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Abstract

The ability to reason lies at the core of artificial intelligence (Al), and challenging
problems usually call for deeper and longer reasoning to tackle. A crucial question
about Al reasoning is whether models can extrapolate learned reasoning patterns
to solve harder tasks that require longer chain-of-thoughts (CoT). In this work,
we present a theoretical analysis of transformers trained via gradient descent on
synthetic data for various state tracking tasks, revealing how length-generalizable
reasoning can emerge. Specifically, we prove that: (i) for tasks with simple
algebraic structure such as cyclic-group composition, transformers trained on short,
constant-length chains learn a solution pattern that extrapolates to much longer
chains; and (ii) for more complex tasks such as symmetric-group composition,
a recursive self-training curriculum bootstraps longer reasoning and generalizes
well beyond the training horizon, up to the natural limit of our setting. Our
results demonstrate that transformers can learn sequential reasoning skills that
scale with problem complexity. Moreover, we provide the first optimization-
based guarantee demonstrating that constant-depth transformers can learn the state
tracking problems in NC*, which exceeds the prior barrier limited to TC®, unless
the famous conjecture TC? £ NC! is false.

1 Introduction

Reasoning is central to artificial intelligence [1, 2, 3, 4, 5, 6]. Transformer-based [7] large language
models (LLMs) achieve state-of-the-art results on complex reasoning tasks via chain-of-thought
(CoT) reasoning [8, 9, 10, 11, 12, 13, 14, 15], where the model generates intermediate steps before
producing a final answer. Recent frontier models such as OpenAl ol [16] and DeepSeek R1 [17]
typically produce longer CoT traces at inference time, often induced by reinforcement learning and
by supervised fine-tuning (SFT) that distills from longer chains [18, 19]. These advances correlate
with improved performance on harder problems [20, 21, 22, 23, 24], but the mechanisms and limits
underlying these behaviors remain poorly understood, posing fundamental theoretical challenges.

Theoretical studies on transformers with CoT have advanced along two fronts: expressiveness [25,
26, 27, 28, 29] and statistical learnability [30, 31, 32, 33, 34, 35, 36]. Seminal works (e.g., [26, 27])
show that transformers with CoT can express far more powerful circuits: [26] proves that constant-
depth transformers without CoT behave as highly parallel devices limited to AC®, a proper subset of
TC% where “parallel” means the computation proceeds in a fixed number of synchronized layers that
aggregate many inputs per layer so no dependency chain can grow with input length; by contrast,
with poly(L) CoT steps for input length L they can simulate polynomial-size circuits, i.e., problems
whose solutions advance stage by stage so that the number of essential serial updates scales with L
and cannot be compressed into O(1) layers. These results establish that CoT allows transformers to
transcend purely parallel computation and tackle problems requiring inherently sequential reasoning.
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In contrast, there is limited understanding of how transformers actually acquire such reasoning
abilities via training. Prior optimization-based analyses [37, 38, 39, 40] have largely focused on
simple tasks (e.g., parity) that are fully parallelizable and do not require sequential steps. However,
inherently sequential problems beyond TCY remain largely unexplored, even though they include
many common reasoning tasks in practice (e.g., playing chess). As implied by the expressive power
argument, solving such problems with a constant-depth transformer requires CoT. This leaves a gap
between what transformers can express in principle and what they can learn through training.

Another key question, prompted by the success of longer CoT traces, is whether language models
can extrapolate their reasoning beyond the CoT lengths of the training data, known as length
generalization. Longer CoT by itself is not a virtue; it helps on longer and harder instances only
when the learned solution composes reliably rather than merely extending the chain [41]. Empirical
evidence on the length generalization of transformers on reasoning tasks is mixed [42, 43, 44, 45, 46,
47, 48], with several studies reporting limited extrapolation despite strong in-distribution performance.
Architectural choices, including positional encoding and training context size, can materially affect
generalization [49, 50, 51, 52, 53, 54, 55]. On the theoretical front, prior work largely provides
existence or statistical guarantees, showing that transformers can, in principle, represent length-
generalizing algorithms or enjoy favorable sample complexity independent of the length of the
CoT [56, 57, 58, 59, 60], but it remains unclear whether transformers can provably learn such reliable
length generalization via optimization.

Given these gaps from the optimization perspective, we ask the following two questions:

Research Questions

1. Can transformers learn CoT reasoning via gradient descent (GD), to solve problems
requiring inherently sequential reasoning beyond TC%?

2. Can the learned reasoning ability generalize to problems that require longer CoTs than
the lengths of training data?

To address these questions theoretically, we analyze a minimally viable transformer: a one-layer
transformer block with softmax attention and a feed-forward network (FFN), trained end-to-end by
GD under no positional encoding (NoPE). We study this model on synthetic state-tracking tasks,
LEGO [42, 61], which distill core LLM skills such as entity tracking, game-state updates, and code
evaluation [62]. This setup is tractable for analysis yet retains the mechanisms needed for step-by-step
computation via CoT. We analyze the training dynamics with CoT on two LEGO task families: a
simple class in TC? and a more challenging class in NC'. By tracking attention patterns throughout
training, we show how reasoning capabilities emerge and how length generalization is enabled by the
structural properties of these tasks. Our main theoretical contributions are as follows:

1. Strong length generalization on a simple LEGO task in TC’. We prove that for a class of sim-
ple LEGO state-tracking tasks in TCY a one-layer NoPE transformer with CoT, trained by GD
on constant-length tasks, directly generalizes to tasks with significantly longer reasoning chains
of length d°” (where d is the input dimension and constant 0 < ¢* < 1). By tracking attention
patterns during training, we identify an attention concentration mechanism at convergence and
show how it enables length generalization.

2. Recursive self-training extends solvable length for NC' tasks. For a class of challenging
LEGO state-tracking tasks in N c, length generalization may saturate due to insufficient attention
concentration compared with the TCY case. We introduce a self-training curriculum that
recursively trains the model on its own CoT traces for slightly longer, constant-factor extensions,
motivated by the empirical observations in [51]. We show that this scheme provably bootstraps
the solvable length up to d over rounds of self-training, thereby providing a theoretical account
of self-improvement.

3. Constant-depth transformers learn inherently sequential problems beyond TC° via CoT.
Our self-training scheme further establishes that the model can learn to solve tasks in NCl; in our
case the task class is NC!-complete, which lies outside TC” unless the widely held conjecture
TC® £ NC! fails. Therefore, we provide the first optimization guarantee that a one-layer
transformer with CoT learns to solve reasoning tasks beyond TC°, matching the expressivity
result of [26] with a trained (rather than hand-crafted) model.



1.1 Overview of Main Results

We begin with an informal description of the reasoning task, commonly known as the state-tracking
problem. Given a group G acting on a state space ), the goal is to find the final state obtained by
applying a sequence of group actions to an initial state. For example, let G be the cyclic group C,,,
acting on Z,, = {0,1,...,n — 1} by rotations (i.e., addition modulo n). The problem is: given
an initial state (e.g., 0) and a sequence of rotations (e.g., “rotate by 2”, “rotate by 3”), predict the
final state (e.g., 5 mod n). This task naturally lends itself to CoT reasoning, in which intermediate
steps explicitly track how the state evolves under successive actions. Our first main result shows that
transformers can learn to solve such problems via CoT:

Theorem 1.1 (Learning CoT, informal). One-layer transformers trained via GD can provably learn to
solve the state tracking problems involving cyclic and symmetric group actions using CoT reasoning.

Simply transitive vs. symmetric. A simply transitive action is free and transitive: there is exactly
one move sending any state to another one. The canonical example is the rotation action of C,, on Z,,.
In this regime, state tracking reduces to modular increments with a global commutative coordinate,
enabling parallelprefix aggregation and placing the task within TC for our instances. By contrast, in
the symmetric case we consider the natural action of S,, on Z,, by permutations, where many group
elements send a given i to j. Actions in S,, compose noncommutatively, depriving us of scanstyle
shortcuts and making the problem inherently sequential; we situate this state tracking in NC! [61].

Moving on to length generalization guarantees, we show that transformers length-generalize to much
longer CoT on simple tasks. When direct length generalization falls short, a recursive bootstrapping
scheme enables further extension. We now present an informal version of the results.

Theorem 1.2 (Length generalization, informal). The algebraic structure dictates how far length
generalization goes:

* Simply transitive actions. Training on constant length already yields generalization to sequences
of length A" (here d is the input dimension and 0 < ¢* < 1).

* Symmetric actions. Naive training only generalizes to a constant factor of the training length.
However, solvable length up to d can be achieved via recursive self-training, where the model
learns from its own CoT outputs.

Optimization perspective on CoT. From an optimization view, recent theoretical progress shows
that transformers can provably learn parity with CoT [37, 38, 40], but parity lies in TC°. Moreover,
[39] proves that a one-layer transformer learns to perform multi-step gradient descent for linear
regression with CoT, which also remains in TC" because the objective size does not scale with the
number of steps. Our result is significant from two aspects: (i) State tracking with symmetric actions
lies in NC*, so our optimization results provide the first provable guarantees for CoT beyond TC’
and bridge expressiveness and optimization by matching the linear-length CoT expressiveness of
[26] with end-to-end training guarantees. (ii) None of previous optimization results provide provable
guarantees for length extrapolation even for simple tasks in TCP, whereas we characterize when and
how length generalization occurs.

Towards understanding length extrapolation of reasoning. Our work complements recent ad-
vances on length generalization in transformers. Prior studies [56, 57, 58, 59, 60] primarily establish
statistical guarantees and non—gradient-based learnability. Notably, [59] identifies conditions under
which specialized positional encodings and sparse contextual dependencies enable length extrapola-
tion, provided the model fits the source length. [60] analyzes time-invariant autoregressive models (a
fixed next-token generator) and shows that sample complexity can be independent of the CoT length:
perfect one-step learning implies learnability for longer chains. We instantiate a concrete setting
that mirrors these insights and, crucially, show that GD on a one-layer NoPE transformer actually
finds such solutions. The learned model provably generalizes from fixed-length CoT to sequences
that are significantly longer than the training horizon, thereby bridging statistical learnability with
optimization dynamics. We further demonstrate that this length generalization can bootstrap longer
CoT data for self-training, effectively extending the model’s reasoning length beyond the annotated
training corpus.

Significance of our techniques. Our proof techniques draw inspiration from recent advances in
understanding the dynamics of feature learning in neural networks [63, 64, 65, 66, 67, 68, 69, 70],



which highlight how gradient-based training gives rise to useful internal patterns and representations.
We build on these ideas to analyze how transformers gradually acquire length-generalizable reasoning
ability through CoT training.

2 LEGO Language and State Tracking

We now introduce the background of the LEGO (Learning Group and Equality Operations) task [42],
which was originally proposed as a synthetic task to study the reasoning behavior of transformers
empirically. A typical LEGO instance in [42] has the form

b=+a c¢c=-Db ..., t=-35s8 a-=-1,
Here, a, b, ¢, ... are variables, each taking a value in {—1,+1} in this example. Short
expressions such asb = + a are clauses, where = + and = - denote actions: the action is applied to

the right-hand-side variable’s value to obtain the left-hand-side variable’s value. For instance, from b
= + aanda = -1,itfollows thatb = -1. Formally, the LEGO language is defined as follows:

Definition 2.1 (LEGO language [42]). Let X', G, ) be finite sets of variables, actions, and values,
respectively, where each g € Gisamap g : Y — ). The formal language LEGO(X, G, ) has
alphabet X UG U Y U {=, (,)} and consists of two types of expressions (called clauses):

(1) Predicate clause x = g(«’) specifies an action g € G linking variables z, z’ € X.
(2) Answer clause x = y assigns a value y € ) to a variable x € X.

A canonical LEGO sentence of length L with answer up to L’ concatenates predicate clauses
Zpn = gn(xn—1) for n € [L] and answer clauses x,, = y,, forn € [L'] with L’ < L:

21 =g1(x0) ---... 2 =9.(Tn-1) To=Yo ------ Tr =YL, (1)

predicates answers

which describes the chain of transitions:

g g g g/ 9L . .
ro 2w T ag 2 x5 xp, starting with 29 = yo.
with answers y1, .. ., Yy upto L’
For semantic validity, any sentence containing a path z,, = ¢, (Tn—1),- -+, Tn—k+1 = gn—k+1(Tn—k)

for k € [n] must satisfy: ¥, = ¢, 09n-1° -0 gn—tt1(Yn—&)-

Connection to the state tracking problem. LEGO instantiates a fundamental algorithmic reasoning
task often termed state tracking [61, 71, 72]: given an initial state and a sequence of transformations,
compute the resulting state. Equivalently, this can be viewed as evaluating a semiautomaton [43]
or solving a word problem [61]. Beyond this formalization, state tracking is central to practical
LLM abilities such as narrative entity tracking, chess move analysis, and code evaluation [62].
Consequently, it has become a standard synthetic testbed for probing the reasoning abilities of
language models, both theoretically [42, 61, 71] and empirically [42, 72, 43]. In LEGO, predicate
clauses encode transformations, while answer clauses encode observed states, which reduces state
tracking to predicting the next answer consistent with the composed actions.

3 Theoretical Setup

As introduced in Section 2, we adapt the LEGO framework to probe the reasoning capabilities of
transformer models. Define the vocabulary as V := X UGUYU{(blank)}. The blank token (blank)
is a null symbol indicating the absence of other tokens. Let d := || denote the (finite) vocabulary
size. For theoretical purposes, we analyze an asymptotic regime where d — oo; | X, |G|, and ||
may depend on d, and we will specify any required scaling assumptions as needed.

Assumption 3.1 (Asymptotic regime). For a language LEGO(X, G, )) defined in Definition 2.1,
we consider an asymptotic regime where both the vocabulary size d and the number of variables |X|

tend to infinity. We assume |G| < log® d for some constant C; € [1,100), ensuring that ) and G
remain significantly smaller than X'.



3.1 LEGO Tokenization and Distribution

We begin by specifying how LEGO clauses are tokenized, and then define the LEGO distribution.
Definition 3.1 (LEGO encoding). For any LEGO clause, we encode it as a fixed-length 5-token tuple
Z € V5. Specifically:

* For a predicate © = g(2'), set Zpred = (2, g, 2', (blank), (blank)) € V°;

» For an answer x = ¥, set Z,ns = ((blank), (blank), (blank), z, y) € V°.

By Definition 3.1, we can encode a LEGO sentence of the form (1) into a sequence Z L.L',
ZL’L = (Zpred,h ey Zpred,L7 Zans,Oa ceey Zans,L’)a (2)

where Zreq.1 and Z,ns 1 are the corresponding predicate and answer clauses. We denote LY =
{(pred, £)}se(r) U {(ans, ) }scr as the index set for the clauses in ZLL I L = L/, we simply
write the sequence as Z and index set as Z.

To feed LEGO tokens into the network, we first map each symbol to an integer index (tokenization)

and then map indices to continuous vectors via a learned table (embedding). The following definitions
formalize these two steps and fix notation used throughout the analysis.

Definition 3.2 (Tokenization and token embedding). Each token v € V is assigned a unique index
7(v) € {0,...,d — 1}. Let ¢; € R¢ denote the embedding vector associated with index 7, and write
€y = er(y) for convenience. We embed the blank token as the zero vector, e, ((piank)) = 0a € R?. For

technical simplicity, we assume that { e, : v € V'\ {(blank)} } forms an orthonormal set in R (this
assumption can be relaxed to a well-conditioned embedding matrix without affecting our results).

With Definition 3.2, we can transform the LEGO sequence encoding into vector embeddings that can
be used as inputs to any neural network models.

Definition 3.3 (Embedding of LEGO sentences). Let d. := 5d be the clause embedding dimension,
we define an operation Embed : V> — R% that maps a clause to embedding by

Z = Embed(Z) £ (€4, €0y, - -5 €0y) € R%, forclause Z = (v1,va,...,v5) € V.
Specifically, a LEGO sentence Z%L" defined in (2) is embedded as
ZEY = (Zigvedns - -+ Zopred 1y Zoans.0» - - - Dians, 1) € RIXTALHD)
where each column Zyreq ¢(resp.Zans ¢) € R? is the embedding of clause Zored,0(1€SD.Zans 1)

With the token embedding defined, we now turn to the LEGO distribution.

Assumption 3.2 (LEGO distribution DX, DL-L)., Given LEGO(X, G, ) following Definition 2.1,
letting L be the sequence length, we assume distribution D of length-L LEGO sentences satisfy the
following properties.

1. AIlLEGO sentences Z% ~ D" are of the form (1) with L’ = L and are encoded by Definition 3.1
into the representation (2).

2. The variables g, x1, ...,z € & are sampled uniformly at random from X without replacement.
3. The first value yo € Y is chosen uniformly at random from ).

4. The actions g1, g2, . - ., g, € G are sampled uniformly at random from G with replacement.

5. The intermediate values y1, yo, . . . , y1, are computed recursively by y; = g;(yi—1)-

For any L' < L, we define the truncated distribution DXL of sequences Z=~" that contains all the

predicates and the first L’ + 1 many answer clauses. Z L.L" i5 obtained by first sampling Z* ~ DF
and then remove the answer clauses Zans ¢, V¢ > L.

One can easily see that the sequences sampled from D or D L represents valid LEGO sentences
per Definition 2.1. With a slight abuse of notation, we write Z/% ~ DXL to indicate that Z™-*" is
the embedding of a sentence Z L,L sampled from DLL,



3.2 Transformer Architecture

We first introduce a smoothed activation function that will be used in our network.
Definition 3.4 (Smooth ReLLU). We use a continuously differentiable variant of ReLU [73, 67]:

0
g X S —0,
q
m‘l
sReLU(z) := = z € (0,0l

x—g(l—%), T >,
where ¢ = O(1) is a large even integer and o = ©(1/polylog(d)).

Transformer layers. We use an autoregressive transformer whose block [7] consists of a softmax
attention layer followed by a position-wise feed-forward network (FFN). Given LEGO sentence

embeddings Z™*" and indices j, k € I, the attention from clause Z; to clause Zy, is

exp(Z QZg)
ETEIL«L' eXp(Z;-rQ Z,) -

Since the model is autoregressive, a standard causal mask is applied so that the final (answer) token
attends only to preceding tokens. The attention output is

Attention(Q, ZL7L/) = ZkEIL-L/ Attnans,L’ﬁk(Qa ZL’L/) L.

In the standard formulation, the score takes the form ZJTWQTWK Z1. Here, we fold WRT WK

into a single bilinear parameter Q so that the score is ZJT QZy; this is an equivalent reparameterization
that simplifies analysis without changing expressivity [69, 70, 74]. The FFN with parameter W &
RO*dxmxde i defined by

Attnjﬁk(Q, ZL’L/) =

FFN, ;(W,X) = 3 sReLU((Wi’j,NX)—&—bi,j’,«), Vie[s), € ld],

re[m]

where W, ;. € R% are neuron weights, m is the number of neurons and b; ;- is some fixed bias.

Definition 3.5 (Transformer language model). We assume that our learner neural network F' is a one-
layer decoder transformer block composed of an attention layer with NoPE (No Positional Encoding)
and an FFN layer: F' = MLP o Attention, with parameter W € R?X4xXm>d and Q ¢ Rexde,
Formally, for the ¢-th token position and the j-th vocabulary index,

[Fi(ZL’L’)} = FFN; (W,Attention(Q, szL’)) eR, Viel[s),jeld. 3)
J
We interpret F/(Z*) as five logit vectors {F;(Z*)}?_, C RY, each parameterizing the distribution
of the i-th token of the next clause. Let V be the vocabulary with |V| = d and 7 : V — [d] the
index map. Given an encoded LEGO sequence Z* = (Zy, ..., Z,) with embedding Z*, the model’s
predictive distribution for the i-th token of the (¢ 4 1)-th clause is the following softmax:

el Fi(Z9)]r ()
pFi(ZZ+1,z‘:U|Z1,~~;Zl) :W; Yo € V. “4)
Jj€

Now we can sample the next clause Z,1; by sampling from the product distribution Z,;; =
(Zis17s -+ Zos1,5) ~ Q,_1 PF, := Pr, in an autoregressive manner.

3.3 LEGO Task via CoT Reasoning and Training Objective

With the distribution and network in place, we now formalize the task within the LEGO framework
via CoT reasoning. We view solving a length-L LEGO problem as generating a sequence of CoT
steps that produce an intermediate answer for predicting y = y, at each step ¢, before arriving at the
final solution x;, = yr.. Specifically, we define the following reasoning task.



Algorithm 1: Curriculum training for simply transitive actions

Input: Model F(°) with parameters (W), Q(?)); Learning rate 7; Stage snapshots 77, Ts.

Stage 1: Learning one-step reasoning (7') ;
fort =1to T} do // Update the FFN parameter W
WO « Wt _ 5¥yloss' (FE-1)

Q(t) = Q(t_l);

Stage 2: Learning two-step reasoning for length extension (772) ;
fort =17 + 1to 75 do // Update the attention parameter Q

QY + QY —nVq 37, Lossz ! (F(t-1)
W(t) = W(t_l);

Output: Model F(T1+72),

Definition 3.6 (Reasoning tasks 7). We define a family {77} <+ that captures the ability to
solve sequential reasoning problems. For each L > 1, task 7~ measures the model’s accuracy along
the chain from step 1 to step L:

1 ~
ACCL (F) = f Z ]EZLNDL [Eéans,L’JrleF(“ZL'Ll) [H{Zans,L’-&-l = Zans,L/—i-l} H ) (5)
0<L’'<L

where pp is induced by the model F from (4). Clearly, Accy, (F) € [0,1]. We say T~ is solved if
Accr(F) ~ 1. As L grows, {T1} e+ poses increasingly difficult state tracking challenges.

At step L/, the model conditions on the partial transcript Z L and predicts the next answer Zans 1,/41-
To enforce the model to generate the CoT trace step by step, we define the following training objective.

Definition 3.7 (Next clause loss). The training objective for 7~ with L > 1 is the next clause loss

Loss™ (F) & Z LossL’L,(F), (62)
1<L/<L
where Loss™ (F) £ By pro [ —1ogpr(Zans, | ZL’L/_l)]. (6b)

We also define the per token loss Lossf’L,(F) AR, pro | logpr (Zanssri | Z2F ).
This objective is a teacher forcing style CoT training: at each step, the model is given the ground
truth answers so far and is guided to match the next answer [75, 37]. We further adopt the following
initialization for training.

Assumption 3.3 (Initialization). Let F' be the transformer network in Definition 3.5 with parameters
W, Q. The attention parameter is zero-initialized: Q(®) = 04, xa.- The FEN weights are initialized

independently as w N (0, 631,) with o = d~'/2. The biases are not trained and fixed at

4,91
bi jr = 0o logd for all 7, j,r, chosen to keep most sReLU units active at initialization. All random
draws are independent across indices.

4 Main Results

In this section, we present our main results on the length-generalizable learning process of CoT
reasoning on different LEGO problems.

4.1 Learning CoT on Simply Transitive Actions

We start with the simple case where the group action G on Y is simply transitive, which is isomorphic
to the action of the cyclic group C,, on Z,,. This simple state tracking problem is in TC°.
Assumption 4.1 (Simply transitive group action). We assume that G acts simply transitively on ),

i.e., for any y1,y2 € Y, there exists a unique g € G such that g - y; = yo. Without loss of generality,
we assume Y = {0,1,...,n, — 1} where n, € [Q(loglogd), logd].



Our first main result demonstrates that, for such a simple task the model obtained via Algorithm 1 for
short-chain tasks 7 and 72, successfully generalizes to significantly longer tasks.

Theorem 4.1. Under Assumptions 3.1, 3.2, A.2, A.1, and 4.1, for some constant 0 < c* < 1, the

transformer model FTs+12) obtained by Algorithm | with learning rate n = m, and stage 1 and
2 iteration Ty = 5(#), T, = 5(%‘(0'1)) satisfies
1. Direct short-to-long length generalization:
1 .
Accy, F(Ti+T2) > 1————, forevery L < O(d°), @)
( ) poly(d) )

i.e., FTVFT2) which is trained for task T and T?, generalizes to solve the tasks T*, ¢ < L.

2. Attention concentration: given Z>* with ¢ € {0, 1}, we have

1

Attngﬁ,jiz)red,€+l + Attne(xfsl:lj_iza)ns,f >1- O(d7) (®)
Mechanism for solving LEGO tasks. Given Z'+/, predicting the next answer 4,11 = go41(y¢)
requires two steps: (i) retrieve the correct group element g, from the context clause Zyred,¢+1
and the current value y, from the answer clause Z,,s ¢; and (ii) apply the group operation. It
is well established that attention can implement content-based retrieval [76], and that FFN can
represent the group operation [77]. Building on these insights, Algorithm 1 decouples learning in
the attention (retrieval) and FFN (operation) components, thereby simplifying the analysis while
preserving essential behavior. For task 7, the transcript Z* contains only the two relevant clauses,
Zored,1 and Zyns 0, Without useless contents. Fixed uniform attention (Q initlized to be zero in
Assumption 3.3) therefore suffices to expose both clauses to the FFN, and we optimize the FFN to
learn the group operation. The high accuracy for 7' in Theorem 4.1 indicates that the FFN has indeed
learned to apply the operation correctly. For task 72, with the FFN already trained, the attention
layer only need to learn to route the correct context to the FFN input. The attention concentration
result in (8) confirms that the learned routing pattern is correct.

How does attention concentration induce strong length generalization? As we increase the chain
length in 7 for £ > 2, the FFN layer remains largely insensitive to input length since the learned
group action is location-invariant. By contrast, the attention layer is affected: more irrelevant clauses
appear, so retrieval must scan over longer contexts, which risks diluting attention on the relevant
clause. Theorem 4.1 guarantees that training on short chains already yields attention concentration
with error O(d—¢"). This “purity” allows the model to tolerate dilution and maintain high attention
on the relevant clauses for chain lengths up to O(d¢" ). Technically, this concentration arises because
the query matrix Q learns to locate the same variable z, that appears simultaneously: the third token
of the context clause Zpred ¢+1 and the fourth token of the answer clause Z,ns ¢. This co-occurrence
furnishes a strong, consistent signal that enables robust retrieval across longer chains.

Choice of NoPE. Empirically, standard positional embeddings often hinder length extrapolation,
while NoPE has been favored for its stronger length-generalization performance [49, 78]. Prior
works [37, 38, 40] typically adopt fixed positional encodings, which tie the learned computation
to the training horizon. Intuitively, positional embeddings inject location-specific biases that favor
local neighborhoods, making longer inputs harder. In our setting length generalization is possible
since relevant information is retrieved from long, unordered contexts by content (variables) instead
of position. This provides concrete architectural guidance for practice and identifies positional
embeddings as a plausible cause of observed failures to generalize to unseen lengths.

4.2 Learning CoT on Symmetry Groups

We now turn to the case where the action group G is isomorphic to the symmetric group, under
Assumption 4.2. In this case, the problem is NC*-complete for ny > 5.
Assumption 4.2 (Symmetry group actions). We assume Y = {0, 1,...,n,—1}and G = Sym(}), i.e.

the symmetry group of order |G| = n,!. We assume n, = 6(%) and |G| = n,! = polylogd.

Hardness of the symmetry task. When predicting the next answer y,1, ambiguity arises when
clauses other than Zyeq ¢4+1 and Z,pns ¢ provide an element ¢’ and an input ¢’ such that ¢’ (y') = ye41;



Algorithm 2: Recursive self-training for symmetry actions

Input: Model F(©) with parameters (W(®), Q(®)); Learning rate 7; Error degree E; > 0
(constant) ; 7, 0 = O(%); Total Stage K.

Stage 1.1: Train FFN for one-step reasoning (7 (")) ;

fort=1to 1, do // Update the FFN parameter W
WO « Wt _ ¥yloss' (FE-1);
Q(t) = Q(t_l);
Stage 1.2: Train attention for length extension (772) ;
fort =7 +1to7m + 7 do // Update the attention parameter Q
QM + Q=1 —yVqlossz?(F—1) ;
w = wi-1).
T, «t;
Till Stage K: Recursive self-train for length extension ;
for k = 2to K do // Stage k to solve 72
L« 2k F(®) « p(Ti-);
while Loss}éi),5 (F(tfl)) > d%l do // Update the attention parameter Q
t+—t+1;
QW « Q=Y —yvq Loss%}i 5(F(t’l));
W(t) = W(t_l);
Ty < t;

Output: Models {F(Tk)} K

we call such clauses distractors. For example, there may be other predicate clauses whose group
elements also send yy to y,1. In the symmetric case on Y, each pair (¢, j) admits (n, — 1)! elements
mapping ¢ to j, so the fraction of distractors is substantial. By contrast, in the simply transitive
setting each pair has a unique element, so distractors are unlikely and can be ignored. Attending
to distractors still produces the correct next answer, so training may converge with insufficient
attention concentration. This weaker concentration makes the attention layer less robust to dilution
in longer contexts. Hence, for this harder setting, directly proving d*(*) length CoT generalization
from constant-length training is difficult.

Self-improvement helps extend reasoning length. Recent empirical studies [79, 80, 51] show
that length generalization can be bootstrapped via model self-improvement: e.g., transformers
trained on n-digit arithmetic often handle n+-1 digits and improve further by training on their own
predictions. This motivates a recursive self-training scheme for the symmetry task. To perform
recursive self-training, we adopt the greedy language model as data annotator: the greedy language
model pr induced by the network F' is defined by

1, if Zapns,1/+1 = argmax, pF(Z|ZL*L'),
0, otherwise.

P (Zans.pr1|Z0F) = { ©9)

Now we can define the self-annotated LEGO data distribution:

Definition 4.1 (Bootstrapped LEGO distribution). We define Df,’Ll as the LEGO distribution in
Assumption 3.2 except that the answers Z,ns ¢, 1 < ¢ < L’ is given recursively by sampling the

prediction Zans ¢ ~ pr(-|Z1471),1 < £ < L’ from the greedy language model pr.
Definition 4.2 (Self-training loss). Given a (fixed) model F and length L, The self-training next-
clause-prediction loss is defined by replacing D*X" with D" (Definition 4.1) in (6):

Losst™ (F) 2 E,, . s |—108pr(Zansiri | 2571, (10a)
F
Loss= =K, ./ _pour[~108pp, (Zans,iri | Z2F )] fori € [5)]. (10b)
[ F



We now present our main results, establishing that a recursive self-training scheme can provably
bootstrap the reasoning length for the symmetry LEGO task.

Theorem 4.2. Assume the distribution D" induced from LEGO(X ,G, ) satisfies Assumption 3.1,
3.2 and 4.2, and assume the transformer network satisfies Assumption 3.3, A.1 and A.2. Then for
any 1 < k < log, |X|, the transformer FT%) trained via Algorithm 2 up to length L, = 2% and

T, = O(%@) satisfies:

1. Constant-factor length generalization: F (") s able to solve T™++1 with Ly, = 2++1

1
A FIO)y =1 - — 11
L ) poly(d) (n
2. Attention concentration: given Z ¢ with £ € {0,..., Ly — 1}, we have
(Tx) (Tw) ~
Attnanf,é%pred,@rl + Attnans",éﬁans,ﬁ >1-g¢ (12)

where ¢ is some sufficiently small constant (smaller than 0.01).

At convergence for the current task TLr (at time T}, the loss has fallen below 1 / dFt in Algorithm 2),
(12) confirms that attention concentration is still insufficient. Nevertheless, Theorem 4.2 shows
that while this level of concentration cannot withstand the dilution from much longer contexts,
it is sufficient for doubling the length. Consequently, a model trained progressively on 7% for
L =1,2,...,2% generalizes to the more challenging task of length 2**!, yielding the following
corollary.

Corollary 4.1 (Self-improvement for |X'|-length reasoning). Under the same assumptions as Theo-
rem 4.2, letting K = ©(log d), for any length L < |X|, the model FT%) trained via Algorithm 2

achieves )
Accy, FTx) >1— ——.
( ) poly(d)

Significance of the result. Note that {x,}L_ is sampled from X without replacement (Assump-
tion 3.2), the longest feasible chain scales with the variable size: L+1 < |X| = O(d). Thus our
guarantee attains the best possible length in this setting. Corollary 4.1 also demonstrates that the
transformer can be trained to solve a task beyond TC® with linear-step CoT, matching the expres-
sivity result of [26].> While prior empirical work reports self-improvement in practice, theoretical
guarantees, especially for transformers and length generalization, have been scarce [81, 82, 83].
Theorem 4.2 provides, to our knowledge, the first rigorous evidence that transformers can bootstrap
their reasoning via self-training without additional supervision.

Discussion on context rot. Context rot, the drop in accuracy and reliability as the input context
grows even when the task is unchanged, has become a widely noted practical issue for LLM [84].
A prevailing empirical view is that longer contexts introduce many distractors and other irrelevant
tokens, forcing the relevant signal to compete with them and thereby weakening retrieval. Our
attention concentration perspective captures this at a high level: as irrelevant and distractor clauses
accumulate, attention mass is diluted away from the correct clause, reducing performance at extended
reasoning lengths. This offers a simple theoretical lens on context rot. We expect our analysis to
extend to richer tasks and to inform practical mitigation strategies, e.g., context engineering [85].

5 Conclusions

In this paper, we theoretically analyzed how reasoning ability emerges during gradient-descent
training of transformers on synthetic CoT tasks. For tasks in TC®, we proved transformers can
directly generalize from short constant-length chains to substantially longer tasks. For inherently
sequential tasks in NC', we established novel convergence guarantees showing transformers can
bootstrap their CoT length through recursive self-training. Our results bridge the gap between
transformers’ known expressive power beyond TC” and existing optimization theory of CoT , while
also formally validating the effectiveness of self-improvement training observed empirically.

There are a few caveats. For example, we do not analyze an embedding dimension logarithmic in the
problem length. We believe our techniques can be extended to cover this setting.
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only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.
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* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: For each theoretical result, the paper provides the full set of assumptions and
includes a complete and correct proof in the supplementary appendix.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]

Justification: The main contribution of this work is primarily theoretical findings without
any experimental results.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.
While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.
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(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]

Justification: The main contribution of this work is primarily theoretical findings without
any experimental results.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

¢ The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]

Justification: The main contribution of this work is primarily theoretical findings without
any experimental results.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
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Justification: The main contribution of this work is primarily theoretical findings without
experimental results.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]

Justification: The main contribution of this work is primarily theoretical findings without
experimental results.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: This paper conforms with the NeurIPS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts
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11.

12.

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This paper contributes to advancing the field of Theoretical Machine Learning.
We do not foresee any immediate societal implications arising from this work that warrant
specific discussion in this context.

Guidelines:

» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: This paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: This paper does not use existing assets.

Guidelines:

20



13.

14.

15.

» The answer NA means that the paper does not use existing assets.
 The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

o If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: This paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: This paper does not involve crowdsourcing nor research with human subjects.
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Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.
Guidelines:
* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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Appendix: Complete Proofs

A Proof Overview

In this section we outline the proof ideas of the main theorem. Our training scheme alternates two
phases: we first train the FFN parameters W to solve the one-step task 7 ', and then train the attention

parameters Q to solve 72 and, recursively, 72" This mirrors the high-level division of labor in our
setting: the FFN layer learns the local update rule (the group operation), while the attention layer
learns to route and compose these updates by locating the relevant context over long sequences.

 Task 7. To predict the fourth token in the answer clause Zns,1, namely 1, the model
must retrieve the correct variable from the first token of the predicate clause Zreq,1. This
retrieval can be realized directly by the FFN. To predict the fifth token y1 = ¢1(yo) in Zans 1,
the model needs g; from Zeq,1 and yo from Z,s 0. Since the sequence 710 contains no
additional clauses, uniform attention suffices to expose these two tokens to the FFN, so
dedicated attention mechanisms are unnecessary here.

» Task 7 with ¢ > 1. To predict the fifth token iy = g¢(y,_1) in Zns,¢, the FEN has already
learned the one-step update. Thus, if the attention layer can route the correct context to
the FEN input, namely gy from Zeq ¢ and 3¢ from Z,,s o1, the FEN outputs the correct
ye. Unlike T, attention must now consistently locate two dispersed sources across a long
context, a task that cannot be handled by the FFN alone.

We adopt this alternating schedule to streamline the analysis and expose the core mechanisms; it
is not essential to the algorithm itself. This separation clarifies the complementary roles of FFN
and attention in our synthetic CoT setting. Guided by this picture, the proof proceeds in three parts:
(1) learning the one-step mechanism for the LEGO task 7!, including in-context variable retrieval
(Section A.1) and group operations (Section A.2); (2) establishing direct short-to-polynomial CoT-
length generalization on 72 under simply transitive actions (Section A.3.1); and (3) proving recursive

length generalization via self-training on 72" under symmetric-group actions (Section A.3.2).
To control rare large deviations in the logits during training-time analysis, we additionally adopt a
bounded-output assumption stated below.

Assumption A.1 (Logit clipping). There exists B = Cplogd for a sufficiently large constant
Cp > 0 such that each coordinate of the raw model output F; is clipped from above:

[Fi]; < min{[F}];, B} for all 7, j.

This coordinatewise clipping is a technical device to control large-deviation tails and simplify the
dynamics analysis; B can be chosen large enough to avoid interfering with the regimes we study.

To simplify the analysis of attention dynamics, we impose a fixed block-sparsity pattern on the
attention parameter Q.

Assumption A.2 (Block-sparse attention matrix). Let Q = [Q, 4]y 4c[5] € R?¥*5? be partitioned
into 5 x 5 blocks with Q,, , € R4*?. We assume that

Qp.g = 0axa forall (p,q) ¢ {(4,3),(4,4)},
i.e., only the blocks (4, 3) and (4, 4) are trainable.

This block-sparsity pattern, zeroing most inter-token attention, is standard in recent theoretical
analyses of transformer training dynamics [69, 70, 86, 74]. Importantly, although sparse at the 5 x 5
token level, the two retained blocks (4, 3) and (4, 4) are fully dense d x d matrices trained without
constraints, leaving 2d? free parameters and thus a substantive, non-trivial learning problem.

Notations For each i € [5], r € [m], j € [d], define

Agjr (251 2 Z Attngns o1k (Wi, Zi) + bijr. (13)
keTl.t—1
According to (3), given ZX+*~1, the model output at token position i and vocabulary index j can be
written as
[Fi(Z51)], = 3 sReLU(Aqy, (2571 ). (14)
re[m)]
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A.1 Learning In-Context Retrieval of Variables

For task 7!, to predict the fourth token in the answer clause Zans,1, We specialize (14) at ¢ = 4 and
the stage-1 representation Z'-:

[Fi(z")]; = 3 sReLU(Ay;,(2'0)), V)€ d)

re[m]

In stage 1, attention from the answer position splits uniformly between the first predicate token and
the prior answer token, so

A4,j,7‘(zl"0) = % <W4,j,r7 Zpred,1> + % <W4,j,r7 Zans,0> + b4,j,7"7

which implies that the prediction depends only on the parameters {Wy ;. }ic(a), re[m]- Write
Wayr=[Wajri1;...; Wy 5], aligned with the five token-type subspaces, and recall that er()
denote the token embedding vectors. Hence,

Agjr(ZY°) = %(<W4mh er(en)) T (Wajr2, €r(00)) + (Wajrs, er(wo)>)

+ %(<W4,j,n47 eT(:z:o)> + <W4,j,T,5> e‘r(yo)>> + b4,j,r-

Our gradient analysis tracks the magnitudes of (W ;.. , €5) for j, s’ € [d], p€ [5], and € [m]. We
will show that the learning signal is concentrated on the diagonal coordinate that retrieves the correct
variable from Zp.q 1 and reuses it at Z,ns 1. Specifically, let s = 7(x1) be the correct index for the
current example. Then the gradient component along the correct diagonal, (W4 s .1, €5), enjoys a
strictly larger update than any other coordinate because x; co-occurs as an input feature at Zpyed, 1
and as the target at Z,ys 1. In contrast, all non-target coordinates (off-diagonals, wrong variables,
value tokens, group-action tokens) receive only negligible gradients and remain o(1) throughout.
This asymptotic advantage makes the signal order-wise larger than competing coordinates and thus
dominates the learning dynamics. Consequently, the active diagonal mass Y, (W4 s r1,€s) SIOWS
and concentrates, reaching Q(log d) for each s € 7(X). Consequently, the model learns a robust
in-context retrieval pathway that routes the variable from Zq,1 to the fourth token of Z, 1, while
spurious coordinates remain negligible.

A.2 Learning Group Operations

We sketch how the model learns to track simply transitive and symmetric group operations. Cyclic

(simply transitive) case. We start with the cyclic (simply transitive) case, and introduce some useful
notations.

Definition A.1 (Feature Combinations, Cyclic Group). Suppose the group G satisfies Assumption C.1.
For each j € 7()), let

3 =1{(9,y) € G xV|[7(9(y) =5}
Wecall§ = ier() 3§ the set of feature combinations, and each §; the set of feature combinations
predicting y = 771(5).
Definition A.2 (Neuron Feature Indices, Cyclic Group). Define the set of neuron feature indices as
U:={G,r¢)jer),relml¢eF}
Definition A.3 (), ¥ notation). For j € 7()), r € [m], and any ¢ = (g, y), set
Vir(9) = (Wsjr2,e9)s  ¥ir(y) == (Ws 5, ey),

and define the composite feature magnitude
\I/j77‘(¢) = % (wj,r (9) + wj,r(y))'

If (4,r,¢) = u € U, we also write ¥,,. The coefficient % reflects the uniform attention on Zpreq 1
and Z,s,0 in stage 1.
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Combining with Appendix A.1, the score ¥, ,.(¢) approximates the logit contribution A ; .(Z':°)
and measures the signal for predicting index j when g; = g and yo = y. For each ¢ € §; there is
a unique neuron r whose coordinates v; - (¢g) and v, »(y) grow monotonically until the composite
score W; ,.(¢) reaches Q(log d). After this point, ¥; .(¢) can continue to increase, while for any
g' # g or y' #y the quantities v;,.(¢") and 9; .(y') are driven negative so that the mixed pairs
(9,v') and (¢’,y) are canceled, i.e., ¥; ,.(¢’) ~ 0. We denote the activated neuron corresponding to
(9,y) € & by 4., and set

A, == {r: 3(g,y) €T, r=rgy }.

Thus the associated indices u = (j, 4.y, (9,%)) for all (¢g,y) € §; and j € 7()) form a subset
U* C U, and these u emerge under GD in an order analogous to a power iteration (via the smooth
part of sSReL'U) determined by their initialization magnitudes:

u<uv << \I'EXO) > ‘I/EIO,).

Moreover, by the symmetry of the simply transitive structure, the learned pair (¥;,,, , (9), ¥j.r,., (¥))
remains nearly balanced throughout training. At the end of stage 1, for any (g, y) € §; with j € 7(Y),
we have

3 (Vg (9) + Yy, (W) = B=0(1),  |tjir,,(9) = jr,., )] < 0(1), (152)

%m0, g)wﬂgy Y| < o), Wi, W) <0 forally #, (15b)
”(/}J Tyy / +1/]J Tg- y( ‘ S 0 1 7 ’(/}jxrg“y(g/) < 0 forall gl #97 (ISC)
|50 (g |, [0 ()] < o(1) forallr ¢ ;. (15d)

Symmetric group case. The strategy mirrors the cyclic case—emergence, refinement, and conver-
gence—but symmetric actions create richer interactions because multiple group elements can map
the same y to the same j. Accordingly, for each (j, y) we aggregate candidates over the fiber

Fiber;, = {g€G: 7(9(y)) =j},  ny := [Fiberj,[,  §; = {(Fiberjy,y):y € V}.

As in the cyclic case, a single neuron becomes responsible for each target pair (j, y); denote it by r; ,,
andsetA; :={r;,:ye Y}

At convergence, the correct fiber dominates while incompatible compositions are canceled. Quantita-
tively, forany j € 7(Y), y € Y, and g € Fiber; ,,

l(wj rg. 'q( ) + ¢J rg. y( )) > B- 0(1)7 | Ny wj,rg-y (y) - 'l/’j,rg.y (g) } < O(l)a (16a)

|¢Jﬂg v + w_],’fg y(y,)’ < 0(1), wjﬂ'g,y(y/) < 0 for all y/ #v, (16b)
Vi (@) + Vi, )] < 0(1), Wy, () <Oforall ¢’ ¢ Fiber;,, (16¢)
(g |, [0 (y)| < o(1) forall 7 ¢ 2Aj. (16d)

Different learned structures: symmetric vs. simply transitive Under (16), the model spreads mass
across the n,, group elements in the fiber Fiber; , = {g € G : 7(g(y)) = j}. i.e., the preimage of j
under g — 7(g(y)) with y fixed. For the winning neuron (j, r,.,,) we have

¢j,7‘g.y(g) XNy ¢j,rg.y (y) and %(wjyrg»y (g) + ,(/ij’rg»y (y)) > B - 0(1)'
Solving these relations yields, uniformly up to o(1) terms,

Virg,(9) = 2B=0O(B/ny), s, (y) = O(B/ny).

In contrast, in the simply transitive case (15) the mass does not split across multiple group elements;
for the winning neuron, ¢; . (9) ~ ¥j,,, (y) =~ B.

A.3 Learning the Attention Layer

Successful training on 7' shows that the model has learned the one-step update y; = g1 (yo). We
now turn to the more challenging task 72. Since the group operation is already implemented by the
trained FFN, the main remaining difficulty is routing: directing attention to the appropriate locations.
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For example, given 721 the model must identify the predicate clause Zpeq,2 (Which contains g2)
and the answer clause Z,s 1 (which contains y;) in order to compute y2 = g2(y1).

We show that training induces a routing pattern we call attention concentration: given an in-
put Z%¢=1 the attention mass concentrates—approximately evenly—on Attnans ¢—1-5pred,¢ and
Attnans ¢—1-5ans,c—1. We quantify routing quality via the attention concentration degree

L.t — — _
eatzc[;](ZL’e 1) =1 _Attnans,é—lﬁpred,Z(ZLl 1) _Attnans,é—l—mns,é—l(ZL’g 1)7 (17)

which measures the fraction of attention mass not placed on the two key clauses, and the attention
gap

AL’e(ZLJil) = ‘Attnans,é—l—mredl(ZL*Z?I) *Attnans,[—l—wns,[—l(ZL’Zil)

;o (18

which captures how balanced the two target attentions are. Thus, effective routing corresponds to
small e, (high concentration) and small A%+ (good balance).
This behavior is tightly linked to the structure of the query matrix Q and the clause embeddings.

Under Assumption A.2, for an input 7141 the (unnormalized) attention score from Z,ns o1 to a
clause Zy decomposes as

T T T
Zans,[—lQZk = Zans,€—174Q473Zk,3 + Zans,€—174Q474Zk74a

where Zy = [Zx 1, ..., Zi5) with Zy ; € R4, By design, in the clause embeddings the fourth token
of a predicate clause and the third token of an answer clause are (blank). Consequently, Q4 3 governs
attention to predicate clauses, while Q4 4 governs attention to answer clauses.

The key observation is that the desired allocation can be realized by growing the diagonal entries
[Qu4,3)s,s and [Qu 4]s s for s € 7(X). This holds because the same variable x, appears as the third
token in Zpred ¢ and as the fourth token in Z,ns ¢—1, creating a strong co-occurrence signal. As a
result, these diagonal coordinates receive asymptotically larger gradient magnitudes than all other
entries, and the training dynamics are dominated by their growth. For notational simplicity, we will
refer to the relevant diagonal entries [Qu4 3]s s and [Qu 4]s s simply as Q4 3 and Qq 4 below.

The remainder of the proof quantifies how the growth of Q4 3 and Qg 4 simultaneously drives the

concentration degree eaLt’tf, toward zero and controls the gap A%, ensuring that the FEN consistently
receives (ge, ye—1) and thus outputs the correct y,.

A.3.1 Simply Transitive Group

For the simply transitive case, we analyze the gradient contribution at position ¢ = 5 on task 772,

i.e., the loss 2521 Lossg’z. We show that for 72 the attention concentration degree €%, (for £ € [2])
can be reduced below O(1/poly(d)), indicating highly focused mass on the relevant clauses. When

. . 2,1 2,2 . .

irrelevant entries of QQ are small, we also have €,;;,, < €5itn, sSince the number of irrelevant clauses
22

doubles from £ = 1 to £ = 2; hence we focus on controlling €5;,-

Stage 2.1: Growth of an initial gap. Early in training, attention is close to uniform, so given Z2*~1
we have the approximations

A5,j,r(Z2’O) ~ %"/}j,r(gl) + %wj,r(QZ) + %wj,r(yo) )

As,j,r(z2’1) ~ i%‘,r(éh) + i%}r(gz) + iwj,r(yo) + iﬂ’j,r(?h) .

By the cancellation in (15), for £ = 2 all A’s lie in the small smoothed regime, whereas for / = 1
we obtain a correct logit for y; = g1(yo) and a spurious logit for gs(yo) of magnitude about B/3.
Consequently, —Vq Lossg’2 is negligible, while —V q Lossg’1 is comparatively large and drives Qg 3
to grow faster than Qg 4 (increasing Qg 4 would also amplify the wrong prediction 7(g2(yo)) and
thus not reduce Lossg’l). An Q(1/log d) gap emerges between the diagonals [Q4 3]s,s and [Qu 4]s,s,
yielding an early routing advantage toward right predicate clause.

Stage 2.2: Joint growth with a controlled gap. As Q, 3 increases, the weight Attnans 1—pred,2
becomes large, moving A5,T(gz(y1)),r92,y1 and A5W(92(yo))v%z-yn for ¢ = 2 into the linear regime. Gra-
dients from ¢ = 2 then dominate, and Qq 4 starts to grow to separate the correct y2 = g2(y1) from the
incorrect 7(g2(yo)). Throughout, the gap between Q4 3 and Q4 4 stays within [Q(1/logd), O(1)],
so the attention gap satisfies A%? = (1/log d).
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— Stage 2.3: Convergence and gap reduction. Continued joint growth of Q4 3 and Q4 4 concentrates
attention near its ideal limit, making eft’?n small. We show A?? cannot remain above o(1) for long;
otherwise an incorrect logit logit; g2(yo)) Would acquire a stronger gradient and force Q4,4 to
outpace Q4 3, which contradicts stability. At convergence: (i) €§{t2n < 1/poly(d); (ii) both Q4,5 and
Q4,4 reach Q(log d); and (iii) A%? < o(1).

Direct short-to-long length generalization. The key is that attention concentrates cleanly: eft’tgn <
1/ d?M) with Qu43,Qua = Qogd), so the model tolerates a polynomial number of irrelevant
clauses. Hence for 7X with L < poly(d),

Lt o(1)-L

€ < = 0(1)7
O(1) - L+ exp([Qu3lr(ze),r(x0)) + exP([Qualr () r(z0))

and moreover AX* < A22 < o(1). Together these imply

. O(1) -d+ eV 1
Cosd (1) Z(L.O
1 = logits ;(g,,1 () (F 'z ) = O() dt e + 2o = poly(d)’

so T~ is solved with accuracy 1 — 1/poly(d).

A.3.2 Symmetry Group

We now turn to symmetry-group tasks 7~ and analyze GD updates with respect to the per-token loss
Lossé’2 (i.e., predicting the value token in Z,ys 2 from Z5h,

The case L. = 2. The high-level picture mirrors the simply transitive case, but because multiple group
elements can map a given y to the same j, the learned FFN structure (16) spreads mass across the
n, preimages. Thus the roles of ;.. . (g) and v; .,  (y) are unbalanced: for the winning neuron
(§,7g.y) with g € Fiber; ,, we have ¢; ., . (9) = ny ;. (y). This makes it harder to keep a tight
balance between Q4,3 and Q4 4 as in the simply transitive case. Nevertheless, we prove that both
Q.3 and Q4 4 grow, and the attention gap A%? is controlled by a feedback mechanism: if A2:2
exceeds a small fixed threshold (in either direction), some incorrect logit receives a stronger gradient,

which pushes the system back toward balance. Consequently, after sufficient training: (i) eft’fn < Ci;
(i) A%? < Cy, for sufficiently small constants C1, Co; and since B = O(logd), we still obtain

Loss2’ < 1/poly(d).

. . k k=19 e e
Recursive learning for 72", k > 2. Because e?ttn 2 s already a small constant, initialization for
k . k k—1 . k k—1 . .
T2 satisfies €20 < 2 €2y - (still small), and A2"-2 < A2" -2, Thus the attention pattern remains

close to that in 7'2]671, and Z2"! follows a bootstrapped LEGO distribution generated by the greedy
model pp.r,_,), which coincides with the original LEGO source. In particular, y; = g1(yo) and

y2 = g2(y1) are correct. We can therefore reuse the convergence analysis from 72" to show that

2k 2 k Lo . . .
both €57 and A2"+2 decrease to a small constant, yielding stable, inductive concentration across
recursive reasoning depths.

B Learning In-Context Retrieval of Variables

B.1 Preliminaries

First we define some notations for the presentation of gradients.

Notations for gradient expressions For each i € [5],m € [L],j € [d], we denote
E (21 2 g, , =, —logit, ;(F,Z5D),
Aij(ZP01) 2 Z Attnans 1ok - (Wi g, Zic) + bijre

keZk.t-1
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where logit, ;(F, Z(**~1)) are defined as

Zj/e[d] eFi,j' (Z(L,g_l))

logit,; (F VAL 1))

Fact B.1. Forany i € [5],j € [d], r € [m]

L
~Vw, ,, Loss" :E[Z5i7.j(ZL’é_1)sReLU'(A”) (z-h) Y Attnans)g_l_)kzk}
=1 keZL.t-1

For simplicity of notation, we will henceforth denote A; ; -(Z%*~1) by A; ;- and &; ;(Z1-*~1) by
&;,; when the context is clear.

Given Z(1), we use XD to denote the appeared variables in the context clauses, i.e. X =

{zo,x1,...,21}. We write XL as X for simplicity. Throughout this section, we write [F;]; as F; ;
for simplicity.

B.2 Induction Hypothesis

In this stage, we consider the learning process for Wy ..

Induction B.1. Fort <T = %'yd, all of the following holds:

(a). forj € T(X), Qo) < <W4(1f;7r71’ ej)+u < 5(1) where <W‘(1t=;ﬂ“71’ e;) is non-decreasing;
(b). forjeT(X),g€g

‘<Wz(1t,;,r,2v eT(g))‘ < O(ao) + O( ) max {<W4(lt,3','r',1’ €j), min (WS;*,WJ, ej*>},
|g| T‘,G.AX;*

(c). forjeT(X),ye)y

(W) er)| < Olo0) + O(IJJI) max (W), 1 e5), min (W e )

(d). Else, (W) es)| < O(o)
Claim B.1. If Induction B.1 holds at iteration ¢, then for a sequence Z
o if j =7(x1),
t 1 t 1 t 1 ¢ 5 ~
ALy = 5 W)+ 5 (W s ron) + 5 (W s r)) + 51+ Olo0)

e elseif j € 7(X\ {z1}),

5 ~
AL = W) 3 erton) + 5 (Wi eru) + o+ Olo0)

* otherwise, 0 < A;g < S+ O(av).

Claim B.2. If Induction B.1 holds at iteration ¢, then for a sequence Z,

o)
o if i = 1 t(t) _ e 437 .
if j = 7(x1), logi O@i‘iud

« otherwise, logit|", = O(1) (1 _ logit%l))
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Proof. If j = 7(x1), by Induction B.1 and Claim B.1, we have

max{®) o).}
0< F(2) < Y AL, 17 < (8 + o T

) + O(o0) + O(mologd)
re[m]

(")
IG [

1

) + O(o0) + O(m

= (o) + o(24a )

max{@(ﬂ <I>(t) .

for j € 7(X) # 7(x1), Fy)(Z) < O(a9) +O( T b, else F{)(Z) < O(0y). Combining

together, we prove the result. O
B.3 Gradient Lemma
Starting with the gradient computation:
1
~Vw,,,Loss' = SE[E1sReLU (Ary) Y Zicy):
keZt.0

We first consider the gradient for j € 7(X)
Lemma B.1. For j € 7(X), we have

(a) for Wy i1, s € T(X)

(1) if's = j. (=T Loss',e,) = SE[(1 - logit!) sReLU' (AL) )1,z |

4,5,r,1

(2) s #j, (Vo ’ Loss', e,) = %E[ — loglt( )sReLU'(Ayz T) T(wl):s]
(b) for Wy jro s=1(g) forge g

1
Loss', e,) = 3 [( log1t(t) )sReLU’ (Aff;m)IlT(xl):j’glzg

logltgl )sReLU’ (AEL ; ) ]l,,—(atl)#j_’glzg}

(c) for Wy j,pwithp € {3,4}, s € T(X)

(1) s =7, (~Vwy, s Loss’ ,€5) = E[ loglti)sReLU’(A() )]lT(:CO) ]}
(2) s#j

1 .
(—VWLLEMBLossl, es) :iE[(l — log1tff,)A)sReLU’ (Afg )

- lOglt( )SReLU/ (Aflt; T‘) T(mg):s,jgf(f()}

(d) for Wy 5 s=1(y)forge )

1 .
(- wa; . oLossl, es) :§E[(1 - logltff)-)sReLU’(Aff;_r)IlT(ml):j’yO:y

logltfl ;sReLU’ (AEL 2 ) ]l.,—(zl)¢j7y0:y:|

Then for j & 7(X), we can obtain
Lemma B.2. For j & 7(X), we have

(a) for Wy ;r1, s € T(X),

4,57

1
Loss', e,) = iE - logitfﬁsReLU/ (A(t?, ,)]lT(xl)zs]
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(b) for Wy j o2, s=1(g)forg g,

1
Loss', e,) = iE[ ~ logit{)sReLU’ (A )]191:9}

4,5,r
(c) for Wy, pwithp € {3,4}, s € T(X),

(—V Loss', ;) = fIE{ — loglt( )sReL U’ (Afﬁ )1 T(wo):s]

(t)
Wiimp

(d) for Wy 5 s=T(y)forge

1
Loss', e) = 3 { loglt(t)sReLU (Affj )1 yozy}

B.4 Growth of Gamma

Lemma B.3 (Growth). Given j € 7(X), suppose Induction B.1 holds at iteration t, when Q>( ) <
0.01logd or Fg- < %, then it satisfies

LY =1 + 6(3)sReLU'(1{)

Proof. By Lemma B.1, we have
Loss', e;) = fE[(l—loglti;)sReLU'(A o L= ]}

(t) t) o O( U(Jllogd)
By Claim B.2, when @, < 0.01logd, logit,; = sroommrayg < 1 when j = 7(x1); and
combing with the fact that the event {7(z1) = j} happens with probability ra7> We complete the

proof. O

Lemma B.3, combined with the growth of the tensor power method, immediately gives the following
corollary.

Lemma B.4. Suppose Induction B.1 holds for all iterations. Define threshold A~ = @(%) Let T
be the first iteration so that Ffltg- > A", and Ty & @(n ?,2
, ol

). Then we have Ty > T j for every
jeT(X),ie., fort > T, it satisfies Ffﬁ} > A,

Lemma B.5 (Upper bound). Suppose Induction B.1 holds for all iterations < t, we have @iﬁ; < 6(1)
forjer(X).

Proof. We only need to consider the time ¢ > 7Tj. Notice that the gradient descent update in
Lemma B.1 gives

(Vi Loss' e;) = QE[(l—logitg))sReLU/(A() oo ]}

W(t)

Therefore, for sufﬁmently small n, we have

oM =2l + Y ”E[ — logit{))sReLU’(A) )1, J} +O(ologd) - |ASHI\ AP
7€Afﬁ

1

t n . (t t
= (I)El& + Z §E |:(1 - IOgltiz—)SReLU/ (Ai;m)]lf(zl):j} + m

TEAEJ}

When there exists T, s.t., max,cr(x) @i? > Q(log"® d), by Induction B.1 and Claim B.1, given a

sequence Z with 7(z1) = j = arg max;er(x) @fl?, we have

. = 1 T =~
R @2 3 NG, = (1= Olg)®,5 = Oloo) > llog™ )

(t)
r€.A43
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a(7)
Following the similar analysis as Claim B.2, Fé?( ) < O( ot *) for other j € 7(X), and

Fg,)(Z) < o(1) for j’ ¢ 7(X), which implies 1 — logitfl’j) — Q108" d)_Therefore, we derive
that for ¢t € [T + 1, M),

<I>(t) < <I>(T + O(polyd - =008 Dy 1 O(plogd) - m

since p < #gd which implies @4% < O(log'® d). O

B.5 Group and Value Correlations Are Not Large

Lemma B.6. Suppose Induction B.1 holds for all iterations < t, then for any j € 7(X) and
s=17(g),9 € G, we have

t t . t
(W00 er(0))] < O(00) + O(|g|) fax {<Wi,§,r,1a€j>v o <W4(h;'*,r’,1’ej*>}
rEA, x
Proof. By Lemma B.1, we have
1
( Vw‘(lt’;JZLOSS ,€s)

+1(%) ()
— log1t4,steLU' (A4 i )1 T(Il)#,gl:g]

4,9, 7‘) 7(z1)=4,91=9

- 51& (1 - logit!))sReLU’ (A}

Clearly, the positive gradient can be upper bounded by O (ﬁ (-V Loss', ej>). Moreover, for

Wi
the negative gradient, by Claim B.1, we have a naive bound

SReLU (A} )], (1)) 2jorg < O()SReLU’ (AL )| (0o

When ¢ < Ty, by Claim B.2, we have 1 — logity’} lj=r(21)> ©(1) and 10g1t4 i lir(an) < o(%),
which implies

o, (T t 1
]E{logltfl’;sReLU’ (Ai,;,r)]lr(zl);éj,glzg} < O(@)( VWE{; . 1Lossl7 ej).
Therefore, for t < T}, we have
(WL 00001 £ Oo0) + O (1) (WL,

For t > T}, notice that by Lemma B.4, Aff;, # ( for j' € 7(X), thus for ' € Ait)j

sReLU’ (Afﬁ;r)h(zl#j’gl:g < sReLU’ (Ag’*,w)
(t)

furthermore, logitff)- |jzr(z) < O(3)(1 = logit, ;.

T(z1)=5*,91=9

—r(z1) ), which implies

1
<Ol

E [logit ) sReLU (AL} ) 1r(uy) 401 | )(~Vw, . ., Loss', e.).

Due to the arbitrary of 7/, we have

‘<W4(1t)'r27e‘r(g)>‘ < O(UO) + O( ) min <Wz(1t)‘* ! 17ej*>-
ar g i

O

Lemma B.7. Suppose Induction B.1 holds for all iterations < t, then for any j € 7(X) and
s=1(y),y €Y, we have

|<Wff3»,7,’57 eT(y)>| < O(Jo) + O( max{(Wf&,M, e;), min <W$3-*7r/’1, ej*>}.

(t)
r’ EA4,J'*

il

Proof. The proof is similar as Lemma B.6. O
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B.6 Off-diagonal Correlations Are Small

Lemma B.8 (off-diagonal bound). Given j € 7(X), suppose Induction B.1 holds at all iterations
<t forser(X)#j

|<W(t)

,jTl’

es)] < O(00).
Proof. By Lemma B.1

1 .
<_sz(1f;,r,1 Lossl, es) = 51[*]{ — logltfgsReLU/ (Aff; r) (zl):5:|

Notice that by Claim B.1,

sReLU’ (A"

4,7, T) |7'(a:1):s S O( )SRBLU/(A(t)

4.5 ’”) |T(901):8

combined with Claim B.2, logit, ; < O(%)(1 — logitg) when s = 7(x1), thus

E [loglt( )sReLU’ (A(t)

1
M1 T(xl)zs} < E[O(d)(l — logit ") )sReLU’(A) )1 T(wl):s}
1
< O(a)<_vw4,s,7‘,l LOSSv 63>
From Induction B.1, we have

1 ~ ~ 1 ~ ~
(Wi 1sea)] < OCNWLL, 1 e0)] + O(o0) < O(-) + O(on) = O(ov).

Lemma B.9. Given j € 7(X), suppose Induction B.1 holds at all iterations < t, we have

|<W(*’), Loss'e)| < O(og), forpe {3,4} andall s € T(X)

4,5,m,p

Proof. When s = j, we have
1
<—Vw4’jmp LOsSI’ €j> = §]E[ — logitif;-SReLU/ (Az(lg,r)]l‘r(wo):j}

:; [ logltf;sReLU/ ZIL (x0)=4,7(z1)= S}
s#]

Therefore, we can bound the above gradient in the similar way as the off-diagonal case, and obtain

(W e)] < O() max [(WE),,1e0)] +Olov) < Oloo).

4,5,m,p’ ser(X)
When s # j,
<—Vw4] Loss', e,)

fIE [(1 — logltf1 g)sReLU’ (Ai; T,)]lf(zo):sj(ml):j — loglt( )sReLU’ (Ay] T,) T(wo):S,j€T()?)j|

Noticing that {7(z¢) = s, 7(x1) = j} happens with probability \X\(I%’ thus the positive gradient

can be upper bounded by O(3) - [(~Vw,, ., Loss', e;)|. Furthermore, the negative part can be
upper bounded in the similar way as previous off-diagonal negative gradient. Putting it together, we
complete the proof.

B.7 Non-target Correlations Are Negligible

Lemma B.10. Suppose Induction B.1 holds at all iterations < t, for j' & 7(X), for p € [5] and
s € [d]

(W, es)| < O(o0).

4,5 7"71”’
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Proof. By Lemma B.2, (Wif?j,7r)p, es) forp € {1, 3,4} and s € 7(X) can be bounded in the similar

way previous off-diagonal negative gradient.

We can observe that for j/ ¢ 7(X), all the non-zero gradient on the different directions are negative
gradient, which implies <Wf£},7r7p, es) < (Wf},ﬂm, es) = O(og). Moreover, Afﬁ,,,. < O(oyp) is
also non-increasing.

For s = 7(g), g € G, whenever <Wflt3. ,.2 €s) reaches —3p, we have /14(13 T| _y S 3pt Sp+
~ . (t ¢ .
O(op) <0, and thus <7VW$; . 2Loss es) = E[ loglti;sReLU' (Af1 z 1 glzg} = 0, which

implies (Wfﬁ;,7r,2, es) > —3u. Hence, \(Wi,z,’ng, es)| < O(0y). Following the similar argument,

we can prove the result for (Wiz 150 €s) for s € 7(Y). O

B.8 Convergence

Lemma B. 11 For |G| > |V] > Q(eiL), polylog

Induction B.1 holds for all iterationst < T = %Iyd.

#gd and sufficiently
smalln < | >

Proof. Putting the results in Lemmas B.5 to B.§ and B.10, we can directly establish the results in
Induction B.1. O

we have

Lemma B.12 (Convergence). For sufficiently large Ty <t = "°7|7yd

(a) Objective convergence: Loss! < po}yd"

(b) Successful learning of diagonal feature: @fﬁ; > Q(logd) forany j € T(X).

Proof. Assuming for some sufficiently large constant n > 0, E[(1 loglt( ) | T(x) =57 >

Q(dn) fort € (11,71 + M} then by Lemma B.1, we have
(T4 42 10e? d Ui d"*log®d ®) 2
Ty > Q(d““) . ; +1, e 2 Q(log” d)
which contradicts with T\ .| < ®{) | < O(log"d) = O(1) in the polynomial time. This

implies after sufficiently large iteration ¢, we must have E[(1 — loglt( )) | 7(z1) = j] < O(4) for
j € 7(X). Hence

Loss' = E[— 10g10g1t47(m1) Z E[— loglogltij]lT(rl) ]

JeT(X)
E[O(1)(1 - logit{)) 1, (4, )—;]
ogl1 4,5) *+7(x1)=]
JeT(X)
(logitfﬁ- is very close to 1)
1
0 .
- (polyd)
By Claim B.2, at the time of convergence, we must have <I>( ) > Q(logd). O

C Learning The Group Actions: Cyclic Group

In the LEGO language, one step of the state transition corresponds predicting the next answer clause
from the current sequence Z=" ~ DL-L". As in Algorithm 1 and 2, we start with training the model
I on length-1 sequences, which only requires the model to predict one answer Z,ns 1 given input
clauses Zyred,1 and Zyns 0. In this appendix section, we show how the model learns to predict the 5-th

token of Z,ns 1, that is, the value of 1, in the LEGO sentence ZW in 2).
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Let’s recall the structure of the uniform case setting. Note that the group action defined in Assump-
tion 4.1 is equivalent to the following group action by group isomorphism:

Assumption C.1 (Assumption 4.1, restated). Let LEGO(X, G, ) be the LEGO language. We
assume ) = {0,1,...,n, — 1} and G = C)y), i.e., the cyclic group of order |V, and n, €
[Q(loglog d), log d].

We define some notations for this section here.

Notations. Let D! be the LEGO distribution of length 1 under the language LEGO(X, G,)). We
define D}, D and Dj, be the distribution of (20, 1), go and (yo, 1) in D respectively. That is,
given a LEGO sentence

Z(LO) = (Zpred,la Zans,Oa Zans,l) ~ Dla

Zpred1 = (%0, g1, x1, (blank), (blank)),  Zans; = ((blank), (blank), (blank), z;,;),7 € {0,1}

The sampling distribution of (¢, z1) is DY, and similarly for go and (yo, y1)-

C.1 Preliminaries and Induction Hypotheses

First we compute the expression of gradients for W here. With slight abuse of notation, we write
Loss') = Loss(F®)) = Loss"?(F (")) in this stage. The gradients are given by:

(Vws 0 Loss(t), €y)

=Egipr |Ej(ZY) -sReLU'(AY) (21°) 3 1y -0, jeld,pels)relmlveV
keZt0
where & j(Z') = 1z, , )=; — logit, ;(F,Z"°) is the

To analyze the learning of the group actions, we need to first define the set of features that the model
will learn, corresponding to the group action.

Definition C.1 (feature combinations, cyclic group). Asuming the group G follows Assumption C.1.
For each j € 7(Y), let

$j={(g,9) € G x V| 7(g(y)) = j}
we call the set § = | jer() §; the set of feature combinations, and the sets §; are called set of
feature combinations for predicting y = 71 (). Furthermore, for any ¢ = (g, y) € §, we write

Seont (@) :=={¢ €T | ¢' = (¢',y) or ¢' = (9,4'), where g # ¢',y # '}
as the set of confounding features for ¢, that is, the features that share exactly one component with

¢, either g or y.

Each §; includes all possible combinations of g, y that transform y € ) to a new state y’ = g - y by
predicting the corresponding token index j = 7(y’). It is the set of features we want our network to
learn in the neurons of output coordinate j, while sets §;/, j’ # j are the sets of features we do not
want to learn in the neurons of output coordinate j5'.

The set of confounding features §Feonf(¢) for a given feature ¢ = (g,y) € § contains the features
that share exactly one component with ¢, either g or y. Confounding features are the combination of
features that are similar to ¢ but are incorrect for predicting j-th output.

Features in sets §; exist in the neurons. We define a short notation for the set of all indices of feature
combinations at coordinate j € 7()’) and neuron r € [m).

Definition C.2 (neuron feature indices). We define

U={u=(j,r¢)|jeT),re[m],¢cT}

be the set of all indices of compositional features.

Now we present the some notations that could help us determine which features are learned first.
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Definition C.3 (¢, U-notations). Let j € 7(Y) and r € [m], for ¢ = (g,y) € §;, Let’s define the
following notation:

V;r(9) = (Wsjr2.€9),  Ujr(y) :i= (Ws 5, ey) (19)

When ¢G follows Assumption C.1, we define an index u = (j,r, ¢) and a feature magnitude
U, =Y,,(g,y) as follows:

W= W50 (0) = 5 (0r(9) + i (v)

which is the combination of features we need to predict the correct answer ¢y = g - y with fixed
attention weights % for both Zreq,1 and Z,ns ¢ during training phase 1.

A key technical ingredient of our proof is the characterization of the learning order of the features.
By leveraging the smoothness of the sSReLU activationfunction, we can show that the features are

learned in a specific order that relates to the feature magnitude \I'SO) at initialization. We define the
learning order, encoded by the order < on U/* as follows:

Definition C.4 (learning order). The learning order is the ordered set {* that we obtain from the
following process: Define a total order on U/ as follows:

u<uv = \11510) > ‘IIEIO,) Yu,u' €U (20)

We construct the sets U* by the following procedure: initialize an empty neuron set W;?l)p = &, and

0 _ &, and the initial index set 4(©) = &. Starting from k = 1, we do the

an empty feature set R;,,,,

following:

(1) Find the index u = (4,7, ¢) € U, where (j,7, ¢) = argmax; ;s g \Ilﬁ??r,(¢’) such that the
feature ¢ € S\Rgfn;,l) and (j,7) € 7(Y) x [m] \Wt(,];;l).

(2) Update R« RV U (), W) = Win D U {(j,7)}, and U® « y+=1 U {u}.

tmp
(3) Iterate the (1) and (2) steps until k& = nf/, then yield U* = Uy,
This process yields the ordered set /*, equipped with the total order < defined in (20).

Note that I/* is a smaller subset of /. In fact, /* encodes the order that the neural network F' learn
the features ¢ in the neurons (j,7) € [d] x [m], and leave out the indices u € U \ U* that are not
learned. The order < is induced by the feature magnitude \11502 (¢). In the proof we shall show with

high probability, the order that each ¢ is learned is according to its position in U/*.

In order to characterize the feature updates before they start to become significant, we define the
following notion of pseudo weights.

Definition C.5 (pseudo weights). Let u = (j,7,¢) € U. We define the pseudo weight VNV(t)(u)
where ngj).,)r,(u) = Wl(t]),r
(0 0
Wi () = W

the update rule of Wétzr (u) in the following manner:

, for all (i, 57, 7") € [5] x [d] x [m] except for when ¢ = 5. We initialize

and let Xétzr be the corresponding activation with weights Wét;T We define

o if (p,v) & {(2,9). (5,)}. we define (W{'TD (u)e,) = (W) e,

5,5,m5p 5,4,r,p? Y

o if (p,v) € {(2,9), (5,y)}, then we let the update rule to be:

(WD (a),e,) = (W) (u),e,) + nE[sReLU’(AY), )15, 1r, ,<p]

This means that we are updating the pseudo weights for the 2nd and 5th components of the weight
vectors differently, while keeping all other components’ updates unchanged.

In order to introduce the induction hypothesis, we first define the probability events of feature
appearance.
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Definition C.6 (probability events of feature appearance). Let j € 7(Y), r € [m] and ¢ = (g,y) €
)

§; be a pair that predicts j-th output. Denote events By, B(g,v), B;j(g), B;j(y) and B,, B (9), BJ( )
as follows:

1. By =B(g,y) = Bj(9) = B;(y) = {91 = 9,90 = y}:

2. Ej (9) == {91 = g9,y0 # y}, the event that g is the incorrect feature for predicting j-th
output;

3. Ej (y) := {91 # g9,y0 = y}, the event that y is the incorrect feature for predicting j-th
output;

4. B¢ = B (g)U B i(y), the event that ¢ = (g, y) is the incorrect feature for predicting j-th
output.

We then define the notion of the gradient conditions, which will be used in the proof of the induction.

Definition C.7 (gradient criterion). Let u = (j,r,¢) € O* and t < T}, we define the following two
conditions:

* Given ¢ > 0, the positive gradient criterion Kpos(u, 9):
Kpos(u,6) is true <= |E[(1 — logit; ;) - sSReLU' (A5 )15, 15, ,<p]| <6 2D

* Given ¢ > 0, the negative gradient criterion Kpeg(u, 9):

Kneg (1, 8) is true <= ‘]E logits ; - SReLU'(As ;)15 15, ,<5] ‘<5 (22)

These conditions control the magnitude of the gradient of the feature u at iteration . Now we define
the following intermediate time-steps:

Deﬁnition C.8 (phase decomposition). Let u = (j,r, ¢) € U*, we define the following intermediate
time-steps:
Tuta :=min{t > 0| P > 050}
Ty1 :=min{t > 0 | Kyos(u, d1), where 61 :=1 — d—%1}
Tupe = min {t >0 | Kpos(u,d2) A Kneg(u, 82), where & := X/d"'}

Ty.2 := min {t > 0| Kpos(u,d3) A (T > B — 0(d* ), where 63 := (d0‘00100)q_2}

Below we shall introduce some induction hypotheses that will be used in the proof. We first introduce
a induction hypothesis for the pseudo weights.

Induction C.1 (induction on pseudo weight bounds). Let j € 7(¥) and u = (j,r,¢) € U*,
¢ =(9,y) € §;. Let u’ < u € U* be the immediate predecessor of win U*. Then att = Ty o, it

holds that the pseudo weights Wéf;r(u) defined in Definition C.5 satisfies

(W (), e0) — (W) < O(oo/d),  Y(p,v) € {(2,9). (5,)}

‘We maintain the following induction hypotheses for the case of Assumption 4.1.

Induction C.2 (induction on weight bounds). Assuming Assumption 4.1, for t < T4, the following
properties hold:

(A) |<Wétj rpr €0) <W£0? eu)| < O(1/d) forallv € X and p € {1,3,4};

d’j T’p’
B) (W) ey — (W) e, < Oloo/d)forallv eV andp € [5,r € [m]ifj ¢ 7(Y);

The last induction hypothesis is about the checkpoints defined in Definition C.8.

Induction C.3 (induction on cyclic group actions). Under Assumption C.1, for t < T3, in addition to
the induction hypotheses in Induction C.1 and C.2, the following properties hold:
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(A) Foranyw' <u € U*, it holds that Ty 14 > Tw 2 + ?2(1/770872);
(B) Letu = (j,r,¢) € U*, forany t € [Ty2,T1], it holds that \Pgti(cb) > B — 0(d*%ay) and

V() < (@) 2 O

C.2 Technical Lemmas

Here is a simple fact for the logits of 5-th token predictors. The proofs are trivial.
Fact C.1 (non-updating weights). Fori =5, j € [d], r € [m] and p € [5], the following components
of Wi, i.e., (W, jrp,€,) would not be updated:

cjeld.pe{l,3,4}v¢ X
cj€eld,p=2,v¢G;
e jeld,peb,vé¢ .

We also have some unconditional bounds on logits.

Fact C.2 (unconditional logit bounds). Due to Assumption A.1, for the logits of 5-th token predictors,
we have the following simple facts:

(a) Let j € [d] and i € [5], and suppose F; ;(-) < B, then

d—1
1 - logit, ;(F,Z) > —————

(b) Let j € 7()) and input Z € supp(D*(Z)). Suppose there are no more than n coordinates in

[d] such that F; ;(Z) > @, then as long as e > d, it holds that

logit; ;(F,Z) > > Q(A/dn)

O(d) + ne®?
This is the logit lower bound for the prediction of the j-th head of the language model.

Lemma C.1 (gradient bounds). Let j € 7()), and ¢ = (g,y) € §. Suppose Induction C.3 is
(t)

satisfied att < Ty, then for any 6 € [0,0.4], if 3=, ¥, (¢) < (0.5 4 0)log d, it holds that

7,7
(a) E[(l — logitg;) ‘ B¢] > 1 — d-049+6
(b) E[logit!") | By] < d0-49+9
(c) forany r € [m), it holds that for (p,v) € {(2,9), (5,y)}:

(Vs Loss e,) > (1 - O( ))E[sReLU’ (A, )15,1r, <)

(J0-49-3
Proof. We prove the statements separately.

* Part (a): By Induction C.2, we have that All the irrelevant features |<W(t) ev)| < O(00/d),

so conditioned on B, , we have that o
Fi(Z) < Y sReLU(AY) () < Y w{)(g,y) + Oloom/d)
re[m] re[m]
< (0.5 + 6)log d + O(o()
< 0.5011ogd
Then since all F; > 0, we have that conditioned on B, ,,, we have that
oFi(2) o(0.51+6) log d 1

< <
e by (Z) = d = J0-49—5

logit{"(Z) =

which concludes the proof of (a). (b) can also be similarly proved.
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* Part (b): Firstly when Induction C.2 holds, for any ¢ = (g, y) € §;, we have forall ¢’ = (¢, )
such that exactly one of ¢’ = g or ¢y = y is satisfied, it holds

Ujr(¢) < W () + O(00)
Therefore by taking a sum over r € [m] it holds that

Z (6 Z U, ,.(¢) + O(00) < (0.5 + ) logd + O(ap) < (0.5001 + §) log d

So by (a), we have the logit upper bound for all ¢’ = (¢’,y’) such that it shares a compo-

nent with ¢ as Ellogit; ; | By] < d=%*°. Note that since By = (U yy) 929 Bov) U
(U(g.y).y7y Ba.y')> we can obtain the desired result.
* Part (c): By combining (a) and Induction C.3, we can compute
(Vws,,,,Loss™) e,) — E[(1 —logit!"))sReLU' (AL} 15,15, <]
< Ellogits ;sReLU'(A{) )15 15, <5l
< O(d~"*+)E[(1 — logit t))sReLU’(Aétj g, g <5l
where the last inequality is because Al 3 conditioned on B¢ is smaller than O( E [ 5 ] + | Bol

from Induction C.3, and the application of (a). Note that we ignore the event { ;5 ; < B} because
it always happens when ) ¥;,.(¢) < logd (coupled with our induction about irrelavant
features).

Now we have finished all proofs. O

Lemma C.2 (initialization gap between features). Assuming Assumption 4.1. Let j € T(Y), for all
r € [m] and any two u,u’ € U, we have with prob > 1 — o(1) over the randomness at initialization
that

0) o0
|\I]510) - \I/u’ | Z

ngm? logd

Proof. We give a straightforward proof that every pair of ¥, has a gap of First note that

n4m2 logd"
U, of different u € U are independent and identically distributed on the randomness of W), due
to the orthogonality of embeddings e,,, v € V. Then, by the basic property of a Gaussian variable

(notice that \IIEIO) — \IJSIO,) is also Gaussian with variance 20¢) (all though different pairs could be
dependent), we have with probability 1 — that their gap is at least = for each

n4m2 logd ~ n4m2 logd

pair. Then by a union bound over O(m?n y) many all possible pairs we can conclude the proof. [J

Lemma C.3 (consistency of gradients). Let ¢ = (g,y) € §, for any j € [d] and r € [m)], we have

with probability 1 — m over Wéoj)r that:

Ewo,wl[SReLU/(A(O)' )HBg,y ‘ W(O)] - Ezo,rl,W(o) [SRGLU/(AS)]) ’l") Bg,y]

5,7,7
~ (gt N
< JOCT=—) i u(e) < d 0
=) =, ¥ -
Oy yw)(e) > a0

Proof. We can view the expectation

E (5,21 )~at [SRELU'(AL) ) | g0 = g, 50 = 9]

at iteration ¢ = 0 as

By 0ot [SRELU'(AL) ) [ g0 = 9,90 = 4] =

E vl,'UQ

x'eX

w><
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where

1 =wy], forsomewvi,ve € X

h(vi,v2) = E[sReLU’(AY) )15

Now we can apply Lemma E.1 by viewing the RHS as a U-statistics where the randomness of each
h(v1,v2) comes from the initialization of (W5 j .1, €y, ) + (W5 ; 1, €y,) and (W5 ; 1, €y,) Which
are identically distributed and jointly independent with any h(v/, v5) if the sets {vy, vo } is disjoint

with the set {0, v3}. So by choosing n = |X| = ©(d) and m = 2, M = (0T (¢))a " log d)s
when \I/ﬂ((b) <d %% and M = O(Wﬂ(qﬁ) log d)?~! when \I/§OT)(¢) > d~%0! and corresponding
t = nM log d in Lemma E.1 we have the desired result. O
Fact C.3 (conditional expectation of logit). Let ¢ = (g,y) € §;, then we have the decompositions:

For the negative gradient E[logit(t) sReLU’(Ag G

E[logltg;sReLU ( ) | B¢] Pr(B i (9) | B¢) . [logltg;sReLU ( 5] T) | B (9)]
+Pr(B;(y) | By) - E[logitsReLU (A )| B;(9)]

Lemma C.4 (irrelavant features). Suppose Induction C.3 holds for all t < T3, then Induction C.2a
holds at iteration t + 1. Moreover, let A, = {x € {xq, 21}, (v, 71) € DX}, then at each step the
following holds:

1
(WD en) — (W ea)l <3 nPr(Ay) - [(Vws,,,Loss ™, eg))|
geyg

g ] we have

Proof. We shall be proving that the total feature growth of any r € X at the end of training

should be negligible, that is, (Wgtz rpr €)= (WEOJ) o €x) < O( ) < 0. In fact, suppose that
something weaker happened before ¢, for example <Wg3‘,r,p’ er) — <Wé?])»,r7p, er) < 0¢/d’!, then

by the gradient formula for W, for any « € X and p € {1, 3,4}, we have the gradient of feature
(Wsjrps €a) Is:

(VWs 0 Loss® e,)
= Evefun,en) [E)sReLU (AL )]
=Esefao,eny[(1 — logitg;)sReLU/(AéL:;,T)]lBj — logit{"sReLU’(A{") Ng,]

N 5,57

By Induction C.3, we know that there is at most one feature (g,y) € §; such that \Ilgt}n (g,9) > d*1oy,
so we can decompose the gradient of e,, at any iteration s < ¢ to:

(Vw, ;. Loss™) e,) (23)

= E[ll4, (1 - logit{"))sReLU'(A{") ) 15,15, <5 — logit{")sReLU'(AY) )15 1, ,<p]
(24)

= E[(1 - logit{"))sReLU'(A{") )15, ;) — logit{"}sReLU'(A{") )15 1r, <pla,]
+Pr(A,)>
+Pr(A,)>

Now since (Wésj) s €

before ¢ is bounded by

9'€G.a' 49 [(1 — loglt(t)) sReLU (Aésj) T)ILBj(g/)ILFS,jSB | A$:|

. t
gz E [logit{!) - sReLU'(AL) )15 Tr < | A

ex) < 0plogd,Va' € X, it holds that the sum of all updates of (W5 ; ;. €5)

ZO(%) [(1- logltésg)sReLU'(A( $) B, (g LEs,<B — loglté)sReLU’(A(S)- Mg o les <8 | Al

»J 5,57

s<t

(=) A
DD DR hE JE[(1  logit ) (1)sReLU' (L) ) s, (g1 1, <5 | A

s<t

(s) !
+Zzg 7éggeg E[loglt -sReLU (A g e, <B | A }

s<t
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=1L +1,+ I3
Since by Induction C.3, we can bound I3 + I3 by

1 S
2+ I < Zg’7'5g,g/eg O(g) ’ngt UVWs; 00 Loss'®), eg')
< x Olog) < 00 /d"™

and for I, we also have

) ~ 1
|Il Z 77PI‘ ) <VW5‘j,r,2LOSS(é)7 €g> < O(&)

s<t

Thus the total update to (W ;. p, €,) for all iterations before ¢ is bounded by 5(%) which proves
the induction hypothesis and also the final desired result. The second statement can be obtained by
looking at (24). [

C.3 Phase I: Initial Growth

First suppose u = (j, 7, (g,y)), where j denotes the token index and r is the neuron index. In phase
I.1 which spans the time period ¢ € [0, Ty,0], we show that the feature u remains close to initial value
while competing with other features. In phase 1.2, we show that the feature u grows faster than other
features and reach a certain magnitude.

C.3.1 Phase L.a: Emergence of the Feature

Before the feature u starts to grow, we know that the gradient for it could change, due to the
confounding feature which affects the logits of the gradient. When the feature Wy grows, the
erroneous prediction probability logit, 7 could rise and therefore decrease the gradient of u. We
shall show below that this two effects will not affect the growth of u much, and thus we can safely
ignore them.

In fact, we show the following bound on the "optimistic growth" by pseudo weights in Definition C.5
almost match the actual growth by the true weights, in phase L.a.

¢ t
(WL pea) = (WS )| < Oloo/d™) 25)
To show this, we need to bound the trajectory of |W5 Grp Wgtj »p| during the time peirod

t € [0, Tw 2], which is the point where the immediate predecessor has been learned almost optimally.
We need to argue the two following conditions are satisfied:

* C;: The total amount of iterations where E[loglt( | Byl > -5 is smaller than O(g)

(here the d®2 can be losen to almost 1/0™?)

* Cy: Throughout ¢ € [0, Ty 2], we have (Wé ; rp?

ev> < 6(00)-

So we have the following proposition for W,,’s feature growth during the feature learning process of
predecessor features.

Proposition C.1 (Phase I.a). Let u’ be the immediate predecessor of u in /*, then Induction C.1 is
satisfied for all iterations ¢ < T,y o. Moreover, (25) holds at t = T,y o.

To prove this proposition, we first prove the following lemma.

Lemma C.5 (gradient approximation). Let j € [d] and r € [m]. Suppose at iteration t < Ty there is

a f €10,0(0g)] such that |<Wét; o Wéoj)rq, ex)| < Bforallqe {1,3,4} and all x € X, then

zfA5 o > 0, we shall have
sReLU'(AL), (2)) - sReLU'AY), (2| < {7, L @2
"~ ” OB(A;5,(Z)+B8)77), if Ny ;,.(Z) < 30
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Proof. Note that by Induction C.2(b) we have that

\(W(t) <Vvé0j)rp7 ) < 0(1/d), Vp e {1,3,4}andx € X

5,4,m,p° € >

and A1)

which allows us to bound the difference between A" 5.,

~ 1
A H(2) =85 @) <5 Y [(WE,, = W) ea)| < O(1/d), VZ € supp(D)
pe{1,3,4}

5. as any iteration ¢:

Now we are able to bound the difference between sReLU’(A(t) ) and sReLU’ (Kétzr) as follows:

Oj’l‘

* When A5 Gr(Z) = 10, because of the monotonically increasing slope of sReLU’(z) for

x € [0, o] and flat slope when = > o, we have that [sReLU’(z) — sReLU’(z + ¢€)| < ¢ for
€ > 0. Therefore

’sReLU'(A(t

U .(2) — sReLU'(AY) (2))| < O(IAY), (2) - R (2)]) < 8

* When A(;; (Z) < Lo, we have that|sReLU’(z) — sReLU'(z + €)| < O(g% - (|z| + €)772)
forz < 4 50 and € < p, therefore
[sReLU' (A}, (2)) — sReLU'(R{)) . (2))| < O((AL),(2))"" — (R (2))"")
5,5,7 55,7 = 5,7,r 5,5,r
<0(B- (AL}, (2) + B)2)
This concludes the proof. O

proof of Proposition C.1. Actually, for all u € ® such that u < u and u3 share at least one feature
component g or y with ug, we know that there time duration of ¢ € [T 1, T 2] is at most Tg o — T 1 <

O( dzl ). Therefore the total number of iterations where E[logits ; | By,,] > 73 before t = Ty

is at most nO(— log® d) < O( " Jog? d). Then for each step ¢, we have

* When E[logit; ; | By | > -5, we have that

(W3 e0) = (Wi )]

5,,mp> €v 5,5,m,p?
< (W), ) = (W, oen)| + |n(EIsReLU' (RS )] - Elel)sReLU' (AL )]) |

s!<w§f§m W) = (Wi o)
n|E [loglt( )]lB (sReLU/(A(t)

5,7,T

) + sReLU'(Ag‘j,))} ‘
+n’E [logltg)sReLU’(A(t 1 BQ,J ‘
< (W, o0 = (W se)] + Olon) + | [logit ) sReLU'(AY) )15, ] |

< ’<W(t) ey) — (W(t)

~ -1
5J7”P’ 5]rp’ev>|+0(7708 )

where the last inequality is because both logit(t) < O(1) and sReLU'(Ag; -

)= Olog ) is
much smaller conditioned on Bg y- In fact, by Induction C.3 at each single iteration ¢ < Ty 2
there can only be one u = ( j,T. QS) € U* such that loglt( ) > d‘)l-l conditioned on (g1, yo) = d).
Therefore we achieve the same bound.

* When Elogit; ; | By,] < 75+, by similar calculations, we have

|<W(t+1) >_ <W(t4_r1) e >’

5,4,mp> €v 5,4,mp> Y

5,5,7,p? 5,7,1,p?

< [(W ) = (WE) o)
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n ’mE {1og1t 1, (sReLU (AL ) +sReLU'(AY) ))} ’
+ ‘UJE {loglté’}sReLU'(Agt’;.)r)]lgq.u ‘

t t ~ —1
< (WS prea) = (W8 )| + O(ggmof ™)

Since we know that T/ o < O( —= —1), we have that the total growth of difference between
90

<W§)t; rp» €v) and (Wé 3 rps €v) 18 bounded by
(T, ») (T ) ~d%t o~ ~ 1 ~ 1 _
(W eo) = (W i en)| £ O(=—) - O(nof ™) + O(— =) - O(7mog )
n no,
~ 00
< O(W)

Therefore, we have shown that the (25) holds for all ¢ € [0, Ty 2]. This provides a good initialization
for future leanring. O

Now we are set to prove the proposition that concludes Phase L.a.
Proposition C.2 (Phase I.a, feature competition). Let u’ < u € U/*, then Induction C.3 holds for all
iterations ¢ € [0, Ty 14]. Moreover, we have the following properties:

wwie) > @005, while W) = O(gy), Va-ueld

Proof. By Proposition C.1, we can deduce

\IIEITu’,z) > \IIEIO) _ 6(00/d0'1)

(Tur 2) 1 A 0.1
> W +lo oy O(op/d”")

Now we proceed to prove the result for ¢t € [Ty 2, Ty 14)- Remember u’ is the immediate predecessor
of u=(j,7,(g,y)) inU*. At this point, by Lemma C.1, we have a basic gradient lower bound for
both g and y in neuron r:

(Vi Loss®, ) > (1= O(n/d)ESRELU'(AL),) | By for (p.v) € {(2,9), (5.0))

(26)
Using these lower bound, we can prove that the feature \IIEI ) will outgrow all other feature ¥ where
u<uey*withu; = j. Infact, letu = (4,7, (9,7)) be an index from U where (g, y) € §;, Now
assume the following induction hypotheses @ and @ during ¢ € [Ty 2, Tu,14):

® v >\Il(t)+Q( )<\I!()forallu€2)whereu1fj

logQ(l) d
@ The condition (26) is satisfied for all u € X where u; = j.
We shall prove that if both @ and @ are satisfied at ¢ = Ty 2, then they are also satisfied at each

t € (Tw,2,Tu14])- Let us assume they are satisfied at some iteration ¢ € (T 2,Ty4,14), We show
below it remains the case at ¢ + 1.

* Proof of @ at ¢ 4 1. Since by the definition of T}, 14, we have Lemma C.1 holds for feature u
for all iteration ¢t < T}, 1,. Moreover, by our induction hypoethsis, @ holds for all iteration s

where Ty 2 < s < t,ie. \I/](js) <0 forall s € [Tw 2, t]. Therefore we can obtain that for all
s € [Tw 2, t], the gradient of Uy satisfies

(Vw, . Loss'. e >§fE[sReLU (AL) ) | Bygl for (p,v) € {(2,9), (5, 7)) @)

By applying both (26) and (27), couple with Induction C.3, we can show that the gradient of ¥, is
always larger than that of Wy as long as which proves @ for ¢ + 1.
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¢ Proof of @ at ¢ + 1 by @ we have ‘Ilgﬂ) < \IJSH), which, combined with Induction C.3, implies
that

> ¥05.5) < Oloom) < O(d' )

re[m]

then by Lemma C.1, we have the negative gradient for \I'Sf +1) satisfies (26), which concludes the
induction step.

Moreover, from Lemma E.2, we obtain that at ¢ = Ty 14, We have the following result: \IISf ) >
d%%l gy while all \I/g) < O(oy) for U > u in X; So the proof of Phase Ia is complete. O

C.3.2 Phase L.b: Feature Growth

In this stage we prove the following result:

Proposition C.3 (Phase I, cyclic group). Letu = (4,7, ¢) € U*, then Induction C.3 holds for all
t <Ty,1, and we have the following results at ¢ = Ty, 1:

A) v > 0(log d)

(B) For any u € U such that u > u, we have \I'%T“’l) < O(0).

Proof. The same result for phase I.a is proven in Proposition C.2. We only need to prove for
the iterations ¢ € [Tu,hu Tu1]. Indeed, The total number of iterations in this stage is at most

5(%) By Lemma C.1 and Lemma C.1, we know that as long as \Ilg) < 0.5logd, it holds

0.01,9—2
nd g

t]lat
Js n?] dO 49 5,77 9,9y gﬂ y 2

This ensured that we can use Corollary E.1 for 5( many iterations starting from Ty 1, to

%)
ndo.mgg*?

reach Ty 1, where \Ifff ) > 0/2. Moreover, since sSReLU’(x) is a smooth polynomial for z € [0, g]
and a constant for z > p. The same lower bound (28) can be applied and used to calculate the
iterations needed for U to reach Q(log d) after reaching o/2, which is O(logd/n), as long as
o <0.5l0gd. O

C.4 Phase II: Cancellation and Convergence

In this stage, we shall show that the incorrect feature combination will move close to zero when the
FFN weights reach a certain level of convergence.

Lemma C.6 (activeness of a neuron). Let u = (4,1, (g,y)) € U*. If Induction C.3 holds, then for
allt € [Ty,1,Tw,2), it holds that sReLU/(A(t)

5..r) = 1 conditioned on By ,,.

Proof. Itis satisfied at t = T}, ;1 by Induction C.3. For any ¢ € [Tu717 Tug], we have that whenever

\118 ) falls slightly below % log d (which have to happen before it reaches even lower), by Lemma C.1
and Lemma C.1 we have that

1 1
Vibyr(v) 2 5 (1= O 55755 JEISReLU'(AL) ) | Byy) = —5(1 = Ol 555)) (forv =y org)

Therefore \IIEf ) is increasing once it suppass a certain threshold, and that \I/S,t ) > 0.491og d for all
te [Tu,l, Tu,g] and therefore the neuron r is active. O

Lemma C.7 (bounds on same feature in different neurons). Let u = (j,7,¢) € U, where ¢ = (g,y),

and v’ = (j,r',¢) € U for some r' # r such that u' = u, we have that \I/( ) < O(0y) for all
te [Tu,laTu,Z]
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Proof. We shall prove this by induction. Itis true at ¢ = T3, 1 by Proposition C.3. Since Ty, 2 —Ty,1 =

O(W), we can simply bound the total growth of \IJ( ") as follows: let v = y or g, we have
90
that
()
Y. () < Z V¢<t) Loss®
s€[Tu,1,t]

(Tun) | 1 , RO
=Vt O pr ) S TR (s

(Tu1) 1 A a1
<+ 0( do,ommgﬂ) O(og )

< 77[];71};,1) —i—O(UO/dO'OOl)

)] (using the upper bound)

where the second last inequality is due to that the activation for Aét,;m/ is at most o! -t by Lemma C.6.
Therefore we have that z/zﬁ, < 5(00) forall ¢ € [Ty,1,Tu,2]. This concludes the induction. O

Lemma C.8 (logits in phase IT). Consider au = (j,r,$) € U*, let §®) contains all the feature
combinations from § that are learned at iteration t, that is, for each ¢’ € 5O there exists au’ € U*

such that v’ < u, which also means t > T\ 9. Then for any ¢' € T N Feont (), we have that for
all t Z Tu,g,

logit{} 15, = O(exp(¥)(¢') — B)) = O(exp(¥\)(¢/)A/d))

)

otherwise, we have that logitéf;]lgd), = @(exp(@éfﬂ(d)/d)).

Proof. 1t is direct to verify the above claim following Induction C.3(b) since there is only one neuron
that learned ¢’ and it would be the only active neuron besides the current learning neuron. O

The above lemma also classified the different logitg; into two categories: one is the suppressed

logits which are small and proportional to A/d, and the other is the unsuppressed logits which are
proportional to é. This leads to the following lemma:

Lemma C.9 (different cancellation conditions). Let u = (j,7,¢) € U*, let Y contains all the
feature combinations from § that are learned at iteration t as in Lemma C.8.

o Ifp' €5;N O Feonf (@), we have that before \I/,(f) exceeds B/2, \Ilgtz(qﬁ’) > Q(log d).

e Otherwise, we have that \Ilgti (¢') < once \Ilgf ) > 2.01logd.

1
— qo(1)

The above lemma showed how different logits interact with the feature cancellation condition. Now
we are ready to prove the following lemma:

Lemma C.10 (convergence of positive gradient). Let j € 7(Y) and ¢ = (g,y) € §;. For any level

0> dog_z, the total number of iterations of which the condition Kpos(9, 0) does not hold must be
ni log? d)

smaller than O( 7

Proof. This is due to the upper bound assumption we put on F5 ;. In fact, suppose conversely that
the pair (g, y) € F; satisfies

E[(1 - logit{"))sReLU' (A )1p, < | Byyl >0

n3 log2 d
for more than O(——

) many iterations. We compute the update by

w(t+1 (y) = w(_t)(y) +77<Vw5,j,r,5LOSS(t) ey)
= ¥y (y) +nE [(1 — logit{!)) - sSReLU'(A{), 7)]1F5,_7~§B]lBj(y)}

44



—nE [loglt -sReLU’ (A( ) )]lgj(y)]llq,)‘ng}
Let ¢’ € G\ {g} be such that (¢',y) ¢ S'j, we have that

(t+1 Z w(t+1)

9'€G\{g}
= qu(tz(y) — Z wJ(tZ( "+ nE {(1 - loglt( )) sReLU'(Ag T)]]'FS,jSB]]'Bj(y)}
g'€G\{g}
By a telescoping sum, we have that
e = Y el =D B [(1 - logit!?) - sReLU'(AL) )1r, ,<pls, )|
g'€G\{g} s<t

. . 3logd . .
Due to the contradiction assumption, we know that for 7" = w(%) many iterations, we have that

VD@ - Y i) > B+ Q(nylog? d)

s

g'€9\{g}
which is impossible because z/zj(?,( ) and w(t)( ) is both absolutely bounded by B + O(1). Therefore
2
there is a contradiction, Kpos(¢,d) does not hold for at most O(%d) many iterations. This
concludes the proof. O

The above proof also produced a corollary.
Corollary C.1 (monotonicity of cancellations). Let j € 7(Y) and ¢ = (g,y) € §;. The following

quantity is non-decreasing:
2 o) and @)= 3 vnw)
g'€9\{g} v’ €V\{y}
SJorallt > Ty ;.

Using the above corollary, we can now prove the following lemma:
Lemma C.11 (convergence of negative gradient). Let j € 7(Y) and ¢ = (g,y) € §j. We have that

(a) For all iterations t > Ty, 1, it holds that Aéf;AZ)]lBE; € (—%,%) forany qg € Feonf (D).

nj 10g2 d

5—) such

(b) For any level § € (d1 T,
that Kneg (¢, 0) holds.

(d%%Vo)972), there exists an iteration t > Ty 1 + O(

Proof. We prove this by contradition. By Corollary C.1, we know that the difference wj(tr)(g) —
2oyen (v} 1/)52 (y') is non-decreasing with a growth speed

i (1~ logit!!)) - SReLU (AL} )17, <515, |

Since by Lemma C.10, we know that the iterations of which the condition Kpos(¢, 6) does not hold
3 2

must be smaller than O( "2 ];f d) we have that for some § < dl rand ¢t > Ty 1 + Q(n log” d), it

must hold that &) > B + o(1). However, for any § < %, if wj,r( )+ z/éfr( N <=9

some 3’ # y, we have that

Ny logd) for
A A

s () 7A@
‘U]E |:10g1t5,j -sReLLU (A5,j,r)IlF5,j§BﬂBj(y’):| ’ > Q(m) > W

such that the gradient of w](tz(y’ ) would greatly exceed the average growth speed of wj(tz (9) —

Zy'ey\ (v} 1/)52 (y"). This would result in a fast increase of w(-t) (y') to 1/)52( ). Due to this effect,

Weknowthat1/;§f2(y’)+q/;§?( ) > 0/2 for any 3/ 7éyandt>Tu1+Q(n log” d)
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. . . 3log®d
Now we prove that there exist a iteration t > T}, 1 + Q("2 :(sg ) such that Cpeg (6, 9) does not hold.
Suppose this is not the case, by the continuity of the gradient term

Nl loglt() sReLU'(Aézr)]lF <plg }

we know that it must either be larger than § or smaller than —§. Suppose the former is the case,

then we have a always decreasing gradient for wj(?, (9) + %(‘m( ) for more than Q( = f d) many

iterations, which is impossible as that would make \Ifgt?n(qﬁ) < O(1) after sufficient iterations. A
similar argument can be applied to the case Where the gradient is always negative. Therefore

there must exist a iteration t > T}, 1 + (™ 5 ) such that Kpeg (¢, ) holds. This concludes the
proof. O

Corollary C.2 (incorrect feature cancellation). Let j € 7(Y) and ¢ = (g,y) € §; and 6 =
3 2
(d0.0100)q—2’ then there exists a iteration T' > Ty 1 + Q(W) such that for all t > T, we have

[0 ()] < (@O0 @682 NV @D for any ¢ € Feont(0)

Proof. By choosrng § = d*0lgd™ % in Lemma C.11, we have that there exists an iteration ¢ >

2
Tu1+ Q(i) such that
’nlE {logitét) ~sReLU'(A( ) I <plz ” < (d*M )72

accounting for the fact that there is an absolute logit lower bound log1t( ) > Q(id), we have that

A(t ( )]lg c (_(d1+0.01><(q—2 O_q—Q/}\)l/ q—1) (d1+0.01><(q—2)o_g—2/)\)1/(q—1))

5,3,

By looking into the features in AJ ; T]l % we can conclude that

|\Ij(f)( )| < (d1+0 01><(q 2) q 2/)\)1/ g—1) for any ¢ c Sconf(qs)
for any ¢’ # g,y # y. One can also verify that at this point, ij,,«(gl) and ij(-?(y’) for
g # g,y # y contains only the terms with indicator function ]1~ . Moreover, at this point
vl > B - O(o) with gradient Q(X/ nZ) as long as it’s all activated, thus the gradient of @/J(t)( N

and w](tz(y’ ) cannot move beyond (d°-°15¢)9=2 in the following iterations. This concludes the

proof. O

Combining Lemma C.10 and Corollary C.2, we can now prove the following proposition:
Proposition C.4. Let u = (4,7, ¢) € U*, then the following holds:

e Att > Ty =Ty + O( we have Ul > B — O(d* o).

W)
« Forany ¢/ € Feonf (), we have U\')(¢/) < O((d*'0)12d/A) Y @V if t > Ty .
This proved Induction C.3 for t € [Tu71, T1].

C.4.1 Feature Shape at Convergence

Next we shall characterize the magnitude of u;](tﬁ(g) and w;tz (y) forany g € G and y € Y at the end
of training.

Lemma C.12 (symmetry of ¢ in the end). Letu = (j,r,¢) € U* where ¢ = (g,y) € §;. Suppose
vl > B — 0(d"'6y) and MAX € §oons () \@§t2(¢’)| < O(0) for all t > Ty 2, then we have

D= [ (9) = i)l < 0(9) 29)

Moreover; plugging in § = O((d*% a)9=2d/X)'/@=1) as in Proposition C.4, we have that j(;t) <
O((do.mO.O)q—2d/)\)1/(q—1).
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Proof. The proof uses Proposition C.4. Let’s look at the growth of w;tz (9) = (Wg;ﬁ,g, eg) and
1/);’2( ) = (W(tz 50 €y) forevery g € G and y € Y over the during the period s € [0, ¢]. First for

any ¢ = (g,y) € §;, we have
i) (g) — ¥ (9)

t—1
= Z NVws, 0 Loss', eq)

s=0

- Zn<]E [(1 - logit{"))sReLU'(AY") )15, @V p <] ~ E[logit{")sReLU'(AY) )15 o Lre SB])
= Zn(]E [(1- loglt(g)) sReLU/(A s, (g)]]-F( ><B]

_ Z Z 77]E IOglt(g) SReLU/(Aé?,?")]]'B(gvy/)]lFéz)SB:I)

s=0y'#y
- Ug’y - Z Rg»y’ (30)
y'#y
where the terms U, , and I, are defined as follows:
t—1
Ugy = nE[( loglt(é ) sReLU/(AéSJ) T)]lBj (g)]lFéfj)SB}
i
Rg,y’ — nE [loglt(S) SReLU/(Aés]) T)]lB(gy/)]lFS(:ej) SB]
5=0 ’
Similarly, the total growth of w;tz (y) = <W§f§r 5. €y) is given by

Wi () =i ()

t—1

= ZW(E 1 — loglté J))sReLU/(A( s) s, (y)]lF< )<B] — E[loglt( )sReLU/(Aésj Dz (y)]ngskB])
2J =

= ZW(E[(l - IOEitéfj)) SReLU/(Ag;r)]lB (y)]lF< )<B]
s=0

(s) (s)
_ Z; ; nE [logit;”; - sSReLU’ (A5’ T)]lg(g,yy)npé?SB]>
s 979

- Ug’y - Z Rgﬁy (31)

9'#g

When ¢ = (g,y) € §; but & # ¢, suppose u = (j, 7, @) € U*, then we have Ag])TJI& < O(UO)
by Induction C.3 for all s € [0, 71]. Therefore, we can further compute

t—1
Uzz =Y nE[(1 - logit")) - sReLU’(A{") 851 g ]
s=0
-1
< Z O( d0 001 al” 1) (by the smoothness of sReLU’)
s=0
~ 1
< O(nd*%1gd71) . O(—=) t<T < O( — ) by Induction C.3)
noy
< O(d0'00200)
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Similarly, we have Rj 5 = O(d*%%2¢y) for all t < 7;. Thus for any ¢' = (¢',y') # ¢ € F;, we
have

¢(t)( ) ¢( )( )+ Ugy — Z Ry = O(dO'OO?)UO) — Ry y
y'Fy

and %“3(2/) = 7/’3(', ( + Uy y Z Ry do 003 0) — Rgy
9" #g

Now combined with Equation (30) and Equation (31), we have

lﬁj(?’(g) = ¢§Or )+ Ugy — Z Ry =Ugy + Z w )£ 0 do ot o0)

y'#y y'#y
t 0 t)
and ¥ (1) = () + Uy = 3 Ry = Upy + > 9)(9) £ 0(d* o)
9'#g g9'#g

However, since we assumed the condition Kpeg(u, §) holds at ¢, which implies that |1/)](tr) (9) +
1/)J(t2 (y)| < O(0) for any y’ # y, and similarly |1/Jj(t2(y) + 1/)52 (¢')] < O(9). Therefore, we can infer
that

¥i9) = Upy + > W) £ 0" ag) = Uy, — (n = 1)3{!)(g) + O(né)
y'#y

which implies 7,/1](? (9) = Ugy/n £ O(8), we can similarly derive that w(t)( ) = Ugy/n £ 0O(0).
Therefore, we have

1\ (g) — ') (y) <0@), ¥ > d*ay

This also implies that any 1/) ) (g’ ) for any ¢’ # g must be as small as —wj(.fj (y) since it cancels with
w(t)( ), and similarly w(t (y") < —=Q(logd) for any y' # y. O

At the end of induction, we have the following theorem as the training result:

Theorem C.1 (learning cyclic group action). At iterationt = Ty, the following properties hold:

(A) Optimal loss: The training loss is optimal for i = 5:
1

L F®Y) <
osss(F1) < poly(d)

(B) Sparse activations: For j € T(Y), let p = (g,y) € T, then there exists exactly one activated
neuron r € [m] such that when g1 = g,yo = y happens:

A > B — O(d"%aq)  while AL, <O W) v £

5,7,r

(C) Cancellation of incorrect features: For j € T(Y), let ¢ = (g,y) € §;, and let the v € [m] be
the activated neuron in (B), then for any ¢’ #+ g € G, and any y' € Y, we have

W (g) + 457y < 00) and [0 (g') + 47 ()] < O(0)

for some § = O(((d*%'a¢)9=2d/X)"/ (4= 1)

Proof. Once all features are learned, that is, the last u € U* is learned and ¢t = T}, the correct
B

logit; j(F(t)) forj € 7(Y) willbe 1 — O(egﬁ) which is optimal, and therefore (A) is correct. (B)

is correct following Induction C.3 and (C) is proven in Proposition C.4, for every u € U*. O
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D Learning The Group Actions: Symmetry Group

Similar to the analysis of the cyclic group actions, we first need to define the features for the symmetry
group. We first introduce the same set of notations.

Notations. Let D! be the LEGO distribution of length 1 under the language LEGO(X, G,)). We
define D}, D/, and Dj, be the distribution of (20, 1), go and (yo, y1) in D' respectively. That is,
given a LEGO sentence

Z(LO) = (Zpred,17 Zans,Oa Zans,l) ~ D17

Zored,1 = (20, 91,1, (blank), (blank)),  Z,ns; = ({blank), (blank), (blank), z;,v;),¢ € {0,1}

The sampling distribution of (zq,x1) is DY, and similarly for go and (yo, y1)-

We restate the assumption on the symmetry group G and its action here.

Assumption D.1 (Assumption 4.2, restated). Let LEGO(X,G,)) be the LEGO language. We
assume Y = {0,1,...,n, — 1} and G = Sym(}), i.e., the symemtry group of order n,!. We

assume n, = @(%) and n,! = ©(polylog(d)) > %.

We also redefine the feature combinations in the symmetry group case. For symmetric group G, we
shall define a new notion called fiber of a value.
Definition D.1 (fiber of values). Assuming the group G follows Assumption D.1. For each j € 7()))
and each y € ), we denote the fiber

Fiber;, :={g9€ G |7(9-vy) =j}
denotes all group elements g that sends y to ' = 7 1(j).

Definition D.2 (feature combinations, symmetric group). Assuming the group G follows Assump-
tion D.1. Let y, 3y’ € Y be a pair of values, we define the following set G,_,,: and we call it the set
of transition from y to y’. Now for each j € 7(}), let

5, = {(Fiber; ,,y) € G x V},
we call the set § = Uj er() §; the set of feature combinations, and the sets §; are called set of feature

combinations for predicting y' = 7~!(;j). Similar to Definition C.1, for any ¢ = (Fiber;,,y) € §,
we write

gconf((b) = {¢/ €S | ¢/ = (Fiberj’,yvy)7j 7é jl or ¢/ = (Fiberj,yvy/)vy/ 7& y}
as the set of confounding features for ¢ = (Fiber; ,,v).

The 9 and ¥ notations are redefined as follows.

Definition D.3 (¢, ¥ notations, symmetry group). Using the same notation of ¢ in Definition C.3.
Foreach j € 7()), let ¢ = (g,y) € §;. we define the feature magnitude ¥y and ¥y max, Ty, min as
follows:

_ ! Lo, |
o= 050(0) = oy, Ebj 5 ir(9) + 450 (v)
1 1
\Iju,max = gegilge}lijwy §(¢j’r(g) + 'l/)j,r(y)), \I/u’min = gEFr‘Iilggrj,y §(¢j’r(g) + wj’T(y))

Here Fiber; , = {g € G | 7(¢9 - y) = j} is the fiber of y under the action of G.

The learning order in the symmetry group case is the same as in Definition C.4, but with ¥, defined
in Definition D.3, which we do not repeat here. The definition of pseudo weights remains the same.
We restate the learning order here.

Definition D.4 (learning order). The learning order is the ordered set {/* that we obtain from the
following process: Define a total order on U/ as follows:
u<u — vO >0 vuueu (32)

We construct the sets U/* by the following procedure: initialize an empty neuron set Wt(,(Qp =, and
(0)

an empty feature set Ry,,,, = &, and the initial index set &/ (0) = @. Starting from k = 1, we do the

following:
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(1) Find the index u = (j, 7, ¢) € U, where (j, 7, $) = argmax; , g ‘1"5‘9,)#(0#’) such that the
feature ¢ € § \ Rk, and (j,r) € (V) x [m] \ Wik, .

tmp tmp

(2) Update R\« RV U (), W) Win D U {(j,r)}, andU® « yF=1 U {u}.
(3) Iterate the (1) and (2) steps until k& = nfl, then yield U* = U,

This process yields the ordered set I/*, equipped with the total order < defined in (32).

D.1 Induction Hypothesis and Training Phases

Again we define some useful probabilistic events.

Definition D.5 (probability events of feature appearance). Let j € 7(Y), r € [m] and
¢ = (Fiber;,,y) € §; be a feature combination that predicts j-th output. Denote events

By, B(g,v),Bj(g), B;(y) and g¢, Ej (9), gj(y) as follows:
1. By = B(Fiber;,,y) = B;(y) = B;j(Fiber; ), which is defined as
By = {g1 € Fiber;y,yo = y}
2. For individual g € Fiber; ,, we let By, := {91 = 9,90 = y};

3. gj (9) := {1 € Fiber;,,yo # y}, the event that g € Fiber; , did not appear together with
y for predicting j-th output. Moreover, we define B;(Fiber; ) = [J geFiber; , Bi (9);

4. gj(y) = {g1 ¢ Fiber;,,yo = y}, the event that y did not appear together with g €
Fiber; ,, for predicting j-th output;

5. g¢ = Ej (Fiber; ,) U gj (y), the event that the appeared feature combination ¢’ is wrong
for predicting j-th output.

Similar to above, we give several induction hypoetheses, each characterize different aspects of the
process.

We then define the notion of the gradient conditions similar to the cyclic group case.

Definition D.6 (gradient criterion, symmetry group). Letu = (j,r, ¢) € O* and t < T7, we define
the following two conditions:

* Given ¢ > 0, the positive gradient criterion Kpos(u, 9):

Kpos(u,8) is true <= |E[(1 — logit; ;) - sSReLU' (A5 ;) 15,15, ,<B] | <o (33)
* Given ¢ > 0, the negative gradient criterion Kpeg(u, d):

Kneg(1,6) is true <= |E[logits ; - SReLU'(As j, )15, Tr,<5)[ <0 (34)

These conditions control the magnitude of the gradient of the feature u at iteration ¢. Now we define
the following intermediate time-steps:

Definition D.7 (phase decomposition, symmetry group). Let u = (j,7,¢) € U*, we define the
following intermediate time-steps:

Tu,la = mln{t >0 | l:[lfi)min > dOAOIO_O}
Ty,1 :=min{t > 0 | Kpos(u, d1), where 61 :=1— d—0'1}
Ty,2 := min {t > 0| Kpos(u,d3) A (\IJSf) >B— O(do.mao))7 where 0 = d°'01gg*2}

Below we shall introduce some induction hypotheses that will be used in the proof. We first introduce
a induction hypothesis for the pseudo weights.
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Induction D.1 (induction on pseudo weight bounds). Let j € 7(Y) and u = (j,r,$) € U*. Let
u <ue L{* be the immediate predecessor of uin U*. Then att = Ty », it holds that the pseudo

weights W5 _i.r(u) defined in Definition C.5 satisfies

(W), e) — (W e)| < O(00/d*D),

REVELEY 5,3,m,p’

wherep=2v€ Gorp=>5,v €.

We maintain the following induction hypotheses for the case of Assumption D.1.

Induction D.2 (induction on weight bounds). Assuming Assumption 4.1, for t < T4, the following
properties hold:

A) (W en) — (W) e,)| < O(1/d) forallv € X andp € {1,3,4);
B) (W) )~ (W) e,)| < O(oo/d) forallv € Vandp € [5],r € [m] if j ¢ 7(¥);

The last induction hypothesis is about the checkpoints defined in Definition D.7.

Induction D.3 (induction on cyclic group actions). Under Assumption D. 1, for t < I3, in addition
to the induction hypotheses in Induction D.1 and D.2, the following properties hold:

(A) Foranyu’ <u € U*, it holds that Ty 16 > Tu 2 + (~2(1/770372);
(B) Letu = (j,r,¢) € U*, for any t € [Tuz2, T1), it holds that ¥\')(¢) > B — O(d"' o) and

v () < d0-01 5 ya=2/)\)1/(a—1)
dax 5r(@) < ((d77a0)T7d/N)

The proof will proceed in a similar way as in the cyclic group case, with some additional technical
details. We first introduce some lemmas that will be used in the proof, many of them are similar to
the ones in the cyclic group case.
Lemma D.1 (initialization gap between features). Assuming Assumption 4.1. Let j € T(Y), for all
r € [m] and any two u,u’ € U, we have with prob > 1 — o(1) over the randomness at initialization
that

\I/(O \II(O) > 90

P S ngm?logd

Proof. the proof is similar to that in Lemma C.2, one simply needs to modify the feature g that
appears in the proof. O
Lemma D.2 (gradient bounds). Let j € 7(Y), and ¢ = (Fiber; ,,y) € §. Suppose Induction D.3 is
satisfied att < Ty, then for any 6 € [0,0.4], if 3= (., gyt (¢) < (0.5 + 0) logd, it holds that

J,r,max
(a) E[(1— loglt(t)) | By] > 1 — d—049+
(b) E[lOglt(t) |g¢] S d70.49+5
(c) forany r € [m], for any g € Fiber; . it holds that withv = g or v =y,

V0, Loss™ > (1 - Of ))E[sReLU (A )15, 1k, <5

P81 (v) J0-49-35

Also, we can control the irrelavant features in the same way as in the cyclic group case.

Lemma D.3 (irrelavant features). Suppose Induction D.3 holds for all t < T}, then Induction D.2a
holds at iteration t + 1. Moreover, let A, = {x € {zo, 71}, (x0,21) ~ DL}, at each step the
following holds:

1
|<Wéfj:r,)p7 efl’> - < étz r,p7 | < Z 77Pr VWS 23Ty 2 LOSS( ) >|
g€g

The proofs of the above lemmas are similar to that in the cyclic group case, we omit them here.
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D.2 Phase I: Emergence of the Feature

We need to show that the feature growth in Phase I is again following the pseudo weight trajectory.
We give the same version of the proposition as in the cyclic group case.

Proposition D.1 (Phase I.a). Let u’ be the immediate predecessor of u in U*, then Induction D.1 is
satisfied for all iterations ¢ < T,/ . Moreover, (25) holds at ¢t = T,;/ » for the symmetry group case.

The proof of Proposition D.1 follows the same line as in the cyclic group case, we omit it here. This
proposition guarantees that the feature growth before T}, o is small and rather negligible.

Proposition D.2 (Phase I). Let u’ be the immediate predecessor of u in U*, then Induction D.3 is
satisfied for all iterations ¢t < T,y 5.

Now we analyze the feature competition in Phase Ia.
Proposition D.3 (Phase 1.a, feature competition). Let u’ < u € U*, then Induction D.3 holds for all
iterations ¢ € [0, Ty 14]. Moreover, we have the following properties:

gTua) > > d%%%,,  while g Tae) O(Uo) Va=uel

u, min u,max

Proof. The proof is similar to that in the cyclic group case. The caveat here is that we need to consider
a different version of TPM by applying Lemma E.2 with Lemma D.1. In fact, since each Fiber; ,
contains (n, — 1)! elements, we can transform the problem into the tensor power method of the
growth of feature 1); - (y), averaged over all all combinations with g € Fiber, ,. Since the constant
is much smaller for group feature g, we only need to control the growth of the feature 1; ,(y) for
comparison.

Finally, we show the result for Phase I.

Proposition D.4 (Phase I, symmetry group). Let u = (j,, ¢) € U*, then Induction D.3 holds for all
t < Ty,1, and we have the following results at ¢ = T}, ;:

A) o) gilet) > Q(log d);

u,min’

(B) For any u € U such that u > u, we have \I'%T“’l) < 6(00).

Proof. The proof is similar to that in the cyclic group case but with some caveats. We still mainly
employ Lemma E.2 along with gradient approximation in Lemma D.2. O

D.3 Phase II: Convergence of the Feature

Beginning with Phase II, we need to show that the feature \IISf )

complex landscape.

continues to grow despite very

Firstly, we have some similar results as in the cyclic group case.
Lemma D.4 (activeness of a neuron). Letu = (j,r, ¢) € U* and ¢ = (Fiber; ,, y). If Induction D.3

holds, then for all t € [Ty 1,Tw,2], it holds that sReLU'(A(t

5..-) = 1 conditioned on By.

Proof. The proof is similar to that in the cyclic group case but relies on Lemma D.2 in a slightly

different way. Here we need to consider the gradient lower bound when \Ilfl)mm < ilogd. This
already provides enough gradient to keep the neuron active for specific feature combination (g, )
where g € Fiber; . O

also, we have the following lemma for the same feature in different neurons.
Lemma D.5 (bounds on same feature in different neurons). Let u = (j,r, ¢) € U, where ¢ = (g,y),

and W' = (j,r',¢) € U for some r' # r such that 0’ = u, we have that \I/( ) < O(oy) for all
te [Tu,laTu,Q]

Proof. The proof is similar, only requiring some bounds on the gradient trajctory for ¢ € [Ty 1, Ty 2]
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Similarly, we classify the logits in phase II into two categories.

Lemma D.6 (logits in phase II). Consider a u = (j,7,¢) € U*, let ) contains all the feature
combinations from § that are learned at iteration t, that is, for each ¢’ € S(t), there existsau’ € U*

such that v’ < w, which also means t > T\ 2. Then for any ¢’ € FY N Feont (), we have that for
allt > Ty,

logit{" 15, < O(exp(¥!’) .. (¢') — B)) = O(exp(¥’) . (¢)A/d))

J,r,max J,r,max

otherwise, we have that IOgitét’;-]lBW > Q(exp(\ll(t (¢")/d)).

J,r,min

Now based on the classification of logits, we can derive the following lemma, which concerns with
different cancellation conditions.

Lemma D.7 (different cancellation conditions). Let u = (j,r,¢) € U* and ¢ = (Fiber; ,,y), let

F® contains all the feature combinations from § that are learned at iteration t as in Lemma D.6.
Let g € Fiber; ,, then the following holds: Here we abuse the notation and revert to using those in
Definition C. 1.

e let g € Fiber;,, then before wj(tZ(g) + wj(tz(y) exceeds B/2, \Ifyi min(@) = Q(logd) for
¢ =(9"y),9" & Fiber;y, or ¢’ = (g,y') for any y' # y.

« Otherwise, we have that U\ (gb’) < <oy once vl >9201 logdfor¢’ = (¢',y),q ¢

J,7r,max u,min

Fiber, ,, or ¢' = (g,y') forany y' # y.

Proof. The proof of this lemma requires slightly more delicate analysis. Suppose let g € Fiber; ,
and iy # y we have that w(t)( )+ %(tg (y') < B/2. Then by Lemma D.6, we have that the gradient of

1/)5'2( ") remains small, and therefore the feature zlzj(tz(y’ ) cannot cancel out the feature 1/1]('2 (9). O

Now we show how the correct features can grow to maximum value possible, as stipulated by the
upper bound assumption Assumption A.1.

Lemma D.8 (convergence of positive gradient). Let j € 7()) and ¢ € §;. For any level § > dag_g,
the total number of iterations of which the condition Kpos(¢, 6) does not hold must be smaller than

n3log?d
O(og ),

Proof. The proof is similar to that in the cyclic group case. Instead of analyzing a single pair of g, y,
we consider the growth of feature wj(tz (g9) and 1/1§t2(y) for all g € Fiber;, and y € ). By using the
same analysis as in Lemma C.10, we can show that the following difference

> ) - wl
g€Fiber; , y' #y
is non-decreasing. Same technique can be applied another difference:
RO R DR ()
gGUy/¢y Fiber; ,/
which is also non-increasing. By computing their possible growth upper bounds, we can show that

2
they can grow for at most O~ f ) iterations, assuming Cpos(¢, §) does not hold. O

Similarly, we have the following lemma for the negative gradient.
Using the above corollary, we can now prove the following lemma:

Lemma D.9 (convergence of negative gradient). Let j € 7(Y) and ¢ € §F; and u = (j,r,¢) € U*.
We have that

(a) For all iterations t > T\, 1, it holds that Agtj (Z)1g; € (—§,§) forany ¢ € Feont (@)
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3 2
(b) For any level § € (53¢, (d*%100)772), there exists an iteration t > Ty 1 + O(%) such

that Kneg (¢, 6) holds.

Proof. The first claim is from the fact that for any @b](tz (v) where v € G U Y such that they are either

y' # y or g ¢ Fiber, ,, their positive gradient is upper bounded by O(o¢ ~%) while lower bounded
by —©(0). Any such feature will be pushed to drop below —p after cancelling out (i.e., if § is as

small as o(2) or o(A/d)). Thus we only need to consider the negative gradient of w(t)( Ny £y

and w(t)( ) for g ¢ Fiber;,. Then the logic is the same as in Lemma C.10: we consider when

the growth of correct feature ‘I'El)mm exceeds B — O(d%%1y), then by applying Lemma C.10 and

showing the contradiction that Kneg(qﬁ, d) does not hold we shall have that for every incorrect pair
(9,9'),y #y,g € Fiber; yor (¢',y),9" ¢ Fiberj y, the feature z/zj(?( ') or ; (t )( ") will grow below

777[}5,7)‘( ) (or maXgeFiber; , w] r( ) after O(
logit is unsuppressed) or when § < o(A /ny ) 0

) iterations, when 0 < 3 (if the corresponding

By inserting § = O((d*%'o)?~2d/X)'/(@=1) into Lemma C.11, we have the a similar corollary to
Corollary C.2:

Finally, we have the following proposition for the convergence of the feature.

Proposition D.5. Let u = (j,r, ¢) € U*, then the following holds:

o Att > Tyo=Tu1+ O( ), we have qfﬁf’{nm > B — 0(d*%ay).

d001 a 2

e For any ¢’ € §eonf(6), we have both |\Il 7111111(¢/)| and |\If
O((d0-010-0)lI*2d/A)1/(¢I*1) ift > Tu72.

(¢')] bounded by

j,r,max

D.3.1 Phase II: Shape of the Feature

A similar analysis as in Lemma C.12 gives the following lemma. We do not repeat the proof here.
Lemma D.10 (symmetry of ¢ in the end). Let u = (j,r, ¢) € U* where ¢ = (Fiber; ,,y) € §;.
Suppose ) > B — O(d*o¢) and maxy ez, (4) |\IJ§?(¢’)| < O(0) forallt > Ty o, then we
have
. wj(tz(g) + wgtz(y) > B — 0(d%%ay) for all g € Fiber; ,,.
e 7 = Inyw')(y) — 0 (g)| < O(6) for all g € Fiber;, and t >
Y g € Fiber; , and t > Ty 5.

plugging in § = O((d*°1o0)9=2d/X)Y/ @~V as in Proposition C.4, we have that j(t) <
O((d*0g0)1=2d/A)1/ ),

Thus we arrive at the following theorem.

Theorem D.1 (learning symemtry group action). For group structure Assumption D. 1, at iterationt =
Th, the following properties of FY) hold:

(A) Optimal loss: The training loss is optimal for i = 5:

1

Losss (F) < L@

(B) Sparse activations: For j € 7()), let ¢ = (Fiber;,,y) € §;, then there exists exactly one
activated neuron v € [m] such that when g, € Fiber; ,,yo = y happens:

AT > B — O(d"%aq)  while AYY,

<O0(d” (1)) ' # o
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(C) Cancellation of incorrect features: For j € 7()), let ¢ = (Fiber;,,y) € §;, and let the
r € [m] be the activated neuron in (B), then for any g' ¢ Fiber; ,, and any y' #y € Y, we
have

W (0) + W) < 00) and () + 0 (w)] < 00)
for some § = O(((do'mao)qdd/)\)l/(q*l))

E Auxiliary Technical Tools

E.1 Probability

First we need a Bernstein inequality for U-statistics

Lemma E.1 (concentration inequality for pseudo-U-statistics). Let x1,. .., x, be different symbols,
and let m < n be such thatn = 0 (mod n). Suppose for some function h with |h| < M the random
variables h(zi, , iy, ..., %, ) and h(zy , xy, ..., i ) are independent and identically distributed
as long as {xi,, iy, . .., 2, } N {xg, 24, ... 2y } = 0, then the pseudo-U-statistic

Um,n:(,];) Z h(xil,xig,...,xim)

m/ 0<i1<ia<-<tm<n

nt2

satisfies Pr(|Up m — E[Upm]| > t) < e muz

Proof. The proof is the same as in [87]. O

E.2 Tensor Power Method Bounds

We present two lemmas related to the tensor power method.

Lemma E.2 (TPM, adapted from [73]). Consider an increasing sequence x; > 0 defined by
Tip1 = T¢ + nCtnglfor some integer q¢ > 3 and Cy = O(1) > 0, then we have for every A > xy,
forevery § > 0, and everyn € (0,1):

5(1+6)~1 (1+8zo\ 7\  OnAT1) log(A/x0) 1
S s (I (o () ) o) L

t>0,7, <A a
1+0)772 A771) log(A 1
S aci < <( +0)772 | O(nAT™) log( /m0)>. .
t>0,0: <A q—2 T log(1 +0) zd

This lemma has a corollary:

Corollary E.1 (TPM, from [73]). Let ¢ > 3 be a constant and xq,yo = o(1) and A = O(1). Let
{z+¢, Y+ }+>0 be two positive sequences updated as

Ty =T+ nCtxfflfor some Cy = O(1);
* Yrr1 =y + nSCyyi ™" for some S = O(1).

Suppose xo > yOSq%2 1+ m), letting T,, be the first iteration s.t., x; > A, then

yr, < O(yo).

We also have a generalized version:

Corollary E.2. Let ¢ > 3 be a constant and xy, Yo, wo,vo = o(1) and A = O(1). Let {z¢, Y }1>0
be two positive sequences updated as

* Ty = + nCtugflfor some Cy = O(1);

© Yor1 = yr + nSCwI " for some S = O(1).
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where u; = O(xz;) and vy = O(y;) for some constants ¢,d > 0. Suppose ug > vosﬁ(l +

m), letting T, be the first iteration s.t., x; > A, then

yr, < 6@0)-
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F Learning the Attention Layer: Simply Transitive Case

In this section, we consider the case where the group operations form a simply transitive group.
According to Assumption 4.1, we assume that for any y1,y> € ), there exists a unique g € G such
that g - y1 = yo. Without loss of generality, we let Y = {0, 1, ..., n, — 1}, where n,, € [©2(1),logd].

We focus on updating only Q, while keeping W fixed. Combined with the attention structure
specified in Assumption A.2, it suffices to consider the updates to the blocks Q4 3 and Q4 4 only. We

consider the contribution to the gradient from the position i = 5 on task 72; specifically, the relevant

loss function is given by 2521 Lossg’e. As W remains fixed in this section, we omit the superscript
(t) in W and in all related notations that depend solely on W (e.g., 1; ) for notational simplicity.

F.1 Gradient Computations

Notations for gradient expressions. We firsr introduce some notations for the gradients of the
attention layer. For 1 < ¢ < L, given Z»*~! and k € Z*~1, define

Efa(ZHT) 2N E5(Z8Y) Y sReLU (A (25 )) (Wi, Za), i € 5] (39)
J€[d] re[m]

For simplicity of notation, we will henceforth omit the dependence on Z~*~! in the notation of
=F. . when it s clear from the context.

Fact F.1 (Gradients of Q). For any p, ¢ € [5], we have

~Vaq, ,Loss” = Z Z —Vaq,. qLoss ,  where
L=14i€[b

-VaQ,., LossiL’Z =

§ =L § =L T
Attnans,[—l—)k : :*[_’1'71{ - Attnans,é—l—)k’:&iyk/ Zans,f—l,pzkg .
keZlL.¢—1 k/eZL.e—1

Lemma F.1 (Gradients of Q4 3). Given s € 7(X), for the diagonal entry [Qu 3]s s of the block Q4 3,

we have

[ - VQ“Lossg’l} =E

s,s

Attn,ng 0 pred 1 - (Z &;(2*°) Y sReLU'(As ;)
JE[d] re[m]

(<W5,j,7'a Zpred,1> - A5,j,r + b5,j,7')> ]ls—‘r(wo)‘| )

{— VQ4,3Loss§’2} =E|Attnans1-pred;2 * ( Z & (2% Z sReLU’(As ;)

JE[d] re[m]

(<W5,j,r; Zpred,2> - AS,j,r + b5,j’7‘)>15—7($1)‘| .

$,8

Moreover, for the off-diagonal entries [Qq 3]s, With s # s, we have

[_ VQ4,3 LOSS?)’l} s =E lAttnans,Oﬁpred,2 : ( Z &s j 22 0 Z sReLU’ (ASJ,T).
' JEld] re(m]

(<W5,j,ra Zpred,2> - A5,j,r + b5,j,r>) ]ls:T(mO),s’:T(ml) y

[7 vQ4,3 LOSS?Z} o =E |\Attnans,1—>pred,l : < Z g5,3 Z2 ! Z sReLU’ (A57j77,)~

JEld] r€[m)]
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(<W57j,rv Zpred,1) — N5 jr + b5,j,r)) ]13_7(371),3/_7(%)] .

Proof. For £ = 1, due to Fact F.1, the diagonal entry [Q4 3]s,s with s € 7(X), the expected gradient
contribution from —Vq, , Loss?’1 takes the form

=2 =2
E[Attnans,()%pred,l . <:€,5,pred,1 - E Attnans,é—1—>k’ 52,5,k’> . ]ls:‘r(:vo):|7
k/EIZJ{—l

which is nonzero in expectation only when s = 7(zg). Therefore, combined the definition of = in
(35) we have:

[— VQus Lossg’l}

s,8

=2 =2
=K Attnans,Oapred,l : (:Z,S,pred,l - § Attnans,éflak’:zyf)’k')]ls:r(xo)
k/€I2,é—1

=K |‘Attnans,0*)pred’1 . ( Z 85’j Z sReLU/ <A5’j’7~)'

jeld] re[m]

(<W57j,r7 Zpred,1> - Z Attnanslfl%k’ <W5,j,r; Zk’>>):ﬂ-s:‘r(aco)‘|
k/el'Q,Z—l

=K |\Attnans’0*>pred71 . < Z 85’j Z sReLU/ (A57j77«)'

jE€[d] re[m]
(<W5,j,ra Zpred,1> - A5,j,7* + b5,j,r>>1s—7(wo)] .

Other quantities are computed similarly, and thus is omitted here. O

Lemma F.2 (Gradients of Qq 4). Given s € 7(X), for the diagonal entry [Qu 4]s s of the block Q4. 4,
we have

[— VQu. Lossg’l} =E

s,8

Attnans,O%ans,O : ( Z 55,j<z270) Z SReLU/(ASJ,T)'
jJ€[d] rem]

<<W5,j,r> Zans,0> - A5,j,r + b5,j,r)) ﬂs_r(mo)] P

[— VQ“LOSS?Z} . =E lAttnansylﬁans’l : < %;l] &5.(221) Ez[:] sReLU’ (As.;.,)-
j relm

<<W5JJ’7 Zans1) — N5 jr + b&jm)) ﬂs—r(zl)] :
Moreover, for the off-diagonal entries [Q4.4]s s with s # s', we have [-Vq, , Lossz'' |4, = 0, and

- VaQu. Loss?Q] =E

s,s’

Attnans,1—>ans,0 : < Z g5,j(zz71) Z SRELU/ (A5,j,r)'

J€[d] re[m]

(<W5,j,7"a Zons0) — A5 jr + b5,j,r)> Ve (an) s/ =7(x0) | -

Proof. The analysis is similar to that of Lemma F.1, and we omit the details here. O
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F.2 Some Useful Bounds for Gradients

In this subsection, we establish several useful bounds on the gradients of the attention layer, leveraging
the feature structure of the MLP layer learned during stage 1. These bounds will be instrumental for
the subsequent analysis.

As established in Lemma C.12 and Theorem C.1, at the end of stage 1, the network exhibits the
following activation properties:

* Sparse activations: For each j € 7()), and any feature (g,y) € §;, there exists a unique
activated neuron r € [m] such that, under the event g; = g and yo = y, the following holds:

AT >B— O<d0.010_0)7 |w Tl)( ) — (Tl)( )| <00

5,7,r
AT, <0577 forall v # 1,

5,4,7"

_1
where 6 = O <<w001”;)q_2d) ql).

* Cancellation of incorrect features: let » € [m] be the activated neuron associated with
(9,y) € §;. Then forany ¢’ # g € G and any ' € Y, we have:

[ () + i) < 000,
W)+ W) < 00),

Notations for activated neurons. Since in the simply transitive case, the feature sets are disjoint
across indices—i.e., §; N §;» = 0 for all j # j'—we denote the activated neuron corresponding to
(9,y) € §; by r4.,. Moreover, let

A2 Ujer (), where 2 £ {r | 3(g,y) € Fj,7 =rgy}
In other words, 2 is the set of all activated neurons across all feature sets §; for j € 7()). Given
ZE471 letting G(Z141) = U{gp }E_, be the collection of all the chosen group elements in the
predicate cluases. Similarly Y = U{ye }or—, Then define Ql (ZEY = {ryy | (9,y) € &- (ge

G (ZL =1y vy € )}. For simplicity, we omit the dependence on Z*~ in the notation of 21; when
it is clear from the context. Equipped with these notations, we can summarize the above propertles in
the following lemmas.

Lemma F.3 (Properties of target feature magnitude). Given (g,y) € §; with j € 7()), then, the
following properties hold.

1

§ (wj,rg y( ) + wj,’l‘_) .y ) O(do.(no-O)a W;,TJ y ¢7,TJ y( )‘ S 0(6)a (36)
5y (9) + Py, ()] < O0),Yjir,, (y) <O forally' #y, (37)
|wjv7“g~y(g/ +1/}] 7"gy | S w] 7“gy( /) <0 forallg’ #g (38)
i (@] Y5 (y)] < 0( ) forallr ¢ 2A;. 39)

Lemma F.4 (Properties of irrelavant magnitude). If (p,v) ¢ {2} x GU {5} x Y, or j & 7(), then
for any r € [m], we have

(W50 €0)| < O(00). (40)

The above lemmas give us some direct computations of the inner products between the weight
matrices and input embedding vectors.

Lemma F.5. Let j € 7()) and { € [2]. Then for any r € [m), the following holds:

(Ws.j.r: Lprea.r) = ;.0 (g0) + O(00), 41)
(Ws_ir, Zansi—1) = ¥ »(ye—1) £ O(0y). (42)

Moreover; for j ¢ 7(Y) and any k € I*! and r € [m ] we have
| W5,J ra ’ — (43)
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Proof. By direct computations and the definition of Zpeq.¢, we have
(Ws,j,rs Zpred,e) = (W i1, €2,) + (Wi jr2,€0,) + (Ws i3, €2, )
Plug in Lemma F.4 and the definition of ﬂ}j’r(gg), we obtain (41). The proof of (42) and (43) is
O

similar, and we omit the details here.

Furthermore, we can establish some characterizations of the A5 ; .(Z**~1) quantities, which are
crucial for the following analysis.

Lemma F.6 (Characterizations of Lambda). Given Z>*~! with { € [2], with an attention structure
{Attnans,i—lak}kEIM*l;

(a) for j € T(Y), for activated neuron r € U;, we have

Y4

2
Asjr(Z271) = AbtNans,e—1prea, e (90) + D Abbhans - 1-5ans,e—185,-(yer—1) £ O(00).
=1 =1

(b) for j € (), for any non-activated neuron r ¢ U; we have

‘As,j,r(zﬂ—l)‘ < 0(6).

(c) forj & 7(), for any r € [m], we have

‘As,j,r(zu—l)‘ < O(o0).

Proof. Recall the definition of A5 j .(Z%*~1) in (13), we have
As (22 = Z Attngns o1k - (W5 jr, Zi) + s jr.
keZ2t-1

Thus, the first part follows directly from (41) and (42); similarly, the second part holds by plugging
(39) into (41) and (42); the last part is a direct consequence of (43) and the fact b; ; . = o logd.

O

A direct consequence of the above lemma is the following finer characterization of the activated
neurons.

Lemma E.7. Given j € 7(Y), forr € 2; \ 2, we have sReLU’ (A5 ;) = 0.

Proof. For j € 7(Y), for r € ;, by Lemma F.6, we have

14

2
As,j,fr(zzzil) = Z Attnans o—1-spred Vs, (9er) + Z Attnans ¢ 15ans,0r— 19 (yer—1) + O(00)-
=1 =1

By (39), for for r € 2, \QAlj, we have ;- (ge), ¥jr(yrr—1) < —B — O(0). Hence
A5 = —AB) £ O(09) < o,
which implies sReLU’ (A5 ;) = 0. O

Now we are ready to further derive the gradients of the attention layer starting from Lemmas F.1
and F.2 and the properties established above.

Lemma F.8 (Refined expression for the gradient of Q4 3). Given s € 7(X), for the diagonal entry
[Qa,3]s,5 of the block Quys, letting j1 = T(g1(yo)) and j2 = T(g2(y1)), we have

{ - VaQus Lossg’l] =E | Attnans 0—pred,1-

s,8
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((1 ~logits ;,) - (D SRLU'(As i) - (V5,.0(91) = Asjur £ Ol) ) + O(57))

reﬁjl
— Y togits - (D sReLU(As ) - ((91) = As i % O(00) ) £ O(6%))

J#HET(Y) redl;

+ Z logits,j6(08)> HT(IO)S]

Jgr(Y)

{ —VaQus Lossg’Q} =E

s,8

Attnans,l—)pred,Q :

((1 ~logits ;,) - (D SReLU'(As ) - (air(92) = Assor £ O(00) ) + O(6))

’I”GQAI.]‘Q
~ Y logits, - ( Y sReLU'(As,,,) - (wjyr(gz) — As o £ 6(00)) + 6(5Q))
JF#J2€T(Y) refl;
J¢T(Y)

Moreover, for the off-diagonal entries [Qq 3]s s With s # s', we have
2,1
[ - vQ4,3 LOSSS } , = E [Attnans,Oﬁpred72'
S,8

((1 —logits ;,) - (D SReLU'(As i) - (V5,.r(92) = Asjur £ Ol) ) + O(57))
refly,
- Y logit, ;- ( 3 sReLU'(As ) - (w”(gg) S 5(00)) + 5(5‘1))

J#HET(Y) redl;

+ Z logits,j6(03)> ]lr(wo)—s,T(wl)—s"|
JgT(Y)

2,2
[~ Vauiloss??| = E|Attnaniopesr:

s,s’

((1 ~logits ;,) - (> SReLU'(As o) - (gair(91) = Asgor £ O(00) ) + O(6%))

’I‘EQIJQ

- > logit, - ( > sReLU'(As ) - (wj,r(gl) — Asjr £ 5(00)) + 5(5‘1))

J#j2€7(Y) refl;

+ Z IOgitS)jO(Ug)> ]l-r(ml)_s,'l'(zo)—s"|
J¢T(Y)

Proof. Forl =1,

» for the diagonal entry [Q4 3]s s With s € 7(X),

—VQus Lossg’l} =E

s,s

Attnans_’oqpredJ . ( Z 551]‘(22’0) Z sReLU'(A5’j7T)~
Jjeld]

re[m]
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(<W5,j,r7 Zpred,1> - A5,j.,r + b5,j,'r‘>> ]13_7-(370)‘|

=E Attnans_’o_mredﬂ . ((1 - 103it5,j1) . Z sReLU/(A57j1’T) (wjlﬂ‘(gl) - A5,j1,r + 5(0’0))

re[m]
Y logit, - > sReLU’(A5,j7,«)<¢j7r(gl) —A5,j,,.i5(ao))

J#heT(Y) r€[m]

— Z lOgit57j . Z SRELU/(A&J‘,T) (<W57j,ra Zpred,1> - A5,j7r + ,OV(O'Q))>ILT(IO);|
JgT () r&[m]

=E Attnanstoﬁpred,l :

((1 ~logits ;) - (D SReLU'(As o) (v5,.(91) = Asjur £ Olr0) ) £ O(51))

T‘Eﬁjl

— Y togits - (D0 sReLU (As ) - (0(91) = Asjip £ O(00) ) + 0(6%))

J#eT(Y) re;
+ Z logit57j6(08)> 17(10)51
JgT(Y)
where the last equality follows from Lemma F.6 and Lemma F.7.

* for the non-diagonal entry [Qq4 3]s,s With s # s’ € 7(X), the analysis is similar unless the
condition that the gradient is non-zero only when s = 7(x) and s’ = 7(z1). Thus, we have

{ - VQ473Loss§’1} =E

s,8’

Attnans’0_>pred72 . ( Z 557j(Z2’O) Z sReLU’ (A57j77-)'
J€E[d] re[m]

(<W57j,r7 Zpred,2> — A5 jr + b57j,T)> HST(IU),S’T(IO]

=E Attnanstoﬁpred,Q :

((1 ~logits ;) - (D SReLU'(As o) (v5,.r(92) — Asjur £ Olrg) ) £ O(57))

Teﬁjl

— Y togits; - (D sReLU (As ) - (5(92) = Asjr £ O(00) ) + 0(6%))

J#hET(Y) red;

+ Z logit5’j6(08)> 17(10)_3,T($1)_S/‘|
i¢T(Y)

For ¢ = 2,

» for the diagonal entry [Q4 3]s s With s € 7(X),

- VQ“Lossg’Q} —E

s,s

Attnansﬁlﬁpred’2 . ( Z €5,j(Z2’1) Z sReLU'(A57j?T)~
jEld]

re[m]

(<W5,j,T’7 Zpred,2> - A5,j,r + b5,j,r>> ﬂs—r(wl)]
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=E Attnans?lﬁpred’Q . ((1 - logitS,jg) . Z sReLU/(Ag,,jQ’r) (’l/)jg’r(gg) - A5,j2,r + 6(0’0))

re[m]
_ Z logitsd . Z sReLU’(AMm) (U}j,r(QQ) — A57j,7~ + 6(00))

J#j2€7(Y) r€[m]

— Z 10git57j . Z SReLU/(A&j’,-)(<W5’j,7-, Zpred,2> — A57j77- + 5(00)>>1T(I1)_S]
i (Y) relm]

=E Attnans,l%pred,?

((1 ~logits ;,) - (D SReLU (s o)+ (sar(92) = Asjur + Ol0) ) £ O(57))

T'Eﬁjé

- Z logit; ; - ( Z sReLU’'(As,,,) - (%‘,r(gz) —Asjr £ 5(00)) + 5(5q))
J#j2€7(Y) redl;

+ > logit57j6(08)> ]17(301)_5]
i¢T(Y)
where the last equality follows from Lemma F.6 and Lemma F.7.

* for the non-diagonal entry [Qu 3]s.s With s # s’ € 7(X), the analysis is similar unless the
condition that the gradient is non-zero only when s = 7(x) and s’ = 7(z). Thus, we have

{ - VQ“Lossg’z} =E

s,s’

Attl’lans’lﬁpredyl . ( Z 55’j(Z2’1) Z SReLU/(As’j’T)'
]

j€Eld re[m]

(<W5,j,r7 Zpred,1> - A5,j,r + b5,j,r>> ]]-S—T(xl),s/—T(Z'o)‘|

=E Attnans,l—mred,l .

((1 —logits ;) (Y SReLU (As o) - (e (91) = As o + O(00) ) £ O(6%))

TGé\le
— Y logity; - (D sReLU(As) - (4 (91) = sy £ O(00) ) £ 0(37))
J#j2€7(Y) T‘Eé\[j
+ Z logit5’j0(08)> ]lT($1)—S,T(ro)—S"|
i¢r(Y)
Therefore, we complete the proof. O

Lemma F.9 (Refined expression for the gradient of Q4 4). Given s € T(X), for the diagonal entry
[Qu,4]s,s of the block Qq 4, letting j1 = T(g1(yo)) and jo = 7(g2(y1)), we have

{ - Va.. Loss?’l} =E

S,8

Attnans,0—>ans,0'

<(1 — logits ;) - ( Y sReLU'(As,.,) - (wjl,r(yo) —As ot 6(00)) + 6(5%)

reﬁjl
— Y logity; - (D sReLU'(As) - (45, (s0) — Asjr 2 O(00) ) £ O(57))
J#HET(Y) reﬁj
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+ Z logit5’j5(og)> ]lf(zo)_sl .

j¢r(Y)

{ - Va.. Lossg’ﬂ =E

S,8

Attnans,1—>ans,1'

((1 ~logits ,) - (Y SReLU (As o)« () = As o  O(00) ) £ O(6))

T‘Eﬁjz
- Z logit; ; - ( Z sReLU’ (A5 ;) - (%ﬁ.(yl) —As e £ 6(00)) + 5(5‘1))
i#iaer(Y) redl;
+ Z lOgit57j6(03)>1r(m1)—s] .
J¢T(Y)
Moreover, for the off-diagonal entries [Q4.4)s s With s # s', we have [-Vq, , Lossz'' |4, = 0, and

[ — VQ4’4Loss§’2} =E

, Attnans,l—mns,O'
s,s

((1 ~logits ;) - (> SReLU' (A5 j,.) - (gar(y0) = As,zor % O(00) ) + O(6%))

TEﬁjz
— Y gty - (Y sReLU(A55,) - (5 (s0) — As i % Ol00) ) + O(57))
J#52€7(Y) T‘Gé\lj
+ > lOgitE),jO(Ug)) L(zl)—sm(zo)—s'] :
i (Y)
The proof is similar to Lemma F.8 and we omit it here.

Notations for gradient decompositions. We shall define some useful notations to further simplify
the expressions of gradient.

e for/ =1,
- for [Q43]s,s With s € 7(X), we have [-Vq,, Lossg’l]s,s = N1, +Nssiii + Nsa i
where
Ns,B,l,i =E Attnans,O%pred,l : (1 - logit57j1)' (44)
(> SReLU'(As0) - (¥1r(91) = Mgy £ Olo0) ) & 5(5(1))17@0)_8]
T‘Ei‘jl
Ns73,17ii =-E Attnans,0—>pred,1 : Z IOgits,j' 45)
J#j1ET(Y)
( > sReLU'(As ;) - (%,r(gl) — A5+ 5(0’0)) + 5(6‘1))17(%)_51
’l‘Eﬁj
Ns,3,1,iii ==E Attnans,O—mred,l : Z logits,jé(ag)]lr(xo):s‘| (46)
jgT(Y)
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. 2,1
- for [Qu4]s,s With s € 7(X), we have [-Vq, ,Losss 5o = N1, + Noa1,ii + Noa,iiin

where
NsA,l,i =E Attnans,O—»ans,O : (1 - lOgit5,j1)' (47)
( > sReLU'(As,.,) - (d}ﬁw(i%) —Asji £ 5(00)) + 5(5‘1))17(@0)—51
T‘Eﬁjl
j\/;,4,1,ii =-E Attnans,O—)ans,O : Z logit5,j' (48)
J#ET(Y)
( > sReLU'(As ;) - (wj,r(yo) —Asjr £ 5(00)> + 5(5q)) L(zo)—s]
Teﬁj
Ni.a,1,5ii = £E | Attnans o—ans,0 - Z 10git5,j5(08)17(x0)—s] 49)
Jgr(Y)
e for/ =2,
- for [Q43]s,s With s € 7(X), we have [-Vq,, Lossg’Q]s,s = Ns3,2: + Nss2ii +Ns.32.iiis
where
A/S,B,Z,i =E Attnans,l—)pred,Q . (1 - logit5,j2)' (50)
(> SReLU'(As500) - (¥r(92) = Asor £ Olo0) ) & 6(6%)17@-5]
T'EﬁjZ
Ns,3,2,ii =-E Attnans,l—mred,? . Z lOgitE),j' (51)
J#J2€T(Y)
( Z sReLU'(A57j,T) . (d)]‘,r(gQ) — A5,j,r + 6(0’0)) + 6(5q)>1T(I1)_S]
7'65‘]'
Ns,3,2,iii ==E Attnans,l%pred,Q' Z IOgits,jé(JS)]lT(zl)_s‘| (52)
J¢r(Y)
— for [Qy44]s,s With s € 7(X), we have [-Vq,, Losse™]s.e = Noaoi + Neaoii + Naaoiiis
where
J\/s,4,2,i =EKE Attnans,1—>ans,1 : (1 - logit57j2)' (53)
( > sReLU'(Asj, ) - (Q/Jjw(yl) —Asjor £ 5(00)> + 5(5{1))1%(11)5]
reﬁh
Ms,4,2,ii =K Attnans,1—>ans,1 ' Z 10git5,j' (54)
J#j2€T(Y)
(D sReLU'(As55,) - (1) = As i £ Ol00) ) 5(5@)17(11)_5]
Teﬁj
Ns,4,2,iii ==xE Attnans,l—)ans,l : Z logit5,j6(gg)ﬂr(x1)=s] (55)
i¢T(Y)
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Probabilistic Events. We conclude this subsection by introducing several probabilistic events that
will be used to simplify the characterization of activated neurons in the subsequent analysis.

& & {91 # 92}, (56)

& = {921 (ye;) # 9es(yey ), forany (£1,£7) # (€2,05), where £y, € [2], £}, € {0, 1}}~ (57)

It is easy to see that £; and &; hold with high probability 1 — 0(10; ).

F.3 Stage 2.1: Initial Growth of Gap

At the begining of stage 2, since Q has not been trained for long, we have the attention score is still
close to the uniform structure. Therefore, for / = 1, we have

_ 1 1 1 ~
Bsir(ZPN) R S0il01) + 50 (92) + 5050 (40) £ Olo0).

If Z>1 e &,
e for j = ji, for r € RA;, only 74,4, is activated since Asj ., ., ~ %B and
As ~ 1B < —p;
5’]1’T92~g;1(j1) 3 <o
«for j = ji = 7(92(yo)), only rg,., is activated since Asj .~ ~ 3B and

Asjir _,  ~R—-3B<K -0

9195~ (41)

» for other j € 7(Y), we have A5 ;, < —%B forallr € ﬁj, thus no activation.

Morover, for ¢ = 2, we have

_ 1 1 1 1 ~
Asj (22 ~ ij,r(gl) + ij,r(g2) + ij,r(yO) + Z%,T(Zh) + O(09).
If Z241 € &,

s for j € {7(9¢(yer)) }ee2),¢€10,13- only the correspnding r,.,,, is activated in the smoothed

regime since |Aj; O(6)and A5, ~ —iB <« —pforr € é\[j \{7gpy, 1>

7.7»7'gg-y£/ | -

* for other j € 7(Y), we have A5 ; , < —%B forallr € é\lj, thus no activation.

Here, activation means that the corresponding sSReLU’ (A5 ; ) is non-zero, which is crucial for the
gradient computation. Based on the above observations, we can see that the gradient from ¢ = 2 is
relatively small since A is only activated in the smoothed regime. Thus, initally, the learning process
is domintaed by Vq Loss?’l. Moreover, if we take a closer look at the gradient from ¢ = 1, we have

NS’3,1>ii ~-E Attnans,[)ﬁpred,l : 10git5’ji-

(SReLU/(AB,j{,TQ-yO) . (wj{,TgQ-yo (91) — As,j{,rgQ.yg =+ 5(00)) + 5(5q))]17(m0)—s‘| >0

NS,4,1-,ii ~-E Attnans,0—>ans,0 : 10git51j1-

(SRELU (A5 j1r,y100) (D003 0 (90) = A5 iy £ Olo0)) £ 0(67)) <0

since ¥jr .. (yo) = Q(B) while ¢y, . (g1) < —Q(B). Thus, [Qu 3]s s will have a significant
positive gradient while [Q4 4]5,s Will have a negative counterpart. This will lead to the growth of the
gap between [Qu4 3]s s and [Qq 4]s,s-

We formally characterize this growth behavior within this substage. At the beginning of each subsatge,
we establish an induction hypothesis that we expect to hold throughout. Subsequently, we analyze
the dynamics under this hypothesis within the substage, aiming to prove its validity by the end of
substage. Due to the symmetry of [Qu 3]s s and [Qu 45 s across s € 7(X'), we may, without loss of
generality, focus on a particular s € 7(X)
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Induction F.1. Given s € 7(X), let Ty 5 denote the first time that [Q( )]S s reaches Q (log d) For
all iterations t < Ty 1 5, we have the following holds

(a) [Q ]S s monotonically increases;

t t t t t
() [[Qss] < Qs and [QL]s.s — [QU:s = O(IQ1..s )5

(c) forp € {3,4}, for s € T7(X)

QL) | < 015,

F.3.1 Attention and Logit Preliminaries

We first introduce several properties of the attention scores and logits if Induction F.1 holds.

Lemma F.10. If Induction F.1 holds for all iterations < t, given input Z>*~1, then we have

1. fort =1,

(a) Attnz(anSOHpredl € {%’%4—0( . )}

logd
(b) Attn? Attn!?) < Attn'?

ans,0—pred,2’ ans,0—ans,0 ans,0— pred, 17

(¢) |Attn?) | — Attnl" < O() fork # K € T(20),

ans,0—k ans,0—k’

logd)
2. forl =2,

(a) Attnans ,1—pred,2 € {4117 411 + O(logd)} ]
(b) Attnll) | < Attnll) | fork # (pred,2);
(c) fork € {(ans,0), (pred, 1)}, k' € {(ans, 1), (pred,2)},

(t) (t) Ly,
\Attnans 1ok — At L] < O(logd>’
t t
(d) \Attngn)sjl_)p,ed 1 Attnin)s 1sans0| < O(3)-

Proof. For ¢ = 1, given Z>*~!, according to Assumption A.2, we have

[Qé(l ?3]7(1 ),7(zg)
t e s 0 0

ans,0—pred,1 =

t t (t)
e[Qz(;,zv,]ﬂmO):(mo) + e[QE},g]T(mo),T(T,l) + e[Qialr o) ir(ao)
1

(t) (t) (t) (t)
1 + e[Q4,3]T(Io)»T(Il)_[Q4,3]‘r(10)17(10) + e[Q4,4]T(zo),r(zo)_[Q4,3]T(Io)ﬁ(zo)

Thus, by Induction F.1,

t t t t
*O(IOgd) < Q3w (o) — QYA (w0 o) [QUA ). m) — QA w07 < O,

which implies that 0 < Attn'” Ly O(

ans.0—pred. 1 = 3 =). (b) is straightforward since

t (t) t
[Qi,;]T(wo),T(xl)v [Q4,4}T(mo),7‘($o) < [QA(L,?S]T(SCO)J(%O)'
(c) is a direct consequence of (a) and (b).

For ¢ = 2, given Z%>*~1, (a)- (c) are very similar to the above analysis, and then for (d), we have

Attn'? — Attn?

ans,1—pred,1 ans,1—ans,0

t
e[Q4,3]T<zl>,T(mo) _ e[QE;,Z;]T(zl),T(IO)

t t () ©)
e[Qz(l,;)’,}T(ml)‘T(a:O) + e[Qi,é]T(ml),T(ml) + elQialreireo) 4 e[Qialr@y) )
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(1) (éd) 1
< O([Qé(lg]‘r(wl ),m(xz0) — [Q4 4] (z1) T(:ro)) < O(E)a

where (i) is due to the fact that |[e* — e¥| < O(]z — y|) when z,y are small, and (ii) is due to
Induction F.1 (b). 0

Lemma F.11. If Induction F.1 holds for all iterations < t, given input Z>*~', then we have
1. fort =1,ifZ>*"1 € &, then

(a) forj = ju, AL, < —eforr € Wy, \ {rg,y, )
(b) forj = ji 2 7(g2(w0)), AL}, < —oforr € Agy \{rgp}s
(c) for other j € T(Y), r is not activted for all r € Qlj, Le., A5 g << o
2. 0 =2,ifZ>""" € &, then
(a) for j € {T(ge(yer))}ec2),erc (0,1}, only the correspnding r,.,,, may be activated, with
Y | < O(1), while all other Aé 3 , K —oforr e ﬁj \{7gpyp b

5%79[”/
(t)

(b) for other j € T(Y), r is not activted for all r € ﬁj, e, Ay’

<L —o.

Proof. We only prove (a) for £ = 2 since the other cases are straightforward. j = 7(g/(ye)), by
Lemma F.6 we have
A5 jirgy, = Attng?s 1-spred 1 Yiiray.y,, (91) + Attng?s,1—>pred,2¢jmge-yé, (92)
+ Attng?ﬂ%ans,owﬂge.y[, (yo) + Attng?s@aans,lU’Ng@-y[, (y1) £ O(00).
Notice that since Z>*~! € &,, we have two 1 terms are postive and two are negative with magnitude

B £ O(9). Therefore, 7j’7"ge'ye/| < O(logd> -B=0(1). O

Lemma F.12. If Induction F.1 holds for all iterations < t, given input Z*>° € &, then we have

(t) .

(a) A57j17""91»y0 Z %B O(l)’
(t) (t) .
(b) —0O(0) < Ay ST As,j{’ry2‘y0 < O(1),

Proof. By Lemma F.6 we have

A5aj1 Tarvo

(t) (t) (t) )
Attnans ,0—pred, 1wj117’91-yo (gl) + Attnans,0—>pred,2wjl>rg1-yo (92) + AttnanS:OHanS,O,l/)jvrm-yo (yO) L O(JO)'

By Lemma F.10 and the cancellation in (38), we have
t t
Attngn)s,oﬁpred,ijl77'g14y0 (92) + Attne(m)s 0—ans,0 ¥J1:7g1 -yg (ZJO)
1 1 1
> 7—0( ))-05—0( )-B
- ( 3 logd (9) logd

Putting it back, and using the fact that Attn'") Vi rgy g0 (91) = £ (B —0(0)), we have

ans,0—pred,1

1

(B-00)+ (§ - O(loi;d)) 100) - O(lo;d) B+ 0(00)

A5uj177‘g1“y0

Moving on to (b), we have

_ (t) A
A51j17 - A57j177“g2-y0 Attnans ,0—pred, l(wjlﬂ”gl-yo (91) - ¢jiargz-y0 (gl)) + O(UO)

T91-v0
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A (o (W (92) = Ui, (92)) + ARG 0 (e (0) = i, (40)
< Attn'? (2B +0(6)) — Attnl) 4o+ (2B — O(8)) + Attn)) - 0(6)

ans,0—pred,1 ans,0—ans,0
1

< (2B - 0(5)) - o(@) +0(5) < 0(1).

Similarly, we have

A5 J1sTg1yg A57ji

9290
> Attnl) gy (2B = 0(6) — Attnlrl o (2B +0(5)) — Attn) 0o O(9)
> Attngn)s ,0—pred,2 0(5) Attl’lg?s 0—ans,0 O<6) Z _0(6)

Lemma F.13. If Induction F.1 holds for all iterations < t, given input Z>*~1, then we have

L for £ =1, if Z>*~' € &, logit\, = Q(1) for j € {j1.j1}. 1 — logitl), — 1ogitgt}1
1
polyd*

2. for€=2,if 2>~ € &, logitl; = O() for all j.

Proof. » For{ =1, by Lemma F.11 and Lemma F.6, we have

(t) (20— )\ _ A N0 1
FD (227 = Y sReLU(AY) )= AL +o(m/g—1) =AY+ o(polylogd)
re[m]
(1) (2,0-1y _ ® ) _A®
F5 (2 )= Z SReLU<A5,j1,r) =5 T o(m/q—1)
re[m]

F(z** 1) = Y sReLU(A{)

1 .,y
57],7") = (m) for j # ji, 51 € 7(Y)

re[m]
F{N(Z>Y) <m-O(of) for j & 7().
Putting it together, we obtain

o _ 1
5,01 (t)

logit

() P ) ©)
O 5, F —Fy,
Lpe s 20 4 (Z#jl,j;er(y) A D) © SJ) e o

1

(t) A - by
1€z mo 1 (O(logd) - lomtm) + O(d) - 0 ) e~

Thus, by Lemma F.12, and the fact that B = Cp log d for some sufficiently large constant Cg > 0,
we have logltg 31 = Hefo(éuo(l)}e,(c}s/g,l)10gd = Q(1). Similarly, we have

1
IOglt(t) = ® ©) )
o\ oY g S(mon)) . .~ Fak
1 —|— [ 5,41:7g2 Y0 5,J1:"g1-y0 + (O(log d) -e polylogd _|_ O(d) -e 0 ) - e I
1
— Q(1).

= 1+eO(1)+O( ) —(Cg/3—1)logd

From the above analysis, it is easy to see that 1 — logltg ;1 loglt(t i <0 (m) =
1
O( polyd )

e For / = 2, by Lemma F.11 and Lemma F.6, we have

F(z*71) = 3" sReLU(AY) ) € [om/q.0(1) + o(m/q — 1)] for j € {r(ge(ye)) beepz.eeqon

r€[m)]
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_ 1
F@ ) = 3 sReLU(AL),) < O( ) forj € () \ {r(geu)) et ey

re[m]

F5(2(Z2,£fl) <m- 6(0’8) fij ¢ T(y)

Therefore, for any j, we have 10git§t> = O(%) since Fs(tj), < O(1) for all 5.

O
In the following, we illustrate the activations on the non-high probability event.
Lemma F.14. If Induction F.1 holds for all iterations < t, given input Z>*~1, then we have
1. forl=1,ifZ>*"1 ¢ &, then
(a) for j = jr. Ajy = {rgpn b AL, ., = BEO):
(b) for j # ji € T(V), assuming j = 7(g(y)), then AL}, = LB+ O(1) and
AG), < —oforr €\ {ry,).
2. 0 =2 ifZ>* "1 ¢ &, then
(a) if g1 = g2 Nyo 7 Y1,
i. forj = jo, A(’:ngz = %B +O(1) and A(5 ;2 , L —oforr € Wi, \ {rg,.q, };
ii. forj = 1(g92(yo0)), Agf;wgwo = IB+0(1) and Aétjr < —pforr € QAlj \
{rgsots
iii. forotherj € 7()), assuming j = 7(g2(y)), |Aét,},r92.y| < O(1) and A;i P < =0
forr e A\ {rg,.4}.
(b) if g1 # 92 Nyo = 1,
i. forj = jo, Aét,;z,rm.yl =3B+ 0(1) and Aé o K —oforr € Aj, \{rg,y, 1
ii. for j = m(g1()), A, = $B+O00) and A}, < —oforr € U\
{rgl'yl };
iii. forother j € T(Y), assuming j = 7(g(y1)), Agf’;,T”J < O(1) and Agt; P K =0

forr €245\ {rg., }.
(¢) if g1 =92 Nyo =y,
i. forj = jz % {T92 yl} A5 J2Tgyr =B+ 0(6) g
ii. forj#js€ T(y) | < O(1)forallr € é\[j.

(d) g1 # g2 Nyo # y1 A (gl(yo) = g2(y1) V 92(y0) = 91(y1)>
re é\[j.

| < O(1) forall

ajr

With the characterization of activated neurons, we can derive the following logits for the non-high
probability event.

Lemma F.15. If Induction F.1 holds for all iterations < t, given input Z>*~1, then we have

1. foré = 1’ l'f‘z2,271 ¢ 51, then 1 — logitét,;l == O(polyd)

2.0 =2if 2% 1 ¢ &, then

(a) if g1 = g2 Nyo # Y1, logité’ﬂ = Q1) for j € {j2,7(g92(y0))}. 1 — logitét,;g -

(t) _ 1
lOglt ,7(92(yo0)) — polyd”
(b) if g1 # g2 Ayo = yu. logits = Q1) for j € {j2,7(g1(31))}, 1 — logit), —
(t) _ 1

10g1t5 ,m(91(y1)) — polyd”
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(c) ifgr=92Nyo=y1, 1 — loglt% = O(polyd)
) _

(d) g1 # g2 Nyo # y1 A (91(3/0) = g2(y1) V g2(y0) = 91(2/1)), logity ) = O(3) for
all j.

F.3.2 Gradient Lemma

Lemma F.16. If Induction F.1 holds for all iterations < t, given s € 7(X), for [QZ%]&S, we have

2 2.0 log d
o[- Vautest]  =0(75):

(=1

Proof. By gradient decompositions, we have

2
Z {— VQZéLossgq = Z Z Ns(tgen

=1 % Le(2] ke{4,ii,iii}

By Lemma F.13 and Lemma F.15, it is straightforward to see that |\, 3 Liiils IV S 3 2.1l = O(
and thus we can focus on other terms.

polyd)

By Lemma F.11 and Lemma F.14, we have

Ns(,tlg,l i Attng?s ,0—pred,1 ( - lOgltgzl)
((¢- (g1) — AL +O(o )) + 5(5Q))]1 ]
J15Tgy o \I1 5,J1,Tg1 w0 0 {r(wo)=s}n&:
+E Attng?s ,0—pred,1 ( - logiti(')fz‘l)'
((dj]lﬂnﬂ Yo (91) = A(f.)7177‘91'90 + 6(00)> + 5(5q)>]1{7(330)=8}08f‘|
(a) 1 1 1 1
Y o(Z). Q1) - 0(B 2y, .O(B) -
0(3) - 21)- O(B) + O(3) - 0(—-) - 6(B) - Op-)
logd
=o(07),

where (a) follows from Lemma F.12, Lemma F.13, Lemma F.14 and Lemma F.15, and the fact that
7(x9) = s holds with probability 5. NV, 8(221 can be upper bounded similarly.

Moving to ./\/ 31,4 hoticing that 1y, . (g1) = —B + O(J) on &, we have

./\/—q(t?? 1t =—E [Attngil 0—pred,1 lOgltg)ﬂ .
((wj{,r”.yo (gl) A(fﬂvrm “yo + O(UO)) + 0(5‘1)) ]1{7'(960)=s}r151‘|

()
—E lAttnans 0—spred,1 Z 10g1t5 (91 (?J))
YFAYoEY

((w‘r(gl W))rar-y (gl) o Aétyz'(gl ¥)rg; -y + 6(00)) + 6(5q)) ]l{T(wO)_s}mgf]

= 6(5)- (1) 8(B) ~ 6(5)- (=) - 6(B) - O( ;-

polyd
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logd
~o(2)
d
For V. 5(22 .+» we only need to control the negative gradient, since the positive part can be easily upper
bounded by O (125¢).

1 1

N@ 3,2,11 = @(E) : O(g) ' ®(B) E|Attn ()

ans,1—pred,2 Z 10g1t5 7( 92(9)).
y#Y1€Y

((¥rtaatwrap (92) = Asisir 2 O(00) ) £ O ) Lo o)1= v

2 a0 em) o). om)-em) o

1
>-0(-),
- d
where (a) is due to the fact that loglté )T(g (o)) = (1) and logitét)T(QQ(y)) = O(3}) for other
Yy # y1, yo. Putting everything together, we complete the proof.

1
logd

)

O

Lemma F.17 (Negative gradient). If Induction F.1 holds for all iterations < t, given s € T7(X), we
have

i[vazﬁ“s?z] > (logd>§:[ Qi Losss”

£=1 58 (=1 59
Proof. By gradient decompositions, we have
2
2.0 _ (t)
Z{_VQYLLOSSE’LS_Z Z ./\/MH
=1 ' ’ 0€(2] ke{i,ii,0ii}
Similarly as Lemma F.16, |V, S 4 1aiils IV 4 9.l = (poI -)» and thus we can focus on other terms.

By Lemma F.11, Lemma F.12, and Lemma F.14, we have

(11— logitét)- )-

s ans,0—ans,0 ,J1

Ne(ti 1,2 N(téz 1,9t — =E [Attn(f)

(51,7210 00) = AL 1 £ 0(00)) £ O ) o a=aye,

(58)
Attng?s 0—ans,0 ( 10g1t5t31)
((%hrm.yo (yo) — Aétzl rorwe T 5(00)) + 6(6q))1{7(x0):s}05f
(59
—E Attngf])s 0—ans,0 loglt(t)
. ~ ~
((wﬂﬂ"gz-yg (yO) - Aé,;’{,rm,yo + O(UO)) + O(5q)>1{7(xo)=s}ﬁ£1]
(60)
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t o (t
—E Attngn)s 0—ans,0 Z loglté,l(g(yg))'
97#91€9
t)
<<’l/}7'(g(y()))7/rg-y0 (y()) A5 7(9(¥0))sTg-yg 4 O( )) 4 O((Sq)>]l{7 (zo)=s}NEF
(61)
Firstly consider the event {7(z() = s} N &, we have
(58) + (60)
Attn;(l?s 0—ans,0 ((1 - IOgIt( ) ) : (wj177“91'y1 (yO) Aét;h’fgl vo + 6(00) + 6(6q)>
~ logit" (w (yo) — AD + O(00) + 6(5%) Ty

.717"'g2 Yo 0 5,]1,7‘92.1/0 0 {7(z0)=s}N&1

Attnz(an)s 0—ans,0 ° ((1 - lOgltg 1 ) (’(/}.71 Tg1-91 (yo) Agiz'l,rgl.yo + 6<00) + 6(5(1))

() 1 ® 5 5
— (1 - logit; ) — polyd) : (zpji,rm.yo (o) = A5y, . £ O0(00) £ O(aq))) H{T(m)_s}msll

—-E Attng?s 0—ans,0 ((1 - logitét,;'l )

<,lpj1’Tgl'y1 (yO) N ’l/}j{’r-‘??yo (yO) + A(,;leyz 7 Aéglﬂ"m-yo + 6(00) + 6(5q))) 1{7(x0)=8}m&‘|
© (t) . (6) ~ ~

-E Attnans ,0—ans,0 ° (1 - loglt5,j1) ’ (0(5) + 0(1) + O(UO) + 0(5 )) ]1{7'(1‘0):3}081

2_0<ng§;>,

where (a) follows from Lemma F.13; (b) follows from Lemma F.12 and Lemma F.3.

Notice that (59) > 0 since ¥, r, ., (Y0) — ALY, > Q(B), thus we just need to consider the

5,J1:,Tg1 w0

loglt( )

possible negative gradient from (61). By Lemma F.15, we have 3=, 5 r(a(uo)) S O(pled)

on {7(z0) = s} N S, and hence (61) < N') 31

g1€G

Moving to the gradient from ¢ = 2, it is straightforward to see that ./\/5 4,2,; 1s non-negative, and thus
we can focus on the the possible negative gradient from N 4,200

¢
Noazii = —E

S,

o (t
Attngn)s 1—ans, 1° Z IOgltéé.
JFJ2€T(Y)

(> sReLU'(AL),) - (vr(yn) = AL, £ O(o0) ) & 5(6%)11{7@1)—3}052]
TEQ[J'

—-E lAttngﬁl 1—ans,1 ° Z IOgitgz
J#J2€7(Y)

(" sReLU' (AL, - (5.rn) = AL, £ Ol00)) £ 6(6‘]))11{7@1)—3}054

’I‘EQ[J'
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1
log d

t

> -6(2) - O(4)- 6(B) - 6(3)-0(1) - 6(B) - Of Y

)= -0

Putting everything together, and combining with the fact that 25:1 { — VQm LosSEq =
4,3 s,8

Sy

O(N, @ from Lemma F.16, we complete the proof. O
s,3,1,2 p p

Lemma F.18 (Growth of gap). If Induction F.1 holds for all iterations < t, given s € T7(X), we have

2

2 2
2,0 2,0 2,0
Z [— VQX)BLOSS5 L . + Z [VQE:ZLOSS5 L . > Q(Z {— VQE:)SLOSS5 L s).
=1 ’ =1 ’ =1 ’
Proof. By gradient decompositions in (44)-(55), we have

2 2
Z [ — VQ%LOSSE’Z] . + Z [VQZ'Z Loss5 ] Z Z Ns(tgeﬁ — 5(2 I

(=1 (=1 Le(2] ked{i,ti 09}

Due to Lemma F.13 and Lemma F.15, |V N | = O(

o b ) for p € {3,4} and £ € [2], we can

1
polyd
focus on the gradient difference between Qit:)s and QE& contributed by other terms.

By Lemma F.10, we have

t t t
Attngn)s ,0—ans,0 < Attne(m)s ,0—pred, 1’ Attngn)s 1—ans,1 < Attna(m)s 1—pred,2"
Hence, for ¢ € [2], we have
NG, NS 06)-0(L)-e() = —0(5/d
$,3,4,1 a,4,£z— () (g) ()—_ (/)
t t
Ns( g,l,u - s(,i,l,ii
t o (T
=-E lAttngnl 0—pred,1 loglté )i
(t)
((wjg,r”.yo (91) = Ay vy o £ O(o )) + 0(54))]1{T (20)= S}m‘gl]
Attnz(af'n)s 0—ans,0 loglt(t)

5,91:Tg92-v0

(9500 A1, 2 0000) 2006

) (t)
—E [Attnans 0—spred,1 Z 10g1t5 ,7(91 (y))
Y#Yo €Y

t
((¥rtan@r0n(90) = A 110y £ O(00)) £ OG) ) Lo )= }]

t
Attngn)s 0—ans,0 Z IOgltS 7(91(y)”

Yy#Yo €Y

. _ ~
((¥rton@rans @0) = A gy, £ O(00)) £ 0(5q))]1{r<xo)=s}m€f]

Yoi)-am)-0) - 60) - 0(——) - 0B) - 0(—) > (%),

+E

polyd logd
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where (a) follows from Lemma F.3 that ¢, .. (1) — Aétg.1 Fonve —Q(B), and ¥j; .. (yo) —
»J1:"92-y0
AW, > Q(B).

5,1, Ta95-v0 —

N(t) _ A/
5,3,2,1i 5,4,2,ii

t o (2
-E Attngn)s ,1—pred,2 Z loglté,;'
J#J2€T(Y)
(X sReLU'(AL,) - (0 (02) = AL, & O(o0) ) £ 00" ) Loy sm]
7‘6913'
Attng?s 1—ans,1 ° Z 10g1t(t)
J#j2€7(Y)
(X sReLU'(AL],) - () = AL, % O(o)) iéwﬂ)n{ﬂmg-s}msz]
7‘691]'

t o (2
lAttninl 1—spred,2 Z lOglté’;'
J#J2€T(Y)

(ZsReLU (M) - (ir(g2) = AL, % O(00) ) £ O(ON) ) 1 70y s}m5§]

’I‘EQlj

t oy (t
Attna(m)s 1—ans,1 ° Z IOglté’;'
J#je€T(Y)

( Z sReLU/(Agg . (wj,r(yl) - A5 G T O(o. )) + 6(6q))]1{7(xl)—s}052°‘|

’I"GQ[J‘

(@) 1 1 1 1

2 -6(3)0(3) o -o(3) 00-000)-0( L) = o).

- @(d) O(d) O(B)-© d 0Q1)-8(B)-0 logd ©
where (a) follows from Lemma F.11 and Lemma F.13, Wthh together imply that on the event &,
only a constant number of neurons are activated and loglt 55 < (0] ( ) for all j # ja; and from

Lemma F.15, which implies that on the complement event £5, occurring with probability at most

O (@), there exists at most one j # jo such that logltétz > Q(1) while loglt5 J < O(polyd) for

other j € ().

Putting it all together, we finish the proof. [
Lemma F.19. If Induction F.1 holds for all iterations < t, given s € T7(X), for | (t)} s> Q(logd),
we have
2 2
Z { Qm Loss5 L > Q(Z { Qm Loss5 L g).
pt 5,8 — 5,

Proof. Notice that by Lemma F.17, when | Ef’:)}]s,s > Q(504), we have | E&]S,S > fO(log%d).
Hence

t 4
Attngn)s ,1—pred,2 + Attnans l—ans,1 — Attnz(an)s ,1—pred,1 Attna(m)s 1—ans,0 > Q(@)’
which implies Ag,;'zqu-ul (Z*1) > Q(52;) - B+ 0(9) > p already lies in the linear regime for

Z%1 € &,. Then we have

S

N(té; 2,3 Z E lAttngﬁi 1—ans,1 ((1 - IOglt(t) )
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(Viairpps = A, £ 0(00)) £ 0(5Q)>]1{T (o1)= g}%]

> (1) - O(B) - @(é) > Q(l(’gd).

Moreover, from Lemma F.17, the magnitude of negative gradient from other N terms can be upper

(t)
bounded by O (Aflogé ) Therefore, combining with the fact that 37_, { =V Lossgq -
4,3 s,8
BN, 5(21 ;) from Lemma F.16, we complete the proof. ]
Lemma F.20. If Induction F.1 holds for all iterations < t, given s # s' € 7(X), for p € {3,4}, we
have
2 2
logd 1
> [ Vaptest] | <0(F5) =0 | |- Vap Lo |
=1 o —1 , ,S

Proof. The proof follows directly by combining the expressions from Lemma F.8, Lemma F.9, and
Lemma F.16, along with the fact that the event {7(z) = s,7(x1) = s’} occurs with probability
O(3)- O

F.3.3 At the End of Stage 2.1

Putting gradient lemmas together, we can directly prove that Induction F.1 holds for all iterations ¢
until the end of stage 2.1, where we can conclude the following:
Lemma F.21 (End of stage 2.1). Given s € 7(X), Induction F.1 holds for all iterations t < Ty 1 s =

0] (ﬁé%)’ then at the end of stage 2.1, we have

(@) Q)]s = Q3

(0) [Q%]ss — Qs = 91554 ):

2) forp € {3,4};

)
(c) ‘[Qfg] ( Qaple. )fors € 7(X) # s forp € {3,4}; otherwise, [Qz(&]s,s’ =0.

F.4 Stage 2.2: Continual Growth of Diagonal Entries

In Stage 2.2, the diagonal entries [Q4 3]s s and [Qq.4]s,s continue to grow until they reach a certain
threshold. The analysis in this stage parallels that of Stage 2.1, but our focus now shifts to the
gradients contributed by ¢ = 2, as the logit at { = 1 is already near-optimal and thus contributes
negligibly to the growth of Q4 3 and Q4 4.

Induction F.2. Given s € 7(X), let T o s denote the first time that [Qy 3]s,s reaches 0.0001. For all
iterations To 1 s <t < T o s, we have the following holds

(a) | y’é]s,s,[ 4(121]575 < O(1) monotonically increases;

) Q215 — Q10 € [2(5ka), 01

[ (t)

p,q]&S’

(©) for (p,a) € {(4,3), (49}, < O(1%ts) for o € () # 5 other

[ I()f)q]s,S’ =0.

Throughout the following analysis, instead of £ defined in (57), we consider a renewed event &, for
(=2

&2 {91 # 92 NYo # Y1} (62)

76



F.4.1 Attention and Logit Preliminaries

The proof in this part proceeds analogously to the arguments in Appendix F.3.1, with the induction
hypothesis from Induction F.2 incorporated. Hence, we omit the details here.

Lemma F.22. If Induction F.2 holds for all iterations € [T 1 s,t), given input Z>*=1 then we have

1. forl =1,
(a) Attn‘,g?si)ﬁpred’1 € [% + Q(@), % + cl}, where c¢1 > 0 is a small constant;

(b) Attngir:)s,o—mredﬂ € B — Ca, % — Q(@)}, where co > 0 is a small constant;

(c) Attne(a?s,[)ﬁpredﬂ +Q( ; ) < Attn(),

logd ans,0—ans,0”
(d) Attng?s,()ﬁpred,l - Attng?s,o—wns,o = [9(@)703]
2. forl =2,
(a) Attng?s,1—>pred,2 € H + Q(loglgd)’ i + 04}, where cy > 0 is a small constant;
(b) Attnz(a?s,l—»pred,p Attni?s,l—)ans,o € [% — e — Q(@)} moreover,

‘Attngi)s,lﬁans,o - Attna(;?s,1—>pred,1 < O(%) where c5 > 0 is a small con-
stant;

(C) Attni?s,l%pred,l’Attng?s,lﬁans,o < Attn(t) Q( . )"

ans,1—ans,1 — Togd

(d) Attné(,f,)s’1_>pre(,72 - Attngg)sylﬂansy1 € [Q(@), CG}, where cg > 0 is a small con-
stant.

Notice that the constant c1 — cg depends on the threshold 0.0001 in Induction F.2. We choose the
threshold 0.0001 small enough to ensure 2Cg(c1 + ¢c2) <1 —cgCp and 1 — 4¢;Cp > 0.
Lemma F.23. If Induction F.2 holds for all iterations € [T3 1 s,t), given input 7> then we have

1. for £ =1, if Z>*"1 € &, then

(@) for j = ji, AL, < —oforr €2, \ {rg, 4o}
(b) for j = ji £ 7(g2(u0)). AL, < —oforr € Wy \ {rgae};
(c) for other j € T(Y), r is not activted for all r € ﬁlj, Le., Agtzr < —p.

2. 0 =2, ifZ>'"1 € &, then

(@) for j = jo, AL}, < —oforr € 2, \ {rg, .}
(b) forj =j5 = T(gg(yo)), Aég';,r < —oforr € Aj \{rg,.y}s
(c) forother j € T()), r is not activted for all € ‘:)\lj, ie., Ag;)r <L —0.

Lemma F.24. If Induction F.2 holds for all iterations € [Ty 1 s,t), given input Z**, then we have

1. 0 =1, forZ>* 1 € &,

(t) 1 1 .
(a) A57j1»7‘gl»y0 = (5 +Q(logd)>B’
(t) (t)
(b) Q(1> < A5’j177”g1-y0 - A57j177”92-y0 < 2(01 T 02)3'

2. 0=2 forZ>'"1 ¢ &,

t
(@ AL, .., € |20 4e5B];
(t) (t) (t)
(0) Ay, € [Q),ceB]and Ay, . = Ag > Q(1).
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Lemma F.25. If Induction F.2 holds for all iterations € [T 1 s,t), given input Z> 1 then we have

I for £ =1,if 227" € &, Togit!!), > O sy )

2. forl =2, ifZ2'"1 € &, 1 —10g1t5;2 = Q(1), logit t), = O(m)
Proof. * For £ =1, we have
() _ 1
logit; j, = NG NG NG
1+¢e >morvo 5areue O(d) .e  %dlTaawo
(a) 1
>

> > O e )
| + 2er+enE 4 0(d) - e—(é—2cl—2c2)B d2CB(c1te2)
where the inequality (a) follows from Lemma F.24 and the last inequality is due to the fact that
(c1 + ¢2) is some sufficiently small constant s.t., e~ (§-201-2e2) B _ 1/polyd.
e For ¢ = 2, we have
® _ 1

A AD NG
1+e 5.92:mgg g T 5,35 m9 v O(d) .e A5»j2»7'92-y1

(@) 1 - 1
< 1+O( ) e—4csB =0 dl—4esCs )’

where the inequality (a) follows from Lemma F.24. Similarly, we have

loglt

(1) 1
IOgltjg = © NG A
1+e 5:92:7g2-y1 5.45:7g5 -y + O(d) e BdbTeswg

< ! Y (———
— 1+€Q(1) +O(d),e—cﬁB - dl—<Cns |”

O
Lemma F.26. If Induction F.2 holds for all iterations € [T5 1 s,t), given input Z>*=1 then we have

1. fort=1,ifZ>*1 ¢ &, then

() forj = j1. A, = {rg,.yo ) AY) =B+ 0(5);

5,91,Tg1 -y

(b) for j # j1 € 7(Y), assuming j = 7(g1(y)), then A t)

O e [(;_Q)B, (1+

cl) } and Aét; L —oforr € é\lj \{rgiy}-

2. 0=2ifZ2'"1 ¢ &, then

(a) if g1 = g2 Nyo # Y1,

i. for j = jo, A(ZQ’TQMI € [%B + Q(1), (3 + 2¢5) ] and Aé 32 » < —o for

r€Up \{rg i
ii. forj = 1(92(%0)), A(jmz " Aét,?jz,rgz.yo > Q1) and Aétgr L —pforr e
2\ {7g00 )
iii. forotherj € 7(Y), assuming j = 7(g2(y)), Aét’},rgz.y € [Q2(1), ce B and Aétz ,
—oforr e QAlj \ {7gsy }-
(b) if 91 # 92 ANyo = v,
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i. forj = jo, A(f,zz,rgz v € [%B + Q(1), (% + 205) } and Aé 327" < —o for
re Q[jz \ {7092*3/1}

ii. forj = 7(g1(v1)), A(tjzﬂ,gz " Aét’}z’rgllyl > Q1) and Affﬂ K —pforr €
A\ {rg,p, 15

iii. forother j € 7()), r is not activted for all v € ﬁ], ie., Aétg << -0
(€) i g1 =92 Nyo =y,
i. forj = jo. Aj, = {rg,, }: A(,gz,rw o =B+0();
ii. forotherj € 7(Y), assuming j = 7(g2(y)), Ag;’,r”,y € [Q(1), c¢B) and Aétg .
—oforr e QAlj \{rg-y}

Lemma F.27. If Induction F.2 holds for all iterations € [Ty 1 4, 1), given input Z**~1, then we have

5,01

1. fort=1,ifZ>""1 ¢ &, then 1 — loglt(t) = O<po|yd)
2. 0 =2 ifZ2'"1 ¢ &,, then

(a) if g1 = g2 Nyo # Y1, loglt( )

= Q(1), 1 - logit{", — logit " L
(D) if g1 # 92 Nyo = 11, loglt( )

5.7(92(y0)) — polyd-
= Q(1), 1 - logit",

(t) 1
— logits - 4, (1)) = pova:
() ifgr =92Nyo=wy1, 1 —loglt?iz _O( )

polyd
F.4.2 Gradient Lemma

Lemma F.28. If Induction F.2 holds for all iterations € [T5 1 s, t), given s € T(X), for [Q,3]s,s, we
have

2
> [~ Vgplosstt]  —e(*E0).

3 , d
=1

Proof. The proof is similar to Lemma F. 16, but we need to shift our focus to [ -V

2,2
Ql) Loss; Lﬁ
By Lemma F.23 and Lemma F.26, we have
t t t
Ns( ?2 24 Attnz(an)s ,1—pred,2 ( lOglté ;2)
AD +0 +0(59)1 =
wjz,rgz Y1 (92) 5,52, g5 y1 (UO) ( ) {r(z1)=s}NE2
Attne(!?s ,1—pred,2 ( - logitét,ig)
: (g2) — A +0(00)) £ 0(59) )1 .
w]%'”yz-yl 92 5,72:Tg5 -1 90 {r(z1)=s}NES
(a) 1 1 1
2 o(4)-21)-6(B) +6(5) - 0(1) - 6(B) - O

log d)
logd
=o(%3")
d
where the inequality (a) follows from Lemma F.25 and Lemma F.26

Furthermore, for N 3.2, We have

’N(t)

$,3,2,ii
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- logit.

ans,1—pred,2

E {Amﬁ ) it
3Jo

((4homn 92~ A, % 0000) £ 06711y

(®) (®
E |:Attnan5 1—pred,2 Z IOglt

Jj#j2€T(Y)
( Y sReLU'(AY) ). (%, (92) — AL & 6(00)) + 6(5‘1))11{7(“)_3}055}
TEQ[,
< @(é) o(ﬁ) .O(B) + @(é) -0(1)- ©(B) - O(lo;;d) < O(d>

IV, (’2 1| and [N, 3 2.;| can be upper bounded by O(1%29) as Lemma F.16. Thus we complete the
proof O

Lemma F.29. If Induction F.2 holds for all iterations € [Ty 1 5,t), given s € T(X), we have

2 2.0 log d
> [~ Vg Lossy L,f@( )

(=1

Proof. The proof follows the similar analysis as Lemma F.19, and we thus omit the details here.
O

Lemma F.30. [f Induction F.2 holds for all iterations € [T5 1 s,t), given s € 7(X), we have

¢ 2 2
Z <Z {— VQ(t/)473Loss§’e} — Z [— Q) Loss5 Z] >
=Ty, N=1 2T = o®
logd ( Z Z [ Q“ Loss;; q s s>.

=Tz1,s £=1

Proof. Following the analogous analysis as Lemma F.18, we have

2 2
Z {— VQif,gLossg’q Lt Z {VQYZ Lossz™ } Z Z NS(Q tr = 5(2,6,%'
(=1 ' o (=1 ' o Le(2] ke{1,1i,i91}
Meanwhile | p 0 m| = (poly -) forp € {3,4} and £ € [2], we can focus on the gradient difference

between Q 13 and Q 1,4 contributed by other terms.

For E = 1, since Attna(m)S O—spred,1 = Attn;(a?s 0—ans,0°
N

3.1 - N 4.1, > 0. Futhermore, we have

and thus it is straightforward to see that

NG - N
s,3,1,i1 s,4,1,it

Attn(t) (t)

ans,0—pred,1

=-E loglt

(@m0 = AL, 2 0(00)) + 5(5@)1{7(%)28}051]

5,015 920

Attn(t) (t) .

ans,0—ans,0

+E loglt
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((rtrpag 0) = AL, 2 Oo0)) £ 0(6%)) 11{7@0)_3}%]

]
»J1:T92 y0

(t) s (1)
—E Attnans,O—mred,l' Z logltE’»T(Ql(y)).

YF#YoEY

((17[17(91 (y)),rgl.y(gl) - Aétjr(gl(y)),rgl_y + 6(00)> + 6(6q)>ﬂ{T($o)=s}ﬁ€f]

+E| AL o D logitl) o
YyF#Yo €Y
t _ _
((qibr(gl(y))ﬂ'gyy(yo) o Aé,i’(gl(y))vrm-y + O(UO)> * O(§q))]l{7(wo):8}ﬂ5f
“ X ) 1 1 1 log d
> 0(3) A gz ) - OB ~ 0(G) - O5) - 0B) - Olip ) = sy )

where the inequality (a) is due to Lemma F.25 and Lemma F.27.

For ¢ = 2, since Attn(t) > Attn(t) and thus it is straightforward to see that

ans,pred,2—pred,1 ans,1—ans,1°
(t) (t)
N.32:—Ngio; > 0. Moreover, we have

t t)
N ?2212 - Ns(,472,ii

87

=-E Attng?s,lﬁpredﬂ ’ logitétgé
(t) A N
(<¢j§,r92.y0 (92) - A5aj§v7“92'yo + O(JO)) + O(éq))ﬂ{7($1)—s}ﬂ§2‘| (63)
+E[Attn]] .., , - logit ",
(t) ) >
(<¢jé7/’ngz-y0 (yl) - A5,jé,’l"g2,y0 + O(O—O)) + 0(5‘1)) ]]'{T(zl)—s}ﬂgg‘| (64)
— E|Attn' > logitl)
nans7l—>pred,2 ogl 5,J
J#j2€T(Y)
(3 sReLU (AL} ) - (.0(02) = AL, % O(o0) ) + 6(64))11{7@1):3}054 (65)
Teﬁj
+E Attng?s,laans,l : Z IOgitgg
J#J2€T(Y)
(3 sReLU(AL),) - (wsn(mn) — AL, + O(o0) ) + O(6)) n{ml):s}ng@] . (66)

’I‘Eﬁj
By Lemma F.25, we obtain that

1

logd
d]-*CGCB >.

(63) + (64) > —0(2) -o( ) -©(B) 2 —O(m

By Lemma F.26, for 55, we only need to consider the case that g; = g2 A yo # y1, and we have

(65) + (66)
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(t) : (t)
- E|\Attnansl—>Pred2 Z logity ~ (g, )"
y#y1€Y

(t) ) )
((w7(92(y))77’92-y(92) - AS,T(gg(y)),rgg_y + O(U())) + O(dq))]]'{T(Il)—s}m{gl—!h/\yﬂ?éyl}‘|

t
Attngn)s 1—sans,1 ° Z IOglts 7(92(y))”

y#Y1€Y

((rtoarar s @) = A oy, £ O00)) £ om)1%1):s}n{glzgmml}]

+E

= _9(9 10(1)-6(B)- O(loid) = _O@)'

Putting it all together, combining with the fact that cg and (¢1 + ¢2) are sufficiently small, we finish
the proof. O
Lemma F.31 (Lower bound of gap). If Induction F.2 holds for all iterations € [Ty 5,t), given

s € 7(X), we have [Q{ 3]s — [Q)]s.s > Q(k2)-

Proof. Letting T denote the first time that | (t)] s — [Qfﬂ]s,s < %( 511;,2’1’5)]3,5 - [Qi?:f'l’S)]s,s>,
which implies that

i (i { - VQ<t/)473Loss§’q T i [— VQY? Lossg’é} . S).
s 0 :

)

t'=Tz1, ~{=1
Hence, by Lemma F.30, we have [Q i3 }S s [Q 13 ]S s reaches §2(1). Thus, we can have a refined
lower bound for (65) + (66) in Lemma F. 3() and obtain:
65 66) > -0
(65) +(66) > —O(_27)

loglt(

®)
Attn 5,7(g2(0))”

ans,1—pred,2

—E

t _ _
(0300723 10 92) = A 001 0 £ O@0)) £ OGN L5110 :gm#yl}]

(®)

®)
Attn 5,7(g2(y0))"

ans,1—ans,1

+E - logit

(t) ) ?)
(<¢T(92(yo))77‘g2.y0 (yl) - A577—(g2(y0))7r92_y0 + O(UO)) + O(éq))1{T(x1)—s}ﬂ{g1—g2/\y07£y1}]

% -0(g50) ~0(3)-0 (i) 03 0(i5) = -0 )

where (a) follows from the fact that on the event {g1 = g2 A yo # y1}, we have AW

Aétzg - Q(B) once | 5&]375 and [Q4,4]S,3 reach constant magnitude, and consequently, the

logit satisfies loglt( )( aoy) SO () -

5,525 991

Therefore,
t 2

Z (Z [ - VQ(t/>473Loss§’e]

t'=T+1 =1

which means that [ (t)] s Eﬁhs,s > Q(loéd> - O(m) > Q(loéd). O

2
o Vagest], ) > -0 ) o)

=1 ’




Lemma F.32. [f Induction F.2 holds for all iterations € [T s,t), given s’ # s € 7(X), for

p € {3,4}, we have
2 20 logd 1
> Vagres] | <0(T57) =0 (3)-

/=1 ’

— Vol “}
> |~ Vg Lossi|

2
=1 -

S

F.4.3 At the End of Stage 2.2

Putting gradient lemmas together, we can directly prove that Induction F.2 holds for all iterations ¢
until the end of stage 2.2, where we can conclude the following:

Lemma F.33 (End of Stage 2.2). Given s € 7(X), Induction F.2 holds for all iterations Ty 1 s <t <
To2,s = O(ﬁ‘lgd), then at the end of stage 2.2, we have

(@) [QY))s.s = Q1) forp € {3,4);
(0) Qs — Q10 € [2(525), 0]
(t)
(c) |[Q$;]S7S/| < O(%) fors' € T(X) # s, and other [Qu pls,s = 0.

F.5 Stage 2.3: Decrease of Gap and Convergence

After rapid growth of diagonal entries in stage 2.2, we now focus on the convergence of the attention

and logit matrices, and the decrease of the gap between | ff)g]” and | 5&]575. Recall that

eftﬁ (ZL’Z_I) =1- Attnans,é—l—)pred,f(ZLl_l) - Attnans,é—leans,é—l (ZL7£_1)7

AL)E(ZL76_1) = Attnanslfl%pred,f (ZL)E_l) - Attnans,fflﬂans,ffl (ZL’€_1)~

Throught stage 2.3, we will focus on the attention gap A (ZL’Z*) instead of the gap of the
attention matrices. We abbreviate. eaLtﬁ (ZL’Z’l) and AL (ZL’ffl) as eaLt’tl; and AL for simplicity.

Induction F.3. Given e > Q(oy), for s € T(X), let T5 3,5 denote the first time that E[eggfn | 7(x1) =
s} < e Foralliterations T 5 s <t < T 3 5, we have the following holds:

(a) [Qgé]m and [QSL]S,S monotonically increases < O(1);
(b) A%* >0 for any Z** with ¢ € {1,2};

(c) Attné(ﬁ])5’1_>m(,72 < 0.5 + ¢; for some small constant ¢; > 0;

[ (t)

p7q]s,5’

(d) for (p,q) € {(4,3),(4,4)}, < O(%) for s’ € T(X) # s; other

[ 1(721]8,8/ =0.

F.5.1 Attention and Logit Preliminaries

Lemma F.34. If Induction F.3 holds for all iterations € [Tz 2 5,1), given Z>1 then we have

1. forl =1,
t t ¢
(a) Attne(an)s,OHans,O > Q(]‘)’ and Attngn)S,OHanSO > Attngn)svo_mredg;
2. forl =2,
t t t i
(a) Attngn)s,l—mns,l > Q(l), Attngn)s,lﬁpredylvAttnz(an)s,l—mns,O < Attngnl71_>an571,'
t t N
(b) Attngn)s,lﬁans,() - Attnén)s,lﬁpred,ll < O(%)
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Moreover, given Z*' and corresponding Z>°, Attn'?) (ZQ’O) > Attn'") (Z2’1).

ans,0—pred,1 ans,1—pred,2

Lemma F.35. If Induction F.3 holds for all iterations € [T 2 5,t), given input 721, then we have
1. for £ =1, if Z>*"1 € &, then
. . t o
(a) forj = j1, Aé,z’l,r L —oforr ey \{rgl'yo};
. " ~
(b) forj = ji 2 7(92(v0)) = T(91(D)), AL, < —oforr € Wsy \ {rgs g, 7}

(c) for other j € 7(Y), assuming j = 7(g1(y)) for some y # yo, then Ag;r
r €A\ {rg,y}-

2. (=2 ifZ>'1 € &, then

< —p for

(@) for j = jo, A, , < —oforr €U, \ {rgp, }i

(b) for j = j5 = 7(g2(v0)), A(tiz < —oforr € Ay \ {rgpyo b

(c) for other j € 7()), if j = 7(g92(y)) for some y € Y, then Aétzr & —pforr €
A5\ {7y }-

Lemma F.36. [f Induction F.3 holds for all iterations € [T o s,t), given input Z**~1, then we have

1. 0=1,forZ*>" 1t €&,

(@AY, = (1-2EL)B£0() > (% + cl)B;
(t) (t) (t) (t)
(b) A5,j1,rg1.y0 - A5,j{,rg2,y0 = 2(‘Attnans,o—mred,l - Attnans,0—>pred,2)B + 0(6) =
2(01 + CQ)B,‘
(c) fory # yo, Aét,)f(gl(y)),rgl.y = <2Attngf‘)&0_)pred71 — 1>B =+ O(9), which is only

; ; (®) 1
activated if Attn, o o 41 > 3

2. 0=2 forZ?>'=1 € &,

((1) Aéf;z,rggm = (1 - 262&2")B * 0(6) Z 4C5B’.
(b) AL, . =A22.B+0(0), and
J2:"g92 90
t t t t
Aé,zz,rm.yl - Aé,;é,r%_yg = 2(Attngn)s,1—>ans,1 - Attngn)s,laans,O)B + 0(6)7
(c) fory # yo,y1, Aéty)T(gz(y)),rgz.y = <2Attn£f])s7l_>predy2 — l)B + O(9), which is only

. . (t) 1
activated lfAttnans,l%pred,Z > 5.

Lemma F.37. If Induction F.3 holds for all iterations € [T 2 5,t), given input Z>*=1, then we have

1. fort =1,ifZ>""1 € &,

22 (Attn(t> —Attn'?)

ans,0—>pred, 1 ans,0—»pred, 2

1
1 - logit", =©(1)- 1ogit§;i = @( o )
B

2. for€ =2, if 221 € &,

L (t 1
loglt(5 ;., =0 o ) ,
2 d2 (Att“ans,l—mns,l_Att“ansJ—»ans,o)CB + dl—A2’QCB

moreover,

. s 1
1 - logit{), > mm{ﬂ(l%"(dcw-m-l)}‘
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Lemma F.38. If Induction F.3 holds for all iterations € [Ty 2 s,t), given input Z> 1 then we have
1. forl =1, iszH ¢ &, then
(a) forj = ]1, ={"g1y0 | A(t’;hrql o = =B+ 0(0);
(b) forj#j1 € r(y), assuming j = 7(g1(y)) for y # yo, then Aé KT Aéf;mgl‘y >
2Attn£?§ 0—sans0* B > Q(B) and A;i , K —poforre Qlj \{7g v}

2. 0 =2, ifZ>'"1 ¢ &, then
(a) if g1 = g2 Nyo # Y1,

i forj = Jo, A(gz Ty = (1-— attn) B 4+ O(0) and Aéti » < —oforr €
j2 \ {rg2-y1 };

.. . t t t

i for j = 7lgayo) AL, = AL = 2(At(L 1 aner —

Attn'?

ans,1—ans,0

)B £ O(9) and Aétj K —oforre QAlj \ {7gsu0 b
iii. for other j € 7()), assuming j = 7(g2(y)) for some y # yo,y1, AW -

57-7277’92'3/1
Aét)}’rg? = 2Attng?S 1 ansy B £ O(8) and Aét;r < —pforr € A\ {rg,y}-
(b) if g1 # 92 Nyo = Y1,
or j = ja, Ag;zmgz_yl = (1 —€x2) - B+ O(6) and Aé; s < —oforr e
B Qljz \ {rgz'ln }’-
ii. forj=7(g1(y1)) = 7(92(¥)).
t
Ag,;z,rm,yl g; Tg1y1 2(‘Attnz(an)s 1—spred,2 Attngn)s ,1—pred, 1)B + 0(6)
t t t
é,‘)jz,’(‘g2,yl Ag ; Tgo g = 2(Attne(m)s 1—ans,0 + Attne(m)s 1—>ans,1)B + 0(5)7

where 14,5 is only activated ifAttng?5 1ospred,2 > % Aétz , K —oforr €

A\ {rgi oy, ooz} ~
iii. for other j € 7()), assumingj = 7(92(y)) for y # y1,9y, then rg,., is only

activated thttn‘,(m)s 1—spred.2 > and
t t t
Aé,z‘g,rm.yl - Aé,;g,r”y = 2(Attne(m)s,1—>ans,o + Attnz(an)s,lﬁans,l)B + 0(6)

AL, < —oforr € Uy \ {rg,.y).

(c) ifg1 = g2 ANyo =L

L. f()r] - .]Qr Jj2 — {TQQ yl} A(,gg,rg2 oy =B+ 0(6) y
ii. forotherj € 7(Y), assuming j = 7(g2(y)),
Aétz'g Tgo-y1 Aéz - 2(Attna(\€1)s,1—>an570 + Attni?s,l—)ans,l)B + 0(6)

and A(;; , K —oforre QIj \ {7gsy }-
Lemma F.39. If Induction F.3 holds for all iterations € [Ty 2 5,t), given input Z>*=1 then we have

ans,0—ans,0

1. for=1,ifZ>""1 ¢ &, then 1 — logitét}1 = O<10> = O(po—}yd)
> B

d2Attn( )

2. 0=2ifZ2'"1 ¢ &,, then

. _ (t) 1
(a) if 1 = g2 ANyo # y1, logit; (92 (50)) O( (Atmgng ) HM)CB )

b Ayo = y1, logit" -0 L .
() lfgl 7& g2 2 Yo = Y1 T08Ts (91 (31)) ( (A““gns) 1—spred, 2’A““£ns) 1—spred, 1)CB

. _ _ 1 _ 1
(c) if g1 = g2 Ayo = y1, 1~ logitl) =0 Do, 1)03) - polyd’

()
42 Attnans 1—rans,0 TAtER,
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F.5.2 Gradient Lemma

Lemma F.40. [f Induction F.3 holds for all iterations € [T 2 4, t), given s € 7(X), for [Qq.4]s,s, we
have

2 elogd
2,0
> [_ Vg Loss; } 2 Q(d(lﬂe)c‘s)'
=1
Proof. By gradient decomposition, we have
2
S Vaptest] = Y M.
=1 ' ’ Le(2] ke i, iii}

Firstly, for NV, 5(2,2,1'9 by Lemma F.35 and Lemma F.38, we have

t t o (T
Ns(,4,2,i =K Attngn)s,lﬁans,l (1- lOglté,Eg)'

((Prsrign @) = A, 1, £ O(00)) £ 0(67) 11{7@1)_5}@]

+E|Attn") (1 — logit!"), )-

ans,1—ans,1 ° 5,72

((rzrpa 02) = AL, ., £ O(00)) £ 0(6%)) 1{T(11>_s}mg51

(@ /1 _ 1
= @(ﬁ) 'E{mm {Q(l)’Q(dCs'(lf%fﬁ)*l)} e B (w1) = s]
elogd
> (e ) (67)
where (a) follows from Lemma F.37. Noticing that ./\/8(2’171. > 0 and |Ns(2,€,iii‘ for £ € [2] is
sufficiently small, to provide a lower bound for 23:1 [ — VQ(t) Lossgq , we only need to focus
4,4

s,

on the negative gradient from N, 5(21“ and N'')

$,4,2,ii
t
Ns(,zz,z,m‘ =
— K lAttngzl,lﬁans,l ' IOgitgzé
® O O
((’(/)jéﬂ‘gzwo (yl) — A57jéﬂ“g2-y0 + O(UO)) + O(éq))ﬂ{T(x1)=s}ﬁ§21
—E|Attn” : logity')
nans,l—)ans,l Z o8t 5.
j#j2ET(Y)
( Z sReLU/(Ag;,r) . (7/)j,r(yl) — Ag;r + O(Jo)) + O(ﬁq))ﬂ{r(xl)—s}ﬂ§5‘|
reﬁj
> —E|Attn " logit" - (sReLU'(A]) .
> Nps 1 —sans,1  108it; ~ 0y - (SRe ( 5,7(91(y1)),rg1.y1)

® 5 5
(wﬂgl(yl))mgl-yl W) = A5 g )rgr o T O(UO)> + 0(5q)>1{r(x1>=s}n{g1¢gz,yo=y1}] :

(68)
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When E [C’B (1 —2e52) | T(21) = s} < 1, by Lemma F.37 and Lemma F.39, we have

(1)

logit; ~ o, (1)) Lir(@)=s}n{g1%02.00=u1}
1

S O( 2(A (t) A (t)

d ttn —Attn

ans,1—pred,2 ans,1—pred, 1

Yo ) (1- loglt5 32) {r(z1)=s}n&s"

During this time, e2;2, > €2(1), thus we can lower bound ./\/ 42,0 ./\/'(2 94 > —O <M) .

N, ) 4.2 1, which implies that the negative gradient from N 4,2,i; 1s dominated by the positive gradient
from N") a2

When E|C - (1= 265%,) | 7(w1) = | = 1, since 2(Atbn{) | eqn — Attn(L 1 e )Cp >
(1 — 2n*%)Cp, we obtain
logit'" <oty (1 - 10git)1 . 69
0git, (g, () Lire)=s)nlo e o=y} S O(5) - (1 —logit; )1 (10, (69)

For the event {g1 # g2,%0 = y1}, if ALY is still in the linear regime, we have

5,7(91(y1)), Tg1-y1

AW = (1 - 2Attn"

5,7(91(y1))smgy w1 ans,1—spred,2

)-B+0(0) > o,
which implies
attn >1—2Attn,, ,1—pred,2 > Q(B) (70)

Hence, putting (70) back to (68), and putting (69) back to (68), we can lower bound N (2 2ii
follows NV}, .. > —0(%) - N, .. 1f ALY falls into the smoothed regime, we

s 5 T(Ql(Ul))aTgl ‘Y1

can upper bound sReLU'(Aét)T(gl(yl)) . )by O(%), and then similarly, we can obatian
N(,4,2,u = ( ) N(272,z

S
Following the analogous analysis, the negative gradient from N 4,1,;i can also be dominated by the
positive gradient from N 4,2,;- Hence, we complete the proof.

O

Lemma F.41. If Induction F.3 holds for all iterations € [Ty 2 4,t), given s € 7(X), for [Qu,pls.s',
p € {3,4}, s’ #s e 1(X), £ € [2], we have

2,0 1 2.4
“— VQY’LLOS% } ) < O(&) {— VQmLoss‘.3 L’s .

S,8

F.5.3 Non-negative Gap

Lemma F.42. [f Induction F.3 holds for all iterations € [I» 2 s, t), then at time t, we have A%t >
for any Z** with ¢ € {1,2}.

1
ea—2

Proof. Let T denote the first time that E[A22 | 7(z1) = s] < a, where o = o

Following the analogous analysis as Lemma F.30, we have
2 2 B
— Vs Loss? ] + {V - Lossz’ } N,(T) N(T)

We can ignore the negligible difference introduced by N D for p € {3,4} and /¢ € [2].

péuz
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For ¢ = 1, since Attn'” ) > Attn(T) and thus it is straightforward to see that

ans,0—pred,1 ans,0—ans,0°

N, 5(:;)1,1 Nia (T) i > 0. Futhermore, we have

T T
N(3)1 i N(4,)1,m‘

= —E [Attnjﬁngoqpred ) logit( ) - sReLU’ (A(fwm )

((%HgQ-yo (91) = A j);,rm.yo + 5(00)> + 6(5q)>ﬂ{f(xo)—s}051] (71
+E[Attn{D, .o logit) sReLU'(A(’TJ)l’% )

((51m0000 90) = AT L 0(00)) & O(6) ) Loy = sm] (72)

) 7) ()
lAttna"s 0opredt D logits ) ) - sReLU’ (Af (@1 () 701 )
Y#Yo €Y

((w"'(gl(y))ﬂ'gl“y(gl) - Ag,z;)(gl(y)),rgl.y +O(o )) + O(5q))1{f (wo)= s}ﬂff]

)
Attn:(ans)O—>ansO > logit'” T)(g W) -sReLU’ (A" )

5,7(91(Y)),"gq v
Yy#Yo €Y

(T) 5 5
((wﬂgl(y))mm %0) = A5 (g1 ) rgry £ 0(00)) L 0(64))1{T(I0>-s}m54 :

By Lemma F.39, we obtain that J\fs 31,40 /\/( A0 is dominated by (71) + (72). Moreover, by

Lemma F.37, we have
1
Q
d (Attnans O—pred,1

logit([),, ) (2*")

v

T)
Attnans 0—>pred, 2)CB >

1
>0 : - . (73)
d (Attnans 1—>pred,2 Attnans 1—pred, I)CB
For ¢ = 2, we have
T T
Ns( 3)2 % Ns( 4)2 %
> E lAttnans 1—spred,2 ( - IOgltg ])2>
(12 (92) = AT, 2 O(00)) £ 067 ) T ]
J25Tg5-y1 2 57]27T92'y1 0 {T(wl):‘s}ﬂ“"z
T
—E Attngns)lﬁans 1 (1 - IOglté ])2)
(T) N N
((%z,r”.yl W) = A5 fyrgyy, T O(UO)) + 0(5(1))1{7@1)_5}052]
> Q(aelog d)IE {(1 — logitgjl) . ]lf(zl)_s} , (74)
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where the last inequality follows from the definition of T.

T
Ns32u N(4)2u

S

B (T) o (T) (T)
=-E Attnans ,1—pred,2 loglt 74 SReLU/(A&szrQQ yo)
_ AD) +0 +0(59)1 : 75
¢jé,r92.y0 (92) 5,555y (JO) ( ) {7(z1)=s}NE&>2 ( )
T T
+E Attngns),lﬁansl IOglt( Jb "sRe LU/(A(»J)szyg yo)
, _AD +0 +0(59))1 : 76
7/’]&,7“572-340 (1) 5,32:Tg2-vo (o0) (5%) {r(@1)=s}nE: 7o
—E|Attn'” T) Z lo 1t(T)
ans,1—pred,2 g
J#j2€T(Y)
T ~
(3 sReLU'AT)) - (¥y0(92) ~ AL, £ O(o0)) iowq))nwnzs}nggl (77)
rtej
Attngfs) 1—sans,1 ° Z lOgité?;) ’
J#j2€7(Y)
( Y sReLU’ A9 (z/)”(yl) A5”i0(00)) ié(éq))ﬂ{T(wl)_s}ngE]. (78)
’I"EQ/[J'

Notice that by Lemma F.36 and the definition of T, we have

(75) + (76)] < O((arlog d)*~!) - {( ~ logit(") ) Lm):s} :
which is dominated by (74) due to the choice of a.

Furthermore, by Lemma F.38, for 82, we only need to focus on the output loglté )T(g (
case g1 = g2 A Yo # Y1, and obtain

(77) + (78)

from the
Yo))

Attn(T) loglt

ans,1—pred,2

—E .sReLU’ (A" )

T)
5,7(92(yo)) 5,7(92(¥0)):g5-yo

T) ~ ~

-sReLU’ (A" )

5,7(9g2 (yo))v""gz ‘Yo

(7)
logits 0, (yo))

E|Attn@

ans,1—ans,1

(T) 5 5
((w"'(gz(yo)%”g?y W) = A5 (gawo) g T O(Uo)) + 0(5"))]1{r(m)-s}m{gl—gwyo#yl}l :

By Lemma F.39, we have
1

0] .
( d2 (Attn:ns)l —rans, 1 _AttHSns)l—wns 0) Cs >
Since E[A%? | 7(z1) = 5] < «, where « is sufficiently small, then combining with (73), we have

(221) = 0(1) - logit(T), (., (Z*").

(z) =

(T)
10g1t5 ,7(92(yo))

7)
logity (5, (40))
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Therefore, since 6’2 happens with probability O( we obtain that

logd)
1+ 09) > =0() (W3 1= N0 )

Putting it all together, we can conclude that when E[A22 | 7(x1) = s] reaches below «, the gap in
non-decreasing direction is guaranteed, i.e.,

2 2
2,0
Z {— VQ@ Loss; ] -+ Z [ Q{7 Loss L,s > 0,
=1 (=1
which completes the proof. O

F.5.4 Upper Bound for Q

Lemma F.43. If Induction F.3 holds for all iterations € [Tz 5 4, t), given s € T(X), then at time t,
we have [Qf&]s)s < O(1) forp € {3,4}.

Proof. Denote the first time that [QZ;’]S,S reaches Q(log' ¢ d) for some small constant ¢ > 0 as 7.
Then by direct calculations, we have

() 1
Attnans ,0—pred,2 <0 (eQ(logH'"d)> 5

() () L
Attnans ,1—pred,1 + Attnans,l—)ans,o <0 (eﬁ(log“rcd)) .

Moreover, by Lemma F.37, we can simply bound the logits as follows:

! ) 1) < O<7d031/2—1> for Z?° € &

dCB (1 2Attn
1
1— logit(-t) <O
72 c (1 2Attn'?) —2Attn{
d B ans 1—ans, U

ans,1—pred,1

s ()
1 —logit, " < O(

ans, Oﬁpred 2

1 ~
0] O( ) for Z%! € &
- <d2 (Attnins) 1—rans,1 Attﬂgﬁz 1—rans O)C ) dcs /21 ?

Thus, by focusing on NV 31,; and N 41 ;, we have

2
2. 1 1 1 logd
; {_VQS&LOSSS } S O(dCB/H) O\ cateea ) B = O\ cateeeaygon

which implies

(1) (T) T'logd (T) polyd - log d Ite
Qi3 <Qu3 (WW < Qus T O quga oo < O(log™™“d).

F.5.5 Attention Upper Bound

Lemma F.44. If Induction F.3 holds for all iterations € [Tz 5 4, t), given s € T(X), then at time t,

for any Z>', we have Attnan)S Apred,2 < 0.5+ ¢y, where ¢1 > 0 is some small constant.

Proof. Let T denote the first time that E[Attn(t)

ans.1spred.2 | T(Z1) = s] reaches 0.5 + ¢. where

¢ > 0 is some small constant s.t., 2c- Cg > 1. At T we have Attn'’ T) 1

ans,0—pred,1
(T)

ans,0—ans,0

>

T(z0)=s

Attn( ) 1;(z,)=s ; moreover, Attn(T) and Attn is still at the constant

ans,1—pred,2° T ans,1—ans,1
level.
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Combing the above two cases, we have Z?:l { -V

* For £ =1, by Lemma F.35 and Lemma F.38, for y € Y\ {yo}, we have only 7, ., has been
activted to the linear regime for the prediction 7(g; (y)). Furthermore, we obtain

. »,2¢Cplogd

. (T) logd - e . (T)
Z 10g1t5,‘r(91(y)) z logd . ¢2¢Cplogd + O(d) (1 - log1t57j1)
yE\{wo}

=(1-0(1))- (1 - loglt(T)).
Thus,

2,1
{—V (7 Lossg }
4,3

s,8

T (T T ~ ~
Attngns)OHpred 1 ((1 - loglté,j)l) ’ ((wjl,rgl-yo (91) - Aé,j)l,rgl.yo + O(UO)) + O((Sq))

T) (T) A A
= 2 oty ((Yrennnn (90 = A )y, , £ OL00)) £ 0(67))
yeV\{vo}

(1 - loglt( )) . 6(08)) ]lT(wO)_sl

polyd

(T ~ ~
Attn‘,gns)o_>pred 1 ((1 - logltg]{) (<2Attnans)0_)pred , B+ O(ao)> + O(5q)>

— Z loglté T)(g @) ((2Attngn5)0_)anso B ié(ao)) ié(éq))
yeN\{yo}

1 DY 5
= pol d(l — logit; j1) 'O(US)) ]lT(mo)_S‘| <0

e For ¢ =2, for Z>! € & U {91 = g2,Y0 # Y12}, we have
2¢Cplogd

E loglt( T) > logd-e
5,7(92(y)) = %0y logd
ye€V\{vo,y1} logd - e?¢Cs +0(d)

(1 — 10g1t( ) loglt(T))

(T
—(1-0(1))- (1 ~logit{") — loglté’j)é)
Else, we have

L F T (T
> togiti, ) = (1 0(1) - (1~ logit(]) ~logit! )
yeV\{y1}

Therefore, similar to ¢ = 1, we obtain [ \Y% Q<T> Lossg 2} < 0.
4,3 s,8

) Lossg’é] < 0. It is also clear from
Q4,3 s,S

Lemma F.40 that Z?=1 — Vqﬁ) Loss?’é] > 0. Hence Attn‘_(js{1 s pred,2 cannot further grow

s,S

once it reaches 0.5 + ¢. O

F.5.6 Decreasing Gap at the End of Convergence

Let T denote the first time that E[ezg, | 7(21) = s] < 3¢, if E[A%? | 7(21) = s] < O( log,d

(dl 01 )

>

then we can let T* = T and stop the training. Otherwise, we have E[A22 | 7(z;) = s] >

(dl(JlE)q 1

Togd ) Following the similar argument as in Lemma F.40, we have the gradient contribution
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from ¢ = 1 is dominated by the gradient contribution from ¢ = 2. Thus, we focus on ¢ = 2, and
obtain

2,2
{—V gf;LOSSS }

s,8

=E

T . (T 7 ~ ~
Attngns),lapredﬂ ’ ((1 - lOglté,j)Q) ’ <<¢j2,7’92-y1 (92) - Ag,j)g,TQQ.ljl + O(UO)) + O(éq))

! DY .5
+ pTw (]. — 10g1t57j2) . O(JS))]]'{T(TQ)—G}]

—-E

(T) . (T) 1A (T)
Attnans,1—>pred,2 ’ < Z loglt5,7’(g2(y)) -sReLU (AS,T(gg(y)),rm.y)
yeV\{y1}

(T) A 5
((rtostrnns(92) = A a1,y £ O0(00)) £ O(5q)>) ﬂ{fm)—s}mgj

t o (2
-E Attngn)s,lapredz ’ Z lOglté’;"
J#j2€7(Y)
t t ~ ~
(Y sReLU'(AL),) - (¥.0(02) = AL, + Olo0) ) + 0(501))11{7(1,1)_8%55]

reﬁj

<E

(1 - logitg;2> - O(elog d)IlT(ml)S] .
Turn to Qg 4, we have

2,2
{—V (7 Lossz }
4,4

s,8

)

=E

Attngfs),laans,l ' <<1 - logitg,z;)2> ' ((¢j27rgz-y1 (yl) - Aé?;l,rm.yl + 6(00)) + 6(6q))

(1 — 10gitgﬁl> . 6(0’8)) 1{T($0)_S}]

polyd
) (D) (T)
—E Attnans71_>an571 : ( Z 10g1t5,7’(g2(y)) ’ SReLU/ (A57T(g2(y)),7'g2'y>
yeV\{y1}
(T) 0 o)
(90w ) = A, £Ol00)) £ OWO) ]l{T(”“’)_S}ng] ”
_E| Attn® . logit!")-
Njns,1—ans,1 Z 0g1t; ;
J#£j2€T(Y)
( 3" sReLU'(AY),)- (wj,r(yl) — AL E 5(Uo)> + 5(5q)) ]1{7<m1>_s}05§] (80)
T‘Gé\lg‘
For (79), we have
(79) > E | Attn(), ;- ( — logit{)-
. T T -t
min {Q(log d), (((Attngns)g—mred,z - Attne(ms),lﬁans,l) log d)q log d) }) H{T(wo)s}ﬂ§2]
>E (1 - logit(f) ) . Q<1)
= 5,J2 d
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. T -1
1min {Q(log d)’ Q (((Attnans) 1—spred,2 Attnz(ans),lﬁans,l) log d)q 1Og d) }H{T(IO)_S}I’L’?Q‘| :
Moreover, for (80), we have

(80) > —E Attn'” ) loglt o) sReLU’(A(T) )

ans,1—ans,1 5,7(91(y1)) 5,7(91(y1)), gy y1

(7 5o 4 6
((¢T(gl(yl))77‘gl~yl (yl) - A577—)(gl(y1)),rgl_y1 + O(UO)) + O(gq))]1{7'(11)—s}ﬂ{gligg/\yo—yl}‘|

(7) 1 1 a-1 .
> -E (1 — logit J2> O(E) 'O(logd> ~O((elogd) )1{7(%)_3}052]7
where the last inequality holds since A( ) Attn( ) —Attn( ) B <
q y 5,7(91(y1)),"g1 v1 ans,1—pred,2 ans,1—ans,1 —

O(elogd). Since]E{AZv2 | T(x1) = s} > Q((dlfl%) we have

)

(79) > a0t . ‘ { - VQ@ Lossg’ﬂ

and thus (79) > (80). Thus, for ¢ < é, if the attention gap does not decrease to the level of

o (dl'me)fl%l

Togd , [Qu4,4]s,s Will start to dominantly increase while [Q4 3]s s Will not change too

much. On the other hand, if the gap of attention holds, then [Q4 3]s.s > [Q4.4]s.s, We have
o)
O(1) + elQiles 4 QU
0(1) 1
B o(1) +26[Q51,f3)]s,5 — 2

This implies, we can find some time between T and T5 3, s.t, the gap will decrease to

22 =1— Attn? — Attn'") =

ans,1—pred,2 ans,1—ans,1 —

1.01 i1
0] ((dlog)dql) . We denote this time as 7 and stop the training.

F.5.7 At the End of the Training

Putting everything together, we have that at the end of the training, we have

Lemma F45. Givens € 7(X), at T* = 6( ) if € = o( ot ), we have

d(172e)CB
ne

(a) Attention convergence: exy < O(€) for { € [2], and E[A%? | 7(z1) = 5] <
(dl.Dls)ﬁ .
O oga—):
(b) [ 517;,3,5)} > Q(logd) for p € {3,4} if s = s' € 7(X), otherwise, [Q (T2.s, b)] <
s,s’ s,s’

O(3);
2,0 1

2
(c¢) Loss convergence: Ze 1 Lossy™ < polyd”

F.6 Proof of Main Theorem

Theorem F.1 (Restatement of Theorem 4.1). Under Assumptions 3.1, 3.2, A.2, and 4.1, for every
L< dO 51, the transformer model FT'+12) obtained by Algorithm | with learning rate n =

and stage 1 and 2 iteration Ty = O ( W), T, = O( p‘;ly(d)) satisfies

1
poly(d)’

1
poly(d)’

ACCL(F(T1+T2)) > 11—
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i.e., FTvET2) \which is trained for task T and T2, generalizes to solve the tasks T, ¢ < L .

Proof. By Lemma F.45, at the end of Stage 2 training, we have [Qi?,fﬂ,s)} > Q(log d) for all
p € {3,4} and s € 7(X).
Therefore, for task 77 with L < poly(d), we obtain

)

Lt o) -L
€atin < o = o(1).
[ ¢ ;,3,5):| [Qiiz,&s)}
O(]_) .L+e ’ s,8 +e ’ s,8

Moreover, we have

AL,E § A2,1 = Attngfsz,wlsi)predﬁ - Attne(z:ﬂsz,?i)ans,l § 0(1)
These together guarantee that

. O(1) - d+ e°W 1
— logi (T") 7 (L)Y < <
1 —logits 7(g, ,, () (£ 1, Z77) < O(1) - d + oM + 20oed) = poly(d)’

which implies
1

(T7) -
ACCL (F ) > 1 p0|y(d) .
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G Learning the Attention Layer: Symmetry Case for Short-Length

In this part, we consider the scenario where the group operations form a symmetry group. Specifically,
following Assumption 4.2, we assume that ) = {0,1,...,n, — 1}, and let G be the symmetry group

for ), with order |G| = n,! = O(polylogd) > %, where n, = © (
simply transitive case, we restrict our analysis to updating only Q, specifically the blocks Q4 3 and

Q4.

Throughout this section, we focus on the simple task 72 and analyze gradient descent updates

log log d

—e=—=— ). Similar to the
log log log d

with respect to the per-token loss Loss>™”. Given s € 7(X), let Lossgﬁ = —E[logpF(Zansg,g; |

Z>1) |7'(l‘1) = s]. Due to the symmetry of [Qu 3]s s and [Qu 4]s,s across s € 7(X), we may,

without loss of generality, focus on a particular s € 7(X') and analyze the corresponding loss Lossgji
in what follows.

G.1 Gradient Computations
We start with the gradient computations for the attention layer.

Notations for gradient expressions. We firsr introduce some notations for the gradients of the
attention layer. For 1 < ¢ < L, given Z"*~! and k € 7571, define

Efa(ZHTY 2N £ (28 Y sReLU (A j (25 ) (Wi o, Za), i € 5] (81)
J€[d] re[m]

For simplicity of notation, we will henceforth omit the dependence on Z~*~! in the notation of
EF, 1 when it is clear from the context.

Fact G.1 (Gradients of Q). For any p, ¢ € [5], we have

-VaQ,., Loss” Z Z -Vaq,., Loss.” where
{=14€[5

- VaQ,., Lossi ot =

§ =L E =L T
Attnans,ﬁflﬁk : ‘:‘Z,i,k - Attnans,fflg)k’:z,i’k’ Zans,ffl,pzk,q .
keIl -1 k' eTL.t—1

Lemma G.1 (Gradients of Q4 3). Given s € 7(X), for the diagonal entry [Q4 3]s, s of the block
Qa4 3, we have

[~ Vaulos?| -E

s,s

Attnans’l%predﬁg . ( Z 55 j 22 1 Z sReLU/ <A5’j’»,\)'

j€[d] re[m]
(<W5,j,ra Zpred,2> - A5,j,r + b5,j,r>)]ls—7'(:};1)‘| .

Moreover, for the off-diagonal entries [Qu 3]s s With s # s, we have

|:7 vQ4,3 LOSS§’2:| 5.5 =E |\Attnans,1—>pred,1 : < Z 5573 Z2 ! Z SReLU, (A57j77,)~
’ j€ld] re[m]

(<W5,j,rv Zprea,1) = Ns g + b5,j,r)) Lsmr(@1).5'=r(w0) |

Lemma G.2 (Gradients of Q4 4). Given s € 7(X), for the diagonal entry [Qq.4]s.s of the block
Q4 4, we have

[~ Vaulos?| = ElAttnans,Hans,l : ( 3 &4(2%) Y sReLU (As,)-

jE€[d] re(m]
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<<W5,j,ra Zoans1) — N5 jr + b5,j,r)) ﬂs_T(ml)] .

Moreover, for the off-diagonal entries [Qu 4]s s With s # s, we have

—VQi., Loss?z] =E

s,s’

Attnans 1 anso - < > &,4(Z71) ) sReLU'(As ;)

Jjeld] r&[m]

(<W5,j7r7 Zans0) — N5 jr + bs,j,r)> Lser(@1),s=r(z0) | -

G.2 Some Useful Bounds for Gradients

In this subsection, we establish several useful bounds on the gradients of the attention layer, leveraging
the feature structure of the MLP layer learned during stage 1.1. These bounds will be instrumental
for the subsequent analysis.

Recall that for j € 7()) and y € ), the fiber Fiber; ,, and the set of feature combinations for
predicting y = 771(;j) are defined as

Fiber;, ={g€ G| 7(9(v)) =4}, F;= {(Fiberj,y,y) €29 x y}.
As established in Lemma D.10 and Theorem D.1, at the end of stage 1.1, we have

* Sparse activations: For j € 7()), let ¢ = (Fiber; ,,y) € §;, then there exists exactly one
activated neuron r € [m] such that when g; = g € Fiber; ,, yo = y happens:

A > B 0(d™%g),  |nyel)(y) - wﬁ(g)‘ < 0(9)

=
9,7,

AR < 0@d=M) i £,

_ 1/(g—1)
forsome(S:O(((do'Olao)q 2d/)\) ! )

* Cancellation of incorrect features: For j € 7()), let ¢ = (Fiber; ,,y) € §;, and let the
r € [m] be the activated neuron, then for any ¢’ ¢ Fiber, ., and any y’ # y € ), we have

Vi (g) + W) < 00) and (g5 (g) + 45 ()| < 0().

Notations for activated neurons. We denote by r; , the unique activated neuron corresponding to
¢ = (Fiber; ,,y) € §;. For any g € Fiber; ,, we also write r,.,, for the same neuron r; ,,. Note that
Tgy.y = Tgy.y for distinct gi, g2 € Fiber; ,. Moreover, define

AL UjeT(y)Qlj, where Qlj = {Tj}y | (S y}
In other words, 2 is the set of all activated neurons across all feature sets §; for j € 7()). Given
ZE471 letting G(Z141) = U{gp } £ _, be the collection of all the chosen group elements in the

predicate cluases. Similarly Y = U{y, }5_,- Then define ﬁlj(ZL’e*I) = {?"giy | g € Fiber;, A

(g eG(zltYvye JAJ) } For simplicity, we omit the dependence on Z*+*~! in the notation of

2(; when it is clear from the context. Equipped with these notations, we can summarize the above
properties in the following lemmas.

Lemma G.3 (Properties of target feature magnitude). Given j € 7()) and y € Y then for g €
Fiber; ,, , the following properties hold.

Uiy (9) + Uiy, () > 2B — O(d %), |nw(y) — ) (g)| <O), (82
Vg (9) + Viimy, W] < O6), 50, (W) <O forally' #y, (83)
Wj,rg,y(g/) + ey, (y)‘ < 0(0),Yjr,,(g") <0 forallg" ¢ Fiber;,. (84)
Vi (9], V()] < O(S) forallr ¢ ;. (85)
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Lemma G.4 (Properties of irrelavant magnitude). If (p,v) ¢ {2} x GU{5} x Y, or j & 7(Y), then
for any r € [m], we have

(W50 €0)| < O(00). (86)

The above lemmas give us some direct computations of the inner products between the weight
matrices and input embedding vectors.

Lemma G.5. Let j € 7(Y) and { € [2]. Then for any r € [m)], the following holds:
(Wsj.rs Zpred,0) = W0 (9¢) = O(00), (87)
(Ws.ir, Zansi—1) = ¥ »(ye—1) £ O(0y). (88)
Moreover, for j ¢ 7(Y) and any k € I%' and r € [m), we have

(W50 Zuic)| = O(00). (89)

Furthermore, we can establish some characterizations of the Aj jﬂ«(ZM*l) quantities, which are
crucial for the following analysis.

Lemma G.6 (Characterizations of Lambda). Given Z*' with { Attnans 1k }xez2.1, then

(a) forj € T(Y), for activated neuron r € 2, we have

2 2

A5,j,7' = Z Attnans,l—)pred,é’wj,r(gﬂ/) + Z Attnans,l—mns,é/—le,r(yé’—l) =+ 6(00)-
=1 =1

(b) for j € (), for any non-activated neuron r ¢ U; we have

‘ASJ,,, < 0(d).

(c) forj & 7(Y), for any r € [m], we have

‘A5,j7r S 6(0’0).

A direct consequence of the above lemma is the following finer characterization of the activated
neurons.

Lemma G.7. Given j € 7(Y), for r € 2; \ 2;, we have sReLU’ (Asjr) =0.

Now we are ready to further derive the gradients of the attention layer starting from Lemmas G.1
and G.2 and the properties established above.

Lemma G.8 (Refined expression for the gradient of Q4 3). Given s € 7(X), for the diagonal entry
[Q4,3]s,s of the block Qq 3, letting jo = T(g2(y1)), we have

|: - vQ4,3 Lossg’ﬂ =E Attnans,1—>pred,2'

s,8

((1 — logits_, ) - ( 3" sReLU'(As,.) - (¢j27,,(g2) — A5yt 6(00)) + 6(5Q))

Te‘jjz

— Y gty (Y sReLU (M55, - (5.(02) = As i % Olo0) ) + O(5"))

G2 €T(Y) redl;

+ ) 10git57j5(03)> 117@1)—3]

i¢r(¥)
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Moreover, for the off-diagonal entries [Qu 3]s, With s # s, we have
2,2
|: - vQ4,3 LOSSS } , E [Attnans,lﬁpred,l'
5,8

((1 — logits_, ) - ( Y sReLU'(As,.,) - (;pm(gl) — A5yt 6(00)) + 6(5Q))

Tesjljz

— Y gty (Y sReLU'(A55,) - (45.(01) — s % Olo0) ) + O(5"))

i#j2€T(Y) redl;

+ Z IOgits,j6(03)> ]lT(wl)—s7T(wo)—s"|
JgT(Y)

Lemma G.9 (Refined expression for the gradient of Q4 4). Given s € 7(X), for the diagonal entry
[Qu.4]s,s of the block Qy 4, letting jo = T(g2(y1)), we have

{ - VQ,. Loss?’z} =E

s,8

<(1 — logits ) - ( Y sReLU'(As,.,) (wm(yl) — As o £ 6(00)) + 6(5q))

ey,

— > logity ;- ( > sReLU'(As ;) - (z/;j,r(yl) —Asjr £ 5(00)) + 5(5q))

J#J2€7(Y) redl;

+ Z 10git5,j6(08)>]17(x1)—s]-

igr(Y)

Attnans,1—>ans,1'

Moreover, for the off-diagonal entries [Qq 3]s, With s # s, we have

{ - Va.. Loss?’z} =E

, Attnans,l—>ans,0'
5,8

((1 — logits ;) - ( Y sReLU'(As .0 (%QW(yO) - 6(00)) + 6(5%)

T‘Eé\ljé

3 logit, ;- ( Y sReLU'(As ;) - (¢j7r(yo) — As o £ 6(00)) + 6(5q))

i#i2€7(Y) redl;

+ Z lOgit5,j6(Ug)>]17'(;161)=s,7'(x0)=s"|-
J¢T(Y)

Following the above calculations, we can further obtain the gradient summation of Q4 3 and Qg 4 as
follows:

Lemma G.10 (Gradient sum of Q4 3 and Q4 4). Given s € 7(X), letting jo = 7(g2(y1)), we have

{— VQ4,3Loss§’2} + [— VQMLoss?’ﬂ

$,8 $,8

=E

((1 — logits ;) - ( > sReLU'(As5,.,)-

’I‘EQIJQ
( - Attnans,l%ans,o : wjg,r<y0) - Attnans,l%pred,l : wjg,r(gl)

+ (]- - Attnans,l%ans,l - Attnans,l%pred,Q)AS,jg,r =+ 6(0—0)) =+ 6(59}))
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COS st (X smen a0

j?éj?eT(y) T’Gé\lj
(Attnans,lﬁans,O : wj,r(y()) + Attnans,l%pred,l : wj,r(gl)
- (1 - Attnans,1—>ans,1 - Attnans,1—>pred,2)A5,j,r =+ 6(‘70)) =+ 6(5(1))
+ Z lOgit5,j : (Attnans,l—mns,l + Attnans7l—>pred,2)6(08)) IL'r(:cl)s‘| .

igr(y)

Notations for gradient decompositions. We shall define some useful notations to further simplify
the expressions of gradient.

Lemma G.11. For any s € 7(X), we define the following notations for the gradient decompositions:

1. for [Qu3]s,s we have [ — Vq, , Lossg’z]sys =E[N,32,i + Niz2.i +Ns o, where

Ns,S,Q,i = Attnans,1—>pred,2 : (1 - 10git57j2)' (90)
(> SReLU(Asju) - (ir(92) = Asgur £ 0(00) ) £ 08 ) Trieys,
’l‘€§lj2
M€,3,2,ii = _Attnans,1—>pred,2 : Z lOgit57j' (91)
J#J2€T(Y)
( Z SReLU/(Ag))jW) . (’lﬂj,r(gg) — A57j7r + 6(0’0)) + 6((5(1)) IL,.(EI):S,
’l‘Eé\lj
Ns,3,2,iii = iAttnans,l—mred,Q : Z 10git5,j5(o—g)]lr(w1)=s- (92)
Jigr(Y)

2. for [Q474}s,s’ we have [— VQi. LOSS?Q] ss IE[N‘:A,Q,i + Ns,4,2,iz’ + Ns,4,2,iii}> where

Ns,4,2,i = Attnans,l—)ans,l : (1 - logits,jz)' 93)
(3 SReLU (Mg jun) - (sr () = As o £ 0(00) ) £ O(8) ) Lya )=
T’Gé\le
Ns,4,2,ii = _Attnans,laans,l : Z 10git5,j' 94)
J#j2€7(Y)
(D sReLU'(As5i) - (1) = s £ O(00) ) & 00" (oo,
T’Gﬁj
Nia,2,60i = TAttNans 1 5ans 1 - Z 10git57j6(0-8)1l7(m1):s- 95)
Jgr ()
3. for the summation of [Qagslss and [Quaualss we have [ - VaQ.; LOSS§’2]SS + [ —

2,2
VQ4,4 Loss; ]878 = ]EI:NSQ,i +Ns,2,ii + Ns’z’”—i], where

Nizi=(1-logits ;) (Y sReLU'(As j,,0):

’l‘€§lj2
( - Attnans,l%ans,o : wjz,r (yo) - Attnans,l%pred,l : 1pjz,r(gl)

+ (1 - Attnans,l%ans,l - Attnans,l%pred,Q)A&jz,T = 6(00)) + 6(5(1))]17'(381):8
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Ns,z,iz' = Z logit5,j : ( Z SReLU/(AS,j,r)'

j?éj?eT(y) T’Gé\lj
(Attnans,lﬁans,o : wj,r(y()) + Attnans,l%pred,l . wj,r(gl)
- (1 - Attnans,1—>ans,1 - Attnans,1—>pred,2)A5,j,r =+ 6(UO)> =+ 6(6q)>]l‘r(acl):s

Ns,2,iii ==+ Z 10git5,j ’ (Attnans,l—mns,l + Attnans,l—)pred,2)6(08)1T(11):s-
Jgr ()

Probabilistic Events We conclude this subsection by introducing several probabilistic events that
will be used to simplify the characterization of activated neurons in the subsequent analysis. We first
define some events that may contribute non-trivially to the gradient of Q4 3 and Q4 4.

& = {0 # v1,91(9e-1) # g2(ye-), forall ¢ € [2]} (96)
{glaQQ S FlbeI‘ (92(v0)), yoagl(yl) 7& 92(y1)} (97)
{yo =y1,01(1) # gz(yl)} (98)
1= {uo # 1, 91(ue-1) = g2(ye-), forall ¢ € 2]} ©9)

(100)

We first observe that event £; occurs with high probability 1— O( ) and serves as the primary regime

of interest. In contrast, events £ and &3 each occur with probablhty ©(1/n,) and correspond to
instances of initial prediction ambiguity, where certain incorrect classes may exhibit disproportionately
large logits. Similarly, £, corresponds to instances of initial prediction ambiguity, while occurs with
probability ©(1/n?). Furthermore, we define the following events, which yield negligible gradient
contributions to Q4,3 and Q4 4, as they do not lead to significant confusion among the incorrect
predictions.

& = {yo #y1,91(y1) = 92(y1), 91 (o) # gz(yo)} (101)

& = {yo =y1,91(y1) = 92(%)}- (102)

Here, & occurs with probability ©(1/n,), and & occurs with probability ©(1/n?). Together, the
events U;c[&; forms a partition of the entire sample space.

G.3 Stage 1.2.1: Inital Growth of Q
We define the following notations:
eaim(Z 1) =1 — Attngns o—1pred, e (Z5 1) — AttNans o—1sans,c—1 (Z571),
AB(ZE) = | A0 1 e (Z7) = At o1 a1 (27 |-

We abbreviate es, (Z7¢~1) and A%¢(Z54~1) as el and AL for simplicity. Since we only focus

on the input Z%! in the following analysis, we will omit the notation related to the length, i.e., we
use €,1tn and A when the context is clear.

Induction G.1. Given s € T7(X), let T1 2.1 s denote the first time that Eleaeen | 7(21) = s] < 0.4 For
all iterations t < T} 51 5, we have the followmg holds

14ydy

(a) | (t)] L E&]S . < O(1) monotonically increases;

(b) forp € {3,4}, for s’ € 7(X) # s,
0;

O)
[Q4 p] ssr| S O<[Qd]’> otherwise [Q4 P}s o=
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(c) for any sample Z>', we have Attn'?) — Attn® > —O(M);

ans,1—pred,2 ans,1—pred,1 = logd
2,1 () (®)
(d) for any sample Z=", we have Attn, . | .4, — Attn, ., ., < c1 for some small

constant c; > 0;

G.3.1 Attention and Lambda Preliminaries

Lemma G.12. If Induction G.I holds for all iterations < t,then we have

t t ~

1. Attngn)s,lﬁpred,l + Attngn)s,lﬁans,l € [04 + O(%>705L
(t) (t) A(1).

2. At ey — At o] SO(5);

Lemma G.13. If Induction G.1 holds for all iterations < t, then given Z>' € &,

1. for the prediction jo, we have

A(t)

5,J2,"g9 y1

t t t ¢ 2B
(Attn() | preas = ARG oo ) 2B+ (Attnl) oy — Attnl) o) —
y
2. for the prediction jy = 7(g2(yo)), we have
t t t ~
A= (Attngnl,Hpmd’2 - Attngnl,l_,ansﬁl) 2B + O( — ) +0(9).
g2 y
3. for the prediction T(g1(yo)), we have
D) _
AS (1 o) s =
®) ®) ®) ® 2B
(Attn() et — ARG o) 2B+ (AttnlL o — Attn() o)
y

(®) (t)

<
furthermore, we have AS,T(gl(yo)),rgl.yO < A5’T(92(y1))yrg2_yl.

4. for the prediction 7(g1(y1)), we have

A® - (Attn(“ — Attn?)

5,7(91(y1)),"g1 v1 ans,1—ans,1 ans,1—pred,2

) é—B +5(§) +O().

5. for other j € T(Y), if there exsit j and y, s.t., g1, g2 € Fiber; , (notice that y # yo, y1 for
&), then for such a j, r € 2U; \ {rgg.y} cannot be activated, moreover, we have

t ‘ . . B
Aé’;’rgz‘y - (xAttngr‘)sﬁ1_>P"ed72 - Attngn)s,lﬁans,l) 2B + O(d

.ny

) +O®5);

else, none of r € 2 can be activated.

Notice that for £, the neurons mentioned in 1-4 should be different neurons, while the predictions in
1 and 3, or 2 and 4 can be the same in some cases, e.g., g1(y1) = g2(yo). In all cases, except for the
neurons mentioned above, i.e., Ug,eref2] {Tge-y 2,71} (which may not be activated), all other neurons

~

T € Uppef (Q[T(gé'ye/_l) \ {Tgryy,l}) cannot be activated.

Lemma G.14. If Induction G.1 holds for all iterations < t, then given Z>' € &, we have

1. for the prediction jo, 7 € U, \ {rg,.4, } cannot be activated, moreover, we have

t t t
A= (,«xttmgn{_”Hpmd’2 - Attngn)s’l_)ans,o) 2B
t t 2B
+ (Attnz(an)s,lﬁans,l - Attn;(m)s,lapred,l) : ? + 0(6)
Y
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2. for the prediction j4 = 7(g2(yo)), 7 € ﬁljé \ {7gs-yo } (notice that in this case r4,.,, =
Tg,-yo) Cannot be activated, moreover, we have
AW - (Attn(t)

5,35, g5 40 ans,1—pred,2

+ Attng?s,lﬁpred,l - Attng?s,laansJ) 2B+ 0(5)

3. for the prediction 7(g1(y1)), 7 € Q[T(gl(yl)) \ {7g, .41 } cannot be activated, moreover, we
have

2 4 0(5).

A — (Astn; — Attn(")
7

5,7(91(¥1)),Tg1 -u1 ans,1—ans,1 ans,1—pred,2

) 2B
4. for other j € T(Y), if there exsit j and y, s.t., g1, g2 € Fiber, , (notice that y # yo, y1 for

&), then for such a j, v € A; \ {ry,., } cannot be activated, moreover, we have

A® — (Attn(t) — Attn®

5,0,Tgoy ans,1—pred,2 ans,1—ans, 1

)-2B+6(dB

.ny

) +00);

else, none of r € 2l can be activated.

Lemma G.15. If Induction G.1 holds for all iterations < t, then given Z>' € Es, we have

1. for the prediction ja, € U, \ {rg,.4, } cannot be activated, moreover, we have

AW — Attn'®

5,72,T g5y ans,1—pred,2

2B 4 0(6).

2. for the prediction T(g1(y1)), T € é\lT(gl(yl)) \ {7g,.y, } cannot be activated, moreover, we
have

(®) _ (t)
A57‘F(91 (1) rgrvn Attnans,l%pred,l

2B+ 0(9).
3. for other j = g(y1), where g1, g2 ¢ Fiber; ,,, we have

A® — (Attn(t) — Attn®

5,0,Tg-y1 ans,1—ans, 1 ans,1—pred,2

)2§+5(B ) +00);

Ny d-mny

moreover, if there exsit y, s.t., g1, g2 € Fiber; , (notice that y # y1 for E3), we have

~¢ B
A(t) = (Attng?s,lapredﬁ - Attngltw)s,lﬁans,l) 2B + O(d )

5,],7‘92.y ny

) +00);
besides, other r € QAlj cannot be activated.
Lemma G.16. If Induction G.1 holds for all iterations < t, then given Z>' € &4, we have
1. for the prediction js, 1 € §ljz \ {7g,.4, } cannot be activated, moreover, we have

A® — Attn?

5,J2,Tg0 yq ans,1—pred,2

2B + 0(6).

2. for the prediction T(g2(yo)), 7 € ??lT(gz(yO)) \ {7g5-4o } cannot be activated, moreover, we

have
(t) _ (t) (t) (t)
A5,j§,r92.y0 - (Attnans7lapred,2 + Attnansl%pred,l - Attnans,l—mns,l) 2B + 0(6)

3. for other j € 7()), if there exsit j and y, s.t., gi,92 € Fiber;,, then for such a j,
r €A, \ {rg,.4} cannot be activated, moreover, we have

t t ~ B
= (Attngn)s,lﬁpred,Q - Attngn)s,l—mns,l) 2B + O(d

.ny

A(t)

5,j77“g2-y

) +0(9);
else, none of r € ‘:’Ij can be activated.
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Lemma G.17. If Induction G.1 holds for all iterations < t, then given Z>' € Es, we have

1. for the prediction jo, € U, \ {rg,.4, } cannot be activated, moreover, we have

AL = Attn?) 2B + 0(6).

5,J2,Tg0 yq ans,1—pred,2

2. for the prediction 7(g2(yo)), T € ﬁT(gz(yO)) \ {7g5-yo } cannot be activated, moreover, we
have

() _ (®) ®) 5(_ B
AS,jé,r”.yO - (Attnans71%pred,2 - Attnans,l—mns,l) 2B + O(d . ny

) +0().

3. for the prediction 7(g1(yo)), T € QALT(gZ(yO)) \ {7g, 4o } cannot be activated, moreover, we
have

(t) _ (t) (t)
A5,T(gl(y0)),rgl.yo - (Attnans,l—wred,l - Attnans,lﬁans,l) 2B
t t 2B
+ (Attn;(m)s,laans,o - Attnz(an)s,lﬁpred,Q) : ni + 0(5)
Y

4. for other j € 7()), if there exsit j and vy, s.t., g1,9> € Fiber;,, then for such a j,
r € U \ {rg,.y} cannot be activated, moreover, we have

t t t ~
A( ) = (Attngn)s,l—mred,Z - Attngn)s,lﬁans,l) 2B + O(

5,J,Tgo-y

) +00);

d-ny

else, none of r € ‘:’\J.j can be activated.
Lemma G.18. If Induction G.1 holds for all iterations < t, then given 721 € &, we have

1. for the prediction ja, 7 € U, \ {rg,.4, } cannot be activated, moreover, we have

(t) _ (t) (t)
A5,j27r92.y1 - <Attnans,1—>pred,2 + Attnans,l—mred,l) 2B+ 0(5)
2. for other j = g(y1), where g5 ¢ Fiber; ,,, we have
t t ¢ 2B  ~/ B
Aé,;’,rg.yl = (Attn;(an)s,laansl - Attngn)s,l—mredj) ’ ni + O(d n ) + 0(5)7
Yy y
moreover, if there exsit y # y1, s.t., g1, g2 € Fiber; ,, we have
t t t ~
Aé,;,rgz.y = (Attn;(m)s,lﬁpred,Q - Attn‘gn)s,lﬁans,l) 2B + O(d K ny) + 0(5)’

besides, other r € 2l; cannot be activated.

G.3.2 Gradient Lemma

Lemma G.19. If Induction G.1 holds for all iterations < t, given s € 7(X), we have
2,2 2,2
[~ Vagtes®], + |- VapLoss’]

5,8 s,8

1 B
> min {Q(d . ny),Q(E) ~IE[(1 — logit!), )| (x1) = 5,51} } > 0.

Proof. By Lemma G.10 and Lemma G.11, we have | — VQ“LOSSE’Q] ss T [—VaQ.. Lossg’z] e =

E [Nsvz’i + Ns2i + Ns,Z,iii] . Based onLemma G.13-Lemma G.18, we can first directly bound the

term N\") .. as follows:

(t) q
E | < O(cf) = .
|:'/\[s, ,zn:| — ( 0) p0|yd
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In the following discussion, we focus on N, S(tQ)Z and V') .. and consider two regimes for the

5,2,
gradient lower bound: (i) ]E[Attngfl)s,lﬁpredﬂ - Attng?ﬂ_}anio | 7(x1) = s] < £, and (i)
IE[Ai:t;na(‘f])_g71_>pred’2 - Attng?s,lﬂans,o | 7(21) = s] > 4. The proof strategy is to analyze N;(g)z

and V, s(tQ) ,; under different event conditions in two regimes.

1. For regime (i),

(a) For Z%! € &1, by Induction G.1 and Lemma G.13, we have an immediate logit upper
bound for j € 7()): logitg; < O(%). Then by Lemma G.10, we have

_E [(1 ~logit{),) - ( 3 sReLU'(AY), )

T€§1J'2
t t
( - Attnz(an)s71—>ans70 . ¢j2,r(y0) - Attna(m)s,lﬁpred,l ’ wjzﬂ‘(gl)
t t t ~ ~
+ (1 - Attngn)s,lﬁans,l - Attngn)s,lapredQ)Aé,;g,r + 0(00)> + O((Sq)>ﬂ7'(w1)81l51:|
By Lemma G.13, we can obtain
57j27"‘gfz-y1 )

E [(1 ~ logit{", ) - (sReLU’(A(t)

(t) (t)
( - Attnans,l—mns,o " Wi2.rgs -y (yO) - Attnans,lapred,l ’ wj27rg24y1 (91)

+ (1 - Attng?s,laans,l - Attnz(ai)s,l—)predﬁ)Aét,;g,r”.yl + O(JO)) + O(éq))]l‘r(wl)—s]l&}
> Q(§> -]E{sReLU’(ASt)- )|7(a1) = s 51} (103)
- d 9,72:Tgg yq1 ’
On the other hand,
~E {(1 ~logit{)),) - sReLU'(A{) ).

(t t
(Attnan)s,l—mns,o ’ ¢j27rg1-y0 (yo) + Attngn)sﬂlapred,l ’ 1/)j277“g1-y0 (gl))

L(xl):s]l&]lgl<yo>=g2<y1>]

B
2 _O(d . ny) . E |:SReLU/(A§)t;}2;Tg2'y1)|T(z1) =S, 5‘1:| )
which implies that E[Ns(f;i]lgl] > o). E[sReLU/(Agf;MM )r(@) =

s, 51} > 0. Moving to /\/'s(t) by Lemma G.10 and Lemma G.13, we have

2,04

e S s (X sheLag, )
itier(Y) rea,

t t
(Attne(m)s,laans,o ’ j,T(yO) + Attngn)s,lapred,l ’ /wjﬁr(gl)

E [N(t)’--ﬂgl]

- (1 - Attng?s,l—)ans,l - Attni?s,l%pred,Q)Agf;,r + 6(00)) * 6(6q))17(901)—8151:|
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ny - B
2 _O( d2 ) :
(b) For Z%*! € &, by Induction G.1 and Lemma G.14, we can also obtain a crude bound
of logit: logit(t) < O(é) for j # j4. Then N, (2’1. can be bounded in the same way as

5, — s
(103), and we have

t B t
E [M;gﬂ&] > Q(d : ny) .E[sReLU’(Aé}zmgwl)]T(xl) =5,&|>0.
. t
Moving to N;Q),ii,

o for j = 7(g1(y1)), we have

=E [logitgg (sReLU/(As',,j,rgl.y1 )

(t) (t)
(Attnans’lﬁans’o ’ wjvr.ql-yl (yo) + Attnans,l—Wred,l ’ ,l/}j7r.‘71"!/1 (91)

- (1 - Attng?s,l%ans,l - Attngi)s,lapred,Z)Aét,;,r + O(UO)) + O((sq)) ]17'(11)—51152]
B
» —o(=2).

where the last inequality is due to the cancellation of the term Attng?s’1 Sans,0
Vjirg, ., (Y0) + Attn" “Pjry. .y, (91) and the fact that

ans,1—pred,1
A - (Attn(t) — Attn'? ) : i—B +0(9) < 0(§)~
Yy

57"'(91(91))77'91«141 ans,1—ans,1 ans,1—pred,2 ny

* for j = 7(g2(y)) if there exists y # yo, y1 s.t., g1(y) = g2(y)
- when ]E[Attngf])s’lﬁans’l - Attngi)s 1ospred.2 | T(T1) = s] < 0.01, by Induc-
: (1) ) (1)
tion G.1 and Lemma G.14, we have log1t57T(92(y)) < O(g) . logltwé and
logitét;., = Q(1). Then
»J2
1 (t) N
‘E[loglt&j  (sReLU'(A),, )
Attn(" - Attn'" 0y
nans,l—)ans,O w]argl-y(yo) + nans,l—)pred,l w]ﬂ”glly(gl)
t t t ~ ~
(- AR - At LAY 0 £ O(aq))nT(wl)_sﬂgQ]
B
< o( )
T \ny - d?

On the other hand,

).
Attn'") .y (o) + Attn oy (g1)
ans,1—ans,0 J25Tg91 -0 Yo ans,1—pred,1 J2:"91 90 g1
t t t ~
- (1 - Attn;(m)s,l—mns,l - Attngn)s,l—mred,Q)Aé,;é,rgl.yo + O(UO)>
£0(07) Loyl |
>o(-22),
Ny -d

where the last inequality follows from the fact that

]E{logit(t). : (sReLU’(A(t)

5Jé 5:jéﬁrgl-y0

(t) (t)
Attnans,l—mns,o : 17[}jéa7ngl-y0 (yO) + Attnans,l—)pred,l ' wjéﬂ"gyyo (gl)
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(t) (t) (t)
- (1 - Attnans,l—mns,l - Attnans,lﬁpredﬂ)A5,j;,rgl.y0
t t
= Attne(m)s,l—mred,l ’ (QB - 2Aé,;’é,r91.y0> + 0(6) 2 Q(B)
— when E[Attn") — Attn{") = 5] > 001, b
when nans,l%ans,l nans,1—>pred,2 ‘ T(xl) 5] = UL, by
Lemma G.14, we have Ag;ym y cannot be activated. Furthermore,

).
(t) (t)
(Attnans,lﬂans,o ’ wjéﬂ“gl-yo (yo) + Attnans,l—}pred,l ’ 1/)j§,7’gl.3,0 (gl)

+ 5(00)> + 5(5‘1))]17(11)_51151]

-/
5,J5:Ta1 v

I[E[logitét;é : (sReLU'(A(t)

A(t)

;!
592791 vo

+ t
- (1 - Attngn)s,lﬁans,l - Attngn)s,l—mred,Q)

> 0.

Putting the above discussion together, we have

E[N(“ 1152] > —o(i).

s,2,11 2.2
n; d

(c) For Z>' € &3, by Induction G.1 and Lemma G.15, we can first have some facts of
logit:

1—logit{}, = (1), logit{ . . =0()
1

poly

logitg} < pi for other j.

Therefore, we have

B0 e
o (T t t
=E |:(1 - loglté,;z) : ( - Attngn)s,lﬁans,O F¥i2rgg-yy (yl) - Attnz(an)s,l—mred,l ’ wj?ﬂ”gg-yl (gl)
t t t ~ ~
+ (1 - Attngn)s,lﬁans,l - Attne(m)s,lapredﬁ)Aé,;g,rm.yl + O(UO) + O(dq)>]17'(fvl)_8]153:|
> of B ).
T \ny-d
Moving to . 5(2” we have
t
s (1)
2E |:10g1t57"'(91(y1)).
t t
(Attngn)s,lﬁansﬁ ’ w"—(gl (¥1))7g1 41 (yl) + Attne(m)s,l%pred,l : 11[}7'(91(!/1))17"(91)
t t t ~
- (1 - Attngn)s,lﬁans,l - Attnin)s,lapredﬂ)Aé,z—(gl(yl)),rgl.yl + O(JO)
~ Ny - B
+ 057 )11m g 70(97)
( ) ( 1)7 53:| d . p0|yd

- Q(nf.d) ‘O(ﬁ) = Q(nfd)'

(d) For Z>! € &,, by comparing Lemma G.16 with Lemma G.14, we can directly bound

N, S(t2) ,; in the same way as &, where the only difference is that we do not need to
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consider 7(g;(y1)) for &. Thus E [J\/’ S( 2) ”]154] > (. Moreover, it is clear that
E [N(g 1154}

5,J2:Tgy- yl).

—E [(1 ~ logit{", ) - (sReLU’(A(t)
t
( Attn;(m)s 1—ans,0 wj2»7"92-y1 (yO) Attn;(,n)s ,1—spred,1 1/)]2,7“5;2 v1 (gl)

t t t ~ ~
( Attngn)s l1—ans,1 Attnz(an)s 1—spred, Q)AE('),;g,rgz.yl + O(UO)) + 0(511)) ]17—(;81)=s]l54:|
> 0.

. . . . t
where the last inequality is due to the cancellation of Attn'? 2,7 g9 41 (yo) +

ans,1—ans,0
()
AN, ) pred 1 Yiairgy ., (91), and the fact that

AY — Attn'?

5,J2:"g9-y1 ans,1—pred,2

2B+ 0(5) > Q(B).

(e) For Z*>' € &5 U &, by Induction G.1, Lemma G.17 and Lemma G.18, we can derive
(t) () «

the following logit condition: 1 — logit; ; , logit; ; < poly - for j # jo. Hence, we
can simply bound N") 5.4 and N 9.4 as follows:
t t B
‘ {NSQ)Z } ,E|:N(2)“]lg } <O(%.polyd> form € {5,6}.
Putting it all together, we have for the regmie (1),
2,2 2,2 _ (t) B
| Vaulossi?] o+ [-Voulest?] = X E[Nwﬂ&] > 05

we{i,ii,iii} i€[6]

. In regime (ii), the analysis follows a structure analogous to that of regime (i). The primary

distinction lies in the fact that, under the main event &1, the term Aé ;2 — is guaranteed

to remain within the linear regime, thereby serving as the dominant component driving the
overall gradient.

(a) For Z>! € &, by Induction G.1 and Lemma G.13, we have
E [N(g 1151}

—E [(1 ~ logit{", ) - ( 3" sReLU'(AY), )

TEQAlJQ
( - Attng?sJ%ansO : ¢j2,r(y0) Attnans ,1—pred,1 w]% ( 1)
( Attng?s l—ans,1 — Attngn)s ,1—pred, 2)A§)tj2 r + 0(00)) + O((Sq))ﬂT(xl)S]l51:|

By Lemma G.13, we can obtain

E [(1 - lOglt( ) ) (( Attnz(a?s 1—ans,0 * ¥Jj2,Tgs-y1 (yo) Attng])s ,1—pred,1 ijang-yl (91)

t t ~ ~
( Attngn)s 1—ans,1 — Attne(m)s 1—>pred, Z)Aé,;g,r”.yl + O(UO)) + O(éq)> ]17'(?61)—5‘]151:|
(104)

ZQ(?) ]E{(l—loglt() )| (1) =s,&1 .
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On the other hand,

5,72,Tg1 -y

~E {(1 ~ logit{", ) - sReLU’(A{) )-
t
(Attng?s,71_>ans70 ' q/ij’TQl‘yO (yo) + Attne(m)slapred,l ’ w]éﬂ“gyyo (g1)>

]lT(.ilil)ZS]]'gl 1L, (y0)=g2(y1)]

B

= _O(d-ny

)-E {(1 - logitét);z)h(xl) = 3,51} ,

S

which implies thatE{N(fz)’i]Igl} > Q(g) -E[(l ~ logit{", )|(z1) = 5,51] > 0.

Moving to N® by Lemma G.13, we have

$,2,i1>

* for j = 7(g1(%0)), 7 = 74140

t t
(Attn:(an)s,lﬁans,o Wi (yo) + Attngn)s,lapred,l ’ wjﬂ‘(gl)

JAD, | + 6(00)) > 0.

— (1- Attn) — Attn o,

ans,1—ans,1 ans,1—pred,2

(®)

e for j = 7(91(y1)), r = 7g,.y,» due to the cancellation of Attn, ;.00 -

wj,r(y(]) + Attnz(ai)s,lﬁpred,l ' wjﬂ“ (gl)’ we have
t
(Attng?s,l—)ans,o T (yo) + Attn;(m)s,lapred,l ’ wj,r (91)
t ¢ (t) ~
- (1 - Attngn)s,lﬁans,l - Attngn)s,lapred,Q)A&j,r + O(JO))

> —(1— Attn{) — Attn{"

ans,1—ans,1 ans,1—pred,2

) (t)

5,5,
* for j = 7(g2(50)): 7 = 79590
(Attngt‘)s,lﬁans,() ’ wjm(yo) + Attng?s,l—mred,l ’ ijm(gl)
— (1 At ey — Attng?s,lapredﬂ)‘/\gt,;,r + 6(00))

> (1 - Attn() — Attn!"

ans,1—ans,1 ans,1—pred,2

) (t)

5,5,r"

» for j = g1(y), where Iy # yo, y1, s.t., g2(y) = g1(y), we have

t t
(Attngn)s,lﬁans,[) ’ jﬂ"(yo) + Attne(m)s,lapred,l ’ wj,r(gl)

t t t) ?)
- (1 - Attngn)s,leans,l - Attngn)s7l—>pred,2)Aé,j7r + O(UO))

t (t (t)
> 7(1 - Attngn)s,laans,l - Attnan)s,1—>pred,2) 5,5,r"
Putting them together, and upper bound ) jtiaer() logité’i} by 1 — logitét}z, we

have

E|:Ns(t2)“151:|
e[ S s (X shetng, )
#Gaer(Y) red,

t t
(Attne(m)s,laans,o ’ j,T(yO) + Attngn)s,lapred,l ’ /wjﬁr(gl)

- (1 - Attng?s,l—)ans,l - Attni?s,l%pred,Q)Agf;,r + 6(00)) * O((sq))]lT(Il)—8151:|
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(t) (t)
5,j2) ' (1 - Attnans,1—>ans,1 - Attnans,l%predﬁ)

>—-E {(1 — logit(t)

® ®
© hax 1A 01600 Mer a0 }]17(%1)—5151} :
® ®

- 5,7(92(¥0)):7g5-yo - A57"'(92(y))7r92'y
O(%) for y # yo,y1 s-t., g1(y) = g2(y). Notice that

where the last inequality is due to the fact that A

(t) (t)
hax {A5,T(91(y1)),7”g1-y1 ’ A57T(52(y0))77'g2vyo } =

Y#£Yo,y1
(t (t 1
max {Attnan)s,l—)pred,Q - Attnan)s,l—mns,h @(n)}QB,
Y

while
(104) > E {(1 - 1ogit§‘3.2) At QB]lT(xl):g]lgl]

1 L (t t t
= 2E[<1 - 10g1tg,;§> ’ (1 B Attngn)s,laans,l - Attngn)s,l—)pred,Q)2B]1T(901):3151 :

Since by Induction G.1, Attn'? — Attn

1
ans,1—pred,2 ans,1—ans, 1 <aK 2 thus we have

B .
E[Ns(tglllgl] +E [Ns(tz)”]lgl} > Q(E) -E {(1 - logltgzg)h(m) = 8,51:| .

(b) For Z?>1 € &,, Ns(tgl can be bounded in the same way as (104), and we have

B
E{N(fg,in&} > Q(d_ ) oIE{(l —logit{") )|r(x1) = 5,52} > 0.

S ny
Moving to NS(tQ)“,
o for j = 7(g1(y1)), we have
—E [mgitgf} (SReLU (s i, ., )
(Attne(\?s,lﬁans,o ’ wj7"'gl~y1 (yo) + Attngi)s,l—)pred,l ’ wj/"gl“yl (gl) (105)
- (1 - Attng?s,laans,l - Attngf\)s,lapredQ)Ag;;,r + 6(00)) + 6(5(1)) ]17'(301)_3]152]

B
n§~d

> —O( ) ]E[(l — logitéf;Q)’T(xl) = 3,52}

()

where the last inequality is due to the cancellation of the term Attn, &, _ . .-

t
¢jﬂ“s1-y1 (yo0) + Attnz(m)sylﬁpred,1 . wjﬂ“gl-yl (g1) and the fact that

Aé,)r(gl(yl)),rg”l = (Attngn)s,HansJ - Attngn)s71—>pred,2) oot 0(6) <O(—
Yy

).

Ny
o for j5 = 7(g2(y0)) = 7(91(%0)), clearly, we have
).
" t
(Attne(m)s,l—mns,o : wjéa’”gl-yo (vo) + Attngn)s,lapred,l ’ wjé»ﬁqryo (91)

— (1 - Attn{) Attn AW + 6(00)) + 6(5Q))

ans,1—ans,1 — ans,1—>pred72) 5,395,771 -y

]E[logit(t) - (sReLU'(A]"

., ”
5,43 »J2:Tg1 w0

Ilr(xl)_s]l(‘:g:| >0,

109



where the last inequality is due to the fact that

t t
Attngn)s,lﬁpred,l ’ ,(/Jjévrgyyo (gl) - (1 - Attngn)s,lﬁans,l
_Attn® o )AD

ans,1—pred,2/ 75,575,714, .yq

> Attn')

ans,1—pred,1

t t t
’ (1 - 2(Attn:§n)s,1—>pred,2 + Attngn)s,lapred,l - Attne(an)sJHansJ)) 2B
ans,1—pred,1

> Attn) <1 - 2(01 + 0.25))23 > 0.

s for j = 7(ga(y)) if there exists y # yo, y1 s.t., g1(y) = g2(y)
S

— when E[Attn{!), | . ., — Attn() .| 7(z1) = s] < 0.01, by Induc-
. < (1) 1 1 (1)
tion G.1 and Lemma G.14, we have log1t5’T(g2(y)) < O(E) - logit - Then

=
9]

5,j,rglAy)'

‘IE [logité‘i} - (sReLU'(A{)
Attn'? i (yo) + Attn'?) i (g1)
Nans,1—5ans,0 * Vi,rg, .4 \Y0 Mans,1—pred,1 * Yiyrg; o \91
t t t Y A
- (1 - Attngn)s,lﬁans,l - Attne(m)s,l—>pred,2)Aé,;,rgl,y + O(UO)) + 0(59‘{)) ]17'(901)=$]152:|

< O(%) - (105).

t t
- when E[Attn;(m)s,lﬁans,l - Attnén)s,1—>pred,2 | 7(z1) = s] > 0.01, by
Lemma G.14, we have Ag;y% , cannot be activated.

Putting the above discussion together, we have
B

Ny

E[Mff;iiﬂgl} +E[N§f;“152] >0(—) .E[(l —logit!") )|7(z1) = 5,&]|.

(c) For Z?! € &3, by Induction G.1 and Lemma G.15, we can first have the following
logit bound:

o () 1 o () o
logit; ; < polyd . (1 — log1t57j2) for j # jg,T(gl(yl)).
Therefore, we have

E[N(fg’in&}

S

o, (T t t
E |:(1 - IOgltg,g‘g) : ( - Attne(m)s,laans,o . wj?i”‘gQ»yl (yl) - Attngn)s,lapred,l ’ ¢j2ﬂ"g2Ay1 (91)

t t t ~ ~
+ (1 - Attngn)s,lﬁans,l - Attnz(an)s,lﬁpredz)Aé,;z,rgz.yl + O(UO) + O(éq)) ]17'(951)=S]153:|

ZQ( Bd) ']E{(l—logitét);z)h(xl)23753 .

Ty -
Moving to V") . we have

$,2,i1>

t
B[ e,
= E [IOgitg)ﬂgl(yl»'
Attn'" b (1) + Attn' b (g1)
ans,1—ans,0 7(91(¥1)) 791 11 Y1 ans,1—pred,1 T(g91(y1)),r\g1
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t t ~ =~
—(1-Attnl) Attngn)s1_>predQ)Aé’)r(gl(yl))’rgl_yl iO(JO)iO((sQ))

ﬂf(xl)—8153:|
_ O(M) - E (]_ — logit(t). )’7(101) =S 53 .
n, - d - polyd 072 ’
Thus,

B
[J\fs(tz) ”]lggl +E[N(t2) “]153] > Q( d) E[(l — logitétj-?)h(wl) =s,&).

Ty -

(d) For Z*! € &;, we can bound the gradient in a manner similar to regime (i), and obtain
B[ te] + BVt 0.

(e) For Z*! € £5UE&g, by Induction G.1, Lemma G.17 and Lemma G.18, we can derive the

following logit condition: 1 — loglté )7 , loglt(t) < o}yd -E [(1 - logitgl)h) |7-(x1) =

s, 51} for j # jo. Hence, we can simply bound ./\fé 5,; and NUQ) 4 as follows:

s

‘ {Nygl ] : E[Ngf;iingm}

B 1 (t)
< — 1-1 = f .
< O(dny polyd) {( oglt )‘ (1) 3,51}, orm € {5,6}

Putting everything together, we have for the regmie (ii),

+[—VQ$LLOSS§’2} = Z Z [S2R ]

58 re{i,ii,ii1} i€[6]

{ VQ(t)LOSS5:|

B
> Q(E) E{(l - loglt |T 1) =8 51}
O

Lemma G.20. If Induction G.1 holds for all iterations < t, given s € T(X), for [Qu,pls,s/, p € {3,4},
s’ # s € 1(X), we have

s,s’

2,2
‘ [— VQZ; LOSS5’ }

<o(D)|[- aqp o] |

G.3.3 Bounded Decrease of Attention to Related Context Clause

Lemma G.21. If Induction G.1 holds for all iterations < t, then for any sample Z>', we have

) () log dlogd
Attnans ,1—pred,1 — Attnans ,1—pred,2 — O( 10g d )
Proof. Denote the first time that E{Attniﬁl’lﬁpredl — Attng?S 1Hpred2’7(a:1) = s| <
. Q)
—Q(%) as T. Notice that [QE&L B <0 <{ d] ) for p € {3,4}, thus for any

sample Z> satisfying 7(z1) = s, at time 7', we have

Attn( I)

ans,1—pred,2 —

Attn( )

ans,1—pred,1

ottty
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Based on the the gradient compositions from Lemma G.11, we have | — Vq,, Lossg’z} =
S,8

E[Ns73,2,i + No3,2,i + /\/’573,271‘1‘2‘}, and we will discuss N 30, for k& € {i,4i,iii} on different
samples Z%1. Following the similar argument as Lemma G.19, we can first directly bound the term
J\/'g)Qm as follows:
1

polyd”

o for Z>1 € &, at time f, since the neurons for predicting jo cannot be activated, and

logit; ; (7) < O( ) for j # jo, thus we can naively bound the gradient on the event &; as
follows

4B
2

Z E [Ns(g,)z,n]l&]

refi,ii}

<o(™7) +0(57).

o for Z%1 € &, similarly, AW

5.jar is not activated, and thus we can focus on the term N 3 2 i;,

and specifically, the prediction of j, = 7(g2(y0)). By (91) and Lemma G.14, we have

|:N532u 52:| > El:Attl’l

ans,1—pred,2

ans,1—ans,1 ans,1—pred,2 ans,1—pred,1

(1 + Attn(D) — Attn(?) — Attn® ) | 7(z1) = s}

. (1) _ 2B ~
‘E |:log1t5,j§ | 7(x1) = 5,52} ny-d + O(a). (106)
« for Z>! € &3, by Lemma G.15, we can mainly focus on the term J\f 3, 2 ;» and the prediction

of 7(g1(y1)) in 5(3)2 4 since loglté o)) =1~ O(@). Hence, we have

E [(Ns(g,)ln + N ,3,2 u) IL53:| 2 E |:Attngzws)1%pred 2 (107)
1 2B ~
(1 + Attnans ,1—pred,1 - Attnans ,1—pred, 2) | T(‘rl) = S:| . (1 - O(logd )m :t O(US)
Yy

* for Z%1 € &,, the negative gradient can be bounded in the same way as (106), however, the

probability of &, is order-wise smaller than £ and &3, which can be neglected. Moreover,

(t)

for for Z*' € &£ U &, the overall gradient is also negeligble since logit; ;, is very close to

1.

Putting it all together, we have

[ VQ(T) Lossz’ L’S > IE{AttnanS 1-spred,2
- (1 +Aten) o - AeaT) o AeaD) 1) | 7(z1) = s]
[loglt( ) | 7(x1) = 5,82] nf yi
+E [Attngns) 1—>pred,2
: (1 + Attngi),l—mred 17 Attngns 1—>pred, 2) | T(21) = 5} ’ (1 - O(@)) nde L 5(08)
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Notice that

(1 + AttnfS{Hpred,l - Attnfs),l_,pred,g)
- (1 + Attnz(afs),l—)ans,l - Attne(afs),lﬁpredﬂ - Attngnfs),lﬁpred,l)
= 2Attn£n@,1—>pred,1 - Attne(zz:s),lﬁans,l'
If 2Attngi)71_>pred’l - Attngni),l_mns’1 < ¢ for some small constant ¢ > 0, s.t., lggBd < 1, then
(T)

< ¢B. Hence logitéj;.), < L = o(1), and (106) is dominated by the positive term
»J2

s/
5,J2:T 9250 d " Tosd

(107). Else, clearly, (106) can be cancelled out by the positive term (107). Therefore,

B
2,2
Qz(j?,) LOSS5 :|s,s = Q(ny . d)

|-v

As a consequence, together with the growth of QES;) + Qf&), and nearly no change of [Qfﬁ;]s’sl in
Lemma G.20, we have Attngi)s_lﬁpred 1= Attni?s 1—>pred,2 Must start to decrease and cannot be

larger than O( %) . O

G.3.4 Attention gap is small
Lemma G.22. If Induction G.1 holds for all iterations < t, then for any sample Z>', we have

Attn'? — Attn®

ans,1—pred,2 ans,1—ans,1 < e,

where ¢ > 0 is a small constant.

Proof. Let T denote the first time Attniﬁl’lﬁpred’z — Attne(:r?&l_h.ms’1 |T(z1) =s| > %‘gogd.

(t)

: (t) |:(24'19]5,5 2,1 : .
Notice that ||Qy ), < O —5== | for p € {3,4}, thus for any sample Z*" satisfying
(1) = s, at time T', we have

T T 1.0005 log d
Attngns),lapredﬂ - Attnz(ans),l—mns,l = 2B .

Based on Lemma G.11, we will discuss the gradients of Q4,3 and Qg 4 on different samples Z>1.

Since AéTj) . , AéT.), , is guranteed to be activated to the linear regime for Z>! € &;, we only
3J25T g2 1 »J2:Tg92-90

need to focus on the main event £;.

From Lemma G.13, at time T, we have

1.0005logd o p

L) _ ¢ 7P LD _ 0.0005 Q)
10g1t5’jé = TR op o) (1 - 10g1t5’j2> = (1 -0(1/d )) (1 — log1t57j2).

Then by Lemma G.11, we can obtain the gradient on the event &; as follows:

s i s,

E [(N(€)2 + N(Z?:,)Zii + AC(?QW) ]151]

=E

T (T T ~
Attngns),l—mredﬂ ’ ((1 - loglté,j)z) ’ (¢j2""g2*y1 (92) - Ak(’),j)’z,rgz.yl + O(O-O>)
1 . (t T =
~ (1= 0(Gemam) )0 = 1083) - (v, 02— A, Olen)

3J25Tg5-yg

+ 5(08)> 17($1)—5151]
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=E

(7) 1 (7) (7)
Attnans,1—>pred,2 ’ ((1 - O(W))( lOglt ) (A ,]2,7‘92 vo A57j277”gz-y1)

(T T
+ O(do 0005>(1 - lOglté,j)z) ‘ <¢5>j2vrgz'7/1 2(92) — A(,J)z,’fgz,yl )) ]lr(acl):s]l&] ,

on the other hand, we have
E [(Ngjg N+ N ) ngl]
=E [Attngns)1ﬂ)red 2 ((1 - lOglté 0a) (%w% o (1) = Agj)z,rgz.yl + 6(00))
~ (1= 0omam) ) 0 = 10830.) - (it ) = A, Ole)
+ 6(og)>]17(x1)=$]151]
=E lAttnf"i),1_)pred72 - <(1 - O(ﬁ))( loglt( D 0)
' ( ~ Vs 1y (Y1) + AT - Agl,rg,yl)

5,J25T 9250

1 Ty A (D)
_O<d0.0005>(1_10glt5m) A5,j2,rg2.y1 Lr@)=sle, |-

Since at time 7, we have Attngfs)lﬂmd’1 Attngs)1—>ans1 < Attngns)lﬁpre“ -
(T) 1.005 log d (T) (T)
Attn, ) o0 < =555, we have A; orens As gy K ~Vitrg e (y1). Therefore,

[—V (f)LOSS§’2i| + {V @)Lossg’Q]

4,4 s 4,3 $,8

>Q<d> {1—log1t5h|7 (x1) = s]

which implies that [Q4.4]s s Will grow faster than [Q4 3]s s, and thus the attention gap cannot be
further increasing. ]

G.3.5 At the End of Stage 1.2.1

©0.14c1/2)B

) + O(ni‘;ggil), we have Induc-

Lemma G.23. For all iterations t < Ty 21,s = O(nlogd

tion G.1 holds, and at time T} 5 1 5, we have

(@) [Q5 oo [QIL s 2 Q1)
(b) other |[Q(T2 v )]Sﬁs/|forp € {3,4}, s’ € 7(X) # s are at most@(é).

Proof. The existence of T’ 3 1,5 can be directly obtained by using Lemmas G.19 to G.22. Furthermore,
[(L)flTl'?’l's)]‘S s > Q(1) can be guaranteed since Lemma G.22 implies that Attn{200) 503

ans,1—ans,1 =

a iO( 1/d) > 0.2, Wthh means that [Q (Tl 2L 5)}875 should at least grow to a constant level compared
o [[Q{E>)], | = O(1/d) with p € {3,4}.

(T1,2,1,s)
ans,l1—ans,1 —

We will handle [Q, (Tl 2 S)]S,S by means of a proof by contradiction. Suppose that Attn

1‘;%; is a sufficiently small constant. Then denote T the first time that

i | <o)

0.4 — ¢, where ¢ =

E|Attn®)

ans,1—ans,1

|7(z1) = s| > 0.4 — 2¢. Notice that
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p € {3,4}, thus for any sample Z>! satisfying 7(z1) = s, at time T', we have

Attn®D

ans,1—ans,1

> 0.4 — 26+ O(1/d).

T

* If Attnz(ans)lﬂpred 2 Attngns)l—wns ,0 = 2 2Q’ then
- for Z*' € &, AJ J)z rys.y, Nas already been activated to the linear regime. Furthermore,
AttaD) - Attngnganso < 0.2 4 2¢ — 0.2 < 2¢, which implies 1 —

loglt(l) = 1—0(1). Thus, by Lemma G.11, we have

E[(/\/ggﬁj\/(% ”+N(€)2 m)ngl] > Q(g),

while

| (VD + N+ N )| < (%),

(Attn'?) + Attn?

ans,1—pred,2 ans,1—pred,1

—for 721 e &, AY)

5,3%:7g5 -0
AttnlT) | 12B < 0.4+ 45— 04+28)2B = 2284 Thus logit) = O(+;
Hence by Lemma G.11, we have

[(/\/832#/\/ 32“+N32m)1151] 2 O<d7/B;ny),

while

{(Ns(?zl Ns(?2“+N 421”)]151} gfg(ﬁ)_

nyd

- Z?! € &, we can use the following naive bounds for p € {3,4}:

|E|:( s(g)Ql‘i‘NspQu NS(71';)2121)]151:|| SO(diy).

Putting them together, combining with the fact that the gradient contributed by £, U &5 U &
is negligible, we can conclude that

B B
[~ Vagtos?], 200 [ Voglosd?] | <0,

(T)

ane1_sans.1 cannot further increase above 0.4 — 2¢.

which implies Attn

o If Attn( Attn;nTs)’1 “yans,0 < 20, we shift our focus to the comparison between

ans,1—pred,2
event & 53,

— for Z>! € &, we have
T T T ~
[(Ne( 3)2 i +N(3)2 it +A/s(,3,)2,iii)]151:| > _0(08)7

while
E [(Ng)z AND, L N, m)ngl} < O0(cf).
— for Z%! € &, similarly as previous case, we have
[(Ns 3,2,i Ns 3,2,ii JFN 3,2 m)]lfz] z *O(i)a
d"/6n,
while
| (VD 4 AT+ M D )1e| < O ):

d/6n,
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(T)

2,1 _
- 75" € &, 5.i s 5,027 a5u1 < 4pB = o(1), hence, we have
B
E (Ns321+N32u+N322u)]153 >Q( )
dny
while

Bloglog d)

]E[(Nsmﬁ—/\f Vi + N 42”1)]153] go(dny.logd .

Putting them together, again we can conclude that

B
[_ Vaim) LOSS?Q} 2 Q(—), [_ V 5 Loss?ﬂ < O(
Qi3 o .

Blog logd)
S,8 ’I’Lyd

dny -logd

which implies Attn” )

ans,1—sans,1 Cannot further increase above 0.4 — 2¢.

gfgf;agsl < 0.4 — ¢ where ¢ = ‘%4 Then it
would follow that Attn{"*2%) > 7 and thus [Q{2 "], , > Q(1). O

ans lﬁpred 2 =

Consequently, this leads to a contradiction, and Attn

G.4 Stage 1.2.2: Convergence with Small Wrong Attention

Recall that Lossgﬁ = —]E{logpF(Z 20| 7(21) = s] for s € 7(X).

Induction G.2. Given s € 7(X), let T} 22 s denote the first time that Loss5 decreases below
© (e _%+3‘0101)'2B). For all iterations T 21,5 <t < T} 22,5, we have the following holds

(a) [ (t)} —|—{ SBJ monotonically increases;

S,8

(b) forp € {3,4}, for j € 7(X)

Q(t) "
Q) 51 < 0((Rileay

(c) for any sample Z*', we have Attnans 1—spred,2 —Attng?s 1sans,1 < €1 for some sufficiently
small constant ¢, = M > 0;
t .
(d) for any Z2 1’ we have Attne(m)s 1—ans,1 — Attngn)s ,1—pred,2 < min {Attngn)s 1—pred,1 —

ca, O}, where ¢y = Z%

G.4.1 Attention and Lambda Preliminaries

Lemma G.24. If Induction G.2 holds for all iterations [T} 2.1 s, t),then for any sample Z**, we have

1. Attni?s ,1—pred,1 + Attng?s 1—ans,1 € [ €1, 0.4+ O(é)]
2. Attngn)s J1—pred,2 Attnans 1—ans,0 2 Q( )

(t) (t) A(1).-
3. |Attnans,1—>pred 1 Attnans 1—ans 0| < 0(3)’

Proof. In the following, we focus on the main events &, &, and &3, which correspond to cases
where some confused wrong predictions occur. We denote

t t 0
Attnz(an)s ,1—pred,1° Attn;(m)s 1—ans,1 — c+ O(é) :

o If Attn® > Attn'?

ans,1—pred,2 ans,1—ans,1°

then
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- IfZ%! € &, we have
logpF(Zans,2,5|Z(2’1))

) (t) (t) t
< @(1) - max e(Attnans,lﬂpl’ed,Q7Attnans,1~>ans,1)2B7 (Attnans,lapred,Q7Attn£"5),1*>3"5x0)237
(t) (t)
elog d— (Attnans,lﬂpredﬂ7Attnaﬂ5,1*>a"5’0) 2B

IN

® @
o <€2c13— (Attn(), . ,—Attn )23)

ans,1—ans,0
l_ .
6(6 2(2 2¢ C])B) 7

where the last inequality follows from the fact that Attng?S 1spred,2 = %(1 —2¢) =
A . .
5 = C.

- If Z%! € &,, we have

1ngF(Zans,Z,E|Z(2’1)) < @(1)

IN

® (t) ()
. max e(Attnans,lqpred12+Attn _Attn )B_(

ans,1—pred,1 ans,1—ans, 1

(t) (1)
AN, pred, 2 _Attnans,l—mns,[)) 2B
)

(t) (t)
elog d— (Attnans,lapred,fz _Attnans,laans,o) 2B

<O <62(C+C1)B_(Att“:S:s),1—>pred,2_Att“<t> )2B>

ans, 1—ans,0
S @ (62(%3661) B) )

- If Z%! € &3, we have

1ngF(Zans,2,5 |Z(2’1))

() (®) t
< @(1) . max e(Attnans,l—vpred,l_Attnans,1—>pred,2)2B7 elos d—Attn" 2B

ans,1—pred, 2
2 B -2 20
<0O(1) -max{ei (me=a)B g=2(320) }

. (t) (t)
If Attnans,1—>pred,2 S Attnans,laans,l’ then

- If Z%! € &, we have

ans,1—»pred,2 ans,1~>ans,0)2B

108 Pr(Zans 2.5/ Z31) < O(1) - o859 (Attn(y) —Attng)
S ® (eQClB(Attngrt\s),lﬁpredﬂAttni:s),lﬂans,())QB)
1 5 C2
—2(5—5¢c—5 —c1)B
< @(e (2 2°7 2 1) ) ,
where the last inequality uses the fact that Attn'?) )

ans,1—ans,1 Attn
. . (t) 1 3
implying Attn, ' ; 40> 5 — 3¢+ a2

- If Z%! € &, we have

1ngF(Zans,Z,5|Z(211)) S 9(1)

ans,1—pred,2 < c—ca,

) 0 ) ¢ (
max e (Attnans, 1~>pved,2+Attnans,1~>pred,1 7Attnans,1~>ans,l) 2B— (Attnin; 1—»pred,2 7Attnans),1~>ans,0) 2B

)
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elogd (Attngns) 1—>pred,2 Attngns) 1 sans, 0)23}

. (t) (t)
<O (emax{cv°1}23 (Attnans 1ospred,2 AL o 0)23)
<0 (6_2 (%—QC—max{c,cl }) B)

- If Z>! € &3, we have

108 pF (Zans 2,5| Z*)

(t) (t) (t)
< @(1) . max {e(Attnans 1spred,1 AL, Lo, 2)23 IOgd ALEN, (e, 223}
2(1 B _—2(3-20B
<0o(1) -max{e* (3me=a)B  o=2(3720) }

Putting all cases together, if ¢ < %cl, we must have

1,,2c
Lossg2 < @(62(2+3'3 +c1)B> :®< 2+3¢:1 )
> 2,
3¢

which contradicts the definition of T} 2 2 ;. Therefore, it must hold that ¢ > 5¢q forallt < Tj 29 6.

0
Lemma G.25. [f Induction G.2 holds for all iterations [T1 2.1 s,1), then given Z*! € &,

1. for the prediction jo, we have

t t B
Aé,}g,rgz.yl (Attngn)s 1—pred,2 Attnans 1—ans, O) 2B + O<7> + 0(5)

Ny

2. for the prediction jy = 7(g2(yo)), we have

~/ B
Ag‘;;‘é,rm.yo (Attngn)s 1—pred,2 Attng?s 1—ans 1) 2B + O(d ‘n ) + 0(5)
y
3. for the prediction T(g1(yo)), 7'g,.y, cannot be activated.
4. for the prediction T(g1(y1)), we have
é,?r(gl(yl))mgl.yl (Attne(m)s 1—ans,1 — Attngn)s ,1—pred, 2) T + O( ) + O((S)

5. for other j € T(Y), if there exsit j and y, s.t., g1, g2 € Fiber, , (notice that y # yo, y1 for
&1), then for such a j, v € A \ {rg,.,} cannot be activated, moreover, we have

t t A B
(Attne(m)s 1—pred,2 Attn:(an)s 1—ans, 1) 2B + O(d

.ny

A(t)

5,0:Tgg-y

) +0(6);

else, none of r € 2 can be activated.

Notice that for &1, the neurons mentioned in 1-4 should be different neurons, while the predictions in
1 and 3, or 2 and 4 can be the same in some cases, e.g., g1(y1) = g2(yo). In all cases, except for the
neurons mentioned above, i.e., Uy prc2] {rgey,_, } (Which may not be activated), all other neurons

€ Uprep (Qlf(ge.yz,fl \ {Tgé.y[,_l}) cannot be activated.

Lemma G.26. If Induction G.2 holds for all iterations t € [T1 2.1 5,T1,2,2.5), then given 7%t € &,
we have
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1. for the prediction js, € U, \ {rg,.,, } cannot be activated, moreover, we have
B

Ny

t t t ~
Ag,z'g,rgz.yl = (Attngn)s,lqpred,Q - Attngn)s,lﬁans,o) 2B + O( ) + 0(5)

2. for the prediction jy = 7(g2(yo0)), r € Ajy \ {rg,.y, } (notice that in this case rg,.,, =
Tg,.yo) Cannot be activated, moreover, we have

A® — (Attn“)

5,5%57g5 -y ans,1—pred,2

t t
+ Attna(m)s,l—mred,l - Attne(m)s,lﬁans,l) 2B + 0(6)

3. for the prediction 7(g1(y1)), r € QALT(gl(yl)) \ {74, .41 } cannot be activated, moreover, we
have

AY — (Attn(“ — Attn®?

5,7(91(¥1)):7gy 41 ans,1—ans, 1 ans,1—spred,2

)~i—B+0(5).

4. for other j € T(Y), if there exsit j and y, s.t., g1, g2 € Fiber, , (notice that y # yo, y1 for
&), then for such a j, v € A \ {ry,.,} cannot be activated, moreover, we have

t) t n -~/ B
Aé,jﬂ‘gzuy = (Attnz(an)s,l—)pred,Q - Attngn)s,laans,l) -2B + O(d n
Yy

) +00);

else, none of r € 2 can be activated.

Lemma G.27. If Induction G.2 holds for all iterations t € [T 21,5, T 2,2,5), then given Z>! € &,
we have

1. for the prediction jo, r € Uj, \ {rg,.y, } cannot be activated, moreover, we have

L, = Attn{) 2B+ 0(6).

ans,1—pred,2

2. for the prediction 7(g1(y1)), 7 € é\lT(gl(yl)) \ {7g, .41 } cannot be activated, moreover, we

have
(t) _ ()
A5,T(g1(y1)),rgl.y1 - Attnans,l%pred,l 2B+ 0(6)
3. for other j = g(y1), where g1, g2 ¢ Fiber; ,,, we have
A{("),;,rg.yl = (Attne(m)s,lﬁans,l - Attnz(an)s,lﬁpred,Q) ’ ni + O(d ‘n ) + 0(5)’
Y Y

moreover, if there exsit y, s.t., g1, g2 € Fiber; , (notice that y # y1 for E3), we have

= (1) *) ~/ B
AS’j’T"Z'y B (Attnans:lﬁpredﬂ - Attnans,l—mns,l) 2B + O(d

.ny

) +O(5);

besides, other r € 2; cannot be activated.

Lemma G.28. If Induction G.2 holds for all iterations t € [T 21,5, T 2,2,5), then given Z>! € &,
we have

1. for the prediction ja, 7 € Uj, \ {rg,.4, } cannot be activated, moreover, we have

A® — Attn?

5,72,T g5 y1 ans,1—pred,2

-2B + 0(5).

2. for the prediction T(g2(yo)), T € QlT(gQ(yO)) \ {7g,-4o } cannot be activated, moreover, we
have

t t t t
Aé) = (Attna(m)s,l%pred,Q + Attne(m)s,l—wred,l - Attngn)s,lﬂans,l) 2B + 0(5)

!
»J2:Tg2 90

119



3. for other j € 7()), if there exsit j and vy, s.t., g1,9> € Fiber;,, then for such a j,
r €A, \ {rg,.y} cannot be activated, moreover, we have

t t t ~
Aé);7rgz.y = (Attna(m)s,l—>pred,2 - Attngn)s,lﬁans,l) 2B + O(d n ) + 0(5)7
Y
else, none of r € ﬁlj can be activated.

Lemma G.29. If Induction G.2 holds for all iterations t € [T1 2.1 5,T1,2,2,5), then given 721 € &,
we have

1. for the prediction ja, 1 € A, \ {rg,.4, } cannot be activated, moreover, we have

(t) _ (t)
5,J2,Tgqy1 Attnans,1—>pred,2 2B+ 0(5)

2. for the prediction T(g2(Yo)), T € é\lT(gz(yo)) \ {7'gs-yo } cannot be activated, moreover, we
have

®) _ ®) ®) 5(_B
AS,jé,rm.yO - (Attnans,1—>pred,2 - Attnans,l%ans,l) 2B + O(d -1,

) +00).

3. for the prediction 7(g1(yo)), none of r € ﬁT(gz(yo)) can be activated.

4. for other j € 7()), if there exsit j and y, s.t., gi,92 € Fiber;,, then for such a j,
r € A; \ {rg,.4} cannot be activated, moreover, we have

t t t _
Aéf.)jv'rgg-y = (Attngn)S,lﬁpred,Q - Attngn)s,lﬁansﬂ) ° 2B + O(

) +00);

d-mny
else, none of r € 2 can be activated.

we have

14y4,

Lemma G.30. If Induction G.2 holds for all iterations t € [T1 21 s, T1 2.2.5), then given Z*1 € &,

1. for the prediction js, r € U, \ {rg,.,, } cannot be activated, moreover, we have

Aét")jergz-yl = (Attngi)s,lﬁpredl + Attngi)s,l—)pred,l) 2B+ O((S)

2. for other j = g(y1), where go & Fiber; ,,, we have rg.,,, cannot be activated, moreover, if
there exsity # y1, s.t., g1, g2 € Fiber; ,, we have

gf;,r”.y = (Attng?s,lﬁpredﬂ - Attnﬁ?s,l—)ans,l) 2B + O( ) + 0(6)7

d-mny
besides, other r € 2l; cannot be activated.

G.4.2 Gradient Lemma

Lemma G.31. If Induction G.2 holds for all iterations t € [Th 21,5,T1.2,2,5), given s € T(X), if
IE[Attne(:;)s’lﬂjred’2 | 7(x1) = s] < 1 we have

2,2 2,2
[~ Vagtes?], [~ VapLes?]

s,8

B B i
> Q(E) ~E[(1 — logit{") )|7(x1) = 8,51] + Q(W) > E[(l ~logit{"), )| (1) = 5,Em |-
Y m=2

5,8

Proof. The analysis follows the similar idea as Lemma G.19, while Induction G.2 ensures that
IE[Attn;?&1Hpmd’2 — Attng?s,l—)ans,o | 7(x1) = 5] > Q(1) > £, which falls into the regime (ii).
Thus for the main event &, the term A(t)5, J2,7g2 - y1 is guaranteed to remain within the linear
regime. We can first directly upper bound the term N, S(t2) 4 by O(a).
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(a) For Z%! € &£, by Induction G.2 and Lemma G.25, we can obtain
t
B[Asg e
=E|(1 - logit ). (( — Attn® b — Attn'" i
- ( og1 5,j2) Nyns,1—ans,0 72T g y1 (yO) nans,l—)pred,l wj2srg2'y1 (91)

+ (1 - Attngi)s,lﬁans,l - Attngtl)s,lﬁpredﬁ)Aéf;;'g,rgz.yl + O(UO)) + O(éq)> ]17'(561)=S]l<€1:|
(108)

> o(5) 5[0 - togil), e = .61

Moving to N, s(tz)”, by Lemma G.25, we have
* for j = 7(g1(y1)), r = 74,4, due to the cancellation of Attngf])s’lﬁansﬁ0 . (yo) +

t
A’ctngn)s’l_mred,1 -j,r(g1), we have

t t
(Attnz(an)s,lﬁans,o ’ j,T(yO) + Attngn)s,lﬁpred,l 'wj,r(gl)

t t t ~
- (1 - Attngn)s,laans,l - Attngn)s,lapredQ)Ag,;,r + O(JO))
t t t
> _(1 - Attnz(an)s,lﬁans,l - Attngn)s,laPred,Q)Aé,;,r'

° fOI'j = T(QQ(yO))’ T =Tgs-yo
t t
(Attnz(an)s,l—)ans,o ’ j;T<y0) + Attn;n)s,lﬁpred,l ’ wj,r(gl)
t t t -~
— (1= Aten{) | e — At o) AL, £ O(00))

> —(1— Attn() Attn("

ans,1—ans,1 ~ ans,1—pred,2

)AL

* for j = g1(y), where 3y # yo, y1, s.t., g2(y) = g1(y), we have

(t) t)
(Attn3"571—>3"570 ’ jﬂ"(yo) + Attn:(ans,l—mred,l 'wj,T(gl)

= (1= ARG ey — At o)A £ O(00))
2 _(1 - Attng?s,lﬁans,l - Attng?s,lﬂpredﬁ) ét;r
Putting them together, and upper bound jtiaer (D) logitét,; by 1 — logitg;z, we have
E [Ne(tz)u]lfl]
- ]E{ > logit) - (D sReLU'(As,):
J#i2€7(Y) red;

t t
<Attn£\n)s,1—)ans,0 : wjﬂ‘(yo) + Attngn)s,lﬁpred,l ’ wj,r(gl)

t t t ~ ~
- (1 - Attn:(an)s,lﬁans,l - Attngn)s,1—>pred,2)A§>,;,r + O(JO)) + O(éq))ﬂT(fl)—S]l$1:|
> -E |:<1 - IOgitét,;g) ’ (]‘ - Attng?s,lﬁans,l - Attnz(af])s,lﬁpredg)
. (t) (t)
max {A&T(gl(yl))mgl»yl ) A5»T(g2(y0))17"92-y0 }ﬂT(Il)_S]lgl} )

Y#£Y0,Y1
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where the last inequality is due to the fact that Aét)T(GZ W) Tanve = Aét)T(qz ))Tanry
El § ¢ 2»"g2-yo ’ - E g2

O(72-) for y # yo, y1 st 91(y) = g2(y). Notice that

() ()
ygﬁ?(yl {A5,r(91(yl))mgw1 ’ A5~,T(92(1/0))»Tg2»yo} =
1
max {Attn(t) — Attn" o0 ) }QB’

ans,1—pred,2 ans,1—ans,1>
Ty

while

(108) > E {(1 - 1ogitgf;2) CAttnl) o 2BL(I1)81151]
e (T t t
=E |:(1 - lOglté,;g) ’ (1 - Attngn)s,laans,l - Attngn)s,lepredﬂ)B]lT(fﬂl)—S]151]

Since by Induction G.2, Attn'? — Attn'")

1
ans,1—pred,2 ans,1—ans, 1 <ak 2 thus we have

B
E {Njfg,ingl} + E[Njf;“]lgl] >0(=) ~E[(1 ~ logit{) )|r(w1) = 3,51].

(b) For Z%! € &, N, 8(21 can be bounded analogously to (108), yielding

B
E[N(f;i]l&] > Q(d

S
.ny

) E[(l - logitéf;-2)’7(m1) = 8752} > 0.

Moving to N")

8,2,ii°

» For j = 7(g1(y1)), we obtain

=E

5

o (T
loglt( ’3» (SReLU/ (A5,jvrg1 Y1 ) ’

t t
(Attngn)s,lﬁans,o ’ wj,rgl~y1 (yO) + Attngn)s,lﬁpred,l ’ wj7rgl~y1 (gl> (109)

- (1 - Attne(air:)s,lﬁans,l - Attngf\)s,lApred,Q)Aét,;,r + O(JO)) + O(éq))]lT(ml)—S]lfz‘|

B N0
> _O(n%/ - d) E[(l — logit; ;) | T(71) = 3a52}7
where the inequality follows from the cancellation of the term
t t
Attngn)s,lﬁans,o ’ 1/)177"91-1/1 (yo) + Attnz(an)s,lﬁpred,l ’ wjﬂ"grm (91)7

together with the fact that

®) _ ® ® 2B B
A57‘F(91(y1))ﬁgl.y1 - (Attnans,l—mns,l - Attnans,lapredﬂ) ) 7173, +0(8) < O( :

* For j5 = 7(g2(y0)) = 7(g1(y0)), it is clear that

s (1) 1A
E lloglt i (sReLU (AS,jg,rgl.yD )
t t
(Attngn)s,lﬁans,() ’ u)jévrgl-yo (yO) + Attnz(an)s,l—wred,l ’ wjévrgryu (gl)
t t t A A
- (1 - Attngn)s,laans,l - Attne(m)s,l—mredﬂ)Aé,;’é,rgl.yo = O(GO)) = O(dq)) 17(11)_5ﬂg2]
>0

)
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where the last inequality is due to the fact that

) (t)

=/
5,J2:T 9140

t t t
Attngn)salﬁpfedyl ' wjévr.qryo (gl) o (1 - Attngn)s,lﬁans,l - Attn( )

ans,1—pred,2

> Attn® (1 _ 2(Attn(t)

ans,1—pred,1 ans,1—pred,

¢ t
2t Attn:(an)s,lﬁpred,l - Attninl,l%ans,l)) 2B

> Attnl) (1 —2(e1 + 0.2)>23 > 0.
* For j = 7(g2(y)) with some y # yo, y1 such that g; (y) = g2(y), we distinguish two
cases:
- If ¢

1

| T(xl) = S] < u

(t) (t)

5,45:Tg9-y0 7A5’j’7'92“y -

(— %+ Attn'l) )2B > (—& + 2¢1)2B = ¢; B, which implies

ans,1—pred,1

E[Attn!" — Attn{"

ans,1—ans,1 ans,1—pred,2

then by Induction G.2 and Lemma G.26, we have we have A

(1) 501 . (t)
> logity? Ly ()=g.y) < O(5i) - logity), .
Y#Y0,Y1

Consequently,

>

Y#Yo,Y1
Attn" i (y0) + Attnl) e (g1)
ans,1—ans,0 jrgy -y \YO ans,1—pred, 1 3,7g1 4 \ g1

Y 6(00)) + 6(&1))

57J:Tgl’y

E [logit (") (sReLU'(A{)

5’

— (1— Attnl?) — Attn'"

ans,1—ans,1 ans,1—pred,2

< O(dll/Q) : (109)

IL’F(ﬂn):SIL‘Eé]lyl (y)=92(y)

- If
E[Attn!" — Attn'? | 7(21) = 5] > %,

ans,1—ans,1 ans,1—pred,2

then by Lemma G.26, the activation AW , cannot be triggered.

57j,rgl.

Putting the above discussion together, we have

B
E{Ns(tz) ii]l£1:| +]E|:Ns(t2)ji]1€2:| > Q(d

) -E {(1 — logitét’zz)h(xl) =s5,& .

(c) For Z>! ¢ &, the gradient admits an analysis analogous to that in Lemma G.19. In
particular, by Induction G.2 and Lemma G.27, we first obtain the following logit bound:

o () 1 ! () .
logit,; < olyd (1floglt5,j2), 3 # 2, (g1 (y1))-
Therefore,

E [N{Q, ]153}

S K3

o (T t t
=E (1 - IOglté,;’Q) ) ( - Attn;(an)s,l—)ans,o " ¥Vi2:rgs (yl) - Attn;(m)s,lﬁpred,l ’ wj27ng-y1 (gl)

+ (1 - Attng?sﬁlﬁansl - Attna(li)s,lﬁpredz)Aét,;Q,rgz.yl + O(UO) + O(éq))]l‘r(ﬂfl)—s]153‘|

B ., ()
> Q(ny : d) ]E[(l — logit; ;) | T(r1) = 8, 83}.
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Moving to N%)

5,2,

[Ns(tQ it 153}

we have

(t)

t t
2K 5,7(g91(y1)) (Attngn)s,lﬁans,o : wT(gl(yl))yrgl-yl (yl) + Attngn)s,lepred,l : ¢T(g1(y1)),r (91)

logit

t t t A A
( Attngn)s l—ans,1 Attnz(an)s ,1—pred, Z)Aé,l(gl(yl)),rgl,yl + O(UO) + O(éq)) ]17—(961)=s]l53‘|

B
_O(d'POWd> -E[(l—log1t5] |T (z1) = s, 53}

Combining the two bounds, we conclude

E[Ns(tgl 1153} [./\/S 9.ii ]153} > Q( B d) E[(l — logl‘cg/]2 )| 7(21) = s, 53}

Ny -
(d) For Z>! € &,, in analogy with Lemma G.19, we obtain the following crude bound:

H«:[N(g?ln }+1E[N(2>”1154} > 0.

(e) For Z>' € & U &, by Induction G.2, Lemma G.29 and Lemma G.30, we obtain the
following logit condition:

1
1 - logit!",, logit{) < E[(1-logit{),) [ r(e) =5, &, i#i

5j2” ~  polyd
Hence, ") 94 and NY 9.4 can be bounded as
¢ ¢
BN e, B te

B 1
<o=—.—_ ) .Elq1- — '
< O(dny polyd> E{( loglt )| T(@) =s, 51] m € {5,6}

Moreover, for Z%! € &, if

+ Attn'®

(t)
Attn ans,1—spred,2 =~ 3

ans,1—pred,1
then N ©) = = 0. Nevertheless, due to the above order-wise bound, this observation does not
affect the overall analysis.

Putting everything together, we have

+ [f VQm Lossg’Q] = Z Z { S(tQ) o1 ]

s,s
r€{i,it,1i} me[6]

2,2
[~ Vag Lo’

s,S

B

3
29(3) [(1—10g1t5J |7' 1) =5 51] +Q< ) _21[*3[ 1—log1t ’7' 1) = 8,Em

m

O

Lemma G.32. Iflnductlon G.2 holds for all iterations t € [Ty 21,5,T1.2,2,5), given s € 7(X), for
Quapls,s p € {3,4}, 8" # s € 7(X), we have

| = 0((11)\ | VagLesi

s,8 ,S

2,2
‘ [— VQEJ’L Loss; }

124



G.4.3 Attention gap is small

Lemma G.33. [f Induction G.2 holds for all iterations t € [T1 21,s,11.2,2,5), then for any sample
723! we have

Attn'? — Attn®

ans,1—pred,2 ans,1—ans, 1 <a,

where ¢1 > 0 is a small constant.

The proof follows along the same lines as Lemma G.22, and hence the details are omitted for brevity.

Lemma G.34. [f Induction G.2 holds for all iterations t € [T1 21.s,11.2,2,5), then for any sample
72! we have

(t) (t) (t)
Attnans 1—ans,1 Attnans ,1—pred,2 < Attnans 1—pred,1 - C2,
where ¢y = ZgBd > 0 is a small constant.
Proof. Let T denote the first time such that
(t) (t) (t) _ logd
[Attnans 1—spred,2 + Attnans ,1—pred,1 — Attnans 1—ans,1 ‘ T(xl) - S} = 41.02B°

Since |[ | Q4p 5| < O( Qi p]g > for p € {3, 4}, it follows that for any sample Z** with 7(z1) = s,

at time 7 we have

logd ~
t t
Attngn)s ,1—pred,2 + Attngn)s ,1—pred,1 Attngn)s l1—ans,1 = 4.02B + O(l/d)
By Lemma G.24, we also have Attn;ns)l_>pred 9 Attngms)1Hans o = (1) > o. We then consider
the following cases:
o IfZ2%! € &, then A(57;)2 Fozun is already activated into the linear regime. Moreover, since
T log d .
Attngns)l—mred 2 Attngns),lﬁans,l < 4,00gQB Attngns 1—pred,1 < 0, it follows that
g;), , cannot be activated. Thus, by Lemma G.11,
2297 92°Y0

[(NS(?Q ; +N(€)2 i —|—,/\/(3 . Z”)]lgl:| > Q(%) E[1- logitg?2 ‘ T(x1) = s, &,

while

[V A Nt N i) 1e ] < —0(£) E[1-1ogit]), | 7(01) = 5, &1].

S S S

o If Z21 € &,, then

— Attn!

2B < log d

AD) Att ) .
( Il ans,1—ans,0 = 201

/
5,752,752 v

5+ Attn

ans ,1—pred, ans ,1—pred,1

Hence loglt( ) < O(d—101/201)(q loglt(t) ). By Lemma G.11,

[(N§€)21+Ns32m+Ns32zzz)]152:| Z Q(%) E[]‘_lOglt |T xl)_s 52]
and

B[V N s+ N i) 1e | < () B[1-logitlT), | 7(1) = 5, &].

S

o If Z*! € &3, we can apply the crude bounds
T T
[(Ns(d)Zz N(J)Z 17,+N 32112)153}

v
o

S

and

IA
o

[(NS(Z)2L NS(Z)2 i1 Né42uz)]lg3i|
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Combining the above, and noting that the gradient contribution from £4 U &5 U & is negligible, we
conclude

1- loglt | T(z1) = s, & ] (110)

5]2

Y @'—0555 ]S,s Q(F) -
B

E
—l—Q(dny) El—loglt ’Txl)—s Sg]

[—V%@'—OSS?Q]S,S < -Q(£)-E[1 loglt 7 V| (@) =, &1 1)

-0 dB) 1—10g1t ’Txl)—s 52]

Ny

Finally, observe that

Q{%)es _ QU _ ,O(1/d)
+ Attn® — Attn® _ e ¢ ¢

ans,1—pred,1 ans,1—ans,1

Attn'?

ans,1—pred,2

e[Qy‘?s]sqs + e[Q4,4]s,s + eé(l/d) ’
Hence, (110) and (111) together imply that

(t) (t) (t)
Attnans 1—pred,2 + Attnans,l—mred 1 Attnans 1—ans,1
must decrease at time T + 1. O

G.4.4 At the End of Training

Lemma G.35 (At the end of stage 1.2.2). Induction G.2 holds for all iterations Ty 21,5 < t <
Ti22:=0 (%}g&)). At the end of training, we have
(a) Attention concentration: Eleann, | 7(21) = 8] < 2.52¢; for some small constant 0 < ¢; =
1.0025é0g d.
(b) Loss convergence: Loss5 < e(-3+3.01e1)2B _ po}yd.
Proof. Lemma G.24 and Lemma G.31 guarantee the continual growth of | (t)} and | fﬂ] until

the attention weight €.y, reaches der . Combining Lemma G.31, Lemma G.32, Lemma G.33, and

Lemma G.34, we conclude that there exists a stopping time

poly(d)> ’

Ti20,=0
1,2,2, < B
and that Induction G.2 holds for all ¢ € [T1 21,5, T1,2,2,5)-

Next, we establish an upper bound for €4y, at the end of training. In this stage, it suffices to focus on
the main event £;. We denote

®) ®)
Attnans 1—pred,1> Attnans 1—ans,1 — c+ O(%) .
o If Attng?s I spred.2 = Attng?s 1 sans,1» then for Z>! € £, we have

(1) (t)
log pr(Zans.2 5|Z(271)) >0(1) - elogd— (Attnans 1 pred,2 TAENG S 1 g, 0>2B
1, c1 10gd>
—| 5+5 —2c— 2B
Z @ <€ (2 2 B ,

where the last inequality follows from

(t) 1 _ 1+
Attnans ,1—pred, 2535 (1 —2c+ Cl) 2Cl - ¢
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. If Attn® < Attn'?

2,1
ans,1—pred,2 — ans,1—ans, 1 then for Z € 51 we have

1ngF(Zans 9 5|Z(2’1)) > @(1) . elog d— (Attnxs),lﬂpredj7Attn£ss),l~>ans,0)23

> @(JG‘QC‘ 10§d>23> ,

where the last inequality follows from the fact that Attng?s’l Cpred,2 S i-c

Putting the above cases together, we obtain

1,4 log d 1
§+?72C7 Oé Z 573.01C1,
which implies

¢ < 1(3.02¢; +0.5¢; — 1) = 1.26¢1.

H Recursive Learning the Attention Layer: Symmetric Case

In this section, we analyze the recursive learning dynamics of the attention layer in the symmetric
case. To this end, we recall the definitions of the greedy data annotator, the bootstrapped LEGO data
distribution, and the associated self-training loss.

Definition H.1 (Greedy data annotator). The greedy language model pr induced by a network F' is
defined as

1, if Zans,r41 = argmax, pp(Z | 2817,

112
0, otherwise. (112)

e(Zams.pn | 257 — {

Definition H.2 (Bootstrapped LEGO distribution). We define DJLP’L/ as the LEGO distribution in
Assumption 3.2, except that the answers Zps ¢, 1 < ¢ < L’ are generated recursively by sampling

Zanse ~ Dr(- | Z2*~1) from the greedy language model pr.

Definition H.3 (Self-training loss). Given a (fixed) model F and length L, the self-training next-
clause-prediction loss is defined by replacing DL in Definition 3.7 with the bootstrapped distribu-
tion DI{‘JL from Definition H.2:

Loss2™ (F) 2 B, ./ _pow [— 108 pr(Zans.1 | ZL’L/_l)}. (113)
F

Similarly, the per-token loss is defined by

LOSS%’I,‘ = EZL=L/~'D11’L/ [ — 1ngFz (Zans,L’,i | ZL’Llil)], RS [5]
F

5T

At stage k > 2, let F(Tk-1) denote the model obtained from the previous stage, trained on the task
TEr—1 with Ly_; = 2¥~!. Using the greedy annotator Pp(r_y)» We construct the bootstrapped

LEGO distribution Df?’(“%f’_"l) with total length L, = 2*. The corresponding self-training loss

kL

(7._,) is then defined as in Definition H.3. In this stage, we focus on training via gradient

L
Loss
F

descent on Lossi’z’Ti ., . with sequence length L’ = 2 and target token i = 5, initialized from the
Y

previous-stage model F(Tk—1).

For notational simplicity, throughout the discussion we drop the subscript of the expectation operator
E when Z is sampled from the ground-truth LEGO distribution; the subscript will be explicitly
included only when the expectation is taken over the bootstrapped distribution. Moreover, we
abbreviate the wrong attention error eaLt’{f as eft’gn and the attention gap AL#2 as AL+ when the
context is clear.
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H.1 Preliminaries

We first present preliminaries on the recursive learning attention layer, including its gradient compu-
tations and some useful probability lemmas.

H.1.1 Gradient Computations

Fact H.1 (Gradients of Q). Given F(T+-1) from the previous stage 7 =+~ wiht L;_; = 25~ for
k > 2, for (p,q) € {(47 3), (4,4)}, we have

k2
(Tk 1) 5

-Vaq,., Loss™ -Vaq,. Loss5

Ly
Remark H.1. This fact is straightforward to verify. Since the attention error € 5, ' ® has already been
controlled at a small constant level in the previous stage for the model F(Tx~ 1), when transitioning
from length 25— to 2%, the incorrect attention produced by FTs=1) cannot increase significantly. In
particular, we have

Lk Lk—l
€attn S 26attn ’

which remains small. Moreover, the attention gap A** = |Attnans 1-spred,2 — AttNans 1-sans,1]
is non-increasing due to the doubling of irrelevant clauses. As a result, the probability assigned
by FTx=1) 10 the correct prediction of Zans,2,5 given Z Lisl remains significantly larger than that
of any incorrect prediction. Consequently, under the greedy data annotator, the self-training loss

Lossfw’;"Tiil) s coincides with the original loss Lossg"“’2 on the ground-truth LEGO distribution.

Lemma H.1 (Gradients of Q4 3). Given FTs=1) from the previous stage and s € 7(X), for the
diagonal entry [Qq 3]s s of the block Q4 3, we have

Li,2 _
|~ Vaulosslii | =E

Attnansﬁlﬁpred’2 . < Z 55,j(Z2’1) Z sReLU'(A57j7T)~

re[m]

(<W5,j,ra Zpred2) — N5 jr + b5,j,r)) :HS—T(.'L'l)‘| .

Moreover, for the off-diagonal entries [Qq 3]s s With s # s', we have

[ VQ”LossL’f’Tk 5 5} T ElAttnans’lﬁpredg : ( Z & (2% Z sReLU’ (A5 ;)
>® je€ld) réfm]

(<W5,j7r7zpred,1> —As i+ b5,j,r)> s=7(z1),s'= T(mo)}

Lemma H.2 (Gradients of Qq 4). Given FTs=1) from the previous stage and s € 7(X), for the
diagonal entry [Qa 4]s s of the block Q4 4, we have

[ - V.. Loss™*: }

F(kal)’s g = IE Attnans,l—mns,l : ( Z 857] Z2 ! Z SReLU/ (A5,j77‘)'

J€[d] re[m]

(<W",J T ans,1> - A5,j,r + b5,j,r)> ﬂs_r(xl)] .

Moreover, for the off-diagonal entries [Qu 45, With s # s, we have

Lg,2 _
_ VQ4,4LOSSF(T,C,1)75:| s E

Attnans,l%ans,o : ( Z 55 Z2 ! Z SReLU/ (A5,j,’r‘).

jJ€[d] re[m]

(<W57j,7“7 Zans,0> - A5,j,r + b5,j,r>>]ls—7'(w1),s’—7—(;c0) .
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Notations for activated neurons. Recall that
A= U 2A;, where; ={r;, |yecV}.
JET(Y)

Given Z514—1 Jet
L

gz = |J{or}
=1
be the collection of all group elements chosen in the predicate clauses, and similarly define

-1
y=J e}
=0
‘We then introduce

QA[J’(ZL’Z_l) = {Tg‘y

g € Fiber; ,, g€ G(ZM'"Y) v y e )AJ}

ZLjfl

For simplicity, we omit the dependence on in the notation of 2{; when it is clear from context.

The above recalls the relevant notations from Appendix G.2. With these preliminaries in place,
we now state the following lemma, which also relies on the feature-magnitude bounds established
therein.

Lemma H.3 (Characterizations of Lambda). Given Z %! with { Attnans 1k eezie1, then

(a) for j € T(Y), for activated neuron r € U;, we have

2 Ly
A5,j,r = Z Attnans,l%pred,f’wj,r(gé’) + Z Attnans,l%ans,f’fle,r(yf/fl) + O(UO)~
=1 =1

(b) for j € (), for any non-activated neuron r ¢ U; we have

‘Amr

< 0(5).

(c) for j & T(Y), for any r € [m], we have

‘As,j,r < O(0p).

Lemma Hd4. Given j € 7(Y), forr € 2; \ 2;, we have sSReLU’ (A5 ;) = 0.

We are now ready to derive the gradients of the attention layer, building on Lemmas H.1 and H.2 and
the properties established above.

Lemma H.5 (Refined expression for the gradient of Qg4 3). Given F (Ts=1) from the previous stage
and s € T(X), for the diagonal entry [Qu 3]s s of the block Qu 3, letting jo = T(g2(y1)), we have

|: - vQ4,3 LOSSL}CQ } =E Attnans,l—»pred,?
5,8

F(Tk—1)75

((1 ~logits ;,) - (D SReLU'(As o) - (Vsar(92) = Asjur £ Ol0) ) + O(57))
Te‘jjz
— ) logits ;- ( > sReLU'(As ) - (%‘,7-(92) —As £ 6(00)) + 6(5q))

G2 €T(Y) redl;

+ ) 10git57j5(03)> 117@1)—3]

i¢r(¥)
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Moreover, for the off-diagonal entries [Qu 3]s, With s # s, we have

Ly,
[ —Vq,loss ka2 } =E|Attnans 1—pred,1-

FT-D 5| o

((1 — logits_, ) - ( Y sReLU'(As ) - (qpm(gl) — A5yt 6(00)) + 5(5Q))

7‘€§[j2

— > logity, - (Y sReLU'(A55,) - (4(91) — Mgy & (o) ) £ O(57))

j;é.jZeT(y) ’I‘Eﬁj
+ Z 10git5,j6(03)> ]lT(wl)—s,T(wo)—s"|
JgT(Y)

Lemma H.6 (Refined expression for the gradient of Qg4 4). Given F (The—1) from the previous stage
and s € T(X), for the diagonal entry [Qu 45 s of the block Qu 4, letting jo = T(g2(y1)), we have

Ly ,2 o
[ - vQ4,4I-OSSFI(CTIC,I) 5} =E |\Attnans,1%ans,1'
91s,s

((1—1og1tw>-(ZsReLU’(Am,r)-(wﬁ,myn As gz % O(00)) + 0(6%))

’I"EﬁjZ
— Z IOgits’j . ( Z sReLU'(Ag,’]—’T) . (¢j,r(y1) - A5’jﬂ~ + 6(00)) + 6(51}))
J#j2€T(Y) Teé\lj
+ Z logit; ; ))117(951)_5]-
i ()

Moreover, for the off-diagonal entries [Qu 3]s s With s # s, we have

Te-1) 5] o Attnans 1-ans,0°

{ — VQ4,4LOSS§’“2 } =E

((1 —logit; ;,) - (D SReLU (Mg ) - (sa,r(t0) = s & Ol00) ) £ O(6))

’I‘Eﬁjz
— Z 10git5’j . ( Z SReLU/(Ag,’j’T) . (¢j,r(y0) — A57J‘,r + 6(00)) + 6(6(]))
Jj#je€T(Y) TGQAIJ-
+ Z loglt ] )) T(:vl)_s,'r(zg)_s"| .
JgT(Y)

Following the above calculations, we can further obtain the gradient summation of Q4 3 and Q4 4 as
follows:

Lemma H.7 (Gradient sum of Qg4 3 and Qg 4). Given F (Ts=1) from the previous stage and s € 7(X),
letting jo = 7(g2(y1)), we have

{— VQ4,3LossL’“’2 } + [— VQus Loss™*,2 }

FTh—1) 5 FTh—1 5]

=E ((1 — logit; ;,) - ( > sReLU’ (A5, )
T’Gé\le
( Attnans 1—ans,0 * 1/]]2 r yO Z Attnans ,1—pred,? * %2 T(gf)

0#2
+ (]- - Attnans,l%ans,l - Attnans,l%pred,Q)AS,jg,r =+ 6(0—0)) =+ 6(59}))
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COS st (X smen a0

j?éj?eT(y) T’Gé\lj

(Attnans,lﬁans,O : wj,r(y()) + Z Attnans,l%pred,f : ij,r(gz)
L#2

- (]- - Attnans,1—>ans,1 - Attnans,l—>pred,2)A5,j,r =+ 5(00)) = 5(5(1))

+ Z lOgit57j . (Attnans,1—>ans,1 + Attnans,1—>pred,2)6(08)) ]17(931)—5‘| .
J¢T(Y)

Notations for gradient decompositions. Next we define some useful notations to further simplify
the expressions of gradient.

Lemma H.8. Given FTs~1) from the previous stage and s € 7(X), we define the following notations
for the gradient decompositions:

1.

Li,2
Jor [Qu,3]s,s we have [_ VaQus LOSSF’ET,C,I) 5]575 = ]E[Ns,&Lk,i+Ns,3,Lk7ii+Ns,37Lk,m'],

where

NS,S,Lk,i = Attnans,lﬁpred,Q : (1 - logit5,j2)' (114)
( > sReLU'(As,.,) - (%m(gz) — N5 jor £ 6(00)) + 6(5q)) L7 (21)=s;
T’GﬁjQ
Ne,B,Lk,ii = _Attnans,1—>pred,2 . Z IOgits,j' (115)
J#j2€T(Y)
( > sReLU'(As ;) - (%,r(gz) —Asjr £ 6(00)) + 5(5‘1))L(m1):5,
TEQAl]‘

Ns,?),Lk,iii = iAttnans,l%predQ . Z 10git5,j6(08)]17(11):s-

i¢r(y)
(116)
2. for [Qua.ls,s, we have [—Vq, , Lossi’?}ifl) 5]5,3 =E[Noa,L,i + Noa,Lyii TN a Ly i)
where
N@A,Lk,i = Attnans,l—)ans,l : (1 - 10git57j2)' (117)
(> SReLU (As50) - (sr (1) = Asgur £ 0(00) ) £ O ) Trie s,
reﬁh
Ns,4,Lk,ii = —Attnans 1 ans,1 Z logitg)’j- (118)
J#j2€7(Y)
(D sReLU' (A5 - (¥5.0(n) = As.j £ O(00) ) £ 06" Ur(a s,
T'Eé\[j

3. for the summation of [Qagslss and [Quaualss we have [ - VaQu, Lossg’Z]

Ns,4,Lk,iii = iAttnans,l—mns,l . Z 10git5,j6(08)17(11):s~
JET(Y)
(119)

+ [ -

s,s

2,2
Vq,,Lossy ]S’S =E[N; 2, +No2ii + N 2iii ], where

Nipps = (1 logits ;) ( 3" sReLU'(As, )

Teﬁjz
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( - Attnans,l%ans,@ : wjg,r(yO) - Z Attnans,l%pred,@ : %‘M (gf)
0#£2

+ (1 - Attnans,1—>ans,1 - Attnans,l—)pred,Q)AE),jQ,r :l: 5(0'0)) Zl: 5(51})) ]17'(;81)=s
N Lpjii = Z logit ; - ( Z sReLU' (A5 ;)

j#jZeT(y) Teﬁj

(Attnans,1—>ans,0 . ¢j77»(y0) + Z Attnans,l—mred,é . wj,r (gé)
0#£2

- (1 - Attnans,l—mns,l - Attnans,l—)pred,Q)A5,j,r + 6(0'0)) + 6(6q)>]17(m1):s

Ns,Lk7iii == Z lOgit{)J‘ : (Attnans,lﬁans,l + Attnans,l—)pred,Q)6(08)]17(m1):s~
JigT(¥)

H.1.2 Probabilistic Events
We introduce the following events:
1

Erpn = {L Z Hge(yr) = g2(1)} < Uk},

* relLa\(2}

e ={w=un},

&Ly = {max > Haly) =g} < Wk}-

Y pelia2)
We set
log n,
1 Ly IOg(4£Ly logny)>’ L < Ny logny’
Usz[H?] = o), wi=3 2L
k @(n—), Ly > nylogn,.
Y

By standard balls-into-bins tail bounds and maximum-load estimates (e.g., [88]), we obtain
O(n; UkLkH)v L < ny,
Pr(Z"' ¢ &, 1) = exp( — O(nylogny)), Li=0(ny),
exp( — ©(Lylogny)), Li>n,,

and
Pr(z"' € €p, ) = 1—n, 0.

H.2 Reducing the Wrong Attention

As discussed in Remark H.1, both eaLt’gn and the attention gap remain bounded by a small constant at
the beginning of stage k. Hence, we can directly proceed to stage 1.2.2 of the convergence analysis as
T2. Moreover, by the symmetry between [Qy 3]s, and [Q4.4]s s, We may, without loss of generality,
restrict attention to a particular s € 7(X') and analyze the corresponding loss Lossg”;’2 in what
follows.

Induction H.1. Given F\Ts=1) from the previous stage T™*= wiht Lj,_, = 25~ for k > 2, let T},

denote the first time that Lossé’;’2 decreases below e(—3+3:011):2B  For all iterations t < T, we
have the following holds

1 flt?o,]s st [ f&]s  monotonically increases;

2. for any sample Z*', we have Attngﬁ)s 1-spred.2 —Attng?s_lqans 1 < ¢y for some sufficiently
small constant ¢ = %Blogd > 0;
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t : —1 L2
3. for any Z*1, we have Att:nz(m)S 1—sans1 — Attnfm)s 1spred2 < i { Lik €attn — €2, O},

log 4 > 0 is some sufficiently small constant.

where co =

)
4. forp € {3,4}, for s’ € 7(X) # s, |[Q P]s g < O<[Q plo.e ) ; otherwise [Qfﬁ;]S’S/ =0

H.2.1 Attention and Lambda Preliminaries
Lemma H.9. If Induction H.1 holds for all iterations [Ty, _1,t),then for any sample Z**1, we have
Ly
1. ef{;n € [%cl, 265t 1} ;
I+ 1\ {(ans, 1), (pred, 2)};

2. Attng?S Ik — Attng?s 1w = Q1) forany k. k' €
3. ‘Attng?s,lﬁk Attngn)s | SO(3) forany k, X € T8\ {(ans, 1)};

Proof. The highest loss occurs when the sample Z%* makes the wrong answer highly confused with
the correct answer. Thus, we consider the case that g, - yo = ga - yo forall ¢ € [Lg] \ {2} and yo # 1.

Li,1

1ngF(Zans72,5|Z( k ))

(t) Lp—1 L () (t) 1 L2

ans,1—pred, 2+ L att}% _Attnans 1—ans, 1)2B (Attnans 1—pred,2” L} Eattl% >2B
’

< 9(1) - max {e(Attn

+ Ly.2
el()g d— (Attnins) 1—pred,2 le eaté;‘ )2B }

Lp=1 L2 "
b k" +c1)2B— (Attna(ns)l—rpredQ Llhfmn )QB)

S @(6( Ly Cattn

cofu (i),

Thus if €}, < 4c;, we must have
1,5 2a
LOSS?i < @(e(2+3 3 +c1)23> _ @( +3c1 )
which contradicts the definition of 7T’ 5 2 ;. Therefore, it must hold that eattn > % cq forallt < Tj,.
O

Lemma H.10. If Induction H.1 holds for all iterations [Tj,_1,t), then given Z*+* ¢ & 5, we have

1. for the prediction js, we have
t (t) (t)
é,;z,rgz.yl = ( Z ]lge(yl):gz(yl)Attnans,1—>pred,€ - Attnans,lﬁans,@) 2B + O<n ) + 0(5)
te[Ly] Y
2. for the prediction jy = 7(g2(yo)), we have
t t t B
é,};,rm.yo = ( Z ]lgz(yo)zgz(yo)Attngn)s}l%pred,E - Attne(m)s,l—mns,l) 2B + O(;) + 0(6)
¢€[Ly) Y
3. forother j = g2(y) € (), noticing that for this case y # yo, y1, then we have
t t t
é; ( Z ]192(y):Q2(y)Attngn)s,lﬁpred,IZ - Attn:(an)s,lﬁans 1 Attne(m)s 1—ans 0) 2B
L€[Lg]
B
+ 0(7) +0().
Ny
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Lemma H.11. [f Induction H.1 holds for all iterations [Tj;_1,t), then given ZLx:l ¢ ELy,2, we have

1. for the prediction jo, we have

t t B
Aé,gz,rm.yl = Z ]lgl(yl):.‘12(?/1)Attn2(!n)s,1~>pred,f 2B + O(;y) + O((S)
€[ Ly]

2. forother j = 7(g2(y)) € 7(Y) with y # y1, then we have

t t t
Aé 2 Tgo-y = ( Z ]192(9)292(y)Attngn)s,lapred,é - Attne(m)sl%ans 1 Attne(m)s 1—ans 0) 2B
L€[Ly)

+o(§) +0(5).

Ny
H.2.2 Gradient Lemma
Lemma H.12. [f Induction H.I holds for all iterations t € [T,_1,T}), given s € T7(X'), we have

2,2 2
{—V %Loss5 } +{ VQm Loss5 ]

s,8 s,8

O(B/d)E [ (1~ ogit® )|r(a1) = 5. E0,1 N E5, .

Proof. By Induction H.1, Lemma H.10, and Lemma H.11, we have

VY]
t t
=E [(1 - IOglté ;2 ( Z Attnans ,1—pred,? ¢j2,T92-y1 (gé) - Attn;(m)s,l—mns,o ’ wj27r92-y1 (yo)
042
( Attngf\)s l—ans,1 — Attnz(xt\)s ,1—pred, 2)Aét,;'2,rg2.yl + 6(00)> + 6(6‘1)} (120)
]l.,.( )= s1 A
> 2J2:Tgg Y1 —
Similarly,
M, ]
(t) NG
= B[ 3 ot} (), - sReLU'(AL) ()
Y#Y1
t)
(Z Attnans ;1—pred, ¢ 77[}7'(92(1/))7%2-1/ (g¢) + Attnéns,l—)ans,o ) q/)"'(!12(1/))7%2@ (%0)
042
t t t ~ ~
( Attngn)s 1—ans,1 — Attn:(an)s ,1—pred, 2)A§>,3-(g2(y)),r92.y + O(GO)> + O(éq):| ]17'(11):5

Consider the event £, 1. For ZE» € £, 1N &f, 2o We have AD < B, since

5,J2,Tg3 y1

(t) (t) (t)
5,02, gyy1 Z Attnans,l—)pred,é ’ wjzﬂ”gym (ge)]lge(yl):jz - Attnans,1—>ans,0 : ¢j27rg24y1 (yo)
(42

< Q(Attng?s 1—pred,2 T (Up —1/Lg) - attn)B
< 2(1_6#2"‘4_01 (Uk - 1/Lk) attn)B
:2(%*( +1/Lk*Uk) attn)B

Thus, provided 4%, > 4¢ /3 and choosing Uy, = |1+ %J /Ly, we indeed have AW < B.

54279941 —
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» For j = 7(g2(y)) in N

8, Ly i
- Y=o #F Y1,
; Attng?&HpreM “Ur (g2 (1)) gy (90) T Attn) | g0 Dr(g2(4)):r5 (Y0)
2
2 Z Attn;(a?s,l—»pred,é : 7/)7(92(1/))7%2@ (90) L, (4) 292 ()
£2
E _O<7TBy) (11— Attng?s,1—>ans,1 - Attnz(a?s,lﬁpredQ)' (121

-y # yo,y1. If there exists at least one ¢ # 2 such that g,(y) = g2(y), then by
cancellation,

t t
Z Attngn)s,lapred,é : ’(/}7'(92(11))77“92.y (gf) + Attngn)s714,ans’() . d}T(QQ(y))yng.y (y())
=2

t t
2 _O<n£;) ’ (1 - Attngn)s,lﬁans,l - Attngn)s,lﬁpredﬁ)‘ (122)
. , (t) (t)
Else, pick y" # 9, y1 50 that Ay, (1)) 1y Z A5 (02 ) g THED

logit (5, < O(:L ) (1~ logit ;).

which implies

o (2 t t
loglté,; ( Z Attnin)s,lﬁpred,l : 1/}7(92(74))17’92-1; (gé) + Attna(\n)s,l—>ans70 ’ ¢T(92(?¥))’T-‘72'y (yO))

42
B . t t
2 _O(Lkny) ’ (1 - logltS,jz) : (1 - Attnz(m)s,laans,l - Attngn)s,lapred,Z)'
(123)
. For/\/'s(fzk)i.
- IfZirl ¢ Erea N 5,9%72, then
t t
- Z Attne(m)s,lapred,é : wj27Tg2~y1 (gf) - Attngn)s,l—mns,o " Wi2.rge 1 (yO)
=2
t) (t t)
+ (1 - Attngns,lﬁans,l - Attnan)s,l—mred,?) é,jz,rm.yl
t t
e Z Attne(an)sﬁlapred,f]lW:jz ! 1/)]'277"51241,1 (gé) - Attne(m)s,laans,o CWi2.rgg (yO)
(22
(t) (t) (t)
+ (1 - Attnans,l%ans,l - Attnans,1—>pred,2) 5,42,"gg-y1
t L t Ly
= <_ (Uk - %k) 2B + Aé,}z,rgz.!“) ’ eatIEn > (Aé,}zgr”.yl - %) ’ eatliw (124)

- Else, for Z"+! € £ | UEL, 2. note that having more identical predictions ge(y1) = jq
(®)

5 i2Ton " Hence

or less distraction (i.e., yo = 1) increases A

E[(l — logits’h) | €, 1 U ng,Q] < 0(1) E[(l - IOgitsg‘Q) | €Ly N 5&,2]»

and
(t) (t)
’ - Z Attnans,l—>pred,£ : ’L/}j2wrg2»y1 (gf> - Attnans,laans,o " Wi2.mgg (yO)
02
(t) (t) (t) L
+ (1 - Attnans,laans,l - Attnans,1—>pred,2)A5,j2,rgz-y1 < O(l) - Eatlin B

(125)
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Putting the above together, we have

{ - V.o Lossg’Q]

2,2
Ql’) |-V o, Loss; ]

s,8 s,s

t t
= ]E|:Ns(,[)/k,115Lk,lmgik,2:| +E[NS( zk 11y <B]lggk,1ung12}

"32 921
+EN, o] £0(0f)
= E[W,  + M, o), ineg, ]
FEWND e ple uen,a] FEM, ol e, .| £0(8).

5,92:"g2-y1

First, by (121), (122), (124),
t
B[N, 1+ N, ) ew, s, L

~ B)ettn) — (1~ logitd[},) (02 )elty + max AL )

5] 5,J2:"g9 y1 5,7(92(¥)):rgq-y

> E[(l — logit") ) ((A@
’ ]1"'(951) ]lng 10514 2}
> Q(B/d) - E[ef, - (1 - logit!),) | m(w1) = 5,01 N EF, o).

Moreover, by (125),

|:NS Li,1 Ag‘iz S <B/2]l Lk,lung’2:|
> —Pr(Zt! ¢ &, 1) O(B/d) E[ ek (1 — loglt5 32) | 7(z1) = 8,81, 1UEL, 2 }
> —(0(1/n®W) + 1/n, ) - O(B/d) - E|esty - (1 logit{!),) | 7(1) = 5,11 N EF, ),

and, by (121), (122), (123),
B[N, oles oe,s] 2 & O(B/d) B[k, - (1~ logit{!),) | (1) = 5,£,  U€r, ].
Therefore,

{ - VQZQ Lossg’ﬂ + [ - VQm Loss?’ﬂ

5,8 s,8

O(B/d) - E[ek, - (1~ logit(!),) | 7(21) = 5,E1,.1 N EF, o).
O

Lemma H.13. If Induction H.1 holds for all iterations t € [Ty_1,T}), given s € T(X), for [Qupls,s’,
p € {3,4}, s’ £ s € 7(X), we have
2 1 2,2

’ { VQm Loss2’ } < O(a)’ [ - VQSL Loss; L 0

)

H.2.3 Attention gap is small
Lemma H.14. [f Induction H.1 holds for all iterations t € [T,_1,T}), then for any sample yAZTS
we have

Attn'" — Attn)

ans,1—pred,2 ans,1—ans,1 < c,

where ¢1 > 0 is a small constant.

Proof. The proof follows the same high-level idea as Lemma G.22. The key observation is that for
each Z%* 1, there always exists at least one i # y; such that, for some index j appearing in the

gradient term N/ *) L,.2» We have

AY > 2(Attn?) — Attn'")

5,0,Tgy-y ans,1—pred,2 ans,1—ans,1

)B.
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(t)

Let 7 denote the set of indices J achieving arg max,¢r,,3 A and pick one such index

5,J,Tg0-y°
j' = g2(y'). Define T to be the first time when Attng?s’l%pred g — Attng?s,lﬁans,l > c1. At this
time, we have N B
(T —Q (T
Z logltgyj) = (1 —-0(d (1))) (1- logltéyjl).
ied
Plugging this into the gradient expressions yields
(T) (T)
Nesni TNesiL, i
T -Q (T T) T
= Attne(ms),l%predz : <(1 - O(d (1))) (1 - logltg),j)z) : (AéJ/,rm_y/ - Aé,j)z,rm.yl)

_ (T T
+0(d W) (1 - logit") ) - (wsyjz)rmlyl,z(gg) — Ag,j;%_yl))nr(m_s,
and similarly

T T
N(A,)Lk,‘ + Ns(,4,)Lk,n

S K2

T _ (T T T
= Attngns),lapred,Q ’ ((1 - O(d Q(l))) (1 - loglté,j)g) : ( - ’L/)jé,ngwo (yl) + Aé,j’,rgz_y/ - Aé,j)Q,rgQ.yl)

_ (T T
+ O(d Q(l))(l - loglté,j)z) ' (ws’jzvrgz-yuz(yl) o Aévjlvrgz-m))]lﬂml)_s.

: (T) (T)
Since A57j,77qg2‘y/ — A5y, <0and
(T) (T)
—%’z,rm.yl (y1) — A5,j2,r52.y1 + A5,j2,rg2,y, > Q(B),
we obtain

-V 5 Lossé’Q] + [V o Loss?’ﬂ > Q(5)-E[1- logité:f;)2 | (1) = s].
4.4 S 8.8

s, 4.3 s
Therefore, the quantity Attna(‘?S 1—spred,2 ~ Attng?&1 yans,1 cannot further increase, and we conclude
that © ©

Attnans,1—>pred,2 - Attnans,lﬁans,l < .

O

Lemma H.15. If Induction H.1 holds for all iterations t € [T},_1,T},), then for any sample Z '+,
we have

®) ® Ly -1

Attnans,1—>ans,1 - Attnans,l%pred,Q = Ly €attn — €2,

where ¢y = 222 < 0 is a small constant.

2B

Proof. The argument parallels Lemma G.34, but in the recursive setting we first note that for every
Ziwl e g¢
ky2?

(t) (t) (t) Ly =1 1,
AS,T(gz(yg)),Tg2.y0 < Attnans,l%predz - Attnans,l—)ans,l Ls atI{n'
Let 7T be the first time such that
Ly —1 logd
t t k Ly g
E Attna(m)s,l—wredz - Attngn)s,lﬂans,l Ln €atin | T(21) = 5} < 1028

Then, for any y,
(T)
5,7(92(¥)), g2y
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1 Attn

(Attnans)l—mred 2 + Attn(

ans,1—pred, ¢ ) B <
0#£2

9e(y)=92(y) — ans 1—ans,0

Hence the corresponding wrong-class logit mass is small:

logit{) < O(d~10V/201) (1 - logit{") ).

Plugging this into the gradient decomposition, we obtain

(T)
NSBLk, Nb-?)Lk,ii

(T T
= Attngns)lﬁpred 2 ((1 - IOglté,jl) <¢5:j2arg2-y1 a2(92> Aé ])Q,Tq2 1,1)

_ T T
— O(d 1‘01/2.01) (1 - lOglté ])2) Z (1/)5,j2,7"g2.y,2(92) - Aé,j)mrgz,y)) ]IT(azl):s
Yy#£Yo

T T
2 Attngns),lapred,Q ’ Q(l) ( lOgltg ]2) (w57]2a7gz y1:2 (92) Aé,j)QJQQ,yl) ]17'(901):5’

and
Ns4Lk, NS4Lk,ZZ
(T T
= Attnans)l—mred 2 ((1 - loglté,j)z) (w57j277”92-y172(y1) - Aé7j)2,rg2.y1)
_ T
— O(d~101/201) (1 loglt( )) Z (V5,31 gy 2 (1) — Aé,jl,%_y)) 1 (z1)=s
Y#Yo
< — Attn® Q1) - (1 - logit AL 1
Dy ,1—pred,2 ( ) ( ogl 5J2) 5,42, g5 -y1 T(z1)=8"
Therefore,
2,2 B
[-V_@lossy®] > Q=) E[1 loglt |7' z1) =5, Ef, 5, (126)
Q4,3 S,8 d k>
2,2 B
[_ V (ff)l_osss7 ]8 s S —Q(d> 'E[l — 10g1t5j2 |T xl) =S, ng 2] (127)
4,4 ’
Finally, recall that
Q% ss _ Qs _ O(1/d)
) el 4, e e
Attngns ,1—pred,2 + Attnz(an)s J1—pred,1 Attngn)s l1—ans,1 —

e[Qy‘;)s]S,s + 6[Q4=4]S'S + 66(1/d) ’
Combining the two gradient inequalities shows that the quantity
Ly —

(®) (®)
Attnans 1—pred,2 Tk; attn Attnans l—ans,1
must strictly decrease at time T +1. O

H.2.4 At the end of stage

Lemma H.16 (At the end of stage). Induction H.1 holds for all iterations Ty, < t < T}
O(%g‘l)). At the end of stage k, we have

1. logd
00530g > 0;

(a) Attention concentration: eaLt’En < 5.04¢; for some small constant ¢ =

Li,2 < e(=3+3.01c1)2B _ _1

(b) Loss convergence: LOSSF<T;C71>75 < = polyd-

Proof. By Lemmas H.9 and H.12, the diagonal entries [Qf&]s,s and [Qf&]s,s keep increasing until

the total wrong-attention mass satisfies €atn > 4%. Combining Lemmas H.12 to H.15, there exists a
stopping time




such that Induction H.1 holds for all ¢ € [T}, T}).

To obtain an upper bound on eaLt’ﬁn at the end of stage k, it suffices to work on the main event &, 3.

Case 1: L, = O(1). For each y € ), at most one index ¢ # 2 can satisfy g;(y) = g2(y), and thus
the number of collisions per y is uniformly bounded by ;. Hence,

1ngF(Zans,Q,5 | Z(271))

t t t
> ®<1) " €Xp IOg d— (Attna(m)s 1—pred,2 + ZAttna(m)s,lapred,é ]lge(yl):!h(yl) Attnz(an)s 1—ans 0) 2B
0#£2

> 0(1) - exp(logd — (Attn) s + (/L = 1/Ly) €h,) 2B)
1 c1 eit’; logd
> O(exp(— (3 +9 — %= —=5%)2D) ),
where the last line uses Attn'" <L —ehk 4 o) = e — b
ans,1—pred,2 — 2 attn 1 2 2

Case 2: Ly, = w(1). If Ly, < nylogn, then Wy /Ly, = O(1/Ly); otherwise Wy /Ly, = O(1/n,).
In either regime W, /Lj, = o(1), and we similarly obtain

logpF(Zans,2,5 | Z(z’l)) @( ) exp (IOgd (Attnan)s 1—pred,2 + ( ( ) - I/Lk) attn) 23)

1 c1 6;’; logd
>0(exp(= (3 +9 -9 —259)2B) ).

which rearranges to
ehk < 9(3.02¢1 4+ 0.5¢; — ¢1) = 5.04¢4.

In particular, since B/ log d can be taken as a sufficiently large constant, we obtain the clean stage-end
bound

O

H.3 Proof of Main Theorem

Theorem H.1 (Recursive self-training (Restatement)). Assume the distribution D" induced from
LEGO(X,G, ) satisfies Assumption 3.1, 3.2 and 4.2, and assume the transformer network satisfies
Assumption 3.3 and A.2. Then for any 2 < k < log, FT%) trained via
Algorithm 2 up to length Ly, = 2* and T}, = O(%@), is able to solve the task T#+1 | L, = 2F+1
with accuracy:

Accr, ., (F(T’“)) =1-0(1/poly(d)).

Proof. By Lemma H.16, at the time T}, we have Gattn < 5.04¢;, combining with Induction H.1, non-

diagonal entry of Q,, , remains close to 0, thus moving to the next stage, we have Eat);: 1t < 4eft’§n <

20.16¢; (notice that 20.16¢; could be sufficently small e.g., 0.01 since we can set a reasonably large
B) forall ¢ < Lj41. Moreover, ALe+1:6 < ALkl Hence, we have

Eztin ptin [Ezans,eﬂNP;Tk)(‘|ZL’“+1'E)[]I{Zans,Hl?&Zans,Hl}]]

S O(]_) . EZLk+1NDLk+1 |:]. — logit5uT(Zans,1{+l,5):|

S 0(1) . 6(7(% €attlf1+1 Eattn 7C )/2 Ea:tknJrl))'QB
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og d 1
< O(1) . o~ -8+ 500025 _ ( )
<SO(1)-emz77am Tz 0 polyd

Thus Accp, ,, (FT*) >1— O(m)'
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