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Abstract

The discovery of symbolic governing equations is a central goal in science; yet, it remains
challenging particularly for graph dynamical systems, where the network topology further
shapes the system behavior. While artificial intelligence offers powerful tools for model-
ing these dynamics, the field lacks a rigorous comparative benchmark to assess the true
scientific utility of the discovered laws. To address this challenge, this work proposes a
novel evaluation pipeline designed to rigorously assess state-of-the-art symbolic regression
models for graph equation discovery. Moving beyond simple fitting metrics, this frame-
work evaluates discovered laws based on their long-term trajectory stability and, critically,
their out-of-distribution generalization to unseen graph topologies. We benchmark estab-
lished methods, including sparse regression and MLP-based architectures, and introduce
the Graph Kolmogorov-Arnold Network-ODE (GKAN-ODE) model, a novel adaptation of
KANSs explicitly tailored for this domain, augmented by hyperparameter-free multiplicative
nodes and a new Spline-Wise symbolic regression algorithm. Across a suite of synthetic
and real-world graph dynamical systems, we numerically demonstrate through extensive ex-
periments that neural-based approaches, particularly the GKAN-ODE model, recover exact
ground-truth equations and achieve trajectory errors up to two orders of magnitude lower
than the baseline methods on out-of-distribution test graphs.

1 Introduction

The pursuit of scientific knowledge is undergoing a profound transformation, driven by the confluence of vast
datasets and sophisticated computational tools. In this “Fourth Paradigm” of science (Hey et al., [2009),
Artificial Intelligence (AI) promises not only to accelerate discovery but also to fundamentally change its
nature (Wang et al 2023). The vision extends beyond creating models with high predictive accuracy; the
true frontier lies in developing Al that can help us understand the world, unveiling the underlying principles
and causal mechanisms that govern complex phenomena (Camps-Valls et al., [2023)). This ambition, however,
is often hindered by the “black-box” nature of deep learning models, whose internal workings are largely
opaque, creating a barrier between computational power and human understanding (Rudinl [2019)).

This is challenging especially in the study of graph dynamical systems (Barrat et al., [2008). These systems,
where entities interact with each other and evolve according to local interactions on a network, are ubiquitous
in science, from gene regulatory networks and neural circuits, to the spread of epidemics and social dynamics
(Barabasil [2013)). While we can often observe their temporal evolution, the fundamental laws governing
their behavior often remain unknown and are heavily dependent on the specific graph instance. Our central
objective is to move beyond mere simulation by discovering the symbolic governing Ordinary Differential
FEquations (ODEs) that dictate the evolution of node states directly from observational data.

Symbolic Regression (SR) (Makke & Chawla) 2024)) emerges as the natural instrument for this task. While
traditional evolutionary algorithms and modern sparsity-based frameworks have laid crucial groundwork,
the advent of deep learning has opened new possibilities. Neural Networks (NNs), with their ability to
approximate arbitrary nonlinear functions, can learn the underlying dynamics with high fidelity. However,
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this expressivity typically comes at the cost of interpretability, requiring a separate post-hoc SR step to
distill symbolic knowledge from the opaque models (Cranmer, [2023)).

Despite these advances, a critical gap persists in the literature. The landscape of neural-based equation
discovery for graph dynamics is fragmented, with only a handful of dedicated methods (Gao & Yanl [2022; Hu
et al.| [2025)) and with no systematic comparative assessment of their performance under different conditions.

Existing evaluations typically validate the discovered laws on trajectories generated from the same graph
instance used for training, without considering the generalization capabilities of the discovered models _to
graph topologies unseen during training. Furthermore, the post-hoc SR step applied to neural-based models
is_often performed without systematic_hyperparameter validation, so a reported equation may reflect a
fortunate hyperparameter choice rather than a reproducible procedure. Researchers seeking to apply these

powerful tools therefore lack a clear reference for which architecture to choose, how to implement it, and
how to evaluate the scientific plausibility of the discovered equations. FurthermereFinally, the potential
of a novel and interpretable-by-design architecture like Kolmogorov-Arnold Networks (KANs) (Liu et al.l
2025) remains unexplored in this field, despite their demonstrated potential for scientific discovery in other
domains (Liu et al., [2024; Koenig et al., |2024]).

This paper aims to fill this gap. We present a rigorous, comparative study designed to unveil the actual
performance of neural-based models for equation discovery on graph dynamical systems. Our contributions
are fourfold:

1. We provide a rigorous and reproducible evaluation pipeline of state-of-the-art methods, in-
cluding a leading sparse regression algorithm and Multilayer perceptron-based architectures (MLPs),
for assessing equation discovery on graphs. By making our code and experimental setup publicly
available, we establish a firm baseline for future research E

2. We introduce the Graph KAN-ODE (GKAN-ODE), a novel adaptation of Kolmogorov-
Arnold Networks for graph dynamics. We enhance the standard architecture with hyperparameter-
free multiplicative nodes to better capture physical interactions and propose a principled, structure-
aware Spline- Wise symbolic regression algorithm to distill faithful formulas directly from KAN
architectures.

3. We conduct extensive experiments on both synthetic systems with known ground truths and
challenging real-world epidemic data. Our evaluation hinges on a stringent long-term trajectory
rollout metric, which assesses the stability of the discovered laws that go beyond simple one-step
prediction accuracy. Moreover, we demonstrate that the learned symbolic models generalize ef-
fectively to out-of-distribution settings in unseen scenarios, highlighting their robustness and
scientific plausibility. We show that GKAN-ODE recovers exact ground-truth equations, outper-
forming existing baselines by up to two orders of magnitude in trajectory error, while using fewer
parameters.

4. We offer a critical analysis of the expressivity-interpretability trade-off. By compar-
ing black-box and white-box symbolic distillation strategies, we provide practical observations for
researchers, clarifying how model choice impacts the complexity and scientific plausibility of the
discovered laws.

This work, therefore, serves as both a methodological contribution and a comprehensive guide, aimed at
facilitating the discovery of governing laws from observational data on complex networked systems.

1Anonymized code is available at https://anonymous.4open.science/r/Kan-for-Interpretable-Graph-Dynamics-
4499/ README.md
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2 Related Works

2.1 Symbolic Regression for Scientific Discovery

Symbohc regressmn is a methodology for dlscovermg closed-form mathematical expressmns from data

. We denote by Fp the

hypothesis space of all closed-form expressions constructlble via finite com 051t10n of elements in @ and

real-valued constants. While parametric regression restricts the search to parameter estimations 0 € RP for
a fixed functional form g(-;0), SR traverses the combinatorial space F» to identify the functional form

itself. Formally, ¢

J I M ) - e o
enerated by an unknown target function f : x +— vy, an SR algorithm defines a ma

SR:D — fsr € Fo, suchthat fsr(x)=~ f(x), (1)

subject to a structural complexity constraint on fsg.

Historically, this field was dominated by evolutionary methods like Genetic Programming (GP) (Schmidt
[& Lipson, [2009; (Cranmer], [2023|), which, while powerful, often face scalability challenges. A prominent
alternative is the Sparse Identification of Nonlinear Dynamics (SINDy) framework (Brunton et al., 2016]),
which recasts equation discovery as a sparse regression problem over a library of candidate functions. For
network systems, TPSINDy extends this by modeling the system’s dynamics as a two-part sparse regression
problem, finding separate expressions for the self-dynamics and interaction components (Gao & Yan, 2022)).

2.2 Deep Learning for Equation Discovery on Graphs

One of the first attempts to leverage NNs to learn analytical expressions was the development of equation
learner (EQL) networks (Martius & Lampert, 2017), in which non-linear activation functions are replaced
by primitive functions, analogous to SR. Another remarkable work is AI-Feynman (Udrescu et al.| 2020), an
algorithm that combines SR and NN fitting with a suite of physics-inspired techniques that outperformed
previous benchmarks. A pivotal contribution by |Cranmer et al.| (2020) showed that Graph Neural Networks
(GNNs) can effectively learn the dynamics of systems of particles, and their learned latent representations
can then be distilled into symbolic expressions via post-hoc SR. The recent Learning Law of Changes (LLC)
framework advances this approach for graph dynamical systems. It employs separate
MLPs to model the self-dynamics and interaction terms (with an explicit multiplicative bias) and then
parses them into symbolic form using a pre-trained-transformerpost-hoc SR step. Their results demonstrate
significant performance gains over prlor SR techmques for network dynamics, estabhshlng a key state of-
the-art contrlbutlon :

prboliefor itating 8 8 —step— Fleuwlll
Wmmmw
of expressivity and interpretability, mirroring the style proposed by [Koenig et al| (2024). Graph neural-ODE
models (Poli et all [2019) sit at one extreme of this diagram. They are highly expressive as they represent
the learining task (not per se a graph dynamical system) in a high-dimensional latent space which is evolved
over_time following the Neural-ODE approach. However, these internal representations are opaque and
vield no symbolic insight. At the opposite end lies TPSINDy (Gao & Yan, 2022). which is interpretable
by construction but constrained to the functional forms in its predefined library of symbolic terms. The
neural-based approaches attempt to balance these two extremes by training a flexible neural model and then
performing an SR step over its input-output behavior to distill a mathematical expression of the learned

function. The proposed GKAN-ODE moves further along the interpretability axis compared to LLC, since
the KAN architecture exposes each univariate activation function individually (more details in Section [2.3)),

allowing direct inspection of the model’s internal components and enabling the structure-aware symbolic
regression, which is not meaningful with MLP-based architectures.
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Figure 1: Qualitative diagram comparing existing methods for learning on graph dynamical systems.

2.3 Kolmogorov-Arnold Networks: A Path Towards Interpretability

Kolmogorov-Arnold Networks (KANs), proposed by , are a specific type of neural network
that has been recently proposed as a valid alternative to Multi-Layer Perceptrons (MLPs). Whereas MLPs
are inspired by the universal approximation theorem, KANs are inspired by the Kolmogorov-Arnold repre-
sentation theorem (Kolmogorov} [1961} [Braun & Griebell, 2009), which states that, given a smooth function
f:[0,1]% = R, it can be written as:

2d+1

d
f(x) = f(z1,22,....,2q) = Z o, (Z ¢q,p(xp)> ) (2)
q=1 p=1

where ¢4, : [0,1] = R, &, : R — R. In other words, f can be reduced to a suitably defined composition of
univariate functions, where the composition only involves simple addition. The underlying idea of KANs is to
substitute the weights and fixed activation functions of MLPs with learnable univariate activation functions
on edges and sum aggregation on nodes.

The general definition of a KAN layer ®; with d;,-dimensional input and d,,;-dimensional output consists
of a matrix of univariate functions:

dr11(7) Ori2() o Guid, (4)
¢1,2,1(+) dr22() 0 P24, ()

®, = (3)

¢>l,do;t,1(') ¢z,dm;t,2(') ¢l7dom.7dm(')

where ¢ j; represents the learnable activation function applied to the i‘"-feature of the input of the j'"-
neuron at layer I. After computing all the d;, - doy; activation values, the output of the I*? layer x; € Rout
is obtained by summing along the first dimension of the matrix described in Equation [3} Stacking multiple
KAN layers results in an architecture with a shape represented by an integer array [do,d,...,dr], where
d; represents the number of neurons in the I""-layer and doy=-{xldy = dim(x), i.e., the dimensionality of x.
Each univariate function in Equationrél is defined as a B-spline with residual activation and trainable control
points that can be learned through backpropagation and gradient descent. Other possible parametrizations
for KANs’ activations include radial basis functions (Chao et all [2026; [Li, [2024), Chebyshev_polynomials

). or wavelet functions (Seydi et all, 12024]).

This design shifts the complexity from matrix multiplications and nonlinear activations to a set of uni-
variate functions that can be individually visualized, analyzed, and symbolically regressed to provide a
human-readable mathematical formulation of the function learned by the model. Further technical details
can be found in the original paper or in Appendix The potential of KANs for scientific discovery

has been demonstrated in learning PDE solutions (Liu et all [2024) and discovering physical laws in dy-
namical systems without an explicit interaction structure (Koenig et al., 2024). KANs are particularl
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well-suited for this domain for mainly two reasons: (i) Physical governing equations are generally composed

of smooth, structured nonlinear terms, such as trigonometric functions in oscillator models, exponentials in
reaction kinetics, or power laws in population dynamics. A network whose elementary building blocks are
themselves smooth, learnable nonlinear functions is therefore naturally aligned with this class of targets. (ii
Onge training is complete, each univariate activation can be inspected and matched to a symbolic function,

roviding a transparent, node-by-node view of the model’s learned dynamics. However, to our knowledge,
KANSs have not yet been applied to discover the governing equations of graph dynamical systems, where net-

work topology drives the evolution of node states over time. Their use has been limited to other graph-based
tasks (Bresson et al.l [2025]), not to the specific challenge of discovering underlying temporal dynamics.

3 Methods

This section details our proposed evaluation pipeline for equation discovery. We first establish the formal
context for our work by defining graph dynamical systems. Next, we describe the general neural training
pipeline, then introduce our Graph KAN-ODE (GKAN-ODE) architecture, and finally outline the symbolic
regression procedures and evaluation protocol.

3.1 Mathematical Formulation and Notation

The systems under investigation are graph dynamical systems or dynamical processes on complex networks.
Such a system is defined by a graph G = (V,€), where V is a set of N nodes (or components) and £ is a
set of edges representing their interactions. The state of each node ¢ € V at time ¢t € {0,...,T} is described
by a vector x;(t) € R? while the whole system state is defined as X(t) € RV*4, The graph topological
structure can be represented by the adjacency matrix A € RN*N  where each entry denotes the connection
strength between nodes i and j, and A;; =0 <= e;; ¢ £. As in related works, we focus on graphs with
static topology, where ¥+A{#H—==AY t. A(t) = A, and in a time-invariant context in which the temporal
dynamics of a node x;(t) is described by an autonomous ODE:

dXz'
dt

= f (% {x5}jene) =% Y, (4)

where N (i) denotes the neighborhood of node i. For clarity, we will omit the explicit time dependence
of x;(t) hereafter, unless when denoting data points. Following the principle of universality in network
dynamics (Barzel & Barabasi), [2013]) for pairwise interactions, the governing function f can be decomposed
into two fundamental components: an intrinsic self-dynamics function H : R — R? and an interaction
function G : R? x R? — R? that aggregates effects from neighboring nodes. The dynamics of any node i can

thus be expressed as:
N

Xi = H(Xi) +ZA” G(XZ‘,XJ‘). (5)
j=1
The primary objective of this work is to discover the symbolic forms of both H and G from discrete-time
observations {X(t)}7_,. Models and estimated quantities are denoted with a hat, e.g., H,%;.

3.2 Learning Dynamics on Graphs with Neural Models

Our primary data consist of time series of graph states {X(t)}tTZO, representing discrete measurements of an
underlying continuous process. As a prerequisite for learning, we require an estimate of the instantaneous
rate of change, the time derivative X (¢). We compute a numerical value of the time derivative for each node
x; using the five-point stencil method (Gao & Yanl 2022)), a choice that balances accuracy with robustness
to noise in the observational data. The five-point stencil is applied to interior time steps t € {2,...,T — 2},
while derivative estimates at the boundary steps t € {0,1,7 — 1,T'} are obtained via first and second-order
forward and backward finite differences, respectively. This yields a corresponding sequence of derivative
evaluations {X(¢)}7_,. We then train a neural network to learn the mapping from the system’s state X(t)
to its derivative X(t) Specifically, following the decoupled formulation in Equation [5] we parameterize the
self-dynamics H and interaction dynamics G with two distinct neural networks, H and G, defined by sets
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of learnable parameters 6, and 04, respectively. The models are trained via gradient descent to minimize
the Mean Absolute Error (MAE) loss function between the numerically estimated derivatives X(t) and the

model’s predictions X( ) over the entire training set:

T
Loran0.06) = gy S0 3 6(0) — (0. ()

t=0

—

i=

The quantities N and T are dataset-dependent, and are reported per experiment in Appendix [B.1]

3.3 Graph Kolmogorov-Arnold Networks for ODE Discovery

We propose and assess a novel approach, the GKAN-ODE spline-based-model, where functions H and G
are parameterized by distinct KANS W&WMM@&%&WMM
formulation proposed by [Liu et al. (2025 9). For convenience, throughout this work we use the term splines to
denote the generic KAN actlvatlon fllnCthIlb In line with the principle that physical laws are often sparse
m 2016), we include the KAN-specific L' sparsity penalty LLiu et al| (2025) (details can be
found in Appendix A ) to encourage both H and G networks to prune inactive splines.

To better capture the multiplicative relationships common in physical dynamics, we further enhance the
standard KAN architecture. In fact, previous work has introduced dedicated multiplication layers between
KAN layers 2024)), which however lead to the addition of structural hyperparameters, which
require prior knowledge or extensive tuning. To circumvent this, we propose a more integrated extension
where multiplication occurs within each KAN layer. Specifically, for a KAN layer with d,,; output neurons,
we designate half [d,,:/2] as standard additive nodes and the remaining |dy:/2] as multiplicative nodes,
where the input univariate splines are multiplied rather than summed. An example of a KAN architecture
with the proposed multiplicative enhancement is shown in Figure Bl2al  This design allows the model
itself, guided by data and sparsity, to learn the appropriate functional form (additive, multiplicative, or a
combination) without additional hyperparameters. The reason for the introduction of multiplicative nodes
lies in the fact that, by default, a KAN is an additive model (Figure [2c), ing that each neuron is
defined as a sum of univariate functions. In this case, learning a multiplicative interaction x;xo requires the

network to exploit indirect representations. For example, a [2 17 1] KAN can learn xjx5 via a logarithmic

%mmommmﬂmmmmm
activation then needs to learn a simple linear function, making the learning task substantially simpler. Our
empirical findings +detailed-in-Appendi[C3-confirm that sparse training effectively prunes multiplicative
nodes when the dynamics are purely additive and retains them when they are essential-leadingto-improved
performanee—._In Appendix [C3] we further discuss the benefits of multiplicative nodes over the original
architecture, especially in the context of symbolic distillation.

3.4 Symbolic Regression Procedures

Once a neural model is trained, we extract symbolic formulas using two distinct strategies: a model-agnostic,
black-box approach and a structure-aware, white-box approach exclusive to KANs.

3.4.1 Black-Box Symbolic Regression

A black-box SR method takes data and a model as input and produces symbolic expressions
approximating the model predictions. Notably, this procedure treats the models as opaque functions, making
it applicable to any machine learning method. In our case, given the trained neural networks H and G, we
first generate input-output pairs by performing a forward pass over the training data: {x;(t), H (x;(¢))} and
{(x4(t),x;(t)), G(xi(t),x;(t))} for all interacting pairs. We then fit a separate SR model to each set to obtain
symbolic expressions H sr and és R:

N

SR({x, H(x)}) = Hsr, SR({(x:,%;),G(xi,%;)}) = Gsr. (7)
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Figure 2: (a) Representation of a [2, 4, 1] KAN architecture with the proposed multiplication enhancement
red) for a two-dimensional input (d =2). (b) Pruned [2, 1, 1] KAN learning the multiplicative term z;z
through the proposed multiplicative node. (c¢) Default KAN additive architecture for a two-dimensional
input. (d) Pruned [2, 1, 1] KAN learning zj25 through logarithmic composition. ¢ are the univariate spline
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The final symbolic model of the full ODE, fsgr = X;, is constructed by composing these two discovered
expressions according to the governing structure of Equation

3.4.2 Spline-Wise Symbolic Regression for KANs

The architecture of KANs enables a more granular and transparent approach: instead of regressing on the
network’s aggregate output, we can distill expressions from its elementary components, i.e., the univariate
spline activations ¢. To fully leverage the transparent structure of KANs, we propose a novel Spline- Wise
(SW) symbolic regression algorithm for KAN-based models that systematically converts a trained KAN into

a fully symbolic equation. In simple terms, the goal of the SW symbolic regression algorithm is to replace each

trained spline activation with a symbolic expression and compose them according to the KAN architecture
into a mathematical formula. While drawing inspiration from previous work (Liu et al.,|2025)), our procedure

incorporates a principled trade-off between expression complexity and accuracy. The procedure is as follows:

1. Affine Function Flttmg Given a tralned KAN, let & b&(jg;lgﬁg/:che set of all its spline ac-

tivations afte Saeh—S > remaining
after pruning, and let (9 = 'R %R , be a fixed hbrar of candidate univari-

ate symbohc funetions runltlves e.g., sin, exp, square, identity). For each c—arﬂd&d&%e—ftme‘ﬂeﬂ
ot 0)*
2 D ‘

x4 = (2. .. 790(N"’) € RN% be the vector of pre-activations of ¢ collected by performing a forward
pass over training data, i.e., the outputsof the KAN neuron in the previous layer asseeiated—with

spline-that feeds into ¢——, and let ¢(xq) = 2 s 2N*))) be the corresponding spline
outputs. For each candidate € O, define the affine-transformed candidate

[@0) =afbargrd  0=@hed ek, ®)

and compute the optimal affine parameters 6% . by non-linear least squares:

05, = argeneliRI}L]\z)i (d)(x((;)) f(x((;)7 9))2. (9)
s=1
MSE(f, 6)

2. Complexity-Penalized Function Selection. For each spline, we must now select the best sym-
bolic representation from the fitted candidates with affine transformation. We search for thefunetion
fota:t5)afunction that minimizes a penalized error, balancing approximation accuracy with struc-
tural complexity. Spec1ﬁcally, let F be a range of regularlzatlon hyperparameters. For each ¢ € S
and vy €I, 3 s—define:

f;ﬁ = arg%i(rol [MSE¢(f, 9}7¢) + - Complexity(f7 9;2745)}, (10)

Where

RS )
-sComplexit 9 cN eounts the number of o erators

in the s mbohc expression computed using the count_ops method from sympy lib w
The notation denotes the candldate expression selected at regularization level v for spline

its agssociated affine parameters are 6% ._For convenience, in what follows we use to refer

(5
directly to the corresponding affine-transformed function

repetition of 6%. for clarity.
Y

thereby avoiding the explicit
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3. Pareto-Optimal Formula Selection. The previous step yields a set of |T'| candidate symbolic
functions for each spline, representing a Pareto front of accuracy versus complexity:

Py = {(en b)), cx = Complexity(f5.,), € = log [MSqu(()fM( >)} (1)

sorted by increasing complexity ci. The Pareto-optimal function f; is selected as the expression
with the highest performance-complexity score, defined as the negative (discrete) gradient of the

log-MSE with respect to complexity 2023)):

fo="Tbnr K =arg ma U — i (12)

kefl,.. |F\} —— k=2,...,|T].

This corresponds to selecting the expression that achieves the largest reduction in log-MSE relative
to the increase in complexity.

4. Symbolic Model Reconstruction. Finally, we replace each spline ¢ in the trained KANs H and
G with its selected symbolic counterpart f7. By composing these elementary functions according to
the KANs’ architectures, we reconstruct the complete symbolic formula fsw-fsw € Fo, following
the structure of Equation

The pseudo-code of the above algorithm can be found in Appendix @—w}n%e—mﬁ%apeﬂdﬁe@%!eﬁew

that motivtes using KANSs in the first place. On the contrar _our rocedure favors ex ressions that retain
the structural insight of the trained network while remaining compact.

3.5 Evaluation Pipeline

The ultimate test of a discovered dynamical law is its ability to forecast the system’s evolution. Our pri-
mary performance measure is, therefore, the MAE between ground-truth trajectories and the predictions
obtained by numerically integrating the learned symbolic dynamics. Formally, given a sequence of observa-
tions {X(¢)}1 ), let Hgp and Ggg be the extracted symbolic formulas. Since they describe the structure of
an ODE, we can integrate them over any time interval [to,t,,] C [0, T]:

tm N
iltn) = xi(to) + [ [Hsn(xilt )+ 345 (%:(6), %,(0)] . (13)

to

Our assessment begins with a given set of initial conditions X(¢p) from a test trajectory, which are then
used to integrate the symbolic model via Equation [I3] for all subsequent time steps, resulting in a predicted
trajectory {X(t )}t:to +1- We then compute the trajectory mean absolute error, MAE;,,j, between the ground-
truth observations and predictions:

Zf‘vzl Zz2t0+1|xi(t) —%;(?)]
Nty —tg—1) '

MAE ) = (14)

This integration is autoregressive, meaning that prediction errors at one step are propagated into the next.
Consequently, even minor inaccuracies in the discovered equations can compound over time, making the
MAEq;,; a stringent and comprehensive test of a model’s long-term accuracy and stability.

A crucial component of our methodology is the rigorous selection of the final symbolic model. Recognizing
that models may overfit to a specific network instance, and that both the GP-based and the SW fitting
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procedures are sensitive to hyperparameters, we design a robust evaluation pipeline to validate SR hyperpa-
rameters and test models performance in an Out-Of-Distribution (OOD) setting. These aspects are largely
overlooked in previous works, which typically apply SR without systematic hyperparameter validation and
evaluate symbolic expressions on trajectories derived from the same graph dynamical system used during
training. The proposed pipeline consists of generating an additional validation set by simulating the same dy-
namics on a new graph with a different topology and initial conditions. For each candidate symbolic formula
produced by the SR algorithms, we compute the trajectory rollout error (Equation on this wvalidation
set. The symbolic form achieving the lowest MAEy,,; is selected as the definitive expression representing
the underlying ODE. Then, we assess the generalization of trained models and extracted equations in a
final OOD test set that includes three unique simulations, each with distinct graph topology and random
initial conditions. We report the MAE,,; averaged over these three test trajectories for both models and
formulas, indicating their generalization beyond the training domain. To provide a clear visual guide to our
evaluation pipeline, Figure [3]illustrates the overall process for training, symbolic distillation, and evaluation
of all models.

repeat ) @ @ for different HP configurations

° Symbolic Regression
X; ~ )‘Ci H(xi;0,) G(xi,xj:04)
l Best-validated
s 1 1
NN = Hixi0) + 3 Ay Glxiyx5:05) Hsnlxi) Csalxirx;)
=1 l
. N
0 Neural Network Training ° For(x) = Hsr(x:) + ZA” Gsn(xix;) NO
=
valldatlo Datasets Completed?
Training Graph 0OD SR Validation and OOD Testing Graph
Dynamical System Dynamical Systems

t+ At
t+ At
t+ At

00D SR Validation Dataset @ Return best fsr

7 N
BV &
... ... W

0 : [
j’k 2 / o~ o Final Averaged Test Error
& -l/ /

dx; .
- (i {xi}en) = %

Figure 3: Overview of the experimental pipeline. Starting from a graph dynamical system, we (1) train
a neural model on one graph instance, (2) distill symbolic equations via black-box GP or white-box SW
regression, (3—4) validate candidates on the SR validation set, and (5-7) evaluate the best formula on OOD
test graphs using the long-term MAEy,,; metric.

4 Experimental Design

This section outlines the assessed models and the employed datasets. The Appendices and source code
offer further information on dataset generation, model implementation, optimization, SR algorithms, and
hyperparameters, ensuring scientific reproducibility and fairness.

10
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4.1 Models under Assessment

We rigorously and fairly assess a set of distinct state-of-the-art methodologies for inferring the govern-
ing equations of dynamical systems on graphs. In addition to the proposed GKAN-ODE model, we test
three other approaches: the GMLP-ODE model, the neural architecture of LLC (Hu et al., [2025), and the
TPSINDy algorithm (Gao & Yan| [2022). The GMLP-ODE serves as the direct MLP-based counterpart of
GKAN-ODE, where the two KANs are replaced by MLPs, allowing for a controlled comparison between the
two architectures. LLC is included as a state-of-the-art neural baseline, notable for its MLP-based archi-
tecture that explicitly introduces multiplication in the network’s structure for G in a manner conceptually
similar to GKAN-ODE. Unlike these neural approaches, TPSINDy directly learns sparse symbolic expres-
sions for H and G from data and represents the leading non-neural approach. For the neural architectures,
we utilize SR procedures to extract interpretable equations: as a black-box SR, the GP-based tool PySR
(Cranmer, 2023) is employed, and the resulting symbolic models are labeled with the suffix “+GP”; similarly,
the SW fitting applied to our proposed model is referred to as GKAN-ODE+SW. Finally, the complexity of

the retrieved formulas is computed using the count ops method from the sympy library, which counts the
number of mathematical operations in a given mathematical expression.

4.2 Inference on Synthetic Dynamical Systems

We first evaluate the models’ capacity to recover the precise symbolic form of known dynamics. To this end,
we utilize four canonical network dynamical systems, chosen to represent a diverse range of nonlinearities
common in scientific models (Barzon et al.l[2024)): Kuramoto oscillators (KUR), epidemic spreading (EPID),
biochemical (BIO), and population (POP) dynamics. We generate these synthetic datasets by integrating
the models on a fixed Barabasi—Albert (Barabasi & Albert, [1999) network, chosen for its scale-free topology,
which is representative of many real-world systems. To evaluate robustness against measurement uncertainty,
we also create noisy variants of these systems by adding white noise to node states at each time step under
different signal-to-noise ratio (SNR) levels. For all experiments with this setting, models are trained on the
first 80% of the temporal observations, with the remaining 20% reserved for validation and hyperparameter
tuning. The ground truth equations of the considered dynamics are reported in Table [} while additional
details on dataset creation are provided in Appendix The evaluation of the trained neural models and
their respective distilled formulas is performed according to the evaluation pipeline described in Section

4.3 Inference on Real-World Empirical Data

To assess performance on a task with unknown ground truth, we utilize the empirical dataset of epidemic
dynamics from |Gao & Yan| (2022), which captures the early pre-intervention spread of the HIN1, SARS,
and COVID-19 outbreaks across the global airline network. We train the neural models on the COVID-19
dataset and extract symbolic representations. As a true OOD validation set is unavailable, we select the
symbolic expression that yields the lowest MAE,,; on the validation data extracted from the training set.
This procedure discovers a single homogeneous equation describing the global average dynamics. To account
for country-specific variations, we then fine-tune the coefficients of this discovered symbolic structure for
each node, following the ideas proposed in previous works (Gao & Yan, [2022; Hu et al., [2025)), and detailed
in Appendix Since our evaluation focuses on the generalizability of the discovered laws, we investigate
whether the symbolic structures learned from COVID-19, with only coefficient fine-tuning, can effectively
model HINT and SARS outbreaks. For the final model assessment, we primarily evaluate predictive perfor-
mance using the long-term trajectory rollout metric, MAEy,,;. In addition, for comparison with previous
studies (Gao & Yan, 2022)), we report the short-term, single-step prediction metric, MAEq,;. This metric
relies on predicted trajectories computed using an Euler integration scheme that performs one-step-ahead
forecasts using ground truth data at each step, rather than the previously predicted state. As a result,
it reflects short-term fitting accuracy, but does not constitute a proper evaluation of long-term trajectory
prediction error, since it avoids the error accumulation over time.
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5 Results and Discussion

5.1 Comparative Performance on Synthetic Systems

Our first key finding, illustrated in Figure [4] (left), is the superior performance of neural-based architectures
over the sparse regression baseline, TPSINDy. The neural models, both before and after symbolic distillation,
consistently yield more accurate and stable long-term trajectory rollouts, as measured by the MAE,,;.
TPSINDy correctly identifies the KUR, dynamics, arguably due to its expressiveness in periodic functions;
however, it fails in the other cases. Notably, on EPID and POP dynamics, TPSINDy suffers from catastrophic
error accumulation, leading to a high MAE;,;. This limitation likely stems from its reliance on a pre-defined
library of candidate functions: while it may perform well in certain cases, it also prevents it from discovering
composite or nested functional forms not explicitly inserted in the initial libraries. Conversely, neural-based
approaches are universal approximators without this restriction, and the symbolic distillation through SR
can easily compose complex nested equations starting from a restricted library of univariate functions and
simple binary operators. Furthermore, the poor performance of TPSINDy on BIO dynamics shows that
having all the necessary terms in the initial functional libraries is not a guarantee for the model to learn the
correct expression. Indeed, although the BIO dynamics can in principle be expressed as a linear combination
of non-linear terms already present in TPSINDy libraries, the model fails in identifying the structure of the
ground-truth dynamics (as shown in Table [2)).

Among the neural approaches, the models derived from GKAN-ODE architecture achieve the lowest trajec-
tory errors across all four systems, with the black-box symbolic model (GKAN-ODE+GP) performing best.
The LLC architecture also performs well, particularly compared to its GMLP-ODE counterpart. Beyond
raw performance, GKAN-ODE models are also more parameter-efficient than the other neural-based mod-
els: Figure [4] (right) provides a clear visualization of the trade-off between performance (MAEy,,;) and the
number of parameters of each model.

As a further validation, the topology-agnostic MLP-ODE baseline (Appendix suffers catastrophic error
accumulation on three of four systems, confirming that network structure is essential for accurate equation
discovery. Moreover, Appendix |C_T7| presents an ablation study on derivative estimation methods, while
Appendix [C.2] provides additional trajectory metrics, confirming the stability of the observed performance

trends.
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Figure 4: Performance comparison on synthetic dynamics. (Left) Comparison of test MAE.,; for both
models and the inferred equations. (Right) Test MAE,; and number of parameters of the trained neural-
based models and TPSINDy (whose parameters are defined by its symbolic function library). Values are
averaged on three test graphs and the standard deviation is reported as error bars.
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5.2 Symbolic Discovery and Interpretability

As shown in Table [2] the black-box GP procedure for extracting equations from neural models recovers the
exact symbolic form of the governing equations (Table for all four synthetic systems, up to algebraic
transformations. Additionally, the fitted coefficients closely match the ground truth (within 0.1% relative
error), supporting the effectiveness of the pipeline from neural training to symbolic distillation. Although
the formulas extracted from the neural models are similar to each other, the GKAN-ODE+GP expressions
yield coefficients closer to the ground truth, leading to a lower accumulated error over time compared to
equations with coefficients that deviate more from the ground truth. This behavior is further inspected in
Appendix where we present the temporal evolution of MAE,,; for the neural models.

The structure-aware GKAN-ODE+SW approach offers a more direct window into the model’s inner work-
ings. Detailed in Table [3] this method also successfully identifies the correct underlying dynamics. For the
BIO system, it retrieves slightly different coefficients, while for the KUR system, it discovers a phase-shifted
sine function that is mathematically equivalent to the ground truth. For EPID and POP dynamics, the
SW method yields expressions with additional small-coefficient terms or minor parameter deviations (e.g.,
<1%< 2%). While numerically small, these deviations can accumulate during autoregressive integration,
leading to a higher MAE,,;. While the GP approach imposes a stronger global simplicity prior to finding
the most compact formula, the SW approach provides a more granular representation of what the indi-
vidual splines have learned from the data, including nuances that are propagated in the construction of
the final formula starting from 1nd1v1dual sphne fittings. However, as shewrk(iw%n Appendix @
our proposed SW algorithm ae ' ‘ : ¢ retrieves

more com act symbolic formulas than the ones obtdlned by the orlglnal KAN symbohc regressmn method

comparable performance.

Table 1: Ground-truth governing equations for the four synthetic dynamical systems.

Dataset Ground-Truth Equation
KUR 2—|— 320 A” sin(z; — x;)

EPID ,,xl + 3 Z Aij(1 —z)z;
BIO 1- 7xz -3 Z Amo:lzj
POP —33i+ Y, Ai

5.3 Observational Noise Scenario

In the data-generating process, independent Gaussian noise is added to the node states at each time step
under three different signal-to-noise ratio (SNR) levels expressed in decibels (dB): 70 dB, 50 dB, and 20
dB. The performance of the extracted symbolic expressions in this setting is depicted in Figure [5} The
methods are robust to noise up to 50 dB of SNR, particularly neural models, even though the quality of the
expressions degrades with increasing levels of noise. This degradation is further exacerbated by the fact that
we estimate numerical derivatives, which are highly sensitive to noise and can amplify small fluctuations
in the data. To mitigate this effect, we also evaluate the use of a denoising algorithm prior to derivative
estimation, with the corresponding results reported in Appendix [C.6]

5.4 Discovery in Real-World Epidemic Dynamics

Under this scenario, the symbolic global structures of the learned equations are reported in Table [4] The
models yield diverse functional forms, with TPSINDy favoring a logistic-like interaction, while neural archi-
tectures learn more complex nonlinearities. This scenario further highlights the critical trade-off between
model expressivity and interpretability. Notably, the GKAN-ODE+GP model distills a particularly sim-
ple and plausible law, suggesting a linear self-term with an exponential growth interaction from neighbors.
In contrast, the GKAN-ODE+4SW method produces a significantly more complex expression by directly
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Table 2: Learned symbolic expressions and their complexities across models and synthetic datasets.

Model Dataset Learned Expression Complexity

KUR 1.9992 + Zj A;;(—0.5005 - sin(z; — x;)) 5

GKAN-ODE + GP EPID —0.4997 - x; + Zj A;j(x; - (0.5001 — 0.5002 - z;)) 6
BIO —0.5006 - x; + 1.0002 + Zj A;;(—0.4998 - x;x;) 6

POP  —0.4999 - z; + >, A;;(0.2000 - 23) 5

KUR ~ 2.0009+ Y, A; ;(—0.4971 - sin(z; — x;)) 5

GMLP-ODE + GP EPID —0.4990 - z; + Zj A, ;(0.4976 - z; - (1.0000 — z;)) 6
BIO —0.4970 - 2; 4+ 0.9987 + Zj A; j(—0.4989 - z;z;) 6

POP —0.4998 - z; + Zj A, ;(0.1973 - x?) 5

KUR 1.9995 + 37 ,(—0.4986 - sin(z; — x;)) 5

LLC + GP EPID —0.5012 - z; + Zj A; j(z;-(0.5005 — 0.5003 - z;)) 6
BIO —0.4971 - 2; + 0.9977 + Zj A; j(—0.4992 - z;z;) 6

POP  —0.4973 - z; + >, A; ;(0.1962 - 23) 5

KUR 2.0000 + Zj Aiyj (04994 . sin(mj - Z‘Z)) 5

TPSINDy EPID —0.5679 + Zj A; ;(0.2084 - exp(x; — x;)) 4
POP —0.0162 + Zj A; ;(0.0400 - z; + 0.0031 - sin(z;)) 5

Table 3: Best-validated Spline-wise symbolic formulas fsy and their structural complexity for the GKAN-
ODE+SW model on the four synthetic dynamical systems.

Dataset GKAN-ODE+SW Discovered Symbolic Expressions Complexity
KUR 1.9991 + Zj A;;(—0.5005 - sin(—0.9992 - z; + 0.9995 - z; + 3.1373)) 8
EPID —0.4988 - x; + Zj A;;(—0.4961 - z;z; + 0.4970 - z; — 0.0022 - z; + 0.0018) 10
BIO —0.5000 - x; + 1.0001 4+ Zj A;;(—0.4899 - x;x;) 6

—0.2862x; — 0.1744 tanh(1.4270x; — 0.0779) — 0.0122

+ 32, Aiy (0.147422 + 0.006622 + 0.0204,) 16

POP

translating the KAN’s internal splines. This presents a choice for domain experts: pursuing the simplest
explanatory model (via GP) or analyzing a more complex representation of the neural-learned dynamics (via
SW). Despite the SW expression being very complex, it achieves comparable performance to its GP coun-
terpart, indicating that the SW algorithm is correctly distilling a richer, albeit less interpretable, equation.

Table 4: Symbolic expressions extracted from COVID-19 data as global dynamics, before country-specific
fine-tuning. The LLC equation is re-derived from scratch, as the original work does not report all necessary
coeflicients needed for reproduction.

Model Discovered Symbolic Expression Complexity
TPSINDy a-mi+b-Y0 A1/ (14 e (#mm0) 7
LLC+GP a-tanh(z; +0) +c- 32, Aij((z; — ;) - e7%) 7
GMLP-ODE4-GP  a-In(z; +b) + 3 ; Ajj In(tan(z; 4 ¢)* + d) 9
GKAN—ODE+GP ar; + b+ Zj Aij (C . EIj) 5

a-tanh(b- tanh(cz; + d) + €) — f - tanh(ga? + ha? —iz; — j) + k

+3°; Aij (1 - tanh(ma; — n) — o - tanh(pz; — ) —7) 30

GKAN-ODE+SW

14
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Figure 5: Performance of the extracted symbolic expression across various levels of SNR for each synthetic
dataset. Missing values of TPSINDy are due to numerical divergences.

Key evaluation rests on the models’ stability over time and their generalization to unseen data. Figure [f]
contrasts the performance of the discovered equations over the three epidemic dynamics after tuning the
coeflicients, assessing the expressions’ adaptability to varying epidemiological scenarios. While TPSINDy
is competitive in single-step forecasting (MAE.,), it leads to catastrophic error accumulation in long-term
trajectory rollouts (MAEy,;). Conversely, all neural-derived laws exhibit both strong long-term stability
and short-term predictive accuracy. In Figures [7] and [8] we show the performance of the learned symbolic
expressions on COVID-19 data for a subset of 4 countries. Figure [7] presents the predicted trajectories
obtained through autoregressive integration, while Figure[§|illustrates the results from short-term integration.
As suggested by the performance comparison depicted in Figure [6] neural-based models are able to capture
the epidemiological spreading in both scenarios, while TPSINDy struggles in long-term predictions.

6 Conclusion

This paper rigorously assesses the most prominent AT methods of equation discovery for graph dynamical
systems to reveal their true performance. Given the limited number of existing methods for symbolic equation
discovery on graphs, the evaluation pipeline and open-source codebase introduced here are designed to serve
as a foundation for future research in this area, enabling fair comparison of new architectures and symbolic
distillation strategies as they emerge. Our findings establish that neural-based approaches consistently
outperform the sparse regression baseline, and that GKAN-ODE models demonstrate a superior balance of
predictive accuracy, parameter efficiency, and an architecture inherently amenable to interpretation.

A key contribution of this work lies in the distillation of symbolic knowledge from these models. We have
shown how a model-agnostic SR method can effectively recover the ground-truth equations. In parallel,
our novel Spline-Wise fitting algorithm provides a transparent and truthful, albeit more granular, symbolic
representation of KANSs’ internal logic. Moreover, the SW algorithm paired with the proposed KAN archi-
tecture incorporating multiplicative nodes achieves a superior complexity—performance trade-off compared
to the original KAN SW fitting approach.

By establishing a reproducible pipeline and advocating for evaluation based on long-term, out-of-distribution
generalization, this work aims to serve as a practical reference and open-source contribution for the inter-

15



Under review as submission to TMLR

x103 A” data MAEtraj x10% Test MAE[»,—aj
1.00
¥ ®
w1, W
§ 1.00 §
0.10 I
0-10 ° N ° ) ° N ° °
G ) e G oY N ) AGP 4G WOy
EX oer DEF O WCFCT (oo oF OE¥ e WO <o
o O o O e \ o O o 0% o0
x102 All data MAE., x102 Test MAE.
3
8 I
32 I 3 6
w W
s Sy
1
2
0 0
e oW GP 4 G° WOy P o GP 4 G° WOy
oY oeY OEY T WCY <o oEX OEr o0er® Cx P
o (O o O X \ o (O o @O o0 W

Figure 6: Performance comparison of the symbolic formulas of Table El averaged on the COVID, HIN1,
SARS datasets. Both MAEy,,; (top) and MAEe, (bottom) are computed on the complete (left) and test
(right) datasets. The test sets consist of the last 10% of observations of each dataset.
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Figure 7: Predicted trajectories obtained by the long term (autoregressive) integration of the learned equa-
tions on COVID-19 data of Canada, Brazil, Turkey and Serbia.

disciplinary scientific community working on complex systems. It clarifies the state-of-the-art and promotes
a human-in-the-loop paradigm where Al acts as a powerful collaborator that generates plausible, testable
hypotheses, thereby augmenting human intuition and understanding.
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Figure 8: Predicted trajectories obtained by the short term integration of the learned equations on COVID-19
data of Canada, Brazil, Turkey and Serbia.

Limitations. Our framework assumes static graph topology and autonomous (time-invariant) ODEs, fol-
lowing previous works (Gao & Yan| 2022} |[Hu et al., [2025). Extension to time-varying topologies or non-
autonomous dynamics remains open. The Spline-Wise algorithm, while transparent, produces more complex
expressions than the black-box GP approach, and its accuracy degrades for systems with strongly multi-
plicative interactions (e.g., POP). Furthermore, all methods rely on numerical derivative estimation, which
is sensitive to observation noise; our denoising analysis (Appendix [C.6|) partially mitigates but does not
eliminate this limitation. Finally, our experiments are limited to scalar node states (d = 1); scaling to
multivariate node features warrants further investigations.

Ultimately, this study demonstrates that interpretable neural architectures, particularly KANs, are effec-
tive tools for discovering governing equations of graph dynamical systems. We anticipate that combining
the structural transparency of KANs with principled symbolic distillation will extend naturally to PDEs,
multivariate dynamics, and time-evolving network topologies as well.
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A Methodological Details

A.1 KAN Sparsity Loss Function

KANs are usually trained with a sparsity loss, which is an adaptation of the L' norm of MLPs. However,
this norm is directly defined on the learned activation functions. Formally, the L' norm of an activation
function ¢ is given by the average magnitude over its IV, inputs, that is:

L

9 = 5 3 I6G)] (15)
s=1

p

Then, the L' norm of a KAN layer & with d;,, inputs and d,.; outputs is defined as:

din dout

@1 EZZ|¢i,j|l; (16)

i=1 j=1

that is, the sum of L' norms of all the activation functions in ®. Furthermore, an entropy term is added to

the loss definition:
din dout

_ a5 |bij|1
s@) =33 ttion (1) )

i=1 j=1

Then, the final training loss Ltotq; is given by the prediction loss £,¢q plus the L' and entropy regularization
aggregated over all the layers:

L L
Etotal — E;Ledtz/@lz + A (Ml Z |q)l|1 + H2 Z S(¢l)> ) (18)

=1 =1

where p1, o, and A are hyperparameters that determine the impact of the corresponding loss terms.
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One of the key characteristics of KANs is that they can be used to perform symbolic regression. Specifically,
once the model is trained, it is possible to prune inactive neurons by looking at their spline activation
magnitudes and then fixing the remaining activation functions to symbolic formulas (e.g., sin, cos) so that
the whole model can be described through a symbolic representation. This process enhances interpretability,
as it overcomes the black-box nature typical of deep-learning models by providing, as output, a human-
readable mathematical formulation of the learned function. Refer to the original paper (Liu et al. 2025) for
additional details on the pruning and symbolic regression procedures.

A.2 Technical Implementation

We implemented the model under consideration using Python 3.12.0, Pytorch 2.3.1, and PyG 2.3.1. For
hyper-parameter tuning, we employed the Optuna package (Version 4.3.0). The Spline-Wise fitting procedure
relies on the curve_fit method from scipy library for solving the non-linear least squares problem, while
for the GP-based SR algorithm, we used PySR 1.5.5. We utilized the doprib solver from the torchdiffeq
library as a numerical integrator for computing the rollout metric MAEy,,;, setting atol = rtol = 107°
for all models.

A.3 Hardware Setup

We carried out the experiments on a Google Cloud nl-standard-16 virtual machine, equipped with 48
vCPUs based on the Intel Cascade Lake CPU architecture and 192 GB of system memory. The setup was
further accelerated by 4 NVIDIA 1.4 GPUs.

A.4 Spline-Wise Symbolic Regression Algorithm

Algorithm [T describes the proposed Spline-Wise symbolic fitting procedure of KAN-based models. To ensure
parsimony, in line +89, the coefficients with magnitudes below a threshold (€) are pruned before complexity
is computed. For example, the expression 2% + 107°z2 is considered to have a complexity of 1, not 4. As a
measure of complexity, we use the count_ops function from sympy library, which measures the number of
operations an expression contains.

A.5 Hyperparameters Specifications

This section lists the search spaces of the employed hyperparameters in the experimental analysis. Model
selection is performed using the Optuna package, optimizing the MAE over 35 trials for synthetic dynamics,
over 70 trials for dynamics with noise, and over 100 trials for COVID-19 data. All neural architectures are
optimized using Adam for 1000 epochs with early stopping and patience parameters of 200 for synthetic
dynamics and 300 for the real-world COVID dataset. Tables [f] [] and [7] detail the hyperparameter ranges
used for the neural-based models. For TPSINDy, we consider the default libraries of symbolic functions
provided by the authors in the original implementation, including polynomial, trigonometric, fractional, and
exponential terms.

Model selection of GP-based and Spline-Wise SR methods is performed via grid search according to the
hyperparameter grids specified in Tables [ [0] respectively.

B Experimental Setup and Datasets

B.1 Synthetic Dataset Generation and Reproducibility Protocols

Table [10] shows the general equations of the studied synthetic dynamical systems, while Table [I] reports the
considered instantiations. Preliminary experiments with different dynamic parameters—provided they are
physically consistent—did not yield significant differences in terms of the models’ learning capabilities; hence,
we set their magnitude to plausible values considered in the literature (Barzon et al.|[2024; \Gao & Yan), 2022)).
The datasets are generated by numerically integrating these models with the Runge-Kutta method of order
5, implemented in the solve_ivp function from the scipy library, using absolute and relative tolerances
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Table 5: Hyperparameter ranges of the MLPs in the GMLP-ODE models

Hyperparameter Values
Hidden dimensions 8, 64]
Activation function  {relu,softplus,tanh}
Dropout probability [0.0001,0.5]
Hidden layers {1,2}
Learning rate [0.0005,0.05]
Batch size {16,32,64}

Table 6: Hyperparameter ranges of the MLPs in the LLC models, where A denotes the regularization
parameter of the penalized loss function minimized during training.

Hyperparameter Values
Hidden dimensions 8, 64]
Activation function {relu,softplus,tanh}
Hidden layers {1,2}
Learning rate [0.0005, 0.05]
Batch size {16, 32,64}
Regularization A [0.0,0.01]

Table 7: Hyperparameter ranges of the KANs in the GKAN-ODE models.

Hyperparameter Values
Grid size [5, 20]
Spline order 1,3
Range limit [—10,10]
Hidden dimensions [1,6]
Regularization A [107¢,1.0]
Learning rate [0.0005,0.05]
" [0.1,1.0]
12 0.1,1.0]
Batch size {16, 32,64}

Table 8: Hyperparameter grid for the PySR algorithm.

Hyperparameter Values

Number of iterations {50,100, 200}

Model selection {Score, Accuracy }

Binary operators [+, —, %, /]

Symbeltiedibeary——Unary operators  [exp, sin, neg, square, cube, abs, tan, tanh, 1n,
zero|
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Algorithm 1 Spline-wise Symbolic Regression for KAN

Require: Splines S, function library 0O, regularization grid I', coefficient pruning threshold e, spline
pruning threshold p, model selection

Ensure: Selected symbolic function f7 for each ¢ € S and final symbolic formula fsw

1: Spruncd = pruning(sa p)

2: for each spline ¢ € Spruned do

3: Collect inputs—=¥s—and-pre-activations x 2 2 ™)) and spline outputs ¥x—frem—sphne—s
4 Resultsg=11Ps  [].

5: for each v €T do

6: E— = ‘ = W\A/VLM

7 for each candldate functlon feOdo

8: Fit affine parameters 6} ; = (a,b, ¢, d) by non-linear least squares

9: %wM%MWMW@MVMM% € from—f-

10: tetions—¥ . 0

11: 23 592

12 e Complositt b1 Complesitr £.07.

13: L=MSE+-=—eL < mse4y-c

14: if L < Ly, then

15: HegéMSE—)%%be&t—LL

16: FFe ol I SSU cy ¢, L, < log(mse

17: end 1f

18: end for

19: Append best—state-toResubtss(f1 , ¢y, €y) 10 Py
20: end for

|

22: if model_selection = Score then > favour parsimony: highest performance-complexity score
23: seores—Restlts;045+0-scorey <= 0
24: for k=2 to |T'| do
25: A={ly—{r}/{er—er)Append—A-toseoresscorer = = (U = L) /(Ch = Shaa).
26: end for
27: 5 ‘ K s argmaxye (s, |rjy Scorey,
28: else ‘ > model_selection = Log Loss: favour fit, lowest log-MSE
29:
30:
31:
32:
33: @VWWaddltwe /multiplicative structure

Mﬁwwmmmmwmw fsw

34: return 5 fsw{ [ eess Ssw € Fo.

of 10712 to ensure high numerical precision. We simulate the dynamics on a Barabési-Albert (Barabési &/
Albert} [1999) graph with 70 nodes and an attachment parameter m = 3, saving the solutions at 7' = 2000
regularly spaced time steps. We report in Table [[T] the set of parameters to reproduce dataset generation.

For the KUR dynamics, oscillator phases are initialized uniformly in [0, 27| to cover the full angular domain.
For EPID and BIO dynamics, node states are chosen in [0,1] to represent normalized concentrations or
infection probabilities. For POP, instead, we chose to initialize nodes in the interval [—1, 1] to better expose
the effect of the polynomial term x®, as including both positive and negative values yields richer trajectories.
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Table 9: Hyperparameter grid of the Spline-wise fitting algorithm. The Model selection parameter is used at
line 28-22 of Algorithm [I} and defines whether to choose the function with the highest score (thus favoring
simpler equations) or with the lowest log loss (thus favoring accuracy).

Hyperparameter Values

Spline pruning threshold p {0.01,0.05,0.1}

Coefficient pruning threshold ¢ {0.001,0.01,0.1}

Model selection {Score, Log loss}

r [1075,107%,1072,1071, 1]

Symbolic library #O [identity, square, cube, exp, abs, sin, cos, tan,

tanh, 1ln, zero ]

Table 10: General equations of the considered dynamical processes.

Dynamics Equation dz;/dt

KUR w+ K Ayjsin(z; — z;)
EPID —/ML’Z-FBZJ A”(]. —1'7;)1']'
BIO o —o0x; — lizj Ajjxix;
POP —rat +o > A

Regarding the temporal horizons Tsgary and Tgng, we set them to allow each dynamics to display its full
evolution.

The intermediate validation set used to tune the hyper-parameters of the SR algorithms is obtained by
simulating the dynamics on an additional Barabédsi—Albert graph with 100 nodes and the same attachment
parameter used for the training graphs. The graphs used to generate the three OOD test sets are a BA
graph with 70 nodes (analogous to the one used for training but initialized with a different random seed),
a Watts—Strogatz small-world graph with 50 nodes, and an Erdés—Rényi random graph with 100 nodes and
an edge probability of 0.05. For validation and test datasets, we simulate the dynamics for 7" = 1000 steps.

All data-generating code, along with its random seeds, is provided in the codebase.

B.2 Real-World Dataset and Preprocessing

The considered empirical datasets are based on the epidemiological spread of infectious diseases (SARS,
COVID, HIN1), modeled by the worldwide airline network of human mobility between different countries,
where each entry of the weighted adjacency matrix represents the traffic volume across regions. Refer to
Gao & Yan| (2022) for additional details. Regarding the COVID dataset, we normalize the values to the
range (—1,1) using a MinMax scaler. The scaler is fitted only on the training set (the first 80% of the data)
to prevent data leakage. We perform the same pre-processing steps for the HIN1 and SARS datasets before

Table 11: Parameters to reproduce the creation of the synthetic datasets.

Dynamics Initial condition 7Tsiart TEna

KUR Uniform [0, 27] 0 1
EPID Uniform [0, 1] 0 2
BIO Uniform [0, 1] 0 1
POP Uniform [—1, 1] 0 10
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Figure 9: Evolution of test MAE,.; over time for each assessed model on synthetic dynamics. Values are
averaged over the three test sets.

fine-tuning the coefficients of the learned symbolic formulas using neural models. During the evaluation
phase, the same scaler is applied to transform the predicted values back to the original scale.

C Additional Results and Ablation Studies

C.1 Detailed Performance Analysis (MAE Time Evolution)

Figure EI shows the test MAE.,; over time obtained by the assessed models, including both the trained
neural-based architectures and the distilled symbolic expressions. We can observe that, on EPID, BIO,
and POP dynamics, GKAN-based models maintain the lowest error consistently over time, while for KUR,
TPSINDy achieves the best performance.

C.2 Additional Trajectory Metrics
To verify that our conclusions are not an artifact of the chosen error measure, we report three further

trajectory metrics on the four synthetic systems: mean squared error (MSE;,.;), root mean squared error
RMSE,, ), and mean absolute percentage error (MAPE,,..;), computed analogously to MAE,,..; (Equation
14)). Results, averaged over the three OOD test graphs (mean + std), are reported in Tables T2HI4]
Across all three metrics the ranking is consistent with the MAE,..; analysis: GKAN-ODE+GP attains

the lowest error on every system and neural-based models dominate TPSINDy, which exhibits catastrophic
error accumulation on EPID, BIO, and POP.

C.3 Ablation Study: Impact of Multiplicative Nodes in GKAN-ODE

In Figure we show the performance obtained by GKAN-ODE models trained without multiplicative
nodes (GKAN-ODE (no mult)) on the synthetic datasets. Fhe-This architecture is equivalent to the original
additive KAN model |L, 1| (2025)), depicted in Figure 2d Since both architectures, with and without

multiplicative nodes, can represent the same functions, the predictive performance of the fermulas-extracted
from-GIAN-ODE{no-mult)res ectlve raw models and the formulas extracted through GP are comparable
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Table 12: Trajectory Mean Squared Error (MSEy,..;), reported as mean + standard deviation across synthetic

test datasets.

Model KUR EPID BIO POP

GKAN-ODE 331 x107°+4.22x107° 538 x1078+£9.10x 107 2.61 x 1072 +8.53 x 10710 1.30 x 10~7 £+ 3.76 x 10~8
GKAN-ODE+GP 443 x 1077 +4.41 x 1078 1.75 x 1072+ 5.33 x 10710 1.76 x 107 £2.79 x 10719 5.71 x 10710 + 6.51 x 10~
GKAN-ODE+SW 6.26 x 1076 +2.02 x 1076 1.42x 1077 +534 x 1072 1.04x 105+ 1.77x107% 6.18 x 107> +2.24 x 105

GMLP-ODE 6.85x 107> £2.90 x 107° 1.15x 1076 £5.51 x 10~7 2.60 x 1077 £2.89 x 1078 1.54 x 1076 £5.96 x 10~7
GMLP-ODE4+GP  6.10 x 1076 +7.91 x 1077 7.51 x 1077 +5.99 x 1078 2,17 x 1077 £2.18 x 107  5.21 x 1077 +1.20 x 10~7
LLC 6.83x107° £8.45x 1076 2.09x 1077 +£9.61 x 1078 6.31 x 1078 +£4.92x 107 3.93x 1076 +1.81 x 106
LLC+GP 2.00x 1076 +1.54 x 1077 2.59x 1078 +£2.97 x 1079 556 x 1078 +1.83 x 107? 9.34 x 10~7 £ 1.68 x 107
TPSINDy 1.73 x 1077 £ 241 x 1078 7.50 x 1072 4£2.07 x 1072 1.99 x 1073 £ 1.88 x 10™*  1.70 x 1072 £ 9.24 x 10~*

Table 13: Trajectory Root Mean Squared Error (RMSEy,,.,), reported as mean + standard deviation across
synthetic test datasets.

Model KUR EPID BIO POP

GKAN-ODE 441 x10734+3.69 x 1073 2.31x 1074 +£1.94x 1075 5.04 x 107° £8.43 x 1070 3.56 x 1074+ 5.33 x 10~°
GKAN-ODE+GP 6.65 x107%+333x107° 4.14x107°+628x107% 418 x107°+3.39x107% 2.39x107°+1.34 x 10~
GKAN-ODE+SW 2.47 x 10734+ 3.86 x 107* 3.77 x 10744+ 7.06 x 1079 3.21 x 1073 £2.76 x 107* 7.73 x 1073 £1.41 x 1073

GMLP-ODE 8.04x 1073 £1.97x 1073 1.04 x 1073 4£2.54 x 10™* 5.09 x 107 £2.90 x 1075 1.21 x 1073 £2.58 x 1074
GMLP-ODE+GP 246 x 10734+ 1.64 x 107* 8.66 x 10744+ 3.44 x 107° 4.65 x 107+ +£2.37 x 107° 7.17 x 10~* £8.69 x 10~°
LLC 825 x 1073 4+5.02x 107 4.46 x 10744+9.99 x 107° 251 x 1074 +9.72x 1076 1.93 x 1073 +4.51 x 10~*
LLC+GP 1.41 x 10734+ 5.39 x 107° 1.61 x 1074 £9.13 x 1076 2.36 x 107*+3.86 x 107% 9.62 x 10~* £8.92 x 10~
TPSINDy 415 x 1074 £2.97 x 1075 2.71 x 1071 £3.79 x 1072 4.45 x 1072 +£2.12 x 1073 1.30 x 1071 £3.53 x 1073

due—to-thefactthat,without-multiplieative-nodesacross all the synthetic dataset. The decisive advantage
of multiplicative nodes emerges during SW_symbolic regression. In fact, as stated in Section [3.3} a KAN
is an additive model by default, and for learning multiplicative interactions such as fﬂfmlt requires
learning logarithmic compositions (eteHnuenzitnze) “or hinomial expansion (He—+y)2—{(e—y)2/4)—The
[(21 £ 22)% = (21 = 22)%]/4). When we apply the SW_algorithm, we attempt to_replace each individual
trained activation with a symbolic function from a candidate library. If the network has encoded z;z; via
logarithmic compositions (Figure SW must recover In(z1), In(zs), and e') across multiple activations and
compose them correctly. With multiplicative nodes, the splines to be fit are all simple identities

and the product structure is already encoded in the architecture. Figure [I0 confirms this: the SW S mboh
regression algorithm fails to identify the multiplicative term in EPID and BIO dynamics when multiplicative

nodes are absent, but succeeds when they are present. On the contrary, the GP-based symbolic distillation
method can easily discover this multiplicative term regardless of the underlying architecture, since it is

#—y—model-agnostic.

C.4 Ablation Study: Comparison with Original KAN Symbolic Regression

We compare the proposed algorithm for the Spline-Wise symbolic fitting with the original one introduced by
the authors of KANs. Table|T_5| shows the complexity and MAE,,; of the best-validated symbolic expressions
inferred by the eziginal-SW-Original SW (OSW) method applied to the trained GKAN-ODE models, named
GKAN-ODE+OSW. The results show that such a method is able to extract formulas that achieve very low
MAEq;,j, especially on EPID and BIO dynamlcs but with Very high structural complex1ty (thus makmg
them less interpretable). sis

iTa]
5S ec1ﬁcall on EPID and POP our SW algorithm recovers
expressions of complexity 10 and 16 with tra ectory errors in the same order of magnitude as the ones
obtained by OSW formulas, i.e., a factor-of-three reduction in complexity at no meaningful accuracy cost.

The BIO dynamics illustrate a more nuanced case. The formula extracted through the OSW algorithm
achieves a low trajectory error (MAE;,..; ~ 5.96 x 10~°) but, at complexity 81. Qur SW algorithm instead
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Table 14: Trajectory Mean Absolute Percentage Error (MAPE,, ), reported as mean =+ standard deviation
across synthetic test datasets.

Model KUR EPID BIO POP

GKAN-ODE 412 x 10744+ 1.75 x 107% 297 x 1074 +£2.53 x 1075 8.51 x 107° £7.91 x 1076 6.56 x 1073 + 3.87 x 10~2
GKAN-ODE+GP 1.43 x 10744 1.67x107% 536 x 107°49.43 x 1076 7.52x 107> £3.05 x 1076 1.96 x 10~* £6.95 x 10~°
GKAN-ODE+SW 537 x 107*+6.68 x 107° 4.86 x 107*+4.83 x 1079 5.62 x 1073 +£5.00 x 10™* 5.29 x 1072 +1.27 x 1072

GMLP-ODE 1.86 x 10734236 x 107 1.34 x 1073 £2.94 x 107* 7.68 x 1074 £2.58 x 107% 1.37 x 1072 £2.83 x 1073
GMLP-ODE+GP  5.09 x 10744+ 848 x 107° 1.23x 10734+ 1.05 x 107% 6.62 x 107+ £5.65 x 107° 1.02 x 1072 £4.57 x 103
LLC 1.73x 1073 £5.79 x 107* 5.80 x 107* £ 1.34 x 10~* 3.98 x 107* £+ 2.51 x 10~° 1.89 x 1072+ 5.31 x 1073
LLC+GP 280 x 1074 +£1.40 x 107° 213 x 1074+ 1.86 x 107° 3.72x 107 +8.03 x 1076 1.36 x 1072 £ 5.98 x 103
TPSINDy 853 x107° £1.44 x 1075 259 x 1071 £2.61 x 1072 7.75 x 1072 £ 1.63 x 1072 9.30 x 1071 £ 1.84 x 107!

Test MAE; Comparison: GKAN-ODE vs. GKAN-ODE(no mult)
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Figure 10: Performance comparison between GKAN-ODE models with and without multiplicative nodes.

recovers —0.5000 - z; + 1.0001 +
Az up to a ~2% coefficient deviation. That small discrepancy accumulates

i(—0.4899 - x;x,) at complexity 6, which is structurally identical to the

over autoregressive integration, leading to a higher MAE;,.; (=~ 2.84-1072) compared to OSW. However,

identifying the right symbolic form with a slightly imprecise coeflicient is scientifically more informative than

a numerically accurate expression of complexity 81 that cannot be interpreted. The hyperparameter grid
employed for validating the eriginal-SW-OSW algorithm is shown in Table @

C.5 Topology Agnostic Neural Model

To demonstrate the importance of defining a topology-aware model that follows the structure of Equation
we additionally assess the performance of a topology-agnostic model, denoted as MLP-ODE. The MLP-ODE
is a simple baseline that models node dynamics %x; relying solely on the local state x;, effectively ignoring
neighbor interactions and quantifying the specific contribution of topological information to the discovery
process. Figure illustrates the performance of the MLP-ODE model on the synthetic dynamics. The
topology-agnostic baseline suffers from catastrophic error accumulation across most dynamics, demonstrating
that the governing laws are inextricably linked to the specific network topology and cannot be resolved by
simple curve-fitting or mean-field approximations. Notably, on the EPID and POP datasets, the naive MLP-
ODE yields lower rollout errors than TPSINDy. This counterintuitive result highlights a critical limitation of
restricted sparse regression: while TPSINDy is not compositional and fails by identifying incorrect interaction
terms that lead to diverging trajectories, the MLP-ODE learns an approximated function that remains
numerically stable. Table [I7] shows the symbolic expressions extracted from the MLP-ODE models.
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Table 15: Test MAE4.,; and structural complexity of the best-validated symbolic formulas extracted from
the GKAN-ODE model. GKAN-ODE+OSW refers to the formulas obtained with the Original Spline-Wise
algorithm, while GKAN-ODE+SW and GKAN-ODE+GP refer to the proposed Spline-Wise and Genetic
Programming approaches. Values are averaged on three test graphs and the standard deviation is reported.

Model Dataset Complexity MAE;aj
KUR 8 1.43-10~% +2.39 - 104
EPID 49 1.40-104 +1.53 - 105
GKAN-ODE+OSW 5 81 5.96-107° + 4.82 - 106
POP 24 1.56 - 10~2 +8.28 - 103
KUR 8 1.63-10~3 + 7.67 - 105
EPID 10 3.27.10-4 +1.27-10-°
GKAN-ODE+SW 51 6 2.84.103 +3.17-10~*
POP 16 5.41-1073 +1.00- 103
KUR 5 4.81-107*4+2.46-107°
EPID 6 3.22.107% + 4.69 - 106
GKAN-ODE+GP 51 6 3.35.105 + 1.91- 106
POP 5 1.75-10~5 + 1.44 - 10~6

Table 16: Hyperparameter grid of the original Spline-Wise fitting algorithm.

Hyperparameter Values

Spline pruning threshold p  {0.01,0.05,0.1}

Grid range {(-10,10), (—5,5)}

Weight simple {107°,0.3,0.7,0.9}

Symbolic library #O_ [identity, square, cube, exp, abs, sin, cos, tan,

tanh, 1ln, zero |

C.6 Robustness Analysis: Denoising algorithm

We adopted a more systematic anti-noise mechanism following the methodology proposed by [Rudy et al.
(2017). Specifically, rather than computing derivatives directly on the noisy observations, we perform a
local polynomial interpolation of order P = 3 on the node states x(t). The time derivatives %(t) are then
computed from these smoothed polynomial proxies. This approach acts as a low-pass filter, preserving the
underlying dynamics while suppressing the noise that typically destabilizes equation discovery algorithms.
We evaluated this mechanism on the BIO dataset under the same signal-to-noise ratio conditions used in the
main analysis. The results, reported in Table demonstrate that this preprocessing step effectively sta-
bilizes the performance of neural-based architectures. All neural models combined with symbolic regression
(GP or SW) maintain trajectory errors in the order of 10~3 even at high noise levels (20 dB). In contrast,
the baseline TPSINDy fails to recover accurate dynamics, exhibiting errors an order of magnitude higher

Table 17: Symbolic expression extracted from MLP-ODE trained models through GP on synthetic datasets.

Dataset Learned Expression Complexity
KUR exp(tanh(sin(log(x;)))) 4
EPID 1.2449 x (0.8962 * tan(x;) — 1.0000)2 5
BIO |22 — sin(z;)| 4
POP —0.4389 x log(tanh(z;) + 1.0000) 5
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Figure 11: Performance comparison of MLP-ODE model against the other graph-aware models on synthetic
datasets.

(1072), further highlighting the superior robustness of the proposed neural-symbolic pipeline in processing
noisy data.

Table 18: Test MAE;,,; (Mean & Std) on the BIO dataset with noisy inputs, utilizing 3rd-order polynomial
interpolation for robust derivative estimation.

Model

70 dB

50 dB

20 dB

GKAN-ODE+GP
GKAN-ODE+SW
GMLP-ODE+GP
LLC+GP
TPSINDy

3.62x 1073 +£2.25 x 1074
1.56 x 1072 +2.22 x 104
1.45 x 1073 +£1.59 x 10~*
1.34 x 1072 +2.28 x 10~*
8.13x 10724+ 1.97 x 1072

1.24 x 1073 £ 1.55 x 107°
2.59 x 1072 +£2.89 x 1073
1.56 x 1072 +£1.10 x 104
1.66 x 1072 +2.60 x 10~*
8.20 x 1072 £ 5.02 x 1073

3.45 x 1073 £3.11 x 1074
218 x 1073 £3.21 x 1074
1.94 x 1073 £ 1.40 x 104
2.74 x 1073 £ 1.91 x 10~4
8.90 x 1072 +4.70 x 1073

C.7 Robustness Analysis: Derivative Estimation Method

To ensure that the superior performance of GKAN-ODE models is not an artifact of the specific numerical
differentiation technique employed (i.e., the five-point stencil method), we conducted an ablation study using
the Central Finite Difference method. We focused this analysis on all the synthetic datasets to evaluate model
sensitivity to the quality of the target derivatives X(t) The results, presented in Figure demonstrate
the robustness of GKAN-ODE method. The relative ranking of the models remains consistent with the main
experimental results. Specifically, the GKAN-ODE approach (both the neural model and the GP distilled
symbolic forms) continues to achieve the lowest trajectory error, consistently outperforming GMLP, LLC,
and TPSINDy baselines. However, the SW symbolic models derived from GKAN-ODE achieve higher errors
compared to the other symbolic equations, especially on POP dynamics. Finally, TPSINDy continues to
exhibit significantly higher errors, confirming its struggle with long-term stability in this setting.
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Figure 12: Performance comparison across datasets using the Central Finite Difference method for derivative
estimation.

C.8 Training and Validation Losses over the Epochs

Figure [T3] shows training and validation losses of neural-based models (Equation [6) over the epochs on the

synthetic dynamical systems. All the models show a similar pattern, that is, a steep drop in the early epochs
followed by a plateau near zero, without any sign of overfitting. Notably, the GKAN-ODE model is _the
most stable, since its validation curve is the smoothest and flattest after convergence across all four systems.
LLC is instead the least stable. Although it often reaches low final loss values, its validation loss oscillates
violently and persistently right to the end of training in every system._

D Supplementary Information for Real-World Epidemic Dynamics

D.1 Protocol for Country-Specific Coefficient Fine-Tuning

To account for the heterogeneity of real-world epidemic dynamics, we fine-tune the coefficients of the generic
symbolic structures discovered by neural-based models (detailed in Table [4f) for each node. Specifically, we
replace scalar constant terms in the symbolic equations with trainable parameters and optimize them via
gradient descent. The optimization is performed by retraining the expressions on each node’s data using the
first 80% of observations, with the subsequent 10% for validation, and leaving the final 10% for testing. Note
that the LLC equation (and subsequent fine-tuning) is re-derived from scratch, as the original work does
not report all the necessary coefficients needed for reproduction. Instead, the TPSINDy formula is the one
provided in the original paper. However, for a fair comparison with neural-based equations, we re-executed
the fine-tuning algorithm used in the TPSINDy paper only on the first 90% of observations. This leads to
a set of coeflicients very similar to the original one, but which does not depend on the entire dataset, which
is crucial when evaluating the generalization capabilities of an ML model.
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Figure 13: Training and validation losses over the epochs obtained by neural-based models on synthetic
datasets. Note that the number of epochs varies depending on the model and dataset since early stoppin

is performed during training.
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