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ABSTRACT

Decentralized learning has gained significant attention due to its advantages in
scalability, privacy, and fault tolerance. In this paradigm, multiple agents collabo-
ratively train a global model by exchanging parameters only with their neighbors,
without the assistance of a centralized server. However, a key vulnerability of ex-
isting decentralized learning approaches is their implicit assumption that all agents
behave honestly during gradient updates and information sharing. In real-world
scenarios, this assumption often breaks down, as selfish or strategic agents may be
incentivized to manipulate gradients or share false information for personal gain,
ultimately compromising the final learning outcome. In this work, we propose a
fully decentralized payment mechanism that, for the first time, guarantees both
truthful behaviors and accurate convergence in decentralized stochastic gradient
descent algorithms. This represents a significant advancement, as it addresses two
major limitations of existing truthfulness mechanisms for collaborative learning:
1) reliance on a centralized server for payment collection, and 2) the tradeoff be-
tween ensuring truthfulness and maintaining convergence accuracy. In addition to
characterizing the convergence rate under convex or strongly convex conditions,
we also prove that our approach guarantees the cumulative gain that an agent can
obtain through strategic behavior remains finite, even as the number of iterations
approaches infinity—a property unattainable by most existing truthfulness mecha-
nisms. Experimental results on several machine learning applications confirm the
effectiveness of our approach.

1 INTRODUCTION

Recent years have witnessed significant advances in decentralized methods for collaborative learning
and optimization (Nedic & Ozdaglar, 2009; Lian et al., 2017; Yang et al., 2019). By distributing
both data and computational resources across multiple agents, decentralized methods leverage the
combined computing power of multiple devices to collaboratively train a global model without the
need for a centralized server. Compared with server-assisted collaborative learning1, decentralized
learning avoids monopolistic control and single points of failure (Warnat-Herresthal et al., 2021),
and hence, is widely applied in areas such as decentralized machine learning (Verbraeken et al.,
2020), multi-robot coordination (Shorinwa et al., 2024), and wireless networks (Du et al., 2024).

However, almost all existing decentralized learning approaches implicitly assume that all participat-
ing agents act truthfully, which is essential for their successful execution. This premise becomes
untenable in practical scenarios where participating agents are strategic and self-interested. In such
cases, participating agents may manipulate gradient updates or share false information to maximize
their own utilities, ultimately undermining the performance of collaborative learning. For example,
in decentralized learning with heterogeneous data distributions among agents, an agent may inflate
its local gradient updates to skew the final model in favor of its own data distribution (Chakarov
et al., 2024a;b). Similarly, in a shared market, a firm may inject noise into its shared data samples
to degrade the quality of other firms’ predictive model training, thereby maintaining competitive

1We use “server-assisted collaborative learning” to refer to collaborative learning involving a centralized
server or aggregator, with federated learning as a representative example.
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Table 1: Comparison of our approach with existing truthfulness results for collaborative learning.

Approach Fully ε-Incentive Budget Accurate
decentralized? compatible?a balanced?b convergence?

Angeli & Manfredi (2023) ✗ ✓ ✗ ✓
Dorner et al. (2023) ✗ ✗c ✓ ✗
Chakarov et al. (2024a;b) ✗ ✗ ✓ ✗
Chen et al. (2025) ✓ ✓ ✓ ✗
Our approach ✓ ✓ ✓ ✓
a We use “ε-Incentive compatible” to describe whether an approach can guarantee that the cu-

mulative gain that an agent obtains from persistent strategic behaviors remains finite (bounded
by some finite value ε), even as the number of iterations approaches infinity.

b We use “Budget balanced” to mean total payments collected equal total payments made, re-
quiring no external subsidies or surplus. This ensures that the mechanism is financially sus-
tainable and scalable in practice.

c Dorner et al. (2023) does not provide a clear result on ε-incentive compatibility.

advantage (Dorner et al., 2023). More motivating examples are provided in Appendix B.1. Such
untruthful behaviors pose a significant threat to the performance of existing decentralized learning
and optimization algorithms (as demonstrated by our experimental results in Fig. 2).

To mitigate strategic behaviors of participating agents in collaborative learning, several approaches
have been proposed, which can be broadly categorized into incentive-based approaches (Zhan et al.,
2021; Lyu et al., 2022; Angeli & Manfredi, 2023; Alon et al., 2024; Clinton et al., 2025) and joint-
differential-privacy (JDP)-based approaches (Pai & Roth, 2013; Kearns et al., 2014; Zhu et al., 2020;
2024). However, all existing approaches rely on a centralized server to collect information from all
agents and then execute a truthfulness mechanism. For example, the Vickrey–Clarke–Groves (VCG)
mechanism, a well-known incentive-based approach, requires a centralized server to aggregate true
gradients/functions from all agents to compute the corresponding monetary transfers (Jain & Wal-
rand, 2010; Dave et al., 2021; Qian et al., 2021; Angeli & Manfredi, 2023; Dorner et al., 2023;
Chakarov et al., 2024a;b). Similarly, JDP-based approaches require a centralized server to collect
iteration variables from all agents in order to compute the necessary noise (Han et al., 2015; Hale
& Egerstedt, 2015; Zhang et al., 2022)2. To the best of our knowledge, no existing approaches can
effectively incentivize truthful behaviors in fully decentralized learning and optimization.

Our contributions are summarized as follows:

1. We propose a fully decentralized payment mechanism that incentivizes truthful behaviors
among interacting strategic agents in decentralized learning and optimization. This represents
a substantial breakthrough, as existing truthfulness mechanisms (in, e.g., Dave et al. (2021);
Qian et al. (2021); Lyu et al. (2022); Zhang et al. (2022); Dorner et al. (2023); Angeli &
Manfredi (2023); Chakarov et al. (2024a;b); Alon et al. (2024); Clinton et al. (2025)) all
rely on a centralized server to aggregate local information from agents. To the best of our
knowledge, this is the first payment mechanism implemented in a fully decentralized setting,
without the assistance of any centralized server or aggregator.

2. Our payment mechanism guarantees that the incentive for a strategic agent to deviate from
truthful behaviors diminishes to zero over time (see Lemma 1). Building on this, we further
prove that the cumulative gain that an agent can obtain from its strategic behaviors remains
finite, even when the number of iterations tends to infinity (see Theorem 2). This stands in
sharp contrast to existing incentive-based approaches for federated learning in Chakarov et al.
(2024a;b), which cannot eliminate agents’ incentives to behave untruthfully—resulting in a
cumulative gain that grows unbounded when the number of iterations tends to infinity.

3. In addition to ensuring diminishing incentives for untruthful behavior in decentralized learn-
ing, our payment mechanism also guarantees accurate convergence of decentralized learning,
even in the presence of persistent gradient manipulation by agents (see Theorem 1). This is
in stark contrast to existing JDP-based truthfulness results in Han et al. (2015); Zhang et al.

2Although the recent work by Chen et al. (2025) proposes a JDP-based truthfulness approach for decentral-
ized aggregative optimization, it is limited to scenarios where each agent’s objective function depends on an
aggregative term of others’ optimization variables.
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(2022); Chen et al. (2025) and incentive-based truthfulness results in Dorner et al. (2023);
Chakarov et al. (2024a;b), all of which are subject to an optimization error. We analyze the
convergence rates of decentralized learning under our payment mechanism for general con-
vex or strongly convex global objective functions. This is more comprehensive than existing
truthfulness results in Dave et al. (2021); Angeli & Manfredi (2023); Dorner et al. (2023);
Chakarov et al. (2024a;b) that focus solely on the strongly convex case.

4. Different from most existing VCG-based approaches (in, e.g., Angeli & Manfredi (2023);
Alon et al. (2024)), which cannot ensure budget-balance (the total payments from all agents
sum to zero, a property essential for the financial sustainability and practical scalability of
the mechanism), our payment mechanism is budget-balanced. This is significant in a fully
decentralized setting since no centralized server is used to manage subsidies or surplus.

5. We evaluate the performance of our truthful mechanism using multiple representative de-
centralized machine learning tasks, including image classification on the FeMNIST dataset,
sentiment analysis on the Sent140 dataset, and next-character prediction on the Shakespeare
dataset. The experimental results confirm the effectiveness of our approach.

2 RELATED WORK

Due to space limitations, we leave the comparison between our work and relevant studies on decen-
tralized learning/optimization, game theory, robustness in decentralized learning/optimization (e.g.,
Byzantine attacks), and personalized learning to Appendix B.3. Furthermore, we highlight the key
differences between our approach and state-of-the-art truthfulness results in Table 1.

Incentive-based truthfulness approaches. Truthfulness in statistical (mean) estimation has been
addressed using incentive/payment mechanisms (Cai et al., 2015; Chen et al., 2023; Clinton et al.,
2025). These mechanisms are typically one-shot, where agents choose their strategies once and
a centralized server broadcasts payments accordingly, which renders them inapplicable to multi-
round, gradient-based decentralized learning algorithms (a detailed discussion on the difference
between truthfulness in server-assisted and decentralized mean estimation is provided in Ap-
pendix B.2). Based on the well-known VCG mechanism (Vickrey, 1961; Clarke, 1971; Groves,
1973), truthfulness results have also been reported for federated learning (see, e.g., Dave et al.
(2021); Qian et al. (2021); Lyu et al. (2022); Angeli & Manfredi (2023); Dorner et al. (2023);
Chakarov et al. (2024a;b)). However, the VCG mechanism relies on a server to calculate and collect
monetary payments, which makes it inapplicable in a fully decentralized setting. It is worth not-
ing that many results have discussed incentive mechanisms for encouraging agents’ contributions
of data/resources in collaborative learning (Chen et al., 2020; Sim et al., 2020; Blum et al., 2021;
Fraboni et al., 2021; Karimireddy et al., 2022; Wang et al., 2023; Yu et al., 2023; Tsoy et al., 2024).
However, those results do not consider agents’ strategic manipulation for personal gains.

JDP-based truthfulness approaches. JDP-based approaches incentivize truthful behavior by in-
jecting noise into algorithmic outputs, thereby masking the impact of any single agent’s misreporting
on the final model and promoting truthfulness (Han et al., 2015; Zhang et al., 2022). However, these
approaches require a centralized server to collect local optimization variables from all agents to de-
termine the needed noise amplitude, which makes it infeasible in a fully decentralized setting. More-
over, JDP-based approaches have to compromise convergence accuracy to ensure truthfulness (Chen
et al., 2025), which is undesirable in accuracy-sensitive applications.

Notations: We use Rn to denote the set of n-dimensional real Euclidean space. We denote ∇F (θ)
as the gradient of F (θ) and E[θ] as the expected value of a random variable θ. We denote the
set of N agents by [N ], the neighboring set of agent i as Ni. We denote the coupling matrix by
W = {wij} ∈ RN×N , where wij > 0 if agent j interacts with agent i, and wij = 0 otherwise. We
define wii = 1−

∑
j∈Ni

wij . We abbreviate “with respect to” as w.r.t. throughout the paper.

3 PROBLEM FORMULATION AND PRELIMINARIES

3.1 DECENTRALIZED LEARNING AND OPTIMIZATION

We consider N ≥ 2 agents participating in decentralized learning and optimization, each possessing
a private dataset whose distribution can be heterogeneous across the agents. The goal is for all agents

3
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to cooperatively find a solution θ∗ to the following stochastic optimization problem:

min
θ∈Rn

F (θ) =
1

N

N∑
i=1

fi(θ), fi(θ) = Eζi∼Pi [l(θ; ζi)], (1)

where θ ∈ Rn denotes a global model parameter and ζi is a random data sample of agent i drawn
from its local data distribution Pi. The loss function l(θ; ζi) : Rn×Rn 7→ R is assumed to be
differentiable in θ for every ζi and the local objective function fi(θ) of agent i is general convex.

In real-world applications, the data distribution Pi is typically unknown. Hence, each agent i can
only access a noisy estimate of the gradient ∇fi(θi,t), computed at its current local model parameter
θi,t using the available local data. For example, at each iteration t, agent i samples a batch of B ≥ 1

data points and computes a gradient estimate as gi(θi,t) = 1
B

∑B
j=1 ∇l(θi,t; ζij). Using this gradient

estimate gi(θi,t), along with the model parameters {θj,t}j∈Ni
received from its neighbors, agent i

updates its local parameter according to a decentralized learning/optimization algorithm.

Existing decentralized learning/optimization algorithms (see, e.g., Lian et al. (2017); Li et al. (2019);
Liu et al. (2019); Assran et al. (2019); Koloskova et al. (2020b); Amiri & Gündüz (2020); Kim et al.
(2020); Pu et al. (2021); Bullins et al. (2021); Lin et al. (2021); Castiglia et al. (2021); Huang et al.
(2022); Wang & Yang (2023); Ding et al. (2023); Bars et al. (2024); Huang et al. (2025); da Silva
et al. (2025)) universally assume that participating agents are honest and behave truthfully. How-
ever, this assumption may be unrealistic in real-world scenarios, where agents can behave selfishly or
strategically. For example, a strategic agent may amplify its gradient estimates to bias the final model
parameter in favor of its own data distribution, or inject noise into its shared information to degrade
the performance of other agents’ models for competitive advantage. (We provide additional motivat-
ing examples to illustrate how agents can benefit from gradient manipulation in decentralized least
squares and consensus-based decentralized mean estimation in Appendix B.1 and Appendix B.2, re-
spectively.) Such strategic gradient manipulation can significantly degrade the learning performance
of existing decentralized learning algorithms (as evidenced by our experimental results in Fig. 2).

Next, we discuss the classical decentralized stochastic gradient descent (SGD) in the presence of
gradient manipulation by a strategic agent i ∈ [N ].

Decentralized SGD in the presence of strategic behavior. At each iteration t, each agent i strategi-
cally chooses a manipulated gradient mi,t, which, in general, is a function of agent i’s true gradient
gi(θi,t). Using the manipulated gradient mi,t and the model parameters {θj,t}j∈Ni

received from its
neighbors, each agent i updates its local model parameter according to the following Algorithm 1:

Algorithm 1 Decentralized SGD in the presence of strategic behavior (from agent i’s perspective)
1: Input: Random initialization θi,0 ∈ Rn; stepsize λt > 0.
2: Send θi,0 to neighbors j ∈ Ni and receive θj,0 from neighbors j ∈ Ni.
3: for t = 0, . . . , T do
4: θi,t+1 =

∑
j∈Ni∪{i} wijθj,t − λtmi,t;

5: Send θi,t+1 to neighbors j ∈ Ni and receive θj,t+1 from neighbors j ∈ Ni.
6: end for
7: Output: xi,T on agent i.

It is worth noting that we focus on gradient manipulation rather than model-parameter manipula-
tion for two reasons. First, any manipulation of model parameters shared among agents effectively
corresponds to some form of alteration in the gradient estimates, as proven in Corollary 1 in Ap-
pendix B.1. Second, gradient manipulation is the most direct and practically effective strategy for a
strategic agent to increase its personal gain. Specifically, by upscaling its own gradient estimates, an
agent can increase the influence of its local data on the cooperative learning process, thereby pulling
the final model parameter closer to the minimizer of its local objective function and reducing its
own cost. On the other hand, by injecting noise into its gradient estimates, an agent can reduce the
usefulness of its data to its neighbors, degrading their model performance and gaining competitive
advantage. In comparison, manipulating model parameters does not provide a clear strategic benefit.
For these reasons, we focus on gradient manipulation as the primary form of untruthful or strategic
behavior by participating agents.
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To quantitatively analyze strategic interactions among agents, we adopt a game-theoretic framework
that explicitly defines each agent’s strategic behaviors, rewards, payments, and net utilities.

3.2 GAME-THEORETIC FRAMEWORK

Strategic behaviors and action space. A self-interested agent can enhance its individual outcome
through two strategic behaviors: amplifying its gradient estimates to bias the final model parameter
in favor of its own data distribution, and injecting noise to degrade the performance of other agents’
model parameters for competitive advantage. Both strategic behaviors can be modeled as an agent’s
action at each iteration. Formally, we define the action space for each strategic agent i ∈ [N ] in
decentralized learning/optimization as follows:

Ai = {αi|αi(gi(θ)) = aigi(θ) + biξi, with ai ≥ 1 and bi ∈ R} , (2)

where gi(θ) represents agent i’s true gradient estimate and ξi is a zero-mean noise vector with
bounded variance. The scaling factor ai quantifies the degree of gradient amplification, while the
noise factor bi specifies the magnitude of noise injection, both of which can be strategically chosen
by agent i at each iteration. For any action space Ai, we assume that it includes the identity mapping,
which maps gi to itself with probability one. Hence, truthfulness is always a feasible action.

The action space defined in equation 2 is designed to capture the strategic behavior of agents in
decentralized learning rather than arbitrary malicious attacks. To this end, we consider ai ≥ 1
and ignore ai < 1, because the latter typically reduces the influence of agent i’s local data on
cooperative learning, making it a non-utility-improving choice for a rational agent. This focus on
strategic, utility-driven behavior excludes general malicious attacks, which are typically disruptive
and do not align with an agent’s goal of improving its outcome within the learning framework. In
addition, compared with the action spaces defined in existing results on federated learning, such
as Dorner et al. (2023) that only considers noise injection (i.e., fixing ai = 1) and Chakarov et al.
(2024a) that only considers gradient amplification (i.e., fixing bi = 0), our formulation accounts for
a broader range of strategic manipulations.

Rewards. We denote a decentralized learning algorithm as M. At each iteration t, agent i chooses
an action αi,t ∈ Ai. This action produces a (manipulated) gradient mi,t = αi,t(gi(θi,t)), which
is then used by agent i in the update step of M. Considering T + 1 iterations of M, we let αi =
{αi,t}Tt=0 denote the action trajectory of agent i from iteration 0 to iteration T , θj = {θj,t}Tt=0
denote the model-parameter trajectory of agent j, and θ−i = {θj}j∈Ni denote the collection of
model-parameter trajectories received by agent i from all its neighbors. Given an initial model
parameter θi,0, an action trajectory αi, and a collection of model-parameter trajectories θ−i, an
implementation of M generates a final model parameter θi,T+1 = M(θi,0,αi,θ−i) for agent i. We
denote the reward that agent i obtains from its final objective (cost) function value as Ri(fi(θi,T+1)).

In a minimization problem (see equation 1), the reward function Ri(fi(θ)) increases as the objective
function fi(θ) decreases. Therefore, a self-interested agent can boost its reward by biasing the
final solution toward the minimizer of its local objective function. Common choices for Ri(fi(θ))
include the linear function Ri(fi(θ)) = −fi(θ) and the sigmoid-like function Ri(fi(θ)) = (1 +
e−1/fi(θ))−1 (Chakarov et al., 2024b). We allow different agents to have different reward functions.

Payments and net utilities. To mitigate gradient manipulation by participating agents, we augment
the decentralized learning protocol by introducing a payment mechanism (which can be efficiently
computed and implemented in a fully decentralized manner between any pair of interacting agents,
see details in Section 4). Furthermore, to incentivize agents to actively participate in decentralized
learning (e.g., to discourage local-only learning), we introduce a regularization term that penalizes
large deviations of each agent’s learned model parameter from the global optimal solution θ∗. We
denote the augmented decentralized learning protocol (with a payment mechanism) by Mp. The net
utility of agent i from executing Mp over T + 1 iterations is defined as follows:

U
Mp

i,0→T (αi,α−i) = Ri(fi(θi,T+1))−K∥θi,T+1 − θ∗∥2 −
T∑

t=0

Pi,t, (3)

where K is an arbitrary positive penalty coefficient, Pi,t is the total payment made by agent i to all
its neighbors, and α−i = {αj}j ̸=i denotes the action trajectories of all agents except agent i.
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We note that all existing incentive-based approaches for collaborative learning ensure truthfulness
by incorporating a payment or penalty term into each agent’s net utility. Without such payments,
a self-interested agent can freely manipulate its gradients to reduce its own loss and increase its
rewards, thereby distorting the collaborative learning process. Therefore, equation 3 includes the
cumulative payments of each agent in its net utility. Accordingly, a rational agent must consider
both its rewards and payments when maximizing its net utility.

Next, we introduce two truthfulness-related concepts in our game-theoretic framework.

Definition 1 (δ-truthful action (Chakarov et al., 2024a;b)). For any given δ ≥ 0 and any i ∈ [N ], an
action αi ∈ Ai (with Ai defined in equation 2) of agent i is δ-truthful if it satisfies E[∥αi(gi(θ)) −
gi(θ)∥] ≤ δ for any θ ∈ Rn. In particular, the action αi is fully truthful when δ = 0.

Definition 1 quantifies the truthfulness of an agent’s action in collaborative learning/optimization. It
can be seen that a smaller δ corresponds to a higher level of truthfulness in the agent’s action.

Definition 2 (ε-incentive compatibility (Nisan et al., 2007)). For any given ε ≥ 0, a decentral-
ized learning protocol Mp is ε-incentive compatible if for all i ∈ [N ], E[UMp

i,0→T (hi,h−i)] ≥
E[UMp

i,0→T (αi,h−i)] − ε holds for any arbitrary action trajectory αi of agent i, where hi is the
truthful action trajectory of agent i and h−i is truthful action trajectories of all agents except agent i.

Definition 2 (also called ε-Bayesian-incentive compatibility) is a standard and commonly used no-
tion in the existing incentive-compatibility literature (Deng et al., 2020; Yin et al., 2022; Chakarov
et al., 2024a;b). It implies that if a decentralized learning protocol is ε-incentive compatible, then
the expected net utility that an agent can gain from any (possibly untruthful) action trajectory is at
most ε greater than that obtained by being truthful in all iterations. Clearly, a smaller ε corresponds
to a lower gain that an untruthful agent can obtain. In addition, according to the definition of ε-Nash
equilibrium in Huang et al. (2007) (also provided in Definition 6 in Appendix C.1), if a decentralized
learning protocol is ε-incentive compatible, then the truthful action trajectory profile of all agents
h = (hi,h−i) forms an ε-Nash equilibrium (see Lemma 7 in Appendix C.2).

4 PAYMENT MECHANISM DESIGN FOR DECENTRALIZED LEARNING

In this section, we propose a fully decentralized payment mechanism (see Mechanism 1) to incen-
tivize truthful behaviors of participating agents in decentralized learning and optimization.

Mechanism 1 Fully decentralized payment mechanism (for interacting agents i and j at iteration t)
1: Input: θι,t−1, θι,t, θι,t+1 for ι ∈ {i, j} available to both agents i and j under Algorithm 1 (note

θι,t+1 has been shared at the end of iteration t); initialization θi,−1 = θj,−1 = 0n; Ct > 0.
2: Agents i and j simultaneously compute both ∆θi,t ≜ ∥θi,t+1 − 2θi,t + θi,t−1∥2 and ∆θj ,t ≜

∥θj,t+1 − 2θj,t + θj,t−1∥2.
3: if ∆θi,t ≥ ∆θj ,t then
4: Agent i transfers P j

i,t = Ct(∆θi,t −∆θj ,t) to agent j.
5: else
6: Agent i receives P i

j,t = Ct(∆θj ,t −∆θi,t) from agent j.
7: end if

Mechanism 1 is implementable in a fully decentralized manner without the assistance of any server
or aggregator. At each iteration t, if agent i manipulates its gradient estimates such that its model-
parameter increment ∥θi,t+1 − 2θi,t + θi,t−1∥ exceeds that of its neighbor agent j, agent i pays
an amount P j

i,t > 0 to agent j (in this case, we denote the payment of agent j as P i
j,t = −P j

i,t).
Conversely, if agent i’s model-parameter increment ∥θi,t+1−2θi,t+θi,t−1∥ is no greater than that of
its neighbor agent j, it receives a payment of amount P i

j,t ≥ 0 from agent j (in this case, we denote
the payment of agent i as P j

i,t = −P i
j,t). We emphasize that our payment mechanism can be readily

applied to any first-order (gradient-based) decentralized learning and optimization algorithm. For
an agent i, its total payment to all its neighbors at iteration t is given by Pi,t =

∑
j∈Ni

P j
i,t.

6
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In Mechanism 1, with both agents i and j having access to θι,t−1, θι,t, and θι,t+1 for ι ∈ {i, j} from
the update of Algorithm 1 (note that θι,t+1 has been shared at the end of iteration t), the two agents
can cross-verify the computed payment value, making the mechanism robust to unilateral manipu-
lation. This represents a significant advance compared with the payment mechanism in Angeli &
Manfredi (2023) for server-assisted collaborative optimization, which requires all agents to truth-
fully report their local objective-function values for payment calculation—thereby creating a risk
that strategic agents may manipulate the algorithmic update and the payment mechanism separately.

Our payment mechanism can effectively discourage agents from free-riding. Specifically, the model-
parameter increment ∥θi,t+1 − 2θi,t + θi,t−1∥ of agent i depends on both the consensus errors (see
the dynamics of ∆θi,t in equation 54) and the (sign-indefinite) local gradients. Consequently, even if
agent i uses a zero (or low) gradient, there is no guarantee that ∥θi,t+1−2θi,t+θi,t−1∥ will be smaller
than that of its neighbor j, meaning that leveraging zero gradients does not reliably increase agent
i’s payment gains. In contrast, free-riding behavior (or using low gradients) invariably degrades
agent i’s own reward Ri(fi(θi,T )), as it weakens the influence of agent i’s data in collaborative
learning and ultimately leads to a worse final model for the agent itself. Hence, free-riding is not a
utility-improving choice for a rational agent.

Our payment mechanism is conceptually inspired by the classical VCG mechanism (Vickrey, 1961;
Clarke, 1971; Groves, 1973) but has several fundamental differences: 1) conventional VCG mecha-
nisms require a central server to calculate and collect payments (Dave et al., 2021; Qian et al., 2021;
Lyu et al., 2022; Angeli & Manfredi, 2023; Alon et al., 2024), whereas our mechanism operates
in a pairwise fashion without reliance on any third party. As a result, it can be implemented in a
fully decentralized manner; 2) conventional VCG mechanisms are typically designed for one-shot
games. In contrast, our payment mechanism is naturally compatible with iterative algorithms, en-
compassing a wide range of decentralized learning methods. In fact, an iterative algorithm setting
inherently forms a multi-stage game, where agents repeatedly adjust actions, posing challenges for
both truthfulness and convergence analysis; and 3) conventional VCG mechanisms are not budget-
balanced (see, e.g., Angeli & Manfredi (2023); Alon et al. (2024)), whereas our payment mechanism
is budget-balanced, i.e.,

∑N
i=1 Pi,t = 0, making it financially sustainable and scalable in practice.

The existing approaches most closely related to ours are the payment mechanisms proposed
by Chakarov et al. (2024a;b). However, there are several fundamental differences: 1) our payment
mechanism is implementable in a fully decentralized manner, and hence, is applicable to arbitrary
connected communication graphs, whereas the mechanisms in Chakarov et al. (2024a;b) rely on a
centralized server to aggregate gradients from all agents, and thus operate only under a centralized
communication structure; and 2) our payment mechanism achieves ε-incentive compatibility with
a finite ε even in an infinite time horizon (see Theorem 2), whereas the incentive ε in Chakarov
et al. (2024a;b) becomes unbounded as the number of iterations tends to infinity (see Claim 23
in Chakarov et al. (2024a) or Theorem 5.1 in Chakarov et al. (2024b)), leading to a vanishing incen-
tive compatibility guarantee over iterations.

5 THEORETICAL RESULTS

Assumption 1. For any i ∈ [N ], Ri(fi(θ)) is LR,i-Lipschitz continuous w.r.t. θ and gi(θ) is
Hi-Lipschitz continuous. Moreover, the stochastic gradient estimate gi(θ) is unbiased and has
bounded variance σ2

i , i.e., E[gi(θ)] = ∇fi(θ) and E[∥gi(θ) − ∇fi(θ)∥2] ≤ σ2
i . In addition, for

a general convex fi(θ), we assume that fi(θ) is Lf,i-Lipschitz continuous. However, this assump-
tion is not required for a strongly convex fi(θ). For the sake of notational simplicity, we denote
LR = maxi∈[N ]{LR,i}, H = maxi∈[N ]{Hi}, Lf = maxi∈[N ]{Lf,i}, and σ = maxi∈[N ]{σi}.

Assumption 2. The weight matrix W is symmetric and satisfies W1N = 1N and 1⊤
NW = 1⊤

N . We
assume ρ = max{|π2|, |πN |} < 1, where πN ≤ · · · ≤ π2 < π1 = 1 denote the eigenvalues of W .

Assumption 1 is standard and commonly used in the decentralized stochastic optimization/learning
literature (Ma et al., 2015; Chen et al., 2017; Yin et al., 2018; Koloskova et al., 2020a; Sun et al.,
2022; Beznosikov et al., 2022). It is worth noting that we allow fi(θ) to be convex, which is more
general than the strongly convex assumption used in existing truthfulness results in Angeli & Man-
fredi (2023); Dorner et al. (2023); Chakarov et al. (2024a). Assumption 2 ensures that the commu-
nication graph is connected (Pu & Nedić, 2021).
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5.1 CONVERGENCE RATE ANALYSIS

We first prove that, under Mechanism 1, the incentive for a strategic agent in Algorithm 1 to deviate
from truthful behavior diminishes to zero. We then analyze the convergence rates of Algorithm 1 in
the presence of strategic behaviors, for strongly convex and general convex global objective func-
tions, respectively.

Lemma 1. Under Assumptions 1 and 2, for any δ > 0, if we set λt =
λ0

(t+1)v , Ct =
C0κ

2
t

δ2(t+1)−2v

with κt=
1

(t+1)r , v∈ ( 12 ,
2
3 ), r∈ ( 12 , v), and C0 given in equation 72, then under Mechanism 1, the

optimal action for any agent i in Algorithm 1 is κtδ-truthful with respect to its neighboring agents’
actual gradients. Moreover, as the number of iterations tends to infinity, the optimal action for agent
i is fully truthful, i.e., an agent will have zero incentive to deviate from truthful behavior.

Lemma 1 proves that when the neighbors of agent i are truthful, the incentive for agent i to deviate
from truthful behavior converges to zero. This stands in sharp contrast to existing payment mech-
anisms in Chakarov et al. (2024a;b) for federated learning, which guarantees only a bounded—yet
non-diminishing—incentive for untruthful behavior at each iteration, thus leaving agents with a per-
sistent motive to act untruthfully. Furthermore, Lemma 1 implies that by choosing an arbitrarily
small δ > 0, we can ensure that the optimal action of each agent i is arbitrarily close to being fully
truthful at every iteration. It is worth noting that since the differences in model-parameter increments
in Mechanism 1 diminish to zero, we can ensure limt→∞ E[Pi,t] = 0 (as shown in Corollary 3 in
Appendix E.4). This guarantees that no payment is required from agent i when it behaves truthfully
as the number of iterations tends to infinity.
Theorem 1 (Convergence rate). We denote θ∗ as a solution to the problem in equation 1. Under
our Mechanism 1 and the conditions in Lemma 1, for any i ∈ [N ], δ > 0, and T ≥ 0, the following
results hold for Algorithm 1 in the presence of strategic behaviors:

(i) if F (θ) is µ-strongly convex (not necessarily Lipschitz continuous), then we have

E[∥θi,T − θ∗∥2] ≤ O
(

H2(σ2 + δ2)

µ(1− ρ)2(T + 1)v

)
; (4)

(ii) if F (θ) is general convex, then we have

1

T + 1

T∑
t=0

E[F (θi,t)− F (θ∗)] ≤ O

(
H2(σ2 + L2

f + δ2)

(1− ρ)2(T + 1)1−v

)
, (5)

where H , σ, and Lf are from Assumption 1 and ρ = max{|π2|, |πN |} < 1 is from Assumption 2.

Theorem 1 proves that, even in the presence of strategic behaviors, our proposed Mechanism 1 en-
sures convergence to an exact optimal solution θ∗ to the problem in equation 1 at rates O(T−v) and
O(T−(1−v)) for strongly convex and general convex F (θ), respectively. It is broader than existing
truthfulness results in Dave et al. (2021); Angeli & Manfredi (2023); Dorner et al. (2023); Chakarov
et al. (2024a;b) that focus solely on the strongly convex case. Moreover, our results are in stark con-
trast to existing JDP-based truthfulness results in Han et al. (2015); Hale & Egerstedt (2015); Zhang
et al. (2022); Chen et al. (2025) and incentive-based truthfulness results in Dorner et al. (2023);
Chakarov et al. (2024a;b), all of which are subject to optimization errors. In addition, we provide a
computational-complexity analysis of Algorithm 1 under Mechanism 1 in Appendix E.3.

5.2 INCENTIVE-COMPATIBILITY ANALYSIS

In addition to achieving accurate convergence, our fully decentralized payment mechanism also
simultaneously ensures that Algorithm 1 is ε-incentive compatible.
Theorem 2 (Incentive compatibility). Under our fully decentralized payment mechanism and the
conditions in Lemma 1, Algorithm 1 is ε-incentive compatible, regardless of whether F (θ) is general
convex or strongly convex. Namely, for any i ∈ [N ], δ > 0, and T ≥ 0 (which includes the case of
T = ∞), the following inequality always holds:

E[UMp

i,0→T (αi,h−i)− U
Mp

i,0→T (hi,h−i)] ≤ ε, (6)

with U
Mp

i,0→T (αi,h−i) and U
Mp

i,0→T (hi,h−i) defined in equation 3 and ε given by ε = O
(

LRδ
v+r−1

)
.
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Theorem 2 ensures that the cumulative gain from an agent i’s untruthful behaviors in Algorithm 1
remains finite, even when T → ∞. This contrasts with existing truthfulness results for federated
learning (e.g., Chakarov et al. (2024a;b)), where ε explodes as the iteration proceeds, implying that
truthfulness/incentive compatibility will eventually be lost.

Existing incentive-based truthfulness results for server-assisted federated learning in, e.g., Dorner
et al. (2023); Chakarov et al. (2024a;b), do not provide simultaneous guarantees for both ε-incentive
compatibility and accurate convergence. Specifically, the convergence analysis in Dorner et al.
(2023) requires two conditions: (i) P (∃t ≤ T : ΠW (θst − γtm̄t) ̸= θst − γtm̄t) ∈ O( 1

NT ) and (ii)
the boundedness of W (see Theorem 6.1 in Dorner et al. (2023)), where θst is the model parameter
computed by the centralized server, W is a projection set, γt is the stepsize, and m̄t is the average
(manipulated) gradients reported by all agents. Moreover, in the Appendix section “Discussion
on the projection assumptions”, they state that Condition (i) can be guaranteed when W grows
at a rate of Ω(T ) for general strongly convex functions, which is at odds with the boundedness
requirement on W in Condition (ii) when T tends to infinity (their convergence error O( 1+M+ε2

NT )+

O( 1
T 2 ) in Theorem 6.1 is strictly larger than 0 unless T is allowed to approach infinity). Therefore,

they did not provide a method for ensuring that both conditions hold simultaneously under general
strongly convex objectives. A similar issue also exists in Chakarov et al. (2024a) (see Theorem 9
and footnote 2 therein). Although the convergence analysis in Chakarov et al. (2024b) removes these
two conditions, its definition G =

∑T
t=1 γt

√
Ct in Theorem 5.1 implies that ε = O(G) is finite only

when T is finite, indicating that both its ε-incentive compatibility and convergence statements fail
to hold in an infinite time horizon.

6 EXPERIMENTS

We evaluate the effectiveness of our truthful mechanism using three representative decentralized
machine learning tasks: image classification on the FeMNIST dataset, sentiment analysis on the
Sent140 dataset, and next-character prediction on the Shakespeare dataset. The used datasets are
from LEAF (Caldas et al., 2018). All these tasks involve nonconvex objective functions. We consid-
ered five agents connected in a circle, where each agent communicates only with its two immediate
neighbors. For the coupling matrix W , we set wij = 0.3 if agents i and j are neighbors, and
wij = 0 otherwise. For each experiment, we distributed the data across agents using a Dirichlet
distribution to ensure heterogeneity. Visualizations of the heterogeneous data distributions can be
found in Appendix A.1. In each experiment, we randomly divided the agents into two groups, A
and B, containing two and three agents, respectively. Each agent i in group A participates in Al-
gorithm 1 using manipulated gradients mA

i,t = aAi,tgi(θi,t) + bAi,tξi,t, where each element of ξi,t is
drawn from a Laplace distribution with zero mean and unit variance. Agents in group B act truth-
fully. It is clear that when aAi,t = 1 and bAi,t = 0 hold for all i ∈ [N ] and t ≥ 0, all agents act
truthfully. In all experiments, the optimal model parameter θ∗ in equation 3 was obtained by exe-
cuting centralized SGD over 10, 000 iterations and the penalty coefficient was set to K=10−5. For
each experiment, we first compared the average net utility of agents in group A under varying scal-
ing factors aA for different payment coefficients C. Then, we evaluated the test accuracies in three
cases: 1) Algorithm 1 without manipulation (called DSGD (no strategic behaviors)), 2) Algorithm 1
with manipulation under Mechanism 1 (called Algorithm 1 with payment), and 3) Algorithm 1 with
manipulation without Mechanism 1 (called Algorithm 1 without payment). In this comparison, each
agent in group A strategically selects (aAi,t, b

A
i,t) to empirically maximize its net utility under a preset

Ct =
10−6κ2

t

δ2(t+1)−2v , where κt and δ are specified in each experiment below. Detailed experimental
setups are given in Appendix A.1 and additional results on noise factors bA and training loss are
given in Appendix A.2. The code for all experiments is available online3.

Image classification on the FeMNIST dataset. We train a convolutional neural network (CNN) us-
ing the architecture provided by Caldas et al. (2018). Training is conducted on 81, 785 data samples
from 3, 597 writers, which are partitioned among agents using a Dirichlet distribution with parame-
ter β = 0.5. We use a batch size of 32. We set the learning rate (stepsize) as λt = 0.1(t + 1)−0.55

and the parameters in payment coefficient Ct as κt = (t+ 1)−0.51 and δ = 10−4. These parameter
choices satisfy all the conditions in Lemma 1, Theorem 1, and Theorem 2.

3https://anonymous.4open.science/r/Truthfulness-in-D-Learning/README.md
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(a) FeMNIST dataset (b) Sent140 dataset (c) Shakespeare dataset

Figure 1: Average net utilities of group-A agents under varying scaling factors aA (with bA = 0) for
different payment coefficient C. The error bars represent standard errors over 10 runs.

(a) FeMNIST dataset (b) Sent140 dataset (c) Shakespeare dataset

Figure 2: Comparison of test accuracies over epochs. The 95% confidence intervals were computed
from three independent runs with random seeds 42, 126, and 1010.

Sentiment analysis on the Sent140 dataset. We train a sentiment classifier based on a multi-layer
perceptron (Go et al., 2009). The input (BERT embedding) to this classifier is precomputed using
a frozen BERT-base model (Devlin et al., 2019). Training is conducted on 160, 049 tweets from
660, 120 users, which are partitioned among agents using a Dirichlet distribution with parameter
β = 10. We use a batch size of 64. We set the learning rate (stepsize) as λt = 0.1(t + 1)−0.6 and
the parameters in payment coefficient Ct as κt = (t+ 1)−0.51 and δ = 10−4.

Next-character prediction on the Shakespeare dataset. We train a long short-term memory net-
work (Wang et al., 2020) using the Shakespeare dataset with 398, 202 sequences from 1, 080 users.
The experimental setups are the same as those used in the previous FeMNIST experiment.

In Fig. 1, the top orange line (C = 0) shows that without our payment mechanism, increasing aA
raises the average net utility of group-A agents. However, introducing payments (C > 0) effectively
reduces the gains from such strategic behaviors by group-A agents. Moreover, a large C makes
truthful participation the optimal action for group-A agents. Fig. 2 shows that the strategic behavior
of agents decreases the test accuracy in conventional decentralized learning algorithms, whereas our
payment mechanism mitigates this degradation. This demonstrates the effectiveness of our approach
in preserving the learning accuracy of Algorithm 1 despite strategic manipulation.

7 CONCLUSION

We have proposed the first fully decentralized payment mechanism that incentivizes truthful be-
haviors of strategic agents during decentralized learning and optimization, without relying on any
centralized server or aggregator. This represents a significant advance since all existing truthfulness
approaches require the assistance of a centralized server in computation or execution. Our payment
mechanism ensures that the cumulative gain from strategic manipulation remains finite, even over
an infinite time horizon—a property unattainable in most existing truthfulness results. Moreover,
unlike most existing truthfulness results, our payment mechanism is budget-balanced and guaran-
tees accurate convergence of Algorithm 1 under strategic manipulation. The results apply to general
convex and strongly convex global objective functions, making them more general than existing
work, which focuses only on the strongly convex cases. Experimental results on three decentralized
machine learning applications confirm the effectiveness of our approach.
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Reproducibility statement. All authors confirm the reproducibility of both the theoretical and
experimental results. The code for all experiments is available online at https://anonymous.
4open.science/r/Truthfulness-in-D-Learning/README.md . Detailed descrip-
tions of the experimental settings are provided in the main text and Appendix. Theoretical assump-
tions are clearly stated, and complete proofs of all results are included in the Appendix.
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han, Virginia Smith, and Ameet Talwalkar. LEAF: A benchmark for federated settings. arXiv
preprint arXiv:1812.01097, 2018.

Timothy Castiglia, Anirban Das, and Stacy Patterson. Multi-level local SGD: Distributed SGD for
heterogeneous hierarchical networks. In International Conference on Learning Representations,
2021.

Dimitar Chakarov, Nikita Tsoy, Kristian Minchev, and Nikola Konstantinov. Incentivizing truth-
ful collaboration in heterogeneous federated learning. In OPT 2024: Optimization for Machine
Learning, 2024a.

Dimitar Chakarov, Nikita Tsoy, Kristian Minchev, and Nikola Konstantinov. Incentivizing truthful
collaboration in heterogeneous federated learning. arXiv preprint arXiv:2412.00980, 2024b.

Tianyi Chen, Aryan Mokhtari, Xin Wang, Alejandro Ribeiro, and Georgios B Giannakis. Stochas-
tic averaging for constrained optimization with application to online resource allocation. IEEE
Transactions on Signal Processing, 65(12):3078–3093, 2017.

11

https://anonymous.4open.science/r/Truthfulness-in-D-Learning/README.md
https://anonymous.4open.science/r/Truthfulness-in-D-Learning/README.md


594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647

Under review as a conference paper at ICLR 2026

Yiding Chen, Jerry Zhu, and Kirthevasan Kandasamy. Mechanism design for collaborative normal
mean estimation. Advances in Neural Information Processing Systems, 36:49365–49402, 2023.

Yiling Chen, Yiheng Shen, and Shuran Zheng. Truthful data acquisition via peer prediction. Ad-
vances in Neural Information Processing Systems, 33:18194–18204, 2020.

Ziqin Chen and Yongqiang Wang. Locally differentially private gradient tracking for distributed
online learning over directed graphs. IEEE Transactions on Automatic Control, 70(5):3040–3055,
2025.

Ziqin Chen, Magnus Egerstedt, and Yongqiang Wang. Ensuring truthfulness in distributed aggrega-
tive optimization. IEEE Transactions on Automatic Control (early access), 2025.

Edward H Clarke. Multipart pricing of public goods. Public Choice, pp. 17–33, 1971.

Alex Clinton, Yiding Chen, Jerry Zhu, and Kirthevasan Kandasamy. Collaborative mean estimation
among heterogeneous strategic agents: Individual rationality, fairness, and truthful contribution.
In International Conference on Machine Learning. PMLR, 2025.

Tiago da Silva, Amauri Souza, Omar Rivasplata, Vikas Garg, Samuel Kaski, and Diego Mesquita.
Generalization and distributed learning of GFlowNets. In International Conference on Learning
Representations, 2025.

Aditya Dave, Ioannis Vasileios Chremos, and Andreas A Malikopoulos. Social media and mislead-
ing information in a democracy: A mechanism design approach. IEEE Transactions on Automatic
Control, 67(5):2633–2639, 2021.

Xiaotie Deng, Ron Lavi, Tao Lin, Qi Qi, Wenwei Wang, and Xiang Yan. A game-theoretic analysis
of the empirical revenue maximization algorithm with endogenous sampling. Advances in Neural
Information Processing Systems, 33:5215–5226, 2020.

Jacob Devlin, Ming-Wei Chang, Kenton Lee, and Kristina Toutanova. BERT: Pre-training of deep
bidirectional transformers for language understanding. In Proceedings of the 2019 Conference of
the North American Chapter of the Association for Computational Linguistics: Human Language
Technologies, Volume 1 (Long and Short Papers), pp. 4171–4186, 2019.

Lisang Ding, Kexin Jin, Bicheng Ying, Kun Yuan, and Wotao Yin. DSGD-CECA: Decentralized
SGD with communication-optimal exact consensus algorithm. In International Conference on
Machine Learning, pp. 8067–8089. PMLR, 2023.

Florian E Dorner, Nikola Konstantinov, Georgi Pashaliev, and Martin Vechev. Incentivizing honesty
among competitors in collaborative learning and optimization. Advances in Neural Information
Processing Systems, 36:7659–7696, 2023.

Jun Du, Tianyi Lin, Chunxiao Jiang, Qianqian Yang, C Faouzi Bader, and Zhu Han. Distributed
foundation models for multi-modal learning in 6G wireless networks. IEEE Wireless Communi-
cations, 31(3):20–30, 2024.
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APPENDIX

• Section A: Experimental setups and additional experimental results

– A.1 Experimental setups
– A.2 Additional experimental results

• Section B: Motivating examples and additional literature comparison

– B.1 Motivating examples
– B.2 Truthfulness in consensus-based decentralized mean estimation
– B.3 Additional literature comparison

• Section C: Notations, definitions, and auxiliary lemmas

– C.1 Notations and definitions
– C.2 Auxiliary lemmas

• Section D: Results on Algorithm 1 with our payment mechanism

– D.1 Proof of Lemma 1
– D.2 Intuitive explanation and rigorous analysis of convergence guarantee

• Section E: Proof of convergence rates in Theorem 1

– E.1 Proof for a strongly convex global objective function
– E.2 Proof for a general convex global objective function
– E.3 Computational complexity of Algorithm 1 under our payment mechanism
– E.4 Diminishing payment guarantee

• Section F: Proof of ε-incentive compatibility in Theorem 2

– F.1 Proof for strongly convex objective functions
– F.2 Proof for general convex objective functions

• Section G: Discussion on parameter manipulation

A EXPERIMENTAL SETUPS AND ADDITIONAL EXPERIMENTAL RESULTS

A.1 EXPERIMENTAL SETUPS

Heterogeneous data distribution. The heatmaps in Fig. 3 visualize the heterogeneous data distri-
butions generated by the Dirichlet partitioning used in our experiments, where β controls the degree
of data heterogeneity. We set β = 0.5 for the FeMNIST and Shakespeare datasets, and β = 10 for
the Sent140 dataset. The horizontal axis denotes agent IDs, the vertical axis denotes class IDs, and
the color intensity indicates the proportion of samples of each class assigned to each agent.

(a) FeMNIST dataset (b) Sent140 dataset (c) Shakespeare dataset

Figure 3: Visualization of heterogeneous data distributions among the five agents for the FeMNIST,
Sent140, and Shakespeare datasets, respectively.
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For all experiments, we used FedLab (Zeng et al., 2023) to migrate the dataset pipeline from LEAF’s
TensorFlow workflow (Caldas et al., 2018) to a PyTorch workflow (Paszke et al., 2019). In addition,
each agent’s local dataset was split into 90% for training and 10% for testing.

FeMNIST. The FeMNIST dataset is a variant of EMNIST, which consists of 817, 851 grayscale
handwritten characters of size 28×28 across 62 classes (digits 0–9, uppercase letters A–Z, lowercase
letters a–z). We performed training using 10% of the entire dataset while preserving all 62 classes.
In this experiment, we trained a two-layer convolutional neural network (CNN), which consists of
two convolutional layers with 32 and 64 filters, respectively (both using 5×5 kernels), each followed
by ReLU activation and 2× 2 max pooling. The extracted features are then flattened and fed into a
fully connected layer with 2048 hidden units and a final output layer of 62 classes.

Sent140. The Sent140 dataset consists of 1, 600, 498 sentiment-labeled tweets across two classes
(positive and negative). We performed training using 10% of the entire dataset. For neural network
training, we first employed a frozen BERT encoder (Devlin et al., 2019) to extract 768-dimensional
sentence embeddings by mean-pooling the last hidden states under the attention mask (with a max-
imum sequence length of 128). These precomputed embeddings are stored for each agent and then
used as input to a two-layer multi-layer perceptron (MLP) classifier (Go et al., 2009). Specifically,
the classifier comprises a linear layer mapping the 768-dimensional input to a hidden layer of size
384, followed by a ReLU activation and a dropout layer with rate 0.1. The output of the hidden
layer is then passed through a final linear layer to produce logits for classification. This architecture
enables efficient sentiment classification based on fixed BERT representations.

Shakespeare. The Shakespeare dataset consists of lines from plays written by William Shakespeare,
formulated as a next-character prediction task over a vocabulary of 80 characters. In this experiment,
we performed training with a two-layer long short-term memory (LSTM) network (Wang et al.,
2020) using 10% of the entire dataset, which contains 3, 982, 028 sequences. Each input character is
first mapped to an 8-dimensional embedding vector. The embedded sequence is then processed by
a two-layer LSTM, with each layer comprising 256 hidden units and a dropout rate of 0.5 between
layers. The output from the final LSTM layer at the last time step is passed through a fully connected
layer to produce logits over the 80-character vocabulary. This model setup enables the network to
capture the sequential dependencies in Shakespearean text for effective character-level prediction.

Hardware and computing resources. All experiments were conducted on both Windows 11 and
Ubuntu 22.04 LTS operating systems, using a workstation equipped with a 32-core CPU, 32 GB
RAM, and a single NVIDIA GeForce RTX 4090 GPU with 24 GB VRAM.

A.2 ADDITIONAL EXPERIMENTS

Experimental results on training loss. We evaluated the training loss in three cases: 1) Algo-
rithm 1 without manipulation (called DSGD (no strategic behaviors)), 2) Algorithm 1 with manipu-
lation under our payment mechanism (called Algorithm 1 with payment), and 3) Algorithm 1 with
manipulation without our payment mechanism (called Algorithm 1 without payment). All parame-
ter setups in this comparison are the same as those used for the test accuracy results in Fig. 2 of the
main text.

Fig. 4 shows that the strategic behavior of agents increases the (global) training loss in conventional
decentralized learning algorithms, whereas our payment mechanism mitigates this increase, yielding
performance that is closer to the baseline (i.e., DSGD (no strategic behaviors)). This demonstrates
the effectiveness of our approach in preserving the training accuracy of Algorithm 1 under strategic
manipulation.

Experimental results on varying noise factors bA. To evaluate the performance of our payment
mechanism in scenarios where strategic agents inject noise into their gradient estimates in Algo-
rithm 1, we conducted additional experiments to compare the average net utility of agents in group
A under varying noise factors bA for different scaling factors aA and payment coefficients C.

Figs.5(a)–5(c) and Figs.5(g)–5(i) depict the average net utility of agents in group A on the FeM-
NIST and Shakespeare datasets, respectively (note that the FeMNIST and Shakespeare datasets are
partitioned using a small Dirichlet parameter β = 0.5, resulting in high data heterogeneity among
agents). These results show that in the absence of our payment mechanism (C = 0), increasing the
noise factor bA raises the average net utility of group-A agents. However, introducing the payment
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(a) FeMNIST dataset (b) Sent140 dataset (c) Shakespeare dataset

Figure 4: Comparison of training losses over epochs. The 95% confidence intervals were computed
from three independent runs with random seeds 42, 126, and 1010.

(a) Scaling factor aA = 1 (b) Scaling factor aA = 2 (c) Scaling factor aA = 3

(d) Scaling factor aA = 1 (e) Scaling factor aA = 2 (f) Scaling factor aA = 3

(g) Scaling factor aA = 1 (h) Scaling factor aA = 2 (i) Scaling factor aA = 3

Figure 5: Average net utilities of group-A agents under varying noise factors bA for different scaling
factors aA and payment coefficients C. The error bars represent standard errors over 10 runs.

mechanism (C > 0) effectively reduces the gains from such strategic behaviors by group-A agents.
Figs. 5(d)-5(f) show the average net utility of agents in group A on the Sent140 dataset (which is
partitioned using a large Dirichlet parameter β = 10, leading to nearly homogeneous data distri-
butions among agents). In this case, increasing bA actually leads to a decrease in the net utility of
group-A agents. This is because when data heterogeneity is low, the local optima of group-A agents’
objective functions are close to the global optimum, and hence, injecting noise degrades the global
model’s performance and also reduces the rewards obtained by group-A agents.
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Fig. 5 illustrates that data heterogeneity in decentralized machine learning can significantly influence
agents’ incentives to manipulate their gradient updates. Specifically, high data heterogeneity among
agents creates strong incentives for gradient manipulation, as agents stand to gain more by deviating
from truthful behavior. In contrast, in homogeneous settings, injecting noise provides no advantage
and can even be detrimental to both individual and global learning performance.

B MOTIVATING EXAMPLES AND ADDITIONAL LITERATURE COMPARISON

B.1 MOTIVATING EXAMPLES

In this subsection, we first present a simple numerical example to illustrate how an agent’s gradient
manipulation can benefit itself while worsening the performance of other agents and increasing the
global cost. Next, we consider a linear regression problem with stochastic least-squares objective
functions to demonstrate that by amplifying its local gradient estimates, an agent can bias the global
optimum toward its own local optimum, thereby reducing its local objective function value. Fur-
thermore, we provide Corollary 1, which proves that any manipulation of model parameters shared
among agents essentially corresponds to some form of modification in the gradient estimates.

Numerical example. We consider three agents with local objective functions f1(θ) = θ2, f2(θ) =
(θ−2)2, and f3(θ) = (θ−4)2. The corresponding global objective function is F (θ) = θ2−4θ+ 20

3
with gradient g(θ) = 2θ − 4. The global optimum is achieved at θ∗ = 2. To illustrate the impact of
gradient manipulation, we assume that agent 1 modifies its gradient as m1(θ) = 2g1(θ)+1 = 4θ+1
while the other agents act truthfully. The resulting global gradient becomes g′(θ) = 8

3θ−
11
3 , which

yields a new global optimum at θ′∗ = 11
8 = 1.375. In this case, we have that agent 1 benefits from

manipulation due to f1(θ
′∗) = (1.375)2 ≈ 1.89 < f1(θ

∗) = 22 = 4. In contrast, agent 2 and agent
3 experience worse outcomes due to f2(θ

′∗) = (1.375− 2)2 ≈ 0.39 > f2(θ
∗) = (2− 2)2 = 0 and

f3(θ
′∗) = (1.375− 4)2 ≈ 6.89 > f3(θ

∗) = (2− 4)2 = 4. Moreover, the gradient manipulation by
agent 1 increases the global cost from F (θ∗) ≈ 2.67 to F (θ′∗) ≈ 3.06.

Least squares problem. We consider a decentralized least squares problem where N agents coop-
eratively find an optimal solution θ∗ to the following stochastic optimization problem:

min
θ∈Rn

F (θ) =
1

N

N∑
i=1

fi(θ), fi(θ)=E
[
(u⊤

i θ − vi)
2
]
, (7)

where ui ∈ Rn denotes a feature vector that is independently and identically drawn from an un-
known distribution with zero mean and a positive definite covariance matrix, i.e., E[ui] = 0 and
E[uiu

⊤
i ] = Σ ≻ 0. The label vi ∈ R is generated according to the linear model vi = u⊤

i zi + ξi,
where zi represents agent i’s predefined local target and ξi denotes zero-mean noise independent of
ui with variance σ2

ξ .

The gradient of the global objective function satisfies

g(θ) =
1

N

N∑
i=1

2E[uiu
⊤
i ](θ − zi) = 2Σ

(
θ − 1

N

N∑
i=1

zi

)
,

which implies that the optimal solution satisfies

θ∗ =
1

N

N∑
i=1

zi ≜ z̄. (8)

To study the effect of gradient manipulation, we assume that agent i deviates from truthful behavior
by scaling its gradient estimate gi(θ) = 2Σ(θ − zi) by some scalar ai > 1, while all other agents
act truthfully. Then, the gradient of the global objective function becomes

g′(θ) = 2Σ

(
(ai +N − 1)θ

N
−

aizi +
∑

j ̸=i zj

N

)
,

which leads to the optimal solution becoming

θ′∗ =
ai − 1

ai +N − 1
zi +

N

ai +N − 1
z̄, with ai > 1. (9)
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From equation 8 and equation 9, we have

∥θ′∗ − zi∥ =
N

ai +N − 1
∥z̄ − zi∥ < ∥z̄ − zi∥ = ∥θ∗ − zi∥,

for any ai > 1, which implies that the optimal solution θ′∗ is closer to agent i’s local target zi (and
is also closer to agent i’s local optimum θ∗i due to θ∗i = zi) than the original optimal solution θ∗.
Moreover, a larger ai makes θ′∗ closer to zi.

Furthermore, since θ′∗ is closer to zi than θ∗ and Σ is positive definite, we have

fi(θ
′∗) = (θ′∗ − zi)

⊤Σ(θ′∗ − zi) + σ2 < fi(θ
∗) = (θ∗ − zi)

⊤Σ(θ∗ − zi) + σ2,

which demonstrates that by amplifying its local gradient estimates, agent i can bias the global opti-
mum toward its own local optimum, thereby reducing its local objective function value.

In addition to decentralized least squares problems, similar truthfulness issues also emerge in de-
centralized mean estimation problems (see the next Section B.2 for details), decentralized ridge
regression problems (Pu & Nedić, 2021), and many other decentralized learning scenarios.

Next, we present Corollary 1 to demonstrate that any manipulation of model parameters shared
among agents in Algorithm 1 corresponds to some form of alteration in the gradient estimates.
Corollary 1. For any agent i ∈ [N ], any manipulation of the model parameters that it shares with
its neighbors in Algorithm 1 corresponds to some form of alteration in the gradient estimates.

Proof. We first consider the conventional decentralized SGD algorithm as follows:

θi,t+1 =
∑

j∈Ni∪{i}

wijθj,t − λtgi(θi,t). (10)

We assume that agent i does not share its true model parameter θi,t, but instead shares a manipulated
model parameter θ̃i,t = α̂i,t(θi,t) with its neighbors, where α̂i,t represents an arbitrary action chosen
by agent i at iteration t. Then, for any neighbor j ∈ Ni of agent i, its update rule from equation 10
becomes

θj,t+1 =
∑

l∈Nj\{i}

wjlθl,t + wjiθ̃i,t − λtgj(θj,t)

=
∑
l∈Nj

wjlθl,t − λtgj(θj,t) + wji(α̂i,t(θi,t)− θi,t),
(11)

which implies that an additional term wji(α̂i,t(θi,t) − θi,t) arises in the decentralized SGD update
rule implemented by the neighbor j ∈ Ni.

Substituting equation 11 into equation 10, we obtain

θi,t+1 =
∑

j∈Ni∪{i}

wijθj,t − λtgi(θi,t) +
∑

j∈Ni∪{i}

(wji(α̂i,t−1(θi,t−1)− θi,t−1))

=
∑

j∈Ni∪{i}

wijθj,t − λtαi,t (gi(θi,t)) ,
(12)

with αi,t(gi(θi,t)) = gi(θi,t)−
∑

j∈Ni∪{i}(wji(α̂i,t−1(θi,t−1)−θi,t−1))

λt−1
. Equation 12 proves Corollary 1.

B.2 TRUTHFULNESS IN CONSENSUS-BASED DECENTRALIZED MEAN ESTIMATION

We first clarify the fundamental difference between server-assisted and consensus-based decentral-
ized mean estimations. We then rigorously prove that a strategic agent can benefit from manipulating
its gradient estimates in consensus-based decentralized mean estimation.

Fundamental differences between server-assisted and consensus-based decentralized mean es-
timations. Existing truthfulness results for server-assisted mean estimation (see, e.g., Chen et al.
(2023); Clinton et al. (2025); Dorner et al. (2023); Chakarov et al. (2024a;b)) consider the setting
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with N agents collaboratively estimating a mean µ = 1
N

∑N
i=1 µi, where µi ∈ Rn denotes the

mean of agent i’s local data distribution. Given that µi is generally unknown to each agent i in
real-world applications, agent i sends its local mean estimate θi (computed from its available local
data samples) to a central server. The centralized server then aggregates mean estimates from all
agents to compute a global mean estimate θ̄ = 1

N

∑N
i=1 θi and broadcasts the result to each agent.

In this process, a strategic agent i may report a false mean estimate θ′i to the centralized server such
that the returned global mean estimate θ̄′ minimizes its own mean squared error E[∥θ̄′ − µi∥2]. To
mitigate such untruthful reporting, some incentive-based mechanisms have been proposed in the
existing literature (e.g., Chen et al. (2023); Dorner et al. (2023); Chakarov et al. (2024a;b); Clinton
et al. (2025)). Clearly, these mechanisms are typically one-shot, where agents select their strategies
only once and the centralized server distributes payments a single time based on these reports.

However, in a fully decentralized setting, there is no centralized server/aggregator to collect local
mean estimates from all agents and compute the global mean estimate. Instead, each agent i can only
exchange its local mean estimate with its neighbors. As a result, multiple rounds of communication
and distributed averaging are required for all agents to reach consensus on the global mean estimate,
i.e., limT→∞ θi,T = θ̄ has to be achieved for all i ∈ [N ]. This leads to a fundamental difference
between consensus-based decentralized mean estimation and server-assisted mean estimation: in
the consensus-based setting, information is exchanged locally over a communication network, and
convergence to the global mean estimate is achieved through iterative updates rather than a single
aggregation step. Consequently, strategic agents in consensus-based decentralized mean estimate
algorithms can persistently adjust their actions over iterations, which poses challenges for both pay-
ment design and truthfulness analysis compared with the server-assisted scenario.

Agents can benefit from gradient manipulation in consensus-based decentralized mean estima-
tion. We consider a setting with N agents cooperatively estimating a global mean µ = 1

N

∑N
i=1 µi ∈

Rn. At each iteration t, agent i obtains a data sample xi,t, where each coordinate xp
i,t, p ∈ [n], is

independently and identically drawn from the univariate normal distribution N (µp
i , σ

2). Agent i
then computes its local mean estimate θi,t based on the sampled data xi,t and shares θi,t with its
neighbors according to a given communication graph. The goal of a self-interested agent i is to min-
imize its own mean squared error, i.e., E[∥θ̄∞ − µi∥2], where θ̄∞ = limT→∞

1
N

∑N
i=1 θi,T denotes

the average of all agents’ mean estimates when the number of iterations tends to infinity.

From the above discussion, we have that the local objective function of agent i is fi(θ) = E[∥θ −
µi∥2], and its stochastic gradient estimate at iteration t satisfies gi(θi,t) = 2(θi,t − xi,t). Following
a conventional decentralized SGD in equation 10, each agent i updates it mean estimate following

θi,t+1 =
∑

j∈Ni∪{i}

wijθj,t − 2λt (θi,t − xi,t) , where λt is the stepsize. (13)

We present the following Lemma 2 to quantitatively characterize the benefit that an agent i can
obtain from manipulating its gradient estimate in the consensus-based decentralized mean estimation
algorithm in equation 13.

Lemma 2. We consider N agents cooperatively estimating a global mean vector µ = 1
N

∑N
i=1 µi.

If all agents truthfully participate in the consensus-based decentralized mean estimation algorithm
in equation 13, then the mean squared error of any agent i satisfies E[∥θ̄∞−µi∥2] = O(∥µ−µi∥2).
However, if a strategic agent i upscales its gradient estimate as αi(gi(θi,t)) = 2ai(θi,t − xi,t) with
some constant ai > 1 at every iteration t, then its mean squared error reduces to E[∥θ̄∞ − µi∥2] =

O
((

N
ai+N−1

)2
∥µ− µi∥2

)
.

Proof. 1) We first characterize the mean squared error of agent i when all agents are truthful.

According to equation 13, we have θ̄t+1 = θ̄t − 2λt

(
θ̄t − x̄t

)
with θ̄t ≜ 1

N

∑N
i=1 θi,t and x̄t ≜

1
N

∑N
i=1 xi,t. By defining θ̃t ≜ θ̄t − µ and x̃t ≜ x̄t − µ, we have

θ̃t+1 = (1− 2λt)θ̃t + 2λtx̃t.

Since x̃t has zero mean and variance σ2

N , and is independent of θ̃t, we have

E[∥θ̃t+1∥2] = (1− 2λt)
2 E[∥θ̃t∥2] + 4λ2

tE[∥x̃t∥2] = (1− 2λt)
2E[∥θ̃t∥2] +

4λ2
tσ

2

N
. (14)
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By setting the stepsize as λt =
λ0

(t+1)v with 0 < v < 1, we have (1− 2λt)
2 ≤ 1− 2λt for all t ≥ 0.

Furthermore, by using Lemma 4 and the definition θ̃t = θ̄t − µ, we obtain

E[∥θ̄t − µ∥2] ≤ c1λtσ
2

N
, (15)

where the constant c1 is given by c1 = N
λ0σ2 max

{
E[∥θ̄0 − µ∥2], 2λ2

0σ
2

N(2λ0−v)

}
.

According to equation 15 and the relationship E[θ̄t] = µ, we have

E[∥θ̄t − µi∥2] = E[∥θ̄t − µ+ (µ− µi)∥2] ≤
c1λtσ

2

N
+ ∥µ− µi∥2,

which implies
lim

T→∞
E[∥θ̄T − µi∥2] ≤ ∥µ− µi∥2. (16)

In addition, combining the relationship (1− λt)
2 ≥ 1− 2λt and equation 14, we have

E[∥θ̃t+1∥2] ≥ (1− 2λt)E[∥θ̃t∥2] +
4λ2

tσ
2

N
.

By using Lemma 5 and the definition θ̃t = θ̄t − µ, we obtain

E[∥θ̄t − µ∥2] ≥ c2λtσ
2

N
, (17)

where the constant c2 is given by c2 = N
λ0σ2 min

{
E[∥θ̄0 − µ∥2], 2λ0σ

2

N

}
.

According to equation 17 and the relationship E[θ̄t] = µ, we have

E[∥θ̄t − µi∥2] ≥
c2λtσ

2

N
+ ∥µ− µi∥2,

which implies
lim

T→∞
E[∥θ̄T − µi∥2] ≥ ∥µ− µi∥2. (18)

By combining equation 16 and equation 18, we have that when all agents truthfully participate
in equation 13, the mean squared error of agent i satisfies

lim
T→∞

E[∥θ̄T − µi∥2] = E[∥θ̄∞ − µi∥2] = ∥µ− µi∥2. (19)

2) Next, we characterize the mean squared error of agent i when it modifies its gradient estimate as
αi(gi(θi,t)) = 2ai(θi,t − xi,t) with some constant ai > 1 while all other agents act truthfully. By
defining θ̂i,t ≜ θi,t − θ̄t, we have

θ̄t+1 = θ̄t − 2λt

(
θ̄t − x̄t

)
− 2(ai − 1)

N
λt (θi,t − xi,t)

= θ̄t − 2λt

(
θ̄t − x̄t

)
− 2(ai − 1)

N
λt

(
θi,t − θ̄t + θ̄t − xi,t

)
= θ̄t − 2λt

((
1 +

ai − 1

N

)
θ̄t −

(
x̄t +

ai − 1

N
xi,t

))
− 2(ai − 1)

N
λtθ̂i,t

= θ̄t −
2(N + ai − 1)

N
λt

(
θ̄t −

(
aixi,t +

∑
j ̸=i xj,t

N + ai − 1

))
− 2(ai − 1)

N
λtθ̂i,t.

(20)

For the sake of notational simplicity, we define b ≜ ai+N−1
N and µ̂ ≜

aiµi+
∑

j ̸=i µj

ai+N−1 . Then, equa-
tion 20 can be rewritten as follows:

θ̄t+1 − µ̂ = (1− 2bλt)
(
θ̄t − µ̂

)
+ 2bλt

(
aixi,t +

∑
j ̸=i xj,t

ai +N − 1
− µ̂

)
− 2(ai − 1)

N
λtθ̂i,t. (21)

23



1242
1243
1244
1245
1246
1247
1248
1249
1250
1251
1252
1253
1254
1255
1256
1257
1258
1259
1260
1261
1262
1263
1264
1265
1266
1267
1268
1269
1270
1271
1272
1273
1274
1275
1276
1277
1278
1279
1280
1281
1282
1283
1284
1285
1286
1287
1288
1289
1290
1291
1292
1293
1294
1295

Under review as a conference paper at ICLR 2026

By taking the squared norm and expectations on both sides of equation 21, we obtain

E
[∥∥θ̄t+1 − µ̂

∥∥2] = (1 + τ1λt)E
[∥∥(1− 2bλt)

(
θ̄t − µ̂

)∥∥2]
+

(
1 +

1

τ1λt

)
E

[∥∥∥∥2(ai − 1)

N
λtθ̂i,t

∥∥∥∥2
]
+

4b2λ2
t (a

2
i +N − 1)σ2

(ai +N − 1)2
,

(22)

for any τ1 > 0, where we have used the Young’s inequality and the following relations:

E
[
aixi,t +

∑
j ̸=i xj,t

ai +N − 1
− µ̂

]
= 0 and E

[∥∥∥∥aixi,t +
∑

j ̸=i xj,t

ai +N − 1
− µ̂

∥∥∥∥2
]
=

(a2i +N − 1)σ2

(ai +N − 1)2
.

By letting τ1 = b, equation 22 can be rewritten as follows:

E
[∥∥θ̄t+1 − µ̂

∥∥2] ≤ (1− bλt)E
[∥∥θ̄t − µ̂

∥∥2]
+

(
λ0 +

1

b

)
4(ai − 1)2

N2
λtE

[∥∥∥θ̂i,t∥∥∥2]+ 4b2(a2i +N − 1)σ2

(ai +N − 1)2
λ2
t .

(23)

According to αi(gi(θi,t)) = 2ai(θi,t − xi,t), and the definitions θt ≜ col(θ1,t, · · · , θN,t) and xt ≜
col(x1,t, · · · , xN,t), the dynamics in equation 13 implies

θt+1 − 1N ⊗ θ̄t+1 = (W ⊗ In)
(
θt − 1N ⊗ θ̄t

)
− 2λt

(
θt − 1N ⊗ θ̄t − (xt − 1N ⊗ x̄t)

)

+ 2λt


1N ⊗ ai−1

N In
...

1N ⊗ (1− ai)In + 1N ⊗ ai−1
N In

...
1N ⊗ ai−1

N In


︸ ︷︷ ︸

Mi

(θi,t − xi,t) . (24)

By taking the squared norm and expectations on both sides of equation 24, we obtain

E
[∥∥θt+1 − 1N ⊗ θ̄t+1

∥∥2] ≤ (1 + τ2)E
[∥∥(W ⊗ In − 2λtINn)

(
θt − 1N ⊗ θ̄t

)∥∥2]
+

(
1 +

1

τ2

)
E
[
8λ2

t ∥xt − 1N ⊗ x̄t∥2 + 8λ2
t∥Mi∥2∥θi,t − xi,t∥2

]
,

(25)

for any τ2 > 0, where we have used the Young’s inequality.

The last term on the right hand side of equation 25 satisfies

E
[
∥θi,t − xi,t∥2

]
= E

[
∥θi,t − θ̄t + θ̄t − µ̂+ µ̂− xi,t∥2

]
≤ 3E

[
∥θi,t − θ̄t∥2

]
+ 3E

[
∥θ̄t − µ̂∥2

]
+ 3E

[
∥µ̂− xi,t∥2

]
.

(26)

Substituting equation 26 into equation 25 and setting τ2 = 1− ρ, we obtain

E
[∥∥θt+1 − 1N ⊗ θ̄t+1

∥∥2] ≤ (1 + (1− ρ)) (ρ+ 2λt)
2E
[
∥θt − 1N ⊗ θ̄t∥2

]
+ 8

(
1 +

1

1− ρ

)
λ2
tE
[
∥xt − 1N ⊗ x̄t∥2

]
+ 24

(
1 +

1

1− ρ

)
λ2
t∥Mi∥2E

[∥∥θt − 1N ⊗ θ̄t
∥∥2 + ∥θ̄t − µ̂∥2 + ∥µ̂− xi,t∥2

]
≤
(
(ρ+ 2λt)

2

ρ
+

24(2− ρ)∥Mi∥2

1− ρ
λ2
t

)
E
[
∥θt − 1N ⊗ θ̄t∥2

]
+

24∥Mi∥2(2− ρ)

1− ρ
λ2
tE
[
∥θ̄t − µ̂∥2

]
+

8(2− ρ)

1− ρ
λ2
t

(
E
[
∥xt − 1N ⊗ x̄t∥2

]
+ 3∥Mi∥2E

[
∥xi,t − µ̂∥2

])
,

(27)

24
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where we have used the relationship (1 + (1 − ρ))(ρ + 2λt)
2 = (ρ+2λt)

2(1−(1−ρ)2)
ρ ≤ (ρ+2λt)

2

ρ in
the second inequality.

Summing both sides of equation 23 and equation 27, we arrive at

E
[∥∥θ̄t+1 − µ̂

∥∥2]+ E
[∥∥θt+1 − 1N ⊗ θ̄t+1

∥∥2]
≤
(
1− bλt +

24∥Mi∥2(2− ρ)

1− ρ
λ2
t

)
E
[∥∥θ̄t − µ̂

∥∥2]
+

(
4(λ0b+ 1)(ai − 1)2

bN2
λt +

(ρ+ 2λt)
2

ρ
+

24(2− ρ)∥Mi∥2

1− ρ
λ2
t

)
E
[
∥θt − 1N ⊗ θ̄t∥2

]
+

(
4b2(a2i +N − 1)σ2

(ai +N − 1)2

)
λ2
t +

8(2− ρ)

1− ρ

(
4Nd2x +

3∥Mi∥2(N − 1)
∑

j ̸=i ∥µj − µi∥2

(ai +N − 1)2

)
λ2
t ,

where we have used E[∥xi,t∥] ≤ dx for some constant dx > 0, which follows from the boundedness
of any data sample.

Since λt =
λ0

(t+1)v is a decaying sequence, we have

E
[∥∥θ̄t+1 − µ̂

∥∥2]+ E
[∥∥θt+1 − 1N ⊗ θ̄t+1

∥∥2]
≤
(
1− bλt

2

)(
E
[∥∥θ̄t − µ̂

∥∥2]+ E
[
∥θt − 1N ⊗ θ̄t∥2

])
+ c3λ

2
t ,

(28)

with c3 =
(

4b2(a2
i+N−1)σ2

(ai+N−1)2

)
+ 8(2−ρ)

1−ρ

(
4Nd2x +

3∥Mi∥2(N−1)
∑

j ̸=i ∥µj−µi∥2

(ai+N−1)2

)
.

Further combining Lemma 4 with equation 28, we arrive at

E
[∥∥θ̄t+1 − µ̂

∥∥2]+ E
[∥∥θt+1 − 1N ⊗ θ̄t+1

∥∥2] ≤ c4λt, (29)

where the constant c4 is given by c4 = max{E[∥θ̄0 − µ̂∥2] + E[∥θ0 − 1N ⊗ θ̄0∥2], 2c3λ
2
0

bλ0−2v}.

By using E[∥a+ b∥2] ≤ (
√
E[∥a∥2] +

√
E[∥b∥2])2 for any random variables a and b, we have

E
[
∥θ̄t+1 − µi∥2

]
≤
(√

E
[
∥θ̄t+1 − µ̂∥2

]
+
√

E [∥µ̂− µi∥2]
)2

≤
(√

c4λt +

(
N

ai +N − 1

)
∥µ− µi∥

)2

,

which implies that when agent i upscales its gradient estimate as aigi(θi,t) with some ai > 1 while
all other agents act truthfully, the mean squared error of agent i satisfies

lim
T→∞

E[∥θ̄T − µi∥2] = E[∥θ̄∞ − µi∥2] =
(

N

ai +N − 1

)2

∥µ− µi∥2. (30)

According to equation 19 and equation 30, we have that the mean squared error of agent i is re-

duced from O(∥µ − µi∥2) to O
((

N
ai+N−1

)2
∥µ− µi∥2

)
when it scales its gradient estimates by

a factor ai > 1. This demonstrates that a self-interested agent can benefit from its strategic gradient
manipulation in consensus-based decentralized mean estimation algorithms.

In addition, it is worth noting that the consensus-based decentralized mean estimation problem is a
special case of our formulated decentralized optimization/learning problem in equation 1. There-
fore, our fully decentralized payment mechanism in Mechanism 1 is also applicable for incentivizing
agents’ truthful behavior in consensus-based decentralized mean estimation. Moreover, all theoreti-
cal results presented in Lemma 1, Theorem 1, and Theorem 2 apply directly to this special case.
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B.3 ADDITIONAL LITERATURE COMPARISON

Decentralized learning and optimization. In the past decade, various approaches have been pro-
posed for decentralized learning/optimization (Shi et al., 2015; Yang et al., 2019; Verbraeken et al.,
2020). Among those approaches, decentralized SGD receives the most attention due to its simplicity
and effectiveness in neural network training (Lian et al., 2017; Assran et al., 2019; Amiri & Gündüz,
2020; Lin et al., 2021; Bars et al., 2024). However, decentralized SGD often suffers from error or
bias terms caused by data heterogeneity among agents (Yuan et al., 2016). To address this issue, ex-
isting approaches employ decaying stepsizes in decentralized SGD to ensure accurate convergence,
achieving a rate of O(1/

√
T ) for nonconvex objective functions (Assran et al., 2019; Koloskova

et al., 2020b; Lin et al., 2021; Castiglia et al., 2021; Huang et al., 2025), and corresponding results
for convex and strongly convex objectives are provided in Koloskova et al. (2020b); Pu et al. (2021);
Huang et al. (2022); Bars et al. (2024). Nevertheless, all existing approaches rely on an implicit
assumption that all agents behave truthfully. In practice, however, strategic agents may manipulate
gradient updates and share false information for personal gains, which can significantly degrade
leaning accuracy of the global model (see our experimental results in Fig. 2 and the motivating
examples in Section B.1 and Section B.2 for details).

Game theory. Different from prior work on coalition games in collaborative learning (Zhou et al.,
2022; Meng & Li, 2023; Wang et al., 2024), we model strategic interactions among agents in de-
centralized learning/optimization as a non-cooperative game. In addition, Mazumdar et al. (2020)
analyzes gradient-based dynamics in continuous games, which is related to our study of gradient-
based dynamics in decentralized learning/optimization. However, it does not consider mechanism
design in games or the strategic manipulation of agents during algorithm execution.

Robustness in decentralized learning and optimization. Many works have studied the robustness
of decentralized learning/optimization algorithms under corrupted gradients or noisy models, con-
sidering sources such as non-malicious or differential-privacy noise (Wang & Başar, 2022; Wang
& Nedić, 2024), adversarial or Byzantine attacks (Yang et al., 2020; Turan et al., 2022; Han et al.,
2025), quantization (Wang et al., 2022), and inexact gradient estimates (Hallak & Levy, 2024).
These studies typically treat corruption as either exogenous noise or malicious perturbation, and
focus on designing algorithms that remain effective under such disturbances. In contrast, our paper
addresses gradient/data corruption that arises endogenously from strategic manipulation by selfish
agents. We model such manipulation as a natural outcome of individual incentives and analyze
agents’ behaviors through a game-theoretic framework. Our objective is not merely to enhance
algorithmic resilience, but to develop mechanism-level solutions that align incentive with truthful
gradient updates, thereby preventing manipulative behaviors from occurring in the first place.

Personalized learning. Personalized learning methods in Zhalechian et al. (2022); Even et al.
(2022); Tian et al. (2025) aim to train a global model while simultaneously providing per-agent
personalization to maximize individual learning accuracy. These approaches primarily address data
heterogeneity from the perspective of enhancing each agent’s performance. In contrast, we address
the problem from a mechanism design perspective, where the main objective is to incentivize agents
to truthfully participate in decentralized learning and optimization, thereby safeguarding the perfor-
mance of the learned global model.

C NOTATIONS, DEFINITIONS, AND AUXILIARY LEMMAS

C.1 ADDITIONAL NOTATIONS AND DEFINITIONS

Throughout this paper, we use an overbar to denote the average of all agents, e.g., θ̄t = 1
N

∑N
i=1 θi,t,

and use bold font with iteration subscripts to denote the stacked vector of all N agents, e.g., θt =
col(θ1,t, · · · , θN,t). Moreover, we use θi,t+1 to denote the model parameter of agent i updated by
Algorithm 1 with gradient mi,t = gi(θi,t) at iteration t and θ′i,t+1 to denote the model parameter
of agent i updated by Algorithm 1 with a (manipulated) gradient mi,t = αi,t(gi(θi,t)) under action
αi,t at iteration t. We let Pi,t(hi,t, h−i,t) denote the payment of agent i when both itself and all
other agents act truthfully at iteration t, and Pi,t(αi,t, h−i,t) denote the payment of agent i when
it acts untruthfully (by taking action αi,t) while all other agents act truthfully at iteration t, where
h−i,t represents the truthful actions of all agents except agent i at iteration t.
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Next, we introduce several relevant definitions used in our paper.

Definition 3 (Lipschitz continuity). A function f(θ) : Rn 7→ R is L-Lipschitz continuous with some
constant L > 0 if for any θ1, θ2 ∈ Rn, the following inequality always holds:

∥f(θ1)− f(θ2)∥ ≤ L∥θ1 − θ2∥.

Definition 4 (Smoothness). A differentiable function f(θ) : Rn 7→ R is said to be H-smooth if its
gradient is H-Lipschitz continuous with some constant H > 0, i.e., for any θ1, θ2 ∈ Rn, we have

∥∇f(θ1)−∇f(θ2)∥ ≤ H∥θ1 − θ2∥.

Definition 5 (ϱ-solution (Lian et al., 2017)). For any i ∈ [N ] and some integer T ≥ 0, if
E
[
∥θi,T − θ∗∥2

]
≤ ϱ holds when F (θ) is strongly convex, or 1

T+1

∑T
t=0 E [F (θi,t)− F (θ∗)] ≤ ϱ

holds when F (θ) is general convex, then we say that the sequence {θi,t}Tt=0 can reach a ϱ-solution
to the problem in equation 1.

In our game-theoretic framework, the notion of ε-Nash equilibrium presented in Huang et al. (2007)
can be formalized as follows:

Definition 6 (ε-Nash equilibrium). We let (α1, · · · ,αN ) ∈ P(AT
1 ) × · · · × P(AT

N ) be the action
trajectory profile of N agents, where P(AT

i ) denotes the set of all probability measures over agent
i’s action space AT

i . We say α∗ = (α∗
1, · · · ,α∗

N ) is an ε-Nash equilibrium w.r.t. the net utility
U

Mp

i,0→T in equation 3 if for any i ∈ [N ] and αi ∈ P(AT
i ), the following inequality holds:

E
[
U

Mp

i,0→T (α
∗
1, · · · ,α∗

i , · · · ,α∗
N )
]
≥ E

[
U

Mp

i,0→T (α
∗
1, · · · ,αi, · · · ,α∗

N )
]
− ε,

where the expectation is taken over the randomness in agents’ data distributions and action trajec-
tories.

Definition 6 implies that, in an ε-Nash equilibrium, no agent can improve its net utility by more than
ε through unilateral deviation from its equilibrium action trajectory.

C.2 AUXILIARY LEMMAS

In this subsection, we introduce some known results from the existing literature and some auxiliary
lemmas that will be used in our subsequent convergence and truthfulness analysis.

Lemma 3 (Lemma 7 in Chen & Wang (2025)). The relation cγt ≤ 1
t2 always holds for all t > 0

and γ ∈ (0, 1), where the constant c is given by c = (ln(γ)e)2

4 .

Lemma 4 (Lemma 5 in Chen et al. (2025)). Denoting ηt as a nonnegative sequence, if there exist
sequences β1,t =

β1

(t+1)r1 and β2,t=
β2

(t+1)r2 with some 1>r1 > 1
2 , r2 > r1, β1 > r2−r1, and β2 >

0 such that ηt+1 ≤ (1−β1,t)ηt+β2,t holds, then we always have ηt ≤ β1

β2
max{η0, β2

β1−(r2−r1)
}β2,t

β1,t
.

Lemma 5. Denoting ηt as a nonnegative sequence, if there exist sequences β1,t = β1

(t+1)r1 and

β2,t =
β2

(t+1)r2 with some 1 > r1 > 0, r2 > r1, β1 > 0, and β2 > 0 such that ηt+1 ≥ (1−β1,t)ηt+

β2,t holds, then we always have ηt ≥ β1

β2
min{η0, β2

β1
}β2,t

β1,t
.

Proof. We prove Lemma 5 using mathematical induction.

We define c0 = min{η0, β2

β1
}, which implies η0 ≥ c0 at initialization. Assuming ηt ≥ c0

(t+1)r2−r1
at

the tth iteration, we proceed to prove ηt+1 ≥ c0
(t+2)r2−r1

at the (t+ 1)th iteration.

By using the relationship ηt+1 ≥ (1− β1,t)ηt + β2,t, we have

ηt+1 ≥ c0
(t+ 1)r2−r1

− c0β1

(t+ 1)r2
+

β2

(t+ 1)r2

≥ c0
(t+ 2)r2−r1

+

(
c0

(t+ 1)r2−r1
− c0

(t+ 2)r2−r1
− c0β1 − β2

(t+ 1)r2

)
.

(31)
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Using the mean value theorem, we have c0
(t+1)r2−r1

− c0
(t+2)r2−r1

= c0(r2−r1)
ςr2−r1+1 > c0(r2−r1)

(t+2)r2−r1+1

with some ς ∈ (t + 1, t + 2), which, combined with c0β1 − β2 ≤ 0, leads to c0(r2−r1)
(t+2)r2−r1+1 ≥

c0β1−β2

(t+1)r2 . Hence, the inequality c0
(t+1)r2−r1

− c0
(t+2)r2−r1

≥ c0β1−β2

(t+1)r2 holds for any t ≥ 0. Further
using equation 31, we arrive at ηt+1 ≥ c0

(t+2)r2−r1
, which completes the proof of Lemma 5.

Lemma 6. For a nonnegative sequence ηt = η0

(t+1)r with η0 > 0 and r ∈ (0, 2), the inequality∑t−1
k=0 η

2
kγ

2(t−1−k) ≤ cη2t always holds for any t ≥ 1 and γ ∈ (0, 1), where the constant c is given
by c = 42(r+1)

(1−γ)(ln(
√
γ)e)4 .

Proof. By defining c0 = 4−1(ln(
√
γ)e)2 and using Lemma 3, we have

ηk
√
γ
t−1−k ≤ ηk

1

c0((t− 1)− k)2
=

η0
c0(k + 1)r((t− 1)− k)2

. (32)

For some real numbers a, b, c, d > 0 satisfying c
d < d

b , the inequality d
b < c+d

a+b < c
a always holds.

Therefore, for any t > 0 and k ∈ [0, t − 1), by setting a = k, b = (t − 1) − k, c = k, and d = 1,
we have

1

((t− 1)− k)2
<

(
k + 1

t− 1

)2

.

Combining equation 32 and the relation 1
((t−1)−k)2 < (k+1

t−1 )
r for any k ∈ [0, t− 1) and r ∈ (0, 2),

we obtain

ηk
√
γ
t−1−k

<
η0

c0(k + 1)r

(
k + 1

t− 1

)r

≤ 4rη0
c0(t+ 1)r

=
4rηt
c0

, (33)

where we have used the relationship 1
t−1 ≤ 4

t+1 for any t > 1 in the second inequality. Equation 33
further implies η2kγ

t−1−k ≤ 42rc−2
0 η2t for any t > 1 and k ∈ [0, t− 1).

Given a constant c > 1, the inequality η20 ≤ cη20 holds for t = 1 and the inequality η2t−1 ≤ cη2t−1
holds for any t > 1 and k = t− 1, which, combined with equation 33, leads to

t−1∑
k=0

η2kγ
2(t−1−k) ≤

t−1∑
k=0

γt−1−k 4
2rη2t
c20

≤ 42(r+1)η2t
(1− γ)(ln(

√
γ)e)4

= cη2t ,

which completes the proof of Lemma 6.

We present the following Lemma 7 to clarify the connection between ε-incentive compatibility and
ε-Nash equilibrium.

Lemma 7. If a decentralized learning protocol Mp is ε-incentive compatible, then the truthful
action trajectory profile of all agents h = (h1, · · · ,hN ) constitutes an ε-Nash equilibrium.

Proof. According to the definition of ε-incentive compatibility in Definition 2, the following in-
equality holds for any agent i ∈ [N ] and any arbitrary action trajectory αi of agent i:

E[UMp

i,0→T (hi,h−i)] ≥ E[UMp

i,0→T (αi,h−i)]− ε, (34)

where hi denotes the truthful action trajectory of agent i and h−i = {h1, · · · ,hi−1,hi+1, · · · ,hN}
denotes the truthful action trajectories of all agents except agent i.

By setting h = (h1, · · · ,hi, · · · ,hN ) = α∗, the preceding equation 34 can be rewritten as

E
[
U

Mp

i,0→T (α
∗
1, · · · ,α∗

i , · · · ,α∗
N )
]
≥ E

[
U

Mp

i,0→T (α
∗
1, · · · ,αi, · · · ,α∗

N )
]
− ε, (35)

which is exactly the condition of an ε-Nash equilibrium in Definition 6. Since i is arbitrary, equa-
tion 35 holds for every agent i ∈ [N ], and hence, h = (h1, . . . ,hN ) is an ε-Nash equilibrium.
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D RESULTS ON ALGORITHM 1 WITH OUR PAYMENT MECHANISM

D.1 PROOF OF LEMMA 1

In this subsection, we prove that under our decentralized payment mechanism (Mechanism 1), the
incentive for a strategic agent in Algorithm 1 to deviate from truthful behavior diminishes to zero.
This result is summarized in Lemma 9, which corresponds to Lemma 1 in the main text. To prove
Lemma 9 (and Lemma 1), we first present the following auxiliary lemma.
Lemma 8. We denote θi,T and θ′i,T as the model parameters generated by the decentralized SGD
algorithm at iteration T − 1 from two different initializations θi,t and θ′i,t, respectively. Under the
conditions in Lemma 1, the following result holds for the decentralized SGD algorithm:

E[∥θi,T − θ′i,T ∥2] ≤ dt→T

(
NE[∥θ̄t − θ̄′t∥2] +

N∑
i=1

E
[
∥θi,t − θ′i,t − (θ̄t − θ̄′t)∥2

])
, (36)

where the constant dt→T is given by dt→T = 2e
10vH2(2−ρ)λ2

0
(1−ρ)(2v−1) ( 1

t2v−1 − 1

T2v−1 ).

Proof. According to the update rule of the decentralized SGD algorithm, we have

θi,t+1 =
∑

j∈Ni∪{i}

wijθj,t − λtgi(θi,t) and θ′i,t+1 =
∑

j∈Ni∪{i}

wijθ
′
j,t − λtgi(θ

′
i,t). (37)

Denoting the sensitivity of the decentralized SGD algorithm as Ξi,t = θi,t − θ′i,t, we can verify that
its dynamics is governed by Ξi,t+1 =

∑
j∈Ni∪{i} wijΞj,t − λt(gi(θi,t)− gi(θ

′
i,t)), which implies

Ξ̄t+1 = Ξ̄t −
1

N

N∑
i=1

λt(gi(θi,t)− gi(θ
′
i,t)). (38)

By taking the squared norm and expectation on both sides of equation 38, we obtain

E[∥Ξ̄t+1∥2] = E[∥Ξ̄t∥2] + E

∥∥∥∥∥ 1

N

N∑
i=1

λt(gi(θi,t)− gi(θ
′
i,t))

∥∥∥∥∥
2


− 2

N

N∑
i=1

E
[〈
Ξ̄t, λt

(
gi(θi,t)− gi(θ

′
i,t)
)〉]

.

(39)

By using the relationship E[gi(θ)] = ∇fi(θ) from Assumption 1, the term E[⟨Ξ̄t, λt(gi(θi,t) −
gi(θ

′
i,t))⟩] on the right hand side of equation 39 can be rewritten as

2E
[〈
Ξ̄t, λt

(
gi(θi,t)− gi(θ

′
i,t)
)〉]

= 2λtE
[〈
Ξ̄t,∇fi(θi,t)−∇fi(θ

′
i,t)
〉]

= 2λtE
[〈
Ξi,t,∇fi(θi,t)−∇fi(θ

′
i,t)
〉]

− 2λtE
[〈
Ξi,t − Ξ̄t,∇fi(θi,t)−∇fi(θ

′
i,t)
〉]

.
(40)

Applying the Young’s inequality to the last term on the right hand side of equation 40 yields
− 2λtE

[〈
Ξi,t − Ξ̄t,∇fi(θi,t)−∇fi(θ

′
i,t)
〉]

≥ −τ1E
[
∥Ξi,t − Ξ̄t∥2

]
− λ2

t

τ1
E
[
∥∇fi(θi,t)−∇fi(θ

′
i,t)∥2

]
,

(41)

for any τ1 > 0.

The convexity of fi(θ) implies that the first term on the right hand side of equation 40 is non-
negative, which, combined with equation 41, leads to the following results for the last term on the
right hand side of equation 39

− 2

N

N∑
i=1

E
[〈
Ξ̄t, λt

(
gi(θi,t)− gi(θ

′
i,t)
)〉]

≤ τ1
N

N∑
i=1

E[∥Ξi,t − Ξ̄t∥2] +
1

τ1N

N∑
i=1

λ2
tE[∥∇fi(θi,t)−∇fi(θ

′
i,t)∥2]

≤ τ1
N

N∑
i=1

E[∥Ξi,t − Ξ̄t∥2] +
2H2λ2

t

τ1
E[∥Ξ̄t∥2] +

2H2λ2
t

τ1N

N∑
i=1

E[∥Ξi,t − Ξ̄t∥2],

(42)
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where in the derivation we have used the H-Lipschitz continuity of gi(θ).

By using Assumption 1, we obtain the following result for the second term on the right hand side
of equation 39

E

∥∥∥∥∥ 1

N

N∑
i=1

λt(gi(θi,t)− gi(θ
′
i,t))

∥∥∥∥∥
2
 ≤ λ2

t

N

N∑
i=1

E
[∥∥gi(θi,t)− gi(θ

′
i,t)
∥∥2]

≤ H2λ2
t

N

N∑
i=1

E[∥Ξi,t∥2] ≤ 2H2λ2
tE[∥Ξ̄t∥2] +

2H2λ2
t

N

N∑
i=1

E[∥Ξi,t − Ξ̄t∥2].

(43)

Substituting equation 42 and equation 43 into equation 39, we arrive at

E[∥Ξ̄t+1∥2] ≤
(
1 + 2H2λ2

t +
2H2λ2

t

τ1

)
E[∥Ξ̄t∥2]

+

(
τ1
N

+
2H2λ2

t

N
+

2H2λ2
t

τ1N

) N∑
i=1

E[∥Ξi,t − Ξ̄t∥2].
(44)

We proceed to establish an upper bound on
∑N

i=1 E[∥Ξi,t+1 − Ξ̄t+1∥2]. According to the dynamics
Ξi,t+1 =

∑
j∈Ni∪{i} wijΞj,t − λt(gi(θi,t)− gi(θ

′
i,t)) and equation 38, we have

Ξi,t+1 − Ξ̄t+1 ≤
∑

j∈Ni∪{i}

wij(Ξj,t − Ξ̄t)− λt(gi(θi,t)− gi(θ
′
i,t))

− 1

N

N∑
i=1

λt(gi(θi,t)− gi(θ
′
i,t)).

(45)

By taking the squared norm and expectation on both sides of equation 38 and using Assumption 2,
we obtain the following result:

N∑
i=1

E[∥Ξi,t+1 − Ξ̄t+1∥2] ≤ (1 + (1− ρ))ρ2
N∑
i=1

E[∥Ξi,t − Ξ̄t∥2]

+

(
1 +

1

1− ρ

)
λ2
t

N∑
i=1

E

∥∥∥∥∥(gi(θi,t)− gi(θ
′
i,t))−

1

N

N∑
i=1

(gi(θi,t)− gi(θ
′
i,t))

∥∥∥∥∥
2


≤
(
ρ+

8(2− ρ)H2λ2
t

1− ρ

) N∑
i=1

E[∥Ξi,t − Ξ̄t∥2] +
8N(2− ρ)H2λ2

t

1− ρ
E[∥Ξ̄t∥2].

(46)

Multiplying both sides of equation 44 by N and adding the resulting expression to both sides of equa-
tion 46 yield

NE[∥Ξ̄t+1∥2] +
N∑
i=1

E[∥Ξi,t+1 − Ξ̄t+1∥2]

≤
(
1 + 2H2λ2

t +
2H2λ2

t

τ1
+

8(2− ρ)H2λ2
t

1− ρ

)
NE[∥Ξ̄t∥2]

+

(
ρ+

8(2− ρ)H2λ2
t

1− ρ
+ τ1 + 2H2λ2

t +
2H2λ2

t

τ1

) N∑
i=1

E[∥Ξi,t − Ξ̄t∥2].

By letting τ1 = 1− ρ, the preceding inequality can be rewritten as

NE[∥Ξ̄t+1∥2]+
N∑
i=1

E[∥Ξi,t+1−Ξ̄t+1∥2]≤(1+d0λ
2
t )

(
NE[∥Ξ̄t∥2] +

N∑
i=1

E[∥Ξi,t − Ξ̄t∥2]

)
, (47)

where the constant d0 is given by d0 = 2H2 + 2H2+8(2−ρ)H2

1−ρ .
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By iterating equation 47 from t to T , we obtain

NE[∥Ξ̄T ∥2] +
N∑
i=1

E[∥Ξi,T − Ξ̄T ∥2]

≤
T−1∏
k=t

(1 + d0λ
2
k)

(
NE[∥Ξ̄k∥2] +

N∑
i=1

E[∥Ξi,k − Ξ̄k∥2]

)
.

(48)

Since ln(1 + x) ≤ x holds for all x > 0, we always have
∏T−1

k=t (1 + d0λ
2
k) ≤ e

d0λ
2
0

∑T−1
k=t

1
(k+1)2v .

Further using the relationship
∑T−1

k=t
1

(k+1)2v ≤
∫ T

t
1

x2v dx ≤ 1
2v−1 (

1
t2v−1 − 1

T 2v−1 ) and the defini-
tion Ξi,k = θi,k − θ′i,k, we arrive at

NE[∥Ξ̄T ∥2] +
N∑
i=1

E[∥Ξi,T − Ξ̄T ∥2]

≤ e
d0λ2

0
2v−1 (

1

t2v−1 − 1

T2v−1 )

(
NE[∥θ̄0 − θ̄′0∥2] +

N∑
i=1

E
[
∥θi,0 − θ′i,0 − (θ̄0 − θ̄′0)∥2

])
,

(49)

with d0 = 2H2 + 2H2+8(2−ρ)H2

1−ρ .

Applying the inequality ∥Ξi,T ∥2 ≤ 2∥Ξ̄T ∥2 + 2∥Ξi,T − Ξ̄T ∥2 for any T ≥ 0, we arrive at

E[∥θi,T − θ′i,T ∥2] ≤ dt→T

(
NE[∥θ̄t − θ̄′t∥2] +

N∑
i=1

E
[
∥θi,t − θ′i,t − (θ̄t − θ̄′t)∥2

])
, (50)

with dt→T = 2e
10vH2(2−ρ)λ2

0
(1−ρ)(2v−1) ( 1

t2v−1 − 1

T2v−1 ), which completes the proof of Lemma 8.

For notational simplicity, we denote the cardinality of Ni as deg(i) in the sequel.

Lemma 9. Under Assumption 1 and Assumption 2, for any given δ > 0, i ∈ [N ], and t ≥ 0, if
we set λt = λ0

(t+1)v , Ct =
C0κ

2
t

δ2(t+1)−2v with κt = 1
(t+1)r , v ∈ ( 12 ,

2
3 ), r ∈ (1 − v, v) , and C0

given in equation 72, and all neighbors of agent i are truthful, then the optimal action for agent i in
Algorithm 1 is κtδ-truthful. That is, for any i ∈ [N ] and t ≥ 0, we have

E[∥αi,t(gi(θi,t))− gi(θi,t)∥] ≤ κtδ. (51)

Furthermore, as the number of iterations tends to infinity, the optimal action for agent i is fully truth-
ful, i.e., limt→∞ E[∥αi,t(gi(θi,t)) − gi(θi,t)∥] = 0, meaning that an agent will have zero incentive
to deviate from truthful behaviors.

Proof. To prove equation 51, we first quantify the difference in payments for agent i between an
action αi,t ∈ Ai and the truthful action hi,t at iteration t. According to our payment mechanism,
we have Pi,t =

∑
j∈Ni

P j
i,t, which implies

E [Pi,t(hi,t, h−i,t)− Pi,t(αi,t, h−i,t)]

= CtE

∑
j∈Ni

(
∥θi,t+1 − 2θi,t + θi,t−1∥2 − ∥θj,t+1 − 2θj,t + θi,t−1∥2

)
− CtE

∑
j∈Ni

(
∥θ′i,t+1 − 2θi,t + θi,t−1∥2 − ∥θj,t+1 − 2θj,t + θj,t−1∥2

)
= −Ct deg(i)E

[
∥θ′i,t+1 − 2θi,t + θi,t−1∥2 − ∥θi,t+1 − 2θi,t + θi,t−1∥2

]
,

(52)

where we have used the fact that agent i’s manipulated gradient estimates at iteration t do not affect
the current model parameter θi,t in the second equality.
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The right hand side of equation 52 satisfies

E
[
∥θ′i,t+1 − 2θi,t + θi,t−1∥2 − ∥θi,t+1 − 2θi,t + θi,t−1∥2

]
= E[∥θ′i,t+1 − θi,t+1 − (2θi,t − θi,t−1 + θi,t+1)∥2]− E

[
∥θi,t+1 − 2θi,t + θi,t−1∥2

]
≥ 1

2
E[∥θ′i,t+1 − θi,t+1∥2]− 2E

[
∥θi,t+1 − 2θi,t + θi,t−1∥2

]
,

(53)

where in the last inequality we have used the inequality ∥a − b∥2 ≥ 1
2∥a∥

2 − ∥b∥2 valid for any
a, b ∈ Rn.

The last term on the right hand side of equation 53 satisfies

2E [∆θi,t] = 2E
[
∥θi,t+1 − 2θi,t + θi,t−1∥2

]
= 2E


∥∥∥∥∥∥

∑
j∈Ni∪{i}

wij(θj,t − θj,t−1)− λtgi(θi,t) + λt−1gi(θi,t−1)− (θi,t − θi,t−1)

∥∥∥∥∥∥
2


≤ 4E
[
∥λtgi(θi,t)− λt−1gi(θi,t−1)∥2

]
+ 4E


∥∥∥∥∥∥

∑
j∈Ni∪{i}

wij(θj,t − θi,t − (θj,t−1 − θi,t−1))

∥∥∥∥∥∥
2
 .

(54)

The first term on the right hand side of equation 54 satisfies

4E[∥λtgi(θi,t)− λt−1gi(θi,t−1)∥2]
≤ 8(λt − λt−1)

2E[∥gi(θi,t)∥2] + 8λ2
tE[∥gi(θi,t)− gi(θi,t−1)∥2]

≤ 8(λt − λt−1)
2E[∥gi(θi,t)∥2] + 8H2λ2

tE[∥θi,t − θi,t−1∥2].
(55)

We proceed to estimate an upper bound on E[∥gi(θi,t)∥2] in equation 55 by using the following
decomposition:

E[∥gi(θi,t)∥2] = E[∥gi(θi,t)−∇fi(θi,t)∥2] + E[∥∇fi(θi,t)−∇fi(θ
∗
i )∥2]

≤ σ2 + 2H2
i E[∥θi,t − θ∗∥2] + 2H2

i ∥θ∗i − θ∗∥2.
(56)

When fi(θ) is strongly convex, according to Lemma 8 in Pu et al. (2021), we have that θi,t (θi,t is
generated by Algorithm 1 when all agents are truthful) satisfies E[∥θi,t − θ∗∥2] ≤ O(1). Hence,
there must exist a constant d2 > 0 such that d2 ≥ σ2 + 2H2

i O(1) + 2H2
i ∥θ∗i − θ∗∥2 holds, which,

combined with equation 56, leads to E[∥gi(θi,t)∥2] ≤ d2.

On the other hand, when fi(θ) is convex, we have E[∥gi(θ)∥2] ≤ L2
f + σ2 based on Assumption 1.

By defining d3 = max{d2, L2
f + σ2}, we obtain E[∥gi(θ)∥2] ≤ d3. Therefore, equation 55 can be

rewritten as 4E[∥λtgi(θi,t)− λt−1gi(θi,t−1)∥2] ≤ 8(λt − λt−1)
2d3 + 8H2λ2

tE[∥θi,t − θi,t−1∥2].
The last term on the right hand side of equation 55 satisfies

8H2λ2
tE[∥θi,t − θi,t−1∥2] = 8H2λ2

tE


∥∥∥∥∥∥

∑
j∈Ni∪{i}

wijθj,t−1 − λt−1gi(θi,t−1)− θi,t−1

∥∥∥∥∥∥
2


≤ 16H2λ2
tE


∥∥∥∥∥∥

∑
j∈Ni∪{i}

wij(θj,t−1−θ̄t−1)−(θi,t−1−θ̄t−1)

∥∥∥∥∥∥
2
+16H2λ2

tλ
2
t−1E[∥gi(θi,t−1)∥2]

≤ 16H2λ2
tE[∥θt−1 − 1N ⊗ θ̄t−1∥2] + 16H2λ2

tλ
2
t−1E[∥gi(θi,t−1)∥2]

≤ 16H2λ2
td4λ

2
t−1 + 16d3H

2λ2
tλ

2
t−1, (57)

where in the last inequality we have used an argument similar to the consensus analysis in Nedic &
Ozdaglar (2009).
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By substituting equation 57 into equation 55, we arrive at

4E
[
∥λtgi(θi,t)− λt−1gi(θi,t−1)∥2

]
≤ 8d3(λt−λt−1)

2+16H2λ2
td4λ

2
t−1+16d3H

2λ2
tλ

2
t−1. (58)

By defining an auxiliary variable Λi,t = θi,t− θ̄t− (θi,t−1− θ̄t−1), we arrive at the following result
for the second term on the right hand side of equation 54:

4E


∥∥∥∥∥∥

∑
j∈Ni∪{i}

wij(θj,t − θi,t − (θj,t−1 − θi,t−1))

∥∥∥∥∥∥
2
 = 4E


∥∥∥∥∥∥

∑
j∈Ni∪{i}

wij(Λj,t − Λi,t)

∥∥∥∥∥∥
2
 .

(59)
According to the definitions g(θt) = col(g1(θ1,t), · · · , gN (θN,t)) and ḡ(θt) = 1

N

∑N
i=1 gi(θi,t),

we have

Λt+1 = (W ⊗ In)Λt − λt(g(θt)− 1N ⊗ ḡ(θt)) + λt−1(g(θt−1)− 1N ⊗ ḡ(θt−1)),

which implies the following inequality:

E[∥Λt+1∥2] ≤ (1 + (1− ρ))ρ2E[∥Λt∥2]

+

(
1 +

1

1− ρ

)
E
[
∥λt(g(θt)− 1N ⊗ ḡ(θt)) + λt−1(g(θt−1)− 1N ⊗ ḡ(θt−1))∥2

]
.

(60)

By using the relationship
∑N

i=1 ∥ai−
1
N

∑N
j=1 aj∥2 ≤

∑N
i=1 ∥ai∥2 for any ai ∈ Rn, we can rewrite

the last term on the right hand side of equation 60 as

E[∥λt(g(θt)− 1N ⊗ ḡ(θt)) + λt−1(g(θt−1)− 1N ⊗ ḡ(θt−1))∥2]

≤
N∑
i=1

E[∥λtgi(θi,t)− λt−1gi(θi,t−1)∥2]

≤ 8Nd3(λt − λt−1)
2 + 16NH2λ2

td4λ
2
t−1 + 16Nd3H

2λ2
tλ

2
t−1,

(61)

where we have used equation 58 in the last inequality.

Substituting equation 61 into equation 60, we obtain

E[∥Λt+1∥2] ≤ (1− (1− ρ))E[∥Λt∥2] + d5λ
2
tλ

2
t−1, (62)

where d5 is given by d5 = (2−ρ)8Nd3(λ1−λ0)
2

(1−ρ)λ2
1λ

2
0

+ (2−ρ)16NH2d4+16Nd3H
2

1−ρ .

By combining Lemma 11 in Chen & Wang (2025) and equation 62, we arrive at

E[∥Λt∥2] ≤ d6λ
2
tλ

2
t−1, (63)

where the constant d6 is given by d6 =
(

16v
e ln( 2

1+ρ )

)4v (
Λ1ρ
d5λ4

1
+ 2

1−ρ

)
.

Substituting equation 63 into equation 59 and then substituting equation 58 and equation 59
into equation 54, we obtain

2E
[
∥θi,t+1 − 2θi,t + θi,t−1∥2

]
≤ d7λ

2
tλ

2
t−1, (64)

where the constant d7 is given by d7 = 4d6 +
d5(1−ρ)
N(2−ρ) .

Substituting equation 64 into equation 53 and then substituting equation 53 into equation 52, we
arrive at

E [Pi,t(hi,t, h−i,t)− Pi,t(αi,t, h−i,t)] ≤ −λ2
t

2
Ct deg(i)E[∥(ai,t − 1)gi(θi,t)∥2]

− λ2
t

2
Ct deg(i)E[∥bi,tξi,t∥2] + d7 deg(i)Ctλ

2
tλ

2
t−1.

(65)
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According to the update rule of Algorithm 1, we have θ′i,t+1 = θi,t+1+λt(1−ai,t)gi(θi,t)+bi,tξi,t,
which implies

NE[∥θ̄t+1 − θ̄′t+1∥2] +
N∑
i=1

E
[
∥θi,t+1 − θ′i,t+1 − (θ̄t+1 − θ̄′t+1)∥2

]
≤ λ2

t

(
1 +

N − 1

N
+

(
N − 1

N

)2
)(

E
[
(1− ai,t)

2∥gi(θi,t)∥2
]
+ E

[
∥bi,tξi,t∥2

])
≤ 3λ2

t

(
E
[
(1− ai,t)

2∥gi(θi,t)∥2
]
+ E

[
∥bi,tξi,t∥2

])
.

(66)

By combining equation 36 from Lemma 8 and equation 66, we obtain

E[∥θi,T+1 − θ′i,T+1∥2] ≤ 3dt+1→T+1λ
2
t

(
E
[
(1− ai,t)

2∥gi(θi,t)∥2
]
+ E

[
∥bi,tξi,t∥2

])
. (67)

Since θi,T+1 is a constant under a fixed T > 0, we denote d8 ≜ E[∥θi,T+1 − θ∗∥2]. Following an
argument similar to the derivation of Proposition 3 in Lobel & Ozdaglar (2010), we have

|E
[
∥θ′i,T+1 − θ∗∥2 − ∥θi,T+1 − θ∗∥2

]
|

≤ E
[
∥θ′i,T+1 − θi,T+1∥2

]
+ 2d8E

[
∥θ′i,T+1 − θi,T+1∥

]
,

(68)

which, combined with the LR,i-Lipschitz continuity of Ri(fi(θ)) w.r.t. θ, leads to

E
[
|Ri(fi(θ

′
i,T+1))−Ri(fi(θi,T+1))|

]
≤ LR,i

√
3dt+1→T+1λt

(√
E [(ai,t − 1)2∥gi(θi,t)∥2] +

√
E [∥bi,tξi,t∥2]

)
.

By using the preceding inequality and equation 65, we obtain

E
[
Ri(fi(θ

′
i,T+1))−K∥θ′i,T+1 − θ∗∥2 − Pi,t(αi,t, α−i,t)

]
− E

[
Ri(fi(θi,T+1))−K∥θi,T+1 − θ∗∥2 − Pi,t(hi,t, α−i,t)

]
≤ E

[
|Ri(fi(θ

′
i,T+1))−Ri(fi(θi,T+1))|+ Pi,t(hi,t, α−i,t)− Pi,t(αi,t, α−i,t)

+K|∥θ′i,T+1 − θ∗∥2 − ∥θi,T+1 − θ∗∥2|
]

= (LR,i

√
3dt+1→T+1 +

√
6dt+1→T+1d8)λt

√
E [(ai,t − 1)2∥gi(θi,t)∥2]

−
(
Ct deg(i)λ

2
t

2
+ 3Kdt+1→T+1

)
E
[
(ai,t − 1)2∥gi(θi,t)∥2

]
+ (LR,i

√
3dt+1→T+1 +

√
6dt+1→T+1d8)λt

√
E [∥bi,tξi,t∥2]

−
(
Ct deg(i)λ

2
t

2
+ 3Kdt+1→T+1

)
E[∥bi,tξi,t∥2] + λ2

tλ
2
t−1Ctd7 deg(i).

(69)

It can be seen that the first and second terms on the right hand side of equation 69 together form a
downward-opening quadratic, whose positive root is√

E [(ai,t − 1)2∥gi(θi,t)∥2] =
(LR,i

√
3dt+1→T+1 +

√
6dt+1→T+1d8)λt

Ct deg(i)λ2
t + 6Kdt+1→T+1

+

√
(LR,i

√
3dt+1→T+1+

√
6dt+1→T+1d8)2λ2

t+2(Ct deg(i)λ2
t+6Kdt+1→T+1)λ2

tλ
2
t−1Ctd7 deg(i)

Ct deg(i)λ2
t+6Kdt+1→T+1

.

(70)
Similarly, the third and fourth terms on the right hand side of equation 69 together form a downward-
opening quadratic, whose positive root is√
E [∥bi,tξi,t∥2] =

(LR,i

√
3dt+1→T+1 +

√
6dt+1→T+1d8)λt

Ct deg(i)λ2
t + 6Kdt+1→T+1

+

√
(LR,i

√
3dt+1→T+1+

√
6dt+1→T+1d8)2λ2

t+2(Ct deg(i)λ2
t+6Kdt+1→T+1)λ2

tλ
2
t−1Ctd7 deg(i)

Ct deg(i)λ2
t+6Kdt+1→T+1

.

(71)
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From equation 70 and equation 71, we have that for any agent i, its optimal action (ai,t, bi,t) at iter-

ation t must satisfy
√
E[(ai,t − 1)2∥gi(θi,t)∥2] ≤

√
2(Ct deg(i)λ2

t+6Kdt+1→T+1)λ2
tλ

2
t−1Ctd7 deg(i)

Ct deg(i)λ2
t+6Kdt+1→T+1

+

2(LR,i

√
3dt+1→T+1+

√
6dt+1→T+1d8)λt

Ct deg(i)λ2
t+6Kdt+1→T+1

and
√
E[∥bi,tξi,t∥2] ≤ 2(LR,i

√
3d1+

√
6dt+1→T+1d8)λt

Ct deg(i)λ2
t+6Kdt+1→T+1

+
√

2(Ct deg(i)λ2
t+6Kdt+1→T+1)λ2

tλ
2
t−1Ctd7 deg(i)

Ct deg(i)λ2
t+6Kdt+1→T+1

. These two inequalities ensure E[Ri(fi(θ
′
i,T+1)) −

K∥θ′i,T+1−θ∗∥2−Pi,t(αi,t, h−i,t)]−E[Ri(fi(θi,T+1))−K∥θi,T+1−θ∗∥2−Pi,t(hi,t, h−i,t)] ≥ 0.

For any given δ > 0, when we set the payment coefficient Ct as

Ct =
C0κ

2
t

δ2(t+ 1)−2v
with C0=min

{
8(LR

√
3 +

√
6d8)

4

63d7 degmax(Kd1→∞)3
,
4(LR

√
3 +

√
6d8)

2

9Kd1→∞ degmax

}
, (72)

we arrive at equation 51 and prove Lemma 1. Here, d1→∞ is given by d1→∞ = 2e
10vH2(2−ρ)λ2

0
(1−ρ)(2v−1) and

degmax = maxi∈[N ]{deg(i)}.

Furthermore, since κt is a decaying sequence, we obtain limt→∞ E [∥ai,tgi(θi,t)− gi(θi,t)∥] = 0
and limt→∞ E[∥bi,tξi,t∥] = 0, which imply limt→∞ E[∥αi,t(gi(θi,t))− gi(θi,t)∥] = 0.

D.2 INTUITIVE EXPLANATION AND RIGOROUS ANALYSIS OF CONVERGENCE GUARANTEE

According to the discussion in Section 3.2 in the main text, we know that each agent i can strategi-
cally select a (possibly random) action (ai,t, bi,t) at every iteration. In this case, gradient manipula-
tion by agents causes Algorithm 1 to essentially minimize a time-varying global objective function,
i.e., Ft(θ) =

1
N

∑N
i=1 fi,t(θ) with fi,t(θ) = E[ai,tfi(θ) + bi,tξ

⊤
i,tθ]. Nevertheless, Lemma 1 proves

that as the number of iterations tends to infinity, the optimal action for agent i is fully truthful, i.e.,
an agent will have zero incentive to deviate from truthful behaviors. Building on this, we can en-
sure that an optimal solution to the modified stochastic optimization problem minFt(θ) converges
to an optimal solution to the original problem in equation 1. We present the following Lemma 10
to formally characterize this property, which serves as a theoretical foundation for our subsequent
convergence analysis of Algorithm 1 in the presence of persistent strategic manipulation by agents.
Lemma 10. We denote θ∗ as an optimal solution to the original problem in equation 1 and θ′∗t as
an optimal solution to problem minFt(θ) at iteration t. Under the conditions in Lemma 1, for any
given δ > 0 and t ≥ 0, if F (θ) is µ-strongly convex, then we have

E[∥θ′∗t − θ∗∥2] ≤ 4µ−2κ2
t δ

2. (73)

Furthermore, if F (θ) is general convex, then we have

E[F (θ′∗t )− F (θ∗)] ≤ dΘ∗κtδ, (74)

where dΘ∗ denotes the diameter of Θ∗ = {θ′∗0 , θ′∗1 , · · · , θ′∗T , θ∗} for any T ∈ N.

Proof. From the inequality Ft(θ
′∗
t ) ≤ Ft(θ

∗), we obtain

E [F (θ′∗t )− F (θ∗)] ≤ E [F (θ′∗t )− Ft(θ
′∗
t )]− E [F (θ∗)− Ft(θ

∗)] . (75)

By applying the mean value theorem to equation 75, we obtain

E [F (θ′∗t )− Ft(θ
′∗
t )]− E [F (θ∗)− Ft(θ

∗)] = E [⟨∇F (χ)−∇Ft(χ), θ
′∗
t − θ∗⟩]

≤ E [∥∇F (χ)−∇Ft(χ)∥∥θ′∗t − θ∗∥] ,
(76)

where the variable χ is given by χ = τθ′∗t + (1− τ)θ∗ for some τ ∈ (0, 1).

According to the definitions of ∇F (θ) and ∇Ft(θ), we have

E [∥∇F (χ)−∇Ft(χ)∥] ≤

∥∥∥∥∥ 1

N

N∑
i=1

E [gi(χ)]−
1

N

N∑
i=1

E [ai,tgi(χ) + bi,tξi,t]

∥∥∥∥∥
≤ 1

N

N∑
i=1

E [∥gi(χ)− ai,tgi(χ)∥] ≤ κtδ,

(77)
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where we have used E[ξi,t] = 0 in the second inequality and equation 51 in the last inequality.

Substituting equation 77 into equation 76 and then substituting equation 76 into equation 75, we
arrive at

E [F (θ′∗t )− F (θ∗)] ≤ κtδE [∥θ′∗t − θ∗∥] ≤ dΘ∗κtδ, (78)

where dΘ∗ denotes the diameter of Θ∗ = {θ′∗0 , θ′∗1 , · · · , θ′∗T , θ∗}. Equation 78 directly implies equa-
tion 74 in Lemma 10.

Furthermore, if F (θ) is µ-strongly convex, we have µ
2 ∥θ

′∗
t −θ∗∥2 ≤ F (θ′∗t )−F (θ∗). By using equa-

tion 78, we obtain
µ

2
E
[
∥θ′∗t − θ∗∥2

]
≤ κtδE [∥θ′∗t − θ∗∥] . (79)

Equation 79 implies E[∥θ′∗t − θ∗∥] ≤ 2µ−1κtδ, which, when substituted into equation 79, leads
to equation 73 in Lemma 10.

Lemma 10 proves that when the optimal actions of participating agents are κtδ-truthful at iteration t
(as proven in Lemma 1), the time-varying optimal solutions θ′∗t will converge to an optimal solution
θ∗ to the original problem in equation 1. This is key to ensuring accurate convergence of Algorithm 1
under persistent strategic manipulation by agents over iterations. It is worth noting that this result
is unattainable in most existing truthfulness results (in, e.g., Dorner et al. (2023); Chakarov et al.
(2024a;b)), where the payment mechanisms cannot ensure that the deviated optimal solution aligns
with the optimal solution to the problem in equation 1, which hence leads to an inherent optimization
error proportional to ∥θ′∗∞ − θ∗∥, where θ′∗∞ denotes the convergence point of the iterative algorithm
in the presence of strategic manipulation.

E PROOF OF CONVERGENCE RATES IN THEOREM 1

In this section, we establish the convergence rates of Algorithm 1 in the presence of strategic be-
havior, for strongly convex and general convex objective functions, respectively. Specifically, the
convergence rate for a strongly convex F (θ) is presented in Section E.1 and for a general convex
F (θ) in Section E.2. Furthermore, the computational complexity analysis of Algorithm 1 under our
payment mechanism is summarized in Section E.3, and the diminishing payment analysis of our
payment mechanism is provided in Section E.4.

E.1 CONVERGENCE RATE FOR A STRONGLY CONVEX GLOBAL OBJECTIVE FUNCTION

The following Lemma 11 summarizes the convergence result of Algorithm 1 in the presence of
strategic behavior for a strongly convex F (θ), which corresponds to Theorem 1-(i) in the main text
(note that θ′i,T in Lemma 11 corresponds to θi,T in Theorem 1-(i)).

Lemma 11. We denote θ∗ as a solution to the problem in equation 1. Under Mechanism 1 and
the conditions in Lemma 1, for any i ∈ [N ] and T ≥ 0, if the global objective function F (θ) is
µ-strongly convex (not necessarily Lipschitz continuous), then the following inequalities hold for
Algorithm 1:

E[∥θ′i,T − θ̄′T ∥2] ≤ O
(

H2(δ2 + σ2)

µ(1− ρ)(T + 1)v

)
;

E[∥θ′i,T − θ∗∥2] ≤ O
(

H2(δ2 + σ2)

µ(1− ρ)2(T + 1)v

)
.

(80)

Proof. By using the dynamics of θi,t+1 in Algorithm 1 and the definitions θ′
t = col(θ′1,t, · · · , θ′N,t)

and mt = col(m1,t, · · · ,mN,t) with mi,t = ai,tgi(θ
′
i,t) + bi,tξi,t, we obtain

E
[
∥θ′

t+1 − 1N ⊗ θ∗∥2
]
≤ E

[
∥(W ⊗ In − INn)θ

′
t − λtmt∥2

]
+ E

[
∥θ′

t − 1N ⊗ θ∗∥2
]

+ 2E [⟨(W ⊗ In − INn)θ
′
t − λtmt,θ

′
t − 1N ⊗ θ∗⟩] .

(81)
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Using the relation W1⊤
N = 1N , the first term on the right hand side of equation 81 satisfies

E
[
∥(W ⊗ In − INn)θ

′
t − λtmt∥2

]
= E

[
∥(W ⊗ In − INn)(θ

′
t − 1N ⊗ θ̄′t)− λtmt∥2

]
≤ 2λ2

tE
[
∥mt∥2

]
+ 2E

[
∥(W ⊗ In − INn)(θ

′
t − 1N ⊗ θ̄′t)∥2

]
.

(82)

Assumption 1 and equation 51 imply that the first term on the right hand side of equation 82 satisfies

E
[
∥mt∥2

]
=

N∑
i=1

E
[
∥ai,tgi(θ′i,t)− gi(θ

′
i,t)∥2

]
+

N∑
i=1

E
[
∥gi(θ′i,t)−∇fi(θ

′
i,t)∥2

]
+

N∑
i=1

E
[
∥∇fi(θ

′
i,t)∥2

]
+

N∑
i=1

E
[
∥bi,tξi,t∥2

]
+

N∑
i=1

2E
[
⟨ai,tgi(θ′i,t)− gi(θ

′
i,t),∇fi(θ

′
i,t)⟩

]
≤ N(3κ2

t δ
2 + σ2) + 2

N∑
i=1

E
[
∥∇fi(θ

′
i,t)−∇fi(θ

∗
i )∥2

]
≤ N(3κ2

t δ
2 + σ2) + 4H2E

[
∥θ′

t − 1N ⊗ θ∗∥2
]
+ 4H2E

[
∥1N ⊗ θ∗ − θ∗∥2

]
, (83)

where θ∗ represents a solution to problem 1 and θ∗ is given by θ∗ = col(θ∗1 , · · · , θ∗N ).

Using the relation W1⊤
N = 1N , the last term on the right hand side of equation 81 satisfies

2E [⟨(W ⊗ In − INn)θ
′
t − λtmt,θ

′
t − 1N ⊗ θ∗⟩]

= 2E
[
(θ′

t − 1N ⊗ θ∗)⊤(W ⊗ In − INn)(θ
′
t − 1N ⊗ θ∗)

]
− 2E [⟨λtmt,θ

′
t − 1N ⊗ θ∗⟩]

≤ 2

N∑
i=1

E
[〈
−λt(ai,tgi(θ

′
i,t) + bi,tξi,t) + λt∇fi(θ̄

′
t), θ

′
i,t − θ∗

〉]
− 2

N∑
i=1

E
[〈
λt∇fi(θ̄

′
t), θ

′
i,t − θ∗

〉]
, (84)

where we have omitted the negative term 2E
[
(θ′

t − 1N ⊗ θ∗)⊤(W ⊗ In − INn)(θ
′
t − 1N ⊗ θ∗)

]
in the last inequality due to ρ = max{π2|, |πN |} < 1.

By using the Young’s inequality and the relations E[ξi,t] = 0 and E[gi(θ′i,t)] = ∇fi(θ
′
i,t), the first

term on the right hand side of equation 84 satisfies

2

N∑
i=1

E
[〈
−λt(ai,tgi(θ

′
i,t) + bi,tξi,t) + λt∇fi(θ̄

′
t), θ

′
i,t − θ∗

〉]
≤ 4N

µ
λtκ

2
t δ

2 +
µ

4
λtE

[
∥θ′

t − 1N ⊗ θ∗∥2
]

+
4

µ
λtH

2
i E
[
∥θ′

t − 1N ⊗ θ̄′t∥2
]
+

µ

4
λtE

[
∥θ′

t − 1N ⊗ θ∗∥2
]
,

(85)

where we have used equation 51 and the Hi-smoothness of fi(θ) in the derivation.

The last term on the right hand side of equation 84 satisfies

−2

N∑
i=1

E
[〈
λt∇fi(θ̄

′
t), θ

′
i,t − θ∗

〉]
≤ −2

N∑
i=1

E
[〈
λt∇fi(θ̄

′
t), θ

′
i,t − θ̄′t

〉]
− 2NE

[〈
λt(∇F (θ̄′t)−∇F (θ∗)), θ̄′t − θ∗

〉]
.

(86)
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Applying the Young’s inequality to the first term on the right hand side of equation 86 yields

− 2

N∑
i=1

E
[〈
λt∇fi(θ̄

′
t), θ

′
i,t − θ̄′t

〉]
= −2

N∑
i=1

E
[
⟨λt

(
∇fi(θ̄

′
t)−∇fi(θ

∗
i )
)
, θ′i,t − θ̄′t⟩

]
≤ λ2

tH
2

N∑
i=1

E
[
∥θ̄′t − θ∗i ∥2

]
+ E

[
∥θ′

t − 1N ⊗ θ̄′t∥2
]

≤ 2λ2
tH

2NE
[
∥θ̄′t − θ∗∥2

]
+ 2λ2

tH
2E
[
∥θ∗ − 1N ⊗ θ∗∥2

]
+ E

[
∥θ′

t − 1N ⊗ θ̄′t∥2
]
.

(87)

By using the µ-strong convexity of F (θ), we have that the last term on the right hand side of equa-
tion 86 satisfies −2NE[⟨λt(∇F (θ̄′t)−∇F (θ∗)), θ̄′t − θ∗⟩] ≤ −2NλtµE[∥θ̄′t − θ∗∥2], which, com-
bined with equation 87, leads to

− 2

N∑
i=1

E
[〈
λt∇fi(θ̄

′
t), θ

′
i,t − θ∗

〉]
≤ E

[
∥θ′

t − 1N ⊗ θ̄′t∥2
]
+ 2H2Nλ2

tE
[
∥θ∗i − θ∗∥2

]
− 2λt

(
µ− 2H2λt

)(1

2
E
[
∥θ′

t − 1N ⊗ θ∗∥2
]
− E

[
∥θ′

t − 1N ⊗ θ̄′t∥2
])

≤ −λt

(
µ− 2H2λt

)
E
[
∥θ′

t − 1N ⊗ θ∗∥2
]

+
(
2λt

(
µ− 2H2λt

)
+ 1
)
E
[
∥θ′

t − 1N ⊗ θ̄′t∥2
]
+ 2H2λ2

tE
[
∥1N ⊗ θ∗ − θ∗∥2

]
,

(88)

where we have used NE[∥θ̄′t − θ∗∥2] =
∑N

i=1 E[∥θ̄′t − θ′i,t + θ′i,t − θ∗∥2] ≥ 1
2

∑N
i=1 E[∥θ′i,t −

θ∗∥2]−
∑N

i=1 E[∥θ′i,t − θ̄′t∥2] in the second inequality.

Substituting equation 85 and equation 88 into equation 84, we arrive at

2E [⟨(W ⊗ In − INn)θ
′
t − λtmt,θ

′
t − 1N ⊗ θ∗⟩]

≤
(
2H2λt −

µ

2

)
λtE

[
∥θ′

t − 1N ⊗ θ∗∥2
]
+ 2H2λ2

tE
[
∥θ∗ − 1N ⊗ θ∗∥2

]
+

(
4H2

µ
λt + 2λt

(
µ− 2H2λt

)
+ 1

)
E
[
∥θ′

t − 1N ⊗ θ̄′t∥2
]
+

4N

µ
λtκ

2
t δ

2.

(89)

Further substituting equation 83 into equation 82, and then substituting equation 82 and equation 89
into equation 81, we obtain

E
[
∥θ′

t+1 − 1N ⊗ θ∗∥2
]
≤
(
1− µ

2
λt + 10H2λ2

t

)
E
[
∥θ′

t − 1N ⊗ θ∗∥2
]

+ (5 + 2λtµ)E
[
∥θ′

t − 1N ⊗ θ̄′t∥2
]
+ 10H2λ2

tE
[
∥θ∗ − 1N ⊗ θ∗∥2

]
+N(6λ0 + 4µ−1)λtκ

2
t δ

2 + 2Nλ2
tσ

2,

(90)

where we have omitted the negative term −4H2λ2
tE
[
∥θ′

t − 1N ⊗ θ̄′t∥2
]

in the derivation.

We proceed to characterize the consensus term E
[
∥θ′

t − 1N ⊗ θ̄′t∥2
]

in equation 90.

According to the definitions θ′
t = col(θ′1,t, · · · , θ′N,t), mt = col(m1,t, · · · ,mN,t), and m̄t =

1
N

∑N
i=1 mi,t with mi,t = ai,tgi(θ

′
i,t) + bi,tξi,t, we have

E
[
∥θ′

t+1 − 1N ⊗ θ̄′t+1∥2
]
= E

[
∥(W ⊗ In)θ

′
t − λt(mt − 1N ⊗ m̄t)− 1N ⊗ θ̄′t∥2

]
≤ (1 + (1− ρ))E

[
∥(W ⊗ In)(θ

′
t − 1N ⊗ θ̄′t)∥2

]
+

(
1 +

1

1− ρ

)
λ2
tE
[
∥mt∥2

]
,

where we have used the relationship E[∥mt − 1N ⊗ m̄t∥2] ≤ E[∥mt∥2].
By using the inequality (1 + 1− ρ) ρ = 1− (1− ρ)2 < 1 (note ρ < 1), we obtain

E
[
∥θ′

t+1 − 1N ⊗ θ̄′t+1∥2
]
≤ (1 + (1− ρ)) ρ2E

[
∥θ′

t − 1N ⊗ θ̄′t∥2
]
+

2− ρ

1− ρ
λ2
tE
[
∥mt∥2

]
≤ ρE

[
∥θ′

t − 1N ⊗ θ̄′t∥2
]
+

2− ρ

1− ρ
λ2
tE
[
∥mt∥2

]
. (91)
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Substituting equation 83 into equation 91, we have

E
[
∥θ′

t+1 − 1N ⊗ θ̄′t+1∥2
]
≤ 4H2(2− ρ)

1− ρ
λ2
tE
[
∥θ′

t − 1N ⊗ θ∗∥2
]
+ ρE

[
∥θ′

t − 1N ⊗ θ̄′t∥2
]

+
4H2(2− ρ)

1− ρ
λ2
tE
[
∥θ∗ − 1N ⊗ θ∗∥2

]
+

3N(2− ρ)λ0

1− ρ
λtκ

2
t δ

2 +
N(2− ρ)

1− ρ
λ2
tσ

2. (92)

Multiplying both sides of equation 92 by 12
1−ρ and adding the resulting expression to both sides

of equation 90 yield

E
[
∥θ′

t+1 − 1N ⊗ θ∗∥2
]
+

12

1− ρ
E
[
∥θ′

t+1 − 1N ⊗ θ̄′t+1∥2
]

≤
(
1− µ

2
λt + 10H2λ2

t +
48H2(2− ρ)

(1− ρ)2
λ2
t

)
E
[
∥θ′

t − 1N ⊗ θ∗∥2
]

+

(
5 + 2λtµ+

12ρ

1− ρ

)
E
[
∥θ′

t − 1N ⊗ θ̄′t∥2
]
+ c1λtκ

2
t δ

2 + c2λ
2
t ,

(93)

where c1 = N(6λ0 + 4µ−1) + 36N(2−ρ)λ0

(1−ρ)2 and c2 = 2Nσ2 + 12Nσ2(2−ρ)
(1−ρ)2 .

Since λt is a decaying sequence, we can set λ0 such that 10H2λ0 +
48H2(2−ρ)

(1−ρ)2 λ0 ≤ µ
4 , 2λ0µ < 1,

and 1− µ
4λ0 > 1+ρ

2 hold. In this case, equation 93 can be rewritten as follows:

E
[
∥θ′

t+1 − 1N ⊗ θ∗∥2
]
+

12

1− ρ
E
[
∥θ′

t+1 − 1N ⊗ θ̄′t+1∥2
]

≤
(
1− µ

4
λt

)(
E
[
∥θ′

t − 1N ⊗ θ∗∥2
]
+

12

1− ρ
E
[
∥θ′

t − 1N ⊗ θ̄′t∥2
])

+

(
c1δ

2

λ0
+ c2

)
λ2
t .

Combining Lemma 4 and the preceding inequality, we arrive at

N∑
i=1

E[∥θ′i,t − θ∗∥2] ≤ C1(t+ 1)−v and
N∑
i=1

E[∥θ′i,t − θ̄′t∥2] ≤ 12−1C1(1− ρ)(t+ 1)−v, (94)

where C1 = max{E
[
∥θ′

0 − 1N ⊗ θ∗∥2
]
+ 12

1−ρE
[
∥θ′

0 − 1N ⊗ θ̄′0∥2
]
, 4(c1δ

2+c2λ0)λ0

µλ0−4v } with c1 and
c2 given in equation 93.

In addition, according to the definition of C1, we have C1 ≤ O
(

H2(σ2+σ2)
µ(1−ρ)2

)
, which, combined

with equation 94, implies equation 80.

E.2 CONVERGENCE RATE FOR A GENERAL CONVEX GLOBAL OBJECTIVE FUNCTION

In this subsection, we present Lemma 13 to summarize the convergence result of Algorithm 1 in
the presence of strategic behavior for a general convex F (θ), which corresponds to Theorem 1-(ii)
in the main text. To prove Lemma 13 (or Theorem 1-(ii)), we introduce an auxiliary lemma (see
Lemma 12), which characterizes the consensus error of Algorithm 1 with our payment mechanism
under strategic manipulation by agents in a general convex setting.

Lemma 12. Under our decentralized payment mechanism and the conditions in Lemma 1, the con-
sensus error of Algorithm 1 satisfies

E
[
∥θ′

t − 1N ⊗ θ̄′t∥2
]

≤

(
16E[∥θ0 − 1N ⊗ θ̄0∥2]

e2(1− ρ)2λ2
0

+
4N(2− ρ)(2δ2 + σ2 + L2

f + 2δLf )

(1− ρ)2

)
λ2
t ≜ c3λ

2
t .

(95)

Furthermore, since the action (ai,t, bi,t) = (1, 0) is a special case of the action (ai,t, bi,t) with
ai,t ≥ 1 and bi,t ∈ R, equation 95 still holds for Algorithm 1 without strategic manipulation.
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Proof. According to the definitions θ′
t = col(θ′1,t, · · · , θ′N,t), mt = col(m1,t, · · · ,mN,t), and

m̄t =
1
N

∑N
i=1 mi,t with mi,t = ai,tgi(θ

′
i,t) + bi,tξi,t, we have

E
[
∥θ′

t+1 − 1N ⊗ θ̄′t+1∥2
]
= E

[
∥(W ⊗ In)θ

′
t − λt(mt − 1N ⊗ m̄t)− 1N ⊗ θ̄′t∥2

]
≤ (1 + τ1)E

[
∥(W ⊗ In)(θ

′
t − 1N ⊗ θ̄′t)∥2

]
+

(
1 +

1

τ1

)
λ2
tE
[
∥mt∥2

]
,

for any τ1 > 0, where we have used the relationship E[∥mt − 1N ⊗ m̄t∥2] ≤ E[∥mt∥2].
By using the inequality (1 + 1− ρ) ρ = 1 − (1 − ρ)2 < 1 (due to ρ < 1) and setting τ1 = 1 − ρ,
we obtain

E
[
∥θ′

t+1 − 1N ⊗ θ̄′t+1∥2
]
≤ (1 + (1− ρ)) ρ2E

[
∥θ′

t − 1N ⊗ θ̄′t∥2
]
+

2− ρ

1− ρ
λ2
tE
[
∥mt∥2

]
≤ ρE

[
∥θ′

t − 1N ⊗ θ̄′t∥2
]
+

2− ρ

1− ρ
λ2
tE
[
∥mt∥2

]
. (96)

Assumption 1 and equation 51 imply that the last term on the right hand side of equation 96 satisfies

E
[
∥mt∥2

]
=

N∑
i=1

E
[
∥ai,tgi(θ′i,t)− gi(θ

′
i,t)∥2

]
+

N∑
i=1

E
[
∥gi(θ′i,t)−∇fi(θ

′
i,t)∥2

]
+

N∑
i=1

E
[
∥∇fi(θ

′
i,t)∥2

]
+

N∑
i=1

E
[
∥bi,tξi,t∥2

]
+

N∑
i=1

2E
[
⟨ai,tgi(θ′i,t)− gi(θ

′
i,t),∇fi(θ

′
i,t)⟩

]
≤ N(κ2

t δ
2 + σ2 + L2

f + κ2
t δ

2 + 2κtδLf ) ≤ N(2δ2 + σ2 + L2
f + 2δLf ), (97)

where we have used the Lf -Lipschitz continuity of fi(θ) in the first inequality and the fact κt ≤
κ0 = 1 in the last inequality.

Substituting equation 97 into equation 96, we obtain

E
[
∥θ′

t+1 − 1N ⊗ θ̄′t+1∥2
]
≤ ρE

[
∥θ′

t − 1N ⊗ θ̄′t∥2
]

+
4N(2− ρ)(2δ2 + σ2 + L2

f + 2δLf )

1− ρ
λ2
t .

(98)

By using the relationship E[∥θ′
0 − 1N ⊗ θ̄′0∥2] = E[∥θ0 − 1N ⊗ θ̄0∥2] and iterating equation 98

from 0 to t, we arrive at

E
[
∥θ′

t − 1N ⊗ θ̄′t∥2
]
≤ ρtE[∥θ0 − 1N ⊗ θ̄0∥2]

+
4N(2− ρ)(2δ2 + σ2 + L2

f + 2δLf )

(1− ρ)2
λ2
t .

(99)

Lemma 3 proves ρt ≤ 16
e2(ln(ρ))2(t+1)2 ≤ 16λ2

t

e2(ln(ρ))2λ2
0

, which implies that for any ρ ∈ (0, 1), we
have − ln(ρ) ≥ 1− ρ. Hence, equation 99 implies equation 95 in Lemma 12.

Lemma 13. We denote θ∗ as a solution to the problem in equation 1. Under our fully decentralized
payment mechanism (Mechanism 1) and the conditions in Lemma 1, for any i ∈ [N ] and T ≥ 0, if
the global objective function F (θ) is convex, then the following inequalities hold for Algorithm 1 in
the presence of strategic behaviors:

E
[
∥θ′i,T − θ̄′T ∥2

]
≤ O

(
(σ2 + L2

f + δ2)

(1− ρ)2(T + 1)2v

)
;

1

T + 1
E[F (θ̄′t)− F (θ∗)] ≤ O

(
H2(σ2 + L2

f + δ2)

(1− ρ)2(T + 1)1−v

)
;

1

T + 1

T∑
t=0

E[F (θ′i,t)− F (θ∗)] ≤ O

(
H2(σ2 + L2

f + δ2)

(1− ρ)2(T + 1)1−v

)
.

(100)
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Proof. 1) The first inequality in equation 100 follows naturally from equation 95 in Lemma 12.

2) We proceed to prove the second inequality in equation 100. By using the dynamics of θi,t in
Algorithm 1 and the definitions θ′

t = col(θ′1,t, · · · , θ′N,t) and mt = col(m1,t, · · · ,mN,t) with
mi,t = ai,tgi(θ

′
i,t) + bi,tξi,t, we obtain

E
[
∥θ′

t+1 − 1N ⊗ θ∗∥2
]
≤ E

[
∥(W ⊗ In − INn)θ

′
t − λtmt∥2

]
+ E

[
∥θ′

t − 1N ⊗ θ∗∥2
]

+ 2E [⟨(W ⊗ In − INn)θ
′
t − λtmt,θ

′
t − 1N ⊗ θ∗⟩] .

(101)

Using the relationship W1⊤
N = 1N from Assumption 2, the first term on the right hand side of equa-

tion 101 satisfies
E
[
∥(W ⊗ In − INn)θ

′
t − λtmt∥2

]
= E

[
∥(W ⊗ In − INn)(θ

′
t − 1N ⊗ θ̄′t)− λtmt∥2

]
≤ 2E

[
∥(W ⊗ In − INn)(θ

′
t − 1N ⊗ θ̄′t)∥2

]
+ 2λ2

tE
[
∥mt∥2

]
.

(102)

Similarly, by using the relationship W1⊤
N = 1N from Assumption 2, the last term on the right hand

side of equation 101 satisfies
2E [⟨(W ⊗ In − INn)θ

′
t − λtmt,θ

′
t − 1N ⊗ θ∗⟩]

= 2E
[
(θ′

t − 1N ⊗ θ∗)⊤(W ⊗ In − INn)(θ
′
t − 1N ⊗ θ∗)

]
− 2E [⟨λtmt,θ

′
t − 1N ⊗ θ∗⟩] .

(103)

Substituting equation 102 and equation 103 into equation 101, and omitting the negative term
2E[(θ′

t − 1N ⊗ θ∗)⊤(W ⊗ In − INn)(θ
′
t − 1N ⊗ θ∗)] from equation 103, we obtain

E
[
∥θ′

t+1 − 1N ⊗ θ∗∥2
]
≤ E

[
∥θ′

t − 1N ⊗ θ∗∥2
]

+ 2E
[
∥(W ⊗ In − INn)(θ

′
t − 1N ⊗ θ̄′t)∥2

]
+ 2λ2

tE
[
∥mt∥2

]
− 2E [⟨λtmt,θ

′
t − 1N ⊗ θ∗⟩] .

(104)

The last term on the right hand side of equation 104 satisfies
− 2E [⟨λtmt,θ

′
t − 1N ⊗ θ∗⟩]

= −2

N∑
i=1

E
[〈
λtgi(θ

′
i,t), θ

′
i,t − θ∗

〉]
+ 2

N∑
i=1

E
[〈
λtgi(θ

′
i,t)− λtmi,t, θ

′
i,t − θ∗

〉]
.

(105)

Using the relation E[gi(θ)] = ∇fi(θ), the first term on the right hand side of equation 105 satisfies

− 2

N∑
i=1

E
[〈
λtgi(θ

′
i,t), θ

′
i,t − θ∗

〉]
= −2λt

N∑
i=1

E
[〈
gi(θ

′
i,t)−∇fi(θ

′
i,t), θ

′
i,t − θ∗

〉]
− 2λt

N∑
i=1

E
[〈
∇fi(θ

′
i,t)−∇fi(θ̄

′
t), θ

′
i,t − θ∗

〉]
− 2λt

N∑
i=1

E
[〈
∇fi(θ̄

′
t), θ

′
i,t − θ∗

〉]
= −2λt

N∑
i=1

E
[〈
∇fi(θ

′
i,t)−∇fi(θ̄

′
t), θ

′
i,t − θ∗

〉]
− 2λt

N∑
i=1

E
[〈
∇fi(θ̄

′
t), θ

′
i,t − θ∗

〉]
.

(106)

By introducing an auxiliary sequence βt that satisfies βt =
1

(t+1)u with 1 < u < 2v, the first term
on the right hand side of equation 106 satisfies

− 2λt

N∑
i=1

E
[〈
∇fi(θ

′
i,t)−∇fi(θ̄

′
t), θ

′
i,t − θ∗

〉]
≤ λ2

t

βt
H2E

[
∥θ′

t − 1N ⊗ θ̄′t∥2
]
+ βtE

[
∥θ′

t − 1N ⊗ θ∗∥2
]
.

(107)

By using the convexity of F (θ) and the relations
∑N

i=1 ∇fi(θ̄
′
t) = N∇F (θ̄′t) and

∑N
i=1 θ

′
i,t = Nθ̄′t,

the second term on the right hand side of equation 106 satisfies

− 2λt

N∑
i=1

E
[〈
∇fi(θ̄

′
t), θ

′
i,t − θ∗

〉]
= −2λtNE

[〈
∇F (θ̄′t), θ̄

′
t − θ∗

〉]
≤ −2NλtE

[
F (θ̄′t)− F (θ∗)

]
.

(108)
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Substituting equation 107 and equation 108 into equation 106, the first term on the right hand side
of equation 105 satisfies

− 2

N∑
i=1

E
[〈
λtgi(θ

′
i,t), θ

′
i,t − θ∗

〉]
≤ −2NλtE

[
F (θ̄′t)− F (θ∗)

]
+

λ2
t

βt
H2E

[
∥θ′

t − 1N ⊗ θ̄′t∥2
]
+ βtE

[
∥θ′

t − 1N ⊗ θ∗∥2
]
.

(109)

We proceed to characterize the second term on the right hand side of equation 105. By using the
Young’s inequality, we have

2

N∑
i=1

E
[〈
λtgi(θ

′
i,t)− λtmi,t, θ

′
i,t − θ∗

〉]
= 2

N∑
i=1

E
[〈
λtgi(θ

′
i,t)− λt(ai,tgi(θ

′
i,t) + bi,tξi,t), θ

′
i,t − θ∗

〉]
≤ λ2

t

βt

N∑
i=1

E
[
∥ai,tgi(θ′i,t)− gi(θ

′
i,t)∥2

]
+ βtE

[
∥θ′

t − 1N ⊗ θ∗∥2
]
.

(110)

Substituting equation 109 and equation 110 into equation 105 and then substituting equation 105
into equation 104, we arrive at

E
[
∥θ′

t+1 − 1N ⊗ θ∗∥2
]
≤ −2NλtE

[
F (θ̄′t)− F (θ∗)

]
+ (1 + 2βt)E

[
∥θ′

t − 1N ⊗ θ∗∥2
]
+Φt,

(111)

where the term Φt is given by

Φt =
λ2
t

βt

N∑
i=1

E
[
∥ai,tgi(θ′i,t)− gi(θ

′
i,t)∥2

]
+ 2λ2

tE
[
∥mt∥2

]
+

(
2 +

λ2
t

βt
H2

)
E
[
∥θ′

t − 1N ⊗ θ̄′t∥2
]
.

(112)

Since the relationship F (θ̄′t) ≥ F (θ∗) always holds, we omit the negative term −2NλtE[F (θ̄′t) −
F (θ∗)] in equation 111 to obtain

E
[
∥θ′

t+1 − 1N ⊗ θ∗∥2
]
≤ (1 + 2βt)E

[
∥θ′

t − 1N ⊗ θ∗∥2
]
+Φt,

≤

(
t∏

k=0

(1 + 2βk)

)(
E[∥θ′

0 − 1N ⊗ θ∗∥2] +
t∑

k=0

Φk

)
.

(113)

By using the relationship ln(1 + x) ≤ x for any x > 0 and the definition βk = 1
(k+1)u with

1 < u < 2v, we have

ln

(
t∏

k=0

(1 + 2βk)

)
=

t∑
k=0

ln(1 + 2βk) ≤ 2β0 +

∫ ∞

1

1

xu
dx ≤ 2β0(u− 1) + 1

u− 1
, (114)

which implies
∏t

k=0(1 + 2βk) ≤ e
2β0(u−1)+1

u−1 . Then, equation 113 can be rewritten as follows:

E
[
∥θ′

t+1 − 1N ⊗ θ∗∥2
]
≤ e

2β0(u−1)+1
u−1

(
E
[
∥θ′

0 − 1N ⊗ θ∗∥2
]
+

t∑
k=0

Φk

)
. (115)

Next, we estimate an upper bound on
∑t

k=0 Φk. By substituting equation 95 and equation 97
into equation 112 and using the relationship E[∥ai,kgi(θ′i,k)− gi(θ

′
i,k)∥2] ≤ κ2

kδ
2, we obtain

t∑
k=0

Φk ≤
t∑

k=0

(
Nλ2

kκ
2
kδ

2

βk
+ 2N(2δ2 + σ2 + L2

f + 2δLf )λ
2
k +

(
2 +

λ2
k

βk
H2

)
c3λ

2
k

)

≤
t∑

k=0

(
Nλ2

0δ
2

(k + 1)2v+2r−u
+

c4
(k + 1)2v

)
,

(116)
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where the constant c4 is given by c4 = 4Nδ2 + 2Nσ2 + 2NL2
f + 4NδLf + c3(2 + λ2

0H
2) with c3

given in equation 95. Here, we have used the relations 1 < u < 2v and λ2
k

βk
=

λ2
0

(k+1)2v−u ≤ λ2
0.

By using the following inequality:
t∑

k=0

1

(k + 1)u
= 1 +

t∑
k=1

1

(k + 1)u
≤ 1 +

∫ ∞

k=1

1

xu
dx ≤ u

u− 1
, (117)

which is true for any u > 1, we can rewrite equation 116 as follows:
t∑

k=0

Φk ≤ (2v + 2r − u)Nλ2
0δ

2

2v + 2r − u− 1
+

2vc4
2v − 1

≜ c5, (118)

where the constant c4 is given in equation 116.

Substituting equation 118 into equation 115, we can arrive at

E
[
∥θ′

t+1 − 1N ⊗ θ∗∥2
]
≤ e

2β0(u−1)+1
u−1

(
E
[
∥θ′

0 − 1N ⊗ θ∗∥2
]
+ c5

)
. (119)

We proceed to sum both sides of equation 111 from 0 to T :
T∑

t=0

2NλtE
[
F (θ̄′t)− F (θ∗)

]
≤ −

T∑
t=0

E
[
∥θ′

t+1 − 1N ⊗ θ∗∥2
]

+

T∑
t=0

(1 + 2βt)E
[
∥θ′

t − 1N ⊗ θ∗∥2
]
+

T∑
t=0

Φt.

(120)

The first and second terms on the right hand side of equation 120 can be simplified as follows:
T∑

t=0

(1 + 2βt)E
[
∥θ′

t − 1N ⊗ θ∗∥2
]
−

T∑
t=0

E
[∥∥θ′

t+1 − 1N ⊗ θ∗
∥∥2]

≤ 2β0E
[
∥θ′

0 − 1N ⊗ θ∗∥2
]
+

T∑
t=1

2βtE
[
∥θ′

t − 1N ⊗ θ∗∥2
]
+ E

[
∥θ′

0 − 1N ⊗ θ∗∥2
]

− E
[∥∥θ′

t+1 − 1N ⊗ θ∗
∥∥2]

≤
T∑

t=1

2

(t+ 1)u

(
e

2β0(u−1)+1
u−1

(
E[∥θ′

0 − 1N ⊗ θ∗∥2] + c4
))

+ (1 + 2β0)E
[
∥θ′

0 − 1N ⊗ θ∗∥2
]

≤

(
2ue

2β0(u−1)+1
u−1

u− 1
+ (1 + 2β0)

)
E
[
∥θ′

0 − 1N ⊗ θ∗∥2
]
+

2c5u

u− 1
≜ c6, (121)

where we have used equation 119 in the second inequality and equation 117 in the last inequality.

Substituting equation 118 and equation 121 into equation 120, and using λT ≤ λt for any t ∈ [0, T ],
we have

∑T
t=0 2NλtE[F (θ̄′t)− F (θ∗)] ≤ c5 + c6, which further implies

1

T + 1

T∑
t=0

E
[
F (θ̄′t)− F (θ∗)

]
≤ c5 + c6

2λ0N(T + 1)1−v
≤ C2

N(T + 1)1−v
, (122)

where C2 = c5+c6
2λ0

with c5 given in equation 118 and c6 given in equation 121.

According to the definition of C2 given in equation 122, we have C2

N ≤ O
(

H2(σ2+L2
f+δ2)

(1−ρ)2

)
, which,

combined with equation 122, implies the second inequality in equation 100.

3) We now prove the third inequality in equation 100.

Assumption 1 implies E[F (θ′i,t)− F (θ̄′t)] ≤ LfE[∥θ′i,t − θ̄′t∥]. By using equation 95, we have

E
[
F (θ′i,t)− F (θ̄′t)

]
≤

Lf
√
c3λ0

(t+ 1)v
, (123)
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where the constant c3 is given in equation 95.

Since
∑T

t=0
1

(t+1)p ≤
∫ T+1

x=0
1
xp dx ≤ (T+1)1−p

1−p always holds for any p ∈ (0, 1), we arrive at

1

T + 1

T∑
t=0

E
[
F (θ′i,t)− F (θ̄′t)

]
≤

Lf
√
c3λ0

(1− v)(T + 1)v
. (124)

According to the condition 1
2 ≤ v < 1 given in the lemma statement, we have 1− v ≤ v. Hence, by

combining equation 122 and equation 124, we arrive at

1

T + 1

N∑
i=1

T∑
t=0

E
[
F (θ′i,t)− F (θ∗)

]
≤

NLf
√
c3λ0

(1− v)(T + 1)v
+

C2

(T + 1)1−v
= C3(T + 1)−v, (125)

where the constant C3 is given by C3 =
NLf

√
c3λ0

1−v +C2 with c3 given in equation 95 and C2 given
in equation 122.

According to the definition of C3 given in equation 125, we have C3 ≤ O
(

H2(σ2+L2
f+δ2)

(1−ρ)2

)
, which,

combined with equation 125, implies the third inequality in equation 100 and equation 5 in Theo-
rem 1-(ii).

E.3 COMPUTATIONAL COMPLEXITY OF ALGORITHM 1 UNDER OUR PAYMENT MECHANISM

Building on the convergence results established in Theorem 1, we quantify the computational com-
plexities of Algorithm 1 with our payment mechanism. The definition of a ϱ-solution is given in
Definition 5 and the computational-complexity result is summarized in the following Corollary 2.
Corollary 2 (Computational complexity). (i) For a strongly convex F (θ), if we choose T =

O(ϱ−
1
v ), then the computational complexity of Algorithm 1 under our payment mechanism is

O(nϱ−
1
v ) in finding a ϱ-solution. For example, setting v = 0.5 + ς with an arbitrarily small ς > 0

yields a convergence rate arbitrarily close to O(1/
√
T ) and a computational complexity arbitrarily

close to O(nϱ−2).
(ii) For a general convex F (θ), if we choose T = O(ϱ−

1
1−v ), then the computational complexity

of Algorithm 1 under our payment mechanism is O(nϱ−
1

1−v ) in finding a ϱ-solution. For example,
setting v = 0.5 + ς with an arbitrarily small ς > 0 yields a convergence rate arbitrarily close to
O(1/

√
T ) and a computational complexity arbitrarily close to O(nϱ−2).

Proof. (i) For a strongly convex F (θ), the convergence rate of Algorithm 1 under our payment
mechanism is O

(
H2(δ2+σ2)

µ(1−ρ)2(T+1)v

)
based on equation 4. Therefore, setting H2(δ2+σ2)

µ(1−ρ)2 T−v = ϱ leads

to an iteration complexity of O
((H2(δ2+σ2)

µ(1−ρ)2ϱ

) 1
v

)
in finding a ϱ-solution. Furthermore, since the per-

iteration complexity of Algorithm 1 and our payment mechanism is of order n, the computational

complexity of Algorithm 1 under our payment mechanism is O
(
n
(H2(δ2+σ2)

µ(1−ρ)2ϱ

) 1
v

)
in finding a ϱ-

solution.

According to the condition 1
2 < v < 2

3 given in Lemma 1, we can choose v = 0.5 + ς with an
arbitrarily small ς > 0 to yield a convergence rate arbitrarily close to O(1/

√
T ) and a computational

complexity arbitrarily close to O
(
n
(H2(δ2+σ2)

µ(1−ρ)2ϱ

)2)
.

(ii) Similarly, for a general convex F (θ), the convergence rate of Algorithm 1 under our payment

mechanism is O
(

H2(σ2+L2
f+δ2)

(1−ρ)2(T+1)1−v

)
based on equation 5. Therefore, the computational complexity

is O
(
n
(H2(δ2+L2

f+σ2)

(1−ρ)2ϱ

) 1
1−v

)
in finding a ϱ-solution. Recalling the conditions 1

2 < v < 2
3 given in

Lemma 1, we can select v = 0.5+ ς with an arbitrarily small ς > 0 to yield 1− v = 0.5− ς , which
implies a convergence rate arbitrarily close to O(1/

√
T ) and a computational complexity arbitrarily

close to O
(
n
(H2(δ2+L2

f+σ2)

(1−ρ)2ϱ

)2)
.

44



2376
2377
2378
2379
2380
2381
2382
2383
2384
2385
2386
2387
2388
2389
2390
2391
2392
2393
2394
2395
2396
2397
2398
2399
2400
2401
2402
2403
2404
2405
2406
2407
2408
2409
2410
2411
2412
2413
2414
2415
2416
2417
2418
2419
2420
2421
2422
2423
2424
2425
2426
2427
2428
2429

Under review as a conference paper at ICLR 2026

It is worth noting that our Mechanism 1 does not require additional communication compared with
the classic decentralized SGD algorithm and only involve one-dimensional scalar variables (i.e., the
norm of model-parameter differences between agents). Therefore, its communication and computa-
tional complexities are negligible.

Corollary 2 proves that in general convex settings, Algorithm 1 with our decentralized payment
mechanism achieves a convergence rate of O(1/

√
T ) and a computational complexity of O(nϱ−2)

similar to those attained by the standard decentralized SGD algorithm in Koloskova et al. (2020c),
even under the constraint of truthfulness. Although the results of convergence rate and computa-
tional complexity in Corollary 2 are inferior to those achieved by Koloskova et al. (2020c) in strongly
convex settings, we would like to emphasize that this degradation is a comparatively mild cost for
ensuring both accurate convergence and ε-incentive compatibility (truthfulness) in fully decentral-
ized optimization and learning. This is different from existing truthfulness results in, e.g., Han et al.
(2015); Hale & Egerstedt (2015); Dorner et al. (2023); Chakarov et al. (2024a;b); Chen et al. (2025),
all of which sacrifice convergence accuracy to guarantee truthfulness.

E.4 DIMINISHING PAYMENT GUARANTEE

In this section, we prove that our payment mechanism can ensure limt→∞[Pi,t] = 0. This guarantees
that no payment is required from agent i when it behaves truthfully in an infinite time horizon.

Corollary 3. Under the conditions in Lemma 1, we have limt→∞ E[Pi,t] = 0.

Proof. According to our decentralized payment mechanism in Mechanism 1, we have

Pi,t(αi, α−i) = Ct

∑
j∈Ni

(∥θ′i,t+1 − 2θ′i,t + θ′i,t−1∥2 − ∥θ′j,t+1 − 2θ′j,t + θ′j,t−1∥2). (126)

The first term on the right hand side of equation 126 satisfies

CtE[∥θ′i,t+1 − 2θ′i,t + θ′i,t−1∥2] ≤ 2CtE[∥θ′i,t+1 − θ′i,t∥2] + 2CtE[∥θ′i,t − θ′i,t−1∥2]. (127)

According to the dynamics of θi,t in Algorithm 1, the first term on the right hand side of equation 127
satisfies

CtE[∥θ′i,t+1 − θ′i,t∥2] = CtE


∥∥∥∥∥∥

∑
j∈Ni∪{i}

wij(θ
′
j,t − θ̄′t − (θ′i,t − θ̄′t))− λtgi(θ

′
i,t)

∥∥∥∥∥∥
2


≤ 2CtE[∥θ′
t − 1N ⊗ θ̄′t∥2] + 2Ctλ

2
tE[∥gi(θ′i,t)−∇fi(θ

′
i,t) +∇fi(θ

′
i,t)∥2].

(128)

When fi(x) is general convex, the Lf -Lipschitz continuity of fi(θ) implies

CtE[∥θ′i,t+1 − θ′i,t∥2] ≤ 2CtE[∥θ′
t − 1N ⊗ θ̄′t∥2] + 2Ctλ

2
t (L

2
f + σ2)

≤
C0(2c3 + 2(L2

f + σ2))λ2
0

δ2(t+ 1)2r
,

(129)

where we have used equation 95 and the definition Ct =
C0κ

2
t

δ2(t+1)−2v in the last inequality.

When fi(x) is µ-strongly convex, we have

CtE[∥θi,t+1 − θi,t∥2] ≤ 2Ct

(
E[∥θ′

t − 1N ⊗ θ̄′t∥2] + λ2
tE[∥∇fi(θ

′
i,t)−∇fi(θ

∗
i )∥2] + σ2λ2

t

)
≤ 2Ct

(
E[∥θ′

t − 1N ⊗ θ̄′t∥2] + λ2
tH

2E[∥θ′i,t − θ∗ + θ∗ − θ∗i ∥2] + σ2λ2
t

)
≤ 2CtE[∥θ′

t − 1N ⊗ θ̄′t∥2] +
4C0C1H

2λ2
0

δ2(t+ 1)v+2r
+

4λ2
0C0H

2E[∥θ∗ − θ∗i ∥2]
δ2(t+ 1)2r

+
2C0σ

2λ2
0

δ2(t+ 1)2r
, (130)

where we have used equation 94 and the definition Ct =
C0κ

2
t

δ2(t+1)−2v in the last inequality.
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By substituting equation 94 into equation 92, we obtain

E
[
∥θ′

t+1 − 1N ⊗ θ̄′t+1∥2
]
≤ (1− (1− ρ))E

[
∥θ′

t − 1N ⊗ θ̄′t∥2
]
+

4H2(2− ρ)λ2
0

(1− ρ)(t+ 1)3v

+
4H2(2− ρ)E

[
∥θ∗ − 1N ⊗ θ∗∥2

]
λ0

(1− ρ)(t+ 1)2v
+

3N(2− ρ)λ2
0δ

2

(1− ρ)(t+ 1)v+2r
+

N(2− ρ)λ2
0σ

2

(1− ρ)(t+ 1)2v

≤ (1− (1− ρ))E
[
∥θ′

t − 1N ⊗ θ̄′t∥2
]
+

c7
(t+ 1)2v

, (131)

with c7 =
4H2(2−ρ)λ2

0+4H2(2−ρ)E[∥θ∗−1N⊗θ∗∥2]λ0+3N(2−ρ)λ2
0δ

2+N(2−ρ)λ2
0σ

2

1−ρ .

By combining Lemma 11 in Chen & Wang (2025) and equation 131, we arrive at

E
[
∥θ′

t − 1N ⊗ θ̄′t∥2
]
≤ c8

(t+ 1)2v
, (132)

where the constant C4 is given by c8 =
(

8v
e ln( 2

1+ρ )

)2v (E[∥θ′
0−1N⊗θ̄′

0∥
2]ρ

d7
+ 2

1−ρ

)
.

Substituting equation 132 into equation 130, we arrive at

CtE[∥θ′i,t+1 − θ′i,t∥2] ≤
2C0c8 + λ2

0C0(4H
2E[∥θ∗ − θ∗i ∥2] + 2σ2)

δ2λ0(t+ 1)2r
+

4C0C1H
2λ2

0

δ2(t+ 1)v+2r
, (133)

Using the fact v > r from the statement of Lemma 1, we have limt→∞ CtE[∥θ′i,t+1 − θ′i,t∥2] = 0
based on equation 129 and equation 133. Furthermore, by using an argument similar to the derivation
of equation 129 and equation 133, we have limt→∞ CtE[∥θ′i,t − θ′i,t−1∥2] = 0, which, combined
with equation 127, leads to limt→∞ CtE[∥θ′i,t+1−2θ′i,t+θ′i,t−1∥2] = 0 for any i ∈ [N ]. Therefore,
based on equation 126, we have limt→∞ E[Pi,t] = 0.

Corollary 3 guarantees that no payment is required from agent i when it behaves fully truthfully as
the number of iterations tends to infinity.

F PROOF OF ε-INCENTIVE COMPATIBILITY IN THEOREM 2

In this section, we prove that in addition to achieving accurate convergence, our fully decentralized
payment mechanism (Mechanism 1) also simultaneously ensures that Algorithm 1 is ε-incentive
compatible in the presence of strategic behaviors.

F.1 ε-INCENTIVE COMPATIBILITY FOR A STRONGLY CONVEX F (θ)

We first present Lemma 14 to quantify the difference between the model parameters generated by
Algorithm 1 in the absence of strategic behaviors and those generated by Algorithm 1 under our
payment mechanism in the presence of strategic behaviors.
Lemma 14. We denote θ′i,t as the model parameter of agent i generated by Algorithm 1 under
our payment mechanism at iteration t and θi,t as the model parameter of agent i generated by the
standard decentralized SGD at iteration t. Under the conditions in Lemma 1, for any t ≥ 0, if F (θ)
is µ-strongly convex, the following inequality holds:

N∑
i=1

E
[
∥θi,t − θ′i,t∥2

]
≤ D1

(t+ 1)v
, (134)

where the constant D1 is given by D1 =
4λ2

0(λ0+2/µ)(d1d2µ+2Nδ2)
µλ0−2v with d1 = (3−ρ)2

1−ρ (4H2C1 +
4N
λ0

δ2) + N(3−ρ)
1−ρ (2H2C1 +

4δ2

λ0
), d2 = 43v+1

(1−ρ̄)(ln(
√
ρ̄)e)4

, C1 given in equation 94, and ρ̄ = 1+ρ
2 .

Proof. Based on the dynamics of θi,t in Algorithm 1, we have

E
[
∥θt+1 − θ′

t+1∥2
]
≤ E

[
∥(W ⊗ In)(θt − θ′

t)− λt(g(θt)−mt)∥2
]
, (135)
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where g(θt) and mt satisfy

g(θt)−mt =


g1(θ1,t)− g1(θ

′
1,t)

...
gi(θi,t)− gi(θ

′
i,t)

...
gN (θN,t)− gN (θ′N,t)


︸ ︷︷ ︸

G1,t

+


(1− a1,t)g1(θ

′
1,t) + b1,tξ1,t

...
(1− ai,t)gi(θ

′
i,t) + bi,tξi,t

...
(1− aN,t)gN (θ′N,t) + bN,tξN,t


︸ ︷︷ ︸

G2,t

. (136)

By substituting equation 136 into equation 135 and using the Young’s inequality, we obtain

E
[
∥θt+1 − θ′

t+1∥2
]
≤ (1 + τ1)E

[
∥θt − θ′

t − λtG1,t∥2
]

+

(
1 +

1

τ1

)
E
[
∥(W ⊗ In − INn)(θt − θ′

t)− λtG2,t∥2
]
,

(137)

for any τ1 > 0.

According to the definition of G1,t in equation 136, the first term on the right hand side of equa-
tion 137 satisfies
E
[
∥θt − θ′

t − λtG1,t∥2
]
≤ E

[
∥θt − θ′

t∥2
]
+ λ2

tE
[
∥G1,t∥2

]
+ 2E [⟨θt − θ′

t,−λtG1,t⟩]
≤ (1− 2µλt)E

[
∥θt − θ′

t∥2
]
+ λ2

tE
[
∥G1,t∥2

]
≤
(
1− 2µλt +H2λ2

t

)
E
[
∥θt − θ′

t∥2
]
,

(138)

where we have used the µ-strong convexity of F (θ) in the second inequality and the H-Lipschitz
continuity of gi(θ) in the last inequality.

By using the relationship W1N = 1N from Assumption 2, the second term on the right hand side
of equation 137 satisfies

E
[
∥(W ⊗ In − INn)(θt − θ′

t)− λtG2,t∥2
]

≤ 2E
[∥∥(W ⊗ In − INn)

(
(θt − θ′

t)− 1N ⊗ (θ̄t − θ̄′t)
)∥∥2]+ 2λ2

tE
[
∥G2,t∥2

]
.

(139)

We proceed to characterize the first term on the right hand side of equation 139. Based on the
dynamics of θi,t in Algorithm 1, we have

E
[
∥(θt+1 − θ′

t+1)− 1N ⊗ (θ̄t+1 − θ̄′t+1)∥2
]

≤ (1 + τ2)E
[
∥(W ⊗ In)θt − λtg(θt)− 1N ⊗ θ̄t −

(
(W ⊗ In)θ

′
t − λtmt − 1N ⊗ θ̄′t

)
∥2
]

+

(
1 +

1

τ2

)
E
[
∥1N ⊗ (θ̄t − θ̄′t − θ̄t+1 + θ̄′t+1)∥2

]
≤ (1 + τ2) (1 + τ3)E

[∥∥(W ⊗ In)
(
(θt − θ′

t)− 1N ⊗ (θ̄t − θ̄′t)
)∥∥2]

+ (1 + τ2)

(
1 +

1

τ3

)
λ2
tE
[
∥g(θt)−mt∥2

]
+N

(
1 +

1

τ2

)
λ2
tE

∥∥∥∥∥ 1

N

N∑
i=1

gi(θi,t)−
1

N

N∑
i=1

mi,t

∥∥∥∥∥
2
 ,

for any τ2 > 0 and τ3 > 0.

By setting τ2 = τ3 = 1−ρ
2 and using the relationship

(
1 + 1−ρ

2

)
ρ =

(
1 + 1−ρ

2

)
(1− (1− ρ)) <

1− 1−ρ
2 < 1, we obtain

E
[
∥(θt+1 − θ′

t+1)− 1N ⊗ (θ̄t+1 − θ̄′t+1)∥2
]

≤
(
1 + ρ

2

)2

E
[
∥(θt − θ′

t)− 1N ⊗ (θ̄t − θ̄′t)∥2
]
+

(3− ρ)2

1− ρ
λ2
tE
[
∥g(θt)−mt∥2

]
+

N(3− ρ)

1− ρ
λ2
tE

∥∥∥∥∥ 1

N

N∑
i=1

gi(θi,t)−
1

N

N∑
i=1

mi,t

∥∥∥∥∥
2
 .

(140)
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From equation 51, we have E[∥G2,t∥2] ≤
∑N

i=1 E[(ai,t − 1)2∥gi(θ′i,t)∥2] +
∑N

i=1 E[∥bi,tξi,t∥2] ≤
2Nκ2

t δ
2, which implies that the second term on the right hand side of equation 140 satisfies

E
[
∥g(θt)−mt∥2

]
≤ 2E

[
∥G1,t∥2

]
+ 2E

[
∥G2,t∥2

]
≤ 2H2E

[
∥θt − 1N ⊗ θ∗ − (θ′

t − 1N ⊗ θ∗) ∥2
]
+ 4Nκ2

t δ
2

≤ 4H2C1λt + 4Nκ2
t δ

2,

(141)

where we have used equation 94 in the last inequality and the constant C1 is given in equation 94.

Similarly, the last term on the right hand side of equation 140 satisfies

E

∥∥∥∥∥ 1

N

N∑
i=1

gi(θi,t)−
1

N

N∑
i=1

mi,t

∥∥∥∥∥
2


≤ E

∥∥∥∥∥ 1

N

N∑
i=1

gi(θi,t)−
1

N

N∑
i=1

gi(θ
′
i,t) +

1

N

N∑
i=1

(
(1− ai,t)gi(θ

′
i,t) + bi,tξi,t

)∥∥∥∥∥
2


≤ 2H2 1

N

N∑
i=1

E
[
∥θi,t − θ′i,t∥2

]
+ 4κ2

t δ
2 ≤ 2H2C1λt + 4κ2

t δ
2.

(142)

Substituting equation 141 and equation 142 into equation 140, we obtain

E
[
∥(θt+1 − θ′

t+1)− 1N ⊗ (θ̄t+1 − θ̄′t+1)∥2
]

≤
(
1 + ρ

2

)2

E
[
∥(θt − θ′

t)− 1N ⊗ (θ̄t − θ̄′t)∥2
]
+

(3− ρ)2

1− ρ
λ2
t

(
4H2C1λt + 4Nκ2

t δ
2
)

+
N(3− ρ)

1− ρ
λ2
t

(
2H2C1λt + 4κ2

t δ
2
)
.

(143)

Given that the decaying rates of λt and κt satisfy v ≤ 2r, equation 143 can be simplified as follows:

E
[
∥(θt+1 − θ′

t+1)− 1N ⊗ (θ̄t+1 − θ̄′t+1)∥2
]

≤
(
1 + ρ

2

)2

E
[
∥(θt − θ′

t)− 1N ⊗ (θ̄t − θ̄′t)∥2
]
+ d1λ

3
t ,

(144)

where the constant ρ is from Assumption 2 and the constant d1 is given by d1 = (3−ρ)2

1−ρ (4H2C1 +
4N
λ0

δ2) + N(3−ρ)
1−ρ (2H2C1 +

4δ2

λ0
) with C1 given in equation 94.

By telescoping equation 144 from 0 to t− 1 and using E[∥θ0 − θ′
0∥2] = 0, we obtain

E
[
∥(θt − θ′

t)− 1N ⊗ (θ̄t − θ̄′t)∥2
]
≤ d1

t−1∑
k=0

λ3
k

(
1 + ρ

2

)2(t−1−k)

. (145)

Substituting equation 145 and the relationship E[∥G2,t∥2] ≤ 2Nκ2
t δ

2 into equation 139, we obtain

E
[
∥(W ⊗ In − INn)(θt − θ′

t)− λtG2,t∥2
]

≤ 2d1

t−1∑
k=0

(λk

√
λk)

2

(
1 + ρ

2

)2(t−1−k)

+ 4Nλ2
tκ

2
t δ

2,
(146)

which, combined with Lemma 6, leads to

E
[
∥(W ⊗ In − INn)(θt − θ′

t)− λtG2,t∥2
]
≤
(
2d1d2 +

4Nδ2

λ0

)
λ3
t , (147)

where the constant d2 is given by d2 = 43v+1

(1−ρ̄)(ln(
√
ρ̄)e)4

with ρ̄ = 1+ρ
2 .
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Substituting equation 138 and equation 147 into equation 137 and letting τ1 = µλt

2 , we arrive at

E
[
∥θt+1 − θ′

t+1∥2
]
≤
(
1 +

µλt

2

)(
1− 2µλt +H2λ2

t

)
E
[
∥θt − θ′

t∥2
]

+

(
1 +

2

µλt

)(
2d1d2 +

4Nδ2

λ0

)
λ3
t

≤
(
1− µλt

2

)
E
[
∥θt − θ′

t∥2
]
+ d3λ

2
t ,

(148)

where the constant d3 is given by d3 = (2d1d2+
4Nδ2

λ0
)(λ0+

2
µ ) with d1 and d2 given in equation 144

and equation 147, respectively.

By combining Lemma 4 and equation 148, we arrive at equation 134.

We are now in a position to prove the ε-incentive compatibility of Algorithm 1 under our payment
mechanism for a strongly convex F (θ). The result is summarized in Lemma 15, which corresponds
to Theorem 2 in the main text.

Lemma 15. Under our decentralized payment mechanism and the conditions in Theorem 2, if
the global objective function F (θ) is strongly convex, then tAlgorithm 1 is ε-incentive compati-
ble. Namely, for any i ∈ [N ], δ > 0, and T ≥ 0 (which includes the case of T = ∞), the following
inequality holds:

E[UMp

i,0→T (αi,h−i)− U
Mp

i,0→T (hi,h−i)] ≤ ε, (149)

with U
Mp

i,0→T (αi,h−i) and U
Mp

i,0→T (hi,h−i) defined in equation 3 and ε given by ε = O
(

LR,iδ
v+r−1

)
.

Proof. By using the LR,i-Lipschitz continuity of Ri(fi(θ)) w.r.t. θ, we obtain

(E[|Ri(fi(θ
′
i,T+1))−Ri(fi(θi,T+1))|])2 ≤ L2

R,iE[∥θ′i,T+1 − θi,T+1∥2] ≤ L2
R,iD1(T + 1)−v,

where we have used equation 134 in the last inequality.

By using Lyapunov’s inequality for moments, we have

E[|Ri(fi(θ
′
i,t+1))−Ri(fi(θi,t+1))|] ≤ LR,i

√
D1(T + 1)−

v
2 . (150)

According to equation 65, we have

E [Pi,t(hi,t, h−i,t)− Pi,t(αi,t, h−i,t)] ≤ −λ2
t

2
Ct deg(i)E[∥(ai,t − 1)gi(θi,t)∥2]

− λ2
t

2
Ct deg(i)E[∥bi,tξi,t∥2] + d7 deg(i)Ctλ

2
tλ

2
t−1.

(151)

Summing both sides of equation 151 from t = 1 to t = T and using equation 51 yield

T∑
t=1

E [Pi,t(hi,t, h−i,t)− Pi,t(αi,t, h−i,t)]

≤ −
T∑

t=1

deg(i)Ctλ
2
tκ

2
t δ

2 −
T∑

t=1

deg(i)d7Ctλ
2
tλ

2
t−1 ≤ −2 deg(i)

T∑
t=1

Ctλ
2
tκ

2
t δ

2,

(152)

where in the derivation we have used the fact that the decaying rate of λ2
tλ

2
t−1 is faster than λ2

tκ
2
t .

Furthermore, by using equation 94, we have

−KE[∥θ′i,T+1 − θ∗∥2] +KE[∥θi,T+1 − θ∗∥2] ≤ 2KC1

(T + 1)v
, (153)

where C1 is given in equation 94 and K is any positive constant.
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Combining equation 150, equation 152, and equation 153, and using the definition Ct =
C0κ

2
t

δ2(t+1)−2v ,
we have

E

[
Ri(fi(θ

′
i,T+1))−K∥θ′i,T+1 − θ∗∥2 −

T∑
t=1

Pi,t(αi,t, h−i,t)

]

− E

[
Ri(fi(θi,T+1))−K∥θi,T+1 − θ∗∥2 −

T∑
t=1

Pi,t(hi,t, h−i,t)

]

≤ LR,i

√
D1

(T + 1)
v
2
+

2KC1

(T + 1)v
+

2deg(i)C0λ
2
0

(2r − 1)(T + 1)2r−1
+

2deg(i)C0λ
2
0

2r − 1
,

(154)

where in the derivation we have used the inequality
∑T

t=1 λtκt ≥
∫ T+1

1
λ0

(t+1)2r dt =

λ0(1−(T+1)1−2r)
2r .

Based on the relation 1
2 < r from the statement of Lemma 1 (or Theorem 2) and the relationship

C0 ≤ O(LRδ) (see the definition of C0 in equation 72), we arrive at equation 149 and equation 6 in
Theorem 2.

F.2 ε-INCENTIVE COMPATIBILITY FOR A GENERAL CONVEX F (θ)

We present the following Lemma 16 to prove the ε-incentive compatibility of Algorithm 1 under our
payment mechanism for a general convex F (θ), which corresponds to Theorem 2 in the main text.
Lemma 16. Under our decentralized payment mechanism and the conditions in Theorem 2, if
the global objective function F (θ) is general convex, then Algorithm 1 is ε-incentive compatible.
Namely, for any i ∈ [N ], δ > 0, and T ≥ 0 (which includes the case of T = ∞), the following
inequality holds:

E[UMp

i,0→T (αi,h−i)− U
Mp

i,0→T (hi,h−i)] ≤ ε, (155)

with U
Mp

i,0→T (αi,h−i) and U
Mp

i,0→T (hi,h−i) defined in equation 3 and ε given by ε = O
(

LRδ
v+r−1

)
.

Proof. According to equation 100, we have 1
T+1

∑T
t=0 E

[
∥∇F (θ̄′t)∥2

]
≤ O

(
H3(σ2+L2

f+δ2)

(1−ρ)2(T+1)1−v

)
.

According to the Stolz–Cesàro theorem (for two real-number sequences {at}t≥1 and {bt}t≥1, if
{bt} is strictly monotonic and tends to infinity, and both limt→∞

at

bt
= ℓ and limt→∞

at+1−at

bt+1−bt
hold,

then we have limt→∞
at+1−at

bt+1−bt
= ℓ), we obtain

lim
t→∞

1

t

t−1∑
k=0

E
[
∥∇F (θ̄′k)∥2

]
= 0 =⇒ lim

t→∞
E[∥∇F (θ̄′t)∥2] = 0, (156)

where we have set at =
∑t−1

k=0 E
[
∥∇F (θ̄′k)∥2

]
and bt = t when we use the Stolz–Cesàro theorem.

We let Θ∗ = {θ ∈ Rn | ∇F (θ) = 0} denote the optimal-solution set. By the continuity of ∇F (θ)
together with equation 156, we have limt→∞ d(θ̄′t,Θ

∗) = 0, where d(x,Θ∗) = infy∈Θ∗ ∥x−y∥ de-
notes the distance from x to Θ∗. Furthermore, by the continuity of fi(θ), we have limt→∞ fi(θ̄

′
t) =

fi(θ
′∗) for some θ′∗ ∈ Θ∗.

Given that mi,t = gi(θi,t) is a special case of mi,t = ai,tgi(θ
′
i,t)+bi,tξi,t with ai,t ≥ 1 and bi,t ∈ R,

we have limt→∞ fi(θ̄t) = fi(θ
∗) for some θ∗ ∈ Θ∗. Note that when F (θ) is convex, the optimal

solutions θ∗ and θ′∗ may be different elements in Θ∗.

We proceed to prove that for any two points θ∗1 , θ
∗
2 ∈ Θ∗, the relationship fi(θ

∗
1) = fi(θ

∗
2) always

holds. Since F (θ) is convex, its optimal-solution set Θ∗ is convex, closed, and connected. We
choose some point θ∗0 ∈ Θ∗ and consider a direction b ∈ Rn such that the segment θ∗0 + ςb lies
within Θ∗ for an arbitrarily small ς > 0. Since F (θ) is constant over Θ∗, its first and second
directional derivatives at θ∗0 are zero, i.e., ⟨b,∇F (θ∗0)⟩ = 0 and b⊤∇2F (θ∗0)b = 0. Recalling
F (θ) = 1

N

∑N
i=1 fi(θ), we have b⊤ 1

N

∑N
i=1 ∇2fi(θ

∗
0)b = 0. Furthermore, since each fi is convex

and twice differentiable, we have ∇2fi(θ
∗
0) ⪰ 0 and b⊤∇2fi(θ

∗
0)b ⪰ 0, which, combined with
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b⊤∇2F (θ∗0)b = 0, leads to b⊤∇2fi(θ
∗
0)b = 0. Hence, each fi(θ) has zero second directional

derivative along any direction in Θ∗, meaning that fi(θ) is constant on Θ∗. Hence, for any θ∗1 , θ
∗
2 ∈

Θ∗, we have fi(θ
∗
1) = fi(θ

∗
2), which naturally leads to fi(θ

′∗) = fi(θ
∗).

By using the relationship fi(θ
′∗) = fi(θ

∗) and equation 100, we have

lim
T→∞

E[Ri(fi(θ
′
i,T+1))−Ri(fi(θi,T+1))] = E[Ri(fi(θ

′∗))−Ri(fi(θ
∗))] = 0. (157)

Furthermore, since the relations limT→∞ E[fi(θ′i,T )] = fi(θ
′∗) and limT→∞ E[fi(θi,T )] = fi(θ

∗)

hold, we have limT→∞ E[∥θ′i,T+1 − θ′∗∥] = 0 and limT→∞ E[∥θi,T+1 − θ∗∥] = 0, which implies

lim
T→∞

E[−K∥θ′i,T+1 − θ∗∥2 +K∥θi,T+1 − θ∗∥2] ≤ 2Kd(Θ∗), (158)

where d(Θ∗) = supx,y∈Θ∗ ∥x− y∥ denotes the diameter of the optimal solution set Θ∗.

According to equation 152 and the definition Ct =
C0κ

2

δ2(t+1)−2v , we have

T∑
t=1

E [Pi,t(hi,t, h−i,t)− Pi,t(αi,t, h−i,t)] ≤ −2 deg(i)C0

T∑
t=1

λ2
tκ

2
t

(t+ 1)−2v

≤ 2 deg(i)C0λ
2
0(1− (T + 1)1−2r)

2r − 1
,

(159)

where in the derivation we have used
∑T

t=1 κ
2
t ≥

∫ T+1

1
1

(t+1)2r dt =
λ0(1−(T+1)1−2r)

2r−1 .

Combining equation 157, equation 158, and equation 159, we arrive at

lim
T→∞

E

[
Ri(fi(θ

′
i,T+1))−K∥θ′i,T+1 − θ∗∥2 −

T∑
t=1

Pi,t(αi,t, h−i,t)

]

− lim
T→∞

E

[
Ri(fi(θi,T+1))−K∥θi,T+1 − θ∗∥2 −

T∑
t=1

Pi,t(hi,t, h−i,t)

]

≤ 2Kd(Θ∗) +
2 deg(i)C0λ

2
0

2r − 1
.

(160)

Furthermore, according to equation 160, for any finite T , there must exist a C > 0 such that the
following inequality holds:

E

[
Ri(fi(θ

′
i,T+1))−K∥θ′i,T+1 − θ∗∥2 −

T∑
t=1

Pi,t(αi,t, h−i,t)

]

− E

[
Ri(fi(θi,T+1))−K∥θi,T+1 − θ∗∥2 −

T∑
t=1

Pi,t(hi,t, h−i,t)

]
≤ C

2 deg(i)C0λ
2
0

2r − 1
,

(161)

which, combined with equation 160 and the relationship C0 ≤ O(LRδ) (see the definition of C0

in equation 72), leads to equation 155 and equation 6 in Theorem 2.

G DISCUSSION ON PARAMETER MANIPULATION

In this section, we demonstrate that a strategic agent gains no clear advantage in decentralized learn-
ing by misreporting its model parameter as a constant in an attempt to increase its received payments.
Lemma 17. Under the conditions of Lemma 1, for a strategic agent whose neighboring agents are
honest, if the agent reports a fake constant c > 0 in Algorithm 1 in an attempt to increase its received
payments, the total payments received by the agent remain finite.

Proof. Without loss of generality, we assume that agent i shares a fake constant model param-
eter c in Algorithm 1. Then, for an agent j ∈ Ni, its dynamics of θj,t satisfies θj,t+1 =
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∑
k∈Nj∪{j} wjkθk,t−λtgj(θj,t). By defining θ̃i,t = θi,t−c and using the relationship W1N = 1N ,

we obtain
θ̃j,t+1 =

∑
k∈Nj∪{j}

wjkθ̃k,t − λtgj(θj,t). (162)

Defining two auxiliary variables θ̃−i,t = col(θ̃1,t, · · · , θ̃i−1,t, θ̃i+1,t, · · · , θ̃N,t) and g−i,t =

col(g1(θ1,t), · · · , gi(θi−1,t), gi(θi+1,t), · · · , gN (θN,t)), the dynamics of the stacked variable θ̃−i,t

can be written as
θ̃−i,t+1 = (W̃ ⊗ In)θ̃−i,t − λtg−i,t, (163)

where W̃ denotes the submatrix of W obtained by removing its ith row and column.

We define L = IN − W . According to Assumption 2, we have that the eigenvalues of L satisfy
0, 1− π2, . . . , 1− πN . Note that π1 = 1.

We denote L̃ ∈ R(N−1)×(N−1) as the submatrix of L obtained by removing the ith row and column.
By applying a similarity transformation, the matrix πIN −L with π ∈ C can be written in the block
form as follows: [

π 0 · · · 0

∗ πIN−1 − L̃

]
,

which implies det(πIN − L) = π det(πIN−1 − L̃).

Furthermore, since the eigenvalues of L are 0, 1 − π2, . . . , 1 − πN , we have det(πIN − L) =

π
∏N

i=2(π − (1− πi)), which implies det(πIN−1 − L̃) =
∏N

i=2(π − (1− πi)).

Therefore, the eigenvalues of L̃ are 1− π2, . . . , 1− πN . Furthermore, according to the definition of
W̃ = IN−1 − L̃, the eigenvalues of W̃ are π2, . . . , πN , which implies ∥W̃∥ = ρ.

By using the Young’s inequality, we have

E[∥θ̃−i,t+1∥2] = (1 + (1− ρ))ρ2E[∥θ̃−i,t∥2] +
(
1 +

1

1− ρ

)
λ2
tE[∥g−i,t∥2]. (164)

The last term on the right hand side of equation 164 satisfies

E[∥g−i,t∥2] =
N∑
j ̸=i

(
E[∥gj,t(θj,t)−∇fj(θj,t)∥2] + E[∥∇fj(θj,t)∥2]

)
≤ (N − 1)σ2 + 2H2

N∑
j ̸=i

E[∥θj,t − c∥2] + 2H2
N∑
j ̸=i

∥θ∗j − c∥2.

(165)

Substituting equation 165 into equation 164, we arrive at

E[∥θ̃−i,t+1∥2] = (1 + (1− ρ))ρ2E[∥θ̃−i,t∥2] +
2− ρ

1− ρ
λ2
t (N − 1)σ2

+
2H2(2− ρ)

1− ρ
λ2
tE[∥θ̃−i,t∥] +

2H2(2− ρ)

1− ρ
λ2
t

N∑
j ̸=i

∥θ∗j − c∥2

≤
(
ρ+

2H2(2− ρ)

1− ρ
λ2
t

)
E[∥θ̃−i,t∥2] + d9λ

2
t ≤

(
1− 1− ρ

2

)
E[∥θ̃−i,t∥2] + d9λ

2
t ,

(166)

where in the last inequality we have used the fact that we can choose λ0 < (1−ρ)2

4H2(2−ρ) such that
2H2(2−ρ)

1−ρ < 1−ρ
2 holds under the decaying sequence λt.

By applying Lemma 11 in Chen & Wang (2025) to equation 166, we arrive at

E[∥θ̃j,t∥] ≤ E[∥θ̃−i,t∥2] ≤ d10λ
2
t , (167)

where d10 is given by d10 = ( 8v
e ln( 4

3+ρ )
)2v(

E[∥θ̃−i,0∥2](1+ρ)

2d9λ2
0

+ 4
1−ρ ).
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Next, we estimate an upper bound on E[∥θj,t+1 − 2θj,t + θj,t−1∥2].

E[∥θj,t+1 − 2θj,t + θj,t−1∥2]

= E


∥∥∥∥∥∥

∑
k∈Nj∪{j}

wjkθk,t−λtgj(θj,t)− θj,t−

 ∑
k∈Nj∪{j}

wjkθk,t−1−λtgj(θj,t−1)−θj,t−1

∥∥∥∥∥∥
2


≤ 3E


∥∥∥∥∥∥

∑
k∈Nj∪{j}

wjk(θk,t − θk,t−1)

∥∥∥∥∥∥
2


+ 3E[∥θj,t − θj,t−1∥2] + 3E[∥λtgj(θj,t)− λt−1gj(θj,t−1)∥2]. (168)

The first term on the right hand side of equation 168 satisfies

3E


∥∥∥∥∥∥

∑
k∈Nj∪{j}

wjk(θk,t − θk,t−1)

∥∥∥∥∥∥
2
 ≤ 6E[∥θ̃−i,t∥2] + 6E[∥θ̃−i,t−1∥2] ≤ 12d10λ

2
t−1, (169)

where in the derivation we have used equation 167.

By using equation 167, the second term on the right hand side of equation 168 can be verified to
satisfy 3E[∥θj,t − θj,t−1∥2] ≤ 12d10λ

2
t−1.

The last term on the right hand side of equation 168 satisfies

3E[∥λtgj(θj,t)− λt−1gj(θj,t−1)∥2]
= 3E[∥λtgj(θj,t)− λt∇fj(θj,t)− (λt−1gj(θj,t−1)− λt−1∇fj(θj,t−1))∥2]
+ 3E[∥λt∇fj(θj,t)− λt−1∇fj(θj,t−1)∥2]

≤ 3σ2(λ2
t + λ2

t−1) + 6(λt − λt−1)
2E[∥∇fj(θj,t−1)∥2] + 6λ2

tH
2E[∥θj,t − θj,t−1∥2]

≤ 6σ2λ2
t−1 + 6(λt − λt−1)

2H2E[∥θj,t−1 − c+ c− θ∗j ∥2] + 24λ2
tH

2d10λ
2
t−1

≤ 6σ2λ2
t−1 + 12(λt − λt−1)

2H2∥c− θ∗j ∥2 + 12(λt − λt−1)
2H2d10λ

2
t−1

+ 24H2d10λ
2
tλ

2
t−1.

(170)

Substituting equation 169, equation 170, and the relationship 3E[∥θj,t − θj,t−1∥2] ≤ 12d10λ
2
t−1

into equation 168, we arrive at

E[∥θj,t+1 − 2θj,t + θj,t−1∥2] ≤ (24d10 + 6σ2)λ2
t−1 + 12(λt − λt−1)

2H2∥c− θ∗j ∥2

+ 12(λt − λt−1)
2H2d10λ

2
t−1 + 24H2d10λ

2
tλ

2
t−1 ≤ d11λ

2
t−1,

(171)

where the constant d11 is given by d11 = 24d10 + 6σ2 + 48H2∥c− θ∗j ∥2 + 12(λ1 − λ0)
2H2d10 +

24H2d10λ
2
0.

Recalling the payment mechanism in Mechanism 1, when agent i shares a constant c over iterations,
its payment Pi,t satisfies

E[Pi,t] = −
∑
j∈Ni

CtE[∥θj,t+1 − 2θj,t + θj,t−1∥2] ≤
22v deg(i)C0d11λ

2
0

δ2(t+ 1)2r−2v+2v
, (172)

where in the derivation we have used the definitions Ct =
C0κ

2
t

δ2(t+1)−2v and κt =
1

(t+1)2r with 1−v <

r < v and 1
2 < v < 1. By setting 1

2 < r < v, we arrive at

T∑
t=0

E[Pi,t] =

T∑
t=0

22v deg(i)C0d11λ
2
0

δ2(t+ 1)2r
, (173)

with the exponent 2r for t+1 satisfying 2r > 1, implying that the the cumulative payment of agent
i remains finite even as T → ∞.
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Lemma 17 shows that even if an agent falsely reports a constant value for its model parame-
ter—which would place it in the most advantageous position to obtain payments from its neighbors
under our payment Mechanism 1—its cumulative payment still remains finite. Moreover, this cu-
mulative payment depends on external factors such as the network structure and the properties of the
functions of its neighbors, none of which the agent can accurately predict or control. Consequently,
since an agent’s net utility is determined by both the quality of the final learned model and the pay-
ments it receives, a strategic agent cannot guarantee that its net utility will be maximized by ignoring
the learned model’s quality and focusing solely on manipulating its reported model parameters to
increase payments.
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