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Abstract

Modern large-scale deep learning exhibits two striking empirical phenomena: behavioural scaling
laws (predictable performance gains with increasing scale) and emergent mechanisms (structured
internal representations and circuits in deep neural networks). We hypothesise that these two phe-
nomena are connected: that predictable changes in behaviour are the result of predictable changes
in internal computational structure. In this paper, we report preliminary evidence of such a connec-
tion. We find a correlation between scaling patterns in performance and representations in small
transformers trained to predict the outputs of a hidden Markov model, for which residual activations
are known to linearly encode a belief distribution over latent states in a probability simplex.
Keywords: Science of deep learning, scaling laws, developmental interpretability.

1. Introduction

Through modern advancements in software [13, 30], hardware [3], and neural network architecture
[5, 23, 62], it has become possible to train increasingly large neural networks on increasingly large
amounts of data [e.g., 8, 42, 43, 51, 52]. The resulting models have driven remarkable growth
in applications of Al throughout society [56]. While these applications have captured the world’s
attention, from the perspective of a natural scientist, the most interesting empirical phenomena in
recent Al history are the following:

1. Examples of interpretable internal structure: Sometimes, trained neural networks store
interpretable internal representations of relevant variables [e.g., 29, 50, 40, 18, 32, 37, 57, 54,
60, 9, 20, 22, 4], and operate on these representations using interpretable circuits [e.g., 40,
35, 36, 66, 17, 41, 65,47, 61].

2. Principled variation in behaviour with scale: The behaviour of trained neural networks
follows predictable patterns, such as performance power laws, as a function of the scale of
training (the number of data points, model parameters, or optimisation steps) over many or-
ders of magnitude [e.g., 24, 55, 28, 25, 6].

We hypothesise that these two phenomena are each reflections of a third underlying phenomenon:

3. Principled variation in structure with scale: the degree and kind of computational structure
present inside trained neural networks follow predictable patterns as a function of scale.

Hypothetically, it is these changes in structure that drive changes in behaviour—in contrast to mod-
els of scaling that view neural networks as tabular function approximators [27, 34, 58]. Moreover,
examples of interpretable mechanisms and representations appear when the underlying changes in
structure happen to surface as particularly interpretable—a salient special case against a broader
backdrop of unexplained frontier model cognition [38, 39].
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Figure 1: Simplicial sequence modelling. Left: Hidden Markov model sequence generator. Edge
annotations denote probability of transitioning between latent states si, s2, s3 while emit-
ting symbols A, B, C. Right: Probability simplex of belief distributions over latent states
s1, S2, 3. Scattered points are Bayesian belief distributions from a sample of sequences.

In this paper, we investigate this hypothesis by studying a known example of structured repre-
sentations from the mechanistic interpretability literature, namely the simplicial sequence modelling
setting of Shai et al. [57]. In this setting, we show that with increasing scale (training steps), the
internal representations become increasingly refined, roughly following a power law.

2. Background

We generated a data set of observation sequences of length 10 sampled from an edge-emitting
hidden Markov model with three latent states (Figure 1, left). The specific hidden Markov model is
the “mess3” process studied by Marzen and Crutchfield [33] with parameters o = 0.85, z = 0.05.

Optimally predicting the next observation given 0-9 previous observations requires computing
the Bayesian posterior belief distribution over latent states and averaging next-symbol probabilities
over this uncertainty. These belief distributions reside in the 2-simplex of distributions over three
latent states (Figure 1, right).

Shai et al. [57] trained transformers on this data distribution and found that their transformers
linearly encode Bayes-like belief distributions in final layer activations. They found that these rep-
resentations were less strongly encoded at select mid-training checkpoints. We extend this work
into an in-depth mechanistic scaling experiment as follows.

3. Experiments

We trained transformers to predict mess3 sequences using cross-entropy loss. We used a fixed
architecture with four residual transformer blocks, each with one attention head of width 8 and one
MLP layer of width 256 for a total of approximately 142 thousand parameters. We trained with
stochastic mini-batch gradient descent using learning rate 0.01 and batches of 64 sequences. We
use a transformer training implementation in JAX [7] derived from Farrugia-Roberts [21]. Each
training run took approximately 3.7 hours per 10 million training steps on a TPU v4-2 device.
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Figure 2: Performance/representation scaling of simplicial sequence models. 7op: Per-step
held-out test cross-entropy minus per-seed irreducible cross-entropy. Mean (black) of
16 seeds (blue), light log-Gaussian smoothing (see Appendix A). Middle: Mean squared
error predicting Bayesian belief distributions from final-layer activations. Mean (black)
of 16 seeds (red), light log-Gaussian smoothing. Botfom: Bayesian posterior beliefs
(“Bayes”) and reconstructed transformer beliefs at select training steps (1 seed).

Key variables. We scale the number of training steps while holding architecture, number of pa-
rameters, and data generator constant. Compute scales linearly with training steps, as does the
number of unique training sequences (we generate fresh sequences for every batch). We continually
monitor the following observables (for the first 1,000 steps, and thereafter at ~100 steps per OOM).

1. Excess prediction loss: Mean next-token prediction cross-entropy loss across a fixed held-
out batch of 1024 sequences, minus Bayes-optimal cross-entropy on that batch.

2. Probe loss: Mean squared error of a linear probe [2] reconstructing ground-truth Bayesian
belief distributions from the transformer’s final layer activations. (Mean taken across a fixed
held-out batch of 1024 sequences, independent of sequences used to train the probe.)

Representations improve smoothly with scale. We trained 16 transformers for 10 million train-
ing steps (10 times longer than Shai et al.). Figure 2 shows the resulting trends in excess prediction
loss and probe loss, along with a visualisation of belief distributions reconstructed from activations
via trained probes at select steps. We see that excess prediction loss continually improves with
increasing compute (roughly as a power law). Continuously measuring probe loss reveals that it
quickly also enters a regime of continual improvement (again, roughly as a power law). The belief
reconstruction visualisations show that the fractal geometry is more crisply represented with scale.
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Figure 3: Long-run representation scaling in a simplicial sequence model. Left: Mean squared
error predicting Bayesian belief distributions from final-layer activations (every 64 steps,
no smoothing). Right: Toy model of dynamics in representation subspace.

Asymptotic versus ideal representations. We trained one transformer for 100 million steps
(100 times longer than Shai et al.). Figure 3 shows that between 10 million and 100 million training
steps, the probe loss is non-monotonic, turning around and then apparently beginning to plateau.

If the transformer’s representations were asymptotically approaching the ideal Bayesian belief
distributions, then we would expect monotonic scaling to continue indefinitely. However, failure to
converge to the Bayesian ideal does not preclude convergence to an alternative, realisable represen-
tation. Indeed, finite-sized transformers cannot express the Bayesian posterior exactly [47], so they
might asymptote to a realisable representation. Below we provide one toy model of representation
scaling that recovers the power-law—dip—plateau pattern.

Let R? be the joint space of final-layer transformer activations within some residual subspace
for each sequence in a large fixed batch. Let v : N — R¢ represent the trajectory of a transformer’s
activations in this subspace over training, so that after n € N training steps, the transformer’s
activations are y(n) € R%. Suppose these structures converge to some particular activation vector
o € R? with increasing training steps, that is, y(n) — a. Moreover, suppose this convergence
proceeds as a power law in squared error,

lv(n) = afl = An™" (M
for some A, E > 0. Let 3 € R? represent an encoding of the corresponding idealised Bayesian
belief distributions. If 5 = « then we have that the transformer’s representations converge to

encoding Bayesian belief distributions with power law squared error. However, we might suppose
instead that 3 = o + ¢ for some small distance 6 € R%. Then, how does squared representation
error (measured against the ideal 3) scale? We have by (1)

18 = ()13 = llor = (n) + 65 = An™" = 2(y(n) — ) - & + [|3]3. )

For n small enough that ||§||2 < v An—F, we have || — v(n)||3 ~ An~F by Cauchy-Schwarz.
That is, representation error exhibits an approximate power law early on. As n — oo, we have a
plateau, [|3—~(n)[|3 — ||6]|3. In between, if (y(n) —a)-§ > L An~F the trajectory (n) bypasses
5 as it slowly progresses towards «, and we have a dip.

Figure 3 (right) illustrates this dynamic. This model is simple enough that we were able to
derive it after seeing the non-monotonicity (at about 50 million steps) and qualitatively predict the
approximate plateau in Figure 3 (left) before it emerged.
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4. Future work

More careful analysis is needed to determine if these trends in performance and representation error
are robustly described by power laws. If there are power laws, each appears to have multiple regimes
with different exponents. All we claim for now is that scaling is smooth, continually improving, and
roughly power-law-shaped, for the first =30 million training steps.

Moreover, we establish only a correlation between representation error and prediction error
scaling. It is not yet clear whether the smooth improvements in representations cause the smooth
improvement in performance. Future work should develop methodologies for studying the connec-
tion between these observations.

The toy model at the end of Section 3 is merely illustrative. If we make the simplifying assump-
tion of a constant angle subtended by ¢ and v(n) — « and fit the remaining parameters, the model
fails to quantitatively match the observed trends. This suggests that the representations may not be
approaching « as a strict power law, though the nascent plateau suggests some kind of convergence.

Finally, it remains to explore trends in representations with increasing parameters (number
of layers, number of embedding dimensions), such as those studied by Kaplan et al. [28] for be-
havioural scaling laws. Additional parameters may facilitate more refined internal representations.

5. Related work

A related example of principled variation in behaviour in deep learning comes from the literature
on behavioural “phase transitions” in neural networks as a function of training time or data compo-
sition. Examples can be found across deep reinforcement learning [e.g., 14, 15, 31, 1, 19], synthetic
sequence modelling [e.g., 11, 59, 53, 63, 44, 10, 16, 45], and language modelling [e.g., 49, 26, 64].
Moreover, there are examples of interpretable internal representations and mechanisms arising in
structural phase transitions, including induction heads [17, 41, 63, 16], toy models of superposition
[18, 12], and grokking [48, 35, 36]. A promising approach to reconciling the principles connecting
training dynamics and data composition is developmental interpretability, particularly via singular
learning theory [see, e.g., 12, 10, 64, 46]. So far, the implications of scale for the formation of
internal structure have been under-explored.

6. Conclusion

The two most striking empirical phenomena of the modern deep learning era are scaling laws and ex-
amples of emergent computational structure. Neither of these phenomena is yet clearly understood,
undermining experts’ ability to predict the near-future trajectory and implications of Al technology,
and society’s ability to steer that trajectory.

We have proposed that these two phenomena are both reflections of some deeper principles
driving variations in the emergence and refinement of computational structure in response to vari-
ations in scale. If so, understanding scaling laws and emergent mechanisms alike will require first
understanding the principles relating structure and scale.

In this direction, we have taken a small first step by studying the variation in a known internal
representation mechanism while scaling compute and data. In this simplified setting, we identified
an example of a correlation between behavioural improvements with scale and the measurable and
non-monotonic refinement of the linear encoding of Bayesian belief distributions over latent states.
This is a hint that there is more to behavioural scaling patterns than tabular function approximation.
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Appendix A. Plots without smoothing

Figure 2 incorporates Gaussian smoothing in log-step space with a kernel of width o = 1/20
decades. Figure 4 shows the unsmoothed equivalent.

The buildup of samples towards the right side of each log-space decade reflects our measurement
schedule. We capture observables for each of the first 1,000 steps, and thereafter at approximately
1,000 linearly-spaced steps per decade.

Moreover, this plot emphasises that the excess prediction loss occasionally drops below zero,
saturating the log scale. We use a symmetric log scale to show that (1) the loss descends only
modestly below the baseline and (2) it eventually returns positive.

Negative excess prediction loss indicates that the transformers are making better predictions
than the Bayesian posterior predictive distribution on the fixed batch of 1024 evaluation sequences.
We note that though this is impossible in expectation over the data generating process, it is entirely
possible for the transformer to out-predict Bayes on any given sequence.
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Figure 4: Raw performance/representation scaling of simplicial sequence models. 7op: Per-
step held-out test cross-entropy minus per-seed irreducible cross-entropy. Mean (black)
of 16 seeds (blue), no smoothing. Vertical axis uses a symmetric log scale to display nega-
tive entries below the singularity. Bottom: Mean squared error predicting Bayesian belief
distributions from final-layer activations. Mean (black) of 16 seeds (red), no smoothing.
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