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Abstract

Community detection is an essential tool for unsupervised data exploration and
revealing the organisational structure of networked systems. With a long history
in network science, community detection typically relies on objective functions,
optimised with custom-tailored search algorithms, but often without leveraging
recent advances in deep learning. Recently, first works have started incorporating
such objectives into loss functions for deep graph clustering and pooling. We
consider the map equation, a popular information-theoretic objective function
for unsupervised community detection, and express it in differentiable tensor
form for optimisation through gradient descent. Our formulation turns the map
equation compatible with any neural network architecture, enables end-to-end
learning, incorporates node features, and chooses the optimal number of clusters
automatically, all without requiring explicit regularisation. Applied to unsupervised
graph clustering tasks, we achieve competitive performance against state-of-the-art
deep graph clustering baselines in synthetic and real-world datasets.

1 Introduction

Many real-world networked systems are organised in communities: groups of nodes that are more
similar to each other than to the rest. Communities provide insights into network structure at
the mesoscale, revealing sub-systems by analysing link patterns. Motivated by different research
questions, several characterisations of what constitutes “good” communities have been proposed [[1,
2], however, neither of them is fundamentally more correct than any other. Moreover, no single
community-detection method outperforms all others on any given network [3]], motivating the ongoing
efforts of research on community detection. Typically, community-detection approaches formulate
an objective function that calculates a quality score for a given partition of the network’s nodes into
communities. Finding the best partition is an NP-hard search problem and often involves custom
heuristic algorithms that attempt to minimise their objective function [4, |5} 6].

*Also at Chair of Machine Learning for Complex Networks, Center for Artificial Intelligence and Data
Science, Julius-Maximilians-Universitit Wiirzburg, Germany
T Also at Data Analytics Group, Department of Informatics, University of Zurich, Switzerland

38th Conference on Neural Information Processing Systems (NeurIPS 2024).


https://orcid.org/0000-0001-7881-2496
https://orcid.org/0000-0003-3823-9626
https://orcid.org/0000-0003-2253-0216

Graph neural networks (GNNs) have enabled applying deep learning to graph-structured data by
utilising the input graph as the neural network’s computational graph [[7, (8, |9]. Typical tasks for
GNNs include node labelling, graph labelling, and link prediction, all of which involve learning
meaningful representations jointly from the graph’s topology, the nodes’ features, and, possibly, the
edges’ features. Graph labelling relies on coarse-graining the graph through identifying groups of
“similar” nodes and aggregating their links and features, also referred to as pooling [[10} 11} [12]], which
is related to graph clustering [13], however, these two tasks have different goals.

While GNNs excel at incorporating node and edge features with graph topology, including this
information is also possible but more challenging with traditional network science approaches,
typically requiring modelling or adjusting objective functions and their optimisation algorithms. On
the other hand, objective functions for community detection provide precise interpretations as to why
one partition is considered better than another while deep-learning-based approaches are black boxes.
Model selection in deep learning is often done through regularisation techniques or cross-validation;
in contrast, objective functions that are based on the minimum description length (MDL) principle
naturally implement Occam’s razor, preventing overfitting and enabling principled model selection
without requiring extra regularisation or cross-validation [14} [15].

Here, we combine the benefits of traditional community-detection approaches and deep learning and
consider the map equation, an information-theoretic objective function for community detection [[16].
By adapting the map equation for soft cluster assignments and implementing it in differentiable
tensor form, we enable end-to-end optimisation of the map equation as a loss function with gradient
descent and GNNs. In analogy to the map equation’s stochastic optimisation algorithm Infomap [6]],
we call our approach Neuromap and evaluate it against Infomap and several recent GNN-based
graph clustering methods. Applied to synthetic and real-world networks, Neuromap demonstrates
competitive performance against recent deep graph clustering baselines.

Our key contributions can be summarised as follows:

1. We adapt the map equation as a differentiable loss function for end-to-end deep graph
clustering and propose Neuromap, a deep-learning-based alternative to the popular Infomap
algorithm for unsupervised community detection with the map equation. Neuromap is
compatible with any neural network architecture, detects overlapping communities, leverages
node features for improved performance on real-world networks, and, by following the
minimum description length principle, does not require explicit regularisation.

2. We extensively evaluate Neuromap on hundreds of synthetic and ten real datasets against
recent baselines paired with various neural network architectures. Neuromap outperforms
the baseline on the synthetic networks in most settings and is amongst the best performers
in seven out of ten real datasets.

3. By choosing a higher maximum number of clusters than previous works, we show empiri-
cally that recent baselines tend to overfit and report considerably more than the ground-truth
number of communities. Moreover, we find that choosing a small maximum number of
communities is often detrimental to graph clustering performance.

2 Related work

Community detection. Communities, also called clusters or modules, are groups of nodes that
are more “‘similar” to each other than to the rest, often understood as having more links inside than
between groups [} 2. However, this rather general characterisation leaves precise details of what
constitutes a community open. Modularity compares the observed link densities inside communities
against a randomised version of the network [[17]. The stochastic block model and its variants assume
a latent block structure where the probability that two nodes are connected depends only on their
block memberships [18|[19]]. The map equation identifies communities as regions where a random
walker tends to stay for a relatively long time [16} 20]. Traditional clustering approaches, such as
k-means, group nodes based on their proximity in space, however, here we consider identifying
communities from the link patterns in networked systems. For a detailed overview of community
detection in complex networks, we refer to [, 2].

Minimum description length principle. The minimum description length principle (MDL) is
a model-selection approach that formalises Occam’s razor and frames learning as a compression



problem [[14} [15]. MDL states that the best model for data D is the one that compresses the data the
most. In traditional MDL, the data’s two-part description length L (D) = miny, L (M)+ L (D | M)
is the smallest achievable length over all models M, where L (M) is the model’s description length,
and L (D | M) is the data’s description length, given the model. MDL has been adopted for a wide
range of applications, including regularising neural networks’ weights [21], investigating deep neural
networks’ data-compression capabilities [22], analysing the characteristics of datasets [23]], and
community detection [[16} 24]].

Deep graph clustering and pooling. Graph clustering has long been a research focus in machine
learning [[13} [25]]. Spectral approaches cluster, for example, the eigenspace of a graph’s Laplacian
matrix or identify communities through graph cuts [26} 27]]. Methods based on neural embeddings
involve learning node representations with, for example, DeepWalk [28]] or node2vec [29]], followed by
applying standard clustering approaches such as k-means, assuming that similar nodes are embedded
at similar locations [30} 31]]. Other approaches include graph autoencoders [32, [33]], contrastive
learning [34], and self-expressiveness [35]. Recently, minimum cuts [[11} [12]], modularity 36} 37],
and the Bernoulli-Poisson model [38] have been integrated with GNNs as loss functions for graph
pooling and clustering. Such GNN-based approaches can incorporate graph structure as well as
node and edge features in end-to-end optimisation of the clustering objective. Inspired by pooling in
convolutional neural networks, graph pooling coarse-grains links, node features, and edge features
to summarise graphs, enabling GNNs with improved performance on node and graph classification
tasks [[10} [12]. Consequently, graph pooling has become a research focus for GNNs, emphasising the
importance of graph clustering as a primary objective [10}[12}[36]]. For recent surveys of deep graph
clustering, we refer to [39} 40].

3 Background: the map equation

The map equation [16}20] is an information-theoretic objective function for unsupervised community
detection that follows the MDL principle [[14], and has demonstrated high performance in synthetic
and real networks from across domains [41}, 42| [43]]. The map equation formulates community
detection as a compression problem and uses random walks as a proxy to model dynamic processes
on networks, also called flow. The goal is to describe the random walk as efficiently as possible by
minimising its expected per-step description length — also called codelength — by partitioning the
network into groups of nodes, called modules, where the random walker tends to stay for a relatively
long time. In practice, however, the map equation does not simulate random walks; instead, the
codelength is calculated analytically.

v o1

Figure 1: Coding principles behind the map equation. Colours indicate modules, codewords are
shown next to nodes, and the black trace shows a sequence of random-walker steps. Left: All nodes
belong to the same module and all codewords are unique. Encoding the random walk sequence
requires 60 bits, or 3.72 bits per step in the limit. Right: Partitioning the network enables reusing
codewords across modules, reducing the codelength. However, for a unique encoding, we need to
introduce codewords for entering and exiting modules, shown next to the arrows pointing into and
out of the modules. With this modular coding scheme, we can compress the description to 48 bits, or
3.01 bits per step in the limit. Middle: The two encodings of the random walker’s steps.



Let G = (V, E) be a graph with nodes V/, links E, and let w,,, € R denote the non-negative link
weight on the link from node u to v. When all nodes are assigned to the same module, the codelength
is defined by the Shannon entropy H over the nodes’ visit rates [44]], H (P) = — 3 .y Pu 105 Pus
where p,, is node u’s visit rate and P = {p,, |u € V'} is the set of node visit rates. In undirected
graphs, we compute visit rates directly as p,, = s,/ Zuev Sy, Where s, = Zvev Wy 18 Node u’s
strength. In directed graphs, we compute the visit rates numerically with smart teleportation [45] and
a power iteration. When we partition the nodes into modules, the codelength becomes a weighted
average of the modules’ entropies and the entropy at the so-called index level for switching between
modules. Figure[T]illustrates the coding principle behind the map equation using Huffman codes [46];
note, however, that these codewords are only for illustration and we only care about their expected
length in the limit to evaluate the map equation.

Minimising the map equation means balancing between small modules to achieve low module-level
entropies and large modules for low index-level entropy. This trade-off between module- and index-
level entropies prevents trivial solutions where all nodes are assigned to the same module or each node
is assigned to a singleton module [14]. The map equation calculates the codelength for a partition M,

L(M)=qH(Q)+ > pmH(Pn). ¢))
meM

Here, ¢ = >, qm is the random walker’s module entry rate, ¢m = >_,¢m 2 vem Putuv is module
m’s entry rate, and Q@ = {gm/q | m € M} is the set of normalised module entry rates; p, =
Mexit + Zu em Pu is the rate at which the random walker moves in module m, including the module
exit rate Mexic = . ,cm ngm Putuws, and Py = {Meit/Pm} U {pu/Pm | © € m} is the set of
normalised node visit and exit rates for module m. The random walker’s transition probability from
node u to v is tyy = Wy / ZUEV Wyy. We can rewrite the map equation as (see Appendix |

L(M) =qlogyq— Y qm10gsgm — > Mexit 1085 Mexic = ¥ pu10go pu + Y Pm 1082 pm- (2)
meM meM ueV meM

The map equation framework has been extended for overlapping communities through state-space
expansions with higher-order network models [47} 48], avoiding over-partitioning in sparse networks
using a Bayesian regularisation approach [49], and to deal with sparse constrained structures [50].
Moreover, the map equation framework can incorporate node features through an extension [51]]
or by preprocessing data [52]]. Detecting communities relies on Infomap [6], a greedy stochastic
search algorithm that optimises the map equation. However, each of the above extensions requires
preprocessing the input data, adjusting the loss function, or adapting the search algorithm. In contrast,
adapting the map equation as a loss function for optimisation with gradient descent does not require
any custom algorithm, thus enabling flexible experimentation with variations, scalability to GPU
clusters, and incorporating it into other loss functions.

4 The map equation goes neural

We set out to detect communities by optimising the map equation with GNNs through gradient descent,
which essentially means learning coarse-graining node representations in the form of communities
(Figure[2). While the standard map equation considers hard clusters where each node is assigned to
exactly one module, we introduce a soft cluster assignment matrix S,, x s to make the map equation
differentiable and enable overlapping clusters. We optimise S = softmax (GNNy (A, X)) indirectly
by optimising the GNN’s parameters 6, that is, its weights, with respect to the codelength L. Here,
A, ., is the graph’s adjacency matrix, X, « 4 is the node features matrix, n = |V| is the number of
nodes, s is the maximum allowed number of clusters, and d is the node feature dimension.

Without loss of generality, we assume directed networks. We denote the graph’s total weight as
Wt = Y iev > jev Wij- Let T,,«,, be the random walker’s transition matrix and d™ be the vector
of weighted node in-degrees with
Wi j
Tij = ZjEV Wij dljn = Z Wiy -
0 otherwise, iev

if ZjEV Wi; > 0,

To compute the vector p of node visit rates, we use smart teleportation [45] and the power iteration
method: With probability «, the random walker teleports to a random node, chosen proportionally to
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Figure 2: Illustration of the setup for GNN-based community detection with the map equation. We
learn soft cluster assignments S from the graphs adjacency matrix A and the node features X. Here,
we allow up to four clusters. When no node features are available, we set X = A.

the nodes’ in-degrees, or follows a link with probability 1 — «. This approach leads to the iterative
update rule p(*+1) «— -&-d" 4 (1 — o) p®™'T, and we set p(?) = d™. The graph’s flow matrix F;, .,

encodes the flow between each pair of nodes, where F = > A + (1 — a) diag (p) T. We obtain the
flow C,, between clusters from S and F as C = ST F'S. Following Equation (2), we define

g=1—1tr(C) qgm=C1l,—diag(C) mey = (l;rC)Tf diag (C) Pm=dm+ l;rC
and assemble the map equation
L(A,S) = qlogy ¢—(Am 10g5 dm) 15 —(Mexic l0gy Mexit) 15— (P logs P) 1 +(Pm logy Pm) 15 (3)

where 1 is the k-dimensional vector of ones, and logarithms are applied component-wise. The third
term is constant since it only depends on the node visit rates and can be omitted during optimisation.

The map equation naturally incorporates Occam’s razor by following the MDL principle for bal-
ancing between model complexity and fit [14} [15], choosing the optimal number of communities
automatically, but at most s. In contrast, recent GNN-based clustering approaches require explicit
regularisation to avoid over-partitioning [10} 36} |37, 38]], and our results show that they often return
the maximum allowed number of communities instead of determining the number of communities
in a data-driven fashion (see Section [5). In principle, any neural network architecture, such as a
multi-layer perceptron (MLP) or GNN, can be used to learn the soft cluster assignment matrix S.
Since the map equation involves logarithms, we add a small constant e to each value in the output
S before the backpropagation step to ensure differentiability. We refer to the combination of using
map equation loss (Equation (3)) together with a (graph) neural network to learn (overlapping)
communities as Neuromap.

Complexity and limitations. The most expensive calculation is the pooling operation C = STFS
which depends on the network’s density. When s < n and the number of edges is m = O (n), the
complexity of Neuromap is linear in n. When the network is dense, m = O (n2), or the maximum
number of clusters approaches the number of nodes s ~ n, we approach quadratic complexity.
Therefore, we recommend keeping s < n for scalability.

We assume connected networks, otherwise, clustering should be run on the individual components.
The node features X aid the GNN in learning patterns, however, they do not contribute to the loss.
When no node features are available, Neuromap can use, for example, the adjacency matrix as node
features; designing expressive low-dimensional node features remains an active research area [53]].

S Experimental evaluation

We evaluate Neuromap on synthetic and real-world networks with different neural network architec-
tures: a 2-layer graph convolutional network (GCN) [9], a 2-layer graph isomorphism network (GIN)
[54], and a 2-layer SAGE network [55]]. To investigate whether GNNs are required for clustering, we
also include a fully connected linear layer and a 2-layer MLP. We include a learnable temperature



parameter for the softmax operation, which we found speeds up convergence. In all cases, we
use the models provided by PyTorch Geometric with SELU activation [56]. Because the specifics
between architectures differ, such as message-passing details and aggregation functions, they may
be interpreted as using different search algorithms which return different communities. We use the
Adam optimiser [57], apply batch normalisation, and for comparability between different methods,
set the learning rate for the linear layer to 10~1, for MLP to 10~2, and for GCN, GIN, and SAGE
to 1073, We train all models for up to 10,000 epochs with a patience of 100 epochs and dropout
probability 0.5. Because the datasets contain hard clusters, we convert the resulting communities to
hard clusters, assigning each node to that cluster where it has its strongest membership. As baselines,
we use Infomap [6] and five recent approaches for unsupervised graph clustering with GNNs: DMoN
[36], NOCD [38]], DiffPool [[10], MinCut [11]], and Ortho [36]. We base our implementatiorﬂ on
PyTorch [58] and PyTorch Geometric [59] and ran our experiments on a workstation with an Intel
19-11900K @ 3.50GHz CPU, 32 GB of RAM, and a GeForce RTX 3090 with 24 GB of memory.

5.1 Synthetic networks with planted communties

We generate directed and undirected Lancichinetti-Fortunato-Radicchi (LFR) benchmark networks
with planted ground-truth communities [60] with n = 1000 nodes, average node degree k €
{Inn,21Inn}, maximum node degree kmax = 21/n, both rounded to the nearest integer, and mixing
parameter ;. between 0.1 and 0.8 with a step size of 0.1. We set the power-law exponents for the
node degree distribution to 7, = 2, and for the community size distribution to 72 = 1. For each
combination of parameters, we generate 10 LFR networks using the implementation provided by the
authorsﬂ resulting in a total of 320 networks. For each parameter combination, there are 10 LFR
networks; for each of these LFR networks, we run each model 10 times, measuring its performance
as the average adjusted mutual information (AMI) [61] against the ground truth, and plot the average
of those AMI values over the 10 networks per parameter combination. To verify that the number of
communities is inferred from the data, we set the maximum number of communities to s = n. Since
LFR networks do not have node features, we use the adjacency matrix as node features.
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Figure 3: Performance for Neuromap using a dense linear layer, MLP, GCN, GIN, and SAGE
architectures with two layers and Infomap on directed and undirected LFR networks with planted
communities. The results show averages of partition quality measured with AMI, number of detected
communities M|, and codelength L. The shaded areas show one standard deviation from the mean.

*https://github.com/chrisbloecker/neuromap
*https://sites.google.com/site/andrealancichinetti/benchmarks
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We find that the detected communities’ quality depends on the choice of neural network architecture
(Figure [3). Neuromap achieves the best AMI scores with SAGE. GCN, MLP, and Infomap perform
slightly worse, however, with some variation depending on the networks’ properties. The dense
linear layer and GIN show weaker performance but still identify relevant communities. In the sparser
directed networks, Infomap performs slightly better than SAGE when the mixing p is low. However,
the AMI values do not tell the whole story: Infomap and MLP tend to report considerably more
communities than are present in the ground truth whereas the dense linear layer and GIN tend to
report much fewer communities than the ground truth, especially for higher mixing values. GCN
reports more communities than are present in the ground truth in the sparser undirected networks but
fewer in the directed networks. SAGE detects close to the true number of communities in all cases.
Infomap achieves the lowest codelength across all networks. GCN, MLP, and SAGE achieve close to
Infomap’s codelength, whereas the dense linear layer and GIN have slightly higher codelength.

undirected, k =7 undirected, k = 14 directed, k=7 directed, k = 14
1.0 1.0 1 1.0 1 1.0 1
S 051 ] 1 1
= 0.5 0.5 0.518 0.5
0.01— . ; >l 0.01—, . - 0.0 . - ] 0.01 ; : :
02 04 06 038 02 04 06 038 02 04 06 038 02 04 06 038

103 103 103 / 103
10" 10" 10" \ 10! \
10° 10° 10° 10°

M|

02 04 06 08 02 04 06 08 02 04 06 08 02 04 06 08
[ 7 [ 1
=== frye === Neuromap DMON === NOCD === DiffPoo| === MinCut === Ortho

Figure 4: SAGE-based results for deep learning community-detection methods on synthetic LFR
networks with planted communities. We show averages of partition quality measured by AMI and
number of detected communities |M|. The shaded areas show one standard deviation from the mean.

We compare Neuromap against recent deep-learning-based community detection methods on the
same networks by swapping out the loss function while keeping everything else the same, with the
exception of using weight decay for NOCD as per the original paper [38]. For DiffPool, Mincut,
Ortho, and DMoN, we use the implementation from PyTorch Geometric, for NOCD, we use the
implementation provided by the authorsﬂ Figure 4| shows the results for SAGE; in Appendix we
also include results for the remaining architectures. Neuromap outperforms the baselines across all
architectures, except for NOCD which performs better than Neuromap with GIN and with GCN
on directed networks. Different from previous works, we have not limited the maximum number
of communities, which allows us to analyse the methods’ overfitting behaviour: While Neuromap
reports close to the ground-truth number of communities, the remaining methods often overfit the
networks’ structure and report considerably more communities (note the logarithmic scale). MinCut
fails to identify meaningful communities on directed networks for mixing values p > 0.3. NOCD
performs best with the GCN architecture, which was also used in the original paper [38]. Neuromap
performs best with SAGE in our experiments.

5.2 Real-world networks with node features

We benchmark Neuromap on ten real-world datasets (Table[I)) from PyTorch Geometric [59]], PyTorch
Geometric Signed Directed [62], and Open Graph Benchmark [[63]], and compare it against the same
baselines as before. In contrast to previous works that choose a fixed number of hidden dimensions
and set the maximum number of communities to a constant [36] or the “ground-truth” number
of communities [38]], we reflect the networks’ sizes in our choices: We set the number of hidden
dimensions to 4,/n and the maximum number of communities to s = y/n. Our choices are based
on empirical observations showing that the number of communities typically scales as O (y/n) [64].

https://github.com/shchur/overlapping- community-detection
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Table 1: Properties of the real-world datasets obtained from PyTorch Geometric (PyG) [39], PyTorch
Geometric Signed Directed (PyG-SD) [62]], and Open Graph Benchmark (OGB) [63]. |V| is the
number of nodes, |F| the number of edges, | X| the node feature dimension, |Y| the number of
communities, and p the mixing for the given communities.

Dataset Source  Type \4 |E| (X Y] u

Cora PyG Undirected 2,708 5,278 1,433 7 0.19
CiteSeer PyG Undirected 3,327 4,614 3,703 6 0.26
Pubmed PyG Undirected 19,717 44,325 500 3 0.20
Amazon Computer (PC) PyG Undirected 13,752 143,604 767 10 0.22
Amazon Photo PyG Undirected 7,650 71,831 745 8 0.17
Coauthor CS PyG Undirected 18,333 81,894 6,805 15 0.19
Coauthor Physics PyG Undirected 34,493 247962 8415 5 0.07
Cora ML PyG-SD Directed 2,995 8,416 2,879 7 0.21
Wiki CS PyG-SD Directed 11,701 297,110 300 10 0.31
ogb-arxiv OGB Directed 169,343 583,121 128 40 0.35

However, a few words of caution are in order: while nodes’ true communities determine the link
patterns in synthetic networks, it is generally infeasible to obtain ground truth communities for real
networks. Often, metadata labels are used as a drop-in, and the inferred communities’ quality depends
on how well the metadata, which is potentially noisy, aligns with the unknown ground truth [3].
Moreover, determining the number of communities in a network is hard and setting s = y/n should
be seen as a simplification rather than an attempt to guess the exact number.

For each method and architecture, we run 25 trials and show the average achieved AMI in Figure 5}
we include a similar plot for the number of detected communities as well as the average AMI and the
detected number of communities, both with standard deviations, in tabulated form in Appendix [C]
When several of the best-performing methods achieve similar AMI, we use an independent two-
sample t-test to determine whether one of them can be considered to perform better than the other
(see Appendix [C). In cases where their performances do not differ significantly, we mark both as best.

Neuromap and NOCD are amongst the best performers in seven cases and DiffPool in two. The GCN
architecture performs best in seven cases, MLP and SAGE in four cases, and GIN in two cases. A
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Figure 5: Average achieved AMI on real-world networks (higher is better) with s = y/n. Colours
indicate methods while shapes indicate neural network architectures. DiffPool ran out of memory on
the ogb-arxiv dataset. Detailed tabulated results with standard deviations are included in Appendix [C]



possible explanation for why the simpler linear layer and MLP architectures perform well in several
cases could be that the map equation loss function captures global information in the random walker’s
flow patterns, making GNNs superfluous in some cases. All methods tend to detect more communities
than are present in the “ground truth”, however, this tendency is most pronounced in DMoN, Ortho,
and MinCut, which may have gone unnoticed in previous evaluations where the maximum number
of communities was set to a much lower, constant value [36], thus artificially preventing overfitting.
Infomap is the only baseline that does not utilise node features; instead, it relies solely on topological
information, which may explain the large number of detected communities. Comparing Neuromap’s
performance against Infomap’s performance suggests that incorporating node features substantially
improves the detected communities’ quality in most cases (see Appendix [C] for significance tests)
while drastically reducing the number of detected communities.

We repeat the same experiments with 512 hidden features and s = |Y'|, that is, the “true” number of
communities, following [38] (results in Appendix [D). Limiting the number of allowed communities
often leads to better performance for DMoN, MinCut, and Ortho, however, with a few exceptions,
it diminishes the performance of Neuromap, NOCD, and DiffPool across all datasets and neural
network architectures. Appendix [E|tabulates the differences in average AMI score between setting
the hidden features to 41/n and s = /n versus using 512 hidden features and s = |Y’|. In the case of
Neuromap, imposing a lower bound on the number of communities interferes with the MDL principle,
limiting what models for the data may be explored.

5.3 Synthetic networks with overlapping communities

We apply Neuromap and the baselines to a small synthetic network with overlapping communities [65]].
We set the maximum number of communities to s € {2, 3}, run each combination of loss function
and neural network architecture for 10 trials, and keep the solutions with the lowest loss. Figure[6]
shows the results obtained with GCN, Appendix [F] shows results for the remaining architectures.
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Figure 6: Synthetic network with overlapping communities where the leftmost network shows the
true community structure. Nodes are drawn as pie charts to visualise their community assignments.
The top and bottom rows show results for a maximum of s = 2 and s = 3 communities, respectively.

We find that Neuromap, DMoN, NOCD, and MinCut identify the correct communities for s = 2.
DiffPool does not detect overlapping communities and Ortho assigns each node to two communities.
For s = 3, only Neuromap identifies the correct communities. DiffPool returns the same communities
as for s = 2. All remaining methods return three communities. These results provide further evidence
that the baselines suffer from overfitting when they are not provided with the correct number of
communities, which, in general, is unknown. Neuromap identifies meaningful communities while
inferring the number of communities in a data-driven fashion by following the MDL principle.
However, we leave a more rigorous study of overlapping communities for future work.



6 Conclusion

Network science and deep learning on graphs tackle community detection from different perspectives.
Community detection in network science typically relies on custom heuristic optimisation algorithms
to optimise objective functions but often does not leverage recent deep learning advances. Recently,
deep graph learning methods have started to incorporate methods from network science for deep graph
clustering. We contribute to this young field by adapting the map equation, a popular unsupervised
information-theoretic community-detection approach, as a differentiable loss function for end-to-end
optimisation with (graph) neural networks through gradient descent, and use PyTorch to implement
our approach, which we call Neuromap.

We evaluated Neuromap on various synthetic and real-world datasets, using different neural net-
work architectures to detect communities. Our results show that Neuromap achieves competitive
performance and detects close to the ground-truth number of communities across datasets while the
baselines tend to overfit and report considerably more communities. Across all tested methods, the
achieved performance depends on the used neural network architecture. However, on several real-
world benchmarks, Neuromap outperforms several of the the baselines even with simpler, non-GNN,
neural network architectures. We hypothesise that this may be because the map equation builds on
capturing flow patterns, which contain global information.

While we have considered first-order networks with two-level community structures, complex real-
world networks often involve higher-order dependencies and can have multi-level communities
[47,166]], prompting a generalisation of our approach. Furthermore, incorporating our method for
graph pooling as well as uncovering the precise connection between the utilised neural network
architecture and the achieved community-detection performance requires further empirical and
theoretical studies.
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A Map equation details

Let G = (V, E) be a graph with nodes V/, links E, and let w,,, € R denote the non-negative weight
on the link from node w to v. Further, let p,, be node u’s ergodic visit rate, which can be calculated
in closed form as p, = s./ ),y Sv in undirected graphs, where s, = Y, Wy, is node u’s
strength. In directed graphs, p,, can be calculated numerically with smart teleportation and a power

out

iteration by solving the recursive set of equations p, = aﬁ +(1-a) ZuGV Putuw, Where

sot = > cv Wuy is node u’s out-strength, ty, = Wyy/ Y, ey Wuo is the random walker’s transition

probability from node « to node v, and « is a teleportation parameter, typically set to o = 0.15 [45]].
Smart teleportation is similar to PageRank [67] but, instead of uniformly teleporting to nodes, the
random walker teleports to links proportional to their weight.

For a given partition M of the nodes into modules, the map equation [16] calculates the average
per-step description length — also called codelength — for describing the position of a random walker
on the graph:

L(M)=qH(Q)+ > pmH(Pn), @
meM
Here, ¢ =}, qm is the random walker’s module entry rate, ¢gm = >_,¢m 2 vem Puluv is module

m’s entry rate, and @ = {gm/q | m € M} is the set of normalised module entry rates; p, =
Mexit + Zuem Dy, 1s the rate at which the random walker moves in module m, including the exit

rate Mexit = )y em Zv m Putuv, and Pr = {Mexit/Pm } U {pu/Pm | © € m} is the set of normalised
node visit rates and ex1t rates for module m.

A.1 Rewriting the map equation

The map equation can be rewritten by expanding the entropy terms and cancelling common factors

L(M)=qH(Q)+ > pmH(Pa) ©)
meM
m X m X u u
:_gZlegQ me/< elt e1t+zp p)_ (6)
meM meM uEm
Applying logarithm rules gives
== mlogrgm + Y dmlogs g @)
meM meM

- Z Mexit 10%2 Mexic + Z Mexit 10g2 Pm — Z Z Pu 10g2 Pu + Z Z Pu 10g2 Pm, (8)

meM meM meM uem meM uem

and further simplification yields
=qlogyq— Y qmlogs Gm + > Pm10gs Pm — Y Meyilogy Mexit — Y pulogypu.  (9)
meM meM meM ueVv
In undirected networks where g, = meyi, this can be further simplified [20] to
=qlogy ¢ —2 ) gmlogsyqm + Y Pm10gs Pm — Y pulogs pu. (10)
meM meM ueV

The last term in Equation @]), that is, the nodes’ contribution to the codelength, is constant because
it does not depend on the module structure, and can be omitted during optimisation.

A.2  Node flow with soft cluster assignments

While the nodes’ codelength contribution is constant with hard clusters (Equation (I0)), expressing
the map equation with soft cluster assignments allows modelling the flow of nodes that are assigned
to more than one module in at least two different ways which we illustrate in Figure[7}

The first option is to reflect the nodes’ partial cluster assignment for assigning codewords. Consider
node v with visit rate p,, and partial assignments of % to clusters m; whose usage rate is py,, and %
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Figure 7: Modelling node flow with soft cluster assignments. The labels show each node’s
contribution to the overall codelength based on their visit rates. (a) The one-level partition where
all nodes belong to the same community. (b) With hard communities, the middle node must be
assigned to either the blue or orange community. Here, this leads to a higher codelength than for
the one-level partition. (c¢) Reflecting nodes’ partial assignments in the codelength contributions
means splitting them into several smaller pieces whose visit rates sum to the original node’s visit rate.
Important objects are split into several less important objects, requiring longer codewords because
of their lower visit rates. Overall, this tends to increase the codelength and can prevent identifying
overlapping modules. (d) Treating nodes’ contribution to the codelength as constant keeps the nodes
intact and allows important nodes to retain their higher visit rates, leading to shorter codewords. As
the codelength highlights, only this approach would identify communities in this example.

to cluster mo whose usage rate is pm,. Then, half of u’s flow, that is %“, falls into each of the two

clusters and u’s contribution to the overall codelength is —£* log, 2p:1 — B log, p2:2 . In general,

let node w’s assignment to cluster m; be s,; € [0, 1] with Zl swi = 1, and let m;’s usage rate be

Pm,- Then, node u’s contribution to the overall codelength is — > 5 SuiPu 10y szi -, Essentially, this

approach splits each node with assignments to more than one cluster into its corresponding parts,
resulting in potentially many small pieces with low visit rates.

The second option is to treat the nodes as indivisible when computing their codeword lengths but
reflecting their soft assignments in the contribution to the overall codelength. Using the same example

as above, node w’s contribution to the overall codelength is —%“ log, ;’—u — %“ log, ;’_u, which
mq mo
is lower because the values inside the logarithms are bigger. In general, u’s contribution to the

codelength is — EZ SwiPu 10gg 1%, where the difference to the previous option is that s,,; does not
appear inside the logarithm.
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B Results on synthetic networks with different (G)NN architectures

Here, we report further results on the synthetic LFR networks with planted communities for Neuromap,
DMoN, NOCD, DiffPool, MinCut, and Ortho using the following architectures: a dense linear layer,
a 2-layer MLP, a 2-layer GCN, and a 2-layer GIN. The setup is as described in the main text.

B.1 Linear-layer-based results
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Figure 8: Linear-layer-based results for deep-learning community-detection methods on synthetic
LFR networks with planted communities. The results show averages of partition quality measured by
AMI and number of detected communities |[M|. The shaded areas show one standard deviation from
the mean.

B.2 MLP-based results
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Figure 9: MLP-based results for deep-learning community-detection methods on synthetic LFR
networks with planted communities. The results show averages of partition quality measured by AMI
and number of detected communities |[M|. The shaded areas show one standard deviation from the
mean.
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B.3 GCN-based results
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Figure 10: GCN-based results for deep-learning community-detection methods on synthetic LFR
networks with planted communities. The results show averages of partition quality measured by AMI
and number of detected communities |M|. The shaded areas show one standard deviation from the
mean.

B.4 GIN-based results
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Figure 11: GIN-based results for deep-learning community-detection methods on synthetic LFR
networks with planted communities. The results show averages of partition quality measured by AMI
and number of detected communities |M|. The shaded areas show one standard deviation from the
mean.
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C Results on Real-World Networks

Here, we report further results on real-world networks for setting the number of hi
4./n and the maximum number of communities to s = y/n. Specifically, we vi

dden dimensions to
sualise the average

detected number of communities per loss function and neural network architecture for each dataset.

We tabulate the average AMI and average number of detected communities,

including standard

deviations. Two-sample t-tests show when Neuromap or a baseline performs significantly better than

the other.

C.1 Number of detected communities on real-world networks
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Figure 12: Average detected number of communities on real-world networks

. Colours indicate

methods while shapes indicate (G)NN architectures. The dashed horizontal lines show the correct
number of communities for each dataset while the solid horizontal lines show the chosen maximum
allowed number of communities, here s = y/n. DiffPool ran out of memory on the ogb-arxiv dataset.

We omit Infomap in the plot due to the large number of detected communities.
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C.2 Tabulated AMI results on real-world networks

Here, we report the detailed AMI performance for Neuromap, DMoN, NOCD, DiffPool, MinCut,
Ortho, and Infomap on real-world networks for setting the number of hidden dimensions to 4,/n and
the maximum number of communities to s = \/n. When several of the best-performing methods
achieve similar AMI, we use an independent two-sample t-test to determine whether one of them
can be considered to perform better than the other. In cases where their performances do not differ
significantly, we mark both as best.

Table 2: Average AMI in % (higher is better) and their standard deviations on real-world networks.
For each dataset, we highlight the best scores in bold and underline the second-best score. We tested
each method with 2-layer MLP, GCN, GIN, and SAGE architectures, except for Infomap, which is
not based on deep learning. OOM stands for “out of memory”.

Method Arch. Cora CiteSeer PubMed PC Photo CS Physics Cora ML ‘Wiki CS ogb-arxiv

Neuromap LIN 31.9+£79 195+£16 17.2£122 0.0£0.0 0.0£0.0 76.7+£14 56.5E£1.2 244£119 419423 4.7E£77
MLP 36.6+24 158+£1.1 232418 224+£86 398+£11.2 781+£20 559+£22 345+1.6 439+24 329413
GCN 385+20 162+13 208+12 521+23 650+38 704+16 503+14 364+12 411432 423+1.7
GIN 46.1+20 231+£12 246417 432+24 582+6.0 69.1+£28 52.7+27 375+£19 349+45 28.0£28
SAGE 41.6%+19 183+12 204410 436£48 481458 709£24 51.9£22 391+21 448+22 436=£1.0

DMoN LIN 1.2+1.6 32+£16 0.7£1.0 34+£29 3.7£40 252%+108 57+£73 04+£08 48+£39 40£3.6
MLP 36.6+1.2 225+£09 6.7+£4.1 1544116 435+£89 402+6.5 347+£35 362412 31.5£80 128+1.7
GCN 386+09 204+09 183+£02 438+03 505+03 53.1+£02 334402 37.7+£09 36.7+04 384+02
GIN 372+1.1 195+£09 17.0£03 354+23 456+08 49.9+04 298404 347+15 29.7+08 262+32
SAGE 39.14+1.0 213+£13 17702 374%x11.9 508403 531£03 33.6%£02 405x1.0 364+04 381%£03

NOCD LIN 51+1.9 24+£13 3717 1.2+2.7 0.1+£0.3 40.2£9.8 19.3£7.0 33£1.1 10.8 £3.1 42+£25
MLP 46.1+11 348+09 205+£24 455+25 605+£34 739+£17 5024+1.0 465+14 409+12 9.7£23
GCN 41.1+£09 202408 21.2+06 51.9+19 632+09 633+1.0 4204+0.7 391+£10 442+06 43.8+04
GIN 43.4+11 264412 213406 342+19 553+19 63.7+09 483+1.5 433+12 376%+11 287+1.2
SAGE 40.7+09 198+£08 1964+04 51.1+16 63.7+£16 63708 424+0.7 406x1.1 424404 431%£03

DiffPool LIN 04+1.1 1.1+£1.9 0.0£0.0 0.0£0.0 00£00 2224143 189+£159 0.0£0.1 24+£21 OOM
MLP 9.0+£1.2 6.7£1.0 189+1.4 1.6+0.4 3.1+£09 64.5+4.8 49.1+44 9.5+£1.2 25.8+£2.6 OOM
GCN 39.8+2.0 182413 23.7+15 37.0+£80 538475 733+£20 624+36 335+1.2 357+38 OOM
GIN 309+3.6 21.3+£23 163£39 145+32 328+46 503+39 41.0+£39 31.6+28 11.3+3.1 OOM
SAGE 383+24 164+14 219415 3.1£03 16.7£6.1 71.4+34 592+£33 296+£22 381£28 OOM

MinCut LIN 26.1+25 165+£1.3 22+£1.0 0.0£0.0 0.0£0.0 57506 36.8£0.9 304%x12 16.0%=1.4 3.8+£35
MLP 34.7+£6.6 205+£09 51+£24 0.0£0.0 52+£99 53.9+£6.4 294+£99 396413 281+42 8.0+£27
GCN 26.2+15 120+£07 11.04+28 159+21.2 452+136 44.7+£33 322+£6.8 262+0.7 321405 339447
GIN 39.3+38 189+0.7 19.8+43 6.8+6.8 355+19.3 32.7+19.5 51.7+£54 6.9+4.5 1.3+6.2 103 £73
SAGE 31515 162+£08 1554+03 41.6+£06 469405 471£05 305£24 359x0.7 323%£05 33.0%£15
Ortho LIN 7.0£0.7 5.6 £0.7 16.54+04 188+£90 247+£114 454+20 267£15 156%x1.1 29609 19.1%£0.5
MLP 53£0.5 3.8+£04 106 £04 198+55 306+£40 56.3+1.7 320%x1.1 53+£0.5 28.8+09 185+£04
GCN 229+09 109+07 138405 40.7£09 46.0+14 51.6+1.0 324+£1.0 192+1.1 321405 3434+0.7
GIN 30713 17.8+£09 13.6+£05 34.0+0.9 423+0.7 441+£06 25.0+0.7 287+1.1 294+06 241£08
SAGE 18.0+0.9 84+£08 9.9+£0.4 35.4+39 463£16 528%x12 344+£11 16.3+1.1 31.7£05 249£0.3

Infomap 35.2+£0.2 236+01 16.0%£01 495£05 573+£1.1 40.6£02 26.7+£0.1 35.7x£03 37902 359%£0.1

C.3 Significance of best Neuromap results vs. best baseline

Table 3: Independent two-sample t-test between 25 samples of AMI values for Neuromap vs. the
best baseline for 41/n hidden features and s = y/n. The p-values indicate for which datasets the null
hypothesis “the samples have the same mean” can be rejected. Blue p-values highlight cases where
Neuromap performs significantly better than the best baseline; red p-values highlight cases where the
best baseline performs significantly better than Neuromap.

Dataset Best Neuromap Best Baseline p

Cora GIN 46.14+2.0 NOCDMLP 46.1+1.1 0.92
CiteSeer GIN 23.1+1.2 NOCD MLP 34.8+09 3.3e 3°
PubMed GIN 24.6 £1.7 DiffPool GCN 23.7+1.5 0.05

PC GCN 52.1£2.3 NOCD GCN 51.9+1.9 0.69
Photo GCN  65.0+3.8 NOCDSAGE 63.7+1.6 0.14
CS MLP 78.1+2.0 NOCDMLP 73.9+1.7 4.4e 10

Physics LIN 56.54+ 1.2 DiffPool GCN 62.44+3.6 1.5¢ Y8
CoraML SAGE 39.1+2.1 NOCD MLP 46.5+14 5.7e¢ '8
WikiCS SAGE 44.8+2.2 NOCD GCN 44.2+0.6 0.23
ogb-arxiv. SAGE 43.6 1.0 NOCD GCN 43.8+04 0.38
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C.4 Significance of Neuromap results vs. Infomap

Table 4: Independent two-sample t-test between 25 samples of AMI values for Neuromap with
different (G)NN architectures vs. Infomap for 4,/n hidden features and s = /n. The p-values
indicate when the null hypothesis “the samples have the same mean” can be rejected. Blue p-values
highlight cases where Neuromap performs significantly better than Infomap; red p-values highlight
cases where Infomap performs significantly better than Neuromap.

Dataset LIN MLP GCN GIN SAGE
Cora 0.05 6.8 3 24e % 8.1e 20 94e15

CiteSeer 7.5e 12 4.2e 22 28e 20 0.06 2.1e 17
PubMed 0.65 2.1e 16 4216 2518 2217

PC 1.8 48 47e 1 6.0e® 24e 1% 39e 6
Photo 1.8 42 6.6e 8 23e10 0.48 5.2e 8
CS 76e 36 11e 32 29e32 75e 26 5.1e 28

Physics 2.7e735 1272 58e 3 322 27e %
CoraML 9.6e° 1.4e? 0.01 7.0e7 3 1.7e8
Wiki CS 7.0e 2 83e 12 45e 5 39e 3 34e 14

ogb-arxiv 1.8 16 1.3e '! 54e 16 46e'? 89e 23

C.5 Tabulated number of detected communities on real-world networks

Here, we report the average number of detected communities for Neuromap, DMoN, NOCD, DiffPool,
MinCut, Ortho, and Infomap on real-world networks for setting the number of hidden dimensions to
4+/n and the maximum number of communities to s = /n.

Table 5: Average number of detected communities and their standard deviations on real-world
networks. We tested each method with 2-layer MLP, GCN, GIN, and SAGE architectures, except for

Infomap, which is not based on deep learning. OOM stands for “out of memory”.
Method Arch. Cora CiteSeer PubMed PC Photo Cs Physics Cora ML Wiki CS ogb-arxiv

Neuromap LIN 14.4+£3.7 38.0+3.9 12.4+£8.1 1.0£0.0 1.0£0.0 50.1+£5.2 34.5+4.5 11.4+£25 17.0£1.7 2.4+ 1.6
MLP 44.4+25 573£09 308+3.8 3.0+0.8 40+1.2 222424 35.8+3.3 48.3+1.9 123+£1.3 29.5+4.4
GCN 50.7£0.9 58.0+0.0 51.6+44 21.2+34 19.6 £2.1 34.6 £4.5 73.0 £8.0 54.3+0.7 17.5+£2.4 34.4+7.0
GIN 20.8+22 320+27 12.7+£1.3 6.4+1.3 6.8+0.8 14.2£26 149+1.8 22.6 2.7 6.8+ 1.7 55+ 1.3
SAGE 43.9+24 57.6+0.6 34.4+25 72+1.9 81+1.3 22.0+238 41.3+£6.1 45.4+238 17.1£2.0 39.5+44

DMoN LIN 13.6+13.3 251+108 25+£1.7 24+1.0 2.6+14 10.0 £6.3 7.7+6.7 45+6.2 10.9£5.6 7.6+6.4
MLP 52.0£0.2 579403 248+33.0 51.4+36.3 81.2+15.0 63.1+17.1 76.3+6.7 55.0+0.2 9294271 1189 +£13.2
GCN 51.9+0.3 58.0+0.0 140.0+0.0 117.0£0.0 87.0£0.0 135.0%+0.0 186.0 £ 0.0 54.84+0.4  108.0+0.0 412.0£0.0
GIN 51.6+0.6 57.0+1.0 140.0+0.0 110.6+£6.1 84.5+1.7 134.9+0.3 185.9+0.3 54.5 £ 0.6 97.2+4.0 301.8+77.3
SAGE 51.8+04 58.0+0.0 140.0+0.2 116.8+0.7 86.8+0.4 135.0+0.0 186.0 £ 0.0 54.8+0.4 108.0 £ 0.0 412.0£0.0

NOCD LIN 20.5+10.2 17.5+£21.5 12.1+3.1 1.7£1.0 1.0£0.2 34.7+8.5 21.6+24 24.8+3.9 11.2+£0.9 129+28
MLP 29.3+27 236+4.1 29.8+27 13.9+39 11.0£2.5 20.4+3.7 22.8+2.7 276+ 1.7 28.3+2.0 145.4 £41.7
GCN 51.7£0.6 58.0+0.0 35.1£29 723+£192 51.1+£11.0 68.4+£86 73.9+73 54.0£0.8 33.8+3.9 69.0 £6.5
GIN 24.2+1.7 288+26 359+6.2 33.1+58 25.1+£4.0 27.0+4.1 29.9+4.3 24.9+2.6 45.7+5.1 78.5+15.6
SAGE 478+16 566+13 60.6+33 320+3.0 25.1+3.0 45.3+ 3.6 55.7+2.9 51.1+1.7 46.6 2.7 68.0 + 6.6

DiffPool LIN 26+1.1 4.6+3.3 1.0+0.0 1.2+05 1.0£0.0 6.7+6.1 81+£5.5 1.0£0.2 44+£1.0 OOM
MLP 51.8+04 58.0+0.2 43.6%£4.7 2.2+0.5 22404 16.5 £2.6 39.8+6.1 55.0 £ 0.0 10.0£1.4 OOM
GCN 482+1.6 57.9+£04 156 £2.1 57+1.1 5.7+0.8 128 +£2.3 19.0£3.3 54.14£0.9 7T7+14 OOM
GIN 11.5+£2.2 174+£3.1 7.3+ 1.6 3.5+0.6 52408 70+1.1 6.6 +1.1 155 £2.5 4.7+£1.0 OOM
SAGE 49.7+13 580+0.2 26.0+3.0 32+04 3.9+0.7 10.7£1.6 158 +£2.1 54.24+0.7 10.1£1.2 OOM

MinCut LIN 51.3£09 548+19 40.0%6.1 1.0£0.2 1.1£0.3 91.0+3.9 89.6 6.2 55.0 £ 0.0 48.5+4.9 81.6 +93.0
MLP 51.5+1.6 58.0+0.0 25774 1.0£0.0 1.2+£04 21.24+41.8 118.6+24.6 381+£58 101.4+19.2 155.04+49.5
GCN 52.0£0.0 58.0+0.0 1349441 69.5+252 628+20.3 133.24+29 157.0+£40.2 55.0£0.0 108.0+0.0 97.4420.9
GIN 21.54+20.0 55.7+£85 1504375 11.0£42 10.1+£55 73.9+63.8 6.1+6.7 40.6 £6.0 4.0+ 14.5 10.5 £4.2
SAGE 52.0+0.0 58.0#+0.0 140.0+0.0 1159+28 869403 135.04+0.0 176.5+24.6 55.0+£0.0 108.0+0.0 379.5+33.7

Ortho LIN 48.7+1.3 534+£1.7 68.1%57 9.5+4.1 9.4+£5.1 97.4+6.6 149.5+£5.4 34.5+3.3 33.2+2.6 32.8+34
MLP 52.0£0.0 58.04+0.0 1269+4.7 88+23 11.2+£2.0 48.14+9.1 101.7+11.2  55.0+0.0 41.0+6.2 187.7+18.9
GCN 52.0£0.0 58.0+0.0 140.0+0.0 1149+16 85.0+33 1156119 166.2+159 55.0+£0.0 108.0+0.0  253.8+68.3
GIN 52.0+0.0 58.0+0.0 140.0+0.0 958+44 788428 135.0%+0.0 185.8 £1.0 55.04+0.0 107.54+0.8 170.2+224
SAGE 52.0+0.0 580+0.0 140.0+0.0 52.54+30.2 524+21.7 84.9+17.5 109.5 + 18.1 55.04+0.0 105.1+1.6 379.8 £4.6

Infomap 282.2+4.1 62894+27 924.9+9.1 4551451 223.5+44 8344+£94 1160.8+11.4 2874+38 747.0+£8.4 4840.0+22.4
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D Results on real-world networks with fixed number of hidden channels

We provide further results on real-world networks with a different configuration of the neural networks:
we set the number of hidden channels to 512 and set the maximum number of communities to the
“ground-truth” number of communities, that is s = |Y|.

D.1 Average Achieved AMI
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Figure 13: Average achieved AMI on real-world networks (higher is better) for s = |Y|, that is,
the “ground-truth” number of communities. Colours indicate methods while shapes indicate neural
network architectures. DiffPool ran out of memory on obg-arxiv.

D.2 Average Number of Detected Communities
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Figure 14: Average detected number of communities on real-world networks. Colours indicate
methods while shapes indicate neural network architectures. The dashed horizontal lines show the
correct number of communities for each dataset, which is also the maximum allowed number of
communities. We omit Infomap in the plot due to the large number of detected communities.
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D.3 Tabulated AMI results on real-world networks

Here, we report the detailed AMI performance for Neuromap, DMoN, NOCD, DiffPool, MinCut,
Ortho, and Infomap on real-world networks for setting the number of hidden dimensions to 512 and
the maximum number of communities to s = |Y|. When several of the best-performing methods
achieve similar AMI, we use an independent two-sample t-test to determine whether one of them
can be considered to perform better than the other. In cases where their performances do not differ
significantly, we mark both as best.

Table 6: Average AMI in % (higher is better) and their standard deviations on real-world networks.
For each dataset, we highlight the best scores in bold and underline the second-best score. We tested
each method with 2-layer MLP, GCN, GIN, and SAGE architectures, except for Infomap, which is
not based on deep learning. OOM stands for “out of memory”.

Method Arch. Cora CiteSeer PubMed PC Photo Ccs Physics Cora ML Wiki CS ogb-arxiv
Neuromap LIN 19.9+10.3 128 +£6.9 0.9+3.7 0.0£0.0 0.0£0.0 71.9+37 595+82 53+9.1 11.7+11.0 0.0+0.0
MLP 32.7+4.6 13.6 £2.6 229+46 336+133 51.3+11.1 748+24 582+60 246+29 38.7+48 303+18
GCN 31.7£3.0 128 £2.9 192+58 499+36 61.4+4.2 68.4+24 54.0 £6.4 26.5£2.8 36.9£4.2 40.2+1.6
GIN 35.8+4.1 16.1 +£3.2 16.1 +£5.8 40.5+3.9 50.3+7.0 65.2+3.4 45.0+6.8 25.0£3.5 29.7+8.1 22.2+£25
SAGE  32.5+5.0 129427 19.84+4.6 455454 49.246.1 69.04+2.8 49.6 £ 6.0 262428 41.0£25 399+1.6
DMoN LIN 153 +11.7 9.2+6.9 9.1+4.5 1.0+0.8 20+2.1 55.1+129 31.9+19.4 18.7+120 9.1+129 08+1.1
MLP 36.1+5.2 20.24+3.6 19.0+£6.5 45.0+2.2 56.74 3.1 721+£1.1 51.5£3.9 342435 38.6+30 29.7+£04
GCN 372+42 18.4+2.6 19.3+£4.0 464419 57.7+28 66.6 + 1.9 48.24+6.1 33.8£3.5 382422 40.6+£04
GIN 27.4+3.3 11.54+3.1 103+ 7.1 353423 42.6+4.9 53.1+37 39.5+64 274+24 222435 271+1.6
SAGE 37.0+4.0 18.0+3.4 175437 464+1.6 58.0+3.2 66.3 +1.6 472+ 4.8 35.6 +£3.8 38.6+21 402+04
NOCD LIN 29+1.3 3.0+1.6 0.2+0.5 1.9+25 21+3.0 245+7.7 72+45 3.6+1.2 94425 4.0+1.4
MLP 33.1+14.7 296+108 16.8+38.1 479+21 551+154 740+14 568+39 393+53 381425 289+0.5
GCN 32.6 4.6 1.7+ 1.7 193+73 496+22 644+41 68.0+£23 46.5+73 246+11.2 423+22 43.6+0.5
GIN 35.1+48 19.2+34 17.0+£6.3 326+3.7 433+4.1 60.0 £ 3.8 424+49 345+£3.9 279+32 23.7+12
SAGE 32.5+£3.7 11.6 £2.8 226+49 47.7+£24 633+£35 69.7+£19 54.5 £4.7 36.7+28 41.7+23 429104
DiffPool LIN 08+1.9 1.2+£0.5 0.0+0.0 0.0£+0.0 0.0£0.0 20.0+14.2 17.2+18.2 0.0+0.0 0.0£0.0 OOM
MLP 49+13 41+14 10.3+ 3.6 1.6+04 3.5+1.4 50.6 £6.7 304£79 51+1.0 19.3+£34 OOM
GCN 28.5 +4.1 12.4+£25 188 +5.5 304491 46.4+6.5 69.0+ 3.9 50.6 £6.7 22.5+3.1 29.3+48 OOM
GIN 14.0 £ 4.8 82+3.1 21+1.7 53+5.6 5.7+6.8 28.449.1 2824122 125+38 51+3.0 OOM
SAGE  24.4+3.0 11.6 £2.5 18.9+5.0 3.14+0.6 128+ 6.1 65.6 & 4.5 53.6 £9.0 17.1+£29 33.5+£32 OOM
MinCut LIN 30.6 +4.3 16.7 + 2.6 21.0+19 3.1+85 1.9+6.4 68.9 4+ 3.0 49.1+3.4 33.7+34 1944104 3.8+£20
MLP 30.4+4.5 15.5+3.5 19.7+£6.3 388+£133 564+£27 66.5+1.2 44.3+4.38 33.2+£4.7 374423 21.6+£81
GCN 31.9+3.7 13.14+2.8 1854+4.2 463420 56.1+2.9 62.1+14 46.7+5.3 28.2+3.2 375419 37.7+14
GIN 35.7+2.9 18.9+3.0 20.2+4.1 324+78 492449 60.7+1.4 46.1+43 220+24 248+11.9 142446
SAGE  33.6+2.9 13.9+3.5 17.14+3.7  43.7+£25 54.0+2.8 62.3+1.2 46.2 +6.8 29.4£3.7 371+£19 373+05
Ortho LIN 82+1.2 8.0+23 15.74+ 4.6 124+6.5 13.6 £8.6 57.4+2.6 42.6+5.1 12.7+3.7 18.7+£5.0 17.1+1.1
MLP 44+1.0 3.5+1.0 8.5+ 3.6 224 +5.7 271+29 55.8 £2.7 20.7+£74 43+1.1 25.1+1.8 17.9+0.5
GCN 22.0£3.0 10.2+2.1 16.4+48 451419 54.4+3.6 62.2+2.0 42.0+£5.9 19.1+3.2 35719 346+08
GIN 19.2+ 3.6 94+29 6.3+3.0 374+38 459+ 3.0 51.8£2.7 31.7+54 17.6 = 2.6 23.2+26 25.5+1.2
SAGE 21.5+4.1 7.6+£2.5 15.9+3.8 294+23 36.6 +3.2 60.9+2.1 40.1+6.3 15.9+3.2 342+22 29.5 +£0.6
Infomap 35.2+0.2 23.6 £0.1 16.0+£0.1 495+05 573+1.1 40.6 0.2 26.7£0.1 35.7£0.3 379+0.2 35.9+0.1

D.4 Significance of best Neuromap results vs. best baseline

Table 7: Independent two-sample t-test between 25 samples of AMI values for Neuromap vs. the
best baseline for 512 hidden features and s = |Y'|. The p-values indicate for which datasets the null
hypothesis “the samples have the same mean” can be rejected. Red p-values highlight cases where
the best baseline performs significantly better than Neuromap.

Dataset Best Neuromap Best Baseline p
Cora GIN 35.8+4.1 DMoN GCN 37.2+£4.2 0.25
CiteSeer  GIN 16.14+3.2 NOCDMLP  29.6+10.8 2.4e ¢
PubMed MLP 229446 NOCDSAGE 22.6+4.9 0.83
PC GCN 499+3.6 NOCD GCN 49.6 £ 2.2 0.73
Photo GCN 61.4+4.2 NOCD GCN 64.4+4.1 0.02
CS MLP 748+24 NOCD MLP 74.0+14 0.15
Physics LIN 59.5 £ 8.2 NOCD MLP 56.8 + 3.9 0.17
CoraML GCN  26.5+2.8 NOCD MLP 39.3+53 1.6e '2
WikiCS SAGE 41.0+2.5 NOCD GCN 42.3+2.2 0.05
ogb-arxiv. GCN  40.2+1.6 NOCD GCN 43.6+£0.5 4.8e '
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D.5 Significance of Neuromap results vs. Infomap

Table 8: Independent two-sample t-test between 25 samples of AMI values for Neuromap with
different (G)NN architectures vs. Infomap for 512 hidden features and s = |Y'|. The p-values indicate
when the null hypothesis “the samples have the same mean” can be rejected. Blue p-values highlight
cases where Neuromap performs significantly better than Infomap; red p-values highlight cases where
Infomap performs significantly better than Neuromap.

Dataset LIN MLP GCN GIN SAGE
Cora 1.6e 7 0.01 9.2¢ 6 0.47 0.02
CiteSeer 6.4e 8 1.0e 15 11e 1 2711 51e16
PubMed 1.2 16 15e 7 0.01 0.95 4.9 4
PC 1.8¢ 48 5.1 6 0.55 44e 11 1.6e 3
Photo 1.8e 42 0.02 6.3¢ 5 B7e 5 1.1e°
CS 62724 18e 29 3.0e 27 25e 22 8.8 26

Physics 3.1e 16 6.5e71? 7.3e 7 16e 12 7.2¢716
CoraML 1.7e '* 53e 716 25e ' 99e % 65e 1°
Wiki CS  2.4e ! 0.42 0.29 5.3e > 3.4e7°
ogb-arxiv 3.7e %% 45e 1'% 20e'? 1.3e !9 54e 12

D.6 Tabulated number of detected communities on real-world networks

Here, we report the average number of detected communities for Neuromap, DMoN, NOCD, DiffPool,
MinCut, Ortho, and Infomap on real-world networks for setting the number of hidden dimensions to
512 and the maximum number of communities to s = |Y|.

Table 9: Average number of detected communities and their standard deviations on real-world
networks. We tested each method with 2-layer MLP, GCN, GIN, and SAGE architectures, except for

1)

Infomap, which is not based on deep learning. OOM stands for “out of memory”.

Method Arch. Cora CiteSeer PubMed PC Photo (& Physics Cora ML Wiki CS ogb-arxiv
Neuromap LIN 40+1.2 4.5+0.9 1.1+0.3 1.04+0.2 1.0+0.0 10.6+1.4 4.1+£0.7 2.6+08 3.0+0.9 1.24+04
MLP 7.04+0.0 6.0+0.0 3.0+£0.0 3.7+£09 41+11 122+1.2 5.0+0.0 7.0+0.0 76+1.1 12.0+2.4
GCN 7.0+0.0 6.0+0.0 3.0£0.0 9.7+0.5 8.0+0.2 13.8+1.0 5.0£0.0 7.0£0.0 8.7+0.9 16.2+2.3
GIN 5.54+0.8 51406 28404 3.6+0.5 4.8+09 7.9+0.8 3.9+0.7 5.6+0.8 49+12 48+15
SAGE 7.0+0.0 6.0+0.0 3.0+£0.0 6.5+0.9 6.1+£05 12.7+1.2 5.0+0.0 7.0+0.0 9.4+0.6 13.0+1.1
DMoN LIN 59+1.8 52+1.5 3.0+£0.0 22+09 23+1.0 141425 4.5+0.9 6.0+18 51+3.1 3.5+3.2
MLP 6.9+0.3 6.0+0.0 3.0+£0.0 10.0 £ 0.0 8.0+0.0 15.0 £ 0.0 5.0+0.0 7.0+02 10.0+£0.0 40.0 +0.0
GCN 7.0£0.0 6.0 £0.0 3.0£0.0 10.0 £ 0.0 8.0£0.0 15.0 £ 0.0 50+£0.2 7.0+0.2 10.0 £0.0 40.0 £0.0

GIN 7.0£0.0 59£0.3 3.0£0.0 9.9+0.3 8.0£0.0 15.0 £ 0.0 50£0.0 7.0£0.0 10.0£0.2 39.5£1.0
SAGE 7.0+0.2 59403 3.0£0.0 10.0 £ 0.0 8.0£0.0 15.0 £ 0.0 5.0£0.0 7.0£0.0 10.0£0.0 40.0£0.0

NOCD LIN 7.0+0.0 58+0.4 1.7+0.5 32+1.1 28+1.2 10.8 +2.5 5.0+£0.0 7.0+£0.0 9.5+0.7 10.1+1.3
MLP 7.0£0.0 6.0+£0.0 3.0£0.0 94409 74+£0.6 135+ 1.1 5.0£0.0 7.0+£02 9.84+0.6 23.9+3.6
GCN 7.0+£0.0 6.0 £0.0 3.0£0.0 10.0 £ 0.0 8.0£0.0 15.0 £ 0.0 5.0+£0.0 7.0£0.0 10.0 £0.0 36.2+£1.4
GIN 6.2+0.6 5.5+0.6 2.9+0.3 8.5+0.6 6.8+ 1.0 127+ 14 48+04 6.4+0.6 9.4+0.6 20.5+3.2
SAGE 7.0£0.0 6.0+0.0 3.0£0.0 10.0+0.2 8.0+0.0 15.0 £ 0.0 5.0£0.0 7.0+£0.0 10.0£0.0 31.8+£1.8

DiffPool LIN 22+0.7 32+0.6 1.0£+0.0 1.0+0.0 1.0£0.0 6.9+25 3.5+£1.0 1.0+0.0 2.5+0.6 OOM
MLP 7.0£0.0 6.0+£0.0 3.0£0.0 22404 2.6£0.7 11.6+1.9 5.0£0.0 7.0£0.0 6.24+0.9 OOM
GCN 7.0+£0.0 6.0 £0.0 3.0£0.0 53+14 50£0.7 10.0+1.2 50+£0.0 7.0£0.0 55+1.0 OOM
GIN 3.7+0.6 3.0+£0.7 22+04 46+1.2 43+1.1 62+3.1 42+09 3.3+09 3.9+13 OOM
SAGE  7.0£0.0 6.0£0.0 3.0£0.0 32404 3.3£05 84+13 5.0£0.0 7.0£0.0 7.0£0.8 OOM

MinCut LIN 7.0+£0.0 6.0 £0.0 3.0£0.0 1.3+0.7 1.1£0.3 13.8+1.1 5.0+£0.0 7.0£0.0 6.0+24 10.8£9.1
MLP 7.0£0.0 6.0£0.0 3.0£0.0 77+£34 8.0£0.0 15.0£0.0 5.0£0.0 7.0£0.0 10.0 £ 0.0 36.2 £4.6

GCN 7.0£0.0 6.0+£0.0 3.0£0.0 10.0 £ 0.0 8.0+0.0 15.0 £ 0.0 5.0£0.0 7.0£0.0 10.0£0.0 37.1+£5.4
GIN 7.0+0.0 6.0 £0.0 3.0£0.0 6.1+1.8 79+0.3 15.0 £ 0.0 5.0+£0.0 7.0£0.0 84+34 8.9+3.8
SAGE  7.0£0.0 6.0+£0.0 3.0£0.0 10.0 £ 0.0 8.0£0.0 15.0 £ 0.0 5.0£0.0 7.0£0.0 10.0£0.0 40.0£0.0
Ortho LIN 7.0+£0.2 56+0.5 2.7+0.4 45+1.5 38+14 13.3+0.6 5.0+£0.0 6.1+14 7T8+£1.7 15.0+ 1.7

MLP 7.0£0.0 6.0+£0.0 3.0£0.0 83+15 74£0.7 15.0£0.0 5.0£0.0 7.0£0.0 10.0£0.0 35.6 £1.8
GCN 7.0£0.0 6.0+0.0 3.0£0.0 10.0 £ 0.0 8.0+0.0 15.0+ 0.0 5.0£0.0 7.0+£0.0 10.0£0.0 40.0£0.0
GIN 7.0£0.0 6.0+0.0 3.0+0.0 10.0 +£0.0 8.0+0.0 15.0 +£0.0 5.0£0.0 7.0+0.0 10.0+0.0 40.0 0.0
SAGE  7.0£0.0 6.0+£0.0 3.0£0.0 10.0 £ 0.0 8.0£0.0 15.0 £ 0.0 5.0£0.0 7.0£0.0 10.0 £ 0.0 39.9+£0.3

Infomap 2822441 628.9+£27 9249491 455.1+5.1 223.5+44 8344+94 1160.8+11.4 287.4+3.8 747.0£84 4840.0+£224
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E Performance impact of hidden layers and max. number of communities

Here, we report the performance difference in terms of achieved average AMI score between using
(i) 44/n hidden layers and a maximum of s = y/n communities, and (ii) 512 hidden layers and a
maximum of s = |Y'| communities, that is, the “ground-truth” number of communities. The tabulated
values show much better or worse the methods perform when using setup (ii) as compared to setup (i).
That is, a positive value, shown in green, means that setup (ii) gives a better result while a negative
value, shown in red, means that setup (i) gives a better result.

We find that, for Neuromap, NOCD, and DiffPool, setup (i) generally works better. In contrast,
DMoN, MinCut, and Ortho often perform better with setup (ii), indicating that they require knowing
the correct number of communities to perform well.

Table 10: Performance difference in terms of achieved average AMI score between (i) 41/n hidden
layers and a maximum of s = /n communities, and (ii) 512 hidden layers and a maximum of
s = |Y'| communities, that is, the “ground-truth” number of communities. OOM stands for “out of

memory”.

Method

Arch.

Cora

CiteSeer

PubMed

PC

Photo

Physics

CoraML  Wiki CS

ogb-arxiv

Neuromap

LIN
MLP
GCN
GIN
SAGE

)

—16.30
0.30
1.60
8.50

0.60

0.00

[N
=~ b

0.00

3.60
7.90

—19.10 —
9.90
9.90
12.50
12.90

CI G S
SR RIS

© Ut N

DMoN

LIN
MLP
GCN
GIN
SAGE

1.70

NOCD

LIN
MLP
GCN
GIN
SAGE

—12.10

5.90

DiffPool

LIN
MLP
GCN
GIN
SAGE

1.70
18.70
—11.80
—12.80
—5.60

MinCut

LIN
MLP
GCN
GIN
SAGE

5.60

Ortho

LIN
MLP
GCN
GIN
SAGE

6.40

—6.00

2.30

Infomap

0.00

0.00
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F Further results on a synthetic network with overlapping communities

Here we show the detected communities on a synthetic network with overlapping communities with
a dense linear layer, a 2-layer MLP, a 2-layer GIN, and a 2-layer SAGE architecture. We use |V|
hidden channels and set the maximum number of communities to s € {2, 3}.

F.1 Linear-layer-based results
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Figure 15: Linear-layer-based results on a synthetic network with overlapping communities where
the leftmost network shows the true community structure. Nodes are drawn as pie charts to visualise

their community assignments. The top and bottom rows show results for a maximum of s = 2 and
s = 3 communities, respectively.

F.2 MLP-based results
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Figure 16: MLP-based results on a synthetic network with overlapping communities where the
leftmost network shows the true community structure. Nodes are drawn as pie charts to visualise

their community assignments. The top and bottom rows show results for a maximum of s = 2 and
s = 3 communities, respectively.
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F.3 GIN-based results
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Figure 17: GIN-based results on a synthetic network with overlapping communities where the
leftmost network shows the true community structure. Nodes are drawn as pie charts to visualise
their community assignments. The top and bottom rows show results for a maximum of s = 2 and

s = 3 communities, respectively.

F.4 SAGE-based results
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Figure 18: SAGE-based results on a synthetic network with overlapping communities where the
leftmost network shows the true community structure. Nodes are drawn as pie charts to visualise
their community assignments. The top and bottom rows show results for a maximum of s = 2 and

s = 3 communities, respectively.
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NeurlIPS Paper Checklist

1.

Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Abstract and introduction introduce the research gap and summarise the
developed method and experimentally achieved results on a high level.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We discuss the limitation of our work in section 4.

. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [NA]

Justification: We focus on adapting the well-established map equation framework for
community detection with (graph) neural networks and show its utility empirically, however,
our work does not include theoretical results or proofs.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Our main contribution is adapting the map equation as a differentiable loss
function for optimisation with (graph) neural networks. We present the mathematical
formulation of our adaptation in section 4. In section 5, we describe our experimental setup,
including hyperparameter settings for our experiments.

. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We made our code available through a public GitHub repository and the
synthetic networks through a Zenodo repository. The used real-world networks are publicly
available.

. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We detail our experimental settings, including hyperparameters, in section 5.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We report the average achieved performance with standard deviations.

. Experiments Compute Resources
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10.

11.

12.

13.

14.

15.

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: We describe the utilised computational hardware in section 5.

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We have reviewed the code of ethics and find that we conform with it.
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer:

Justification: We consider the task of detecting communities in complex networks. While
any algorithm can potentially be abused for malicious purposes, we believe that, in our case,
this would be a rather contrived scenario.

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer:

Justification: We find it not applicable to provide safeguards in the context of detecting
communities in complex networks to understand their organisational structure.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We cite the original works of the models we use as baselines as well as the
sources of the datasets we use.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: We do not introduce new assets.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Our work involves neither crowdsourcing nor research with human subjects.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: Our work involves neither crowdsourcing nor research with human subjects.
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