance as follows, which may lead to a quantitative theoretical explanation
in future work. The condensation transforms a large network to a network of only a few effective
neurons, leading to an output function with low complexity. Since the complexity bounds the gen-
eralization error (Bartlett & Mendelson, |2002), the study of condensation could provide insight to
how NNs are implicitly regularized to achieve good generalization performance in practice.

For two-layer ReLU NN, Maennel et al.| (2018) prove that, as the initialization of parameters goes
to zero, the features of hidden neurons condense at finite number of orientations depending on the
input data; when performing a linearly separable classification task with infinite data, [Pellegrini &
Biroli| (2020) show that at mean-field limit, a two-layer infinite-width ReLU NN is effectively equal
to a NN of one hidden neuron, i.e., condensation on a single orientation. Both works (Maennel et al.,
2018 [Pellegrini & Birolil|2020) study the condensation behavior for ReLU-NNs at an initial training
stage in which the magnitudes of NN parameters are far smaller from well-fitting an O(1) target
function. However, it still remains unclear that for NNs of more general activation functions, how
the condensation emerges at the initial training stage.
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Figure 1: The test accuracy in (a) and condensation in (b, ¢) of networks on CIFAR10. Each network
consists of the convolution part of resnet18 and fully-connected (FC) layers with size 1024-1024-10
and softmax. The color in (b, ¢) indicates the inner product of normalized input weights of two
neurons in the first FC layer, whose indexes are indicated by the abscissa and the ordinate. We
discard about 55% of the hidden neurons, in which the Lo-norm of each input weight is smaller
than 0.001, while remaining ones bigger than 0.05 in (b). The convolution part is equipped with
ReLU activation and initialized by Glorot normal distribution (Glorot & Bengiol 2010). For FC
layers in (a), the activation is ReL.U and they are initialized by three common methods (red) and
three condensed ones (green) as indicated in Table The learning rate is 10~3 for epoch 1-60 and
10~ for epoch 61-100. For (b, c), the learning rate is 5 x 10~° for visualization and FC layers
are initialized by N (0, #) and equipped with ReLU in (b) and x tanh(x) in (c) as activation
functions. Adam optimize;u\tvith cross-entropy loss and batch size 128 are used for all experiments.

In this work, we show that the condensation at the initial stage is closely related to the multiplicity
p at = 0, which means the derivative of activation at = 0 is zero up to the (p — 1)th-order
and is non-zero for the p-th order. To verify their relation, we use the common activation func-
tion sigmoid(z), softplus(z), tanh(z), which are multiplicity one, and variants of tanh(z),i.e.
x tanh(z) and 22 tanh(z) with multiplicity two and three, for our experiments. For comparison, we
also show the initial condensation of ReLU(x), which is studied previously (Maennel et al.| 2018)
and has totally different properties at origin compared with tanh(z). Our experiments suggest that
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the maximal number of condensed orientations is twice the multiplicity of the activation function
used in general NNs. For finite-width two-layer NNs with small initialization at the initial training
stage, each hidden neuron’s output in a finite domain around 0 can be approximated by a p-th order
polynomial and so is the NN output function. Based on the p-th order approximation, we show
a preliminary theoretical support for condensation by a theoretical analysis for two cases, one is
for the activation function of multiplicity one with arbitrary dimension input, which contains many
common activation functions, and the other is for the layer with one-dimensional input and arbitrary
multiplicity. Therefore, small initialization imposes an implicit regularization that restricts the NN
to be effectively much narrower neural network at the initial training stage.As commonly used acti-
vation functions, such as tanh(z), sigmoid(z), softplus(z), etc., are all multiplicity one, our study
of initial training behavior lays an important basis for the further study of implicit regularization
throughout the training.

2 RELATED WORKS

A research line studies how initialization affects the weight evolution of NNs with a sufficiently large
or infinite width. For example, with an initialization in the neural tangent kernel (NTK) regime or
lazy training regime (weights change slightly during the training), the gradient flow of infinite-width
NN, can be approximated by a linear dynamics of random feature model (Jacot et al., [2018} |Arora;
et al., 2019; Zhang et al.| 2020; [E et al., [2020; |Chizat & Bach, 2019), whereas for the initialization
in the mean-field regime (weights change significantly during the training), the gradient flow of
infinite-width NN exhibits highly nonlinear dynamics (Mei et al., |2019; Rotskoff & Vanden-Eijnden)
2018 |Chizat & Bach, 2018 Sirignano & Spiliopoulos, 2020). |Pellegrini & Biroli| (2020) analyze
how the dynamics of each parameter transforms from a lazy regime (NTK initialization) to a rich
regime (mean-field initialization) for an two-layer infinite-width ReLU NN to perform a linearly
separable classification task with infinite data. [Luo et al.| (2021) systematically study the effect of
initialization for two-layer ReLU NN with infinite width by establishing a phase diagram, which
shows three distinct regimes, i.e., linear regime (similar to the lazy regime), critical regime and
condensed regime (similar to the rich regime), based on the relative change of input weights as the
width approaches infinity, which tends to 0, O(1) and o0, respectively. [Luo et al|(2021) also
empirically find that, in the condensed regime, the features of hidden neurons (orientation of the
input weight) condense in several isolated orientations, which is a strong feature learning behavior,
an important characteristic of deep learning, however, inLuo et al.|(2021), it is not clear how general
of the condensation when other activation functions are used and why there is condensation.

3 PRELIMINARY: NEURAL NETWORKS AND INITIAL STAGE

A two-layer NN is

I

fo(x) =

ajo(w; - x), (D

j=1

where o(-) is the activation function, w; = (w,;,b;) € R¥* ! is the neuron feature including the
input weight and bias terms, and © = (Z,1) € R?*! is combination of the input sample and scalar
1, 8 is the set of all parameters, i.e., {aj, w; }3”:1 For simplicity, we call w; as input weight or
weight and x as input sample.

A L-layer NN can be recursively defined by feeding the output of the previous layer as the input to
the current hidden layer i.e.,

20 = (x,1), zl = (U(Wmas[o]), 1), 2l = (U(W[l]ac[l_l])7 1), forl € {2,3,...,L}

2
f(0,z) = éaT:B[L] £ fo(x), @)

where Wl = (Wl pll) ¢ Rmx(mi-1+1) " and m; represents the dimension of the I-th hidden
layer. For simplicity, we also call each row of Wl as input weight or weight and "] as input
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neurons. The target function is denoted as f*(x). The training loss function is mean squared error

n

> (folmi) — f* (i), 3)

i=1

1

Rs(0) = —
5(0) = 5-
Without loss of generality, we assume that the output is one-dimensional for theoretical analysis,
because for high-dimensional cases, we only need to sum the components directly. For summation,
it does not affect the results of our theories. We consider the gradient flow training

0 = —VoRs(0). (4)

For convenience, we characterize the activation function by the following definition.

Definition 1 (multiplicity p). Suppose that o(x) satisfies the following condition, there exists a
p € Nand p > 1, such that the k-th order derivative c*)(0) = 0 for k = 1,2,--- ,p — 1, and
a®)(0) # 0, then we say o has multiplicity p.

In the experiments, we study the condensation at the initial stage of training. For a fixed loss, the
step we need to achieve it is highly related to the size of learning rate. Therefore, we propose a
definition of the initial stage of training by the size of loss in this article, that is the stage before the
value of loss function decays to 70% of its initial value. Such a definition is reasonable, for generally
a loss could decay to 1% of its initial value or even lower. The loss of the all experiments in the
article can be found in Appendix and they do meet the definition of the initial stage here.

4 INITIAL CONDENSATION OF INPUT WEIGHTS

It is intuitively believed that NNs are powerful at learning data features, which should be an impor-
tant reason behind the success of deep learning. A simple way to define a learned feature of a neuron
is by the orientation of its input weights. Previous work in |Luo et al.| (2021) show that there is a
condensed regime, where the neuron features condense on isolated orientations during the training
for two-layer ReLU NNs. The condensation implies that although there are many more neurons
than samples, the number of effective neurons, i.e., the number of different used features in fitting,
is often much smaller than the number of samples. Therefore, the condensation provides a potential
mechanism that helps over-parameterized NNs avoid overfitting. However, it is still unclear how the
condensation, for general NNs with small initialization, emerges during the training. In this section,
we would empirically show how the condensation differs among NNs with activation functions of
different multiplicities, followed by theoretical analysis in the next section.

4.1 EXPERIMENTAL SETUP

For Synthetic dataset and MNIST: Throughout this work, we use fully-connected neural network
with size, d-m-- - - -m-d,,¢. The input dimension d is determined by the training data. The output
dimension is d,,; = 1 for synthetic data and d,,; = 10 for MNIST. The number of hidden neu-
rons m is specified in each experiment. All parameters are initialized by a Gaussian distribution
N(0,var). The total data size is n. The training method is Adam with full batch, learning rate Ir
and MSE loss. For synthetic data, we sample the training data uniformly from a sub-domain of R.

For CIFAR10 and CIFAR100 dataset: We use Resnetl8-like neural network, which has been de-
scribe in Fig. [T] thoroughly. The input dimension d is determined by the training data. The output
dimension is d,,; = 10 for CIFAR10 and d,,,; = 100 for CIFAR100. All parameters are initialized
by a Gaussian distribution N (0, var). The total data size is n. The training method is Adam with
batch size 128, learning rate Ir and Cross-entropy loss.

4.2 MULTIDIMENSIONAL DATA

We first show the condensation at initial training stage in fitting multidimensional dataset. Since
the input is a multidimensional vector, the direction is also multidimensional. To characterize the
condensation, we use D(u,v) to denote the inner product of the normalized vectors of two input
weights, i.e., D(u,v) = uTv.
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Figure 2: Condensation of two-layer NNs. The color indicates D (u, v) of two hidden neurons’ input
weights at epoch 100, whose indexes are indicated by the abscissa and the ordinate, respectively.
If neurons are in the same beige block, D(u,v) ~ 1 (navy-blue block, D(u,v) ~ —1), their
input weights have the same (opposite) direction. The activation functions are indicated by the
sub-captions. The training data is 80 points sampled from Zzzl 3.5sin(5z, + 1), where each
xy, is uniformly sampled from [—4,2]. n = 80, d = 5, m = 50, doyr = 1, var = 0.005%.
Ir =1073,8 x 1074,2.5 x 10~* for (a-d), () and (f), respectively.

We use a two-layer fully-connected NN with size 5-50-1 to fit n = 80 training data sampled from a
5-dimensional function Zk 1 3.5sin(bxy, + 1), where = (1,22, -+ ,5)T € R’ and each zy, is
uniformly sampled from [—4, 2]. As shown in Fig. la) for activation functlon tanh(z), the color
indicates D(u,v) of two hidden neurons’ weights at epoch 100, whose indexes are indicated by the
abscissa and the ordinate. If the neurons are in the same beige block, D(u,v) ~ 1 (navy-blue block,
D(u,v) ~ —1), their input weights have the same (opposite) direction. Obviously, input weights
of hidden neurons condense at two opp051te directions, i.e., one line. As the multiplicity increasing,
NNs with « tanh(z) (Fig. lb)) and 22 tanh x (Flg lc)) condense at two and three different lines,

respectively. For activation function sigmoid(z) in Fig. ld) and softplus(z) in Fig. le) which are
frequently used and have multiplicity one, NNs also condense at two opposite directions. For ReL.U
in Fig. 2[f), for which the multiplicity definition cannot apply, the NN condenses at three directions,
in which two are opposite. Through these experiments, we conjecture that the maximal number of
condensed orientations is twice the multiplicity of the activation function used at initial training.
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Figure 3: Condensation of six-layer NNs with residual connections. The activation functions for
hidden layer 1 to hidden layer 5 are 2 tanh(z), = tanh(z), sigmoid(x), tanh(x) and softplus(x),
respectively. The numbers of steps selected in the sub-pictures are epoch 1000, epoch 900, epoch
900, epoch 1400 and epoch 1400, respectively, while the NN is only trained once. The color in-
dicates D(u,v) of two hidden neurons’ input weights, whose indexes are indicated by the abscissa
and the ordinate, respectively. The training data is 80 points sampled from a 3-dimensional function

SO9_, 4sin(12zy, + 1), where each xy, is uniformly sampled from [—4,2]. n = 80, d = 3, m = 18,
dowt = 1, var = 0.012,Ir =4 x 1075.

For multilayer NNs with different activation functions, we show that the condensation for all hidden
layers is similar to the two-layer NNs. In deep networks, residual connection is often introduced
to overcome the vanishing of gradient. To show the generality of condensation, we perform an
experiment of six-layer NNs with residual connections. To show the difference of various activa-
tion functions, we set the activation functions for hidden layer 1 to hidden layer 5 as 22 tanh(z),
x tanh(x), sigmoid(z), tanh(z) and softplus(x), respectively. The structure of the residual is
hit1(x) = c(Wih(x) + b;) + hy(x), where h;(x) is the output of the I-th layer. As shown in
Fig. |3|, input weights condense at three, two, one, one and one lines for hidden layer 1 to hidden
layer 5, respectively. Note that residual connections are not necessary. We show an experiment of
the same structure as in Fig. [3] but without residual connections in Appendix [A%6] To show the
universality of condensation, we train resnetl8-like neural networks to learn CIFAR10. We study
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the condensation of the first fully connected layer of the network, using ReLU and z tanh () as the
activation functions and initialization distribution N (0, (- L )?). As shown in Fig. 1/(b) and (c), the
condensations for activation ReLU(x) and x tanh () are ¢ consistent with Fig. 2Jand our conjucture.
More experiments on dataset CIFAR10 and CIFAR100 can be found in Appendix [A73]

We also find that when the training data is less oscillated, the NN may condense at fewer directions.
For example, as shown in Fig. f{a), compared with the high frequency function in Fig. 2] we only
change the target function to be a lower-frequency function, i.c., 3> vy 3.5sin(2zy + 1). In this
case, the NN with 22 tanh(x) only condenses at three directions, in which two are opposite. For
MNIST data in Fig. b), we find that, the NN with 22 tanh(z) condenses at one line, which may
suggest that the function for fitting MNIST dataset is a low-frequency function. For CIFAR100 data
in Fig. c), we find that input weights of the first FC layer with x tanh(x) condense at only one line,
which implies that features extracted by the convolution part of the NN may own low complexity.

D(u, v) D(u, v)

42 10
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Figure 4: Condensation of low-frequency functions with two-layer NN in (a,b) and condensation of
the first FC layer of the Resnet18-like network on CIFAR100 in (c). The color indicates D(u, v) of
two hidden neurons’ input weights, whose indexes are indicated by the abscissa and the ordinate. For
(a,b), two-layer NN at epoch: 100 with activation function: z2 tanh(x). For (a), we discard about
15% of hidden neurons, in which the Lo-norm of each input weight is smaller than 0.04, while
remaining those bigger than 0.4. The mean magnitude here for each parameter is (0.42/785)%-5
~0.01, which should also be quite small. All settings in (a) are the same as Fig. [2} except for the
lower frequency target function. Parameters for (b) are n = 60000, d = 784, m = 30, dyy,: = 10,
var = 0.0012. Ir = 5 x 10~°. The structure and parameters of the Resnet18-like neural network
for (c) is the same as Flg lb) except for the data set CIFAR100 and learning rate Ir = 1 x 1076,

To understand the mechanism of the initial condensation, we turn to experiments of 1-d input and
two-layer NN, which can be clearly visualized in the next subsection.

4.3 1-D INPUT AND TWO-LAYER NN

For 1-d data, we visualize the evolution of the two-layer NN output and each weight, which confirms
the connection between the condensation and the multiplicity of the activation function.

10 A 10 A 10 A 10

-10 -05 00 05 10 15 -10 -05 00 05 10 15 -10 -05 00 05 10 15 -10 -05 00 05 10 15
x X x X

(a) tanh(x) (b) = tanh(x) (c) ? tanh(z) (d) ReLU(z)

Figure 5: The outputs of two-layer NNs at epoch 1000 with activation functions tanh(x), « tanh(x),
22 tanh(z), and ReLU(z) are displayed, respectively. The training data is 40 points uniformly
sampled from sin(3z) + sin(6x)/2 with € [—1,1.5], illustrated by green dots. The blue solid
lines are the NN outputs at test points, while the red dashed auxiliary lines are the first, second,
third and first order polynomial fittings of the test points for (a, b, c, d), respectively. Parameters are
n=40,d =1, m = 100, dy,; = 1, var = 0.005, Ir = 5 x 10~
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We display the outputs at initial training, epoch 1000, in Fig. [5] Due to the small magnitude of
parameters, an activation function with multiplicity p can be well approximated by a p-th order
polynominal, thus, the NN output can also be approximated by a p-th order polynominal. As shown
in Fig. a-c), the NN outputs with activation functions tanh(z), 2 tanh(z) and 22 tanh(x) overlap
well with the auxiliary of a linear, a quadratic and a cubic polynominal curve, respectively. In Fig.
Bld), the NN output with ReLU activation function deviates from a linear function (red auxiliary
line). Particularly, the NN output has several sharp turning points. This experiment, although simple,
but convincingly shows that NN does not always learn a linear function at the initial training stage
and the complexity of such learning depends on the activation function.

(a) tanh(x) (b) xtanh(x) (c) z* tanh(z) (d) ReLU(x)

Figure 6: The direction field for input weight w := (w, b) of the dynamics in at epoch 200.
All settings are the same as Fig. [5} Around the original point, the field has one, two, three stables
lines, on which an input weight would keep its direction, for tanh(z), x tanh(x), and 22 tanh(x),
respectively. We also display the value of each weight by the green dots and the corresponding
directions by the orange arrows.

We visualize the direction field for input weight w; := (wj, b;), following the gradient flow,
aj &
'Ll}j = 7# eial(wj . .’Dl).’I}”
i=1
where e; := fg(x;) — f*(2;). Since we only care about the direction of w; and a; is a scalar at each
epoch, we can visualize w; by w;/a;. For simplicity, we do not distinguish w;/a; and w; if there
is no ambiguity. When we compute w; for different j’s, e;x; for (i = 1,--- ,n) is independent with
j. Then, at each epoch, for a set of {e;, x; }_,, we can consider the following direction field

L1y :
w= —fZeia:io (w-x;).
i

When w is set as w;, we can obtain w;. As shown in Fig. |§|, around the original point, the field has
one, two, three stables lines, on which a neuron would keep its direction, for tanh(z),  tanh(x),
and 22 tanh(z), respectively. We also display the input weight of each neuron on the field by
the green dots and their corresponding velocity directions by the orange arrows. Similarly to the
high-dimensional cases, NNs with multiplicity p activation functions condense at p different lines
for p = 1,2,3. Therefore, It is reasonable to conjecture that the maximal number of condensed
orientations is twice the multiplicity of the activation function used. As shown in Fig. [f[d), the field
and the condensation for the NN with ReLU(z) is much more complex.

Taken together, we have empirically shown that the multiplicity of the activation function is a key
factor that determines the complexity of the initial output and condensation. In figures of this sec-
tion, we only show the results of the final step of condensation. To facilitate the understanding of
evolution of condensation in the initial stage, we show several steps during the initial stage of each
example in Appendix[A.4] From the evolution, we could directly observe how condensation occurs.

5 ANALYSIS OF THE INITIAL CONDENSATION OF INPUT WEIGHTS

In this section, we would present a preliminary analysis to understand how the multiplicity of the
activation function affects the initial condensation. At each training step, we consider the velocity
field of weights in each hidden layer of a neural networks.

Considering a network with L hidden layers, we use row vector Wj[k] to represent the weight from

the (k-1)-th layer to the j-th neuron in the k-th layer. For each k and j, Wj[k] satisfies the following
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dynamics, (see Appendix [A.2))

r=u-w, U

®)

where w can be Wj[k]T for all £’s and j’s, 7 = ||w||2 is the amplitude, and u = w /7.

Suppose the activation function has multiplicity p, i.e., c*)(0) = 0 for k = 1,2,--- ,p — 1, and
o(P)(0) # 0. For convenience, we define an operator P satisfying Pw := 1 — u(w - u). Conden-
sation refers to that the weight evolves towards a direction that will not change in the direction field
and is defined as follows,

=0 Pw:=w—u(w- u)=0.

Since w - u is a scalar, b is parallel with . w is a unit vector, therefore, we have u = w/||w||2. In
this work, we consider NNs with sufficiently small parameters. For example, suppose r = ||w]|2 ~
O(e), € is a small quantity. Dynamics (5) shows that O(7") ~ O(w) and O(u) ~ O(7)/O(e).
Therefore, the orientation «© would moves much more quickly than the amplitude . In the following,
we study the case of (i) p = 1 and (ii) m; = 1.

5.1 Casel:p=1

Since we have (see Appendix [A.2),
n
sk 1 . k—1 : k—1]T
wh = W = LS (1(0.20) i) ding o/ (W)} (B0 ol T,
i=1
where we use B! = WIIT diag{c’ (W=}, forl € {2,3,..., L}, Ele?) = papatl  Ep,
For a fixed step, we only consider the gradient w.r.t. Wj[ . Suppose ¢/(0) # 0 and parameters are

small. Denote e; := (f(0,x;) — y;). By Taylor expansion,

leading order

1
2 = ——(diag{o’ (0)}(EF+"a § sl
Pw Qw n( iag{c’(0)}( e;T

+ (1(diag{a’(0)} (ElF+1Lla Z e w[k Y u) u =0,
n

where operator Q is the leading-order approximation of operator P, and here F/ is indepen-
dent with i because diag{c’(Wzll=1)} ~ diag{c’(0)}. Since diag{s’(0)} = I, and, WLOG,
we assume a # 0, then

[k+1:L]

OQw=0 < Zeiwgk_l] = <Z eimgk_l] u) u.
i=1 i=1

We have
Zn ) elw[k 1] 27_'7;1 eiw[k*l]

or u=— .
IS el T I el iz

This calculation shows that for layer k, the input weights for any hidden neuron j have the same

two stable directions. Therefore, when parameters are sufficiently small, which implies that the

orientation u© would moves much more quickly than the amplitude r, all input weights towards

converging to the same direction or the opposite direction, i.e., condensation on a line.

5.2 CASE2:my =1

By the definition of the multiplicity p, we have
a)(0)
(p—1)!

o(w-x;) = (w-x)Pt +o((w-x;)Ph).



Under review as a conference paper at ICLR 2022

where (-)*~" and o7 (-) operate on component here. Then up to the leading order in terms of the
magnitude of 8, we have (see Appendix [A.2))

U(p)(())
(p—1)!

leading order 1 & (k=11 1. [k=1]\p—1\11:
Pw Quw (n g eix; (wle; )P)[diag{

i=1

HEFa));

g(;n)(g)
(p— 1!

WLOG, we also assume a # 0. And by definition, w = ru, we have

HEM T Ha)); - u)u.

+((

SRS

3 el w1 [diag
=1

Ly el it

I % Ylimt eiw[k_l] (uchgk_ll)P—l ll2

%

Qw=0< u=

Ly el utal et
or u = [

- k—1 k—1]~, :
1L5r el (ural -1,

Since d + 1 = 2, we denote u = (u,u)T € R2 and /" = (@l* ), (@F),)T € R2, then,

Sy (@) sl @ T w

S (@) b ua(@l g e (T, e

We obtain the equation for 1,

.

n

Y@+ @)@ T = a Y (@@ )+ @) e @l .
i=1 i=1

Since it is an univariate p-th order equation, & = Z—; has at most p complex roots. Because w is a
unit vector, w at most has p pairs of values, in which each pair are opposite.

Taken together, our theoretical analysis is consistent with our experiments, that is, the maximal num-
ber of condensed orientations is twice the multiplicity of the activation function used when parame-
ters are small. Besides, because commonly used activation functions, such as tanh(z), sigmoid(x),
softplus(z), etc., are all multiplicity one, the theoretical analysis sheds light on practical training.

6 DISCUSSION

In this work, we have shown that the characteristic of the activation function, i.e., multiplicity, is
a key factor to understanding the complexity of NN output and the weight condensation at initial
training. The condensation restricts the NN to be effectively low-capacity at the initial training stage,
even for finite-width NNs. During the training, the NN increases its capacity to better fit the data,
leading to a potential explanation for their good generalization in practical problems. This work also
serves as a starting point for further studying the condensation for multiple-layer neural networks
throughout the training process.

As the scale of parameter initialization becomes larger, the condensation becomes weaker. The un-
derstanding from a complete condensation would benefit our understanding of the training process in
common initialization, that is there is an effect, although not so strong, that can limit the complexity
of the neural network in the initial training.

How small the initialization should be in order to see a clear condensation is studied in [Luo et al.
(2021) for two-layer ReLU NN with infinite width. For general activation functions, the regime of
the initialization for condensation depends on the NN width. A further study of the phase diagram
for finite width NNs would be important.

For general multiplicity with high-dimensional input data, the theoretical analysis for the initial
condensation is a very difficult problem, which is equivalent to count the number of the roots of a
high-order high-dimensional polynomial with a special structure originated from NNs.
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A APPENDIX

A.1 BASIC DEFINITIONS

In this study, we first consider the neural network with 2 hidden layers,

A two-layer NN is

fo(x) = Z ajo(w; - ), (6)
j=1

where o (-) is the activation function, w; = (w;,b;) € R4 is the neuron feature including the
input weight and bias terms, and = (&, 1) € Rt is combination of the input sample and scalar
1, 0 is the set of all parameters, i.e., {a;, w, }}”:1 For simplicity, we call w; as input weight or
weight and x as input sample.

Then, we consider the neural network with [ hidden layers,

2l = (x,1), M= (Wl 1), 2l = (ewWllzl=1 1), forl e {2,3,..., L}

7
f(6,z) = laTa:[L] 4L fo(x), @)

Q

where Wl = (Wl pll) € Rmixmi-1) "and m; represents the dimension of the I-th hidden layer.
The initialization of ng]k”l € {1,2,3,..., L} and a;, obey normal distribution le}k, ~ N(0,8?)
forl € {1,2,3,...,L} and ay ~ N(0, 5% ;).

The loss function is mean squared error given below,
1 )
Ry(0) = o E (fo(w:) —yi)” (®)

i=1
For simplification, we denote fg(x) as f in following.

A.2 DERIVATIONS FOR CONCERNED QUANTITIES

A.2.1 NEURAL NETWORKS WITH THREE HIDDEN LAYERS

In order to better understand the gradient of the parameter matrix of the multi-layer neural network,
we first consider the case of the three-layer neural network,

fo(x) = aTo(WEs(Wllg)), )

with the mean squared error as the loss function,

n

1
Ry(9) = o~ ;m(m — ). (10)
We calculate % and % respectively, using differential form,
of
df =tr((5=)7df). 11
f = () df) an

. df
We consider T first,

12
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df = tr{d(aTo (W)}
= tr{aTd(c(WZzl))}
— tr{aTo (W2 al) © w2z}
= tr{(a ® o (WP Taw g1y
= tr{z(a © O'/(W[Q]IB[I])TdW[Q]}
= tr{((a © o (W) TyTaw 2}

12)

where © is Hadamard Product, and it is the multiplication of matrix elements of the same position.

Hence,

7 _ (a© o (WELH))LMT

dw 2]
= diag{c (Wz)}azMT,
. d
Then, we consider me,
df = tr{(a ® o (W) TWEas(Wlle)}

(

= tr{( W (@a® o (WHEz)))To' (Wllz) © dWlz)}
= o {(WP' (@ © o' (WPlal)) o o' (Wlz))Td(Wlaz)}
= tr{[(

Hence, we have,

df

awi — (W (a0 (WEZ)) 0 o (Willx))aT

= diag{c (W))W diag{c' (WEz)}axT.
Through the chain rule, we can get the evolution equation of W[l and W 2!,

dwll dR,(0)

at dW[ll

df
=—= Z f(0,z;) dW[l]

= LS (10,2 — yi)diag{o’ (WHz) W diag {0 (W22 L]
n
=1

and
dwl — dR.(6)
a —  dwi
1 — df
== 0, x;
nid(f( ' ®i) = Yi) Jym

=—— Z £(0, ;) — yi)diag{o (W ]mp])}awglﬁ.

A.2.2 L HIDDEN LAYERS CONDITION

And, we consider the neural network with L hidden layers,

13

(W (a@a (W[ ]CB[I])) @o’l(W[l]x))$T]Td(W[l])}

(13)

(14)

5)

(16)

a7)
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df = tr{daTda(W[L]m[L—ll)}
= tr{(a ® o (WHgL-U)TqWko(WlL-Ugll-2)}
= te{(WIHTAL) T (W) @ aw o (W lE—2gl=5]))
= tr{((W[L]TAL) ® a’(W[L—l]m[L—2]))TW{L—l]dU(W[L—z]x[L_g})}

(18)
= (W[L‘”TAL,l)Tda(W[L_2]m[L‘3])

= tr{ATdW Flglk=11}

= tr{(Akme—”T)TdW[’“]},
where A; 2 (WIHITA, ) o o (WHzl-) for I = k,k+1...L —1land A, 2 a©
o (WILlglL-1]),
Hence, we get,

df

— [k—1]T

Through the chain rule, we can get the evolution equation of W ¥],

AW dR,(6)

dt AW [£]
1 — df
= n _71(f(9, x;) — yi)m (20)
1 — _
=D (FOm) —y) Al
=1

Through a © o/ (Wz) = diag{c (Wz)}a,

Finally, the dynamic system can be obtained:

. da 1 <& (L]
a = a = *E;ﬂfi (f(0,x;) — i),
i7[L] dawlt] IR 1 (WL ol L—1] [L—-1T
w = dt = _ﬁ Z dlag{a (W mi )}awi (f(aa ml) - yl) 5
=1
. dW¥] 1 & 1 e . _
Wikl = = 3 diag{o' (WMl B EEagl T (16, @) —y:) Vie [1: L 1],
=1
210
where we use E'(z) = WU diag{c’(Wzl-1)}. And Ele#) = Fapatt  Er.
Letry ; = ||Wj[k] |l2. We have
d 2 _ d [k]}12
Then we obtain
Pt = W Wi, (23)
Finally, we get
dry,; k¥
— S — WL Wl .
i Ty ;Wi ey 24)
= W][k] U 75
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wit .
where wy, ; = ——*— is a unit vector. Then we have,
»J

o dwy  d w
PIT T T At \ ey

W[k]rk,j — W,[k]fkyj

A J

2

=7k Tk’J k = -k (25)
W - W )
- 2
Tk

_ W — g (W g )

Tk, '

To conclude, the quantities we concern are summarized as follows,

n

1

SR ) N
a= n;:lmi (f(0, i) — i) (26)
) LNS g g i L1y (LT N

Wit = =0 3 diag{o/ (W Daz 0 (7(6,2:) — ), @

. 1 — _ -
Wi = —-3 diag {0’ (WM ER+ L ag T (16, 2,) — i) Vi€ [1: L—1] (28)
=1

iy = WMy (29)
Uy = —2 ;fk — Z (30)
5]

where we use E'(x) = W diag{c’(WlzlI=1)}. And Ele?] = papat!  Er,

A.2.3 PROVE FOR Pw IN[3.2]

leading order .
We calculate Pw ~ Quw as following,

15
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Pw~Qu =—fZez " diag{o! (WM} (B 1))

53Dl diag o (Wl ) (B )
i=1

1 & _ ® (0 _
=1 Y il iding (2 © (Wl b

= 1) l
Zel g 7 ’f‘f))! © Wzl 1y (B )
:—%Zelw“ﬂ g (WPl o 7Oy )
G Y e g8 P g TG )
=——Zez g (Wl ) g 700y 1)
(23 sl Mg (W11 g (2O (4 )
(53 el Halt g 2O )

1 < petrr g OP(0 :
(G S et W el o T (B )
i=1 ’
€Y
where (-)’~" and ¢®(-) operate on component here.

16
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A.3 THE VERIFICATION OF THE INITIAL STAGE

We put the loss of the experiments in the main text here to show that they are indeed in the initial
stage of training by the definition.

As is shown in Fig[7)and Fig[8] at the number of steps I drew the graphs in the article, loss satisfies
the definition of the initial stage, so we consider that they are in the initial stage of training.

Only the epoch number could hardly reflect the initial stage, which also depends on the learning
rate. Therefore, we use the loss to indicate the initial stage. Learning rate is not a sensitive to
the appearance of condensation. However, a small learning rate enables us to clearly observe the
condensation process in the initial stage under a gradient flow training. For example, when the
learning rate is relatively small, the initial stage of training may be relatively long, while when the
learning rate is relatively large, the initial stage of training may be relatively small.

We empirically find that to ensure the training process follows a gradient follow, where the loss
decays monotonically, we have to select a smaller learning rate for large multiplicity p. Therefore, it
looks like we have a longer training in our experiments with large p. Note that for a small learning
rate in the experiments of small p, we can observe similar phenomena.

In all subsequent experiments in the Appendix, we will no longer show the loss graph of each
experiment one by one, but we make sure that they are indeed in the initial stage of training.

17
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Figure 7: Losses from Fig. to Figlé—_ll The original pictures and the numbers of steps corresponding
to each sub-picture are written in the sub-captions.
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A.4 SEVERAL STEPS DURING THE EVOLUTION OF CONDENSATION AT THE INITIAL STAGE

In the article, we only give the results of the last step of each condense, while the details of the
evolution of condensation are lacking, which may provide us a better understanding. Therefore, we
show these details in Fig. 0] Fig. [I0] Fig. [[T]and Fig. [[2] which also further illustrate the rationality
of the experimental results and facilitate the understanding of the evolution of condensation in the

initial stage.

Dlu.v)

10
05
00
-0
-10

Neu index

Neu index

(a) Step 1

D, v)

mzz. H

Neu index 1023

(f) Step 30

Neu index

D(u,v)

1023

Neu index

1023

(k) Step 150

0 Neu index

(p) Step 5

Neu index

0 Neu index a9

(u) Step 5

D(u.v)

10
05
00
05
10

Neu index

(b) Step 2

Neu index

D(u,v)

wn. H

Neu index

(g) Step 51

Neu index

Dy, v)

1023

Neu index

1023

o Neu index

(1) Step 215

0 Neu index 49

(q) Step 10

Neu index

0 Neu index )

(v) Step 10

D(.v)

[

Neu index

Neu index

(c) Step 4

Neu index

o Neu index

(h) Step 54

D, v)

4 Neu index

(m) Step 220

D, v)

2

0 Neu index 49

(r) Step 15

0 Neu index 49

(w) Step 15

-
1023

1023

10

05

00

05

10

10

Neu index

Neu index

Neu index

Dy, v)

-

Neu index

(d) Step 6

Neu index

(i) Step 58

D(u. v)

mn F.

1023

Neu index

(n) Step 225

Diu.v)

Neu index

(s) Step 50

Dlu.v)

i

Neu index

(x) Step 50

"n

10
1023

Figure 9: Evolution of condensation from Fig. b) to Fig. Ekb) and Fig. c).

row are the epochs in the article.
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Figure 10: Evolution of condensation from Fig. Ekc) to Ekf) and Fig. @a). The evolution from the
first row to the fifth row are corresponding to the Fig. [J[c), Fig. [2(d), Fig. 2Je), Fig. 2[f), Fig. @{a).
The numbers of evolutionary steps are shown in the sub-captions, where sub-figures in the last row
are the epochs in the article.
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Figure 11: Evolution of condensation from Fig. |3(a) to e). The evolution from the first row to the
fifth row are corresponding to the Fig. B|a), Fig. [3(b), Fig. Blc), Fig. B[d), Fig. B[e). The numbers
of evolutionary steps are shown in the sub-captions, where sub-figures in the last row are the epochs
in the article.
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Figure 12: Evolution of condensation from Fig. [6(a) to Ekd) and @b). The evolution from the first
row to the fifth row are corresponding to the Fig. [4{b), Fig. [6(a), Fig. [6(b), Fig. [6(c), Fig. [6(d). The
numbers of evolutionary steps are shown in the sub-captions, where sub-figures in the last row are

the epochs in the article.
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A.5 THE EXPERIMENTS ON CIFAR 10 AND CIFAR 100 WITH RESNET18-LIKE NEURAL
NETWORK

The condensation of the Resnet18-like neural network on CIFAR10 and CIFAR100 is shown in Fig.
and Fig. [14] whose activation functions for fully-connected (FC) layers are tanh(x), ReLU(x),
sigmoid(x), softplus(x) and = tanh(z), indicated by the corresponding sub-captions, respectively.

-

10 - i
0 Neu index 0 Neu index aa0 o 1023 1023 1023

(a) tanh(x) (b) ReLU(z) (©) 51gm01d (d) softplus(z (e) = tanh(z

Figure 13: Condensation of Resnetl8-like neural networks on CIFAR10. Each network consists
of the convolution part of resnetl8 and fully-connected (FC) layers with size 1024-1024-10 and
softmax. The color in figures indicates the inner product of normalized input weights of two neurons
in the first FC layer, whose indexes are indicated by the abscissa and the ordinate, respectively. We
discard the hidden neurons, in which the Lo-norm of each input weight is smaller than 0.001, while
remaining ones bigger than 0.05 in (b). The convolution part is equipped with ReLU activation
and initialized by Glorot normal distribution (Glorot & Bengiol [2010). The activation functions are
tanh(z), ReLU(z), sigmoid(x), softplus(z) and x tanh(x) for FC layers in (a), (b), (c), (d) and
(e), separately. The numbers of steps selected in the sub-pictures are epoch 20, epoch 8, epoch 30,
epoch 30 and epoch 61, respectively. The learning rate is 3 x 1078 5 x1076,1x 10781 x 1078

and 5 x 107°, separately .The FC layers are initialized by N (0 ) and Adam optimizer with

cross-entropy loss and batch size 128 are used for all experiments.
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10 10 -10
872 0 Neu index 1023 0 Neu index 1023 0 Neu index 1023

Figure 14: Condensation of Resnetl8-like neural networks on CIFAR100. Each network consists
of the convolution part of resnetl8 and fully-connected (FC) layers with size 1024-1024-10 and
softmax. The color in figures indicates the inner product of normalized input weights of two neurons
in the first FC layer, whose indexes are indicated by the abscissa and the ordinate, respectively. We
discard about 15% of the hidden neurons, in which the Lo-norm of each input weight is smaller
than 0.0001, while remaining ones bigger than 0.0025 in (b). The convolution part is equipped
with ReLU activation and initialized by Glorot normal distribution (Glorot & Bengio, 2010). The
activation functions are tanh(x), ReLU(z), sigmoid(z), softplus(x) and z tanh(z) for FC layers
in (a), (b), (¢), (d) and (e), separately. The numbers of steps selected in the sub-pictures are epoch 10,
epoch 10, epoch 10, epoch 10 and epoch 250, respectively. The learning rate is 1 x 1077, 1 x 1077,
3x 1078, 3 x 1078 and 1 x 107°, separately. The FC layers are initialized by N (0, ) and

Adam optimizer with cross-entropy loss and batch size 128 are used for all experlments.
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A.6 MULTILAYER EXPERIMENTAL

The condensation of the six layer without re51dual connections is shown in [I3} whose activation
functions for hidden layer 1 to hidden layer 5 are 22 tanh(z),  tanh(z), sigmoid(z), tanh(z) and
softplus(z), respectively.

The condensation of the three layer without residual connections is shown in [I6] whose activation
functions are same for each layer indicated by the corresponding sub-captions.

The condensation of the five layer without residual connections is shown in whose activation
functions are same for each layer indicated by the corresponding sub-captions.

The condensation of the five layer with residual connections is shown in[I8] whose activation func-
tions are same for each layer indicated by the corresponding sub-captions.
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Figure 15: Condensation of six-layer NNs without residual connections. The activation functions for
hidden layer 1 to hidden layer 5 are 2 tanh(z), = tanh(z), sigmoid(z), tanh(x) and softplus(x),
respectively.The numbers of steps selected in the sub-pictures are epoch 6800, epoch 6800, epoch
6800, epoch 6800 and epoch 6300, respectively, while the NN is only trained once. The color
indicates D(u, v) of two hidden neurons’ input weights, whose indexes are indicated by the abscissa
and the ordinate, respectively. The training data is 80 points sampled from a 3-dimensional function
Zzzl 4sin(12zy + 1), where each xy, is uniformly sampled from [—4,2]. n = 80,d = 3, m = 18,
dout = 1, var = 0.0082, Ir = 5 x 107°.
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(a) tanh(x (b) ztanh(z) (c) z tanh (d) ReLU(z) (e) sigmoid(x (f) softplus(z
(g) tanh(z (h) x tanh(x (1) T tanh (]) ReLU(z) (k) 51gm01d ) () softplus

Figure 16: Three-layer NN at epoch 700. (a-f) are for the input weights of the first hidden layer and
(g-1) are for the input weights of the second hidden layer. The color indicates D(u, v) of two hidden
neurons’ input weights, whose indexes are indicated by the abscissa and the ordinate, respectively.
The training data is 80 points sampled from a 5-dimensional function 22:1 3sin(8zy + 1), where
each x}, is uniformly sampled from [—4,2]. n = 80, d = 5, m = 50, dpyt = 1, var = 0.0052.
Ir = 107%,2 x 107°,1.4 x 10~° for (a-d), (e) and (f), respectively. For (d) and (j), we discard
hidden neurons, whose Lo-norm of its input weight is smaller than 0.1.
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Figure 17: Five-layer NN. The first to fourth columns of each row are for the input weights of
neurons from the first to the fourth hidden layers, respectively. The color indicates D(u, v) of two
hidden neurons’ input weights, whose indexes are indicated by the abscissa and the ordinate, respec-
tively. The training data is 80 points sampled from a 5-dimensional function Zizl 3sin(10xg + 1),
where each zj, is uniformly sampled from [—4,2]. n = 80, d = 5, m = 18, dout = 1,
var = 0.0082. Ir = 1.5 x 107°, 1.5 x 107°, 1.5 x 1075, 1.5 x 107®, 1.5 x 1076 and
epoch is 10000, 10000, 26000, 10000, 20000 for tanh(z), ztanh(z), z*tanh(z), sigmoid(z),
softplus(x), respectively.
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Figure 18: Five-layer NN. The first to fourth columns of each row are for the input weights of
neurons from the first to the fourth hidden layers, respectively. The color indicates D(u,v) of two
hidden neurons’ input weights, whose indexes are indicated by the abscissa and the ordinate, respec-
tively. The training data is 80 points sampled from a 5-dimensional function 22:1 3sin(10zy + 1),
where each 1y, is uniformly sampled from [—4,2]. n = 80, d = 5, m = 18, dyyt = 1, var = 0.008%.
Ir=1x107% 1x1074, 1x10™%, 5x107°, 5x 10~° and epoch is 400, 400, 400, 3000, 360, 400
for tanh(x), xtanh(x), ¥*tanh(z), z*tanh(z), sigmoid(z), softplus(x), respectively.
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