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ABSTRACT

Bilevel optimization plays an essential role in many machine learning tasks, rang-
ing from hyperparameter optimization to meta-learning. Existing studies on
bilevel optimization, however, focus on either centralized or synchronous dis-
tributed setting. The centralized bilevel optimization approaches require collect-
ing a massive amount of data to a single server, which inevitably incur significant
communication expenses and may give rise to data privacy risks. Synchronous dis-
tributed bilevel optimization algorithms, on the other hand, often face the straggler
problem and will immediately stop working if a few workers fail to respond. As a
remedy, we propose Asynchronous Distributed Bilevel Optimization (ADBO) al-
gorithm. The proposed ADBO can tackle bilevel optimization problems with both
nonconvex upper-level and lower-level objective functions, and its convergence is
theoretically guaranteed. Furthermore, it is revealed through theoretical analysis
that the iteration complexity of ADBO to obtain the e-stationary point is upper
bounded by O(E%) Thorough empirical studies on public datasets have been con-
ducted to elucidate the effectiveness and efficiency of the proposed ADBO.

1 INTRODUCTION

Recently, bilevel optimization has emerged due to its popularity in various machine learning ap-
plications, e.g., hyperparameter optimization (Khanduri et al., [2021; [Liu et al.| 2021a)), meta-
learning (Likhosherstov et al.L|2021;|Ji et al.,[2020)), reinforcement learning (Hong et al.,[2020; Zhou
& Liu, 2022), and neural architecture search (Jiang et al., 2020; Jiao et al.,[2022b). In bilevel opti-
mization, one optimization problem is embedded or nested with another. Specifically, the outer opti-
mization problem is called the upper-level optimization problem and the inner optimization problem
is called the lower-level optimization problem. A general form of the bilevel optimization problem
can be written as,

min  F(z,y)

s.t. Yy = arg min f(w7 y/) (1)
,y/

var. Ty,

where F' and f denote the upper-level and lower-level objective functions, respectively. « € R™
and y € R™ are variables. Bilevel optimization can be treated as a special case of constrained
optimization since the lower-level optimization problem can be viewed as a constraint to the upper-
level optimization problem (Sinha et al., 2017).

The proliferation of smartphones and Internet of Things (IoT) devices has generated a plethora of
data in various real-world applications. Centralized bilevel optimization approaches require collect-
ing a massive amount of data from distributed edge devices and passing them to a centralized server
for model training. These methods, however, may give rise to data privacy risks (Subramanya &
Riggiol 2021) and encounter communication bottlenecks (Subramanya & Riggio} 2021)). To tackle
these challenges, recently, distributed algorithms have been developed to solve the decentralized
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bilevel optimization problems (Yang et al |2022; (Chen et al.| [2022b; [Lu et al.| [2022). [Tarzanagh
et al.| (2022) and [Li et al.| (2022)) study the bilevel optimization problems under a federated setting.
Specifically, the distributed bilevel optimization problem can be given by

N
min F(x,y) = > Gi(x,y)
i=1

- N & ) 2
st.y = argmin f(z,y') = > gi(z,y’)
y’ i=1

var. x,y,

where N is the number of workers (devices), GG; and g; denote the local upper-level and lower-level
objective functions, respectively. Although existing approaches have shown their success in resolv-
ing distributed bilevel optimization problems, they only focus on the synchronous distributed setting.
Synchronous distributed methods may encounter the straggler problem (Jiang et al.l [2021) and its
speed is limited by the worker with maximum delay (Chang et al., 2016)). Moreover, synchronous
distributed method will immediately stop working if a few workers fail to respond (Zhang & Kwokl,
2014])) (which is common in large-scale distributed systems). The aforementioned issues give rise to
the following question:

Can we design an asynchronous distributed algorithm for bilevel optimization?

To this end, we develop an Asynchronous Distributed Bilevel Optimization (ADBO) algorithm
which is a single-loop algorithm and computationally efficient. The proposed ADBO regards the
lower-level optimization problem as a constraint to the upper-level optimization problem, and uti-
lizes cutting planes to approximate this constraint. Then, the approximate problem is solved in an
asynchronous distributed manner by the proposed ADBO. We prove that even if both the upper-
level and lower-level objectives are nonconvex, the proposed ADBO is guaranteed to converge. The
iteration complexity of ADBO is also theoretically derived. To facilitate the comparison, we not
only present a centralized bilevel optimization algorithm in Appendix |Al but also compare the con-
vergence results of ADBO to state-of-the-art bilevel optimization algorithms with both centralized
and distributed settings in Table[I]

Contributions. Our contributions can be summarized as:

1. We propose a novel algorithm, ADBO, to solve the bilevel optimization problem in an asyn-
chronous distributed manner. ADBO is a single-loop algorithm and is computationally efficient.
To the best of our knowledge, it is the first work in tackling asynchronous distributed bilevel opti-
mization problem.

2. We demonstrate that the proposed ADBO can be applied to bilevel optimization with nonconvex
upper-level and lower-level objectives with constraints. We also theoretically derive that the iteration
complexity for the proposed ADBO to obtain the e-stationary point is upper bounded by O(E%)

3. Our thorough empirical studies justify the superiority of the proposed ADBO over the existing
state-of-the-art methods.

2 RELATED WORK

Bilevel optimization: The bilevel optimization problem was firstly introduced by Bracken & McGill
(1973). In recent years, many approaches have been developed to solve this problem and they can
be divided into three categories (Gould et al.| 2016). The first type of approaches assume there
is an analytical solution to the lower-level optimization problem (i.e., ¢(x) = argmin,, f(z,y’))
(Zhang et al.|[2021). In this case, the bilevel optimization problem can be simplified to a single-level
optimization problem (i.e., ming F' (x, ¢(x)). Nevertheless, finding the analytical solution for the
lower-level optimization problem is often very difficult, if not impossible. The second type of ap-
proaches replace the lower-level optimization problem with the sufficient conditions for optimality
(e.g., KKT conditions) (Biswas & Hoyle, |2019; Sinha et al.l [2017). Then, the bilevel program can
be reformulated as a single-level constrained optimization problem. However, the resulting prob-
lem could be hard to solve since it often involves a large number of constraints (Ji et al., 2021}
Gould et al., 2016). The third type of approaches are gradient-based methods (Ghadimi & Wang,
2018; Hong et al., [2020; [Liao et al.,[2018) that compute the hypergradient (or the estimation of hy-

pergradient), i.e., aFéf:"y) + aFéz’y) g—g, and use gradient descent to solve the bilevel optimization
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problems. Most of the existing bilevel optimziation methods focus on centralized settings and re-
quire collecting a massive amount of data from distributed edge devices (workers). This may give
rise to data privacy risks (Subramanya & Riggiol 2021) and encounter communication bottlenecks
(Subramanya & Riggio, [2021)).

Asynchronous distributed optimization: To alleviate the aforementioned issues in the centralized
setting, various distributed optimization methods can be employed. Distributed optimization meth-
ods can be generally divided into synchronous distributed methods and asynchronous distributed
methods (Assran et al., |2020). For synchronous distributed methods (Boyd et al., 2011), the master
needs to wait for the updates from all workers before it proceeds to the next iteration. Therefore, it
may suffer from the straggler problem and the speed is limited by the worker with maximum delay
(Chang et al., 2016). There are several advanced techniques have been proposed to make the syn-
chronous algorithm more efficient, such as large batch size, warmup and so on (Goyal et al.| 2017}
You et al.l 2019; Huo et al.| [2021; [Liu & Mozatari, [2022; [Wang et al.| |2020). For asynchronous
distributed methods (Chen et al., 2020; Matamoros} [2017)), the master can update its variables once
it receives updates from S workers, i.e., active workers (1 < S < N, where N is the number of all
workers). The asynchronous distributed algorithm is strongly preferred for large scale distributed
systems in practice since it does not suffer from the straggler problem (Jiang et al.l [2021). Asyn-
chronous distributed methods (Wu et al. [2017; [Liu et al.| 2017) have been employed for many
real-world applications, such as Google’s DistBelief system (Dean et al., 2012, the training of 10
million YouTube videos (Lel 2013)), federated learning for edge computing (Lu et al., 2019; Liu
et al.,[2021c). Since the action orders of each worker are different in the asynchronous distributed
setting, which will result in complex interaction dynamics (Jiang et al., [2021)), the theoretical analy-
sis for asynchronous distributed algorithms is usually more challenging than that of the synchronous
distributed algorithms. In summary, the synchronous and asynchronous algorithm have different ap-
plication scenarios. When the delay of each worker is not much different, the synchronous algorithm
suits better. While there are stragglers in the distributed system, the asynchronous algorithm is more
preferred. So far, existing works for distributed bilevel optimization only focus on the synchronous
setting (Tarzanagh et al., [2022} |Li et al., [2022; (Chen et al.| [2022b), how to design an asynchronous
algorithm for distributed bilevel optimization remains under-explored. To the best of our knowledge,
this is the first work that designs an asynchronous algorithm for distributed bilevel optimization.

3 ASYNCHRONOUS DISTRIBUTED BILEVEL OPTIMIZATION

In this section, we propose Asynchronous Distributed Bilevel Optimization (ADBO) to solve the
distributed bilevel optimization problem in an asynchronous manner. First, we reformulate problem
in Eq. @I) as a consensus problem (Matamoros, 2017; Chang et al.,|[2016),

min F({z;},{y:},v,2) = Zi Gi(xi, i)

st. x;=v,i=1,--- N
. N 3)
{yit,z = a{rg/ml/nf(v, {yi},2') = Zlgi(v,yé)
yf:,z/’i: 1,--- SN
var. {z;},{y:}, v, z,

where x; € R” and y; € R™ are local variables in i worker, v € R” and z € R™ are the con-
sensus variables in the master node. The reformulation given in Eq. (3) is a consensus problem
which allows to develop distributed training algorithms for bilevel optimization based on the pa-
rameter server architecture (Assran et al.| |2020). As shown in Figure in parameter server ar-
chitecture, the communication is centralized around the master, and workers pull the consensus
variables v, z from and send their local variables x;,y; to the master. Parameter server train-
ing is a well-known data-parallel approach for scaling up machine learning model training on a
multitude of machines (Verbraeken et al., 2020). Most of the existing bilevel optimization works
in machine learning only consider the bilevel programs without upper-level and lower-level con-
straints (Franceschi et al., 2018} |Yang et al.,|2021}; |Chen et al.,2022a) or bilevel programs with only
upper-level (or lower-level) constraint (Zhang et al., 2022; [Mehra & Hamm), 2021). On the contrary,

we focus on the bilevel programs (i.e., Eq. (3)) with borh lower-level and upper-level constraints,
which is more challenging. By defining ¢(v) = arg min{Zf\il gi(v,y)) 1y, =2",i=1,--,N}

’

{y},
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and h(v, {y;},2z) = { iy’} } — ¢(v)||?, we can reformulate problem in Eq. (3) as:

N

min - F({zi} {y:}, v, z)= 21 Gi(zi, yi)

1=
s.t. x,=v,i=1,---,N “4)
h(’U, {yl}7 Z) =0

var.  {x;},{y:},v, 2.
To better clarify how ADBO works, we sketch the procedure of ADBO. Firstly, ADBO computes
the estimate of the solution to lower-level optimization problem. Then, inspired by cutting plane
method, a set of cutting planes is utilized to approximate the feasible region of the upper-level bilevel
optimization problem. Finally, the asynchronous algorithm for solving the resulting problem and
how to update cutting planes are proposed. The remaining contents are divided into four parts, i.e.,
estimate of solution to lower-level optimization problem, polyhedral approximation, asynchronous
algorithm, updating cutting planes.

3.1 Estimate of Solution to Lower-level Optimization Problem

A consensus problem, i.e., the lower-level optimization problem in Eq. , needs to be solved
in a distributed manner if an exact ¢(v) is desired. Following existing works (Li et al., 2022;
Gould et al., 2016; [Yang et al.l |2021) for bilevel optimization, instead of pursuing the exact
¢(v), an estimate of ¢(v) could be utilized. For this purpose, we first obtain the first-order
Taylor approximation of g;(v,{y.}) with respect to v, i.e., for a given point @, g;(v,{y}}) =
9i(0,{y!}) + Vugi (@, {y}) T (v — ¥). Then, similar to many works that use K steps of gradient
descent (GD) to approximate the optimal solution of lower-level optimization problem (Ji et al.,
20215 |Yang et al 20215 [Liu et al., [2021b), we utilize the results after K communication rounds
between workers and master to approximate ¢(v). Specifically, given g;(v, {y.}), the augmented
Lagrangian function of the lower-level optimization problem in Eq. (3) can be expressed as,
N

g0yl 2 o) = Y (305 + 0 (i — =)+ Sllyi = 2I17) 5)

i=1
where ; € R™ is the dual variable, and x> 0 is a penalty parameter. In (k -+ 1)*" iteration, we have,
(1) Workers update their local variables as follows,

Yikr1 = Y — Ty Ve 9p(v, {0k} 2 {pir}), 6)
where 7, is the step-size. Then, workers transmit the local variables y; , | ; to the master.
(2) After receiving updates from workers, the master updates variables as follows,

21 = 2, = 1=V20p(0, {Ul 1}, 20, {Pik ) (7

Pik+1 = Pik + NV 9p(v, {yg7k+l}a Zi/e-s-b {Pik}), 3
where 7, and 7, are step-sizes. Next, the master broadcasts z}c 41 and ; ;,+1 to workers.
As mentioned above, we utilize the results after &' communication rounds to approximate ¢(v), i.e.,
K-1
6(v) {yg,o =2k MV 9p(v, {y;,k}7zllc’ {eir})} ©)
v) = .
K-1
20— 2op—o M1=V20p(v, {yi 1}, 21 {pik})

3.2 Polyhedral Approximation
Considering ¢(v) in Eq. @]), the relaxed problem with respect to the problem in Eq. @) is,

N
min F({w’b}>{yl}av7z):;Gz(wwyl)
s.t. mi:v,izl,-u,]\f_ (10)
h(v,{yi}, z) <e
var. {z;},{y:}, v, 2,
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where ¢ > 0 is a constant. Assuming that h(v, {y;},z) is a convex function with respect to
(v,{y}, z), which is always satisfied when we set K = 1 in Eq. according to the opera-
tions that preserve convexity (Boyd et al., |2004). Since the sublevel set of a convex function is
convex (Boyd et al.l [2004), the feasible set with respect to constraint h(v, {y; }, z) <e is a convex
set. In this paper, inspired by the cutting plane method (Boyd & Vandenberghel [2007}; Michalkal
2013} [Franc et al, 2011} |Yang et al., [2014), a set of cutting planes is utilized to approximate the
feasible region with respect to constraint h(v, {y;}, z) <e in Eq. . The set of cutting planes
forms a polytope, let P* denote the polytope in (t + 1) iteration, which can be expressed as,

N
P ={a/v+) biyita'z+r <0, 1=1,- [P}, (11)
i=1
where a; € R", b;; € R™, ¢ € R™ and k; € R! are the parameters in Jth cutting plane, and |’Pt|

denotes the number of cutting planes in PP*. Thus, the approximate problem in (t + 1)1 iteration
can be expressed as follows,

min F({e} (v} 0.2) = X Gilew)
s.t. wi:v,ir:l,---,N (12)
a;'"v+ Z bi) yi+e z+r <0,1=1,--, | P
var. {wid {ui) v, %
The cutting planes will be updated to refine the approximation, details are given in Section 3.4.
3.3 Asynchronous Algorithm

In the proposed ADBO, we solve the distributed bilevel optimization problem in an asynchronous
manner. The Lagrangian function of Eq. (I2) can be written as:

N [P N N
L,=3 Gi(zi,y:) + > N (alTv +> bi,lTyi +c¢'z+ I<LI> + > 0;(3;1- —v), (13)
i=1 =1 i=1 i=1

where \; € R!, 6; € R" are dual variables, L, is simplified form of L,({z;},{y:},v,z,{\i},{0:}).
The regularized version (Xu et al., 2020) of Eq. is employed to update all variables as follows,

[P ¢ N
=~ ci c
Ly({wi} {yi} v, 2 AN H{0:) = Ly = > I =Y 263, (14)
=1 i=1
where ¢! and ¢ denote the regularization terms in (¢ + 1)*® iteration. In each iteration, we set
that |P'| < M,Vt. ¢} = —L— >¢,, ¢4 = —L— > ¢, are two nonnegative non-increasing
na(t+1)% ne(t+1)%

sequences, where 7, and 7g are positive constants, and constants ¢, ¢, meet that 0 < ¢; <1/myc,
0<cy<1/ngc, c=((4Mas/n2+4Nay/1e2)21/e2+1)7 (e, s, auy are introduced in Section .
Following (Zhang & Kwok, 2014), to alleviate the staleness issue in ADBO, we set that master

updates its variables once it receives updates from .S active workers at every iteration and every
worker has to communicate with the master at least once every 7 iterations. In (¢ + 1)* iteration,

let Q"1 denote the index set of active workers, the proposed algorithm proceeds as follows,
(1) Active workers update the local variables as follows,

wm:{s%%@wﬂwmﬁﬁ&%@%mgﬂ (15)

i t - )

ZEWZ ¢ Q

y?+1 — yf - nyvylzp({m?},{yfi},v{i,zfi,{)\fi},{efi}),i € QHl (16)
' yj,i¢ Q™ ’

where #; denotes the last iteration during which worker i was active, 7, and 1y are step-sizes. Then,

the active workers transmit the local variables a:ﬁ“ and yf“ to the master.
(2) After receiving the updates from active workers, the master updates the variables as follows,
vt+1 = Ut - nvaEP({x§+1}’{yf+l}vvtv ztv{/\f}v{ef})v (17)
2= 2t - VoL (T gl T et 2 (60, (18)
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AT = MV Ly ({2 T et 2L AL (60D, (19)
gitl = th + nev@iEP({x§+1}’{yf+l}vvt+l’ zt+17{/\lt+1}){05})’i € Qt+1 20
i - et ’L¢ Qt+1 ) ( )

where 7y, 1)z, 17x and 7g are step-sizes. Next, the master broadcasts v**1, 2+ 0!"! and {\/'} to
worker 7,7 € QtH (i.e., active workers). Details are summarized in Algorithm

3.4 Updating Cutting Planes

Every k.. iterations (ke > 0 is a pre-set constant, which can be controlled flexibly), the cutting
planes are updated based on the following two steps (a) and (b) when ¢t < T7:

(a) Removing the inactive cutting planes,
P+l _ { Drop(P*, epy),if A" and A} = 0

P!, otherwise ’ @D

where cp; represents the I*" cutting plane in P* and Drop(P?, ¢p;) represents the I*? cutting plane
cp; is removed from P*. The dual variable set {\**1} will be updated as follows,
411 _ J Drop({At}, A),if Al and Af =0

A }_{ {\*}, otherwise ’ (22)
where {\!*1} and {\'} represent the dual variable set in (¢ + 1)*® and ' iterations, respectively.
Drop({\t}, \;) represents that ); is removed from the dual variable set {\'}.
(b) Adding new cutting planes. Firstly, we investigate whether (v'*! {y!T1}, 2t*1) is feasible
for the constraint h(v, {y;}, 2) <e. We can obtain h(v'*T! {y! ™'}, 2+1) according to ¢(v'*!) in
Eq. (@) If (vt {yiT}, 28*1) is not a feasible solution to the original problem (Eq. ), new

cutting plane cpltL will be generated to separate the point (v'*!, {y!T'}, 2/+1) from the feasible

region of constraint h(v, {y;}, z) <e. Thus, the valid cutting plane (Boyd & Vandenberghe, 2007)
a'v+ Zf\;l bi 'y + ¢’z + r; < 0 must satisfy that,
{ a;'v+ Zf\il bi'yi +¢'z+ K <0,V(v,{y;}, z) satisfies h(v,{y;}, z) <e

23
alTUt'H + Zi\il bilenyrl + ClTZH_l + Ky > 0 ( )

Since h(v, {y;}, z) is a convex function, we have that,
Oh(v" ! fy; T} =)

v v vitl
ot Tyt pttl
h(v, {yi}, 2) 2 h(otH {yl ) 2+ | (e Aw b2y l{yi}] {y/™"}
ah(vt-#l’{y?-ﬁl}’zt-f—l) =z s
0z

T

(24)

Combining Eq. (24) with Eq. (23], we have that a valid cutting plane (with respect to point
(vt {y; ™'}, 27T)) can be expressed as,

Oh(w' ! {yit} 2"t

t+1
ov v v
t+1 t+1 t+1
W™ {yi 1), 2 4 | (2 b=y v} |- W™y || < @5
Oh(v™ {y! T}z z z
Oz

T

For brevity, we utilize cp’tl to denote the new added cutting plane (i.e., Eq. ). Thus the
polytope P*! will be updated as follows,
Pl { Add(P™, eplt ) if h(v™ {y; "1}, 27 > e
~ | P, otherwise ’
where Add(P"*, epttl ) represents that new cutting plane cpttl is added to polytope P, The
dual variable set {\**1} is updated as follows,

(A1) = { Add({\ 1AL )L if (o {yl T 2 ) > e

P
where Add({\“+1}, AIE |) represents that dual variable A"} | is added to the dual variable set

(26)
27
{AH1Y otherwise ’ @7)
| Pttt | Pttt

{A\*+11. Finally, master broadcasts the updated P*** and {\**'} to all workers. The details of the
proposed algorithm are summarized in Algorithm [I]
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Algorithm 1 ADBO: Asynchronous Distributed Bilevel Optimization

Initialization: master iteration ¢ =0, variables {x?}, {y?}, v°, 2%, {A\{}, {69} and polytope P°.
repeat
for active worker do
updates variables /™!, y/*! according to Eq. and (16);
end for
Active workers transmit their local variables to master;
for master do
updates variables v/, 21, {\/*}, {6} according to Eq. (17), (18], and (20);
end for
master broadcasts variables to active workers;
if (t + 1) mod ke == 0 and t < T then
master computes ¢(v'*1) according to Eq. (9);
master updates P! and {\**!} according to Eq. , , and ;
master broadcasts P and {\**1} to all workers;
end if
t=t+1;
until termination.

4  DISCUSSION

Theorem 1 (Convergence) As the cutting plane continues to be added to the polytope, the optimal
objective value of approximate problem in Eq. converges monotonically.
The proof of Theorem |l|is presented in Appendix

Definition 1 (Stationarity gap) Following (Xu et al.| 2020} |[Lu et al., 2020} Jiao et al.l 2022a), the
stationarity gap of our problem at t*" iteration is defined as:

{Va Lp({z; } {yi} o2  {N 1{0, 1)}
{Vy, Lp({z} {y; }.0" 2" (N 1.0 })}
VGt = Vva({mg}a{y;;}’vz723{)‘%}’{0%}) . (28)

VZLP({:Bi}’tv{yi }tv” ’tz v;{)‘z }tv{ez‘}t)

{VALLP({wi}v{yi}vv % 7{>‘l}7{9i})}

{Vo. L, ({i } {yi }.v",2" {\}.{0: 1)}
Definition 2 (e-stationary point) ({mt} {y!} !, 2" {\[},{60!}) is an e-stationary point (¢ > 0) of
a differentiable function Ly, if ||VG*||* < e T(e ) is the first iteration index such that |[VG!||? < ¢,
ie, T(e) = min{t | [[VG||?> < €}.
Assumption 1 (Smoothness/Gradient Lipschitz) Following (Ji et al.||2021), we assume that Ly, has
Lipschitz continuous gradients, i.e., for any w,w’, we assume that there exists L > 0 satisfying that,

p(w) = VLy(W)]] < Lf|w — '], (29)
Assumption 2 (Boundedness) Following (Qian et al| |2019), we assume that variables are
bounded, i.e., ||zi||* < on, [[0]|* < a1, [[yill* < oo, [[2]]° < ag, [IM]]* < 03, [16:]]” < as. And
we assume that before obtaining the e-stationary point (i.e., t <T(€)—1), the variables in master
satisfy that |[v"+ —v!||2 4|2 =2 2+ 32, [N = N!|2 > 0, where § > 0 is a relative small
constant. The change of the variables in master is upper bounded within T iterations:

[t — v [P <7hid, |2t — 2R P<Thed, 3D [IA = AR < TR0, VI<Ek<T,  (30)

where k1 > 0 is a constant.

Theorem 2 (Iteration complexlly) Suppose Assumption[I)and E] hold, we set the step-sizes as nm =

e e T e BEET Farry A S min{ 7o sorm ez} and o < 5.

. XEL nec2
For a given €, we have:

AMag  ANay, 1 Aldr+ NS (1 4kgr (7 — 1))d

nx2 ne> ) ?’(

+(T1 +2)2)2),
(31)

T'(€) ~ O(max{(

€

where az, g, 7, kq, 11, d, dg and d7 are constants. The detailed proof is given in Appendix@
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5 EXPERIMENT

In this section, experiment{] are conducted on two hyperparameter optimization tasks (i.e., data
hyper-cleaning task and regularization coefficient optimization task) in the distributed setting to
evaluate the performance of the proposed ADBO. The proposed ADBO is compared with the state-
of-the-art distributed bilevel optimization method FEDNEST (Tarzanagh et al.,|2022). In data hyper-
cleaning task, experiments are carried out on MNIST (LeCun et al.|[1998)) and Fashion MNIST (Xiao
et al.,|2017) datasets. In coefficient optimization task, following (Chen et al., 2022a)), experiments
are conducted on Covertype (Blackard & Dean,|1999) and IJCNN1 (Prokhorov, [2001)) datasets.

5.1 DATA HYPER-CLEANING

Following (Ji et al.l 2021} [Yang et al., 2021)), we compare the performance of the proposed ADBO
and distributed bilevel optimization method FEDNEST on the distributed data hyper-cleaning task
(Chen et al., 2022b)) on MNIST and Fashion MNIST datasets. Data hyper-cleaning involves training
a classifier in a contaminated environment where each training data label is changed to a random
class number with a probability (i.e., the corruption rate). In the experiment, the distributed data
hyper-cleaning problem is considered, whose formulation can be expressed as,

min F(ih,w) = Yy 2 L(x;Tw,y;)

) N (32)
8.5 w=arg min fp,w)=> \lerl > o) L(x; T y;) + Crl|w!|?

=1 (xj7yj)eD§r

var. P, w,

where D!* and D! denote the training and validation datasets on i*® worker, respectively. (x5, 95)
denote the j*" data and label. &(.) is the sigmoid function, £ is the cross-entropy loss, C, is a
regularization parameter and N is the number of workers in the distributed system. In MNIST
and Fashion MNIST datasets, we set N = 18, S = 9 and 7 = 15. According to |Cohen et al.
(2021)), we assume that the communication delay of each worker obeys the heavy-tailed distribu-
tion. The proposed ADBO is compared with the state-of-the-art distributed bilevel optimization
method FEDNEST and SDBO (Synchronous Distributed Bilevel Optimization, i.e., ADBO without
asynchronous setting). The test accuracy versus time is shown in Figure[I] and the test loss versus
time is shown in Figure 2] We can observe that the proposed ADBO is the most efficient algorithm
since 1) the asynchronous setting is considered in ADBO, the master can update its variables once it
receives updates from .S active workers instead of all workers; and 2) ADBO is a single-loop algo-
rithm and only gradient descent/ascent is required at each iteration, thus ADBO is computationally
more efficient.

5.2 REGULARIZATION COEFFICIENT OPTIMIZATION
Following (Chen et al.| 2022a), we compare the proposed ADBO with baseline algorithms

FEDNEST and SDBO on the regularization coefficient optimization task with Covertype and
IJCNNI1 datasets. The distributed regularization coefficient optimization problem is given by,

N
min F(¢,w) = ;IT%%W > Lx;Tw,y;)

(X]’ sYj ) E,D;,al
.\ _ s 1\ N 1 T, 2 7\2 (33)
stow=argmin f(ghw) =3 ke X L0 Twly) + Xty (w))
w! =101 (x,y5)EDY j=1

var. P, w,

where 1 € R, w € R™ and L respectively denote the regularization coefficient, model parameter,
and logistic loss, and w’' =[w}, . . ., w}]. In Covertype and IICNNI1 datasets, we set N = 18,5 =9,
7=15and N = 24, S = 12, 7 = 15, respectively. We also assume that the delay of each worker
obeys the heavy-tailed distribution. Firstly, we compare the performance of the proposed ADBO,
SDBO and FEDNEST in terms of test accuracy and test loss on Covertype and IICNN1 datasets,

!'Codes are available in https://github.com/ICLR23Submission6251/adbol


https://github.com/ICLR23Submission6251/adbo

Published as a conference paper at ICLR 2023

which are shown in Figure [3|and[4] It is seen that the proposed ADBO is more efficient because of
the same two reasons we gave in Section[5.1]
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Figure 1: Test accuracy vs time on (a) MNIST Figure 2: Test loss vs time on (a) MNIST and
and (b) Fashion MNIST datasets. (b) Fashion MNIST datasets.
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06 0.91 —— ADBO m— 2.00 —— ADBO 10

SDBO
—— FEDNEST w 1.75

4
®

SDBO \
—— FEDNEST 0.8 \
0.6

—— ADBO

=4
0

= 1.50
7

o
IS

test loss

—— ADBO

o
o

test accuracy
test accuracy
°
S

0.3 SDBO 0.4 SDBO
—— FEDNEST 05 1.00 —— FEDNEST e |
02 200 400 600 800 200 400 600 800 1000 200 400 600 800 200 400 600 800 1000
time (s) time (s) time (s) time (s)
(a) Covertype (b) IICNN1 (a) Covertype (b) IJCNNI1

Figure 5: Test accuracy vs time on (a) Cover- Figure 6: Test loss vs time on (a) Covertype and
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stragglers in distributed system. in distributed system.

We also consider the straggler problem, i.e., there exist workers with high delays (stragglers) in
the distributed system. In this case, the efficiency of the bilevel optimization method with the syn-
chronous distributed setting will be affected heavily. In the experiment, we assume there are three
stragglers in the distributed system, and the mean of (communication + computation) delay of strag-
glers is four times the delay of normal workers. The results on Covertype and [JCNNI1 datasets are
reported in Figure [5|and [f] It is seen that the efficiency of the synchronous distributed algorithms
(FEDNEST and SDBO) will be significantly affected, while the proposed ADBO does not suffer
from the straggler problem since it is an asynchronous method and is able to only consider active
workers.

6 CONCLUSION

Existing bilevel optimization works focus either on the centralized or synchronous distributed set-
ting, which will give rise to data privacy risks and suffer from the straggler problem. As a rem-
edy, we propose ADBO in this paper to solve the bilevel optimization problem in an asynchronous
distributed manner. To our best knowledge, this is the first work that devises the asynchronous
distributed algorithm for bilevel optimization. We demonstrate that the proposed ADBO can effec-
tively tackle bilevel optimization problems with both nonconvex upper-level and lower-level objec-
tive functions. Theoretical analysis has also been conducted to analyze the convergence properties
and iteration complexity of ADBO. Extensive empirical studies on real-world datasets demonstrate
the efficiency and effectiveness of the proposed ADBO.
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A CUTTING PLANE METHOD FOR BILEVEL OPTIMIZATION

In this section, a cutting plane method, named CPBO, is proposed for bileve optimization. Defining
é(x) = argmin f(x,y’) and h(zx,y) = ||y — #(x)||?, we can reformulate problem in Eq. (1)) as:
y/

min F(x,y)
st.  h(z,y)=0 (34)
var. @,y

Following the previous works (Li et al., 2022; |Gould et al., 2016; |Yang et al.l |2021) in bilevel
optimization, it is not necessary to get the exact ¢(x), and the approximate ¢(x) is given as follows.
Firstly, as many work do (Ji et al.}[2021}; Yang et al.,|2021)), we utilize the K steps of gradient descent
(GD) to approximate ¢(x). And the first-order Taylor approximation of f(x,y’) with respect to x
is considered, i.e., for a given point &, f(x,y’) = f(Z,y') + Vo f(Z,y") " (x — ). Thus, we have,

K-1 ~

o@) =yo— Y, 1Vl ), (35)

where 7 is the step-size. Considering the estimated ¢(x) in Eq. , the relaxed problem with
respect to problem in Eq. is considered as follows,

min  F(x,y)
st.  h(z,y)<e (36)
var.  x,y.

Assuming that h(x, y) is a convex function with respect to (x, y), which is always satisfied when
we set K = 1 in Eq. (35) according to the operations that preserve convexity (Boyd et al., [2004).
Since the sublevel set of a convex function is convex, we have that the feasible set of (x, y), i.e.,

Zrelaz — {(w’y) c R"™ XRm|h(oc,y) < 6}, (37)

is a convex set. We utilize a set of cutting plane constraints (i.e., linear constraints) to approximate
the feasible set Z"¢!*_ The set of cutting plane constraints forms a polytope, which can be expressed
as follows,

P={(z,y) ER"xR"|a; @+ b y+r <0, 1=1,-- L}, (38)

where a; €R", b; € R™ and k; € R! are parameters in [*" cutting plane, and L represents the number
of cutting planes in P. Considering the approximate problem, which can be expressed as follows,

min  F(x,y)
st a ' xtb Yyt <0, l=1,-- P (39)
var. T,

where P" is the polytope in (¢ 4+ 1)* iteration, and |P’| denotes the number of cutting planes in
P". Then, the Lagrangian function of Eq. can be written as,

IP*|

Ly(z,y,{\}) = F(z,y) + Z N(a; "z +b, " y+ry), (40)
=1

where )\; is the dual variable. The proposed algorithm proceeds as follows in (¢ + 1)*" iteration:

If t < 17, the variables are updated as follows,

ilitJrl = :Z:t - nmmep(wtvytv {Af})7 (41)
yt+1 =y’ - T]yVpr(xt+1a y', {)‘H)v (“42)
)\§+1 — )\f + lemLp(w”l, yt+1» {)‘?})a I=1,-, |Pt|’ 43

where 1, 1, and 7, are the step-sizes.

And every ki, iterations (k.. > 0 is a pre-set constant, which can be controlled flexibly) the cutting
planes will be updated based on the following two steps:
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Table 1: Convergence results of bilevel optimization algorithms (with centralized and distributed
setting).

Method Centralized | Synchronous (Distributed) | Asynchronous (Distributed)
AID-BiO (Ghadimi & Wang[[2018) O(=) NA NA
AID-BiO (Ji et al.|[2021) (9(6%) NA NA
ITD-BiO (Ji et al.|[2021) o(&) NA NA
STABLE (Chen et al.|[2022a) (9(5%)1 NA NA
stocBio (Ji et al.[2021) o(%)? NA NA
VRBO (Yang et al.||2021) O(4)* NA NA
FEDNEST (Tarzanagh et al.|[2022) NA o(%)? NA
SPDB (Lu et al.||2022) NA o(H)! NA
DSBO (Yang et al.|2022) NA (9(6%)1 NA
Proposed Method o) NA o(%)

! Stochastic optimization algorithm.
(a) Removing the inactive cutting planes, that is,

Pl _ { Drop(P*, epr),if AlT! and Af =0 7 (a4

P!, otherwise

where cp; represents the I*" cutting plane in P*, and Drop(P°, cp;) represents removing the [t?
cutting plane cp; from P*. And the dual variable set {\*} will be updated as follows,

£ \E) i \EHL t_
Ga Drtop({)\ },)\'l),lf A and A =0 7 45)
{A\'}, otherwise

where {\**1} and {\*} respectively represent the dual variable set in (¢ + 1) and #'" iteration.
And Drop({A\'}, A!) represents that \} is removed from the dual variable set {\'}.

(b) Adding new cutting planes. Firstly, we investigate whether (™1, y'*1) is a feasible solution to
the original problem in Eq. . If (xt+1, y**1) is not a feasible solution to the original problem,
that is A(x'T1, y'*1) > &, new cutting plane is generated to separate the point (™1, y**1) from

Z7ela® that is, the valid cutting plane a; ' x+b; ' y+#; < 0 must satisfy that,

alTw—&—blTy—i—m <0,Y(x,y) € Zrelow 46)
alT.’Bt+1+blTyt+1+lil >0
Since h(x,y) is a convex function, we have that,
oh(@' Tyt 7 x i+l
h(x,y) > h(x!*t y! ) + 8h(mt?f]n7yt+1) ] <[ y ][ ! ]) . (47)
Jy
ohytth 17 z i+l
According to Eq. (47), h(z!t1, y!*t1) + ah(mtff’ytﬂ) 1 ({ Y ] - [ i+ }) < eis a valid
Jy

cutting plane at point (2!, y**1) which satisfies Eq. (46). For brevity, we utilize cp’.l to denote
this cutting plane. Thus, we have that,

t4+1 Add(Pt+1; cpf{;lv),if h($t+1ayt+1) > €
P = Pt+1 if h(mﬂ—l yt+1) <e ’ (48)
where Add(P**!, epttl) represents that new cutting plane cp’tl is added to polytope P***. And

the dual variable set is updated as follows,
) = { Add({AH} XS )i Azt i) > e

49
{)\t+1},if h(wt""l,yt""l) S c ) ( )
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Algorithm 2 CPBO: Cutting Plane Method for Bilevel Optimization

Initialization: iteration ¢ = 0, variables =, y, {\?} and polytope P°.
repeat
if t < T} then
updating variables !+ Yand \[ ™! according to Eq. (41)), (42) and (43| .,
if (t + 1) mod kpre == 0 then

updating the polytope P! according to Eq. ( and 48)):
updating the dual variable set {\/*1} accordlng to Eq. (45) and (49 .

end if
else

updating variables ‘! and y**! according to Eq. and (S1));
end if
t=t+1;

until termination.

w
o
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—— STABLE

0.6
205

N
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504 3 S
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Figure 7: Comparison of (a) test accuracy vs time, (b) test loss vs time on Covertype dataset.

where Add({\*+1}, )\lt,f,}H ) represents that new dual variable )\lt,f,}ﬂ‘ is added to {\'T1}.
Else if ¢ > T7, the polytope 7" and dual variables will be fixed. Variables z, y will be updated as
follows,

' =t — 0, VL (xh "), (50)
yt+1 = yt - nyvyi/p(wﬂ_la yt)7 (51)
P71

where L,(z,y) = F(z,y) + Z Ai[max{0,a; & +b; " y+r;}]?. And details of the proposed

algorithm are summarized in Algorlthm 2] The comparison about the convergence results between
the proposed method and state-of-the-art methods are summarized in Table[T}

A.1 EXPERIMENT

To evaluate the performance of the proposed CPBO, experiments are carried out on two applica-
tions: 1) hyperparameter optimization, 2) meta-learning. In hyperparameter optimization, we com-
pare CPBO with baseline algorithms stocBio (Ji et al.;[2021)), STABLE (Chen et al.|[2022a), VRBO
(Yang et al.| [2021)), and AID-CG (Grazzi et al), 2020) on the regularization coefficient optimiza-
tion task (Chen et al.l [2022a) with Covertype (Blackard & Deanl [1999) and IICNNI1 (Prokhorov}
2001) datasets. We compare the performance of the proposed CPBO with all competing algorithms
in terms of both the test accuracy and the test loss, which are shown in Figure[7]and [§] In meta-
learning, we focus on the bilevel optimization problem in (Rajeswaran et al., | 2019). And we compare
the proposed CPBO with baseline algorithms MAML (Finn et al.|2017), iIMAML (Rajeswaran et al.,
2019), and ANIL (Raghu et al.|2019) on Omniglot (Lake et al.| |2015) and CIFAR-FS (Bertinetto
et al., 2018) datasets. And the comparison between the proposed method with the baseline algo-
rithms are shown in Figure 0] and [I0] It is seen that the proposed CPBO can achieve relatively fast
convergence rate among all competing algorithms since 1) the iteration complexity of the proposed
method is not high; 2) every step in CPBO is computationally efficient.
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Figure 8:
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Comparison of (a) test accuracy vs time, (b) test loss vs time on IJCNNI1 dataset.
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Figure 9: Comparison of (a) test accuracy vs time, (b) test loss vs time on Omniglot dataset.

A.2 DISCUSSION

Definition A.

1 (x,y) is an e-stationary point of a differentiable function IA/,,, if | |Vmﬁp(m, Y)

IVyLp(@,y)|* < e

|12 +

Assumption A.1 (Smoothness/Gradient Lipschitz) Following (Ji et al., 2021)), we assume that I:,,
continuous gradients, i.e., for any w,w', we assume that there exists L > 0 satisfying

has Lipschitz
that,

IVLy(w) = VLy(w)]] < L|lw — &']].

(52)

Assumption A.2 (Boundedness) Following (Qian et al} 2019), we assume that variables have

boundedness,

ie. ||| < B, |lyl]?> < Be.

Theorem 3 (Iteration Complexity) Under Assumption[A1)[A.2] and setting the step-sizes as 1z <
%, Ny < %, the iteration complexity (also the gradient complexity) of the proposed algorithm to

obtain e-stationary point is bounded by O(1).

Proof of Theorem 3}

According to

Assumption[A.T|and Eq. (50), when ¢t > T}, we have,

‘Z—’p(thrlayt) S f’p(wt7yt) + <vmf/p(wt7yt),wt+l - wt> + %Hmﬂrl - thz

A A 2 A
< Lp(x",y") = el Vo Lp(@', y")|* + #5= ||V Ly (2, y')I>.

Similarly, according to Assumption[A.T|and Eq. (51)), we have,

L@yt 1) < L@, y!) + (Vy Ly(@ g,y — gt ) + &lly' - 2

~ ~ L 2 A
< Lp(wt-Hayt) - 77y||Vpr(33t+1vyt)||2 + 772y ||vpr(th+1ayt)H2~

17
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Figure 10: Comparison of (a) test accuracy vs time, (b) test loss vs time on CIFAR-FS dataset.

Combining Eq. (53) with Eq. (54), we have,

an2 £ L'I] 2 ~ ~ A
(e = =5 Va L@ y") [P+ (= =5 [Vy Ly (@, g2 < Ly(a',y') =Ly (2", y ).
(55)
According to the setting of 7, n,, we have that n, — Lgm2 > 0, ny — LZ”Q > 0. And we set
constant d = min{n, — L"T”Q, Ty — L”;’Z }, thus we can obtain that,
R R i xt, yt) — L xitl yttl
Vel y ) + 19y Ly () < 22280 = Ll NS
Summing both sides of Eq. fort = {T},---,T — 1}, we obtain that,
T-1 T T ,,T 7 x
1 . . Ly(z',y")— L
mL t t\ 12 L t+1 t\ 12 < p D 57
777 2 (V=L@ WO 19 Lyt I < 2=, 6D
=11

where ﬁ; = min f,p(as,y). Combining Eq. with Definition we have that the number of
iterations required by Algorithm 2]to return an e-stationary point is bounded by

f/p(mTl,yTl) . E*

1
O( y ”E +T). (58)

B PROOF OF THEOREM

In this section, we provide complete proofs for Theorem 2] Firstly, we make some definitions about
our problem.

Definition B.1 Following (Xu et al.|2020), the stationarity gap at t'" iteration is defined as:

{Va Ly ({2} {yl} 0" 2" (A0} ]
(V. Ly({zi} {yi}o' 2" A {07 )}
VGt — VULP({$§}7{y§}7vtaztﬂ{)‘§}7{0f}) ) (59)
VaLp({zi} {yi} o2 (N} {07}
{(VaLp({aibfyib ot z" (N0}

{Vo,Ly({zi} {yi}0" 2" {A 1 {0 1)}
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And we also define:
(VG')a, = Vo, Ly({z;} {y; }0",2" {A}.{0;}),
(VG)y, = Vy, Lp({zi} {yi }0" 2" {1 {6]}),
(VG = Vo Ly({zi} {yi} 0" 2" {A 1 .{6]}), 60)
(VG = VaLy({zi} {yi o' 2" {1 {67}),
(VG = VaLy({zf} {yi o',z {A1}1.{67}),
(VG&e, = Vo, Ly({;} {y;}.v",2" {A1}.{6;}).
It follows that,
N IP*|
VG =Y (VG [PHIVE), IPHIVE) g, [P)HI(VE ol PHI(VE):I P+ D I1(VE),, I
i=1 =1
(61)

Definition B.2 Ar ' iteration, the stationarity gap w.r.t Zp({a:i},{yi},v, z,{ N },{0;}) is defined
as:

{Va, Lp({x!} {yl 0! 2 N {0} ]
{Vy. Ly({xt} {yt ot 28 {0} {601))}
et _ vv§p<{ms},{yf},vt,zt,{A;},{0§}> | .
VeLp({x} {y!} vt 2t {A\},{6!})
(V. Lp({=i} {y!} ot 2t (N {0:)}
{Vo,Lp({z!}.{y!} .0t 2" {N} {01 )} ]

We further define:

<
9L
8

I

Jo: = Va, Ly({2}{yl} o' 2" (A} .{61)),

Jui = Vo, Ly({al} {yl} o' 2 I 1{00)),
VG = VoL ({2} {yl o' 2" N }.{01)), 63)

)z = V=L ({wt} {yi}v' 2" (A} {6:)),

I =V Lp({@i} fylh ol 2 (N1 {60)),

)

o, = Vo, Lp({z!} {yl}.v! 2t {\}.{0!}).
It follows that,

VG =D (VG [PHIVE), IPHI(VE)g, [F)HIVE) o FHI(VE):] P+ (VG I

i=1 =1
(64)

Definition B.3 In the proposed asynchronous algorithm, for the it" worker in t'" iteration, the last
iteration where this worker was active is defined as t;. And the next iteration this worker will be
active is defined as t;. For the iteration index set which it" worker is active during Ty + T + T

iteration, it is defined as V;(T). And the j'" element in V;(T) is defined as ¥;(j).

Then, we provide some useful lemmas used for proving the main convergence results in Theorem |2}
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Lemma 1 Let sequences nl, = 1y = ), = 1 = 2 , Suppose

t| 1,2 2 \'P [vL2 NyL2
L4nx|P*|L24+neNL +8( (ch)? +713(0 )2

Assumption I and 2 hold, we can obtain that,

Ly({a; 3 {y T ho L2 N0 — Ly({=f} {wi ot 2! (A} {6]))

A
9= 5

P
2
(B ot —at|? + (52— )yl gl + 3Nk 3 [ X
1= =
(LEONLE TR L)t gt [2 4 (LEONLETh L)) 504 52,
(65)
Proof of Lemma 1:
Utilizing the Lipschitz properties in Assumption 1, we can obtain that,
({thrl? 5 "7w§\7}7{yf}>vt7zt7{)‘f}7{0§})_L ({wt'}v{yt}wtvzt7{)‘f}7{0§})
< (Ve Ly({2l} {yi} o', 2 (N (00)), 207 — ) + S|l ],

L ({:‘ct-’_l H_lv "7w?\f}7{y$}7vtvzt7{/\f}v{0§}) ({$t+17 5 "7x?\l}v{yzt'}/ut7zt7{/\§}7{0£})
< (Ve Lp({zi by ol 2" AN {00)), 2™ —2h) + 5|y — 2,

I ({ t+1} {yl} v zt {)\t} {Gt}) ({a,:t—i-l7 w?\—;—llamN} {yt} ) zt {)\t} {91‘})
<

(Van Lp({2} fyi o' 2 AN HA00)), 2 —aly) + 5 llei ! —a ]
(66)
Summing up the above inequalities in Eq. (66), we can obtain that,
({wt“} {yib o' 2 (A0 — Ly ({ai }{wi o' 2 (A 1.{61}) )
< 3 (Ve Lo({ath w0t OO0 2t ) + et ).

Combining Vo, L, ({2}, {y}'}, 0", 2, {\},{6/'}) = Va, Ly({z}' }, {w}' }, v, 25 {A]},{6]'})
with Eq. (T3), we have that,

i T S i 1 1
(b et Va Lyl )l b o 25 DL (00 ) = et —ell? < et

x x
(68)
Next, combining the Cauchy-Schwarz inequality with Assumption 1, 2, we can get,

(27—, Vo Ly (b {0 2 A0 — Y Ly () {wl o™ 2,00 {00 )
2 £ £ |Pt| £
<t =l 5 (ot o |l - P S N2 )

P
< et —at][2+ 25 ”“(\Ivt“—vtIIQHIzt“—zt||2+ZlHAf“—/\fIIQ)-

(69)
Thus, according to Eq. (67), (68) and (69), we can obtain that,
Ly({=} {yl ot 2t AN 3461)) — Ly ({=t} {y! vt 2t { A} {6!})
|P*|
<3 (B =)l -] + INLETh (|t — |2 4[| 281 — 224 30 AN J2).
=1 T =1
(70)
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Similarly, using the Lipschitz properties in Assumption 1, we have,

Ly 109 Lot 2 A 460) - L) a0t = 0. (01)
< S (Vau Lyl hful ot 0.0 —u) + bt -yt ).

Combining Vy, L, ({25}, {y!*}, o', 20 (A}, {00)) =V, L, ({al }, {yl }, 0, 25, (A1}, {65))
with Eq. (I6), we can obtain that,

<yf“—yf,Vyin({w?},{y?}m“,zti7{Af"’}7{9§"’})> H?f+1 yl||? < o IIyt+1 yil>.
(72)

Then, combining the Cauchy-Schwarz inequality with Assumption 1, 2, we can get the following
inequalities,

(0~ VL (=l ) fwld ot 2 O (00) V. Lyl ) (i ot 25 001400 ) )

. . P ;
. . t;
[ R W LY R
2
<3y =yl P+ Ll - t-||2+%(\|Ut+1—vt||2+\|zt+1—Zt||2+l; AT =AL).
(73)
Thus, combining Eq. (71), (72) with (73), we have,
Ly({a7 ™} {yi o' 2 ), {et}) Ly ({z; ™} {yf b ot 28 (A} {65))
N
< 5 (B -l w3 B e P o
i=1 i=1
|P°|
27'
+w(|\vt“—vt||2+|\zt“—zt||2+l21 A=)
Combining the Lipschitz properties in Assumption 1 with Eq. (I7), we have,
L 1 (o2 (00— Ly( ) (w2 (). (61)
< (Vo Lp({z ' {yi ot 2 (N1 {01)), o' —of )+ §[[o ! — o2 (75)
< (% - ot ot
Similarly, combining the Lipschitz properties in Assumption 1 with Eq. (I8), we have,
Ly({z t“}’{yfﬂ}mt“,zt“,{kf}v{eﬁ})*Lp({mﬁﬂ},{ny},vt“,zt,{)\f}a{ef})
<(VaLp({a i hot 2 NH(0)), 2 2+ ][ =2 (76)
< (k= Lyt -2

By combining Eq. (70), (74), (73), (76), we conclude the proof of Lemma 1.
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Lemma 2 Suppose Assumption I and 2 hold, ¥t > T, we have:
Ly({e™ ) {y ot 2 I {07 — L, ({0} {yl} o' 2" {A]}.{6]})

N
2 t+1 2
< (M = Jr\'P |L +|Q IL )Z‘|mf+1*mﬂ|2

2 2a1
pt 2 t+1)72
(- 4 I IO S 1yt
2 P L2 t+1 L2
H(EASRNEE —  [TE  12 E Jot — | -
k 2 Pt|L2 t+1)72 N o
(LAGTRNL? +| 2a|1 +\92a\ )||zt+1_zt”2+271’e S0t —0! 1|2
a1+67ky NL2 i} —cl L 1 N2 e — —62 t+1__ pt|2
(- +2m)ZII/\ — NP+ (S - +2n9)2|\9 Al
0|P| 412 t L2 X a2 t12
+- ZE(IIA 12 =1INI1P) + 3 ZIIA NI Zl(||9i 1= 116:11),
= =

where a1 > 0 and a3 > 0 are constants.
Proof of Lemma 2:
According to Eq. , in (¢ 4+ 1)* iteration, VA € A, it follows that:
(NN =m O L2y o 2 LB A=A ) =0 8)

Let A = \!, we can obtain:

<mip<{ LY (1) it 2t (0 },{em—;(Af*l—xf>,xf—xf+l>=o. 79)
A

Likewise, in " iteration, we can obtain:

<Vxl p({ai} {yi ot 2 (A1 1{6] 1})—;(At AT A - At> (80)

Since zp({wi},{yi},v,z,{)\l},{Oi}) is concave with respect to \; and follows from Eq. and
Eq (80), vt > T, we have,
L({= Myl 1ot 2 T {00)) — L({=i ) {yl ot 2 (A {6!))
[P

<Z<VM Py ot 2L N 80D, A - )

< X (On Ly (ol h{yl ot 2 N {60~ O Ly ({d ) {uth ot 2 A 160 D), A - )

=1
AT ).
(1)

Denoting 'UH'1 ML= A — (A — AJ™1), we can get the following equality,

X)(1a)

v ~

l;<V>\LLp({w§+1}a{yf+1},vt+17zt+17{)\f}7{9§}) v/\l y({xt {yl} vtz ,{)\t 1} {Gt 1}) >\t+1 )\t>
v ~

:l; <V>\LLp({-'”;-‘-l}v{yf"'l},'v”rl7zt+1’{)\f},{05}) VAZ ({mt} {yl}’v > ’{)\t} {Ot})) )\H-l
IP]

+ 3 (O Lol fy o' 2 AN A0~ Va Ly (et} wth o 2 AN 14001, o) (10)

P’

+z<vxl p({eth {yi ot 2 G100~V Ly({@th {y ot 2 (AT A6 ), A =) (1),

(82)
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First, we put attention on the (1a) in Eq. (82)), (1a) can be expressed as follows,

(V0 Ly o Yot 2 (). (000) Y, Ly () futhaot = (). £013). A )
:<v>\LLp({ t+1} {y;‘-&-l} vl tl ZtH {)‘t} {gt})7V/\zLp({mg}v{yzt}/vtvzt7{>‘f}7{0£})7)‘frl*)‘”

=1t thl_c
A (NP = NP = S I = AP
(83)

Combining Cauchy-Schwarz inequality with Assumption 1, we can obtain,
<v>\zLP({miJrl}a{y§+1}vvt+1azt+l’{)‘5}7{05}) _VMLp({wg}v{yf}vvtvzt’{)‘f}’{ef})v )‘}5+1 - )‘?>
N
< E (L (T =@t ? + g =yl P)+ ot ot 2|2 2t 2)+ I = A2,

— 2a1
i=1
(84)
where a; > 0 is a constant. Combining Eq. (83) with Eq. (84), we can obtain that,

P

S (Ta L@ gy ot 2 L0~ Vi, Lo (et {yf ot 2 (A {081, AT = )

N
2
< IZI(*L (Zl(llmﬁﬂ [ + 1y ™ =yl P) + ot =t P2 =22+ SN = AP
= i=

t—1_ .t =t
A (NP = NP = S I = AT P).
(85)

Then, we focus on the (1b) in Eq. (82). According to Cauchy-Schwarz inequality, (1b) can be
expressed as follows,

P!

S (O Lyl{ath (w) o' = (0. (00) - Vo, L () ful) o 200014007 ) o)
P!
< & (F 190 Lyl fuh o' 2 L0 - Va Lyt () o= (A8 DI
o),

(86)
where a; > 0 is a constant. Next, we focus on the (1c) in Eq. (82). Defining L;" = L + ¢,
according to Assumption 1 and the trigonometric inequality, V\;, we have,

1V Ly ({2} {yi b ot 2 AN 011 = Vi Ly ({2} fyl otz N {9?_1})”

=[IVa Ly} i} o' 2" A} {00) = Vi Ly ({2} {yl} o' 2 AN T 100 =i (A=A
<@L+ e DN =X

< LN

87

Following from Eq. and the strong concavity of L,({z;},{y:},v,2,{\},{6:}) wrt \; (Nes-
terovl, [2003; [Xu et al., [2020), we can obtain that,

1P’
X (VLp({) uid ot 2 D00~ Va Ly () (w2000 ))

IP|

_l;( /+ct 1||v/\; {:L‘t} {yz}v P {/\t} {Ht}) v)\l ({wt} {yl} vt 2t {)\t 1} {Ot 1} H2

AT P).

I+ f 1
(88)

In addition, the following inequality can be obtained,
t—1 1 1 1
A= TR =A< gl = NP = e P+

A=A (89)

— 27IA ‘ 277>\ |
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Combining Eq. , , , , , , ”7* < ﬁ, and setting as = 7, we have:
Ly {yi T h ot T2 AN {00} — Ly ({= ' {y T ot T 20 (A1) .{60))

N
pt
< PULZ (S ([|latt =t |2 + [yl =gyt |[2)+ ot —ot 24| 2t =21 2)

2o N4
ap et t=cl 1 Iz t+1_ ytpg2, et 7] t+1((2 t12 1 i t \i—1(2
=" +5;) l; AT = AP == 22 (TP INE) + 121 AL =A%
(90)

According to Eq. , in (t + 1)*" iteration, VO € @, it follows that,

(0171 —0! — noVo, Ly({a! T} {yl Lot 2N (610), 6617 ) 0. ©91)

Choosing 8 = 05, we can obtain,
(Vo L((al )yt )t O 000) - (01 -0, 000 ) 0. 2)
Ne

Likewise, in t*? iteration, we have,

<veiZp({xz},{yﬁ},vt,zt,{v},{ef—l})1(&505—1>,e§“oz> —0. o3
Teo

Since Ep({mi},{yi},v,z,{)\l},{01-}) is concave with respect to 8; and follows from Eq. :
Ly({= (T ot 2 N0 ) ~ Lo (g ot 2 N {00)

> (Vo (fe t“},{yf“},vt“,ztﬂ{wl},{ef}»ef“—ef>

=1

IA

<.

IN

5 (0, Ly (1 (0 2 O 000) Vo, Ly (). () 0t 21 1) (001 )), 00 )

<.
—

(0] -6;71,0; 71 —-6)).
(94)

Denoting vy ' = 0/"' — 0! — (! — 6;~"), we have that,

N ~ ~
z<vein<{w§“},{yf“},vt“,zt“,{Afﬂ},{of})—veiLp<{w5}7{y5},vt,zt,{Af},{ef-l}>,05+1—ef>

< L({={ " (g hot 2 N 00)) - Vo, Ly ({21} {yl o2 (A {Ht}),95+1—9§>(2a)

||M

+§ (Vo Ly} Lt} 0" 2 AN 00 — Vo, Lp({a (o' 2 AN 14011 ), o) (20)

z I

+ <V9 L ({wt} {yz} v Zt {)‘t} {et}) v91‘Ep({wg}v{yf}vvtvztv{)‘f}v{eztil})v05_0;?71>(26)'
95)

I
_

We firstly focus on the (2a) in Eq. (93)), we can write the (2a) as,

(Vo Ly({a! 114y 10t 2N {0V, Ly (o) yt ot 2 0 (01). 01—
= <V9i Lp({ H—l} {yH_l} 'Ut+17zt+17{/\§+1}7{91¢}) —VgiLp({:cﬁ},{yf},vt,zt,{)\f},{ef}), 0?’_1 _91t>

t—1_ .t t—=1_
(|10~ 1165]7) — 210 05 ?).
(96)
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And combining the Cauchy-Schwarz inequality with Assumption 1, we can obtain,
<Ve,. L {wt'+1}’{yf+1 }7Ut+1vzt+17{)‘t+1}7{ef}) _v9i Lp({:r,g}7{yf},vt7zt,{)\f},{01t»}), 0§+1 —95>
=(Veo, Ly({z; ™} {yi ™ hot 1 2 (N} {0]}) — Ve, Ly ({zi} {yi} 0" 2" {A]}.{6]}), 67"~ 61)
N
SzL@Ts(;(H-’Bt“ zi|* + IIyt+1 Yl [0 =[P+ |2 20 7) + 16T 657,
o7

where a3 > 0 is a constant. Thus, we can get the upper bound of (2a) by combining Eq. (96) with

Eq. (7). that is,
Z<V9 L ({ t+1}v{yf+1}ﬂvt+lvzt+1»{)‘§+1}7{0§})_Vez‘zp({wf'}7{yf}vvt7ztv{)‘f}v{9§})v05+1_0§>

=1

N
< X Gl =@t 4y =yl ) ot —of |22 - 21[2) + %] 10] " -6
iegi A

1_ .t =1t
+E (|07 [P - 1165]]7) — 252 ||6; T —61]?).
(98)

Next we focus on the (2b) in Eq. (93). According to Cauchy-Schwarz inequality we can write (2b)
as,

> (o, Ly} 1y} w2 M 000)) ~ Vi, Ly () u!) o' 2 0. (0071)). )

i=1

= i(wm ({2l {yi} o' 2 (A (60)) — Ve, Ly ({ef} {ylh v' 2" AN 6] DI
+ogrlvg ' 11%),

99)

where a4 > 0 is a constant. Then, we focus on the (2¢) in Eq. . Defining Ly =L+ cg,
according to Assumption 1 and the trigonometric inequality, we have,

||v9zzp({mﬁ}v{yf}vvt7zta{/\§}v{02}) —VQZ.Ep({m§}7{yf},vt7zt7{/\f},{0€_1})||

(100)
< Ly'||6f—6;71|.

Following Eq. (100) and the strong concavity of Zp({:ci},{yi},v,z,{)\l},{01-}) w.r.t 0;, the upper
bound of (2¢) can be obtained, that is,

§:<V9 L ({wt} {yz}vv 2t {)‘t} {et})_VeiZP({wﬁ}v{yf}a’vtvzt»{)‘f}a{efil})a05_0571>

S%(— e IV Ly({xf} (w2 A A00)) = Vo, Ly ({f} {yl o' 2 (A (0TI

Sl o0t ).
(101)
In addition, the following inequality can also be obtained,
N N
4_23177%9<9570§_1701t‘+1*02> < Z: 27]e||0t+1 0t|? — 2779|| t+1H2 2n9||0t 05—1”2).
(102)

Combining Eq "3 < n ,+ ——7, and setting a4 = ng, we have,

p({m§+1}7{y2+1},vt+17 ”17{A§+1},{95+1}) Pz {2 N {6]))

t+1 N
SM@(HW t|[2 + ||lyf =yl ]2) ot =t [P+ |2 —2)?)

2(13
=1

ct7 —c -1 N N —
HG - 2+2n3)2\|9t“ 0;|1°+ ZJI(IIOEHHQ*HG?HQHﬁ;IIfoef P
(103)
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By combining Lemma 1 with Eq. (90) and Eq. (I03), we conclude the proof of Lemma |2}

Lemma 3 Firstly, we denote Sf“, S;H and F**1 gs,

|PY| |P|
St+l 4 At—‘rl )\t 2 i Ci ! )\t-‘rl 2 104
= MZH | Zn 1%, (104)
1 —
4 4 t—1
Séﬂ - t+1 Z |9t+1 otHQ il Cz Z||0t+1||2 (105)
Ne

P = L (i, zt+l,ht+l,{A§“},{ef+l}> St 4 s

I'Pt I’Ptl
1 1 1 1
— 5 Z:”AH =12 - l;l\)\}t+ I 2,,E,E||¢9t+ —6!]]*— "“‘EH@H II>.
(106)
Defining a5 = max{1,1+ L? 67k NL?}, Vt > Ty, we have,
Ft+1_Ft
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5 P L2 ez 8Pt L2 ol
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L+a _L mPHL? | ne|Q'TL? | 8|P*|L? 8NL2 t+1_ )2
e N |2| 2+ | 3+1| 2 77|A(§|fi)22+""(6532)”v I (107)
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Proof of Lemma 3}
Leta; = n%’ as = iﬂ and substitute them into the Lemma Yt > Ty, we have,
1 1\ .t ¢ 1 1 Eort
Ly({e™ )} {y T ot 2 N {0 ) - L ({2} {yl ), of, 25 {A]},{0]})
2 Pf L2+ 1 L2 N
< (B — g el ) 5 el
P2+ 1) 12
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T 2 th L2+ 1 L2
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= i=
it 112 2y 1 bt N gt t12
+2= 2 (NP =N+ ZI(HG,- I[*=1[16:]]%)-
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According to Eq. , in (t + 1)th iteration, it follows that:
(=N =V L@y Lot 2L L0, A - AT ) =0 (109)
Similar to Eq. 1i ,in ¢*2 iteration, we have,
(=N =mVa Ly (e fyl ot 2 T 8T T A ) =0 110)
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Thus, V¢ > T}, by combining Eq. with Eq. (T10), we can obtain that,

L< t+1 >\t+1 )\f>

m \Y11
= (Vo Ly gl ot 2 A0 — VL (et {uhot 2 T 18 ) A = )
= (U Lyl {y T hot 2 0100~ O, Ly (@l {yhot 2 (A L4011, AT = X))

<vx,Ep<{w§},{yf},vaza{Af},{om Va Ly ythot 20 L0, ol

<VAl s (gl bt 2" AN(00) = Vi, Ly({=l) fyl b ot 2" AN T 07 1) A =0 1>
(111)

_|_

Since we have that,

L (O AT A = Sl P R S - AT A1)
it follows from Eq. (IT1)) and Eq. (I12) that,
S A M2 g [ 12— [N = A P
:%t(ﬁluwt“—wt||2+||yt+1 YL2) ot =0t 22— 22+ S A
A (X 2= A 2) — S A - A 2

Civalle

+ BNV Ly ({2l (w0t 2 A L00) = Vi L (e {yi ot 2! AN A6 DI+ gl
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_T |)\t /\t 1H2
(113)

t—1 7 t—1 ’
where bﬁ > (. According to the setting that c(l) < Ly’, we have — LCI,+pL,s£1 < - Cl2L1L’1 =<
1 1

f%. Multiplying both sides of Eq. ( .| by t , we have,

t—1_ .t

eI = M = (S A 2

- t—1_ .t 4b o

,,,Azctw NP = A CEEDINIR + 2 A = NP - I - AR 1)
N

L (St =l + 1y gl 2) e+ o[+ 2 <)

tpt
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+

Setting b} = % in Eq. li and using the definition of S, V¢ > T}, we have,

St+1 Sf
IP°
< E ACE- SN E G- I AR

- 8P L2
.5 i IAE= AP S (3 (™ =2 o [y =yl o =t |22 =21 2.
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(115)
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Similarly, according to Eq. (20), it follows that

T CARAEY
=<Vein({mf+1}7{yf+l},Ut+
= (VoL ({2} {y ot
(VoL
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In addition, since

(116)
n%,< oy 07— 0§>= S0 — 012+ o |ls 12 — ons 116 — 07112, (117
it follows that,
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(118)
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According to the setting 9 <L2,we have Lot T = Ty = >— < —=. Multiplying
Ca
both sides of Eq. (118) by t,we have,
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(119)
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Setting b5 = 2 in Eq. li and utilizing the definition of S3, we have that
Sttt st
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N
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Based on the setting of ¢ and cf, we can obtain that T >

[2).
(120)

lafof t+1_ vt>Tl

Defining a5 = max{1,1 + L?, 67k NL?}. Comblmng the deﬁn1t1on of Fi+! w1th Eq 115) and

_ 1 mne 1
t+1 t
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Eq. (120), V¢ > T}, we can obtain that,

Ft+1_Ft
a PtL2 t+1)71,2 8Pt L2 2 N
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which concludes the proof of Lemma 3.
Proof of Theorem 1:
First, we set that,
at = 4|Pt|('7 —2)L*  4N(y-2)L? + ne (N — |Qt+1|)L2 ) (122)
o m(cf)? ne(c)? 2 ’
. 4(y— Z)L N(v— 2)L as t
where constant +y satisfies that v > 2 and NG 0)2 +4 PCIERE thus we have that ag > 0, V.
According to the setting of 7L, n;, nt,nt and ct, cb, we have,
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5 T 3 + 5 @)? @)E = —ag. (126)
UE ey UL
Combining Eq. (123), (124), (125), (126) with Lemmal[3] V¢ > T}, we can obtain that,
N
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Utilizing the definition of (vét)w and combining it with trigonometric inequality, Cauchy-Schwarz
inequality and Assumption 1 and 2, we can obtain that,

~ = P!
(VG )z, ||* < njzz\lwf‘—w§||2+6L27k1(|\vt“—vt\l2+|\zt“—ztll2+l21 A= AT12).
(128)
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Utilizing the definition of (Vét)yi and combining it with trigonometric inequality and Cauchy-
Schwarz inequality, it follows that,

(VG )y 1”

2 T a2 2 t+1 )2 t+1 )2 Ll t+1 )2 (129)
<qzlly =yl PO L R (|l — ot | [P 4 [z =2 +l21||Al =N

Utilizing the definition of (VG?"), and combining it with trigonometric inequality and Cauchy-
Schwarz inequality, we have that,

(VI P <20 55 ([t — 2] P+l — )+ 2ot — |2 (130)

=1

Using the definition of (Vét)z and combining it with trigonometric inequality and Cauchy-Schwarz
inequality, it follows that,

~ N
II(VG”)zIQS%Q(Z(Ilwt+1 [P+ [y - y§||2)+|vt+1—vtl|2)+nf2Izt“—ztIIQ-
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(131)

Using the definition of (VG?), and combining it with trigonometric inequality and Cauchy-
Schwarz inequality, we can obtain the following inequality,
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Combining the definition of (Vét)gi with Cauchy-Schwarz inequality and Assumption 2, we have,
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In sight of the Definition[B.2)as well as Eq. (128), (129), (130), (I31), (I32) and Eq. (I33), we can

obtain that,

_779

VG2
X ~ 2 ~ 2 ~ 2 ~ 2 ~ 2 7 ~ 2
= ;(II(VG“)MII VG, |PHI(VGE) g, |12 +[(VGE )| [P +(VE)2]| +;|I(VG%II
N N B
< (5 +3NL?) Z |z — @]+ (2 +3NL?) Z lyi* — yil?

(4+3I7’|L2)Elllwt+1 || + (4+3>\7’|L2)Z|\?f+1 yill?

+(522 +(2+ 157k N+3[P'[) L) [0+ =o' | P+ (5 z+(15Tk1N+3|’Pt\)L2)||zt+1 2t

I’P | |PY|
+ z (7 +157k NL2) AT = M2+ Z 3((H)2 = ()M

+ ;WHO“ 0t\|2+Z 3((ch ™12 — (g h)2)l[6!2.
- (134)

30



Published as a conference paper at ICLR 2023

Let constant ag denote the lower bound of a (ag > 0), and we set constants dy, da, d3, d4 that,
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where & is a positive constant. Thus, combining Eq. (134) with Eq. (I33), Eq. (I36), (137), (138),

we can obtain,
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Let di denote a nonnegative sequence, i.e., df = N STy . We
max{dia} d2a6,d3a67d4a5;ﬂ;‘gﬁ;}:@;}ffz 730T}

denote the upper and lower bound of dt as ds and ds, respectively. And we set the constant &
ds(ﬁ+3NL ) d5(;25+3NL?)
satisfies k, > max{d P YN ds(ﬁ-s-?,NL?)}

where 7, and 7}, are the upper bounds of 7},

and ny, respectively. We can obtain the following inequality by combining Eq. li with the
definition of d:
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Combining the definition of df with Eq. (127) and according to the setting |[Af[|? < as, [|0f]]? < ay
and d5 > df > ds,Vt > T, thus, we have,
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Denoting T'(e ) as T(e) = min{t | [|[VGT||2 < £,t > 2}. Summing up Eq. 1} fromt = T, +2
tot =T, + T(e), we have,
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where 03 =max{||\1 —\2||}, 04 = max{||0; — 6|} and{,:min L,({zl} {yi otz {1} {0!}),

which satisfy that, V¢ > T3 + 2,
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Since the idle workers do not update their variables in each master iteration, for any ¢ that satisfies
0:(j —1) <t < 0;(j), we have 6! = 07V "". And for t ¢ Vi(T), we have ||6! — 6! }||2 = 0
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Combining with 9;(j) — ;(j — 1) < 7, we can obtain that,
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It follows from Eq. (142), (T44), (143), (146) that,
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where ¢ and kq are constants. Constant dg is given by,
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Thus, we can obtain that,
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The second inequality in Eq. (153)) is due to that V¢ > T3 + 2, we have,
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(d +kar(T—1))ds < (4(y—2)L*(Mnx+Nne) + M)(& +kd7'(7-_1))d6'

IVGTHT )2 < < 7
(T +T(e)>—(Th +2)

[N

Ty +T(€)

=T 96
(155)

Let constant d7 = 4(y — 2)L%(Mny + Nng), and according to the definition of 7'(¢), we have:
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Combining the definition of VG* and VG! with trigonometric inequality, we then get:
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Table 2: Step-sizes of all variables in the experiments.

Datasets N Ny Ny Nz [N Ne

MNIST 0.001 0.02 0.001 0.02 0.1 0.001
Fashion MNIST 0.001 0.02 0.001 0.02 0.1 0.001
CIFAR-10 0.001 0.02 0.001 0.02 0.1 0.001
Covertype 0.01 0.02 0.01 0.02 0.1 0.01
IJCNN1 0.01 0.005 0.01 0.005 0.1 0.01
Australian 0.001 0.02 0.001 0.02 5 0.001

[Pt N
Ift > (4%% + %)2}2, then we have | 3" ||\ IAL|2 + 3 ||ch10Y))2 < % Combining it
=1 i=1

with Eq. (I56), we can conclude that there exists a

s -
AMas ANag o1 A(dy + 2N (g 4 kgr(r — 1))dg .
7(0)~ O(max{ (08 N, 1 A+ TN T = D (g, 1 gdey),
X Ne € €
(158)

such that ||VG!||? < €, which concludes our proof.
C PROOF OF THEOREMII
Assuming that there are cutting planes added every k iteration, i.e.,

P OPFD... P (159)

Let R* denote the feasible region of problem in Eq. in k' iteration, and let R’ denote the
feasible region of problem in Eq. (I0), we have that,

RDODRFDO...DR"™ DR (160)

Let F({zf*}, {yF*}, v¥*, 2¥*) denote the optimal objective value of the problem in Eq. in k0
iteration and let F™* denote the optimal objective value of the problem in Eq. (I0). According to Eq.

(T60), we have that,

F({z) } {y po 2%) < F({ai Yy bl 25) < < F({af™ ) {yf o™ 2.
(161)

And we can obtain that,
F* F* F*

> > > >p.
Pl Ll o ) - Pl o) - B ) (g oz =
(162)

It is seen from Eq. (162) that the sequence {F({w’.‘"’*} {;;‘}.vk* z,H)} is monotonically non-

increasing. When nk — oo, the optimal objective value of the problem in Eq. monotonically
converges to 5 (8 > 1).
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D DETAILS OF EXPERIMENTS

D.1 ADDITIONAL RESULTS

In this section, additional experiment results on CIFAR-10 (Krizhevsky et al., 2009) and Australian
(Quinlan| [1987) datasets are reported in Figure [T1] and Figure [12] It is seen from Figure [IT] and
Figure[12]that the proposed ADBO also achieves faster convergence rate.

D.2 DETAILS OF EXPERIMENTS

In this section, we provide more details of the experimental setup in this work. In data hyper-cleaning
task, experiments are carried out on MNIST, Fashion MNIST and CIFAR-10 datasets. Following
(J1 et al., [2021)), we utilize the same model in data-hypercleaning task for MNIST, Fashion MNIST
and CIFAR-10 datasets, and SGD optimizer is utilized. And the step-sizes are summarized in Table
2l In MNIST and Fashion MNIST datasets, we set N = 18, S = 9, 7 = 15. And in CIFAR-10
dataset, we set N = 18, S = 9, 7 = 5. We set that the (communication + computation) delays of
each worker obey log-normal distribution LN(3.5, 1).

In regularization coefficient optimization task, experiments are carried out on Covertype, [JCNN1
and Australian datasets. Following (Chen et al. [2022a), we utilize the same logistic regression
model, and SGD optimizer is used. And the step-sizes are summarized in Table 2] In Covertype
dataset, we set N = 18, S = 9, 7 = 15; in IJCNNI1 dataset, we set N = 24, S = 12, 7 = 15;
and in Australian dataset, we set N = 4, .S = 2, 7 = 5. In the experiments that consider straggler
problems, three stragglers are set in the distributed system, and the mean of (communication +
computation) delay of stragglers is four times the delay of normal workers.
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(a) test accuracy vs time (b) test loss vs time

Figure 11: (a) Test accuracy vs time and (b) Test loss vs time on CIFAR-10 dataset on distributed
data hyper-cleaning task.
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Figure 12: (a) Test accuracy vs time and (b) Test loss vs time on Australian dataset on distributed
regularization coefficient optimization task.

Codes are available in https://github.com/ICLR23Submission6251/adbo.
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E PARAMETER SERVER ARCHITECTURE

In this section, we give the illustration of the parameter server architecture, which is shown in Figure
[I3] In parameter server architecture, the communication is centralized around a set of master nodes
(or servers) that constitute the hubs of a star network, and worker nodes (or clients) pull the shared
parameters from and send their updates to the master nodes.

Masters (or Servers)

—_— — — — — Consensus variables:
v, 2
Communication ‘[ { \\
y
!

\

p ~ p ~ y

weiemg (L1 1 (LT [TT7 :
(or Clients) ! e 1
1 / \- / AN }
N 1

i Local variables: Local variables: Local variables: 1

i X0 X2, ) Xy Py 3
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! — - - i
localData | \m—y — -—
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Figure 13: The illustration of parameter server architecture.
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