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Abstract

We study dynamic measure transport for generative modeling: specifically, flows
induced by stochastic processes that bridge a specified source and target distribu-
tion. The conditional expectation of the process’ velocity defines an ODE whose
flow map achieves the desired transport. We ask which processes produce straight-
line flows—i.e., flows whose pointwise acceleration vanishes and thus are exactly
integrable with a first-order method? We provide a concise PDE characterization
of straightness as a balance between conditional acceleration and the divergence
of a weighted covariance (Reynolds) tensor. Using this lens, we fully character-
ize affine-in-time interpolants and show that straightness occurs exactly under
deterministic endpoint couplings. We also derive necessary conditions that con-
strain flow geometry for general processes, offering broad guidance for designing
transports that are easier to integrate.

1 Introduction

Sampling from complex probability distributions is central to probabilistic inference and modern gen-
erative modeling. A recent line of work establishes dynamic measure transport as a unifying paradigm:
construct a stochastic process (Xt>t€[(),1] whose marginals interpolate from a tractable source dis-

tribution i to a target distribution i, estimate the conditional velocity vi(x) = E[X; | Xt = 2]
and generate samples by evaluating the ODE flow maps ¢; defined by 0;¢:(z) = vi(¢pe(z))
with initial condition ¢g(x) = x. This perspective underlies methods such as stochastic inter-
polants [ABVE23|, [AVE22], flow matching [LCBH™ 23| [TEM™ 24, and score-based probability flow
ODEs [SSDKT21]}, as well as rectified flows [LGL22, [Liu22, BRSR25, [HCD25]—all of which have
demonstrated strong empirical performance.

The computational efficiency of these methods hinges on the geometry of the induced flow. Generic
flows demand many velocity-oracle evaluations because numerical integration error scales with
the curvature (and higher derivatives) of ¢;. In contrast, if the flow is straight, meaning that the
acceleration of the flow map vanishes,

O dt(xz) =0 forall (z,t),

then ¢;(x) is affine in t: ¢(z) = (1 — t)z + t 1 (). Consequently, any first-order integrator is
exact; one can traverse the entire path with a single velocity evaluation. This motivates a fundamental
question:

Which stochastic processes (Xy) with Xo ~ po and X1 ~ p induce straight flows?

Prior work (e.g., [LGL22, [Liu22, BRSR25])) offers algorithmic frameworks that convert a given
non-straight flow into a straight one, but a structural characterization of when straightness is intrinsic
to the underlying process has remained open. This paper develops such a theory.
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Contributions. Our key contributions are as follows:

1. PDE criterion for straightness. We derive a new balance law, equation (2)), that characterizes
straight flows.

2. Complete analysis of linear interpolations. For processes of the form X; = (1—¢) Xo+t X1,
with X ~ o and X7 ~ pq, we show that the resulting flow is straight if and only if (X} ),
is constructed from a deterministic coupling of po and pi;.

3. Necessary conditions for the general case. We obtain geometric constraints that any straight
line-inducing (X¢);e[o,1) must satisfy.

Scope and implications. This short paper is fully theoretical and applies to a broad class of
stochastic processes. It offers a new PDE lens on flow models and their straightness. We expect this
framework to aid the principled design of stochastic processes for sampling; here we extract only a
few immediate consequences and highlight open directions for theoretical and algorithmic follow-up.

2 Main results

2.1 Preliminaries

For the standard notation used in this paper, please refer to Section[A.I] Below, we review less
typical notation used in our work. Fix a stochastic process X = (X¢);e[o,1] With sample paths

in W22([0,1]; R%). We define the conditional velocity and conditional acceleration fields, also

referred to as the ensemble velocity and ensemble acceleration, by v(z) = E [Xt | X; = x} and
ai(z) = E {Xt | X¢ = x] We define the second moment velocity tensor and the covariance or

Reynolds stress tensor as Yy(x) = E [Xt ® X | X; = x] and I () = S () — v(x) ® ve(x),

respectively. We let u; = Law(X;) be the marginal law of the process X at time ¢ and write
pq for the density of u; with respect to the Lebesgue measure, if it exists. Furthermore, given a
velocity field v == (v;);, where t € [0,1] and v; : D C R? — R, we define the induced flow
#; : R? — R? to be the solution map to the ODE 0; ¢;(x) = v;(¢¢(x)) with initial condition
do(xz) = x. We call a flow straight if it is of the form ¢;(x) = (1 — t)x + t ¢1(x), which is
equivalent to Oy ¢¢(x) = 0. We define the material derivative of v; at x € R? by D;v(z) =
Oy v¢(z) + (ve(x) - V) ve(x). Finally, for matrices A, B € R%*% we denote the Frobenius inner
productby A: B :=Tr(ATB) = Y01, 2% | A;;By;, and for a matrix field T : D € R? — R4
consisting of differentiable entries we define its divergence as the vector field V - T': D — R? with
components (V - T');(z) = Z?:l 0,T;;(x).

2.2 PDE characterization of straight-line flows.

Fix D C R compact. We are concerned with the following problem:

Problem: Given (i, 11 € P(D), characterize all stochastic processes (X¢)¢eo,1), With X; ~ p;
for i € {0, 1}, such that the flow (¢;); generated by the ensemble velocity (v;), satisfies:

Oi ¢¢(x) =0, Vte|0,1].

Before we start, we make some regularity assumptions that simplify the analysis:

Assumption 1. The marginal densities p, of Xy exist and are positive (p, > 0) on the compact set
D C RY, and vanish on D¢. Also, sample paths of X; are in W>2([0, 1]; R?) and the induced flow
maps t — ¢y(x) are in C?([0,1]; R?) for each x € D.

First, an elementary reformulation allows us to move from the flow ¢; to the ensemble velocity.
Proposition 1. For all (t,z) € [0,1] x D, one has

8tt th(x) =0 < Dt’Ut(I) =0.



Please see Appendix [A]for the proof. This result essentially constitutes a passage from the Lagrangian
to the Eulerian perspective. Rather than tracking the motion of a single particle via the flow map, the
Eulerian perspective considers the fotal change of the ensemble velocity field.

The second step is to relate the material derivative to other statistical quantities of interest, in particular
the second order tensors X; and I1;. Here, a momentum balance identity allows us to make progress.
Lemma 2. The following equation holds for all t € [0,1] and x € D C R%:

Ot (prve) + V- (pe X¢) = prag. (1)

For the proof, refer to Appendix [A] This is a fundamental identity with an elegant physical interpreta-
tion. Fix a control volume dV. From left to right in (I): the first term is the rate of change of the
momentum in dV/, the second term is the net momentum flux out of dV, and the third is the net body
force acting on dV'. Put differently, this is a manifestation of the F' = ma and p; = F; relations,
where p is momentum, a is acceleration, m is mass, and F' is force.

Finally, inserting the definition of the Reynolds tensor II; together with the continuity equation into
the above identity, we obtain yet another identity, elucidating the connection between the material
derivative and the Reynolds (i.e., covariance) tensor.

Lemma 3. The following equation holds for all (z,t) € [0,1] x D:
pt Doy +V - (peI1) = prag .
This immediately leads to a corollary and a reformulation of our problem.
Corollary 4. Forall (t,z) € [0,1] x D we have:
Dy =0 <= V- (p 1) = pray.

Problem reformulation: Given 1, 111 € P (D), characterize all stochastic processes (X).c[0,1],
with X; ~ pu,; fori € {0,1}, such that

v'(pth):ptat7 Vit e [071] (2)

2.3 Linear characteristics

In this section we demonstrate the usefulness of reformulation (2)) to obtain a complete characteriza-
tion of affine processes that give rise to straight flows. We define an affine process with marginals
o, i1 € P(R?) to be a process of the form

X,=(1-t) X +1tY,

where (X,Y) ~ ~ and + is a coupling of the measures pig and 1. Although seemingly restrictive, this
process is widespread in computational statistics and generative modelling, e.g., optimal-transport
displacement interpolation and modern flow-based generative modeling where linear sample-to-
sample paths or linear noise—data blends define the training trajectory; see [McC97, [LCBH™ 23|
Liu22| ABVE23].

The main result of this section is that the flow generated by the ensemble velocity of an affine process
can be of straight-line type if and only if the coupling v between the endpoints is deterministic, i.e.,
iff there is some measurable map 7" : R? — R? such that 7'(X) = Y almost surely, or equivalently
v = (id x T)pg, where id x T : D — R4 x R acts as z +— (z,T(z)).

The key input, here, is that an affine process has vanishing ensemble acceleration a,(z) = E[X; |
X; = z] = 0 since, of course, it has no acceleration at the “particle” level, X; = 0. Thus, our straight
line flow characterization given by equation (2) becomes

V- (pt Ht) =0.
Theorem 5. Under the additional assumptions that E || X;||? < oo and E ||T1;(X})]|? < oo for all
t € [0,1], it holds that V - (p,I1;) = 0 if and only if there exists a measurable map T : D — D
satisfying Typo = pu1 such that (id x T'), pio = vy, where id : R?% — RY is the identity map.

Please find the proof in Appendix [A] This result characterizes all affine processes inducing straight
flows as those with deterministically coupled endpoints.



2.4 Geometric constraints on arbitrary processes.

In this section, we fix some process (X );c[o,1] satisfying (2) and derive some necessary conditions
constraining the geometry of the sample paths of X. Namely, by repeating the argument of Theorem/3]
we obtain:

Theorem 6. Under the assumptions E || X,||* < oo, E [|I1(X)||? < oo, and E ||la;(Xy)||* < oo,
any process X satisfying 2)) satisfies —E [Tr Ht(Xt)} =E {Xt . Xf:|

This result links the expected (rescaled) radial acceleration with the integral of the trace of the
covariance tensor. Since this trace, however, consists of non-negative quantities, and combining with

the identity 9y, || X[ = 2 X, - X; + 2 || X;||*> we obtain:

Corollary 7. Any process satisfying the integrability assumptions of Theorem [6] together with
equation (2) satisfies the identities:

(1) E|x-X| <o,

(@) E[ou1X?) < 2E 1% ,

Though perhaps opaque at first glance, we believe these identities can provide meaningful insight
into the structure of non-trivial solutions to the PDE (2).

3 Discussion

We have developed a novel PDE characterization of straight-line flows generated by the ensemble
velocity of a stochastic process indexed on the unit time interval, with given marginals po and p;.
Our main insight is a characterization of straight line flows in terms of a balance law that links
the conditional variance tensor, i.e., the Reynolds tensor, to the ensemble acceleration field. Using
this characterization, we (i) showed that affine processes yielding straight-line flows must have
deterministically coupled endpoints; and (ii) derived necessary conditions constraining the geometry
of arbitrary processes that induce straight flows.

Limitations. Our analysis is fully theoretical and operates under regularity assumptions, both on
the marginals of the process X, e.g., absolute continuity and positivity of the density, as well on the
sample paths of X, e.g., that they are at least in W22, to make sense of the velocity and acceleration
fields. While applicable to many modern flow-based models, this rules out other important processes,
such as diffusions.

Open directions.

* Non-trivial solutions to (2)). Construct processes with non-trivial acceleration fields a; # 0
that satisfy (Z). Such processes might give rise to novel sampling dynamics, given the
empirical effectiveness of other processes inducing straight line flows.

* Full characterization of straightness. Derive necessary and sufficient conditions on the
process X under which the PDE (@) holds. Of particular interest is the case of X; =
F(t, Xo, X1) for a sufficiently regular F' : [0,1] x R x R* — R? and a random vector
(Xo0,X1) ~ po ® p1. This is precisely the setting of stochastic interpolants [AVE22]
ABVE23|| and readily leads to algorithmic insights.

* Process classes. Extend the characterization to SDEs (drift—diffusion pairs), non-Markovian
processes, or manifold-constrained processes.

Outlook. We view the balance law V- (pII;) = p.a; and its consequences as a compact organizing
principle for geometry-aware transport design. While we extract only a few implications here, we
expect this perspective to guide principled constructions of stochastic processes for sampling, and to
catalyze empirical investigations into when—and how—straightness can be achieved in practice.
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A Proofs

A.1 Notation

Let (Q, F,P) be an abstract probability space. Random variables are measurable functions X :
Q — R% ' and the expectation E[X] is defined as the integral fQ X dP. For random variables
X,Y : Q — R? the conditional expectation E [X | Y] is defined at the conditional expectation
E[X | 0(Y)] where o(Y) is the o-algebra generated by Y and for y € R the conditional expectation
E[X | Y =y is the integral [, X dP, and P, is the disintegration [Bog07, Section 10.6] of P on
the level sets of Y. Finally, given another measurable space (€2, ') we denote the set of measures
on €' by P(€) and the subset of absolutely continuous measures by P, ().

Let C*([0, 1]; R9) be the space of component-wise k-times continuously differentiable functions from
[0, 1] to R? and W*([0,1] — R?) to be the space of component-wise k-times weakly differentiable
functions [0, 1] — R? with weak derivatives in L?([0, 1]). An R¢-valued stochastic process is a
collection { X };¢; indexed by some set I, where X : Q2 — R? is measurable. In this paper, we take
I'=[0,1] and write X := (X); == (X¢)¢e[o,1)- A sample path of a stochastic process is the function
t — X;(w) for a fixed realization w € ). We note that a stochastic process with sample paths in
WkP .= Wkr([0,1]; R?) can equivalently be viewed as a random variable X : Q2 — WP and its
law is thus in P(WFP).

A.2 Proofs
Proposition 1. The following are equivalent:

1. Forall (t,z) € [0,1] x D, one has

d2

'In this paper, subsets of R? are always equipped with the Borel o-algebra.




2. Forall (t,z) € [0,1] x D, one has
o) =1 —-t)x+toi(z),
and (¢1)g po = i1
3. Forall (t,z) € [0,1] x D, one has

Dt’l)t(fE) =0.

Proof. Ttis clear that (2) = (1) Let us show that (1) = (2). We have

d2
ph@ =0 = JeeRY : 9ygu(x) =,

so using the boundary condition ¢ (z) = = we get
pe(x) =x +tc.

This further implies
¢ = ¢1 (IE) — &,

and doing some algebra we get
d(x) =1 —-t)z+to1(x).

The fact that (¢1)g o = 1 follows from the boundary condition ¢4 (Xo) ~ 1.
Finally, let us show that (1) <= (3). By definition we have

Ordi() = ve(de()),

and, therefore,

d2
Ez;S,g(:v) = O0yvi (¢ ())
= Opur(de(2)) + (ve(z) - V) ve(¢(2))

= Dy, (0 () Ve(D2(2)) -

Here, we note that by Assumption [I]the map ¢ : D — D is surjective. Indeed, since the domain
of ¢ is compact and ¢, is continuous, the image ¢ (D) is compact and hence closed. Now assume
there is x € D° N ¢(D)¢, where D° is the topological interior of ¢;. As a finite intersection of open
sets, this set is open; hence there is an open neighborhood z € U C D° with U N ¢(D)¢ = . But
this means that U N suppp; = 0, since p; = (¢¢)4 po, contradicting the assumed positivity of p, in D.
Thus, we have shown that ¢; : D — D° is surjective and since ¢, is continuous we can extend it
uniquely to D, hence, w.l.0.g. we have that ¢, : D — D is surjective. Thus, we can conclude that

d2

D =0 <
tvt(x) <~ dt2

oe(x) =0.

Lemma 2. The following equation holds for all t € [0,1] and x € D C R%:

O(prve) + V- (pe X¢) = prag.



Proof. For a vector valued test function ® € C2°(D;R?), we have
[ 0@ aulpr(a) v de = 00 [ 0(a) - (o) () d
_ 9, / () - vo(x) dps ()
0 [(I)(Xt) E {Xt | Xt} }
= 9, [(I)(Xt) : Xt]
-E [@(Xt) Xt} +E [ (V@(Xt)Xt) -Xt}

—E[®(X,) a(X;)] +E [w)(xt) L X, @)'Q]
=E[Q(Xy) - ar(Xy) | + E[VO(Xy) : Xy (Xy)]

:/<I>(a:) (po(2) as() dm+/V<I> (2) i) do
=/¢mwmmquM—/¢mwvnmm&mﬂm

where we have only used definitions and the integration by parts formula. Since the above holds for
all ® € C°(D;R?), we can conclude that

Or(prve) + V- (pe X¢) = prag,
concluding the proof. O
Lemma 3. The following equation holds for all (z,t) € [0,1] x
Pt Dt’Ut + V- ( 1I ) =

Pt at .

Proof. By the definition of the Reynolds stress tensor we have
Zt(iE) =V QU + Ht(Xt) .

Now write 7r( 2 € R for the i-th row of II; and vé, ai € R x R for the i-th components of v; and ay,
respectively. Plugging the above display into (2) and looking at the i-th component of the resulting
vector we obtain

Oy (ptvz) +V- (ptv,fvt) +V- (pfﬂ'f )) =piai.
Now expanding the differential operators we have
Vi Oupr+ p O} + 0V - (prvr) + proe Vi + V- (o) = pral.
and rearranging
vt (3tpt + V- (pe Ut)) + pi (5t7f§ + ot VU%) +V () = praj.
Using the continuity equation (/) the first parenthesis vanishes and vectorizing the equation we obtain
pt (Owvr + v - Vo) + V- (pe 1) = pray .
Finally, using the definition of the material derivative we conclude. O
Theorem 4. Under the additional assumptions that
E||X:||* < coand
E [T (X4)|* < oo,
forallt € [0,1] one has

V- (p:11;) =0,
if and only if there exists a measurable map T : R? — R? satisfying Typo = py such that
(ld X T)ﬁ Mo =7

where id : R? — R4 is the identity map.



Proof. For D° C RY, fix R > 0 and take a cut-off function nz € C°(D) such that supp(ng) C
Bsr(0) and supp(1 — nr) C Br(0)¢. Now consider the test function ®z(x) € C°(D;R?) given
by ®r(x) = nr(x) z and compute

[ ®rta@) (V- (1) dx =
— /V@R(Qz) (o IL) dox =
- /V@R(x) e (2) dpi(x) =

- / I : T (x) dpe () +/ VOr(z) : Hi(x) dpe(x) =
Br(0)

Br(0)©

f/ TrIL(z) dp () +/ VOp(z): Hi(z) dp(x) =
Br(0) Br(0)°

Taking the limit R — oo and using Lemma 5 together with dominated convergence we obtain

/ TrIL(z) dpe(z) =0
Rd

which is equivalent to

d
Z/RdVaI(XZ\Xt:x) dp(z) =0.
i=1

Now since Var(X}|X, = ) > 0 we have that
Var (XZ | X, = x) = 0 for p;-almost every z € R?.

Thus, there is a Borel measurable function G : R — R? such that for all ¢ € [0, 1]
X; = G(X;) almost surely.

Taking ¢t = 0 this reads Y = X + G(X) almost surely, thus after setting T’ = id + G we have
Y = T(X) almost surely.

This concludes the proof of the “only if” part of the theorem. For the “if”” part, notice that under the
assumptions of the theorem we have Y = T'(X') almost surely and hence

Xe=(1-t)X+tT(X)
implying that Var(X,|X, = x) = 0 for p;-almost every = € R%. This finishes the proof. O
Lemma 5. Assume that
E || X;||* < ocoand
E [T (X¢)[|* < o0,

forallt € [0,1]. Then, forallt,x € [0,1] x R? there is a collection of random variables Y; : Q — R
such that
Yie L,

and
V(I)R(Xt) : Ht(Xt) <Y,

uniformly in R > 0.

Proof. Start by noticing that the cut-off function nr can be chosen such that

| nr[[wie <C



for some constant C' > 0 independent of R and so for all z € R?
[VOr(@)| S [l -
Thus, for any € RY we can write

V(@) i (x)| < > Vor(@)| |17 @)
< el o] 17 @) |
el + (X |)

.. 2
S llall? + Y [ (@)
ij

where in the third line we used the Cauchy-Schwartz inequality and in the third line we used Jensen’s
inequality, suppressing constants depending on the dimension d. Now we can set

.. 2
Y= X2+ 0 | (x)

ij

which is clearly in L! by the assumptions in the statement of the lemma. O

Theorem 6. Under the assumptions
E || X:]|* < coand,
E [T (X¢)[|* < o0,
E HCLt(Xt)HQ < 0.
any process X satisfying (2) satisfies

—E[Trnt(xt)} _E [Xt-Xt] (A1)

Proof. The proof follows exactly the same steps as the proof of Theorem [5] with the additional
application of the Lebesgue dominated convergence theorem in the quantity

E|na(Xe) - a(Xe)] = E[nr(X) - X
which is justified since by the Cauchy-Schwartz inequality we have
2
[E[nr(X0) - a(X0)]| < E[lax) 1P B[I1X0012] < oo,
using a Cauchy-Schwartz inequality and |ng(X;)| < | X¢| by the definition of ng. O

Lemma 7 (Continuity Equation). We have the identity
Oepr+V-(prve) =0
forallt €10,1].

Proof. For D° C RY, fix a test function ¢ € C°(D) and compute
| e@an@dr=o [ o in)
= 0, E[p(X3)]
—E [ch(Xt) : Xt}
= E[Vip(X,) - 0u(X0)]

= | Vo(z) - v(z)dp(z)
Rd

- —/ o(x) V - (pe(z) vi(w)) da
]Rd

10



where we used integration by parts, the fact that ¢ has compact support as well as properties of the
conditional expectation. Since the above holds for all ¢ € C2°(R?) we get the desired result. O
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