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Abstract

Kernel-based optimal transport (OT) estimation is an alternative to the standard
plug-in OT estimation. Recent works suggested that kernel-based OT estimators are
more statistically efficient than plug-in OT estimators when comparing probability
measures in high-dimensions [59]. However, the computation of these estimators
relies on the short-step interior-point method for which the required number of
iterations is known to be large in practice. In this paper, we propose a nonsmooth
equation model for kernel-based OT estimation and show that it can be efficiently
solved via a specialized semismooth Newton (SSN) method. Indeed, by exploring
the special problem structure, the per-iteration cost of performing one SSN step can
be significantly reduced in practice. We also prove that our algorithm can achieve a
global convergence rate of O(1/+/k) and a local quadratic convergence rate under
some standard regularity conditions. Finally, we demonstrate the effectiveness of
our algorithm by conducing the experiments on both synthetic and real datasets.

1 Introduction

Optimal transport (OT) theory [60] has provided a principled framework for comparing probability
distributions. It has been extensively adopted in machine learning and related fields, with examples
including generative modeling [2, 21, 51, 57], classification and clustering [20, 55, 25], and domain
adaptation [9, 10, 49], see also the monograph [43]. It has also had an impact in applied areas such as
neuroimaging [27] and cell trajectory prediction [53, 66].

Curse of Dimensionality. In many real application problems, the OT cost is computed for squared
Euclidean distance on the sampled distributions with n observations (leading to the 2-Wasserstein
distance). It is known that OT estimation suffers from the curse of dimensionality [16, 19, 62]:
the standard plug-in estimator, which consists in computing the OT distance between the sampled
distributions with n observations, converges to the OT distance between true distributions at a rate of
O(n~1/4), which degrades exponentially in the dimension d. This rate can be improved to O (n~1/2¢)
when true distributions are different [7] but it is still problematic in a high-dimensional regime. This
issue can be a barrier to its adoption in machine learning since various application problems arising
from image processing and bioengineering are high-dimensional. Practitioners have long been aware
of such limitations and proposed efficient computational schemes that not only improve computational
complexity but also carry out statistical regularization.

Regularization. In this context, two threads have been investigated to regularize the OT distance:
entropic regularization [11, 12, 22, 36] or low-dimensional projection [48, 4, 41, 29, 39, 31, 32, 40].
For the former approach, the sample complexity of entropic OT is bounded by O(n*d/ 2p=1/ 2) for a
regularization parameter 17 > 0. For the latter approach, the sample complexity of projection OT is
bounded by O(n‘l/ k) for an integer-valued projection dimension k& < d. Even though these bounds

Submitted to 37th Conference on Neural Information Processing Systems (NeurIPS 2023). Do not distribute.



36
37

38
39
40
41
42
43
44
45
46
47
48
49

50
51
52
53
54
55
56

57
58
59

60
61
62
63
64
65
66
67

68
69
70
71
72
73
74
75
76

77

78
79

80

81
82
83

attain the dimension-free dependence on n, they deteriorate when 7 is small or k is large, either of
which is needed to study the sample complexity of OT [7], and which plays a role in real applications.

Leveraging Smoothness. A recent line of works have focused on the wavelet-based OT estimators
under a strong smoothness condition [63, 26, 15, 34]. Although these estimators are minimax optimal
from a statistical viewpoint, they are algorithmically intractable [59]. In contrast, a specific entropic
regularized OT estimator is computationally tractable but still suffers from the curse of dimensionality
when the dimension is sufficiently large [44]. Recently, Vacher et al. [59] has closed this statistical-
computational gap by designing a kernel-based estimator relying on kernel sums-of-squares (SoS)
and showed that it can be computed by a short-step interior-point method with polynomial-time
complexity guarantee. However, the short-step interior-point method is well known to be ineffective
for large number of iterations required as the sample size increases, diminishing their value from
both statistical and practical viewpoints'. In this context, Muzellec et al. [38] proposed to use the
relaxation model and solve it using gradient-based methods. However, the relaxation model may not
be a good approximation for kernel-based OT estimator, thereby lacking any statistical guarantee.

Goal: While there is an ongoing debate in the OT literature on the merits of computing the plug-in
OT estimators v.s. kernel-based OT estimators, we adopt the perspective that Vacher et al. [59]
does introduce a fairly novel approach and we believe that it is worth studying if the kernel-based
OT estimation can provide leads for practical use. The goal of this paper is therefore to facilitate
the computational aspect by designing new algorithms, and to figure out whether that estimator’s
theoretical claims is also supported by practical relevance. The statistical analysis of kernel-based OT
estimation itself, e.g., the proper choice of penalty parameters, is beyond the scope of this paper.

Contribution: In this paper, we propose a nonsmooth equation model for computing kernel-based
OT estimators and show that it has a special problem structure, allowing it to be solved in an efficient
manner using semismooth Newton method [37, 47, 46, 58].

We first propose a nonsmooth equation model for computing the kernel-based OT estimator and
define an approximate OT value, which allows us to carry out a finite-time analysis of the algorithm.
Then, we propose a specialized semismooth Newton method for computing the kernel-based OT
estimator and prove a global convergence rate of O(1/ \/E) (Theorem 3.3) and a local quadratic
convergence rate under standard regularity conditions (Theorem 3.4). Notably, we significantly
reduce the per-iteration computational cost by exploiting the special problem structure. Finally, we
conduct the experiments to evaluate our algorithm on both synthetic and real datasets. Experimental
results demonstrate its efficiency for solving the kernel-based OT estimation.

Organization. The remainder of the paper is organized as follows. In Section 2, we present the
nonsmooth equation model for computing the kernel-based OT estimators and define the optimality
notion based on the residual map. In Section 3, we propose and analyze the specialized semismooth
Newton (SSN) algorithm for computing the kernel-based OT estimators and prove that our algorithm
achieves the convergence rate guarantee in both global and local sense. In Section 4, we conduct the
experiments on both synthetic and real datasets, demonstrating that our algorithm can effectively
compute the kernel-based OT estimators and is more efficient than short-step interior-point methods.
In Section 5, we conclude this paper. In the supplementary material, we provide further background
materials on SSN methods, additional experimental results, and missing proofs for key results.

2 Preliminaries and Technical Background

In this section, we present the basic setup for the kernel-based optimal transport (OT) estimation and
propose a nonsmooth equation model for its computation.

2.1 Kernel-based OT estimation

We formally define the OT distance and review the kernel-based OT estimation [59]. Indeed, the OT
distance with strong smooth distributions can be estimated at a dimension-free statistical rate with
high probability by solving a suitably defined optimization model.

!The short-step interior-point method proposed by Vacher et al. [59] is in fact a Newton barrier method and
does not exploit the special structure of kernel-based OT estimation. The required number of iterations is large
as shown by our experiments in the subsequent of this paper.
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Let X and Y be two bounded domains in R? and let 22(X) and 2 (Y") be the set of Borel probability
measures in X and Y. Suppose that u € L (X), v € L(Y) and II(u, v) is the set of couplings
between . and v, the OT distance [60] is given by

OT(p,v) == % ( inf / |z -yl dﬂ(m,y)) :
XXY

mell(p,v)

Its dual formulation is stated as follows,

sup / u(z)dpu(z) +/ v(y)dv(y), st glle = ylI* > u(@) +o(y),V(z,y) € X x Y,
u,veC(RY) J X Y

where C(IR?) is the space of continuous functions on R?. Note that the supremum can be attained and
the corresponding optimal dual functions u, and v, are referred to as the Kantorovich potentials [52].
This problem is delicate to solve since § ||z —y||* > u(x) + v(y) needs to be satisfied on a continuous
set X xXY. A nailtural approach is to take n points {(Z1,91), - - -, (Zn, Un)} € X X Y and consider

the constraints % [|Z; — 4[> > u(&;) + v(y;) for all 1 < i < n. However, it can not leverage the

smoothness of potentials [3], yielding an error of Q(n_l/ ). Vacher et al. [59] has overcome this
difficulty by replacing the inequality constraints with equality constraints that are equivalent and
considering the equality constraints over n points. Following their works, we impose the following
assumption on the support sets X, Y and the densities of p and v.

Assumption 2.1 Let d > 1 be the dimension and let m > 2d + 2 be the order of smoothness. Then,
we assume that (i) the support sets X,Y are convex, bounded, and open with Lipschitz boundaries;
(ii) the densities of u, v are finite, bounded away from zero and m-times differentiable.

Assumption 2.1 guarantees that the potentials u, and v, have a similar order of differentiability [14],
leading to an effective way to represent v and v via a reproducing Kernel Hilbert space (RKHS) [42].
In particular, we define H*(Z) := {f € L*(Z) | |f|u=(z) == 2 laj<s 1D fllp2(z) < +oo} and
remark that H*(Z) C C*(Z) for any s > 4 + k, where k > 0 is integer-valued. This implies that
H™ (X)), H" 1Y) and H™(X x Y') are RKHS under Assumption 2.1 and they are associated
with three bounded continuous feature maps ¢x : X — H™ (X)), ¢y : Y — H™L(Y) and
dxy : X x Y = H™(X x Y). For simplicity, we let Hx = H™"(X), Hy = H™"}(Y) and
Hxy = H™(X x Y). Vacher et al. [59, Corollary 7] shows that (i) u, € Hx and v, € Hy with

/X w(@)dp(z) = (u, w,)rry /X o(y)dv(y) = (0,0, 1y

where w, = [y ¢x(x)du(x) and w, = [, vy (y)dv(y) are kernel mean embeddings; (i) A, €
St (H Xy)2 exists and satisfies the equality constraint as follows:

sl = yl? = u(@) = vu(y) = (Oxv (2,9), Acdxy (2,9) gy, -

Putting these pieces yields a representation theorem for estimating the OT distance. Indeed, under
Assumption 2.1, the dual OT problem is equivalent to the RKHS-based problem given by

max  (u,w,) gy + (U, W) Hy
wod a ); v 2.1)
st sllz —yll* —u(x) —v(y) = (pxv (T, y), Apxy (T, 9)) i1y, -
The above equation offers two advantages: (i) The equality constraint can be well approximated

under Assumption 2.1; (ii) RKHSs allow the kernel trick: computing parameters are expressed in
terms of kernel functions that correspond to

kx(2,2") = (¢x(2), bx (@) rx, by (y:9) = by (1), dy (V) my
and
kxy((.%‘, y)7 (m/7 y/)) = <¢XY($7 y)7 ¢XY(37/’ y/)>ny7
where the kernel functions are explicit and can be computed in O(d) given the samples. The final
step is to approximate Eq. (2.1) using the data @1, ..., @n . ~ 1 and Y1, ..., Yng, ~ V> and
the filling points {(Z1,71), -+, (¥n,¥n)} € X x Y. Indeed, we define i = —— S §, and

TMsample

>We refer to ST (Hxy) as the set of linear, positive and self-adjoint operators on Hxvy .
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D= LSt s, and use (u,wy) iy + (v, ws) gy instead of (u,w,) gy + (v, w,) g, where

TNsample

wp = —— S p(2;) and wp = —— Sy (y;). We also impose the penalization terms

Tsample Tsample

for u, v, and A to alleviate the error induced by sampling the corresponding equality constraints.
Then, the resulting problem with regularization parameters A1, A2 > 0 is summarized as follows:

max {u, wy)ary + (0, 05) my — MTR(A) = Do(lullfy + o) .

st gl — Gill? — u(@) —v(G:) = (dxy (&, 5:), Abxy (Zi, 5:)) gy, -
Focusing on the case ngmple = ©(n), we let 4, and 0, be the unique maximizers of Eq. (2.2). Then,
the estimator for OT(u, v) we consider corresponds to

=N
OT = (U, W) oy + (Ox, W) Hy - 2.3)

Remark 2.2 It follows from Vacher et al. [59, Corollary 3] that the norm of empirical potentials can
be controlled using \; = ©(n~'/?) and Ay = ©(n~1/2) in high probability sense, leading to the
sample complexity bound.: |0Tn — OT(p,v)| = O(n‘l/ 2). In comparison with plug-in estimators,
the kernel-based OT estimators are better when the sample size is small and the dimension is high.

Note that Eq. (2.2) is an infinite-dimensional optimization problem and is thus difficult to be solved.
Thanks to Vacher et al. [59, Theorem 15], we have that the dual problem of Eq. (2.2) can be presented
in a finite-dimensional space and the strong duality holds true. Indeed, we define (Q € R™*" with
Qij = kx((f?“{ffj) + ky(gi,yj), and z € R™ with Z; = U}[L(Ifl) + wp(gjz) - )\QHi’Z — ]jiH2, and
¢* = |wul3, + llws| &y . where we have

TNsample TNsample

wa®i) = i Y k(g @), @) = 5 Y kv (Y5, 80,
j=1 j=1

Tsample Tsample

and
lwalliey = 22— > kx(wizy), lwsolfy =2 > kv y)).

sample sample

1<d,j Snsample 1§i7j§nsample

We define K € R™*" with K;; = kxy ((Z;,9:), (Zj,7;)) and R as an upper triangular matrix for
the Cholesky decomposition of K. We let ®; be the i column of R. Then, the dual problem of
Eq. (2.2) reads:

. 2 -
min i"yTQ'y - i'y—rz + g st Z%@(I);r + M1 = 0. 2.4)
i1

Suppose that 4 is one minimizer, we have
n
—~ 2 N - -
W =4 — 5 E Yi(wa (%) + wa (7s)-
i=1

To our knowledge, the existing method proposed for solving Eq. (2.4) is a short-step interior-point
method for which the required number of iterations is known to be large when n is large, which
is necessary to guarantee small statistical error. To avoid this issue, Muzellec et al. [38] proposed
solving an unconstrained relaxation model which allows for the application of gradient-based methods.
However, the estimators obtained from solving such relaxation model lack any statistical guarantee.

2.2 Nonsmooth equation model and optimality condition

For simplicity, we define the operator ® : R"*" — R"™ and its adjoint &* : R™ — R"*" by
(X, ®,9]) n
(X) = : ;) =D i
(X, 0,0 i=1
We present the optimality notion for Eq. (2.4) as follows:



148

149

150

151

152
153

154
155

156
157
158

159

160
161
162
163

164
165

166
167
168
169

170
171
172

173

174

175

176
177

178

179
180

Definition 2.1 A pomt A E R™ is an optimal solution oqu (2.4) if we have ®* (%) + A I = 0 and
& TQy— mv T2+ 4 m < & TQy— 5 vl T2+ mforall’ysansfymg that ®* () + M1 = 0.

Clearly, Eq. (2.4) can be reformulated as the following optimization problem given by

min max 7 QY — gy e+ A — (X, 07 (9) + M), 2.5)

We denote w = (y, X) as a vector-matrix pair and let R : R™ x R"*™ — R™ x R™*™ be given by

Q7 B(X)
fitw) = <X p?Oan(X (<I>*(7)+/\1]))>' (2.6)

where ST = {X € R™*" : X = 0}. Then, we can measure the optimality of w via appeal to the
quantity || R(w)|| and shows that the notion is the same as used in Definition 2.1.

Proposition 2.3 A point ¥ is an optimal solution of Eq. (2.4) if and only if w = (¥, X ) satisfies
R(w) = 0 for some X = 0.

Proposition 2.3 shows that we can compute the kernel-based OT estimators by solving the nonsmooth
equation model R(w) = 0. The optimality criterion based on the residual map R(-) allows for a
global convergence rate analysis for our specialized semismooth Newton method.

3 Algorithm and Convergence Analysis

In this section, we derive our algorithm and provide a convergence rate analysis. The key idea here is
to apply the regularized semismooth Newton (SSN) method for solving R(w) = 0 and improve the
computation of each SSN step by exploring the special structure of generalized Jacobian. We also
safeguard the regularized SSN method by min-max method to achieve a global rate.

Generalized Jacobian. We first examine the special structure of the generalized Jacobian of R(w).
Indeed, by using the definition of ST, we have proj sn (Z) = P, P, where

-
Z—PsPT = (P, P)<EO an) (%» 3.1)

with ¥ = diag(oq, ..., 0,) and the sets of the indices of positive and nonpositive eigenvalues of Z
(we denote these setsby o = {i | 0; > 0} and @ = {1,2,...,n} \ a). Moreover, we notice that R
is Lipschitz continuous. Then, Rademacher’s theorem can guarantee that R is almost everywhere
differentiable. We introduce the concepts of generalized Jacobian [8].

Definition 3.1 Suppose that R is Lipschitz continuous and Dy is the set of differentiable points of R.
The B-subdifferential of R at w is given by O R(w) := {limy_, 1 o, VF(w*) | w* € Dg,w* — w}.
The set OR(w) = conv(Op R(w)) is called generalized Jacobian where conv denotes the convex hull.

We define a generalized operator M(Z) € Oproj st (Z) using its application to an n X n matrix S:
M(Z)[S] = P(Qo (PTSP))PT forall S > 0,

E _
where the o symbol denotes a Hadamard product and Q2 = ( Qo ﬁga

ad

Zi— forall (i, j) € a x &. Note that all entries of 2 lie in the interval (0, 1]. In
J

general, it is nontrivial to characterize the generalized Jacobian O R(w) exactly but we can compute
an element J (w) € OR(w) using M(+) as defined before.

We next introduce the definition of the (strong) semismoothness of an operator.

with F,,, being a matrix

of ones and 7;; = ~
i

Definition 3.2 Suppose that R is Lipschitz continuous. Then, R is (strongly) semismooth at w if (i)
R is directionally differentiable at w; and (ii) for any Aw and J € OR(w + Aw), we have

[|R(w+Aw)—R(w)—T[Aw]||

(semismooth) Aw — 0, A 0
, as Aw — 0.
(strongly semismooth) ”R(“’+A“’I)‘ ﬁ(l\w) Jadl < ¢,
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Algorithm 1 Solving Eq. (3.2) where 7, = (r,ﬁ, T,%) € R™ x R™*™)

1: Compute a' = —rj — - (O(rf + Tilrf])) and a* = —r.

2: Use the CG or symmetric QMS method to solve (53> Q + juxZ + @7,9*)~'a' = a' inexactly
and compute % = uk1+1 (a® + Tx[a®]), where T[] is computed using the trick [68].

3: Compute the direction Awy, = (Awj, Aw}) by Aw}, = a' and Aw? = a* — T, [@*(a')].

The following proposition characterizes the residual map given in Eq. (2.6) and its generalized
Jacobian matrix. It also guarantees that the SSN method is suitable to solve R(w) = 0.

Proposition 3.1 The residual map R given in Eq. (2.6) is strongly semismooth.

Regularized SSN step. We then discuss how to compute the Newton direction efficiently. In
particular, at a given iterate wy, we compute a Newton direction Awy, by solving the equation

(T + L) [Awg] = —ry, (3.2)

where J;, € OR(wy), rp, = R(wy) and Z is an identity operator. The regularization parameter
is chosen as p = Oi||7k|| for stabilizing the semismooth Newton method in practice. From a
computational point of view, it is not practical to solve the linear system in Eq. (3.2) exactly. Thus,
we seek an approximation step Awy, by solving Eq. (3.2) approximately such that

(T + D) [Awg] + ril| < 7min{1, &|re ||| Awg | }, (3.3)

where 0 < 7, k < 1 are some positive constants and || - || is defined for a vector-matrix pair w = (-, X)
(i.e., Jw| = ||7|l2 + || X || = where || - ||2 is Euclidean norm and || - || ¢ is Frobenius norm).

Since J, in Eq. (3.2) is nonsymmetric and its dimension is large, we consider applying the Schur
complement trick to transform Eq. (3.2) into a smaller symmetric system. If we vectorize the
vector-matrix pair Aw?, the operators M(Z) and ® can be expressed as matrices:

o @0
M(Z)=PrPT e R"*" A= : € R,
o' @0
where P = P ® P and I' = diag(vec(f)).
We next provide a key lemma on the matrix form of Jj, + ux ! at a given iterate wy, = (v, Xk)-

Lemma 3.2 Given an iterate wy, = (g, X), we compute Zy, = X — (9*(vk) + M) and use

Eq. (3.1) to obtain Py, X, oy, and &,. We then obtain Qy, P, = P, ® Py, and Ty, = diag(vec(Q)).
Then, the matrix form of Ji + i1 is given by

(Jk + pel) ™! = C1BCs,

where . ( )
I 0 I —L (A+ AT,
= - +1

C1 (—TkAT I)  C2 (o T ) ’
and 1 Ty—1

B ((%Q+Mk1+ATkA )~ . 0 )

0 o d+Tk))”

with Ty, = PkLk]:’,: where Ly, is a diagonal matrix with (Ly);; = % and (T'y)4 € (0,1]

is then denoted as the i diagonal entry of T'y.

As a consequence of Lemma 3.2, the solution of Eq. (3.2) can be obtained by solving one certain
symmetric linear system with the matrix ﬁ@ + pp + AT, AT. We remark that this system is

well-defined since both Q and AT, AT are positive semidefinite and the coefficient ;1 is chosen such
that 53-Q + puxI + AT AT is invertible. This also shows that Eq. (3.2) is well-defined.

3If w = (y, X) is a vector-matrix pair, we define vec(w) = (7y; vec(X)) as its vectorization.



208
209

210

211

212
213
214
215

216
217

218

219

220

221
222

223
224

225
226
227

228

Algorithm 2 A specialized SSN method with safeguarding

1: Input: 7.k, ag > a1 > 0,8y <1, 51,82 >1and 6,6 > 0.
2: Initialization: vy = wy € R™ x S7 and 6y > 0. Set k = 0.
3: fork=0,1,2,...do
: Update vg41 from vy, using one-step EG.
Select Jj, € OR(w,).
Solve the linear system in Eq. (3.2) approximately such that Awy, satisfies Eq. (3.3).
Compute W41 = wi + Awy.
Update 61 using Eq. (3.4) accordingly.
Set wy1 = Wit1 if | R(Wk41)]] < ||R(vi+1)|| is satisfied. Otherwise, set wgy1 = Vg41.

R A A

We define 7}, and Q as the operator form of T}, = P.Ly ]5,: and @ and write r, = (r,i, 7%) explicitly
where 7; € R™ and rj € R"*". Then, we have

1 1_ 1 1 2 2
vec(a) = — (é m(/}f—'— AT)) vec(ry) = { Z - 7",5 eS| (@(ry + Telri]))s

= —7rj.
The next step consists in solving a new symmetric linear system and is given by

veo(d) = ((2§\2Q + ukIO+ AT, AT)! #(? . Tk)) vec(a),

pr+1

which leads to

{ b}; = (%%QQ + uiZ + T ®*) " tal,
&= At (a? + Ti[a?)).

Compared to Eq. (3.2) whose matrix form has size (n? +n) x (n? +n), we remark that the one in the
step above is smaller with the size of n x n and can be efficiently solved by conjugate gradient (CG)

method or symmetric quasi-minimal residual (QMR) method [28, 50]. The final step is to compute
the Newton direction Awy, = (Aw},, Aw3) as follows,

1 0 - Awi = al,
Vec(Awk) = (—TAT I) VeC(a) — { ]2C _~2
It remains to provide an efficient manner to compute 7[-]. Since 7}, is defined as the operator form
of T'= PkLkP,:, we have
TilS] = Pe(¥y 0 (B SF)) By

where Uy, is determined by pj and 2. Indeed, we have

1
Qk _ <E_(%kak na60k> — lpk _ (Mgakak fak&k> ,

nakdk apag 0

where &;; = Mﬁ%m for all (4, j) € ay x @y. Following Zhao et al. [68], we use the decomposition

TelS] = G+ GT where U = Py(:, )" S and

G = Pi(:y ) (5o (UPK Gy ) Pl an) T+ Eaay © (U PG, a@n)) Pi(c, a) ).

The number of flops required to compute 75[S] is 8|cx|n?. For the case of || > &, we compute
TelS] via T[S] = -8 — Pi((- B — Vi) o (P, SPy)) Py using 8| |n? flops. This demonstrates
that we can obtain an approximate solution of Eq. (3.2) efficiently whenever |ay| or |ay| is small.
We present the scheme for computing an approximate Newton direction in Algorithm 1.

Adaptive strategy. We propose a rule for updating 6 where p, = 0 ||r|| is defined in Eq. (3.2).
Indeed, we compute p, = —(R(wy), Awy) and use it to update 0y 1. The update rule is summarized
as follows:
max {0, Bobx}, if pr > cl|Awg|?,
Orr1 = Brbk, if cn[|Awg[|* < pr < asf Awg|?, (34)
min{f, f20;}, otherwise.

where By < 1,51,82 > 1and 6,6 > 0.
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Figure 1: Visualization of the OT map with ngmpe = 1 € {50, 100, 200}.

Main scheme. We summarize the complete scheme of our new algorithm in Algorithm 2. Indeed,
we generate a sequence of iterates by alternating between extragradient (EG) method [17, 6] and the
aforementioned regularized SSN method.

Note that we maintain one auxiliary sequence of iterates {v };>0. This sequence is directly generated
by the EG method for solving the min-max optimization problem in Eq. (2.5) and is used to safeguard
the regularized SSN method to achieve a global convergence rate. More specifically, we start with
vg = wp € R™ x S and perform the k™ iteration as follows,

1. Update vg41 from vy using one-step EG.
2. Update w41 from wy, using one-step regularized SSN.
3. Set wi41 = Wiy if |R(Wp+1)] < |R(vk+1)|| and wg41 = vg41 otherwise.

In our experiment, we find that the main iterates are mostly generated by regularized SSN steps and
the whole algorithm converges at a superlinear rate. This phenomenon is quite intuitive: if the initial
point is sufficiently close to one nondegenerate optimal solution, the regularized SSN method can
achieve the similar quadratic convergence rate (cf. Theorem 3.4) as shared by other SSN methods in
the existing literature [35, 18, 1]. The detailed analysis will be provided in the appendix.

Main results. We establish the convergence guarantee of Algorithm 2 in the following theorems.

Theorem 3.3 Suppose that {wy, } >0 is a sequence of iterates generated by Algorithm 2. Then, the
residuals of {wy,} x>0 converge to 0 at a rate of 1/\/k, i.e., | R(wy)|| = O(1/VE).

Theorem 3.4 Suppose that {wy, } >0 is a sequence of iterates generated by Algorithm 2. Then, the
residuals of {wy, } >0 converge to 0 at a quadratic rate if the initial point wy is sufficiently close to
w* with R(w*) = 0 and every element of OR(w*) is invertible.

Remark 3.5 In the context of constrained convex-concave min-max optimization problem, Cai et al.
[6] proved the O(1/ \/E) last-iterate convergence rate of the EG, matching the lower bounds [24, 23].
Since the kernel-based OT estimation can be solved as a min-max problem, the global convergence
rate in Theorem 3.3 demonstrates the efficiency of Algorithm 2. It remains unclear whether or not we
can improve the convergence result by exploring special structure of Eq. (2.5).

4 Experiments

We present the results of experiments that evaluate the kernel-based OT estimation with our algorithm.
The baseline approach is the short-step interior-point method [59]; we exclude the gradient-based
method [38] from our experiment since it only solves the relaxation model. All the experiments were
conducted on a MacBook Pro with an Intel Core i9 2.4GHz and 16GB memory.

Following the setup in Vacher et al. [59], we draw ngmpi. samples from p and ngample sSamples from v,
where 4 is a mixture of 3 d-dimensional Gaussian distributions and v is a mixture of 5 d-dimensional
Gaussian distributions. Then, we sample n filling samples from a 2d Sobol sequence. We also set the
bandwidth 02 = 0.01 and parameters \; = % and \y = \/nim Focusing on the case of d = 1 (i.e.,

1-dimensional setting), we report the visualization results in Figure | and 2 and find that the inferred
OT map will be closer the the true OT map as the number of filling points and data samples increase.
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By varying the dimension d € {2, 5, 10}, we also report the computation efficiency results in Figure 3.
It indicates that the our new algorithm is more efficient than the IPM as the number of filling points
increases, with smaller variance in computation time (seconds).

The experiments comparing kernel-based OT estimators with plug-in OT estimators on synthetic
datasets have been conducted before [59, 38] and the results demonstrate that the kernel-based OT
estimators behave better when the number of samples is small. Here, we repeat such experiment but
using the real-world 4i datasets from Bunne et al. [5], which contains single-cell perturbed responses,
and which include the unperturbed cells and cells subject to drug perturbations. Our experiments are
conducted on 15 datasets with different drug perturbations.

Due to space limit, we defer the results to Appendix G (see Figure 4). We can see that the kernel-based
OT estimators computed by our algorithm achieve satisfactory performance and behave better in most
cases when the number of training samples is small; in particular, they better on 6 datasets, comparable
on 5 datasets and worse on 4 datasets. Note that OTT computes the entropic regularized plug-in OT
estimators and is heavily optimized to effectively handle noisy data. Therefore, it would be no surprise
that OTT outperforms our algorithm when the number of training samples is sufficient. However, the
kernel-based OT estimation still provides a fairly effective alternative when the number of training
samples is small, which is consistent with the previous observations on synthetic data [59, 38]. Our
results also validate the effectiveness of our algorithm for computing kernel-based OT estimators.

S Concluding Remarks

In this paper, we propose a nonsmooth equation model for computing kernel-based OT estimators
and show that it has a special problem structure, allowing it to be solved in an efficient manner using
semismooth Newton method. In particular, we propose a specialized semismooth Newton method that
achieves low per-iteration computational cost by exploiting the special problem structure, and prove
a global sublinear convergence rate and a local quadratic convergence rate under standard regularity
conditions. Preliminary experimental results on synthetic datasets show that our algorithm is more
efficient than the short-step interior-point method [59], and the results on real data demonstrate the
effectiveness of our algorithm. Future work includes the applications of kernel-based OT estimators
to deep generative models and other real-world problems.
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