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Abstract

Learning transferable data representations from abundant unlabeled data remains a
central challenge in machine learning. Although numerous self-supervised learning
methods have been proposed to address this challenge, a significant class of these
approaches aligns the covariance or correlation matrix with the identity matrix.
Despite impressive performance across various downstream tasks, these methods
often suffer from biased sample risk, leading to substantial optimization shifts
in mini-batch settings and complicating theoretical analysis. In this paper, we
introduce a novel Adversarial Self-Supervised Representation Learning (Adv-
SSL) for unbiased transfer learning with no additional cost compared to its biased
counterparts. Our approach not only outperforms the existing methods across
multiple benchmark datasets but is also supported by comprehensive end-to-end
theoretical guarantees. Our analysis reveals that the minimax optimization in Adv-
SSL encourages representations to form well-separated clusters in the embedding
space, provided there is sufficient upstream unlabeled data. As a result, our method
achieves strong classification performance even with limited downstream labels,
shedding new light on few-shot learning.

1 Introduction

Collecting unlabeled data is considerably more convenient and cost-effective than gathering labeled
data in real-world applications. Representations learned from such abundant data can be effectively
transferred to various downstream tasks, thereby enhancing model performance or reducing the
amount of labeled data required. Consequently, learning representations from abundant unlabeled
data is both highly valuable and challenging.

Recently, self-supervised contrastive learning has emerged as a leading approach for learning rep-
resentations from unlabeled data. This method aims to produce representations that are invariant
to data augmentation. However, solely minimizing the distance between similar pairs can result in
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trivial solutions, known as model collapse. To address this issue, researchers have proposed various
strategies, which can be broadly categorized into three types.

The first strategy treats augmented views from different images as negative pairs, ensuring that their
representations remain dissimilar [36, 23, 8, 9, 21, 38]. However, these methods require large batch
sizes to provide sufficient negative samples, resulting in substantial computational and memory
demands that may be prohibitive in many applications. Additionally, by treating augmented views
from different images as negative pairs, these approaches overlook semantic similarities between
distinct images, potentially forcing apart representations of conceptually related content. As noted by
[12, 11], this design can degrade representation performance.

The second strategy prevents model collapse through asymmetric network architectures [19, 10, 6, 7].
Although these methods eliminate the need for negative pairs, they exhibit significant sensitivity
to architectural design choices, where minor modifications can lead to collapsed solutions [19, 10].
Furthermore, these approaches introduce considerable challenges for interpretability.

The third line of work prevents model collapse by introducing a regularization term that aligns
the covariance or correlation matrix with the identity matrix [37, 14, 4, 22, 3, 20, 24, 39], thereby
encouraging the separation of class centers. These methods do not require negative samples and
also offer clearer theoretical interpretability. A typical regularization term employed in these ap-
proaches [37, 22, 20, 24] is formulated as:

R(f) =
∥∥∥Exs∼PsExs,1,xs,2∈A(xs)

{
f(xs,1)f(xs,2)

⊤}− Id∗

∥∥∥2
F
, (1)

where f : Rd → Rd∗
denotes a representation mapping from the original image space to the

representation space, ∥ · ∥F is the Frobenius norm, xs represents an original image following a
distribution Ps, and A(xs) denotes the collection of all possible augmented views yielded from xs.
The terms xs,1, xs,2 ∈ A(xs) refer to two augmented views independently sampled from the uniform
distribution on A(xs), while Id∗ is a d∗ × d∗ identity matrix.

The population risk defined in equation (1) is typically intractable. In [22, 20, 37, 24], the researchers
estimate (1) using the following sample-level regularization:

R̂(f) =
∥∥∥ 1

ns

ns∑
i=1

f(x
(i)
s,1)f(x

(i)
s,2)

⊤ − Id∗

∥∥∥2
F
, (2)

where {x(i)
s }i∈[ns] denotes the original dataset, and D̃s = {(x(i)s,1, x

(i)
s,2) ∈ A(x

(i)
s )}i∈[ns] represents

the augmented dataset for learning representations. Unfortunately, it is evident that R̂(f) is a biased
estimator ofR(f), i.e., ED̃s

{R̂(f)} ≠ R(f), due to the non-commutativity between the expectation
and the Frobenius norm. This inherent bias gives rise to two significant challenges.

Firstly, the biased estimator (2) used in [22, 20, 37] introduces significant optimization deviations
during training. Although theoretically ED̃s

{R̂(f)} converges to R(f) as n approaches infinity,
practical memory constraints necessitate the use of mini-batch samples. As a result, the bias introduces
an offset in the optimization direction at each iteration. Moreover, this offset can accumulate over
successive training steps, since each gradient direction depends on the previous one. Ultimately,
this compounding effect may cause the learned representation to diverge significantly from the true
minimizer of the population risk, thereby impairing practical performance, as demonstrated in Table 1.

Secondly, this inherent bias presents significant obstacles to establishing end-to-end theoretical
guarantees, which is crucial for addressing several fundamental questions: How quickly does the
downstream task error converge with respect to both the number of unlabeled samples in the source
domain and the number of labeled samples in the target domain? What is the mechanism by which
unlabeled data in self-supervised learning contributes to downstream task performance? Why do
self-supervised learning methods remain effective even when downstream labeled data is limited?

Although recent theoretical studies have significantly advanced the understanding of self-supervised
learning, several issues remain unresolved. These studies can be broadly categorized into two main
lines of research. The first line [15, 22, 2, 24] focuses on analyzing the population risk of self-
supervised learning methods. However, fundamental questions remain incompletely addressed due to
the lack of discussion at the sample level. A comprehensive theoretical analysis requires bridging
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the gap between population-level (1) and sample-level (2) risks, which is challenging due to the bias
inherent in methods such as [37, 22, 20].

A second line of theoretical research analyzes generalization error using Rademacher complexity [31,
21, 1, 26, 20], but frequently overlooks the approximation error. This omission is critical, as overall
learning performance is determined by the total error, which is the sum of both generalization and
approximation errors. Consequently, by focusing on only one component, these analyses may provide
an incomplete picture of model performance.

In this study, we propose a novel self-supervised learning framework, Adversarial Self-Supervised
Representation Learning (Adv-SSL). Adv-SSL introduces an innovative iterative scheme that elimi-
nates the bias between the population risk (1) and its sample-level estimator (2), thereby addressing
two critical challenges: training deviation and theoretical limitations caused by bias. Through compre-
hensive end-to-end analysis, we demonstrate how the amount of unlabeled data in the self-supervised
pre-training phase enhances downstream task performance. Specifically, we show that representation
learning with Adv-SSL enables downstream data to be effectively clustered by category in the repre-
sentation space, provided that the upstream unlabeled sample size is sufficiently large. As a result,
Adv-SSL achieves outstanding classification performance even with only a few downstream labeled
samples, offering valuable insights for few-shot learning.

1.1 Contributions

Our main contributions can be summarized as follows:

• We introduce Adv-SSL, a novel unbiased self-supervised transfer learning method. This
approach learns representations from unlabeled data by solving a min-max optimization
problem that corrects the bias inherent in existing methods [22, 37]. Through extensive
experiments, we demonstrate that Adv-SSL significantly outperforms previous biased sample
risk (Table 1), as well as several existing self-supervised learning approaches (Table 3).

• We establish comprehensive end-to-end theoretical guarantees for Adv-SSL in transfer
learning scenarios under misspecified setting (Theorem 1). Our theoretical analysis shows
that representations learned by Adv-SSL, through minimax optimization, enable downstream
data to be clustered by category in the representation space, provided that the upstream
unlabeled sample size is sufficiently large. Consequently, Adv-SSL achieves outstanding
classification performance even with only a few downstream labeled samples, offering
valuable insights for few-shot learning.

1.2 Preliminaries

Given an integer n ∈ N, we use [n] to represent the integer set {1, 2, · · · , n}. For any vector x, we
denote ∥x∥2 and ∥x∥∞ as the 2-norm and∞-norm of x respectively. Let A,B ∈ Rd1×d2 be two
matrices, we define their Frobenius inner product by ⟨A,B⟩F = tr(A⊤B). Moreover, we denote
∥A∥F as the Frobenius norm of A, which is the norm induced by Frobenius inner product, and
∥A∥∞ = sup∥x∥∞≤1 ∥Ax∥∞ as the∞-norm of A, which is the maximum 1-norm of the rows of A.
For a vector-valued map f , we adopt dom(f) to represent its domain. Further, given 0 ≤ a1 ≤ a2, we
use a1 ≤ ∥f∥2 ≤ a2 to denote a1 ≤ infx∈dom(f) ∥f(x)∥2 ≤ supx∈dom(f) ∥f(x)∥2 ≤ a2. Besides

that, the Lipschitz norm of f is given by ∥f∥Lip = supx ̸=y
∥f(x)−f(y)∥2

∥x−y∥2
. Additionally, we use

f ∈ Lip(L) to represent ∥f∥Lip ≤ L. Finally, if X and Y are two quantities, for ease of presentation,
we employ X ≲ Y or Y ≳ X to indicate the statement that X ≤ CY for some C > 0 and denote
X ≍ Y when X ≲ Y ≲ X throughout this paper.

We subsequently adopt the following neural networks as the hypothesis space.

Definition 1 (ReLU neural networks). Let d1, d2 ∈ N and L,N1, . . . , NL ∈ N. A ReLU neural
network with depth L and width W := max{N1, . . . , NL} has the following form:

fθ(x) = ALσ(AL−1σ(· · ·σ(A0x+ b0)) + bL−1), (NN)

where Ai ∈ RNi+1×Ni , bi ∈ RNi+1 , and σ(·) is the element-wise ReLU activation function. Denote
by θ := ((A0, b0), . . . , (AL−1, bL−1), AL) the collection of parameters of the neural network (NN).
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Furthermore, define κ(θ) = ∥AL∥∞
∏L−1

l=0 max{∥(Al, bl)∥∞, 1}. For K > 0, it follows from
Appendix G.1 that ∥fθ∥Lip ≤ K, provided that κ(θ) ≤ K.

Let K > 0 and 0 < B1 < B2, a ReLU network class NN d1,d2
(W,L,K, B1, B2) is defined as{

fθ has the form (NN) : N0 = d1, NL+1 = d2, κ(θ) ≤ K, B1 ≤ ∥fθ∥2 ≤ B2

}
.

Finally, for two given measures µ and ν, we define the 1-Wasserstein distance as W(µ, ν) :=
maxg∈Lip(1) EX∼µ{g(X)} − EY∼ν{g(Y )}.

1.3 Organization

The rest of this paper is structured as follows: Section 2 introduces the core concept of Adv-SSL
and presents our alternating optimization algorithm. In Section 3, we develop a comprehensive
end-to-end theoretical guarantee for Adv-SSL with proof details in Section F. Section 4 demonstrates
Adv-SSL’s effectiveness through extensive experimental evaluations across diverse datasets and
metrics. Section 5 summarizes the conclusions of this work.

The appendices provide a review of existing studies (Appendix A), a notation summary (Appendix B),
experimental details (Appendix C), additional numerical experiments (Appendix D), discussions on
assumptions (Appendix E), and complete theoretical proofs (Appendices F to G).

2 Adversarial Self-Supervised Representation Learning

2.1 Notations

Throughout this paper, we use d and d∗ to represent the dimensions of the original image space and
the representation space, respectively. We use the letter xs and its variants to denote image instances
from the source domain Xs ⊆ [0, 1]d with the source distribution Ps. Correspondingly, we use the
letter xt and its variants for image instances from the target domain Xt ⊆ [0, 1]d, while Pt represents
the measure regarding the entry (xt, y) with label y ∈ [K]. In this context, we can independently and
identically sample a total of ns source image instances from Ps and nt labeled downstream samples
from Pt, and refer to them as Ds = {x(i)

s }i∈[ns] and Dt = {(x(i)
t , yi)}i∈[nt], respectively.

Since the primary objective of contrastive learning is to learn a representation that is invariant to differ-
ent augmentations, data augmentation plays a crucial role in this field. A augmentation A : Rd → Rd

is essentially a predefined transformation applied to original images. Common augmentations include
the composition of random transformations, such as RandomCrop, HorizontalFlip, and Color Distor-
tion [8]. We refer to A = {Ai(·)}i∈[m] as the collection of used data augmentations, where m is the
total number of data augmentations, which is finite since only a finite number of augmentations will
be used in practice. Based on it, we can construct an augmented dataset D̃s = {x̃(i)s }i∈[ns], where
x̃
(i)
s = (x

(i)
s,1, x

(i)
s,2) = (Ai,1(x

(i)
s ), Ai,2(x

(i)
s )), and Ai,1 and Ai,2 are independently drawn from the

uniform distribution on A. The Appendix B summarizes the notations used throughout this work for
easy reference and cross-checking.

2.2 Adversarial self-supervised learning

The regularization term R(f) defined in (1) has been adopted in various studies [22, 20, 24] to
prevent model collapse. Specifically, we aim to identify an encoder that is as close as possible to f∗:

f∗ ∈ argmin
f :B1≤∥f∥2≤B2

L(f) = Lalign(f) + λR(f),

Lalign(f) = Exs∼Ps
Exs,1,xs,2∈A(xs)

{∥∥f(xs,1)− f(xs,2)∥∥22}.
Intuitively, imposing the constraint B1 ≤ ∥f∥2 ≤ B2 does not impair encoder performance, as the
key aspect of data representation is the ability to distinguish between features rather than the scale of
their values. As we will demonstrate, this constraint actually can actually facilitate the theoretical
analysis of Adv-SSL.
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Since the expectation in this regularization term is challenging to compute practically, it is necessary to
approximate it using an empirical average based on the collected samples. One of the most commonly-
used empirical versions is R̂(f) defined in (2) [22, 20]. However, as stated in Section 1, R̂(f) is a
biased estimation ofR(f), i.e., ED̃s

{R̂(f)} ≠ R(f), which introduces optimization deviation from
f∗ and hinders establishing a theoretical understanding of the empirical risk minimizer.

To address these issues, we propose a novel unbiased sample-level estimator for the population
risk (1). A key observation that motivates Adv-SSL is that we can rewriteR(f) as

R(f) = sup
G∈G(f)

R(f,G), (3)

where G ∈ Rd∗×d∗
is a matrix variable, and

R(f,G) =
〈
Ex∼Ps

Exs,1,xs,2∈A(xs)

{
f(xs,1)f(xs,2)

⊤}− Id∗ , G
〉
F
,

G(f) =
{
G ∈ Rd∗×d∗

:
∥∥G∥∥

F
≤

√
R(f)

}
.

The equation (3) holds because of the fact that ⟨A,B⟩F ≤ ∥A∥F ∥B∥F for any matrices A,B of
same dimension, with equality holding if and only if A = B. Correspondingly, its sample-level
counterpart defined in (2) can be rewritten as

R̂(f) = sup
G∈Ĝ(f)

R̂(f,G),

where

R̂(f,G) =

〈
1

ns

ns∑
i=1

f(x
(i)
s,1)f(x

(i)
s,2)

⊤ − Id∗ , G

〉
F

,

Ĝ(f) =
{
G ∈ Rd∗×d∗

:
∥∥G∥∥

F
≤

√
R̂(f)

}
.

It can be shown that R̂(·, ·) is an unbiased estimator of the population riskR(·, ·), that is, for each
fixed f and auxiliary variable G,

R(f,G) = ED̃s

{
R̂(f,G)

}
.

Hence, the equivalent transformation (3) help us avoid the issue introduced by bias. Specifically, with
the equation (3) and its empirical version, we learn a representation through Adv-SSL at the sample
level, which can be formulated as a mini-max problem as follows:

min
f∈F

max
G∈Ĝ(f)

L̂(f,G) = L̂align(f) + λR̂(f,G),

L̂align(f) =
1

ns

ns∑
i=1

∥∥f(x(i)s,1)− f(x
(i)
s,2)

∥∥2
2
,

where F is defined as NN (W,L,K, B1, B2). We will specify the appropriate parameters
(W,L,K, B1, B2) to satisfy the theoretical requirements in Section 3. The term L̂align(f) em-
bodies the core idea of contrastive learning: learning a representation that is invariant to different
augmentations. Additionally, λ > 0 serves as the regularization hyperparameter.

This mini-max problem naturally suggests solving it via an alternating optimization algorithm,in
which G is held fixed during the optimization of the encoder f , and f is held fixed during the
optimization of G. This procedure is detailed in Algorithm 1.
Remark 1 (Detach technique). It is important to note that Gτ in Algorithm 1 has been detached from
the computational graph when updating the encoder parameters θ, which implies that the gradient

regarding θ is given by the Step 8 of Algorithm 1, rather than∇θ

∥∥ 1
N

∑N
i=1 fθ(x

(n
(τ)
i )

s,1 )fθ(x
(n

(τ)
i )

s,2 )⊤−
Id∗

∥∥2
F

, which is the mini-batch gradient of R̂(f). In this regard, such a mini-max iteration format will
yield a distinctly different encoder in the mini-batch scenario compared to previous studies [37, 22].
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Algorithm 1 Alternative Optimization Algorithm

Require: Unlabeled dataset Ds = {x(i)
s }i∈[ns], initial encoder parameter θ0, iteration horizon T ,

mini-batch size N , learning rate η.
1: Construct an augmented dataset D̃s = {x̃(i)s }i∈[ns].
2: for τ ∈ {0} ∪ [T − 1] do

3: Sample a mini-batch Bτ = {x̃(n
(τ)
i )

s }i∈[N ] ⊆ Ds of size N , where n(τ)i represents the index
of the i-th sample in the mini-batch Bτ within Ds.

4: if τ = 0 then
5: G0 =

∑N
i=1 fθ0(x

(n
(τ)
i )

s,1 )fθ0(x
(n

(τ)
i )

s,2 )⊤ − Id∗ .
6: Detach: G0 ← G0.detach().
7: end if
8: Update encoder θτ+1 = θτ − η∆θ, where ∆θ is given by

∆θ = ∇θ
1

N

N∑
i=1

∥∥∥fθ(x(n(τ)
i )

s,1 )− fθ(x
(n

(τ)
i )

s,2 )
∥∥∥2
2
+

〈
∇θ

1

N

N∑
i=1

fθ(x
(n

(τ)
i )

s,1 )fθ(x
(n

(τ)
i )

s,2 )⊤ − Id∗ , Gτ

〉
F

.

9: Gτ+1 =
∑N

i=1 fθτ+1
(x

(n
(τ)
i )

s,1 )fθτ+1
(x

(n
(τ)
i )

s,2 )⊤ − Id∗ .
10: Detach: Gτ+1 ← Gτ+1.detach().
11: end for
12: return The learned encoder fθT

.

The natural question that arises is whether this adversarial iteration format will lead to better
performance?

To answer this question, we compare Adv-SSL against two biased self-supervised learning methods:
Barlow Twins [37] and the approach proposed by [22], across multiple benchmark datasets. The
experimental results, summarized in Table 1, demonstrate that Adv-SSL significantly improves
downstream classification accuracy compared to both baseline methods, which are implemented
using our repository, with a total training of 1000 epochs and a representation dimension of 512.
It worth mentioning that our results are close to those reported in the well-known Python package
LightlySSL, suggesting our results align with expectations.

Method CIFAR-10 CIFAR-100 Tiny ImageNet
Linear k-nn Linear k-nn Linear k-nn

Barlow Twins[37] 87.32 84.74 55.88 46.41 41.52 27.00
Beyond Separability[22] 86.95 82.04 56.48 48.62 41.04 31.58

Adv-SSL 93.01 90.97 68.94 58.50 50.21 37.40
Table 1: Top-1 Accuracy Comparison with Biased SSL Methods.

The experimental details can be found in Appendix C. In addition, more ablation studies are deferred
to Appendices D.1, D.2, D.3 and D.4, which respectively involve the choice of the regularization
parameter λ, the impact of data augmentations, the influence of the alignment term and effectiveness
in terms of transfer learning.

Furthermore, it naturally raises a question of whether the minimax iteration in Adv-SSL incurs any
additional training cost? Intuitively, the extra cost from adversarial updates is negligible, as the inner
maximization problem admits an analytical solution, as shown in Step 9 of Algorithm 1. To further
support this view, we provide a detailed comparison of the timing and memory costs in Table 2.

All experiments were conducted on a single Tesla V100 GPU. The time mentioned refers to the
training time spent per epoch. As we seen, this observation aligns well with our intuition.
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Method CIFAR-10 CIFAR-100 Tiny ImageNet
Memory Time Memory Time Memory Time

Barlow Twins 5598 MiB 68s 5598 MiB 74s 8307 MiB 386s
Adv-SSL 5585 MiB 51s 5585 MiB 52s 8282 MiB 352s

Table 2: Comparison of Training Memory and Time Costs Between Barlow Twins and Adv-SSL.

3 End-to-End Theoretical Guarantee

3.1 Problem formulation

We first define f̂ns
as the empirical risk minimizer for Adv-SSL as (4) and hope to establish a rigorous

theoretical guarantee for that.

f̂ns
∈ argmin

f∈F
max

G∈Ĝ(f)
L̂(f,G) = L̂align(f) + λR̂(f,G) (4)

Moreover, following the similar process to that used for obtaining D̃s, we can construct the
downstream augmented dataset D̃t = {(x̃(i)t , yi)}i∈[nt], where x̃

(i)
t = (x

(i)
t,1, x

(i)
t,2) ∈ R2d with

x
(i)
t,1 = Ai,1(x

(i)
t ), x

(i)
t,2 = Ai,2(x

(i)
t ). Therein, Ai,1, Ai,2 are independently and identically dis-

tributed samples drawn from the uniform distribution defined on A. In this context, for a testing
sample x, we construct the following linear probe as a classifier:

Qf̂ns
(x) = argmax

k∈[K]

(
Ŵ f̂ns

(x)
)
k
, (5)

where the k-th row of Ŵ is given by µ̂t(k) = 1
2nt(k)

∑nt

i=1

(
f̂ns(x

(i)
t,1) + f̂ns(x

(i)
t,2)

)
1
{
yi = k

}
,

therein, nt(k) =
∑nt

i=1 1{yi = k}. Here the Adv-SSL estimator f̂ns
is defined as (4). The classifier

defined in (5) indicates that by calculating the average representations for each class, we build a
template for each downstream class individually. Whenever a new sample needs to be classified, it
is assigned to the category of the template that it most closely resembles. Furthermore, we use the
following misclassification rate to evaluate the quality of f̂ns

.

Err(Qf̂ns
) = Pt

{
Qf̂ns

(xt) ̸= y
}
, (6)

Appendix B summarizes the notations used throughout this paper for easy cross-checking.

3.2 Theoretical limitation induced by bias

In this section, we aim to elucidate the limitations imposed by bias from theoretical perspective. We

first assert that ED̃s,D̃t

{
Err(Qf̂ns

)
}
≲

√
ED̃s

{
L(f̂ns

)
}

under specific conditions, the details of

which can be found in F.4.7. Consequently, analyzing the sample complexity of ED̃s

{
L(f̂ns

)
}

is
essential for establishing an end-to-end theoretical guarantee for f̂ns

. However, the bias between
L(f) and its empirical counterpart L̂(f) presents a significant challenge for this analysis.

In fact, in the field of learning theory, the condition ED̃s

{
L̂(f)

}
= L(f) is quite important to explore

the sample complexity of ED̃s

{
L(f̂ns

)
}

. Specifically, let f̄ satisfy L(f̄)−L(f∗) = inff∈F{L(f)−
L(f∗)}, where we recall R̂(f) is given by (2), then

L(f̂ns
) =

{
L(f̂ns

)− L̂(f̂ns
)
}
+
{
L̂(f̂ns

)− L(f̄)
}
+

{
L(f̄)− L(f∗)

}
+ L(f∗)

≤
{
L(f̂ns)− L̂(f̂ns

)
}
+
{
L̂(f̄)− L(f̄)

}
+

{
L(f̄)− L(f∗)

}
+ L(f∗)

≤ 2 sup
f∈F

∣∣∣L(f)− L̂(f)∣∣∣+ inf
f∈F

{
L(f)− L(f∗)

}
+ L(f∗),

where the first inequality follows from the fact that f̂ns
minimizes the empirical risk L̂(f) over

F . Taking the expectation with respect to D̃s on both sides yields ED̃s

{
L(f̂ns

)
}
≤ L(f∗) +
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2ED̃s

{
supf∈F

∣∣L(f) − L̂(f)∣∣} + inff∈F{L(f) − L(f∗)}. Standard techniques from empirical
process [17] can be used to estimate the second term in unbiased settings. However, the presence of
bias complicates their direct application. In contrast, leveraging the unbiased nature of Adv-SSL, we
develop a novel error decomposition as follows:

ED̃s

{
L(f̂ns)

}
≲ L(f∗) + ED̃s

{
sup

f∈F,G∈Ĝ(f)

∣∣∣L(f,G)− L̂(f,G)∣∣∣ }+ inf
f∈F

{
L(f)− L(f∗)

}
+ ED̃s

[
sup
f∈F

{
G∗(f)− Ĝ(f)

}]
, (7)

where G∗(f) = Exs∼Ps
Exs,1,xs,2∈A(xs)

{
f(xs,1)f(xs,2)

⊤}− Id∗ ∈ Rd∗
and its sample counterpart

Ĝ(f) = 1
ns

∑ns

i=1 f(x
(i)
1 )f(x

(i)
2 )⊤ − Id∗ . We defer the corresponding proof to Section F.4.1. This

decomposition allows us to directly apply empirical process methods to handle the second term on the
right-hand side, as presented in Section F.4.3. Regarding the other terms, the first term vanishes under
Assumption 2, as demonstrated in Section F.4.2. The third term, known as the approximation error,
quantifies the error introduced by using F to approximate f∗; this can be controlled using existing
results from [25], as shown in Section F.4.4. The last term can be reformulated as a standard problem
concerning the rate of convergence of the empirical mean to the population mean, as discussed in
Section F.4.5. By combining these results, we leverage the adversarial formulation of Adv-SSL to
successfully establish a end-to-end theoretical guarantee for f̂ns

.

3.3 Assumptions

We begin with defining the Hölder class, which plays a key role in bounding the approximation error.
Definition 2. Let d ∈ N and α = r + β > 0, where r ∈ N0 and β ∈ (0, 1]. We assert f : Rd → R
belongs to the Hölder classHα(Rd) if and only if

|∂sf(x)| ≤ 1 and max
∥s∥1=r

sup
x ̸=y

∂sf(x)− ∂sf(y)
∥x− y∥β∞

≤ 1,

where for a multi-index s = (s1, . . . , sd) ∈ Nd and f : Rd → R, the symbol ∂sf denotes the partial
differential operator ∂s = ∂s1

∂x
s1
1

∂s2

∂x
s2
1

· · · ∂sd

∂x
sd
d

. Furthermore, we defineHα := {f : [0, 1]d → R, f ∈
Hα(Rd)} as the restriction ofHα(Rd) to [0, 1]d.

In this context, we make following assumption on f∗:
Assumption 1. There exists α = r + β with r ∈ N and β ∈ (0, 1] s.t f∗i ∈ Hα for each i ∈ [d∗].

Assumption 1 is a standard assumption in the nonparametric statistics [33, 32].

As for the term L(f∗) in eq (7), we need following Assumption 2 to justify L(f∗) = 0.

Assumption 2. Assume there exists a measurable partition
{
P1, . . . ,Pd∗

}
of Xs satisfying Ps(Pi) ∈

[ 1
B2

2
, 1
B2

1
] for each i ∈ [d∗].

Assumption 2 requires that the source data distribution is not overly singular. In particular, all common
continuous distributions defined on the Borel algebra satisfy this condition, as the measure of any
single point is zero. Further details regarding the vanishing of L(f∗) are provided in Section F.4.2.

Additionally, we introduce two assumptions regarding the data augmentations.
Assumption 3. Assume any data augmentation Ai ∈ A is M -Lipschitz continuous, that is,
∥Ai(x)−Ai(y)∥2 ≤M

∥∥x− y
∥∥
2

for any x,y ∈ [0, 1]d.

The most commonly used augmentations, including cropping, horizontal mirroring, color jittering,
grayscale conversion, and Gaussian blurring, actually all satisfy this assumption. See Section E.1.

In addition to the Lipschitz property of data augmentation, we adopt Definition 3 to mathematically
quantify the quality of data augmentations. To present it, we defineCt(k) as a set such that xt ∈ Ct(k)
if and only if xt belongs to the k-th class. Correspondingly, similar to [24], we assume that any
upstream instance xs can be categorized into one or more latent classes {Cs(k)}k∈[K].
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Definition 3. A data augmentationsA is referred to as a (σs, σt, δs, δt)-augmentations if for each k ∈
[K], there exists two subsets C̃s(k) ⊆ Cs(k) and C̃t(k) ⊆ Ct(k) such that (i) Ps

(
xs ∈ C̃s(k)

)
≥

σsPs

(
xs ∈ Cs(k)

)
, (ii) supxs,1,xs,2∈C̃s(k)

minxs,1∈A(xs,1),xs,2∈A(xs,2)

∥∥xs,1 − xs,2
∥∥
2
≤ δs; (iii)

Pt

(
xt ∈ C̃t(k)

)
≥ σtPt

(
xt ∈ Ct(k)

)
, (iv) supxt,1,xt,2∈C̃t(k)

minxt,1∈A(xt,1),xt,2∈A(xt,2)

∥∥xt,1 −
xt,2

∥∥
2
≤ δt and (v) Pt

(
∪Kk=1 C̃t(k)

)
≥ σt, where σs, σt ∈ (0, 1] and δs, δt ≥ 0.

Broadly speaking, this definition emphasizes that robust data augmentation should consistently
produce distance-closed augmented views for semantically similar original images. We refer to
Section E.2 for further explanations. In this context, we introduce the following assumption to
delineate the data augmentation necessary for the end-to-end theoretical guarantee of Adv-SSL.
Assumption 4 (Existence of augmentation sequence). Assume there exists a sequence of
(σ

(n)
s , σ

(n)
t , δ

(n)
s , δ

(n)
t )-data augmentations An = {A(n)

i }i∈[m] such that (i) max{δ(n)s , δ
(n)
t } ≲

n−
ϵA+d+1

2(α+d+1) holds for some ϵA > 0, (ii) min{σ(n)
s , σ

(n)
t } → 1 as n→∞.

It is noteworthy that this assumption closely aligns with [21, Assumption 3.5] and [20, Assumption
3.6], both of which require the augmentations must be sufficiently robust to ensure the internal
connections within latent classes remain strong enough to prevent the separation of instance clusters.

We next introduce the assumption related to distribution shift. Prior to characterizing the transferability
from the source domain to the target domain, we must first quantify the similarity between these
domains. For ease of presentation, let ps(k) = Ps

(
xs ∈ Cs(k)

)
and denote Ps(k)(·) as the

probability distribution of the source data that categorized into the k-th latent class Cs(k), i.e.,
Ps(k)(·) = Ps

(
· |xs ∈ Cs(k)

)
. Similarly, let pt(k) = Pt

(
xt ∈ Ct(k)

)
and Pt(k)(·) = Pt

(
· |xt ∈

Ct(k)
)
. In this context, we make following assumption:

Assumption 5 (Domain shift). There exists a ϵds > 0 such that both maxk∈[K]W
(
Ps(k),Pt(k)

)
≲

n
− ϵds+d+1

2(α+d+1)
s and maxk∈[K] |ps(k)− pt(k)| ≲ n

− ϵds
2(α+d+1)

s .

Generally speaking, smaller ϵds indicates less discrepancy between the source and target domains.
Similar assumptions using alternative divergence measures have been proposed in [5, 16, 13]. To
help readers quickly understand this assumption, we discuss it more specifically in Section E.3.

3.4 End-to-end theoretical guarantee

We present the end-to-end theoretical guarantee as follow and defer its proof to Appendix F.

Theorem 1. Under certain Assumptions, set W ≳ n
2d+α

4(α+d+1)
s , L ≥ 2⌈log2(d+ r)⌉ + 2,K ≍

n
d+1

2(α+d+1)
s and A = Ans (excellent data augmentation), then we have

ED̃s,D̃t

{
Err(Qf̂ns

)
}
≲

(
1− σ(ns)

s

)
+ ns

−min{α,ϵA,ϵds}
32(α+d+1) +

1

mink
√
nt(k)

for sufficiently large ns.

Interpretation of sample complexity regarding ns The upper bound of misclassification error
in Theorem 1 offers several key insights into the convergence behavior regarding ns. First, as the
data dimensionality d increases, the convergence rate with respect to the sample size ns slows down,
reflecting the curse of dimensionality. In contrast, as the augmentation quality ϵA increases, indicating
better augmentation, the convergence rate of the upper bound on the misclassification rate with respect
to ns improves. Similarly, ϵds measures the extent of the shift between the source and target domains.
A larger ϵds indicates the difference between the domains is smaller, a smaller domain difference,
which makes the transfer learning task easier and further improves the convergence rate regarding ns
increases. Finally, when both ϵA and ϵds exceed α, the convergence rate adopts a typical form found
in nonparametric statistics [32], specifically − α

32(α+d+1) .

Few-shot learning Theorem 1 demonstrates how the abundance of unlabeled data in the source
domain leveraged by Adv-SSL benefits downstream tasks in the target domain. Specifically, the
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classification error of downstream tasks consists of three components: the first depends on the data
distribution, the second diminishes as the number of unlabeled data in the source domain increases,
and the third approaches zero as the quantity of labeled data in downstream tasks grows. Furthermore,
when a sufficiently large number of unlabeled samples in the source domain is available, such that

ns ≳ mink nt(k)
− 16(α+d+1)

min{α,ϵA,ϵds} , then ED̃s,D̃t

{
Err(Qf̂ns

)
}
≲ (1− σ(ns)

s ) + 1

mink

√
nt(k)

. This find-

ing indicates that classifiers powered by the representation learned by Adv-SSL can achieve excellent
performance with minimal labeled samples, thereby providing rigorous theoretical understanding for
few-shot learning [28, 30, 35, 27].

How does the rate change as m increases If we consider the case where m increases with ns,
according to our theoretical guarantee, we have following conclusions:

ED̃s,D̃t

{
Err(Qf̂ns

)
}
≲ (1− σ(ns)

s ) +m2n
−min{α,ϵA,ϵds}

32(α+d+1)
s +

1

mink
√
nt(k)

.

First of all, as long as m ≲ n
min{α,ϵA,ϵds}

64(α+d+1)
s , the desired asymptotic property can be guaranteed.

However, as the growth rate of m increases, the convergence rate with respect to ns becomes slower.
This result is intuitive: a larger m implies that more potential knowledge must be learned from the
data, which in turn requires a larger sample size to maintain the same level of misclassification rate.

For instance, if we set m ≍ n
min{α,ϵA,ϵds}
128(α+d+1)

s , the resulting convergence rate is n
−min{α,ϵA,ϵds}

64(α+d+1)
s .

4 Comparison with Existing Methods

As the experiments conducted in existing self-supervised learning methods, we pretrain the repre-
sentation on CIFAR-10, CIFAR-100 and Tiny ImageNet, and subsequently conduct fine-tuning on
each dataset with annotations. Table 3 shows the classification accuracy of representations learned by
Adv-SSL, compared with baseline methods including SimCLR [8], BYOL [19], WMSE [14], where
the results has been reported in [14]. In addition, we also compare Adv-SSL with VICReg [4] and
LogDet [39]. The presented result shows that Adv-SSL consistently outperforms previous mainstream
self-supervised methods. The experimental details are deferred to Section C and the implementation
can be found in https://github.com/vincen-github/Adv-SSL.

Method CIFAR-10 CIFAR-100 Tiny ImageNet
Linear k-nn Linear k-nn Linear k-nn

SimCLR 91.80 88.42 66.83 56.56 48.84 32.86
BYOL 91.73 89.45 66.60 56.82 51.00 36.24
WMSE2 91.55 89.69 66.10 56.69 48.20 34.16
WMSE4 91.99 89.87 67.64 56.45 49.20 35.44
VICReg 91.23 89.15 67.61 57.04 48.55 35.62
LogDet 92.47 90.19 67.32 57.56 49.13 35.78

Adv-SSL 93.01 90.97 68.94 58.50 50.21 37.40
Table 3: Top-1 Accuracy Comparison for Different SSL Methods.

5 Conclusion

In this paper, we propose a novel adversarial contrastive learning method for unsupervised transfer
learning. Our approach achieves state-of-the-art classification accuracy on various real datasets,
outperforming existing self-supervised learning methods under both fine-tuned linear probe and
k-NN protocols. Additionally, we provide an end-to-end theoretical guarantee for downstream
classification tasks in misspecified and over-parameterized settings. Our analysis shows that the
misclassification rate depends primarily on the strength of data augmentation applied to large amounts
of unlabeled data, and offers new theoretical insights into the effectiveness of few-shot learning for
downstream tasks with limited samples.
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A Related Works

Self-supervised contrastive loss The loss function proposed by [22] can be regarded as a special
version of Adv-SSL with the constraint xs,1 = xs,2. The main difference between Adv-SSL and
the approach by [22] lies in the iteration format. As stated in Section 1, optimization deviation can
accumulate with each iteration, particularly in the mini-batch scenario, while Adv-SSL employs
adversarial training to mitigate this issue. The same problem is encountered by [37], which can be
loosely regarded as a biased sample version of (1).

Self-supervised theory Recent theoretical studies can be categorized into two main lines of research.
The first line [15, 22, 2, 24] focuses on analyzing the population risk of self-supervised learning
methods, which can not characterize how the error in downstream tasks diminishes with increasing
sample size. The second line of research [31, 21, 1, 26, 20] studies the generalization error through
Rademacher complexity without the consideration of approximation error. However, the absence
of approximation error renders the resulting generalization error analysis ineffective. Specifically,
ignoring the approximation error by simply supposing f belonging to a deep neural network class,
the Rademacher complexity can be significantly reduced by controlling the scale of the network
class, leading to impressive upper bounds. However, this controlled neural network class intuitively
limits its approximation capacity. The increasing approximation error results in a larger overall error.
Therefore, these studies cannot provide theoretical guidance for hypothesis class selection nor fully
characterize the total error of self-supervised learning methods. In contrast, our work provides a
comprehensive convergence analysis that characterizes how the downstream task error converges
with respect to both the number of unlabeled samples in the source domain and labeled samples in
the target domain.

B Notation List

To reduce confusion and enhance comprehension regarding the symbols used in this study, we have
created a list to provide readers with a convenient reference. This list directs readers to the first
occurrence of each symbol in the relevant sections or equations. Within this table, the symbol
indicates an option for s or t, representing the source domain and the target domain, respectively.

Symbol Description Reference

D dataset Section 2.1
d∗ representation dimension Section 2.1

nt(k) sample size of k-th target class Equation (5)
A data augmentation Section 2.1

Continued on next page
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Symbol Description Reference

m number of augmentations Section 2.1
M Lipschitz constant of augmentations Assumption 3
x
(i) augmented view Section 2.1
x̃
(i) concatenated augmented view Section 2.1
D̃s source augmented dataset Section 2.1
D̃t target augmented dataset Section D.4
K the number classes Section 2.1

C (k) k-th source/target class Definition 3
C̃ (k) main part of C (k) Definition 3
P data distribution Section 2.1

P (k) distribution conditioned on x ∈ C (k) Assumption 5
p (k) probability of x ∈ C (k) Assumption 5
µ (k) k-th representation center Lemma 1 and 2
µ̂t(k) k-th empirical center Equation (5)
f∗ population optimal encoder Equation (2.2)
f̂ns

sample optimal encoder Equation (4)
Qf̂ns

classifier based on f̂ns
Equation (5)

Err misclassification error Equation (6)
W Wasserstien Distance Section 2.1
F neural network hypothesis space Equation (4)
G(f) feasible set of G Section (2.2)
Lalign alignment term Section 3.1
R(f,G) regularization term Definition 3
R(f) regularization term Definition 1
α parameter of Hölder class Definition 2
ϵA augmentation parameter Assumption 4
ϵds distribution shift parameter Assumption 5
σ , δ parameters of augmentation Definition 3
ϵ1, ϵ2 distribution shift Equation (17)

W,L,K, B1, B2 parameters of neural network Definition 1
Table 4: Summary of Symbols

C Experimental Details

Implementation details. Except for tuning λ for different datasets, all other hyperparameters used
in our experiments align with [14]. We train for 1,000 epochs with a learning rate of 3× 10−3 for
CIFAR-10 and CIFAR-100, and 2× 10−3 for Tiny ImageNet. A learning rate warm-up is applied for
the first 500 iterations of the optimizer, in addition to a 0.2 learning rate drop at 50 and 25 epochs
before the training end. We use a mini-batch size of 256, and the dimension of the hidden layer in the
projection head is set to 1024. The weight decay is set to 10−3. We adopt an embedding size (d∗) of
512. The backbone network used in our implementation is ResNet-18.

Image transformation details. We randomly apply crops with sizes ranging from 0.08 to 1.0 of
the original area and aspect ratios ranging from 3/4 to 4/3 of the original aspect ratio. Furthermore,
we apply horizontal mirroring with a probability of 0.5. Additionally, color jittering is applied with
a configuration of (0.4; 0.4; 0.4; 0.1) and a probability of 0.8, while grayscaling is applied with a
probability of 0.2. For CIFAR-10 and CIFAR-100, random Gaussian blurring is adopted with a
probability of 0.5 and a kernel size of 0.1. During testing, only one crop is used for evaluation.

Evaluation protocol. During evaluation, we freeze the network encoder and remove the projection
head after pretraining, then train a supervised linear classifier on top of it, which is a fully-connected
layer followed by softmax. we train the linear classifier for 500 epochs using the Adam optimizer
with corresponding labeled training set without data augmentation. The learning rate is exponentially
decayed from 10−2 to 10−6. The weight decay is set as 10−4. we also include the accuracy of a
k-nearest neighbors classifier with k = 5, which does not require fine tuning.
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All experiments were conducted using a single Tesla V100 GPU unit. The PyTorch implementations
can be found in supplementary material.

D Additional Numerical Experiments

D.1 Ablation study on the regularization parameter

The regularization parameter λ in Adv-SSL balances the alignment term Lalign(·) and the regulariza-
tion termR(·). Our theoretical analysis suggests that λ = O(1). Specifically,

• In Lemma 4, we demonstrate that the alignment factor Rt(ε, f) can be bounded by the
alignment term Lalign(·), while the divergence factor maxi ̸=j |µt(t)

⊤µt(j)| is bounded by
the regularization termR(·).

• Based on the definition of the population risk L(f) = Lalign(f) + λR(f), we find

Lalign(f) ≤ L(f) and R(f) ≤ λ−1L(f) ≲ L(f),

where we used λ = O(1). This allows us to bound both the alignment factor Rt(ε, f) and
the divergence factor maxi̸=j |µt(t)

⊤µt(j)| in terms of the population risk L(f), which
leads to the conclusion in Lemma 5.

Regularization CIFAR-10 CIFAR-100
parameter Linear k-nn Linear k-nn

λ = 5.0× 10−5 90.11 87.72 67.59 57.34
λ = 1.0× 10−4 90.53 88.12 68.01 57.59
λ = 5.0× 10−4 92.24 89.99 68.24 58.35
λ = 1.0× 10−3 92.01 90.18 67.88 57.89
λ = 5.0× 10−3 92.11 90.01 68.12 57.66
λ = 1.0× 10−2 92.47 90.33 68.94 58.50
λ = 5.0× 10−2 93.01 90.97 67.68 57.13
λ = 1.0× 10−1 92.77 90.38 67.82 57.49
λ = 1.0 91.75 89.76 66.78 56.76

Table 5: Comparisons of Adv-SSL with different regularization parameters.

D.2 Ablation study on the data augmentations

random grayscale color random horizontal CIFAR-10
cropping distortion flipping Linear k-nn

✓ ✓ ✓ ✓ 93.01 90.97
✓ ✓ ✓ 91.03 88.34
✓ ✓ 89.18 85.65
✓ 79.32 69.81

Table 6: Downstream performance of Adv-SSL under different richness of augmentations.

D.3 Ablation study on the alignment term

The loss function (4) proposed in this work consists of an alignment term and a regularization term.
In contrast, Barlow Twins [37] does not require the alignment term. In this subsection, we show
whether this additional alignment term necessary for this method.

[24, Lemma 4.1] has demonstrated that the the diagonal part of the cross-correlation matrix serves as
a alignment term under certain conditions. Indeed,

Exs∼Ps
Exs,1,xs,2∈A(xs)

[{
fi(xs,1)− fi(xs,2)

}2
]
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= Exs∼PsExs,1,xs,2∈A(xs)

{
f2i (xs,1) + f2i (xs,2)

}
− 2Exs∼PsExs,1,xs,2∈A(xs)

{
fi(xs,1)fi(xs,2)

}
= 2Exs∼Ps

Exs∈A(x)

{
f2i (xs)

}
− 2Exs∼Ps

Exs,1,xs,2∈A(xs)

{
fi(xs,1)fi(xs,2)

}
,

where the second equality holds from that xs,1 and xs,2 follow the same distribution. The alignment
risk is then related to the diagonal part of the cross-correlation matrix as:

L2
align(f) =

( d∑
i=1

Exs∼Ps
Exs,1,xs,2∈A(xs)

{(
fi(xs,1)− fi(xs,2)

)2})2

= 4
( d∑

i=1

[
Exs∼Ps

Exs∈A(x)

{
f2i (xs)

}
− Exs∼Ps

Exs,1,xs,2∈A(xs)

{
fi(xs,1)fi(xs,2)

}])2

≤ 4d

d∑
i=1

[
Exs∼PsExs∈A(x)

{
f2i (xs)

}
− Exs∼PsExs,1,xs,2∈A(xs)

{
fi(xs,1)fi(xs,2)

}]2
,

where the last inequality follows from Cauchy-Schwarz inequality. It is crucial that the right-hand
side of the inequality is consistent with the alignment term in the loss function of Barlow Twins,
provided that Exs∼Ps

Exs∈A(x)

{
f2i (xs)

}
= 1 for each i ∈ {1, . . . , d}. However, this condition does

not hold generally.

Therefore, from a theoretical perspective, the cross-correlation loss alone, as used in Barlow
Twins [37], is insufficient for learning representations invariant to augmentations, as previously
discussed. To address this, we introduce an additional explicit alignment term in the loss, as also
suggested by [22, 20].

From a practical perspective, we conduct an ablation study comparing Adv-SSL with and without
the explicit alignment term. Our results shown in Table 7 indicate that the inclusion of the explicit
alignment term improves Adv-SSL’s performance.

Method CIFAR-10 CIFAR-100
Linear k-nn Linear k-nn

Adv-SSL without alignment 92.42 90.01 67.27 58.10
Adv-SSL with alignment 93.01 90.97 68.94 58.50

Table 7: Comparisons of Adv-SSL without and with the alignment term.

D.4 Transfer learning

To align the experiments with the theoretical settings, we conduct a simple additional experiment
in terms of transfer learning. Specifically, we transfer the representation trained on CIFAR-100 to
CIFAR-10. Compared to the performance of Barlow Twins [37], we can see that Adv-SSL indeed
has strong transferability in practice, as demonstrated in our theory.

Methods Linear k-nn

Barlow Twins[37] 73.56 66.34
Beyond Separability[22] 74.11 66.79

Adv-SSL 80.57 73.41
Table 8: Transfer learning from CIFAR-100 to CIFAR-10

E Additional Discussions on Assumptions

E.1 Discussions on assumption 3

Assumption 3 is mild and numerous commonly-used augmentation methods satisfy this assumption.
Specifically, all of the augmentation methods used in our experiments meet this requirement.
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As outlined in Section C, the data augmentations used in our experiments, including crops, horizontal
mirroring, color jittering, gray scaling, and Gaussian blurring, are indeed Lipschitz continuous. In the
following, we provide a detailed justification for each of these transformations.

Crops: For each image x ∈ Rd, a crop of this image is defined as Crop(x; I) = xI , for some index
set I ⊆ {1, . . . , d}. The Lipschitz continuity follows from the fact that:

∥Crop(x; I)− Crop(y; I)∥22 = ∥xI − yI∥22 =
∑
i∈I

(xi − yi)
2

≤
d∑

i=1

(xi − yi)
2 = ∥x− y∥22.

Thus crop is 1-Lipschitz.

Horizontal mirroring: For each image x ∈ Rd, a horizontal mirror of this image can be formulated
as Mirror(x) = xI , where the index set I is a rearrangement of {1, . . . , d}. We find

∥Mirror(x)−Mirror(y)∥22 = ∥xI − yI∥22 =
∑
i∈I

(xI − yI)
2

=

d∑
i=1

(xI − yI)
2 = ∥x− y∥22.

Thus horizontal mirroring is 1-Lipschitz.

Color jittering: As an example, consider the brightness adjustment for color jittering. The color
jittering operator is defined as Jitter(x) = clip(αx, 0, 1) for some adjustment factor α > 0. If
α > 1, the image becomes brighter; if α < 1, the image becomes darker. Then

∥ Jitter(x)− Jitter(y)∥22 =

d∑
i=1

(
clip(αxI , 0, 1)− clip(αyI , 0, 1)

)2
≤

d∑
i=1

(αxI − αyI)
2 ≤ α2∥x− y∥22.

Thus color jittering is α-Lipschitz.

Grayscaling: The grayscale transformation is a weighted sum of the RGB channels. For a RGB
image x ∈ Rd, the red channel is defined as xR := (xi)

d/3
i=1, the green channel is defined as

xG := (xi)
2d/3
i=d/3+1, and the blue channel is defined as xB := (xi)

d
i=2d/3. The grayscaling of

this image is defined as Gray(x) = αxR + βxG + γxB for some α, β, γ ∈ (0, 1). The Lipschitz
continuity follows from:

∥Gray(x)−Gray(y)∥2 ≤ α∥xR − yR∥2 + β∥xG − yG∥2 + γ∥xB − yB∥2
≤ max{α, β, γ}∥x− y∥2,

where the first inequality holds from Jensen’s inequality. Thus grayscaling is max{α, β, γ}-Lipschitz.

Gaussian blurring: Gaussian blurring applies a Gaussian kernel to smooth the image, reducing
high-frequency noise and detail. The blurred image GaussianBlur(x;σ) = x ∗Kσ is defined by
convolving the original image x with a Gaussian kernel Kσ . Convolution is a linear operation, and it
is well-known that convolution with a Gaussian kernel is Lipschitz continuous, where the Lipschitz
constant depends on the kernel size and σ. Therefore, Gaussian blurring is Lipschitz continuous with
a constant that depends on the kernel size and σ.

E.2 Discussions on assumption 4

The concept of (σs, δs, σt, δt)-augmentation is introduced to quantify the concentration of augmented
data, which is a extensive version of (σs, δs) augmentations proposed by [24, Definition 1] in terms
of transfer learning. We now provide a step-by-step explanation:
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• Augmentation distance: for a given augmentation set A, the augmentation distance between
two samples x and y are defined as the minimum distance between their augmented views:
∥x−y∥A := minx∈A(x),y∈A(y) ∥x−y∥2. Since augmentations can capture partial semantic
meanings of the original sample through various views, this augmentation distance reflects
the maximal semantic similarity between the two samples.

• σs-main-part of the latent class: for a latent class in the source domain Cs(k), the σs-main-
part is defined as C̃s(k) ⊆ Cs(k) satisfying Ps

(
x ∈ C̃s(k)

)
≥ σsPs

(
x ∈ Cs(k)

)
. The

parameter σs quantifies the concentration of the distribution Ps(k)(·) := Ps

(
· |x ∈ Cs(k)

)
of this latent class. Specifically, for fixed sets C̃s(k) andCs(k), a larger value of σs indicates
a higher concentration of the distribution Ps(k).

• Augmentation diameter of the σs-main-part: the parameter δs is defined as the diameter
of the σs-main-part in augmentation distance, that is, supx,y∈C̃s(k)

∥x− y∥A. For a fixed
distribution Ps and a fixed parameter σs, the smaller value of the diameter δs means a higher
concentration of the augmented distribution, as well as greater similarity between augmented
data samples.

• Summary for (σs, δs)-augmentations: The concentration of the augmented distribution, as
measured by the pair of parameters (σs, δs), depends on both the distribution Ps(k) and
the augmentation set A. Specifically, for a fixed augmentation set A, a smaller value of σs
and a higher concentration of Ps(k) result in a smaller σs-main-part C̃s(k), leading to a
smaller value of δs. Additionally, for a fixed distribution Ps(k), a smaller value of σs and a
larger augmentation set A lead to smaller augmentation distances ∥x− y∥A for each pair
of samples (x,y), resulting in a smaller value of δs.

• The conditions (i)-(iv) in Definition 3 can be considered an extensive version that takes into
account the difference between the source domain and the target domain.

• The extra condition (v) in Definition 3 replaces the assumption A
(
Ct(i)

)
∩ A

(
Ct(j)

)
= ∅

required by [24]. This implies that the augmentation methods used should be intelligent
enough to recognize objects that align with the image labels in multi-objective images.
A straightforward alternative to this requirement is to assume that different classes Ct(k)
are pairwise disjoint, meaning that for all i ̸= j, Ct(i) ∩ Ct(j) = ∅, which implies that

Pt

(
∪Kk=1 C̃t(k)

)
=

∑K
k=1 Pt

(
C̃t(k)

)
≥ σt

K∑
k=1

Pt

(
Ct(k)

)
= σt.

To ensure readers can get quickly understanding for the Definition 3, we provide following example:

Example 1. Suppose the samples in the k-th latent class follows the uniform distribution on [0, R], i.e.,
Cs(k) = [0, R] and Ps(k) = unif(0, R). For each σs ∈ (0, 1], we can find a σs-main-part of Cs(k)

as C̃s(k) = [0, σsR]. Further, we define the augmentation set as A(x) = {x ∈ R : |x− x| ≤ r} for
each x ∈ X . Then the augmentation diameter δs of the σs-main-part is given as

sup
x,y∈C̃s(k)

∥x− y∥A = max{σsR− 2r, 0} =: δs.

The parameters σs, δs, r and R are interrelated by this equality. Note that the parameter R reflects
the concentration of the distribution Ps(k) within the latent class. A smaller value of R indicates a
higher concentration of Ps(k), which in turn leads to a smaller value of the augmentation diameter
δs. Additionally, a larger augmentation set, i.e., a larger value of r, results in a smaller value of the
augmentation diameter δs.

E.3 Discussions on assumption 5

Assumption 5 is common in the theory of transfer learning, such as [5, 16, 13]. We now provide
a concrete example for more intuition. Consider the following example using one-dimensional
Gaussian mixtures. Specifically, we define the source and target distributions as follows:

Ps :=

K∑
k=1

ws(k)Ps(k),

K∑
k=1

ws(k) = 1,
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Pt :=

K∑
k=1

wt(k)Pt(k),

K∑
k=1

wt(k) = 1,

where the distributions of each latent class are Gaussian:

Ps(k) := N
(
µs(k), σ

2
)
, Pt(k) := N

(
µt(k), σ

2
)
, 1 ≤ k ≤ K.

Then the parameter ϵ1 is the maximum distance between the means of the source and target distribu-
tions for each latent class:

ϵ1 = max
k∈[K]

W
(
Ps(k),Pt(k)

)
= max

k∈[K]

{
|µs(k)− µt(k)|

}
Additionally, the parameter ϵ2 is the maximum distance between the mixture weights of the source
and target distributions:

ϵ2 = max
k∈[K]

|ws(k)− wt(k)|.

Thus, Assumption 5 not only requires that the source and target distributions for each latent class are
close in terms of their means, but also that their mixture weights are similar.

F Proof of Theorem 1

F.1 Proof sketch

In this section, we focus on providing the proof sketch for Theorem 1. Based on [24], we begin
by exploring the sufficient condition regarding the downstream error bound, as shown in Lemma 1.
Specifically, it reveals that the error bound Err

(
Qf

)
≤ (1−σt)+Rt(ε, f) holds under the condition

maxi̸=j µt(i)
⊤µj < B2

2ψ(σt, δt, ε, f). The naturally raised question is whether minimaxing the risk
of Adv-SSL can help us meet the required condition. To answer this question, we establish Lemma 4
in Section F.3, which reveals that minimizing the risk of Adv-SSL can achieve the requirement
maxi̸=j µt(i)

⊤µj < B2
2ψ(σt, δt, ε, f). Meanwhile, its directly induced corollary 1 indicates that

we should explore the sample complexity of ED̃s

{
L(f)

}
. To this end, we begin by developing

a novel error decomposition approach in Section F.4.1, which decouples ED̃s

{
L(f)

}
into four

terms: L(f∗), the statistical error Esta regarding the neural network class F , the approximation
error EF , and the error induced by the dual variable EG . We then deal with them individually in
Sections F.4.2, F.4.3, F.4.4, and F.4.5 respectively. Subsequently, we conduct the tradeoff to obtain
the sample complexity of ED̃s

{
L(f)

}
and the corresponding parameters of the network, including

width, depth, and norm constraint. Based on these results, we can derive the desired error upper
bound for Adv-SSL, as shown in Theorem 1, which completes the proof.

F.2 Sufficient condition of small misclassification rate

To begin with, let µt(k) := Ext∈Ct(k)Ext∈A(xt)

{
f(xt)

}
= 1

pt(k)
Ext∼Pt

Ext∈A(xt)

[
f(xt)1

{
xt ∈

Ct(k)
}]

, inspired by [24], we have following lemma.

Lemma 1. Given a (σs, σt, δs, δt)-augmentation, if the encoder f such that B1 ≤ ∥f∥2 ≤ B2 is
K-Lipschitz and

µt(i)
⊤µt(j) < B2

2ψ(σt, δt, ε, f),

holds for any pair of (i, j) with i ̸= j, then the downstream error rate of Qf

Err(Qf ) ≤ (1− σt) +Rt(ε, f),

where Rt(ε, f) = Pt

(
xt ∈ Xt : supxt,1,xt,2∈A(xt) ∥f(xt,1)− f(xt,2)∥2 > ε

)
, ψ(σt, δt, ε, f) =

Γmin(σt, δt, ε, f)−
√

2− 2Γmin(σt, δt, ε, f)− 1
2

(
1− mink∈[K]∥µ̂t(k)∥2

2

B2
2

)
− 2maxk∈[K]∥µ̂t(k)−µt(k)∥2

B2
,

herein, Γmin(σt, δt, ε, f) =
(
σt − Rt(ε,f)

mini pt(i)

)(
1 +

(
B1

B2

)2

− Kδt
B2
− 2ε

B2

)
− 1.
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Proof. For any encoder f , let St(ε, f) := {xt ∈ Xt : supxt,1,xt,2∈A(xt) ∥f(xt,1)− f(xt,2)∥2 ≤ ε},
if any xt ∈

{
C̃t(1) ∪ · · · ∪ C̃t(K)

}
∩ St(ε, f) can be correctly classified by Qf , it turns out that

Err(Qf ) can be bounded by (1− σt) +Rt(ε, f). In fact,

Err(Qf ) = Pt

{
Qf (xt) ̸= y

}
≤ Pt

[{
C̃t(1) ∪ · · · ∪ C̃t(K) ∩ St(ε, f)

}c
]

= Pt

[
{C̃t(1) ∪ · · · ∪ C̃t(K)}c ∪ {St(ε, f)}c

]
≤ (1− σt) + Pt

[
{St(ε, f)}c

]
= (1− σt) +Rt(ε, f).

The first row is derived from the definition of Err(Qf ). Since any xt ∈ {C̃t(1) ∪ · · · ∪ C̃t(K)} ∩
St(ε, f) can be correctly classified by Qf , we obtain the second row. De Morgan’s laws imply the
third row. The fourth row follows from Definition 3. Finally, noting that Rt(ε, f) = Pt[{St(ε, f)}c]
yields the last line.

Hence it suffices to show for given i ∈ [K], xt ∈ C̃t(i) ∩ St(ε, f) can be correctly classified by Qf

if for any j ̸= i,

µt(i)
⊤µt(j) < B2

2

(
Γi(σt, δt, ε, f)−

√
2− 2Γi(σt, δt, ε, f)−

1

2

(
1−

mink∈[K] ∥µ̂t(k)∥22
B2

2

)
−
∥µ̂t(i)− µt(i)∥2

B2
−
∥µ̂t(j)− µt(j)∥2

B2

)
,

where Γi(σt, δt, ε, f) =
(
σt − Rt(ε,f)

pt(i)

)(
1 +

(
B1

B2

)2

− Kδt
B2
− 2ε

B2

)
− 1.

To this end, without losing generality, consider the case i = 1. To turn out xt ∈ C̃t(1) ∩ St(ε, f)

can be correctly classified by Qf , by the definition of C̃t(1) and St(ε, f), It just need to show
∀k ̸= 1, ∥f(xt)− µ̂t(1)∥2 < ∥f(xt)− µ̂t(k)∥2, which is equivalent to

f(xt)
⊤µ̂t(1)− f(xt)

⊤µ̂t(k)−
(1
2

∥∥µ̂t(1)
∥∥2
2
− 1

2

∥∥µ̂t(k)
∥∥2
2

)
> 0.

We first deal with the term f(xt)
⊤µ̂t(1),

f(xt)
⊤µ̂t(1) = f(xt)

⊤µt(1) + f(xt)
⊤(µ̂t(1)− µt(1)

)
≥ f(xt)

⊤Ext∈Ct(1)Ext∈A(xt)

{
f(xt)

}
−
∥∥f(xt)

∥∥
2

∥∥µ̂t(1)− µt(1)
∥∥
2

≥ 1

pt(1)
f(xt)

⊤Ext∼PtExt∈A(xt)

[
f(xt)1

{
xt ∈ Ct(1)

}]
−B2

∥∥µ̂t(1)− µt(1)
∥∥
2

=
1

pt(1)
f(xt)

⊤Ext∼Pt
Ext∈A(xt)

[
f(xt)1

{
xt ∈ Ct(1) ∩ C̃t(1) ∩ St(ε, f)

}]
+

1

pt(1)
f(xt)

⊤Ext∼Pt
Ext∈A(xt)

[
f(xt)1

{
xt ∈ Ct(1) ∩

{
C̃t(1) ∩ St(ε, f)

}c
}]
(8)

−B2

∥∥µ̂t(1)− µt(1)
∥∥
2

=
Pt

{
C̃t(1) ∩ St(ε, f)

}
pt(1)

f(xt)
⊤Ext∈C̃t(1)∩St(ε,f)

Ext∈A(xt)

{
f(xt)

}
+

1

pt(1)
Ext∼Pt

[
Ext∈A(xt)

{
f(xt)

⊤f(xt)
}
1
[
xt ∈ Ct(1)\

{
C̃t(1) ∩ St(ε, f)

}]]
−B2 ∥µ̂t(1)− µt(1)∥2

≥ Pt{C̃t(1) ∩ St(ε, f)}
pt(1)

f(xt)
⊤ E

xt∈C̃t(1)∩St(ε,f)
E

xt∈A(xt)

{
f(xt)

}
− B2

2

pt(1)
Pt

[
Ct(1)\

{
C̃t(1) ∩ St(ε, f)

}]
−B2

∥∥µ̂t(1)− µt(1)
∥∥
2
. (9)
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The second row follows from the Cauchy–Schwarz inequality. The third and last rows are derived
from the condition ∥f∥2 ≤ B2. Note that

Pt

[
Ct(1)\

{
C̃t(1) ∩ St(ε, f)

}]
= Pt

[{
Ct(1)\C̃t(1)

}
∪
[
C̃t(1) ∩ {St(ε, f)}c

]]
(10)

≤ (1− σt)pt(1) +Rt(ε, f), (11)

and

Pt

(
C̃t(1) ∩ St(ε, f)

)
= Pt

(
Ct(1)

)
− Pt

(
Ct(1)\(C̃t(1) ∩ St(ε, f)

))
(12)

≥ pt(1)−
{
(1− σt)pt(1) +Rt(ε, f)

}
= σtpt(1)−Rt(ε, f). (13)

Plugging (10) and (12) into (8) yields

f(xt)
⊤µ̂t(1) ≥

(
σt −

Rt(ε, f)

pt(1)

)
f(xt)

⊤ E
xt∈C̃t(1)∩St(ε,f)

E
xt∈A(xt)

{f(xt)} −B2
2

(
1− σt +

Rt(ε, f)

pt(1)

)
−B2 ∥µ̂t(1)− µt(1)∥2 . (14)

Notice that xt ∈ C̃t(1) ∩ St(ε, f). Thus, for any x′
t ∈ C̃t(1) ∩ St(ε, f), by the defini-

tion of C̃t(1), we have minxt∈A(xt),x′t∈A(xt) ∥xt − x′t∥2 ≤ δt. Further, denote (x∗t , x
′∗
t ) =

argminxt∈A(xt),x′t∈A(xt) ∥xt − x′t∥2. Then, we have ∥x∗t − x′∗t ∥2 ≤ δt. Combining this with
the K-Lipschitz property of f , we obtain ∥f(x∗t ) − f(x′∗t )∥2 ≤ K∥x∗t − x′∗t ∥2 ≤ Kδt. Moreover,
since xt ∈ St(ε, f), it follows that for all x′t ∈ A(xt), ∥f(x′t) − f(x′∗t )∥2 ≤ ε. Similarly, as
xt ∈ St(ε, f) and both xt and x∗t belong to A(xt), we know ∥f(xt)− f(x∗t )∥2 ≤ ε.
Therefore,

f(xt)
⊤Ext∈C̃t(1)∩St(ε,f)

Ext∈A(xt)

{
f(xt)

}
= Ext∈C̃t(1)∩St(ε,f)

Ext∈A(xt)

{
f(xt)

⊤f(xt)
}

= Ext∈C̃t(1)∩St(ε,f)
Ext∈A(xt)

[
f(xt)

⊤{f(xt)− f(xt) + f(xt)
}]

≥ B2
1 + Ext∈C̃t(1)∩St(ε,f)

Ext∈A(xt)

[
f(xt)

⊤{f(xt)− f(xt)
}]

= B2
1 + Ext∈C̃t(1)∩St(ε,f)

Ext∈A(xt)

[
f(xt)

⊤{ f(xt)− f(x′∗t )︸ ︷︷ ︸
∥·∥2≤ε

+ f(x′∗t )− f(x∗t )︸ ︷︷ ︸
∥·∥2≤Kδt

+ f(x∗t )− f(xt)︸ ︷︷ ︸
∥·∥2≤ε

}]
≥ B2

1 −
(
B2ε+B2Kδt +B2ε

)
= B2

1 −B2

(
Kδt + 2ε

)
, (15)

where the fourth line is derived from ∥f∥2 ≥ B1.

Plugging (15) into the inequality (14) yields

f(xt)
⊤µ̂t(1) ≥

(
σt −

Rt(ε, f)

pt(1)

)
f(xt)

⊤ E
xt∈C̃t(1)∩St(ε,f)

E
xt∈A(xt)

{
f(xt)

}
−B2

2

(
1− σt +

Rt(ε, f)

pt(1)

)
−B2

∥∥µ̂t(1)− µt(1)
∥∥
2

≥
(
σt −

Rt(ε, f)

pt(1)

)(
B2

1 −B2(Kδt + 2ε)
)
−B2

2

{
1− σt +

Rt(ε, f)

pt(1)

}
−B2

∥∥µ̂t(1)− µt(1)
∥∥
2

= B2
2

{(
1 +

(B1

B2

)2)(
σt −

Rt(ε, f)

pt(1)

)
−
(
σt −

Rt(ε, f)

pt(1)

)(Kδt
B2

+
2ε

B2

)
− 1

}
−B2

∥∥µ̂t(1)− µt(1)
∥∥
2

= B2
2

{(
σt −

Rt(ε, f)

pt(1)

)(
1 +

(B1

B2

)2

− Kδt
B2
− 2ε

B2

)
− 1

}
−B2

∥∥µ̂t(1)− µt(1)
∥∥
2

= B2
2Γ1(σt, δt, ε, f)−B2

∥∥µ̂t(1)− µt(1)
∥∥
2
.

Similar process can also turn out

f(xt)
⊤µt(1) ≥ B2

2Γ1(σt, δt, ε, f). (16)
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Combining with
∥∥µt(k)

∥∥
2
=

∥∥Ext∈C̃t(k)
Ext∈A(xt)

{
f(xt)

}∥∥
2
≤ Exs∈C̃t(k)

Ext∈A(xt)

∥∥f(xt)∥∥2 ≤
B2 yields

f(xt)
⊤µ̂t(k) ≤ f(xt)

⊤µt(k) + f(xt)
⊤(µ̂t(k)− µt(k)

)
≤ f(xt)

⊤µt(k) +
∥∥f(xt)

∥∥
2

∥∥µ̂t(k)− µt(k)
∥∥
2

≤ f(xt)
⊤µt(k) +B2

∥∥µ̂t(k)− µt(k)
∥∥
2

= {f(xt)− µt(1)}⊤µt(k) + µt(1)
⊤µt(k) +B2

∥∥µ̂t(k)− µt(k)
∥∥
2

≤
∥∥f(xt)− µt(1)

∥∥
2
·
∥∥µt(k)

∥∥
2
+ µt(1)

⊤µt(k) +B2

∥∥µ̂t(k)− µt(k)
∥∥
2

≤ B2

√∥∥f(xt)
∥∥2
2
− 2f(xt)⊤µt(1) +

∥∥µt(1)
2

2

∥∥+ µt(1)
⊤µt(k) +B2

∥∥µ̂t(k)− µt(k)
∥∥
2

≤ B2

√
2B2

2 − 2f(xt)⊤µt(1) + µt(1)
⊤µt(k) +B2

∥∥µ̂t(k)− µt(k)
∥∥
2

≤ B2

√
2B2

2 − 2B2
2Γ1(σt, δt, ε, f) + µt(1)

⊤µt(k) +B2

∥∥µ̂t(k)− µt(k)
∥∥
2

=
√
2B2

2

√
1− Γ1(σt, δt, ε, f) + µt(1)

⊤µt(k) +B2

∥∥µ̂t(k)− µt(k)
∥∥
2
,

where the inequality in eighth row stems from (16). Moreover, we can conclude

f(xt)
⊤µ̂t(1)− f(xt)

⊤µ̂t(k)−
(1
2
∥µ̂t(1)∥22 −

1

2
∥µ̂t(k)∥2

)
= f(xt)

⊤µ̂t(1)− f(xt)
⊤µ̂t(k)−

1

2
∥µ̂t(1)∥22 +

1

2
∥µ̂t(k)∥22

≥ f(xt)
⊤µ̂t(1)− f(xt)

⊤µ̂t(k)−
1

2
B2

2 +
1

2
min
k∈[K]

∥µ̂t(k)∥22

≥ B2
2Γ1(σt, δt, ε, f)−B2 ∥µ̂t(1)− µt(1)∥2 −

√
2B2

2

√
1− Γ1(σt, δt, ε, f)− µt(1)

⊤µt(k)

−B2 ∥µ̂t(k)− µt(k)∥2 −
1

2
B2

2

(
1−

mink∈[K] ∥µ̂t(k)∥22
B2

2

)
> 0,

where the last inequality is derived from the given condition in Lemma 1, which finishes the proof.

F.3 The effect of minimaxing Adv-SSL

In this section, we explore the effect of minimaxing the risk of Adv-SSL, as demonstrated in Lemma 5.
We begin by showing that the required condition in Lemma 1 can indeed be satisfied by our method.
To achieve this, we first introduce Lemma 2, Lemma 3 as preparatory steps. We will begin with
reviewing and introducing some necessary notations at first.

Review that ps(k) = Ps

(
xs ∈ Cs(k)

)
and Ps(k)(·) = Ps

(
· |xs ∈ Cs(k)

)
. Correspondingly,

pt(k) = Pt

(
xt ∈ Ct(k)

)
and Pt(k)(·) = Pt

(
· |xt ∈ Ct(k)

)
. We use the quantities

ϵ1 = max
k∈[K]

W
(
Ps(k),Pt(k)

)
, ϵ2 = max

k∈[K]
|ps(k)− pt(k)| , (17)

to measure the divergence between the source and the target domains. In addition, Following the
notations in the target domain, we denote the center of the k-th latent class in the representation
space as µs(k) := Exs∈Cs(k)Exs∈A(xs)

{
f(xs)

}
= 1

ps(k)
Exs∼Ps

Exs∈A(xs)

[
f(xs)1

{
xs ∈ Cs(k)

}]
.

In this context, the Lemma 2 can be presented as follow:

Lemma 2. If the encoder f is K-Lipschitz continuous, then for any k ∈ [K],∥∥µs(k)− µt(k)
∥∥
2
≤
√
d∗MKϵ1.

Proof. For all k ∈ [K],

∥µs(k)− µt(k)∥22 =

d∗∑
l=1

[{
µs(k)

}
l
−
{
µt(k)

}
l

]2
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=

d∗∑
i=1

[
Exs∈Cs(k)Exs∈A(xs)

{
fi(xs)

}
− Ext∈Ct(k)Ext∈A(xt)

{
fi(xt)

}]2
=

d∗∑
i=1

[ 1

m

m∑
j=1

(
Exs∈Cs(k){fi

(
Aj(xs)

)
} − Ext∈Ct(k){fi

(
Aj(xt)

)
}
)]2

≤ d∗M2K2ϵ21.

The final inequality is obtained from ϵ1 = maxk∈[K]W
(
Ps(k),Pt(k)

)
and the definition of Wasser-

stein distance, along with the fact that f
(
Aj(·)

)
is MK-Lipschitz continuous. In fact, since

f ∈ Lip(K), it follows that for every i ∈ [d∗], fi ∈ Lip(K). Combining this with the prop-
erty that Aj(·) ∈ Lip(M) stated in Assumption 3, we conclude that f

(
Ai(·)

)
is MK-Lipschitz

continuous. So that ∥∥µs(k)− µt(k)
∥∥
2
≤
√
d∗MKϵ1.

Next we present Lemma 3.
Lemma 3. Given a (σs, σt, δs, δt)-augmentation, if the encoder f with ∥f∥2 ≤ B2 is K-Lipschitz
continuous, then

E
xs∈Cs(k)

E
xs∈A(xs)

∥∥∥f(xs)− µs(k)
∥∥∥2

2
≤ 4B2

2

{(
1− σs +

Kδs + 2ε

2B2
+

Rs(ε, f)

ps(k)

)2

+
(
1− σs +

Rs(ε, f)

ps(k)

)}
,

where Rs(ε, f) = Ps

{
xs ∈ Xs : supxs,1,xs,2∈A(xs) ∥f(xs,1)− f(xs,2)∥2 > ε

}
.

Proof. Let Ss(ε, f) :=
{
xs ∈ Xs : supxs,1,xs,2∈A(xs)

∥∥f(xs,1)−f(xs,2)∥∥2 ≤ ε}, for each k ∈ [K],

Exs∈Cs(k)Exs∈A(xs)

∥∥∥f(xs)− µs(k)
∥∥∥2
2
=

1

ps(k)
Exs∼PsExs∈A(xs)

[
1
{
xs ∈ Cs(k)

}∥∥f(xs)− µs(k)
∥∥2
2

]
=

1

ps(k)
Exs∼PsExs∈A(xs)

[
1
{
xs ∈ C̃s(k) ∩ Ss(ε, f)

}∥∥f(xs)− µs(k)
∥∥2
2

]
+

1

ps(k)
Exs∼Ps

Exs∈A(xs)

[
1
{
xs ∈ Cs(k)\

(
C̃s(k) ∩ Ss(ε, f)

)}∥∥f(xs)− µs(k)
∥∥2
2

]
≤ 1

ps(k)
Exs∼Ps

Exs∈A(xs)

[
1
{
xs ∈ C̃s(k) ∩ Ss(ε, f)

}∥∥f(xs)− µs(k)
∥∥2
2

]
+

4B2
2Ps

[
Cs(k)\{C̃s(k) ∩ Ss(ε, f)}

]
ps(k)

≤ 1

ps(k)
Exs∼Ps

Exs∈A(xs)

[
1
{
xs ∈ C̃s(k) ∩ Ss(ε, f)

}∥∥f(xs)− µs(k)
∥∥2
2

]
+ 4B2

2

(
1− σs +

Rs(ε, f)

ps(k)

)
≤

Ps

(
C̃s(k) ∩ Ss(ε, f)

)
ps(k)

E
xs∈C̃s(k)∩Ss(ε,f)

E
xs∈A(xs)

∥∥f(xs)− µs(k)
∥∥2
2
+ 4B2

2

(
1− σs +

Rs(ε, f)

ps(k)

)
≤ Exs∈C̃s(k)∩Ss(ε,f)

Exs∈A(xs)

∥∥f(xs)− µs(k)
∥∥2
2
+ 4B2

2

(
1− σs +

Rs(ε, f)

ps(k)

)
, (18)

where the second inequality is due to

Ps

[
Cs(k)\

{
C̃s(k) ∩ Ss(ε, f)

}]
= Ps

[{
Cs(k)\C̃s(k)

}
∪
{
Cs(k)\Ss(ε, f)

}]
≤

(
1− σs

)
ps(k) +Rs(ε, f).

Furthermore,

Exs∈C̃s(k)∩Ss(ε,f)
Exs∈A(xs)

∥∥f(xs)− µs(k)
∥∥2
2

(19)

= Exs∈C̃s(k)∩Ss(ε,f)
Exs∈A(xs)

∥∥∥f(xs)− Ex′
s∈Cs(k)Ex′s∈A(x′s)

{
f(x′s)

}∥∥∥2
2

= Exs∈C̃s(k)∩Ss(ε,f)
Exs∈A(xs)

∥∥∥f(xs)− Ps

{
C̃s(k) ∩ Ss(ε, f)

}
ps(k)

Ex′
s∈C̃s(k)∩Ss(ε,f)

Ex′s∈A(xs)

{
f(x′s)

}
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−
Ps

[
Cs(k)\{C̃s(k) ∩ Ss(ε, f)}

]
ps(k)

Ex′
s∈Cs(k)\{C̃s(k)∩Ss(ε,f)}Ex′s∈A(x′

s)

{
f(x′s)

}∥∥∥2
2

= Exs∈C̃s(k)∩Ss(ε,f)
Exs∈A(xs)

∥∥∥Ps{C̃s(k) ∩ Ss(ε, f)}
ps(k)

(
f(xs)− Ex′

s∈C̃s(k)∩Ss(ε,f)
Ex′s∈A(x′

s)

{
f(x′s)

})
−

Ps

[
Cs(k)\{C̃s(k) ∩ Ss(ε, f)}

]
ps(k)

(
f(xs)− Ex′

s∈Cs(k)\{C̃s(k)∩Ss(ε,f)}Ex′s∈A(x′
s)

{
f(x′s)

})∥∥∥2
2

≤ E
xs∈C̃s(k)∩Ss(ε,f)

E
xs∈A(xs)

[∥∥∥f(xs)− E
xs∈C̃s(k)∩Ss(ε,f)

E
x′s∈A(x′

s)

{
f(x′s)

}∥∥∥
2
+ 2B2

(
1− σs +

Rs(ε, f)

ps(k)

)]2
(20)

For any xs,x
′
s ∈ C̃s(k) ∩ Ss(ε, f), by the definition of C̃s(k), we can yield

min
xs∈A(xs),x′s∈A(x′

s)
∥xs − x′s∥2 ≤ δs,

Thus, let (x∗s, x
′∗
s ) = argminxs∈A(xs),x′s∈A(x′

s)
∥xs − x′s∥2, we have ∥x∗s − x′∗s ∥2 ≤ δs. Further-

more, by the K-Lipschitz continuity of f , we yield ∥f(x∗s)− f(x′∗s )∥2 ≤ K∥x∗s − x′∗s ∥2 ≤ Kδs.
In addition, since xs ∈ Ss(ε, f), we know for any xs ∈ A(xs), ∥f(xs)− f(x∗s)∥2 ≤ ε. Sim-
ilarly, x′

s ∈ Ss(ε, f) implies ∥f(x′s)− f(x′∗s )∥2 ≤ ε for any x′s ∈ A(x′
s). Therefore, for any

xs,x
′
s ∈ C̃s(1) ∩ Ss(ε, f) and xs ∈ A(xs), x

′
s ∈ A(x′

s),∥∥f(xs)− f(x′s)∥∥2 ≤ ∥∥f(xs)− f(x∗s)∥∥2 + ∥∥f(x∗s)− f(x′∗s )∥∥2 + ∥∥f(x′∗s )− f(x′s)∥∥2
≤ 2ε+Kδs. (21)

Combining inequalities (18), (19) and (21) concludes

Exs∈Cs(k)Exs∈A(xs)

∥∥f(xs)− µs(k)
∥∥2
2

≤
[
2ε+Kδs + 2B2

(
1− σs +

Rs(ε, f)

ps(k)

)]2
+ 4B2

2

(
1− σs +

Rs(ε, f)

ps(k)

)
= 4B2

2

[(
1− σs +

Kδs
2B2

+
ε

B2
+
Rs(ε, f)

ps(k)

)2

+
(
1− σs +

Rs(ε, f)

ps(k)

)]

Subsequently, we state Lemma 4 to establish the connection between Adv-SSL and the requirements
shown in Lemma 1. Following lemma reveals the upstream task can indeed render the representation
space well-structured.
Lemma 4. Given a (σs, σt, δs, δt)-augmentation, if d∗ > K and the encoder f with B1 ≤ ∥f∥2 ≤
B2 is K-Lipschitz continuous, then for any ε > 0,

R2
s(ε, f) ≤

m4

ε2
Lalign(f),

R2
t (ε, f) ≤

m4

ε2
Lalign(f) +

8m4

ε2
B2d

∗MKϵ1 +
4m4

ε2
B2

2d
∗Kϵ2,

and

max
i ̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≤√
2

mini ̸=j ps(i)ps(j)

{
R(f) + φ(σs, δs, ε, f)

}
+ 2
√
d∗B2MKϵ1.

where φ(σs, δs, ε, f) := 4B2
2

[(
1− σs + Kδs+2ε

2B2

)2

+ (1− σs) +KRs(ε, f)
(
3− 2σs +

Kδs+2ε
B2

)
+

R2
s(ε, f)

(∑K
k=1

1
ps(k)

)]
+B2

(
ε2 + 4B2

2Rs(ε, f)
) 1

2 .

Proof. Since the measure on A is uniform, we have

Ext,1,xt,2∈A(xt)

∥∥f(xt,1)− f(xt,2)∥∥2 =
1

m2

m∑
i,j=1

∥∥f(Ai(xt)
)
− f

(
Aj(xt)

)∥∥
2
,
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hence,

sup
xt,1,xt,2∈A(xt)

∥∥f(xt,1)− f(xt,2)∥∥2 = sup
i,j∈[m]

∥∥f(Ai(xt)
)
− f

(
Aj(xt)

)∥∥
2

≤
m∑

i,j=1

∥∥f(Ai(xt)
)
− f

(
Aj(xt)

)∥∥
2

= m2Ext,1,xt,2∈A(xt)

∥∥f(xt,1)− f(xt,2)∥∥2.
Denote S :=

{
xt : Ext,1,xt,2∈A(xt)

∥∥f(xt,1)− f(xt,2)∥∥2 > ε
m2

}
, by the definition of Rt(ε, f) along

with Markov inequality, we have

R2
t (ε, f) ≤ P2

t (S) ≤
(Ext∼Pt

Ext,1,xt,2∈A(xt)

∥∥f(xt,1)− f(xt,2)∥∥2
ε

m2

)2

(22)

≤
Ext∼PtExt,1,xt,2∈A(xt)

∥∥f(xt,1)− f(xt,2)∥∥22
ε2

m4

=
m4

ε2
Ext∼PtExt,1,xt,2∈A(xt)

∥∥f(xt,1)− f(xt,2)∥∥22. (23)

Apart from that, similar process yields the first inequity to be justified in Lemma 4:

R2
s(ε, f) ≤

m4

ε2
Exs∼Ps

Exs,1,xs,2∈A(xs)

∥∥f(xs,1)− f(xs,2)∥∥22 =
m4

ε2
Lalign(f).

Furthermore, we can turn out

Ext∼PtExt,1,xt,2∈A(xt)

∥∥f(xt,1)− f(xt,2)∥∥22
= E

xs

E
xs,1,xs,2∈A(xs)

∥∥f(xs,1)− f(xs,2)∥∥22 + E
xt

E
xt,1,xt,2∈A(xt)

∥∥f(xt,1)− f(xt,2)∥∥22
− E

xs

E
xs,1,xs,2∈A(xs)

∥∥f(xs,1)− f(xs,2)∥∥22
=

1

m2

m∑
i,j=1

{
Ext∼Pt

∥∥f(Ai(xt)
)
− f

(
Aj(xt)

)∥∥2
2
− Exs∼Ps

∥∥f(Ai(xs)
)
− f

(
Aj(xs)

)∥∥2
2

}
+ Exs∼Ps

Exs,1,xs,2∈A(xs)

∥∥f(xs,1)− f(xs,2)∥∥22
=

1

m2

m∑
i,j=1

d∗∑
l=1

[
Ext∼Pt

{
fl
(
Ai(xt)

)
− fl

(
Aj(xt)

)}2

− Exs∼Ps

{
fl
(
Ai(xs)

)
− fl

(
Aj(xs)

)}2]
+ Exs∼Ps

Exs,1,xs,2∈A(xs)

∥∥f(xs,1)− f(xs,2)∥∥22,
we subsequently focus on dealing with the first term. Since for all γ ∈ [m], β ∈ [m] and l ∈ [d∗],

Ext∼Pt

{
fl
(
Ai(xt)

)
− fl

(
Aj(xt)

)}2

− Exs∼Ps

{
fl
(
Ai(xs)

)
− fl

(
Aj(xs)

)}2

=

K∑
k=1

[
pt(k)Ext∈Ct(k)

{
fl
(
Ai(xt)

)
− fl

(
Aj(xt)

)}2 − ps(k)Exs∈Cs(k)

{
fl
(
Ai(xs)

)
− fl

(
Aj(xs)

)}2
]

=

K∑
k=1

[
pt(k)

{
Ext∈Ct(k)

{
fl
(
Ai(xt)

)
− fl

(
Aj(xt)

)}2 − Exs∈Cs(k)

{
fl
(
Ai(xs)

)
− fl

(
Aj(xs)

)}2︸ ︷︷ ︸
g(xs)

}

+
{
pt(k)− ps(k)

}
Exs∈Cs(k)

{
fl
(
Ai(xs)

)
− fl

(
Aj(xs)

)}2]
≤ 8B2MKϵ1 + 4B2

2Kϵ2.

To obtain the last inequality, it suffices to show g(xs) ∈ Lip(8B2MK). In fact, we know ∀l ∈
[d∗], fl ∈ Lip(K) as f ∈ Lip(K), along with the fact that Ai(·) and Aj(·) are both M -Lipschitz
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continuous according to Assumption 3, we can conclude fl
(
Ai(·)

)
− fl

(
Aj(·)

)
∈ Lip(2MK).

Additionally, note that
∣∣fl(Ai(·)

)
− fl

(
Aj(·)

)∣∣ ≤ 2B2 as ∥f∥2 ≤ B2, we can turn out outermost
quadratic function remains locally 4B2-Lipschitz continuity in [−2B2, 2B2], which implies that
g ∈ Lip(8B2MK). Furthermore, by the definition of Wasserstein distance, we yield

K∑
k=1

[
pt(k)

(
Ext∈Ct(k)

{
fl
(
Ai(xt)

)
− fl

(
Aj(xt)

)}2 − Exs∈Cs(k)

{
fl
(
Ai(xs)

)
− fl

(
Aj(xs)

)}2
)]

≤ 8B2MKϵ1
K∑

k=1

pt(k) = 8B2MKϵ1,

As for the second term in the last inequality, note that fl
(
Ai(xs)

)
− fl

(
Aj(xs)

)
≤ 2B2 to yield

K∑
k=1

[{
pt(k)− ps(k)

}
Exs∈Cs(k)

{
fl
(
Ai(xs)

)
− fl

(
Aj(xs)

)}2
]
≤ 4B2

2Kϵ2.

Therefore,

Ext∼Pt
Ext,1,xt,2∈A(xt)

∥∥∥f(xt,1)− f(xt,2)∥∥∥2
2
≤ Exs∼Ps

Exs,1,xs,2∈A(xs)

∥∥∥f(xs,1)− f(xs,2)∥∥∥2
2

+ 8B2d
∗MKϵ1 + 4B2

2d
∗Kϵ2. (24)

Combining (22) and(24) turns out the second inequality of Lemma 4.

R2
t (ε, f) ≤

m4

ε2
Lalign(f) +

8m4

ε2
B2d

∗MKϵ1 +
4m4

ε2
B2

2d
∗Kϵ2.

To justify the third part of this Lemma, first recall Lemma 2 that ∀k ∈ [K],
∥∥µs(k) − µt(k)

∥∥
2
≤√

d∗MKϵ1. Hence, for any i ̸= j, we have∣∣µt(i)
⊤µt(j)− µs(i)

⊤µs(j)
∣∣ = ∣∣µt(i)

⊤µt(j)− µt(i)
⊤µs(j) + µt(i)

⊤µs(j)− µs(i)
⊤µs(j)

∣∣
≤

∥∥µt(i)
∥∥
2

∥∥µt(j)− µs(j)
∥∥
2
+
∥∥µs(j)

∥∥
2

∥∥µt(i)− µs(i)
∥∥
2
≤ 2
√
d∗B2MKϵ1,

so that we can further yield the relationship of class center divergence between the source domain
and the target domain as follows:

max
i ̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≤ max
i ̸=j

∣∣µs(i)
⊤µs(j)

∣∣+ 2
√
d∗B2MKϵ1. (25)

We next derive the upper bound of maxi̸=j

∣∣µs(i)
⊤µs(j)

∣∣. To this end, let U =(√
ps(1)µs(1), . . . ,

√
ps(K)µs(K)

)
∈ Rd∗×K , then∥∥∥ K∑

k=1

ps(k)µs(k)µs(k)
⊤ − Id∗

∥∥∥2
F
=

∥∥∥UU⊤ − Id∗

∥∥∥2
F

= Tr(UU⊤UU⊤ − 2UU⊤ + Id∗) (∥A∥2F = Tr(A⊤A))

= Tr(U⊤UU⊤U − 2U⊤U) + Tr(IK) + d∗ −K
(Tr(AB) = Tr(BA))

≥
∥∥∥U⊤U − IK

∥∥∥2
F

(d∗ > K)

=

K∑
i,j=1

(√
ps(i)ps(j)µs(i)

⊤µs(j)− δkl
)2

≥ ps(i)ps(j)
(
µs(i)

⊤µs(j)
)2
.

Therefore,

(
µs(i)

⊤µs(j)
)2

≤

∥∥∥∑K
k=1 ps(k)µs(k)µs(k)

⊤ − Id∗
∥∥∥2

F

ps(i)ps(j)
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=

∥∥∥ E
xs

E
xs,1,xs,2∈A(xs)

{
f(xs,1)f(xs,2)

⊤}− Id∗ +
K∑

k=1

ps(k)µs(k)µs(k)
⊤ − E

xs

E
xs,1,xs,2∈A(xs)

{
f(xs,1)f(xs,2)

⊤}∥∥∥2

F

ps(i)ps(j)

≤
2
∥∥∥ E

xs

E
xs,1,xs,2∈A(xs)

{f(xs,1)f(xs,2)⊤} − Id∗
∥∥∥2

F
+ 2

∥∥∥ K∑
k=1

ps(k)µs(k)µs(k)
⊤ − E

xs

E
xs,1,xs,2∈A(xs)

{
f(xs,1)f(xs,2)

⊤}∥∥∥2

F

ps(i)ps(j)
(26)

For the term
∥∥∥∑K

k=1 ps(k)µs(k)µs(k)
⊤−Exs∼PsExs,1,xs,2∈A(xs)

{
f(xs,1)f(xs,2)

⊤}∥∥∥2
F

, note that

=

K∑
k=1

ps(k)Exs∈Cs(k)Exs,1∈A(xs)

{
f(xs,1)f(xs,1)

⊤}− K∑
k=1

ps(k)µs(k)µs(k)
⊤

+

K∑
k=1

ps(k)Exs∈Cs(k)Exs,1,xs,2∈A(xs)

[
f(xs,1)

{
f(xs,2)− f(xs,1)

}⊤
]

=

K∑
k=1

ps(k)Exs∈Cs(k)Exs,1∈A(xs)

[
{f(xs,1)− µs(k)}

{
f(xs,1)− µs(k)

}⊤
]

(27)

+ Exs∼Ps
Exs,1,xs,2∈A(xs)

[
f(xs,1)

{
f(xs,2)− f(xs,1)

}⊤
]
, (28)

where the last equation is derived from

Exs∈Cs(k)Exs,1∈A(xs)

{
f(xs,1)f(xs,1)

⊤}− µs(k)µs(k)
⊤

= Exs∈Cs(k)Exs,1∈A(xs)

{
f(xs,1)f(xs,1)

⊤}+ µs(k)µs(k)
⊤

−
(
Exs∈Cs(k)Exs,1∈A(xs)

{
f(xs,1)}

)
µs(k)

⊤ − µs(k)
(
Exs∈Cs(k)Exs,1∈A(xs)

{
f(xs,1)

})⊤
= Exs∈Cs(k)Exs,1∈A(xs)

[(
f(xs,1)− µs(k)

)(
f(xs,1)− µs(k)

)⊤]
.

So its norm is∥∥∥ K∑
k=1

ps(k)µs(k)µs(k)
⊤ − Exs∼Ps

Exs,1,xs,2∈A(xs)

{
f(xs,1)f(xs,2)

⊤}∥∥∥
F

≤
K∑

k=1

ps(k)Exs∈Cs(k)Exs,1∈A(xs)

[∥∥∥{f(xs,1)− µs(k)
}{
f(xs,1)− µs(k)

}⊤
∥∥∥
F

]
+ Exs∼PsExs,1,xs,2∈A(xs)

[∥∥∥f(xs,1){f(xs,2)− f(xs,1)}⊤
∥∥∥
F

]
≤

K∑
k=1

ps(k) E
xs∈Cs(k)

E
xs,1∈A(xs)

{∥∥f(xs,1)− µs(k)
∥∥2
2

}
+ E

xs

E
xs,1,xs,2∈A(xs)

{∥∥f(xs,1)∥∥2∥∥f(xs,2)− f(xs,1)∥∥2}
≤

K∑
k=1

ps(k)Exs∈Cs(k)Exs,1∈A(xs)

{∥∥f(xs,1)− µs(k)
∥∥2
2

}
+
{
Exs∼Ps

Exs,1∈A(xs)

∥∥f(xs,1)∥∥22} 1
2
{
Exs∼Ps

Exs,1,xs,2∈A(xs)

∥∥f(xs,2)− f(xs,1)∥∥22} 1
2

≤
K∑

k=1

ps(k)Exs∈Cs(k)Exs,1∈A(xs)

[∥∥f(xs,1)− µs(k)
∥∥2
2

]
+B2

(
ε2 + Exs∼Ps

Exs,1,xs,2∈A(xs)

[∥∥f(xs,2)− f(xs,1)∥∥221{xs ̸∈ Ss(ε, f)
}]) 1

2(
Review Ss(ε, f) :=

{
xs ∈ Xs : sup

xs,1,xs,2∈A(xs)

∥∥f(xs,1)− f(xs,2)∥∥2 ≤ ε})
≤

K∑
k=1

ps(k)Exs∈Cs(k)Exs,1∈A(xs)

{∥∥f(xs,1)− µs(k)
∥∥2
2

}
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+B2

(
ε2 + 4B2

2Exs∼Ps

[
1{xs ̸∈ Ss(ε, f)}

]) 1
2

=

K∑
k=1

ps(k)Exs∈Cs(k)Exs,1∈A(xs)

[∥∥f(xs,1)− µs(k)
∥∥2
2

]
+B2

(
ε2 + 4B2

2Rs(ε, f)
) 1

2

≤ 4B2
2

K∑
k=1

ps(k)
{(

1− σs +
Kδs
2B2

+
ε

B2
+
Rs(ε, f)

ps(k)

)2

+
(
1− σs +

Rs(ε, f)

ps(k)

)}
+B2

{
ε2 + 4B2

2Rs(ε, f)
} 1

2

(Lemma 3)

= 4B2
2

{(
1− σs +

Kδs + 2ε

2B2

)2

+ (1− σs) +KRs(ε, f)
(
3− 2σs +

Kδs + 2ε

B2

)
+R2

s(ε, f)
( K∑

k=1

1

ps(k)

)}
+B2

{
ε2 + 4B2

2Rs(ε, f)
} 1

2

If we define φ(σs, δs, ε, f) := 4B2
2

{(
1 − σs + Kδs+2ε

2B2

)2

+ (1 − σs) + KRs(ε, f)
(
3 − 2σs +

Kδs+2ε
B2

)
+R2

s(ε, f)
(∑K

k=1
1

ps(k)

)}
+B2

(
ε2 + 4B2

2Rs(ε, f)
) 1

2

, above derivation implies

∥∥∥ K∑
k=1

ps(k)µs(k)µs(k)
⊤ − Exs∼Ps

Exs,1,xs,2∈A(xs)

{
f(xs,1)f(xs,2)

⊤}∥∥∥
F
≤ φ(σs, δs, ε, f). (29)

Besides that, Note that

R =
∥∥∥Exs∼Ps

Exs,1,xs,2∈A(xs)

{
f(xs,1)f(xs,2)

⊤}− Id∗

∥∥∥2
F
, (30)

Combining (26), (27), (29) and (30) yields for any i ̸= j(
µs(i)

⊤µs(j)
)2 ≤ 2

ps(i)ps(j)

{
R(f) + φ(σs, δs, ε, f)

}
,

which implies that

max
i ̸=j

∣∣∣µs(i)
⊤µs(j)

∣∣∣ ≤√
2

mini̸=j ps(i)ps(j)

{
R(f) + φ(σs, δs, ε, f)

}
.

So we can get what we desired according to (25)

max
i ̸=j

∣∣∣µt(i)
⊤µt(j)

∣∣ ≤√
2

mini ̸=j ps(i)ps(j)

{
R(f) + φ(σs, δs, ε, f)

}
+ 2
√
d∗B2MKϵ1.

Next we present the population theorem as follows, which is a direct corollary of Lemma 4 because
of the facts thatR(f) ≲ L(f) and Lalign(f) ≲ L(f).
Lemma 5. Given a (σs, σt, δs, δt)-augmentation, if d∗ > K, Assumption 3 holds and the encoder f
with B1 ≤ ∥f∥2 ≤ B2 is K-Lipschitz continuous, then for any ε > 0,

max
i̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≲ √
L(f) + φ(σs, δs, ε, f) +Kϵ1.

Furthermore, if maxi ̸=j µt(i)
⊤µt(j) < B2

2ψ(σt, δt, ε, f), then the misclassification rate of Qf

Err(Qf ) ≲ (1− σt) +
{
Lalign(f) +Kϵ1 + ϵ2

}
/ε2,

where the specific formulations of φ(σs, δs, ε, f) and ψ(σt, δt, ε, f) can be found in Lemma 4 and
Lemma 1, respectively.

We apply Lemma 5 to the optimizer at sample level f̂ns
to yield following corollary 1.
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Corollary 1. Given a (σs, σt, δs, δt)-augmentation, for any ε > 0, we have

ED̃s

{
max
i ̸=j

∣∣µt(i)
⊤µt(j)

∣∣ } ≲
√
ED̃s

{
L(f̂ns

)
}
+ ED̃s

{
φ(σs, δs, ε, f̂ns

)
}
+Kϵ1. (31)

where ED̃s

{
φ
(
σs, δs, ε, Rs(ε, f̂ns

)
)}

≲
(
1 − σs + Kδs + 2ε

)2
+ 1

ε

√
ED̃s

{
L(f̂ns

)
}(

3 − 2σs +

Kδs + 2ε
)
+ 1

ε2ED̃s

{
L(f̂ns

)
}
+ (1 − σs) +

(
ε2 + 1

ε

√
ED̃s

{
L(f̂ns

)
}) 1

2

. Furthermore, if

maxi̸=j

∣∣µt(i)
⊤µt(j)

∣∣ < B2
2ψ(σt, δt, ε, f), then

ED̃s

{
Err(Qf̂ns

)
}
≲ (1− σt) +

1

ε

√
ED̃s

{
L(f̂ns

)
}
+Kϵ1 + ϵ2, (32)

In addition, the following inequalities always hold

ED̃s

{
Rs(ε, f̂ns)

}
≲

1

ε

√
ED̃s

{
L(f̂ns

)
}

(33)

ED̃s
{Rt(ε, f̂ns)} ≲

1

ε

√
ED̃s
{L(f̂ns

)}+Kϵ1 + ϵ2. (34)

Proof. Applying Lemma 4 to f̂ns
yields

R2
s(ε, f̂ns

) ≤ m4

ε2
L(f̂ns

) (35)

R2
t (ε, f̂ns

) ≤ m4

ε2
L(f̂ns

) +
8m4

ε2
B2d

∗MKϵ1 +
4m4

ε2
B2

2d
∗Kϵ2 (36)

and

max
i̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≤√
2

mini̸=j ps(i)ps(j)

( 1

λ
L(f̂ns

) + φ(σs, δs, ε, f̂ns
)
)
+ 2
√
d∗B2MKϵ1

(37)

Take the expectation with respect to D̃s on both sides of (35), (36), and (37), using Jensen’s inequality

to obtain (31), (33) and (34). where ED̃s
{φ(σs, δs, ε, f̂ns)} = 4B2

2

[(
1 − σs + Kδs+2ε

2B2

)2

+ (1 −

σs)+KED̃s

{
Rs(ε, f̂ns

)
}(

3−2σs+ Kδs+2ε
B2

)
+ED̃s

{
R2

s(ε, f̂ns
)
}(∑K

k=1
1

ps(k)

)]
+B2ED̃s

[{
ε2+

4B2
2Rs(ε, f̂ns)

} 1
2

]
. In this regard, further by Jensen inequality, we know that

ED̃s

{
φ(σs, δs, ε, Rs(ε, f̂ns

)
)}
≤ 4B2

2

[(
1− σs +

Kδs + 2ε

2B2

)2

+ (1− σs) +KED̃s

{
Rs(ε, f̂ns

)
}

(
3− 2σs +

Kδs + 2ε

B2

)
+ ED̃s

{
R2

s(ε, f̂ns)
}( K∑

k=1

1

ps(k)

)]
+B2

[
ε2 + 4B2

2ED̃s

{
Rs(ε, f̂ns)

}] 1
2

≤ 4B2
2

[(
1− σs +

Kδs + 2ε

2B2

)2

+
Km2

ε

√
ED̃s
{L(f̂ns

)}
(
3− 2σs +

Kδs + 2ε

B2

)
+
m4

ε2
ED̃s

{
L(f̂ns)

}( K∑
k=1

1

ps(k)

)]
+

(
1− σs

)
+B2

(
ε2 +

4B2
2m

2

ε

√
ED̃s

{
L(f̂ns)

}) 1
2

.

(38)

which is same as what we desired.

Moreover, since Lemma 1 reveals that if maxi̸=j

∣∣µt(i)
⊤µt(j)

∣∣ < B2
2ψ(σt, δt, ε, f̂ns), then

Err(Qf̂ns
) ≤ (1−σt)+Rt(ε, f̂ns

). Combining with what we have had to yield 32, which completes
the proof.

Above corollary 1 reveals the necessity of exploring the sample complexity of ED̃s

{
L(f̂ns

)
}

for
proving Theorem 1. To this end, we need to introduce some basic concepts of learning theory in
advance.
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F.4 The sample complexity of ED̃s

{
L(f̂ns)

}
Recall that for given xs ∈ Xs, xs,1, xs,2 is uniformly and independently sampled from A(xs),
we denote x̃s = (xs,1, xs,2) ∈ R2d∗

. Moreover, we denote ℓ(x̃s, G) :=
∥∥f(xs,1) − f(xs,2)∥∥22 +

λ
〈
f(xs,1)f(xs,2)

⊤ − Id∗ , G
〉
F

. In this context, our risk at the sample level can be rewritten as

L̂(f,G) := 1

ns

ns∑
i=1

{∥∥f(x(i)s,1)− f(x
(i)
s,2)

∥∥2
2
+ λ

〈
f(x

(i)
s,1)f(x

(i)
s,2)

⊤ − Id∗ , G
〉
F

}
=

1

ns

ns∑
i=1

ℓ
(
x̃(i)s , G

)
.

Furthermore, let G1 :=
{
G ∈ Rd∗×d∗

: ∥G∥F ≤ B2
2 +
√
d∗
}

. It is obvious that G(f) is a
subset of G1 for a given f such that ∥f∥2 ≤ B2. Likewise, Ĝ(f) is a subset as well for a given
f ∈ NN d,d∗(W,L,K, B1, B2). On the other hand, following Proposition 2 reveals that ℓ(x, G) is a
Lipschitz function defined on

{
x ∈ R2d∗

: ∥x∥2 ≤
√
2B2

}
× G1 ⊆ R2d∗+(d∗)2 . Consider these two

facts together, we can regard ℓ as a Lipschitz function in subsequent context. More specifically, we
summary the Lipschitz constants of ℓ(x, G) with respect to x ∈

{
x ∈ R2d∗

: ∥x∥2 ≤
√
2B2

}
and

G ∈ G1 in Table 9, the corresponding calculating process is deferred to Proposition 2 for clarity of
structure.

Function Lipschitz constant

ℓ(x, ·)
√
2B2

ℓ(·, G) 2
√
2B2(B

2
2 +
√
d∗)

ℓ(·) max
{√

2B2, 2
√
2B2(B

2
2 +
√
d∗)

}
Table 9: Lipschitz constant of ℓ with respect to each component

Following Definition 4, 5 and Lemma 6, 7 are all typical elements of learning theory, which will be
involved by our further derivation.

Definition 4 (Rademacher complexity). Given a set S ⊆ Rn, the Rademacher complexity of S is
defined as

Rn(S) := Eξ

{
sup

(s1,...,sn)∈S

1

n

n∑
i=1

ξisi

}
,

where {ξi}i∈[n] is a sequence of i.i.d Radmacher random variables which take the values 1 and −1
with equal probability 1/2.

Moreover, if we use ℓ2 to denote the Hilbert space of square summable sequences of real numbers,
we have following vector-contraction principle.

Lemma 6 (Vector-contraction principle). Let X be any set, (x1, . . . , xn) ∈ Xn, let F be a class of
functions f : X → ℓ2 and let hi : ℓ2 → R have Lipschitz norm L. Then

E sup
f∈F

∣∣∣∑
i

ϵihi(f(xi)
)∣∣∣ ≤ 2

√
2LE sup

f∈F

∣∣∣∑
i,j

εijfj(xi)
∣∣∣,

where ϵij is an independent doubly indexed Rademacher sequence and fj(xi) is the j-th component
of f(xi).

Proof. Combining [29] and Theorem 3.2.1 of [17] obtains the desired result.

Definition 5 (Covering number). Given n ∈ N+, S ⊆ Rn and ϱ > 0, the set N is referred to as an
ϱ-net of S with respect to a norm ∥·∥ on Rn, if N ⊆ S and for any x ∈ S, there exists v ∈ N such
that ∥x− v∥ ≤ ϱ. Furthermore, the covering number of S is defined as

N (S, ∥·∥ , ϱ) := min
{
|Q| : Q is an ϱ-cover of S

}
where |Q| represents the cardinality of the set Q.
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In this context, denote B2 as the unit ball in Rn. According to the Corollary 4.2.13 of [34],
|N (B2, ∥·∥2 , ϱ)|, which represents the the covering number of B2 regarding 2-norm, can be bounded
by

(
3/ϱ

)n
. Based on this fact, if we denote NG1(ϱ) is a cover of G1 with radius ϱ, whose cardinality

|NG1(ϱ)| is identical with the covering number of G1, then |NG1(ϱ)| ≤
{

3
(B2

2+
√
d∗)ϱ

}(d∗)2

.

Lemma 7 (Finite maximum inequality). For any N ≥ 1, if Xi, i ≤ N , are sub-Gaussian random
variables admitting constants σi, then

E
{
max
i∈[N ]

|Xi|
}
≤

√
2 log 2N max

i≤N
σi

The proof of this lemma can be found in [17], Lemma 2.3.4.

Recall NN d1,d2
(W,L,K) := {fθ(xs) = ALσ

(
AL−1σ(· · ·σ

(
A0xs)

)
: κ(θ) ≤ K}, as defined

in eq 48. The second lemma we will employ is related to the upper bound for the Rademacher
complexity of the hypothesis space consisting of norm-constrained neural networks, which was
provided by [18].

Lemma 8 (Theorem 3.2 of [18]). Given n ∈ N+, and xs,1, . . . ,xn ∈ [−B,B]d with B ≥ 1, define
S :=

{
(f(x1), . . . , f(xn)

)
: f ∈ NN d,1(W,L,K)

}
⊆ Rn, then

Rn(S) ≤
1

n
K
√
2
(
L+ 2 + log(d+ 1)

)
max

1≤j≤d+1

√√√√ n∑
i=1

x2i,j ≤
BK

√
2(L+ 2 + log(d+ 1)

)
√
n

,

where xi,j is the j-th coordinate of the vector (x⊤
i , 1)

⊤ ∈ Rd+1, the definition of norm-constraint
networks NN d1,d2(W,L,K) is given by

NN d1,d2
(W,L,K) := {fθ(xs) = ALσ

(
AL−1σ(· · ·σ

(
A0xs)

)
: κ(θ) ≤ K},

herein, review κ(θ) = ∥AL∥∞
∏L−1

l=0 max{∥(Al, bl)∥∞, 1}.

F.4.1 Risk decomposition

Let Ĝ(f) = 1
ns

ns∑
i=1

f(x
(i)
s,1)f(x

(i)
s,2)

⊤ − Id∗ , G∗(f) = Exs∼PsExs,1,xs,2∈A(xs){f(xs,1)f(xs,2)⊤} −

Id∗ , we can decompose E(f̂ns
) into three terms shown as follow and then deal each term successively.

To achieve conciseness in subsequent conclusions, recall if X and Y are two quantities, we employ
X ≲ Y or Y ≳ X to indicate the statement that X ≤ CY form some C > 0. In addition, We denote
X ≍ Y when X ≲ Y ≲ X .

Lemma 9. The ED̃s
{L(f̂ns

)} has following decomposition

ED̃s

{
L(f̂ns

)
}
≲ L(f∗) + Esta + EF + EG .

where Esta := ED̃s

{
supf∈F,G∈Ĝ(f)

∣∣L(f,G) − L̂(f,G)∣∣} is referred to the statistical error,
EF := inff∈F

{
L(f) − L(f∗)

}
is called as the approximation error regarding F , while EG :=

ED̃s

[
supf∈F

{
G∗(f)− Ĝ(f)

}]
is named as the error regarding G.

Proof. Notice that L(f) = supG∈G(f) L(f,G) holds for both f̂ns
and f∗, then for any f ∈ F we

have

L(f̂ns) = L(f∗) + L(f̂ns)− L(f∗) = L(f∗) + sup
G∈G(f̂ns )

L(f̂ns , G)− sup
G∈G(f∗)

L(f∗, G)

= L(f∗) +
{

sup
G∈G(f̂ns )

L(f̂ns
, G)− sup

G∈Ĝ(f̂ns )

L(f̂ns
, G)

}
+

{
sup

G∈Ĝ(f̂ns )

L(f̂ns
, G)− sup

G∈Ĝ(f̂ns )

L̂(f̂ns
, G)

}
+
{

sup
G∈Ĝ(f̂ns )

L̂(f̂ns , G)− sup
G∈Ĝ(f)

L̂(f,G)
}
+
{

sup
G∈Ĝ(f)

L̂(f,G)− sup
G∈Ĝ(f)

L(f,G)
}
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+
{

sup
G∈Ĝ(f)

L(f,G)− sup
G∈G(f)

L(f,G)
}
+

{
sup

G∈G(f)
L(f,G)− sup

G∈G(f∗)

L(f∗, G)
}
,

Firstly, both the second and fourth terms can be bounded by Esta. Specifically, as for the fourth term,
we have

sup
G∈Ĝ(f)

L̂(f,G)− sup
G∈Ĝ(f)

L(f,G) ≤ sup
G∈Ĝ(f)

{
L̂(f,G)− L(f,G)

}
≤ sup

G∈Ĝ(f)

∣∣L̂(f,G)− L(f,G)∣∣
≤ sup

f∈F,G∈Ĝ(f)

∣∣∣L̂(f,G)− L(f,G)∣∣∣ ,
A similar bound holds for the second term.

Next, we note that the sum of the first and fifth terms can be bounded by EG . In particular, for the
first term

sup
G∈G(f̂ns )

L(f̂ns
, G)− sup

G∈Ĝ(f̂ns )

L(f̂ns
, G) ≤ sup

f∈F

{
sup

G∈G(f)
L(f,G)− sup

G∈Ĝ(f)
L(f,G)

}
≤ sup

f∈F

{
sup

G∈G(f)
L(f,G)− L

(
f, Ĝ(f)

)}
= sup

f∈F

{
L
(
f,G∗(f)

)
− L

(
f, Ĝ(f)

)}
≤
√
2B2 sup

f∈F

∥∥G∗(f)− Ĝ(f)
∥∥
F

≤
√
2B2 sup

f∈F

∥∥∥Exs∼Ps
Exs,1,xs,2∈A(xs)

{
f(xs,1)f(xs,2)

⊤}− 1

ns

ns∑
i=1

f(x
(i)
s,1)f(x

(i)
s,2)

⊤
∥∥∥
F
. (39)

where the second inequality follows from Ĝ(f) ∈ Ĝ(f), while the third inequality follows from the
fact that ℓ(x, ·) ∈ Lip(

√
2B2), which can be found in Table 9. Meanwhile, regarding the fifth term,

we can derive

sup
G∈Ĝ(f)

L(f,G)− sup
G∈G(f)

L(f,G) = sup
G∈Ĝ(f)

ED̃s

{〈
Ĝ(f), G

〉
F

}
− sup

G∈G(f)
⟨G∗(f), G⟩F

≤ ED̃s

{
sup

G∈Ĝ(f)

〈
Ĝ(f), G

〉
F

}
− sup

G∈G(f)
⟨G∗(f), G⟩F = ED̃s

{∥∥Ĝ(f)∥∥2
F

}
−
∥∥G∗(f)

∥∥2
F

≤ 2
(
B2

2 +
√
d∗
)(

ED̃s

{∥∥Ĝ(f)∥∥
F

}
−

∥∥G∗(f)
∥∥
F

)
≤ 2

(
B2

2 +
√
d∗
)(

sup
f∈F

[
ED̃s

{∥∥Ĝ(f)∥∥
F

}
−

∥∥G∗(f)
∥∥
F

])
≲ sup

f∈F

[
ED̃s

{∥∥∥ 1

ns

ns∑
i=1

f(x
(i)
s,1)f(x

(i)
s,2)

⊤ − Id∗

∥∥∥
F
−
∥∥∥Exs∼Ps

Exs,1,xs,2∈A(xs)

{
f(xs,1)f(xs,2)

⊤}− Id∗

∥∥∥
F

}]
≤ sup

f∈F

[
ED̃s

{∥∥∥ 1

ns

ns∑
i=1

f(x
(i)
s,1)f(x

(i)
s,2)

⊤ − Exs∼Ps
Exs,1,xs,2∈A(xs)

{
f(xs,1)f(xs,2)

⊤}∥∥∥
F

}]
≤ ED̃s

[
sup
f∈F

{∥∥∥ 1

ns

ns∑
i=1

f(x
(i)
s,1)f(x

(i)
s,2)

⊤ − Exs∼Ps
Exs,1,xs,2∈A(xs)

{
f(xs,1)f(xs,2)

⊤}∥∥∥
F

}]
(40)

where the first equality is derived from ⟨G∗(f), G⟩F = ED̃s

{〈
Ĝ(f), G

〉
F

}
, while the second

inequality is derived from
∥∥Ĝ(f)∥∥

F
≤ B2

2 +
√
d∗ and

∥∥G∗(f)
∥∥
F
≤ B2

2 +
√
d∗. Combining (39)

and (40) yields EG .

Furthermore, it is easy to conclude the third term supG∈Ĝ(f̂ns )
L̂(f̂ns , G)− supG∈Ĝ(f) L̂(f,G) ≤ 0

according to the definition of f̂ns
. Taking infimum over all f ∈ NN d,d∗(W,L,K, B1, B2) on both

sides yields

ED̃s

{
L(f̂ns)

}
≲ L(f∗) + Esta + EF + EG ,

which completes the proof.

Next, the remaining task is to handle each term on the right-hand side individually.
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F.4.2 Vanishing L(f∗)

In this section we will show the optimal encoder f∗ can indeed vanish L(f∗). The justification
comprises a total of two steps. At first, we assert that if there exists a measurable map f such
that Σ = Exs∼Ps

{
f(xs)f(xs)

⊤} be positive definite, then we can conduct a series of minor
modifications on f to obtain a f̃ such that L(f̃) = 0. In the second step, we will demonstrate
that the required f indeed exists under Assumption 2, and that the modification f̃ also satisfies the
constraint B1 ≤

∥∥f̃∥∥
2
≤ B2, which implies that L(f∗) = 0, since the definition of f∗ indicates that

L(f∗) ≤ L(f̃).

To this end, it suffices to find a f̃ : B1 ≤
∥∥f̃∥∥

2
≤ B2 satisfying both Lalign(f̃) = 0 and∥∥Exs∼Ps

Ex1,x2∈A(xs)

{
f(xs,1)f(xs,2)

⊤}− Id∗
∥∥
F
= 0. First note that∥∥∥Exs∼PsEx1,x2∈A(xs)

{
f(xs,1)f(xs,2)

⊤}− Id∗

∥∥∥
F

=
∥∥∥Exs∼Ps

Ex1,x2∈A(xs)

{
f(xs,1)f(xs,1)

⊤}+ Exs∼Ps
Ex1,x2∈A(xs)

[
f(xs,1)

{
f(xs,2)− f(xs,1)

}⊤
]
− Id∗

∥∥∥
F

≤
∥∥∥Exs∼Ps

Exs,1∈A(xs)

{
f(xs,1)f(xs,1)

⊤}− Id∗

∥∥∥
F
+ Exs∼Ps

Exs,1,xs,2∈A(xs)

{∥∥f(xs,1)∥∥2∥∥f(xs,1)− f(xs,2)∥∥2}
≤

∥∥∥Exs∼Ps
Exs∈A(xs)

{
f(xs)f(xs)

⊤}− Id∗

∥∥∥
F
+B2Exs∼Ps

Exs,1,xs,2∈A(xs)

∥∥f(xs,1)− f(xs,2)∥∥2.
(∥f∥2 ≤ B2)

It reveals that, to achieve our destination, we just need to construct a f̃ : B1 ≤
∥∥f̃∥∥

2
≤ B2 such

that Lalign(f̃) = 0, and well as
∥∥Exs∼Ps

Exs∈A(xs)

{
f̃(xs)f̃(xs)

⊤} − Id∗
∥∥
F
= 0. To this end, we

provide following lemma:

Lemma 10. If there exists a measurable encoder f making Σ = Exs∼Ps{f(xs)f(xs)
⊤} positive

definite, then there exists a measurable encoder f̃ such that

Lalign(f̃) = 0,
∥∥∥Exs∼Ps

Exs∈A(xs)

{
f̃(xs)f̃(xs)

⊤}− Id∗

∥∥∥
F
= 0.

Proof. We conduct following modifications on the given f as follows: for any xs ∈ Xs, define

f̃xs
(xs) =

{
V −1f(xs) if xs ∈ A(xs)

f(xs) if xs ̸∈ A(xs)

where Σ = V V ⊤, which is the Cholesky decomposition of Σ. Here the positivity of Σ ensure V is
well-defined. Iteratively repeat this modification for all xs ∈ X to yield f̃ . As the result, we have

Exs∼Ps
Exs∈A(xs)

{
f̃(xs)f̃(xs)

⊤} = V −1Exs∼Ps
{f(xs)f(xs)

⊤}V −⊤ = Id∗

and

∀xs ∈ X , xs,1, xs,2 ∈ A(xs),
∥∥∥f̃(xs,1)− f̃(xs,2)∥∥∥

2
=

∥∥∥f̃(xs)− f̃(xs)
∥∥∥
2
= 0.

That is precisely what we desire.

Remark 2. Based on the construction approach in Lemma 10, we just need to show there
exists a encoder f such that Σ are positive definite. In fact, if we have a measur-
able partition X = ∪d∗

i=1Pi as shown in Assumption 2 such that Pi ∩ Pj = ∅ and
∀i ∈ [d∗], 1

B2
2
≤ Ps(Pi) ≤ 1

B2
1

, just set the f(xs) = ei if xs ∈ Pi, where ei

is the standard basis of Rd∗
, then Σ = diag{Ps(P1), . . . ,Ps(Pi), . . . ,Ps(Pd∗)}, V −1 =

diag
{√

1
Ps(P1)

, . . . ,
√

1
Ps(Pi)

, . . . ,
√

1
Ps(Pd∗)

}
, f̃(xs) =

√
1

Ps(Pi)
ei if xs ∈ Pi, it is obvious that

B1 ≤
∥∥f̃∥∥

2
≤ B2.
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F.4.3 Upper bound of Esta

Lemma 11. Regarding the statistical error Esta, we have

Esta ≲
K
√
L

√
ns

.

Proof. To obtain the desired conclusion, it is necessary to clarify several definitions in advance.
For any f : Rd → Rd∗

, define f̃ : R2d → R2d∗
such that f̃(x̃s) = (f(xs,1), f(xs,2)

)
, where

x̃s = (xs,1, xs,2) ∈ R2d. Furthermore, let F̃ := {f̃ : f ∈ NN d,d∗(W,L,K)}. In addition, denote
D̃′

s = {x̃′(i)s }ns
i=1, which is a collection consisting of ns independent samples. The distribution of

these samples is identical to that of D̃s; D̃′
s is therefore referred to as the ghost samples of D̃s.

Moreover, recall G1 := {G ∈ Rd∗×d∗
: ∥G∥F ≤ B2

2 +
√
d∗}, by the definition of Esta, we have:

Esta = ED̃s

{
sup

f∈NNd,d∗ (W,L,K,B1,B2),G∈Ĝ(f)

∣∣∣L(f,G)− L̂(f,G)∣∣∣}
≤ ED̃s

{
sup

(f,G)∈NNd,d∗ (W,L,K,B1,B2)×G1

∣∣∣L(f,G)− L̂(f,G)∣∣∣}
(∀f ∈ NN d,d∗(W,L,K, B1, B2), Ĝ(f) ⊆ G1)

≤ ED̃s

{
sup

(f,G)∈NNd,d∗ (W,L,K)×G1

∣∣∣L(f,G)− L̂(f,G)∣∣∣}
(NN d,d∗(W,L,K, B1, B2) ⊆ NN d,d∗(W,L,K))

= ED̃s

{
sup

(f̃ ,G)∈F̃×G1

∣∣∣ 1
ns

ns∑
i=1

ED̃′
s

{
ℓ(f̃(x̃′(i)s ), G)

}
− 1

ns

ns∑
i=1

ℓ(f̃(x̃(i)s ), G)
∣∣∣}

≤ ED̃s,D̃′
s

{
sup

(f̃ ,G)∈F̃×G1

∣∣∣ 1
ns

ns∑
i=1

ℓ(f̃(x̃′(i)s ), G)− 1

ns

ns∑
i=1

ℓ(f̃(x̃(i)s ), G)
∣∣∣}

= ED̃s,D̃′
s,ξ

{
sup

(f̃ ,G)∈F̃×G1

∣∣∣ 1
ns

ns∑
i=1

ξi
(
ℓ(f̃(x̃′(i)s ), G)− ℓ(f̃(x̃(i)s ), G)

)∣∣∣} (41)

≤ 2ED̃s,ξ

{
sup

(f̃ ,G)∈F̃×G1

∣∣∣ 1
ns

ns∑
i=1

ξiℓ(f̃(x̃
(i)
s ), G)

∣∣∣}

≤ 4
√
2 ∥ℓ∥Lip

(
ED̃s,ξ

{
sup

f∈NNd,d∗ (W,L,K)

∣∣∣ 1
ns

ns∑
i=1

d∗∑
j=1

ξi,j,1fj(x
(i)
s,1) + ξi,j,2fj(x

(i)
s,2)

∣∣∣}

+ Eξ

{
sup
G∈G1

∣∣∣ 1
ns

ns∑
i=1

d∗∑
j=1

d∗∑
k=1

ξi,j,kGjk

∣∣∣}) (42)

≤ 8
√
2 ∥ℓ∥Lip ED̃s,ξ

{
sup

f∈NNd,d∗ (W,L,K)

∣∣∣ 1
ns

ns∑
i=1

d∗∑
j=1

ξi,j,1fj(x
(i)
s,1)

∣∣∣}+ 4
√
2d∗ ∥ℓ∥Lip ϱ

+ 4
√
2 ∥ℓ∥Lip Eξ

{
max

G∈NG1
(ϱ)

∣∣∣ 1
ns

ns∑
i=1

d∗∑
j=1

d∗∑
k=1

ξi,j,kGjk

∣∣∣} (43)

≤ 8
√
2 ∥ℓ∥Lip ED̃s,ξ

{
sup

f∈NNd,d∗ (W,L,K)

∣∣∣ 1
ns

ns∑
i=1

d∗∑
j=1

ξi,jfj(x
(i)
s,1)

∣∣∣}+ 4
√
2d∗ ∥ℓ∥Lip ϱ

+ 4
√
2(B2

2 +
√
d∗) ∥ℓ∥Lip

√
2 log

(
2 |NG1

(ϱ)|
)

ns
(44)

≤ 8
√
2d∗ ∥ℓ∥Lip ED̃s,ξ

{
sup

f∈NNd,1(W,L,K)

∣∣∣ 1
ns

ns∑
i=1

ξif(x
(i)
s,1)

∣∣∣}+ 4
√
2d∗ ∥ℓ∥Lip ϱ
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+ 4
√
2(B2

2 +
√
d∗) ∥ℓ∥Lip

√
2 log

(
2( 3

(B2
2+

√
d∗)ϱ

)(d∗)2
)

n2
(
∣∣NG1

(ϱ)
∣∣ ≤ ( 3

(B2
2+

√
d∗)ϱ

)(d
∗)2 )

≲
K
√
L

√
ns

+

√
log ns
ns

(Lemma 8 and set ϱ = O(1/√ns))

≲
K
√
L

√
ns

(If K ≳
√
log ns)

Where (41) stems from the fact that ξi
(
ℓ(f̃(x̃

′(i)
s ), G) − ℓ(f̃(x̃

(i)
s ), G)

)
has identical distribution

with ℓ(f̃(x̃′(i)s ), G)− ℓ(f̃(x̃(i)s ), G). In addition, notice that we have shown ∥ℓ∥Lip <∞, applying
Lemma 6 obtains (42). Regarding 43, since NG1

(ϱ) is a ϱ-covering, thus for any fixed G ∈ G1, we
can find a G̃ ∈ NG1

(ϱ) satisfying
∥∥∥G− G̃∥∥∥

F
≤ ϱ, therefore we have

Eξ

{
max
G∈G1

∣∣∣ 1
ns

ns∑
i=1

d∗∑
j=1

d∗∑
k=1

ξi,j,k
(
G̃jk +Gjk − G̃jk

)∣∣∣}

≤ Eξ

{
max
G∈G1

∣∣∣ 1
ns

ns∑
i=1

d∗∑
j=1

d∗∑
k=1

ξi,j,kG̃jk

∣∣∣}+ Eξ

{
max
G∈G1

∣∣∣ 1
ns

ns∑
i=1

d∗∑
j=1

d∗∑
k=1

ξi,j,k
(
Gjk − G̃jk

)∣∣∣}

≤ Eξ

{
max

G∈NG1
(ϱ)

∣∣∣ 1
ns

ns∑
i=1

d∗∑
j=1

d∗∑
k=1

ξi,j,kGjk

∣∣∣}+
1

ns

√
(d∗)2ns

√√√√ns

d∗∑
j=1

d∗∑
k=1

(
Gjk − G̃jk

)2
(Cauchy-Schwarz inequality)

≤ Eξ

{
max

G∈NG1
(ϱ)

∣∣∣ 1
ns

ns∑
i=1

d∗∑
j=1

d∗∑
k=1

ξi,j,kGjk

∣∣∣}+ d∗ϱ.

To handle the last term of (44), notice that ∥G∥F ≤ B2
2 +
√
d∗ implies that

d∗∑
j=1

d∗∑
k=1

ξi,j,kGjk ∼

subG(B2
2 +
√
d∗). Therefore, 1

ns

ns∑
i=1

d∗∑
j=1

d∗∑
k=1

ξi,j,kGjk ∼ subG(B2
2 +
√
d∗), just apply Lemma 7 to

complete the proof.

F.4.4 Upper bound of EF

If we define

E(Hα,NN d,1(W,L,K)
)
:= sup

g∈Hα

inf
f∈NNd,1(W,L,K)

∥f − g∥C([0,1]d) ,

where C([0, 1]d) is the space of continuous functions on [0, 1]d equipped with the sup-norm. Accord-
ing to Theorem 3.2 of [25], we have following lemma:
Lemma 12 (Theorem 3.2 of [25]). Let d ∈ N and α = r + β > 0, where r ∈ N0 and β ∈ (0, 1].
There exists c > 0 such that for any K ≥ 1, any W ≥ cK(2d+α)/(2d+2) and L ≥ 2⌈log2(d+ r)⌉+2,

E(Hα,NN d,1(W,L,K)
)
≲ K−α/(d+1).

Based on Lemma 12, we yield

inf
f∈NNd,d∗ (W,L,K)

∥∥f(x)− f∗(x)∥∥
2
= inf

f∈NNd,d∗ (W,L,K)

√√√√ d∗∑
i=1

{
fi(x)− f∗i (x)

}2

≤ inf
f∈NNd,d∗ (W,L,K)

√√√√ d∗∑
i=1

∥fi − f∗i ∥
2
C([0,1]d) ≤ sup

g∈Hα

inf
f∈NNd,d∗ (W,L,K)

√√√√ d∗∑
i=1

∥fi − g∥2C([0,1]d)
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≤ sup
g∈Hα

√√√√ d∗∑
i=1

inf
f∈NNd,1(⌊W/d∗⌋ , L,K)

∥f − g∥2C([0,1]d) ≤
√
d∗E

(
Hα,NN d,1(⌊W/d∗⌋ , L,K)

)
≲ K−α/(d+1),

where the third inequality is because following fact: if we have a total of d∗ function fi ∈
NN d,1(⌊W/d∗⌋ , L,K), i ∈ [d∗] of independent parameters, according to following Proposition 1,
the concatenation f = (f1, f2, · · · , fd∗)⊤ can be regarded as an elements ofNN d,d∗(W,D,K) with
specific parameters, that is, f ∈ NN d,d∗(W,L,K).
Proposition 1 ((iii) of Proposition 2.5 in [25]). Let f1 ∈ NN d,d∗

1
(W1, L1,K1) and f2 ∈

NN d,d∗
2
(W2, L2,K2), define f(xs) := (f1(xs), f2(xs)

)
, then f ∈ NN d,d∗

1+d∗
2
(W1 +

W2,max{L1, L2},max{K1,K2}).

Above conclusion implies optimal approximation element of f∗ in NN d,d∗(W,L,K) can be ar-
bitrarily close to f∗ under the setting that K is large enough. Hence we can conclude optimal
approximation element of f∗ is also contained in F = NN d,d∗(W,L,K, B1, B2) under the setting
that B1 ≤ ∥f∗∥2 ≤ B2. Therefore, if we denote

T (f) := E
xs∼Ps

E
xs,1,xs,2∈A(xs)

{∥∥∥f(xs,1)− f(xs,2)∥∥∥2
2

}
+ λ

∥∥∥ E
xs∼Ps

E
xs,1,xs,2∈A(xs)

{
f(xs,1)f(xs,2)

⊤}− Id∗

∥∥∥2
F
,

then we have

EF = inf
f∈F

{
sup

G∈G(f)
L(f,G)− sup

G∈G(f∗)

L(f∗, G)
}
= inf

f∈F

{
T (f)− T (f∗)

}
= inf

f∈NNd,d∗ (W,L,K)
{T (f)− T (f∗)} ≤ ∥ℓ∥Lip inf

f∈NNd,d∗ (W,L,K)
Exs∼Ps

Ex̃s

∥∥∥f̃(x̃s)− f̃∗(x̃s)∥∥∥
2

≤ ∥ℓ∥Lip inf
f∈NNd,d∗ (W,L,K)

Exs∼Ps
Exs∈A(xs)

√√√√2

d∗∑
i=1

{
fi(xs)− f∗i (xs)

}2

≤
√
2d∗ ∥ℓ∥Lip sup

g∈Hα

inf
f∈NNd,1(⌊W/d∗⌋,L,K/

√
d∗)
∥f − g∥C([0,1]d)

≤
√
2d∗ ∥ℓ∥Lip E

(
Hα,NN d,1(⌊W/d∗⌋ , L,K/

√
d∗)

)
≲ K−α/(d+1).

where the first inequality is because of Proposition 2.

F.4.5 Upper bound of EG

Let M(x) = x1x
⊤
2 , x1,x2 ∈ Rd∗

, which is a Lipchitz map on
{
x ∈ R2d∗

: x ≤
√
2B2

}
as

presented in Proposition 2. Then

EG ≲ ED̃s

{
sup
f∈F

∥∥∥Exs∼Ps
Exs,1,xs,2∈A(xs)

[ 1

ns

ns∑
i=1

{
M

(
f̃(x̃s)

)
−M

(
f̃(x̃(i)s )

)}]∥∥∥
F

}
≤ ∥M∥Lip ED̃s

[∥∥∥Exs∼Ps
Exs,1,xs,2∈A(xs)

{
f̃(x̃s)

}
− 1

ns

ns∑
i=1

f̃(x̃(i)s )
∥∥∥
2

]
Furthermore, according to the multidimensional Chebyshev’s inequality, we can turn out

Ps

(∥∥∥ 1
ns

∑ns

i=1 f̃(x̃
(i)
s )−Exs∼PsExs,1,xs,2∈A(xs)

{
f̃(x̃s)

}∥∥∥
2
≥ 1

n
1/4
s

)
≤

E∥f̃(x̃s)−E{f̃(x̃s)}∥2
2√

ns
≤ 8B2

2√
ns

as
∥∥f̃(x̃s)∥∥2 ≤ √2B2. Therefore,

EG ≲
1

n
1/4
s

· Ps

(∥∥∥ 1

ns

ns∑
i=1

f̃(x̃(i)s )− Exs∼Ps
Exs,1,xs,2∈A(xs)

{
f̃(x̃s)

}∥∥∥
2
≥ 1

n
1/4
s

)
+ 2
√
2B2 ·

8B2
2√
ns

≤ 1

n
1/4
s

+ 16
√
2B3

2

1
√
ns

≲
1

n
1/4
s

,

where the first inequity is due to
∥∥f̃(x̃s)∥∥2 ≤ √2B2.
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F.4.6 Trade-off on several errors

Let W ≥ cK(2d+α)/(2d+2) and L ≥ 2⌈log2(d+ r)⌉+ 2, combining all bounds yields

ED̃s

{
L(f̂ns

)
}
≲ Esta + EF + EG ≲

K
√
ns

+K−α/(d+1).

Setting K ≍ n
d+1

2(α+d+1)
s yields ED̃s

{L(f̂ns
)} ≲ n

− α
2(α+d+1)

s under conditions W ≥ cn
2d+α

4(α+d+1)
s

L ≥ 2⌈log2(d+ r)⌉+ 2.

F.4.7 The proof of primary theorem

Based on the previous preparation, we next prove the primary theorem 1. Before that, we summary
here all crucial conclusions which have obtained so far.

• If W ≳ n
2d+α

4(α+d+1)
s , L ≥ 2⌈log2(d+ r)⌉ + 2,K ≍ n

d+1
2(α+d+1)
s , then ED̃s

{
L(f̂ns)

}
≲

n
− α

2(α+d+1)
s .

• According to Assumption 4, max{δ(ns)
s , δ

(ns)
t } ≲ n

− ϵA+d+1

2(α+d+1)
s ,min{σ(ns)

s , σ
(ns)
t } → 1

when ns →∞.

• According to Assumption 5, ϵ1 ≲ n
−

ϵds+d+1
2(α+d+1)

s , ϵ2 ≲ n
− ϵds

2(α+d+1)
s .

• According to Lemma 1, we have

ED̃s

{
max
i̸=j

∣∣µt(i)
⊤µt(j)

∣∣ } ≲
√
ED̃s

{
L(f̂ns

)
}
+ ED̃s

{
φ(σ

(ns)
s , δ

(ns)
s , εns

, f̂ns
)
}
+Kϵ1.

where ED̃s

{
φ
(
σ
(ns)
s , δ

(ns)
s , ε(ns), Rs(ε, f̂ns

)
)}

≲
(
1 − σ

(ns)
s + Kδ(ns)

s + 2εns

)2
+

1
εns

√
ED̃s
{L(f̂ns

)}
(
3−2σ(ns)

s +Kδ(ns)
s +2εns

)
+ 1

ε2ns

ED̃s
{L(f̂ns

)}+(1−σ(ns)
s )+

(
ε2ns

+

1
εns

√
ED̃s
{L(f̂ns)}

) 1
2

. Furthermore, if maxi ̸=j

∣∣µt(i)
⊤µt(j)

∣∣ < B2
2ψ(σt, δt, ε, f), then

Err(Qf̂ns
) ≲ (1− σt) +

1

ε

√
L(f̂ns) +Kϵ1 + ϵ2, (45)

In addition, the following inequalities always hold

ED̃s

{
Rs(εns

, f̂ns
)
}
≲

1

ε

√
ED̃s

{
L(f̂ns

)
}

(46)

ED̃s
{Rt(εns

, f̂ns
)} ≲ 1

ε

√
ED̃s

{
L(f̂ns)

}
+Kϵ1 + ϵ2.

Theorem 1. When Assumptions 1-5 all hold, set εns
≍ n

−min{α,ϵds,ϵA}
8(α+d+1)

s ,W ≳ n
2d+α

4(α+d+1)
s , L ≥

2⌈log2(d+ r)⌉+ 2,K ≍ n
d+1

2(α+d+1)
s and A = Ans

in Assumption 4, then we have

ED̃s,D̃t

{
Err(Qf̂ns

)
}
≲

(
1− σ(ns)

s

)
+ ns

−min{α,ϵA,ϵds}
32(α+d+1) +

1

mink
√
nt(k)

for sufficiently large ns.

Proof. Define C =
{
maxi ̸=j

∣∣µt(i)
⊤µt(j)

∣∣ < B2
2ψ(σ

(ns)
t , δ

(ns)
t , εns

, f̂ns
)
}

, which is a event de-
fined on the product measure space (Xs ×Xt,P) with P is the joint distribution on Xs ×Xt.

ED̃s,D̃t

{
Err(Qf̂ns

)
}
= ED̃s,D̃t

{
Err(Qf̂ns

)1C
}
+ ED̃s,D̃t

{
Err(Qf̂ns

)1Cc

}
≤ ED̃s,D̃t

[
{(1− σ(ns)

t ) +Rt(εns
, f̂ns

)}1C

]
+ ED̃s,D̃t

(
1Cc

)
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≤
(
1− σ(ns)

t

)
+ ED̃s

{
Rt(εns

, f̂ns
)
}
+ P(Cc)

≲
(
1− σ(ns)

t

)
+ ε−1ED̃s

[{
L(f̂ns

) + ϵ1 + ϵ2
} 1

2

]
+ P(Cc)

≤
(
1− σ(ns)

t

)
+ ε−1

[
ED̃s

{
L(f̂ns

)
}
+ ϵ1 + ϵ2

] 1
2

+ P(Cc) (47)

Since we have known the sample complexity of each terms except for P(Cc), the remaining question is
to estimate P(Cc). To this end, first recall ψ(σ(ns)

t , δ
(ns)
t , εns

, f̂ns
) = Γmin(σ

(ns)
t , δ

(ns)
t , εns

, f̂ns
)−√

2− 2Γmin(σ
(ns)
t , δ

(ns)
t , εns

, f̂ns
)− 1

2

(
1− mink∈[K]∥µ̂t(k)∥2

2

B2
2

)
− 2maxk∈[K]∥µ̂t(k)−µt(k)∥2

B2
. Notice

that (34) and dominated convergence theorem imply Rt(εns
, f̂ns

)→ 0 a.s., thus

Γmin(σ
(ns)
t , δ

(ns)
t , εns , f̂ns) =

(
σ
(ns)
t − Rt(εns

, f̂ns
)

mini pt(i)

)(
1 +

(B1

B2

)2

− Kδ
(ns)
t

B2
− 2εns

B2

)
− 1

→
(B1

B2

)2

.

Combining with the fact that 1−mink∈[K]∥µ̂t(k)∥2
2/B

2
2

2 < 1
2 can yield

Γmin(σ
(ns)
t , δ

(ns)
t , εns

, f̂ns
)−

√
2− 2Γmin(σ

(ns)
t , δ

(ns)
t , εns

, f̂ns
)− 1

2

(
1− min

k∈[K]
∥µ̂t(k)∥22 /B

2
2

)
>

1

2
,

if B1 is sufficiently close to B2. On the other hand, by Multidimensional Chebyshev’s inequality, we
yield

Pt

(∥∥∥µ̂t(k)− µt(k)
∥∥∥
2
≥ B2

8

)
≤

64
√
Ext∈C̃t(k)

Ext∈A(xt)

∥∥f(xt)− µt(k)
∥∥2
2

B2
2

√
2nt(k)

≤ 128

B2

√
nt(k)

,

which implies that ψ(σ(ns)
t , δ

(ns)
t , εns

, f̂ns
) ≥ 1

4 with probability at least 1− 128K

B2

√
mink nt(k)

when

ns is sufficiently large. Therefore, with probability at least 1 − O
(

1

mink

√
nt(k)

)
, we have Cc ⊆{

maxi̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≥ B2
2

8

}

P(Cc) = Ps

(
Cc
∣∣∣Cc ⊆ {

max
i ̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≥ B2
2

8

})
· Pt

(
Cc ⊆

{
max
i ̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≥ B2
2

8

})
+ Ps

(
Cc
∣∣∣Cc ̸⊆ {

max
i̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≥ B2
2

8

})
· Pt

(
Cc ̸⊆

{
max
i ̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≥ B2
2

8

})
≤ Ps

(
max
i̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≥ B2
2

8

∣∣∣Cc ⊆ {
max
i ̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≥ B2
2

8

})
+ Pt

(
Cc ̸⊆

{
max
i ̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≥ B2
2

8

})
≤ Ps

(
max
i̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≥ B2
2

8

)
/Pt

(
Cc ⊆

{
max
i ̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≥ B2
2

8

})
+ Pt

(
Cc ̸⊆

{
max
i ̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≥ B2
2

8

})
≤

Ps

(
maxi ̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≥ B2
2

8

)
1−O

(
1/mink

√
nt(k)

) + Pt

(
Cc ̸⊆

{
max
i̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≥ B2
2

8

})
≲ Ps

(
max
i̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≥ B2
2

8

)
+ Pt

(
Cc ̸⊆

{
max
i̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≥ B2
2

8

})
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≲ (1− σ(ns)
s ) + ns

−min{α,2ϵA}
16(α+d+1) +

1

mink
√
nt(k)

.

wherein, as for the term Ps

(
maxi ̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≥ B2
2

8

)
in the last inequality, applying Markov

inequality obtains

Ps

(
max
i ̸=j

∣∣µt(i)
⊤µt(j)

∣∣ ≥ B2
2

8

)
≲ ED̃s

[
max
i̸=j

∣∣∣µt(i)
⊤µt(j)

∣∣∣]
≲

√
ED̃s

{
L(f̂ns

)
}
+ ED̃s

{
φ(σ

(ns)
s , δ

(ns)
s , εns

, f̂ns
)
}
+Kϵ1,

where the sample complexities of both ED̃s

{
L(f̂ns

)
}

and ϵ1 on the right-hand side has been
thoroughly explored. Therefore, the final step is to investigate the sample complexity of
ED̃s

{
φ(σ

(ns)
s , δ

(ns)
s , εns

, f̂ns
)
}

. In fact,

ED̃s
{φ

(
σ(ns)
s , δ(ns)

s , ε(ns), Rs(ε, f̂ns)
)
} ≲

(
1− σ(ns)

s +Kδ(ns)
s + 2εns

)2
+

1

εns

√
ED̃s
{L(f̂ns

)}

(
3− 2σ(ns)

s +Kδ(ns)
s + 2εns

)
+

1

ε2ns

ED̃s
{L(f̂ns)}+ (1− σ(ns)

s ) +
(
ε2ns

+
1

εns

√
ED̃s
{L(f̂ns)}

) 1
2

≤
(
1− σ(ns)

s +Kδ(ns)
s + 2εns

)
+

2

εns

√
ED̃s
{L(f̂ns

)}+ 1

ε2ns

ED̃s
{L(f̂ns

)}

+ (1− σ(ns)
s +Kδ(ns)

s + 2εns

)
+
(
ε2ns

+
1

εns

√
ED̃s
{L(f̂ns)}

) 1
2

≲
(
1− σ(ns)

s

)
+ n

−min{α,ϵA,ϵds}
16(α+d+1)

s .

Substituting this conclusion back to (47) yields our conclusion, that is

ED̃s,D̃t

{
Err(Qf̂ns

)
}
≲

(
1− σ(ns)

s

)
+ ns

−min{α,ϵA,ϵds}
32(α+d+1) +

1

mink
√
nt(k)

.

G Auxiliary Lemmas

G.1 K-Lipschitz property of NN d1,d2(W,L,K, B1, B2)

Proof. To demonstrate that any function ϕ ∈ NN d1,d2(W,L,K, B1, B2) is a K-Lipschitz function,
we first define two special classes. The first class is given by

NN d1,d2(W,L,K) :=
{
ϕ(x) = ALσ

(
AL−1σ(· · ·σ

(
A0x)

)
: κ(θ) ≤ K

}
, (48)

which is equivalent to NN d1,d2
(W,L,K, B1, B2) when ignoring the condition ∥ϕ∥2 ∈ [B1, B2].

The second class is defined as

SNN d1,d2(W,L,K) := {ϕ̃(x) = ÃLσ(ÃL−1σ(· · ·σ(Ã0x̃)
)
:

L∏
l=1

∥Ãl∥∞ ≤ K}, x̃ :=

(
x
1

)
,

where Ãl ∈ RNl+1×Nl with N0 = d1 + 1.

It is clear that NN d1,d2(W,L,K, B1, B2) ⊆ NN d1,d2(W,L,K), and every element in
SNN d1,d2(W,L,K) is a K-Lipschitz function due to the 1-Lipschitz property of the ReLU ac-
tivation function. Thus, it suffices to show that

SNN d1,d2
(W,L,K) ⊆ NN d1,d2

(W,L,K) ⊆ SNN d1,d2
(W + 1, L,K)

to establish our claim.
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To begin, any function ϕ(x) = ALσ
(
AL−1σ(· · ·σ

(
A0x+ b0)

)
+ bL−1) ∈ NN d1,d2(W,L,K) can

be restructured as ϕ̃(x) = ÃLσ(ÃL−1σ(· · ·σ(Ã0x̃)
)
), where

x̃ :=

(
x
1

)
, Ã =

(
AL,0), Ãl =

(
Al bl
0 1

)
, l = 0, . . . , L− 1.

Notably, we have
∏L

l=0 ∥Ãl∥∞ = ∥AL∥∞
∏L−1

l=0 max{∥
(
Al, bl)∥∞, 1} = κ(θ) ≤ K, which im-

plies that ϕ ∈ SNN d1,d2(W + 1, L,K).

Conversely, since any ϕ̃ ∈ SNN (W,L,K) can also be parameterized as ALσ
(
AL−1σ(· · ·σ

(
A0x+

b0)
)
+ bL−1) with θ = (Ã0, (Ã1,0), . . . , (ÃL−1,0), ÃL), we can use the absolute homogeneity of

the ReLU function to rescale Ãl such that ∥ÃL∥∞ ≤ K and ∥Ãl∥∞ = 1 for l ̸= L. Consequently, we
have κ(θ) =

∏L
l=0 ∥Ãl∥∞ ≤ K, which yields ϕ̃ ∈ NN (W,L,K). This completes the proof.

G.2 Lipschitz property of ℓ

Proposition 2. ℓ is a Lipschitz function on the domain {x ∈ R2d∗
: ∥x∥2 ≤

√
2B2} × G1.

Proof. We begin by proving ∥ℓ(·, G)∥Lip < ∞ for any fixed G ∈ G1. Let x = (x1,x2) ∈ R2d∗
,

where x1,x2 ∈ Rd∗
. We first demonstrate that g(x) = ∥x1 − x2∥22 is a Lipschitz function. To this

end, let p(x) := x1 − x2, then we have:

∥p(x)− p(y)∥22 = ∥x1 − x2 − y1 + y2∥22 ≤ (∥x1 − y1∥2 + ∥x2 − y2∥2)2

= ∥x1 − y1∥22 + ∥x2 − y2∥22 + 2∥x1 − y1∥2∥x2 − y2∥2
≤ 2

(
∥x1 − y1∥22 + ∥x2 − y2∥22

)
= 2∥x− y∥22,

which implies that p(x) ∈ Lip(
√
2). Moreover, it is easy to notice that p satisfies ∥p(x)∥2 =

∥x1 − x2∥2 ≤ ∥x1∥2 + ∥x2∥2 ≤ 2∥x∥2 ≤ 2
√
2B2. on the other hand, let q(y) := ∥y∥22. We have:∥∥∥∥ ∂q∂y (p(x))

∥∥∥∥
2

= 2
∥∥p(x)∥∥

2
≤ 4
√
2B2.

Combining these facts together, we know g(x) = q(p(x)
)
= ∥x1 − x2∥22 ∈ Lip(8B2). Now, we

show that h(x) = ⟨x1x
⊤
2 − Id∗ , G⟩F is also a Lipschitz function. Define r(x) := x1x

⊤
2 . We have:

∥r(x)− r(y)∥F = ∥x1x
⊤
2 − y1y

⊤
2 ∥F = ∥x1x

⊤
2 − x1y

⊤
2 + x1y

⊤
2 − y1y

⊤
2 ∥F

= ∥x1(x2 − y2)
⊤ + (x1 − y1)y

⊤
2 ∥F ≤ ∥x1∥F ∥x2 − y2∥F + ∥x1 − y1∥F ∥y2∥F

≤ (∥x1∥2 + ∥y2∥2)∥x− y∥2 ≤ 2
√
2B2∥x− y∥2.

Additionally, define t(A) := ⟨A − Id∗ , G⟩F . It is obvious that ∥∇t(A)∥F = ∥G∥F ≤ B2
2 +
√
d∗.

Based on these, we can conclude h(x) = t(r(x)
)
∈ Lip(2

√
2B2(B

2
2 +
√
d∗)

)
. By combining

above results, we yield for any G ∈ G1, ∥ℓ(·, G)∥Lip < ∞ on the domain {x : ∥x∥2 ≤
√
2B2}.

Furthermore, for a fixed x ∈ R2d∗
such that ∥x∥2 ≤

√
2B2, we have

|ℓ(x, G1)− ℓ(x, G2)| = |⟨x, G1 −G2⟩F | ≤ ∥x∥2∥G1 −G2∥F =
√
2B2∥G1 −G2∥F ,

which implies that ℓ(x, ·) ∈ Lip(
√
2B2). Finally, we can conclude∣∣ℓ(x1, G1)− ℓ(x2, G2)

∣∣2 ≤ {∣∣ℓ(x1, G1)− ℓ(x2, G1)
∣∣+ ∣∣ℓ(x2, G1)− ℓ(x2, G2)

∣∣}2

≤
[{√

2 + 2
√
2B2(B

2
2 +
√
d∗)

}∥∥x1 − x2

∥∥
2
+
√
2B2

∥∥G1 −G2

∥∥
F

]2
≤ 2

{√
2 + 2

√
2B2(B

2
2 +
√
d∗)

}2∥∥x1 − x2

∥∥2
2
+ 4B2

2

∥∥G1 −G2

∥∥2
F

≤ C
∥∥vec(x1, G1)− vec(x2, G2)

∥∥2
2
,

where C is a constant such that C ≥ max
{
2
(√

2 + 2
√
2B2(B

2
2 +
√
d∗)

)2
, 4B2

2

}
and vec(·)

represents vectorized operator.
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