
Network Perturbation Aggregation for Graphon Estimation

Abstract

In recent years, various methods have been proposed to estimate the edge probability un-
der the graphon model given a single observed network. Since the presence or absence of edges
in the observed network is a stochastic realization from the underlying probability structure,
estimating edge probabilities based on only a single observed realization is inherently limited
and leads to estimates with high variance and high mean squared error (MSE). To address
this issue, we propose the Network Perturbation aggregating (Net-Paging) method. The
key idea is to construct multiple perturbed networks that preserve key graphon properties,
mimicking multiple replications. We then obtain graphon estimates from each perturbed
network and average these estimates to obtain the final estimate. We theoretically show
that the more perturbed samples used in our algorithm, the smaller the MSE, with a linear
dependency. Extensive simulation experiments and real data analysis show that Net-Paging
effectively reduces the variance and MSE compared to existing methods.
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1 Introduction

Network data has provided unprecedented opportunities across diverse domains. For example,
knowledge graphs play a key role in improving the semantic understanding and reasoning abili-
ties of large language models (Hou et al., 2024; Pan et al., 2024). To better understand networks,
various statistical random graph models have been to model their generative mechanisms. Most
random graph models take a parametric approach, imposing strict assumptions on structures,
including the Erdős–Rényi (ER) model (Gilbert, 1959; Erdős and Rényi, 1959), the stochastic
block model (SBM) (Holland et al., 1983) and SBM variants (Karrer and Newman, 2011; La-
touche et al., 2011; Cai and Li, 2015), the exponential random graph model (ERGM) (Lusher
et al., 2012), and latent position model (Hoff et al., 2002). However, as the complexity of a
network increases, it becomes increasingly more challenging to fit the data using a particular
parametric model.

To address this challenge, the graphon model (Lovász and Szegedy, 2006), a non-parametric
solution, has been proposed. In particular, the graphon model assumes the existence of an edge
between nodes i and j follows a Bernoulli distribution with mean pij , which is determined by
a measurable symmetric function f , i.e., pij = f(ξi, ξj). The symmetric function f is called
graphon. The sequence ξi are random variables sampled from a uniform distribution on [0, 1].
By avoiding imposing a specific form for f , the graphon model enjoys the advantage of flexibility
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and generalizability. Many parametric models can be viewed as graphon’s special cases - ER
with the constant function and SBMs with step functions (Eldridge et al., 2016).

Graphon estimation aims to estimate the connecting probability pij under the graphon frame-
work. Accurately estimating these probabilities facilitates many interesting downstream appli-
cations, such as link prediction (Zhou et al., 2022; Sultana et al., 2025), causal inference under
network interference (Li and Wager, 2022), assessing vulnerabilities in the smart grid (Atat
et al., 2023), and hypothesis testing for networks (Sischka and Kauermann, 2025). Graphon
also acts as a critical input to GNN-based pipelines (Han et al., 2022b; Herbst and Jegelka,
2025; Sun et al., 2024; Wu et al., 2020). In the existing literature, many graphon estimation
methods have been developed (Channarond et al., 2012; Airoldi et al., 2013; Chan and Airoldi,
2014; Chatterjee, 2015; Zhang et al., 2017; Qin et al., 2021).
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Figure 1: (a)-(c) Three adjacency matrices. (d)-(f)
Heatmaps of the graphon estimators obtained using
(a)-(c), respectively. High variability in (d)-(f) shows
the high variance issue.

Despite many successful applications of ex-
isting graphon estimation methods, most of
them suffer from high variance issues, lead-
ing to an increased Mean Squared Error
(MSE). This challenge is particularly evident
in methods that require deterministic deci-
sions. For example, neighborhood smooth-
ing (NS) (Zhang et al., 2017) and iterative
connection probability estimation (ICE) (Qin
et al., 2021) both require determining whether
a node is a neighbor or not. Such determin-
istic decisions are known to create instability
(Bühlmann and Yu, 2002), thus increasing variance and MSE. Figure 1 illustrates this problem.
By applying the NS method (Zhang et al., 2017) to three networks in Figure 1(a)-(c), which
are generated from the same graphon model, we obtained three graphon estimates in Figure
1(d)-(f). The noticeable high variability among these graphon estimators underscores the issue
of high variance.

To address this fundamental challenge of variance reduction in graphon estimation, we draw
inspiration from Bagging (Bootstrap aggregating) (Breiman, 1996), which is one of the most
effective procedures for reducing variance and improving the accuracy of unstable estimators.
The conventional bagging procedure, which involves generating resamples of the original dataset
followed by aggregation, has demonstrated remarkable success in i.i.d. data settings (Bühlmann,
2012).

Several recent works have extended bootstrap-style resampling to network data, with goals
that differ from ours. For example, Green and Shalizi (2022) propose empirical graphon and
histogram bootstrap procedures for exchangeable random graphs, with consistency guarantees
for smooth network functionals. The goal there is distributional inference: approximating the
sampling distribution of motif densities to construct confidence intervals and hypothesis tests for
functionals of the graphon. Our goal is different, we aim to reduce the variance of the graphon
estimator itself by aggregating across resamples, which requires explicit bias correction and a
different theoretical analysis.
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A separate line of work develops other forms of network perturbation or resampling (Adamic
et al., 2001; Levin and Levina, 2021; Wu et al., 2022; Li et al., 2020; Chen et al., 2019), focused
on preserving specific network properties such as the degree distribution (Adamic et al., 2001)
or the community structure (Wu et al., 2022); these methods lack theoretical guarantees for pre-
serving the graphon structure. Other approaches employ low-rank matrix completion (Li et al.,
2020), which imposes restrictive rank assumptions and incurs O(n3) cost from singular value
decomposition; operate on subgraph collections (Fan et al., 2025; Bar-Shalom et al., 2024); or
generate replicates that preserve hierarchical community structure from a statistical-mechanics
perspective (Fushing et al., 2014). These methods are valuable for network resampling, but they
do not target the statistical objective of this paper: constructing perturbed networks that accu-
rately reflect the underlying graphon structure, so that graphon estimates from the perturbed
networks can be aggregated to reduce MSE. Our contribution is therefore not bootstrap-style
resampling for networks in general, but a perturbation-aggregation framework specifically de-
signed for variance reduction in graphon estimation.

Our contributions. To address the aforementioned challenges, we propose the Network
Perturbation aggregating (Net-Paging) method. The workflow of Net-Paging, as illustrated
in Figure 2, consists of three key components: network perturbation, estimation with bias
correction, and aggregation. First, we introduce controlled randomness to specific edge values
(for selected node pairs) to generate multiple perturbed versions of the original network. For each
perturbed network, we obtain an initial graphon estimate using existing estimation methods. To
ensure estimation accuracy, we rigorously derive the distribution difference between perturbed
and original networks, and develop a bias correction formula. We prove that a debiased graphon
estimator of a perturbed network achieves the same convergence rate as the estimator based on
the original network. The final step involves aggregating multiple debiased estimates through
averaging, which effectively reduces variance and enhances stability.

We theoretically establish that increasing the number of perturbations leads to reduced
MSE for graphon estimation. Extensive experiments on both synthetic and real-world networks
demonstrate that Net-Paging substantially reduces variance and MSE, outperforming existing
methods. From a practical view, the generation of multiple perturbed networks is highly efficient
and can be easily parallelized, ensuring scalability for large-scale network data. Our framework
is also highly flexible, compatible with any existing graphon estimation method.
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Figure 2: Workflow of the Net-Paging for graphon estimation. We first generate multiple perturbed
networks, estimate the graphon for each, and then aggregate the estimates by averaging.
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2 Preliminaries

Let A = (aij)1≤i,j≤n denote the adjacency matrix of a graph, where n is the number of nodes,
aij = 1 if nodes i and j are connected by an edge; otherwise aij = 0. We only consider a
network with no self-loops, so all diagonal entries of A are 0. We adopt the convention aii = 0
for simplicity, however the Net-Paging framework itself does not require zero diagonal entries
and would apply directly to networks with self-loops if a corresponding base estimator were
available. In this paper, we focus on undirected networks (A is symmetric).

2.1 Graphon model

To model the randomness in a network, we assume that the {aij : 1 ≤ i < j ≤ n} follow
independent Bernoulli distributions, i.e.,

aij
ind∼ Ber(pij), 1 ≤ i < j ≤ n, (1)

where pij is the edge probability between i and j, and is not estimable without any assumptions,
as there is only one observation for each parameter. To make pij estimable, we assume that

pij = f(ξi, ξj), 1 ≤ i < j ≤ n, (2)

where f : [0, 1] × [0, 1] → [0, 1] is referred to as the graphon function, and the function is a
bounded symmetric function. Here, ξi ∼ Uniform(0, 1) represents latent positions associated
with nodes i, independently and identically distributed from a uniform distribution on the
interval [0, 1], 1 ≤ i ≤ n. The combined model described by (1) and (2) is commonly referred
to as the graphon model (Chan and Airoldi, 2014).

2.2 Graphon estimation

Graphon estimation in the literature usually refers to the estimation of the probability matrix
P = (pij) ∈ (0, 1)n×n instead of the estimation of f due to the identifiability issue, as we will
show below. As pointed out by Diaconis and Janson (2007) and Zhang et al. (2017), f is neither
unique nor identifiable as f and ξi’s are confounded with each other unless a strong assumption is
imposed. In practice, since the main purpose of estimating f is to estimate P , the identifiability
of f may not matter if P itself can be estimated, researchers now focus on estimating P directly.
In recent years, various methodologies have been developed to estimate P within the graphon
framework. A popular line of research employs local smoothing techniques by borrowing the
idea of kernel smoothing.

Two representative methods are neighborhood smoothing (NS) (Zhang et al., 2017) and
the sort-and-smooth procedure (SAS) (Chan and Airoldi, 2014). For each node i, both meth-
ods construct a “neighborhood” N̂i ⊆ {1, . . . , n} \ {i} from the observed adjacency matrix A.
Throughout this paper, neighborhood does not refer to the adjacent nodes of node i. Rather,
it denotes a data-adaptive set of nodes selected for smoothing according to a method-specific
similarity criterion computed from A. Once such neighborhoods are selected, the next step is to
estimate pij by averaging observed adjacency entries over neighborhoods associated with nodes
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i and j, namely
p̂ij = Avg

{
ai′j′ : (i′, j′) ∈ N̂i × N̂j

}
. (3)

This formulation captures the common local-averaging idea; in practice, specific estimators may
use slightly different computationally efficient variants of this averaging step.

In terms of neighborhood selection, both NS and SAS make hard, data-adaptive decisions
from the observed adjacency matrix A: each candidate node is either included in N̂i or excluded
according to whether a method-specific selection quantity falls within a cutoff. NS (Zhang et al.,
2017) uses a common-neighbor dissimilarity d̃NS(i, i′; A) as the selection quantity. For a target
node i and a candidate node i′ ̸= i, this dissimilarity compares, across reference nodes k, the
number of common neighbors shared by (i, k) with those shared by (i′, k). It is small when i

and i′ have similar common-neighbor profiles, and N̂ NS
i is formed by selecting candidates whose

dissimilarities fall below the hNS-quantile, where hNS ∈ (0, 1) is a bandwidth hyperparameter.
SAS (Chan and Airoldi, 2014) instead uses empirical degree as the selection quantity: nodes are
sorted by d̂i = ∑

j ̸=i aij , partitioned into consecutive blocks of size hSAS, and N̂ SAS
i is defined

as the block containing node i.
High variance issue. The hard-selection nature of NS and SAS makes their empirical

neighborhoods sensitive to sampling noise in A. Since A is a stochastic realization from P in
(2), the corresponding selection quantities are noisy estimates of their population counterparts.
Candidates whose selection quantities lie close to the relevant cutoff are therefore unstable: small
perturbations of A can move them across the cutoff, changing whether they are included in N̂i.
Such boundary switches can propagate directly to the neighborhood average and increase the
variability of the resulting graphon estimator.

(a) (b) (c) (d)
1
0

Figure 3: (a)-(c) Empirical neighborhood matrix of three network examples in Figure 1. (d) Oracle
neighborhood matrix. The ijth entry is one if node j is selected as the neighbor of node i, and zero
otherwise.

To illustrate this issue, we applied the NS method (Zhang et al., 2017) to three different
network realizations (as shown in Figure 1) that are generated from the same graphon probability
matrix. Figures 3(a)-(c) show the empirical neighborhood selection results obtained from these
networks. In each matrix, the (i, j)th entry is one if node i is selected as the neighbor of node
j, and zero otherwise.

For comparison, Figure 3(d) shows the oracle neighborhood matrix, which is calculated using
the true probability matrix P instead of the observed adjacency matrix A. As we can see, the
empirical neighborhood matrices exhibit significant variability across different network realiza-
tions, each deviating from the oracle one. This variability propagates to graphon estimation,
leading to unstable and unreliable results, as also demonstrated in Figure 1. Importantly, such
high-variance issues are not unique to the NS method. They are also present in many other
methods (Chan and Airoldi, 2014; Chatterjee, 2015; Qin et al., 2021). The high-variance issue
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underscores the need for strategies that can enhance estimator stability and reliability.

2.3 Bagging for i.i.d. data

In the context of independent and identically distributed (i.i.d.) data, one of the most effective
techniques for reducing variance is bootstrap aggregating, commonly known as bagging. Con-
sider an estimation task based on n i.i.d. data L = {x1, x2, . . . , xn}. The estimator is given
by θ̂(L). In this setting, bagging consists of the following three steps: (1) Generate B boot-
strap samples L∗

1, L∗
2, . . . , L∗

B, each of size n, by randomly drawing from the original dataset L
with replacement (Efron, 1992); (2) For each bootstrap sample L∗

b , we compute the estimate
θ̂∗

b = θ̂(L∗
b), where b = 1, . . . , B; (3) Aggregate these estimates by averaging: θ̂bag := 1

B

∑B
b=1 θ̂∗

b .

In the original bagging paper (Breiman, 1996), Breiman points out that there can be a
drastic variance reduction if the original estimator θ̂ is “unstable”. Bühlmann and Yu (2002)
then shows that the bagging method is particularly effective in addressing problems involving
deterministic decisions. By aggregating estimators built from different bootstrap samples, bag-
ging effectively smooths out decision boundaries. Nevertheless, applying bagging to network
data poses significant challenges due to the complex dependency structures inherent in net-
works. Naively resampling nodes or edges can disrupt the inherent topological and structural
properties. To address this challenge, we are motivated to develop Net-Paging, a new network
perturbation method that can maintain the network’s structural integrity while allowing for
variance reduction, as we will show in the following section.

3 Net-Paging Method

In what follows, we present the detailed procedure of Net-Paging.
Generating perturbed network. We generate a perturbed network by randomly per-

turbing the edge values of a random subset S of all possible node pairs {(i, j) | 1 ≤ i < j ≤ n},
where each pair is included independently with probability ρ. The hyperparameter ρ controls
the proportion of edges to be perturbed, allowing us to adjust the level of variability introduced.
For each node pair in (i, j) ∈ S, we mask the original edge value aij by replacing it with a
new binary variable a∗

ij generated from a Bernoulli distribution with parameter Ber(d), where
d ∈ (0, 1) is another hyperparameter. For node pairs not in S, we retain its original value. In
this way, we obtain a perturbed network with adjacency matrix A∗ = (a∗

ij), where

a∗
ij =

aij , if (i, j) /∈ S,

a∗
ij , where a∗

ij
i.i.d.∼ Ber(d), else.

(4)

Distribution of perturbed network. A key question in the development of Net-Paging
is how the distribution of the perturbed adjacency matrix A∗ relates to that of the original
adjacency matrix A.

6



By employing the law of total probability, we can derive that

P(a∗
ij = 1) = P

(
a∗

ij = 1 | (i, j) ∈ S
)
P ((i, j) ∈ S)

+ P
(
a∗

ij = 1 | (i, j) /∈ S
)
P ((i, j) /∈ S)

= ρd + (1 − ρ)pij .

Therefore, the distribution of a∗
ij is given by

a∗
ij ∼ Ber (ρd + (1 − ρ)pij) , (5)

demonstrating that there is a distribution shift between A∗ and A. The perturbation process
modifies the probability of an edge being present, introducing a bias that depends on the hyper-
parameters ρ (the proportion of perturbed edges) and d (the probability of assigning an edge in
perturbed pairs). Importantly, because both ρ and d are known, there exists a one-to-one linear
mapping between the perturbed and original probabilities: pij = 1

1−ρ

(
P(a∗

ij = 1) − ρd
)

.

Bias correction. The presence of this bias necessitates an explicit correction step in our
estimation procedure. To address this, we introduce a debiased estimation framework, which
proceeds as follows: We first apply a specific graphon estimation to A∗ to get a graphon estimate
P̂ (A∗), of which the (i, j)th entry is an estimate of P(a∗

ij = 1). Given the established relationship
between pij and P(a∗

ij = 1), we obtain the debiased estimate using

P̃ (A∗) = 1
1 − ρ

(P̂ (A∗) − ρd). (6)

The debiased estimator P̃ (A∗) in (6) is not guaranteed to lie in [0, 1] in finite samples. To
ensure that P̃ (A∗) remains a valid probability matrix, we clip any out-of-range entries to [0, 1]
after debiasing. In practice, the proportion of entries requiring clipping is small. Figure 8
reports the proportion of entries affected by this truncation. Across the simulation settings,
the proportion of clipped entries is generally small and decreases rapidly as the network size
increases. For most graphons, even at the smallest network size, only a small fraction of entries
falls outside [0, 1] after debiasing; for moderate and large network sizes, the clipping proportion
is close to zero.

Aggregation. The final step of the Net-Paging involves aggregating the debiased estima-
tors obtained from multiple perturbed networks. In particular, we repeat the aforementioned
perturbation process B times to generate B perturbed networks A∗

1, . . . , A∗
B. For each perturbed

network, we estimate the graphon using a specific estimation method and subsequently apply
the bias correction formula in (6) to obtain debiased estimates P̃ (A∗

1), . . . , P̃ (A∗
B). We then

aggregate these estimates by averaging:

P̂pag = 1
B

B∑
b=1

P̃ (A∗
b) = 1

1 − ρ

(
1
B

B∑
b=1

P̂ (A∗
b) − ρd

)
. (7)

The Net-Paging procedure is summarized in Algorithm 1.
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Algorithm 1 Net-Paging
Input: Adjacency matrix A, masking rate ρ, perturbation number B, base graphon
estimation method P̂ , and d.
Output: Probability matrix estimation P̂pag.
for b = 1 to B parallel do

(1) Randomly select a subset S from the upper triangle indices of A with proportion
ρ.
(2) Generate the perturbed adjacency matrix A∗

b using eq. (4).
(3) Apply the base graphon estimation method to A∗

b to obtain P̂ (A∗
b).

end for
Calculate P̂pag using all the P̂ (A∗

b)’s by eq. (7)

4 Theoretical Analysis

4.1 Theoretical Property of the Perturbed Network

In this subsection, we investigate how well the perturbed network A∗ preserves the key properties
of the latent graphon function that generates the observed network A. Specifically, we derive the
estimation error rate (Gao et al., 2016; Gao and Ma, 2021) for the graphon estimator obtained
from a perturbed network A∗. If this estimator exhibits similar convergence rate as one obtained
directly from the original network, it would suggest that A∗ successfully emulates the process
of random sampling networks from the underlying graphon structure. To build theoretical
properties of A∗, we need to impose the following assumptions.

Assumption 1. The graphon function class F is closed with respect to affine transformation,
i.e., f ∈ F ⇒ (1 − ρ)f + ρd ∈ F for ∀ρ, d ∈ [0, 1].

Assumption 2. The estimation error of P̂ (A) is bounded by the convergence rate C1(n) given
by the following equation.

max
f∈F

P
(
n−2∥P̂ (A) − P∥2

F ≥ C1(n)
)

≤ D1(n),

where limn→∞ C1(n) = 0, limn→∞ D1(n) = 0.

Assumption 1 requires that applying the transformation (1 − ρ)f + ρd to f ∈ F results
in another function within F , indicating that both P and P ∗ := (1 − ρ)P + ρd belong to
the same graphon function class. Many standard function classes in statistical learning and
functional analysis, such as Lipschitz functions, are naturally closed under affine transformations.
Assumption 2 requires convergence behavior of the graphon estimation method that we employ.
Specifically, it states that the squared Frobenius norm of the difference between the estimated
graphon P̂ (A) and the true graphon P , when normalized by n2, converges to zero at a rate of
C1(n). This convergence holds for the worst-case function within the class F with probability
at least 1 − D1(n), where both C1(n) and D1(n) approach zero as the network size n increases.
The specific form of C1(n) and D1(n) is not predetermined, as it varies depending on the
chosen estimation method. For instance, in the case of the neighborhood smoothing method
(Zhang et al., 2017), the function class F is the set of “piecewise bi-Lipschitz" functions, and
C1(n) = C ′

1(log n/n)1/2, D1(n) = n−D′
1 , where C ′

1 and D′
1 are two positive constants.
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Theorem 1 establishes the convergence properties of our debiased estimator P̃ (A∗). Under
Assumptions 1 and 2, the expected squared Frobenius norm of the difference between P̃ (A∗)
and the true graphon P , when normalized by n2, is bounded by C1(n)

(1−ρ)2 + D1(n). This result
demonstrates that the debiased estimator computed from the perturbed network A∗ achieves
an asymptotic convergence rate that is comparable to the original estimator, differing only by a
constant factor 1

(1−ρ)2 . This ensures that the perturbation and subsequent debiasing procedure
do not degrade the fundamental statistical properties of the estimation process.

Theorem 1. Let A∗ be the adjacency matrix of the perturbed network, and P̃ (A∗) = 1
1−ρ

(
P̂ (A∗) − ρd

)
be the debiased estimator applied on A∗. If the graphon function class satisfies Assumption 1 and
the original estimator P̂ satisfies Assumption 2, then the estimation P̃ (A∗) achieves an asymp-
totic convergence rate that is comparable to the original estimator, differing only by a constant
factor 1

(1−ρ)2 ,

max
f∈F

P(n−2∥P̃ (A∗) − P∥2
F ≥ C1(n)

(1 − ρ)2 ) ≤ D1(n),

where C1(n) and D1(n) are the same as that in Assumption 2.

4.2 Number of Perturbation Replications: The More The Better

From eq. (7), we know that P̂pag depends on A∗
b , b = 1, . . . , B. The randomness of A∗

b arises from
three distinct sources. (1) Inherent randomness in the observed network A. (2) Random selection
of a subset of node pairs designated for masking. Let R(1)

b denote the randomness associated
with the selection process in the bth replication. (3) Random masking of selected edges: For each
selected node pair, the original edge value is replaced with a new value sampled from a Bernoulli
distribution with parameter d. Let R(2)

b denote the randomness introduced by this Bernoulli
sampling in the bth replication. Since A∗

b is a function of A, R(1)
b , R(2)

b , we rewrite P̂pag defined
in eq. (7) as P̂pag

(
A, {R(1)

b }B
b=1, {R(2)

b }B
b=1

)
, to explicitly represent the dependence of P̂pag on

these sources of randomness. For simplicity of notation, we define R =
(
{R(1)

b }B
b=1, {R(2)

b }B
b=1

)
.

The MSE of the Net-Paging estimator is then defined as

MSE(P̂pag) = EA,R
[
||P̂pag(A, R) − P ||2F

]
, (8)

where the expectation EA,R is taken over the randomness in A as well as the randomness
introduced through R. The following theorem derives the relationship between MSE and B.

Theorem 2. The MSE of P̂pag can be decomposed as follows,

MSE(P̂pag) = E1 + V1 + 1
B

V2.

where
E1 =

∥∥∥EA

[
ER(1),R(2)

[
P̃ (A, R(1), R(2))

]]
− P

∥∥∥2

F
,

V1 =
∑
i,j

VarA

(
ER(1),R(2)

[
P̃ij(A, R(1), R(2))

])
,

V2 =
∑
i,j

EA

[
VarR(1),R(2)

(
P̃ij(A, R(1), R(2))

)]
,
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and R(1) and R(2) denotes the randomness introduced by the selection process and Bernoulli
sampling in one perturbation, respectively.

Theorem 2 provides a decomposition of the MSE of the estimator P̂pag into three distinct
components: (1) E1 represents the squared bias between the debiased estimator P̃ (A, R(1), R(2))
and the true probability matrix P , with respect to the randomness introduced by A, R(1), R(2).
(2) V1 is the variance of the estimator’s conditional expectation. (3) V2 is the expectation of the
estimator’s conditional variance. Note that E1, V1, and V2 are positive and do not depend on
B, thus MSE is a linear function of 1/B. The larger the B, the lower the MSE.

4.3 Why Net-Paging Improves Neighborhood Smoothing

The simulation study in Section 6 shows that Net-Paging can substantially reduce the estimation
error of neighborhood smoothing (Zhang et al., 2017). This subsection explains the mechanism
behind this empirical phenomenon. We do not aim to derive a new convergence rate or to
claim that perturbation aggregation uniformly improves every estimator. Instead, we ask a
more specific question: among the various sources of error in the NS estimator, which one does
Net-Paging reduce, and through what mechanism?

The NS estimator contains a discontinuous, data-adaptive step: small changes in the observed
adjacency matrix A can move a candidate node across the neighborhood cutoff, change the
averaging set, and produce instability in the final estimator. The strategy of this section is to
isolate the part of the NS error that arises from this discontinuous step and show how Net-Paging
acts on it.

For any symmetric matrix M ∈ Rn×n, let N̂i(M) ⊆ {1, . . . , n}\{i} denote the neighborhood
selected by the NS rule applied to M . For NS,

N̂i(M) = {i′ ̸= i : d̃NS(i, i′; M) ≤ ci(M)},

where d̃NS(·, ·; M) is the distance measure in NS method evaluated at M , and ci(M) is the
hNS-quantile of {d̃NS(i, i′; M) : i′ ̸= i}. Thus, N̂i(A) is the empirical neighborhood used by NS,
whereas N̂i(P ) is the population-level neighborhood obtained by applying the same NS selection
rule to the probability matrix P .

Define the row-normalized weight matrix

W (M) =
(
wik(M)

)
1≤i,k≤n

, wik(M) = 1{k ∈ N̂i(M)}
|N̂i(M)|

, (9)

under which the NS estimator in (3) admits the matrix form P̂ (M) = W (M)MW (M)⊤.

Three-component error decomposition for NS. To separate the sources of error in NS,
we introduce two intermediate quantities:

P̂ P A := W (P ) A W (P )⊤, P̂ P P := W (P ) P W (P )⊤.
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The first estimator uses the population-level neighborhoods to average the observed edges. The
second replaces both the neighborhoods and the edge values by their population-level counter-
parts. Neither quantity is computable from the observed network; they are introduced only for
analysis.

Writing P̂ (A) − P as the sum of differences along the chain P̂ (A) → P̂ P A → P̂ P P → P

yields

P̂ (A) − P = (P̂ (A) − P̂ P A) + (P̂ P A − P̂ P P ) + (P̂ P P − P ) = Esel(A) + Enoise(A) + Ebias. (10)

This decomposition separates three sources of error. The first term, Esel(A) = W (A)AW (A)⊤ −
W (P )AW (P )⊤ is the error caused by using the empirical selector W (A) instead of the population-
level selector W (P ). The second term, Enoise(A) = W (P )(A − P )W (P )⊤ , is the remaining
Bernoulli edge noise after the selector has been fixed at its population-level value. The third
term, Ebias = W (P )PW (P )⊤ − P , is the deterministic approximation error from smoothing P

over the population-level neighborhoods. Among these three terms, only Esel(A) involves the
random discontinuous map A 7→ W (A).

Three-component error decomposition for Net-Paging on NS. The previous decom-
position applies to the original NS estimator. We next apply the same idea to the perturbed
and debiased estimator used by Net-Paging. Recall that A∗

b denotes the bth perturbed network
and P ∗ = E(A∗

b | P ) = (1 − ρ)P + ρd1n1⊤
n denotes its population counterpart. Applying the

decomposition (10) to each P̂ (A∗
b) with P replaced by P ∗ in the bias and noise components:

P̂ (A∗
b) − P ∗ = Esel,∗(A∗

b) + Enoise,∗(A∗
b) + Ebias,∗,

where
Esel,∗(A∗

b) = W (A∗
b)A∗

bW (A∗
b)⊤ − W (P ∗)A∗

bW (P ∗)⊤,

Enoise,∗(A∗
b) = W (P ∗)(A∗

b − P ∗)W (P ∗)⊤,

Ebias,∗ = W (P ∗)P ∗W (P ∗)⊤ − P ∗.

Since the Net-Paging estimator is P̂pag(A) = 1
B(1−ρ)

∑B
b=1
(
P̂ (A∗

b) − ρd 1n1⊤
n

)
, we have

P̂pag(A) − P = 1
B(1 − ρ)

B∑
b=1

Esel,∗(A∗
b) + 1

B(1 − ρ)

B∑
b=1

Enoise,∗(A∗
b) + Ebias

pag , (11)

where Ebias
pag := (1 − ρ)−1Ebias,∗. The derivation is given in Supplement Section A.4.3.

The improvement of Net-Paging for NS is attributed primarily to the selection component,
rather than to the bias or noise components. The reason is that the other two components do not
involve the empirical selector W (A) or the perturbed empirical selectors W (A∗

b). The bias com-
ponent Ebias

pag is a population-level smoothing error determined by P ∗ and is therefore unaffected
by averaging over data-adaptive selections. The noise component 1

B(1−ρ)
∑B

b=1 W (P ∗)(A∗
b −

P ∗)W (P ∗)⊤ applies fixed population-level weights W (P ∗), to centered Bernoulli noise; it de-
pends on the Bernoulli noise but not on the discontinuous selection map A 7→ W (A). Hence,
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neither component captures the instability of NS neighborhood selection. The only component
that directly involves the hard empirical selector is the selection component.

Neighborhood selection gain–cost decomposition in Net-Paging. The selection com-
ponent Esel,∗(A∗

b) is driven by the deviation of the empirical weight matrix W (A∗
b) from its

population counterpart W (P ∗), since the same perturbed adjacency matrix A∗
b appears in both

terms.
To study this selection effect directly, we work with the binary inclusion matrix

H(M) =
(
Hii′(M)

)
1≤i,i′≤n

, Hii′(M) = 1{i′ ∈ N̂i(M)},

with Hii(M) = 0. The matrix H(M) records the binary neighborhood membership decisions
before row normalization. Thus, H(A) is the original empirical selector using observed A, H(P )
is the population-level selector, and H(A∗

b) is the selector obtained from the bth perturbed
network A∗

b .
Net-Paging replaces a single hard selector by an average over perturbed selectors. Define the

perturbation-averaged selector

H̄B := 1
B

B∑
b=1

H(A∗
b).

Although each H(A∗
b) is still a hard selector, their average is a soft selector: H̄B,ii′ estimates

how often candidate i′ is selected for node i under perturbation.
The selector-level question is whether this softened selector is closer to the population-level

selector H(P ) than the original empirical selector H(A). We therefore define the selector-level
improvement

IB(A) := ∥H(A) − H(P )∥2
F − ER{∥H̄B − H(P )∥2

F | A},

where ER{· | A} averages over the perturbation randomness for fixed A. Thus, IB(A) > 0 means
that perturbation aggregation improves the selector, while IB(A) < 0 means that it harms the
selector.

Flip probability. To analyze IB(A), we introduce the perturbation flip probability. For a
fixed observed network A, define

qii′(A) := PR{Hii′(A∗) ̸= Hii′(A) | A}.

This quantity measures how likely the perturbation is to change the neighborhood membership
decision for the pair (i, i′): small qii′(A) means the decision is stable under perturbation, large
qii′(A) means it is unstable. The flip probability is therefore a direct measure of the local
instability of NS’s hard selection rule near A.

Agreement and disagreement sets. Whether a flip is helpful depends on whether the original
empirical selector was correct relative to the population-level selector. We therefore partition the
pairs (i, i′) according to whether the empirical selector H(A) agrees with the population-level
selector H(P ):

C(A) := {(i, i′) : i ̸= i′, Hii′(A) = Hii′(P )}, D(A) := {(i, i′) : i ̸= i′, Hii′(A) ̸= Hii′(P )}.
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A flip on a pair in C(A) introduces selector error; a flip on a pair in D(A) corrects it.
The following proposition gives the exact finite-B tradeoff in terms of qii′(A), C(A), and

D(A). The proof is given in Supplement A.4.4. On agreement pairs, a flip produces cost
q2

ii′ plus a finite-B Monte Carlo variance term B−1qii′(1 − qii′). On disagreement pairs, a flip
produces a first-order gain 2qii′ − q2

ii′ minus the same Monte Carlo penalty.

Proposition 1 (Selector-level improvement decomposition). For any fixed observed network A

and any B ≥ 1, we have IB(A) = Gain(A; B) − Cost(A; B), where

Gain(A; B) :=
∑

(i,i′)∈D(A)

{
2qii′ − q2

ii′ − 1
B

qii′(1 − qii′)
}

,

and
Cost(A; B) :=

∑
(i,i′)∈C(A)

{
q2

ii′ + 1
B

qii′(1 − qii′)
}

.

Does higher IB(A) indicate larger MSE improvement? IB(A) captures improvement at
the level of the binary selector, while the actual quantity of interest is the matrix-level MSE. We
therefore empirically examine whether selector-level improvement is reflected in estimator-level
MSE reduction. For each simulated network, under the graphon simulation settings in Section 6,
we compute the empirical flip frequency q̂ii′(A) := B−1∑B

b=1 1{Hii′(A∗
b) ̸= Hii′(A)}. Using these

empirical flip frequencies, we calculate the selector-level improvement ÎB(A). We then compare
ÎB(A) with the estimator-level MSE reduction ∆MSE := n−2∥P̂ (A)−P∥2

F −n−2∥P̂pag(A)−P∥2
F ,

where ∆MSE > 0 indicates that Net-Paging improves estimation accuracy relative to the original
estimator.

Supplementary Figure 9 summarizes this comparison. Two patterns are apparent. First,
in all simulation replicates, both ÎB(A) and ∆MSE are positive, indicating that Net-Paging
improves both the empirical selector and the final matrix estimator in these settings. Second,
ÎB(A) is positively associated with ∆MSE: replicates with larger selector-level improvement tend
to exhibit larger reductions in matrix-level MSE. These results support the proposed mechanism
that the finite-sample gain of Net-Paging is driven by stabilization of the empirical neighborhood
selector.

Where does large flip probabilities occur? The previous analysis suggests that Net-
Paging improves estimation by stabilizing the empirical neighborhood selector. We next examine
where the perturbation-induced flips occur and whether they fall on the disagreement set D(A)
where flips correct selector error.

For NS, flip probability is closely related to how far a pair is from the selection cutoff. Define
the empirical margin mii′(A) := d̃NS(i, i′; A) − ci(A), where d̃NS(i, i′; A) is the NS distance
between nodes i and i′ computed from the observed adjacency matrix A, and ci(A) is the row-
specific selection cutoff. Then Hii′(A) = 1{mii′(A) ≤ 0}. Thus, mii′(A) measures the signed
distance of the pair (i, i′) from the selection boundary. Pairs with large |mii′(A)| are far from the
cutoff and are expected to be stable under perturbation. In contrast, pairs with mii′(A) close
to zero lie near the selection boundary and are therefore more likely to change their selection
status.
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Flips concentrate near the boundary. We verify this margin-based intuition empirically under
the simulation settings in Section 6. For each simulation replicate, we compute the empirical
margin mii′(A) and the perturbation flip frequency q̂ii′(A). Supplementary Figure 10 plots the
average flip frequency after binning directed pairs by |mii′(A)|. The flip frequency is highest
near zero and decreases monotonically as |mii′(A)| grows, confirming that perturbation acts
primarily on near-boundary decisions.

Selection errors also concentrate near the boundary. We next examine whether the near-
boundary region is also where the empirical selector is most prone to error. For each directed
pair (i, i′), we compare the empirical selection decision Hii′(A) with the population-level decision
Hii′(P ) and record whether Hii′(A) ̸= Hii′(P ). Supplementary Figure 11 plots the resulting
empirical error rate after binning directed pairs by |mii′(A)|. The error rate is highest near
the selection cutoff and decreases as |mii′(A)| increases. Thus, pairs with small margins are
disproportionately represented in D(A), the set of pairs for which the empirical selector disagrees
with the population-level selector.

Combining these two patterns: pairs with high flip frequency are also pairs with high mis-
classification rate, both concentrated near the selection boundary. Thus, the perturbation step
mainly influences near-boundary decisions where the empirical selector is both unstable and
more likely to be incorrect.

5 Hyperparameter Selection

Net-Paging involves three hyperparameters: the number of perturbation replications B ∈ N, the
masking rate ρ ∈ (0, 1), and the Bernoulli replacement parameter d ∈ [0, 1]. These parameters
play different roles.

For notational simplicity, we write P̃ (A∗) in place of P̃ (A, R(1), R(2)) and let P̄ρ,d(A) :=
ER(1),R(2) [P̃ (A∗) | A] denote the conditional expectation of a single debiased perturbed estimator.
The decomposition in Theorem 2 can then be written as

MSE(P̂pag) = ∥EAP̄ρ,d − P∥2
F︸ ︷︷ ︸

E1

+
∑
i,j

VarA(P̄ρ,d,ij)
︸ ︷︷ ︸

V1

+ 1
B

∑
i,j

EA[VarR(P̃ij | A)]
︸ ︷︷ ︸

V2

.

5.1 Choice of B

B controls a variance–computation tradeoff. For fixed ρ and d, increasing B reduces only the
Monte Carlo term V2/B in the MSE decomposition; the bias term E1 and the conditional-
mean variance term V1 are unaffected. The computational cost, by contrast, grows linearly as
O(B Tbase(n)), where Tbase(n) is the cost of one run of the base estimator.

Figure 12 reports the sensitivity of RMSE to B across the eight graphon settings in Sec-
tion 6. As expected, the RMSE decreases as B increases, but the incremental gain from further
increasing B becomes smaller. Since the B perturbation replicates are conditionally independent
given A, they can be computed in parallel. Therefore, when computational resources permit,
we recommend using a relatively large value of B, such as B = 500.
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5.2 Choice of d

Impact of d on E1. We start from the squared-bias term E1 = ∥EA[P̄ρ,d(A)] − P∥2
F . By

the definition of the debiased perturbed estimator and the tower property, EA[P̄ρ,d(A)] =
{E[P̂ (A∗)] − ρd 11⊤}/(1 − ρ). Since P ∗ := E[A∗] = (1 − ρ)P + ρd 11⊤, we have ρd 11⊤ =
P ∗ − (1 − ρ)P . Substituting this identity into EA[P̄ρ,d(A)] − P gives

EA[P̄ρ,d(A)] − P = E[P̂ (A∗)] − P ∗

1 − ρ
, E1 = ∥E[P̂ (A∗)] − P ∗∥2

F

(1 − ρ)2 . (12)

Thus, d affects E1 through the expected deviation of the base estimator from the perturbed
target P ∗. However, this identity does not lead to a practical optimization rule. For nonlinear
base estimators such as NS, E[P̂ (A∗)] has no closed form, since it depends on how the data-
adaptive neighborhood selector and the subsequent smoothing step respond to the perturbed
network distribution. Hence, an exact optimal choice of d would require an estimator-specific
analysis that is not available in closed form.

We therefore adopt the surrogate principle of minimizing ∥P ∗ − P∥2
F , motivated by the

following heuristic: base estimators in the graphon literature are designed under structural
assumptions on the target (e.g., piecewise Lipschitz smoothness for NS). When P ∗ remains close
to P , the perturbed target is more likely to satisfy these structural assumptions to a similar
degree as P , keeping the bias at the perturbed target, ∥E{P̂ (A∗)} − P ∗∥2

F , comparable to the
bias at the original target, ∥E{P̂ (A)} − P∥2

F , which is fixed (independent of d) and represents
the irreducible bias of the base estimator. We do not claim that minimizing ∥P ∗ − P∥2

F exactly
minimizes ∥E{P̂ (A∗)} − P ∗∥2

F , only that it is a tractable surrogate.
Since P ∗ −P = ρ(d 11⊤ −P ), we have ∥P ∗ −P∥2

F = ρ2∑
i,j(d−pij)2, with unique minimizer

over d ∈ [0, 1] given by the average edge probability d∗ =
(n

2
)−1∑

i<j pij . Since this is unknown,
we use the plug-in estimator ˆ̄p =

(n
2
)−1∑

i<j aij , the observed network density.

Impact of d on V1 and V2. The dependence of V1 on d runs through the full conditional
law of A∗ | A, not only its conditional mean, and is therefore estimator-specific. For linear
base estimators, the constant offset ρd cancels in VarA and V1 is d-free. For the non-linear
base estimators considered in this paper (e.g., NS), no universal closed-form rule is available; we
therefore rely on empirical sensitivity analysis. The variance term V2 enters MSE only through
V2/B and can be made negligible by choosing B moderately large, so the impact of d on V2/B

can be negligible as long as B is large enough.
Figure 13 reports a sensitivity analysis over d ∈ {0, 0.2, . . . , 0.8, 1.0}. The variations in RMSE

are at the 10−3 scale. The empirical sensitivity to d is practically negligible. In practice, we
therefore recommend setting d to a value around the network density. This choice is motivated
by the aforementioned surrogate analysis of minimizing ∥P ∗ − P∥2

F , and is supported by the
empirical evidence above, which shows that performance is robust to small deviations from this
default.
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5.3 Choice of ρ

Impact of ρ on E1. The Equation (12) in the d analysis shows that the masking rate ρ enters
E1 through two channels. (1) The explicit prefactor (1−ρ)−2 arises from the debiasing step in (6)
and amplifies any residual bias between P̂ (A∗) and P ∗. (2) In addition, the bias at the perturbed
target, ∥E{P̂ (A∗)} − P ∗∥2

F , depends on how far P ∗ lies from P : ∥P ∗ − P∥2
F = ρ2∥d 11⊤ − P∥2

F

grows quadratically in ρ, and under the surrogate heuristic introduced in the d analysis, larger
∥P ∗ − P∥2

F is associated with larger bias at the perturbed target. Both channels push toward
smaller ρ, and from E1 alone the optimum is ρ = 0.

Impact of ρ on V1 and V2. The dependence of V1 = ∑
i,j VarA(P̄ρ,d,ij(A)) on ρ involves

competing forces. On one hand, the debiasing step in (6) contributes a multiplicative factor
of (1 − ρ)−2 to each entrywise variance, which inflates V1 as ρ grows. On the other hand,
the per-edge coupling between A∗ and A satisfies Cov(a∗

ij , aij) = (1 − ρ) pij(1 − pij), so larger
ρ weakens this coupling. For unstable nonlinear estimators such as NS, weaker coupling can
smooth threshold-based selection decisions across perturbations and thereby reduce the variance
contribution from the empirical neighborhood selector. This is the variance-reduction mechanism
that motivates Net-Paging in the first place. The magnitude of this effect is estimator-specific,
and the covariance identity alone does not imply a closed-form optimizer in ρ. The effect of ρ

on V1 is therefore a trade-off between bias inflation and selector-stabilization, and the balance
depends on the specific base estimator. The variance term V2 enters MSE only through V2/B

and can be made negligible by choosing B moderately large, so it does not serve as the primary
criterion for selecting ρ.

Because E1 favors ρ = 0 while the variance-reduction mechanism requires ρ > 0, we de-
termine the ρ empirically. Supplementary Figure 14 reports the RMSE of Net-Paging + NS
across eight graphons for masking rates ρ ∈ {0.01, 0.05, 0.10, . . . , 0.70}. While Net-Paging + NS
uniformly improves over the NS baseline, the optimal ρ is graphon-dependent: Graphons 1–4
exhibit a broad U-shape minimized around ρ ∈ [0.1, 0.4], Graphons 5, 7, and 8 degrade as ρ

grows, and only Graphon 6 favors larger values. We therefore recommend ρ = 0.1 as a robust
default, since it lies near the minimum of the U-shaped curves while avoiding the substantial
degradation observed at larger ρ on the monotonically increasing graphons.

6 Simulation Studies

In this section, we evaluate the empirical performance of our method on extensive synthetic
data. All experiments are implemented on a machine with a 48-core CPU and 184 GB of RAM.

6.1 Simulation Setup

We generate networks using eight different graphon functions that are widely used in the liter-
ature (Zhang et al., 2017; Qin et al., 2021). The analytic forms are listed in the supplementary
material. Figure 4 visualizes the corresponding heatmap of a 100 × 100 probability matrix P

generated by each graphon function. High values in P are highlighted in yellow, while low values
are colored in dark blue. Under each graphon setting, we generate networks of different sizes to
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investigate the asymptotic performance, i.e., we vary the number of nodes n ∈ {50, 150, . . . , 550}.
As previously discussed, we set d as the network density, and set ρ = 0.1.

Figure 4: Heatmaps of eight 100 × 100 graphon probability matrices, where warm color represents high
value, and cool color represents low value.

We compare Net-Paging with its unbagged counterparts, including NS (Zhang et al., 2017)
and iterative connecting probability estimation (ICE) (Qin et al., 2021). When implementing
NS and ICE, we use their default hyperparameter settings. When implementing Net-Paging,
we set the number of perturbations B to the same value as the number of nodes, balancing the
tradeoff between accuracy and computational time. Regarding the settings of d and ρ, we set
d equal to the network density and set ρ = 0.1. The rationale for these choices is detailed in
Section 3. All the experiments are based on 100 replications by independently generating the
adjacency matrices.

6.2 Simulation Results

RMSE reduction. We begin by comparing the root mean squared error (RMSE) of the base
estimators with their corresponding Net-Paging versions. Specifically, given a true probability
matrix P , we generate K independent adjacency matrices A(k), k = 1, . . . , K. For each A(k), we
then apply a graphon estimation method to obtain the estimated probability matrix P̂ (k). The
RMSE across the K replications is defined as

RMSE(P̂ ) :=
(

1
K

K∑
k=1

1
n2 ||P̂ (k) − P ||2F

)1/2

.

In this paper, we set K = 100. It is crucial to notice that K is different from B used within the
Net-Paging method. The hyperparameter B refers to the number of perturbed networks used in
Net-Paging, within a single replication to improve estimation. In contrast, K is the number of
independent replications of the entire estimation process, each using a newly generated adjacency
matrix. This repeated sampling allows us to approximate the expected estimation error across
multiple independent realizations of the network.

Figure 5 depicts the RMSE of different methods across various network sizes, ranging from
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50 to 550 nodes, comparing four methods: Net-Paging + NS (red solid line), NS (red dashed
line), Net-Paging + ICE (blue solid line), and ICE (blue dashed line). From Figure 5, we have
these observations. (1) Decreasing RMSE with larger networks: The RMSE for all methods
consistently decreases as the number of nodes increases, indicating better performance in larger
networks. (2) Effectiveness of Net-Paging: The application of Net-Paging reduces the RMSE for
both the NS and ICE methods. This is evident from the lower values of the solid lines (which
represent the Net-Paging estimators) compared to the corresponding original estimators (de-
picted by the dashed lines). (3) Greater impact in smaller networks: The benefit of Net-Paging
is more pronounced in smaller networks. (4) Superiority of ICE combined with Net-Paging: The
combination of ICE with Net-Paging consistently achieves the lowest RMSE across all scenarios,
as indicated by the lowest solid blue lines in each graph. This suggests that ICE, which may
have a higher variance, benefits the most from Net-Paging’s variance reduction capability.
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Figure 5: The line chart of RMSE, as the number of nodes increases from 50 to 550. Net-Paging+NS
method (red solid line) is the Net-Paging version of the NS method (red dashed line). Net-Paging+ICE
method (blue solid line) is the Net-Paging version of the ICE method (blue dashed line).

Variance reduction. To further investigate the source of this improvement, we now analyze
the two critical components of MSE: variance and bias. We first compare the variance of the
base estimators and their Net-Paging version. The variance of the estimator is computed as

Var(P̂ ) := 1
K − 1

K∑
k=1

1
n2 ||P̂ (k) − P̄ ||2F ,

where P̄ = 1
K

∑K
k=1 P̂ (k) is the sample mean across K replications. Figure 6 presents the variance

comparison across eight different graphon settings. From Figure 6, we have similar observations
as in the RMSE analysis. Across all graphons, the variance associated with the Net-Paging
method (solid lines) is consistently lower than that of the corresponding base estimators (dashed
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lines). This suggests that the Net-Paging method provides more reliable estimates with reduced
variability. In addition, the variance for all methods decreases as the number of nodes increases.
In smaller networks, the variance reduction offered by Net-Paging is more pronounced. In
larger networks, the variance of both the base estimators and the Net-Paging versions tends to
stabilize, leading to a smaller relative improvement from the Net-Paging method. These results
further confirm that Net-Paging significantly improves the robustness of graphon estimation by
mitigating the inherent variance in traditional methods.
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Figure 6: The line chart of variance, as the number of nodes increases from 50 to 550. Net-Paging+NS
method (red solid line) is the Net-Paging version of the NS method (red dashed line). Net-Paging+ICE
method (blue solid line) is the Net-Paging version of the ICE method (blue dashed line).

Bias performance. Figure 7 presents the squared bias performance for different graphon
structures as the number of nodes increases. Across all graphons, the bias decreases as the
network size grows, indicating improved estimator accuracy with more data. The Net-Paging
variants exhibit bias levels comparable to their base counterparts, as shown by the similarity
between the solid and dashed lines. This suggests that Net-Paging does not introduce additional
bias while providing variance reduction. Therefore, the reduction in MSE observed with Net-
Paging is primarily driven by the decrease in variance, rather than by bias reduction.

7 Real Data

For real networks, since the true probability matrix P is unknown, it is infeasible to calculate the
MSE, or the sample variance because we only have one observed network. Thus the evaluation
metrics used in the simulation studies are inapplicable in real-world applications. We thus follow
the procedure in existing literature (Zhang et al., 2017; Qin et al., 2021) to assess the practical
utility of Net-Paging in downstream analysis, i.e., link prediction (Zhang and Chen, 2018; Ma
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Figure 7: The line chart of squared bias, as the number of nodes increases from 50 to 550. Net-Paging+NS
method (red solid line) is the Net-Paging version of the NS method (red dashed line). Net-Paging+ICE
method (blue solid line) is the Net-Paging version of the ICE method (blue dashed line).

et al., 2024; Li et al., 2023). Additionally, we extend the evaluation to graph classification
tasks (Sabanayagam et al., 2022; Duan et al., 2024), following the methodology proposed by
(Han et al., 2022a), which utilizes graphon-based augmentation to enhance graph classification
performance.

7.1 Link Prediction

To evaluate the utility of Net-Paging in link prediction for real networks, following Zhang et al.
(2017); Qin et al. (2021), we employed a semi-supervised approach that simulates realistic scenar-
ios where network data is incomplete. In this experimental setup, we assume access to a partially
observed network and assess how well different methods can predict the missing connections.

Experimental Design. We begin with a complete adjacency matrix A representing
the true network structure, which we treat as unobserved ground truth. To simulate realistic
data collection scenarios where some connections may be missed or unrecorded, we create a
partially observed version Amiss by randomly removing edges from the original network. This
missingness process is modeled as Amiss = M ⊙ A, where ⊙ denotes element-wise multiplication
and M = (Mij) is a binary mask matrix. Each element Mij

i.i.d.∼ Ber(1 − p) and p is the missing
rate. The estimation P̂ (Amiss) is based on the observed adjacency matrix Amiss.

Evaluation Metrics. We assess link prediction performance using standard binary clas-
sification metrics. For any threshold t, we define the true positive rate and false positive rate
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as:

rTP(t) :=
∑

i,j I
(
P̂ij(Amiss) > t, Aij = 1, Mij = 0

)
∑

i,j I (Aij = 1, Mij = 0) ,

rFP(t) :=
∑

i,j I
(
P̂ij(Amiss) > t, Aij = 0, Mij = 0

)
∑

i,j I (Aij = 0, Mij = 0) .

With varying threshold 0 ≤ t ≤ 1, we calculate the area under the receiver operating character-
istic curve (AUC) as our evaluation metric.

Datasets and Baselines. We evaluated the performance on three widely used real net-
works. (1) Macaque cerebral cortex network (Harriger et al., 2012) with 242 nodes and 4090
edges, where each node is an anatomically defined macaque monkey brain region, and an edge
describes neural projection between the regions. (2) Political blogs network (Adamic and Glance,
2005) with 1,222 nodes and 16,714 edges, where each node is a blog website, and an edge repre-
sents the hyperlink between the blogs. (3) Infectious SocioPatterns dynamic contact networks
(Isella et al., 2011) with 410 nodes and 2,765 edges, where each node is a person, and an edge
represents physical contact during an event. In addition to the graphon estimation methods
(NS, ICE, USVT, SAS), we also include four link prediction methods called Jaccard coefficient
(JC, (Liben-Nowell and Kleinberg, 2003)), resource allocation index (RAI, (Zhou et al., 2009))
and preferential attachment score (PAS, (Liben-Nowell and Kleinberg, 2003)) for comparison.

Results. Table 1 displays averaged AUC values over 100 repeated experiments, under vari-
ous missing rates, p from 0.3 to 0.7. The key observations from the table include: (1) Superiority
of Net-Paging-based methods: Across all three datasets and all missing rates, the combination
of Net-Paging with NS consistently outperforms NS alone, and similarly, Net-Paging with ICE
outperforms ICE alone. This indicates that the proposed Net-Paging framework substantially
enhances the predictive power of baseline graphon estimators, even under increasing data spar-
sity. (2) Comparison with classical link prediction methods: Traditional link prediction heuristics
(Jaccard coefficient, resource allocation index, preferential attachment score) consistently un-
derperform relative to graphon-based estimators, especially as the missing rate increases. This
further highlights the advantage of model-based approaches in leveraging latent network struc-
ture for link prediction. (3) Performance under high missing rates: Most methods show expected
performance degradation as the missing rate increases from 0.3 to 0.7. However, the proposed
method maintains relatively high performance even at challenging missing rates. For example,
in the MACAQUE dataset at a missing rate of 0.7, Net-Paging improves the AUC from 0.744
to 0.838 for NS and from 0.819 to 0.862 for ICE. This demonstrates that NP-based methods are
especially robust to information loss—a crucial property for real-world networks where missing
data is common. Similarly, in the INFECT dataset at a missing rate of 0.7, the AUC increases
from 0.755 to 0.833 for NS, and from 0.843 to 0.885 for ICE when incorporating Net-Paging.
These results demonstrate that the proposed method offers significant resilience to information
loss, a critical property for real-world networks where missing data is prevalent.
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Table 1: AUC values calculated at different missing rates, averaged over 100 repeated experiments. To
save the column space, we use NP as an abbreviation of Net-Paging.

Dataset p NP+NS NP+ICE NS ICE USVT SAS JC RAI PAS

MACAQUE

0.3 0.919 0.915 0.910 0.901 0.829 0.790 0.879 0.901 0.801
0.4 0.913 0.910 0.900 0.895 0.774 0.789 0.873 0.897 0.801
0.5 0.900 0.902 0.877 0.880 0.769 0.784 0.863 0.889 0.798
0.6 0.880 0.888 0.831 0.860 0.751 0.779 0.847 0.875 0.795
0.7 0.838 0.862 0.744 0.819 0.500 0.768 0.814 0.845 0.791

BLOG

0.3 0.949 0.947 0.931 0.936 0.926 0.905 0.872 0.894 0.908
0.4 0.945 0.945 0.924 0.932 0.924 0.903 0.869 0.879 0.907
0.5 0.939 0.942 0.912 0.925 0.867 0.901 0.863 0.867 0.906
0.6 0.929 0.936 0.892 0.916 0.500 0.897 0.854 0.842 0.905
0.7 0.910 0.926 0.852 0.900 0.500 0.891 0.836 0.817 0.902

INFECT

0.3 0.952 0.954 0.924 0.941 0.500 0.717 0.941 0.945 0.736
0.4 0.937 0.945 0.902 0.932 0.500 0.710 0.932 0.936 0.732
0.5 0.915 0.934 0.871 0.918 0.500 0.703 0.916 0.920 0.727
0.6 0.885 0.919 0.828 0.893 0.500 0.687 0.892 0.894 0.722
0.7 0.833 0.885 0.755 0.843 0.500 0.668 0.847 0.849 0.715

7.2 Graph Classification

Background. Graph classification is an important task in network analysis, where the ob-
jective is to assign a label to an entire graph. The importance of graph classification arises
from its broad applicability across diverse scientific domains. For example, in cheminformatics,
molecules are naturally represented as graphs where atoms correspond to nodes and chemical
bonds to edges. Graph classification enables the prediction of molecular properties such as
toxicity, solubility, and biological activity, significantly accelerating drug development pipelines
(Gaudelet et al., 2021; Zhao et al., 2024). To improve the accuracy of the graph classification
task, Han et al. (2022a) introduced G-Mixup, an innovative data augmentation framework that
addresses the common challenge of limited training data by leveraging graphon to generate
synthetic training examples. The key insight behind G-Mixup is that graphs from the same
class often share similar underlying generating mechanisms, which can be captured by class-
specific graphons. The method works by first estimating a graphon for each class using the
available training graphs. G-Mixup then generates synthetic graphs by interpolating between
these class-specific graphons, creating new training examples that preserve the essential struc-
tural characteristics of their respective classes while introducing controlled variations. Notably,
the performance of G-Mixup is intrinsically linked to the quality of graphon estimation: more
accurate graphon estimates yield synthetic graphs that better reflect the true characteristics of
each class, thereby enhancing the effectiveness of data augmentation and, ultimately, the overall
classification performance.

Experimental Design. To rigorously assess the effect of graphon estimation methods
within the G-Mixup framework for graph classification, we begin by splitting each dataset into
separate training (70%) and testing sets (30%), ensuring that all reported classification results
are based on graphs that were not seen during either graphon estimation or the G-Mixup aug-
mentation process. For each class in the training set, we estimate a class-specific graphon using
various methods, including NS, ICE, USVT, SAS, and their Net-Paging-enhanced versions. This
enables a direct evaluation of the impact of Net-Paging on graphon quality and downstream
performance. The estimated class-specific graphons using graph attention networks (Veličković
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et al., 2018) are then used as the basis for the G-Mixup procedure: synthetic graphs are gen-
erated by interpolating between graphons from the same class, thereby augmenting the original
training set. A graph classification model is subsequently trained on this augmented dataset.
We evaluate classification performance on the untouched testing set using standard metrics such
as classification accuracy. All experiments are repeated over multiple random splits to ensure
robustness, and results are reported as averages with standard deviations.

Datasets. We evaluate the classification performance of graphon-based G-Mixup aug-
mentation on nine widely used benchmark datasets (Han et al., 2022a): IMDB-B, IMDB-M,
PROTEINS, NCI1, D&D, FRANKENSTEIN, COLLAB, REDDIT-B, and REDDIT-M. These
datasets encompass a diverse set of domains, including social networks (IMDB-B, IMDB-M,
COLLAB, REDDIT-B, REDDIT-M) and bioinformatics (PROTEINS, NCI1, D&D, FRANKEN-
STEIN). The basic statistics of the datasets are summarized in Table 3. The number of graphs
in each dataset ranges from 1,000 (IMDB-B) to 4,999 (REDDIT-M), with COLLAB containing
5,000 graphs, representing one of the largest collections. The classification tasks involve either
two or three classes, with REDDIT-M posing a multi-class problem involving five classes. The
average number of nodes per graph spans a wide range, from small graphs such as FRANKEN-
STEIN (16.90 nodes) and IMDB-B (19.77 nodes), to larger networks like REDDIT-M (508.52
nodes) and REDDIT-B (429.63 nodes). Overall, these datasets offer a comprehensive bench-
mark to evaluate the efficacy of graphon-based augmentation approaches under a wide range of
real-world network scenarios.

Results. As presented in Table 2, integrating Net-Paging with baseline graphon estimators
yields consistent or improved test accuracy across a broad range of benchmark datasets. The
benefits of Net-Paging are particularly pronounced when combined with the NS and ICE esti-
mators. For example, the addition of Net-Paging increases NS accuracy from 64.22% to 67.76%
on the PROTEINS dataset and from 62.02% to 64.39% on NCI1. The combination with ICE
also achieves the highest or near-highest performance on several datasets, including PROTEINS
(68.57%), NCI1 (65.02%), and REDDIT-B (92.62%), while remaining competitive on COLLAB
(80.36%) and FRANKENSTEIN (72.14%). These results demonstrate that Net-Paging effec-
tively enhances graphon-based data augmentation.

Table 2: Test accuracy (%) on 8 benchmark datasets, comparing each method with and without Net-
Paging (NP). Bold indicates improvement with NP.

Dataset USVT USVT+NP NS NS+NP SAS SAS+NP ICE ICE+NP

IMDB-B 71.65 ± 1.83 71.05 ± 2.37 70.55 ± 4.17 71.15 ± 4.32 71.25 ± 2.88 71.45 ± 3.34 70.55 ± 3.39 71.85 ± 3.61
IMDB-M 48.23 ± 1.83 49.00 ± 1.61 48.60 ± 1.97 49.37 ± 2.83 47.93 ± 2.12 48.93 ± 1.98 48.43 ± 2.34 49.17 ± 1.34
PROTEINS 66.95 ± 3.03 67.85 ± 3.75 64.22 ± 2.10 67.76 ± 2.27 68.16 ± 2.62 67.71 ± 2.50 68.25 ± 1.70 68.57 ± 2.16
NCI1 62.38 ± 3.78 65.38 ± 2.16 62.02 ± 3.53 64.39 ± 2.28 63.49 ± 3.71 64.36 ± 1.87 63.66 ± 2.62 65.02 ± 2.01
D&D 65.17 ± 2.22 65.42 ± 3.61 65.00 ± 2.56 66.02 ± 2.82 65.17 ± 2.02 65.30 ± 2.33 66.23 ± 2.34 65.51 ± 2.64
FRANKENSTEIN 71.85 ± 1.25 71.54 ± 1.10 71.06 ± 1.04 71.22 ± 0.81 71.30 ± 0.95 71.49 ± 1.21 71.64 ± 1.49 72.14 ± 1.69
COLLAB 79.69 ± 1.48 79.78 ± 1.20 79.39 ± 1.54 79.78 ± 1.72 78.66 ± 2.20 79.85 ± 1.14 80.02 ± 1.73 80.36 ± 1.53
REDDIT-B 92.00 ± 0.97 91.97 ± 1.71 92.28 ± 1.38 91.43 ± 1.25 92.00 ± 1.02 92.25 ± 1.32 91.90 ± 1.43 92.62 ± 1.31
REDDIT-M 56.50 ± 1.20 56.56 ± 1.89 57.44 ± 1.09 56.72 ± 1.33 56.32 ± 2.16 57.10 ± 1.58 55.97 ± 1.04 56.42 ± 1.65

8 Discussion

This paper introduces Net-Paging, a network perturbation aggregation procedure that extends
the classical bagging framework to network data for improved graphon estimation. Net-Paging
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Table 3: Statistics of the datasets used in our experiments.

Property COLLAB IMDB-B IMDB-M REDDIT-B REDDIT-M PROTEINS D&D NCI1 FRANKENSTEIN

#Graphs 5,000 1,000 1,500 2,000 4,999 1,113 1,178 4,110 4,337
#Classes 3 2 3 2 5 2 2 2 2
Avg. #Nodes 74.49 19.77 13.00 429.63 508.52 39.06 284.32 29.87 16.90
Avg. #Edges 2457.78 96.53 65.94 497.75 594.87 72.82 715.66 32.30 33.81

introduces controlled perturbations to the observed adjacency matrix while preserving key struc-
tural properties of the underlying graphon. By aggregating estimates obtained from multiple
perturbed networks, Net-Paging effectively reduces variance and enhances estimation stability.
Our theoretical analysis establishes two results: First, we prove that estimator from each per-
turbed network retains the same convergence rate as the original, preserving key property of the
original network; Second, we demonstrate that the more perturbations used in the Net-Paging,
the smaller the MSE is, with a linear dependency. Extensive experiments reveal the advantage
of Net-Paging in reducing variance and MSE.

Limitations. Despite these advancements, several methodological challenges and open ques-
tions remain. First, the perturbation mechanism, while preserving expected graphon properties,
operates at the individual edge level and may inadequately capture higher-order network struc-
tures such as community organization, clustering patterns, and motif structures that are crucial
in many real-world networks. Second, our current aggregation approach employs simple aver-
aging across perturbations, but this choice lacks theoretical optimization and may not achieve
optimal bias-variance trade-offs. Third, the framework currently provides only point estimates
without principled uncertainty quantification (Huang et al., 2023; Su et al., 2022), limiting its
utility for statistical inference applications where confidence assessment is crucial.

Future Research Directions. These limitations naturally motivate several research di-
rections that could substantially advance both the theoretical foundations and practical utility
of perturbation-based graphon estimation.

Structure-Preserving Perturbation Mechanisms: Addressing the structural preservation chal-
lenge requires developing perturbation schemes that respect higher-order network properties
while maintaining sufficient randomization for variance reduction. Potential approaches include
community-aware perturbations that preserve block structure, motif-preserving perturbation
strategies, or hierarchical perturbation schemes that operate at multiple structural levels. The
theoretical challenge lies in characterizing which structural properties can be preserved while
maintaining the variance reduction benefits of perturbation aggregation.

Optimal Aggregation: Addressing the aggregation limitation requires developing principled
combination schemes tailored to the functional nature of graphon estimation. Alternative ap-
proaches such as weighted averaging based on perturbation-specific quality metrics, median-
based robust aggregation methods, or adaptive combination schemes could potentially achieve
superior performance (Gasparin and Ramdas, 2024). The theoretical challenge involves estab-
lishing frameworks for bias-variance optimization in functional estimation settings, potentially
bridging ensemble learning theory with functional data analysis.

Perturbation-Based Confidence Intervals: The most significant extension addresses the un-
certainty quantification limitation by developing rigorous statistical inference procedures. For
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confidence intervals, the Net-Paging framework naturally motivates using the empirical distribu-
tion of graphon estimates from multiple perturbed networks to construct entrywise confidence
intervals through empirical quantiles. However, the theoretical justification for this approach is
non-trivial. The main difficulty arises from the complex dependence structure among perturba-
tions, as well as the inherent dependence structure of network data itself. Rigorously proving
that this empirical distribution accurately reflects the true sampling distribution of the graphon
estimator, especially for complex non-Euclidean data like networks, is a significant challenge.

Perturbation-Based Hypothesis Testing: The framework also presents opportunities for de-
veloping perturbation-based hypothesis testing, such as determining whether two networks orig-
inate from the same graphon by comparing the sampling distributions of graphons using the
perturbed networks. The key challenge in developing such testing lies in proposing an appro-
priate test statistic and deriving its asymptotic properties, while ensuring proper Type I error
control through leveraging perturbation-based distributional approximations.
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A Supplemental Material

A.1 The Graphons Used in Simulation Study

f1(x, y) = 1
1 + e− max(x,y)2+min(x,y)4

f2(x, y) = 0.6I{⌊10x⌋=⌊10y⌋} + 0.4I{⌊10x⌋̸=⌊10y⌋}

f3(x, y) = exp
{

− max(x, y)3/4
}

f4(x, y) = x2 + y2

3 cos
( 1

x2 + y2

)
+ 0.15

f5(x, y) = 1
1.5 + | cos(−20(x3 + y3))|

f6(x, y) = x + y

2

f7(x, y) = 1/

(
1 + exp

(
10 min

( |x − y|
5 , max

(
0.18 − (x − 1

2)2 − (y − 1
2)2, (x − 1

2)2 + (y − 1
2)2 − 0.245

))))

f8(x, y) = 1
5 min

(
e0.05−(x− 1

2 )2−(y− 1
2 )2 cos

(
0.4

(x − 1
2)2 + (y − 1

2)2

)
,

e0.0004−(x− 1
8 )2−(y− 1

8 )2 cos
(

0.1
(x − 1

8)2 + (y − 1
8)2

)
,

e0.0004−(x− 7
8 )2−(y− 7

8 )2 cos
(

0.1
(x − 7

8)2 + (y − 7
8)2

))
+ 0.4

A.2 Algorithm Implementation and Data Source

We implement the Net-Bagging algorithm in python. The implementations of the base estima-
tors and the link prediction algorithms can be found in the following repositories:

• NS: https://github.com/yzhanghf/NeighborhoodSmoothing.

• ICE: https://github.com/Siva-47/ICE.

• USVT: https://github.com/cran/graphon.

• SAS: https://github.com/airoldilab/SAS.

• JC, RAI, PAS & CCPA: https://github.com/networkx/networkx.

• G-mixup https://github.com/ahxt/g-mixup

The Macaque Cerebral Cortex network can be found at https://neurodata.io/. The
Political Blogs network is contained in the R package gsbm. The two networks can be directly
downloaded at:

• Macaque Cerebral Cortex: https://s3.amazonaws.com/connectome-graphs/macaque/

rhesus_brain_1.graphml

• Political Blogs: https://github.com/cran/gsbm/blob/master/data/blogosphere.RData
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A.3 An Attempted Conditional Analysis of Variance Reduction of Net-Paging

In this section, we examine whether the variance reduction achieved by Net-Paging can be justi-
fied through a direct conditional analysis. The goal is not to present a complete estimator-specific
optimality theorem for all base estimators. Rather, we present a natural proof strategy, identify
where it is successful, and clarify why extending it to neighborhood smoothing is technically
challenging.

A.3.1 Variance reduction for sensitive estimators

The basic idea is to view Net-Paging as a bagging procedure. If the individual perturbed estima-
tors remain accurate and are sufficiently different from one another, then averaging them should
reduce the final estimation error. This intuition is made precise by the following deterministic
identity.

Lemma 1. Let P̂pag = 1
B

∑B
b=1 P̃ (A∗

b) be the aggregated estimator. For any matrix P ,

n−2∥P̂pag − P∥2
F = n−2

B

B∑
b=1

∥P̃ (A∗
b) − P∥2

F − n−2

2B2

B∑
b1,b2=1

∥P̃ (A∗
b1) − P̃ (A∗

b2)∥2
F . (13)

Proof. Let Q̄ = P̂pag = 1
B

∑
b P̃ (A∗

b). The left-hand side equals

∥Q̄ − P∥2
F + 1

2B2

∑
b1,b2

∥P̃ (A∗
b1) − P̃ (A∗

b2)∥2
F

= ∥Q̄∥2
F − 2⟨Q̄, P ⟩F + ∥P∥2

F + 1
B

∑
b

∥P̃ (A∗
b)∥2

F − ∥Q̄∥2
F

= 1
B

∑
b

(
∥P̃ (A∗

b)∥2
F − 2⟨P̃ (A∗

b), P ⟩F + ∥P∥2
F

)
= 1

B

∑
b

∥P̃ (A∗
b) − P∥2

F ,

where we used 1
2B2

∑
b1,b2 ∥P̃ (A∗

b1
) − P̃ (A∗

b2
)∥2

F = 1
B

∑
b ∥P̃ (A∗

b)∥2
F − ∥Q̄∥2

F .

Lemma 1 shows that the error of the aggregated estimator is the average individual error
minus a pairwise diversity term. Thus, a direct proof of variance reduction requires three steps:

1. showing that each individual perturbed estimator P̃ (A∗
b) remains accurate (Theorem 1);

2. showing that the perturbed networks A∗
1, . . . , A∗

B are mutually separated (Lemmas 2);

3. showing that separation at the network level propagates to separation at the estimator-
output level (Assumption 3).

The first step follows from Theorem 1, using a union bound over B perturbation replicates.
The second step follows from the construction of the perturbed networks, as we will show in
the following Lemmas 2. The third step is the difficult one: it requires the base estimator to
respond sufficiently strongly to changes in the observed adjacency matrix.

Lemma 2 (Perturbed Network Diversity). Let A∗
1 and A∗

2 be two perturbed networks generated
with disjoint masked sets S1 ∩ S2 = ∅ and masking rate ρ. For any γ ∈ (0, 2d(1 − d)],for

31



B = ⌊1/ρ⌋ perturbed networks with pairwise disjoint masked sets,

P
{

min
1≤b1 ̸=b2≤B

1
2n2 ∥A∗

b1 − A∗
b2∥2

F > γρ

}
> 1 − ρ−2e−n2ρ[2d(1−d)−γ]2 .

Lemma 2 confirms that the perturbed networks are mutually well separated with high prob-
ability. To convert the network-level diversity established in Lemma 2 into estimator-level
diversity, we require an assumption on how the base estimator P̂ responds to changes in its
input.

Assumption 3 ((α, C3)-Sensitivity). There exist a constant α > 0 and a positive sequence
C3(n) > 0 such that for any two adjacency matrices A1, A2,

n−2∥P̂ (A1) − P̂ (A2)∥2
F ≥ C3(n) ·

(
n−2∥A1 − A2∥2

F

)α
. (14)

Assumption 3 requires that the base estimator is not too insensitive to changes in the observed
network. In words, if two input networks differ substantially in normalized Frobenius norm,
then their estimated graphons should also differ. The exponent α governs the power-law scaling
of the lower bound: α = 1 corresponds to a linear lower bound on the estimator response, α < 1
to a sub-linear bound that is stronger for small input differences, and α > 1 to a super-linear
bound that is weaker for small input differences. The constant C3(n) controls the strength of
the bound overall: larger C3(n) corresponds to stronger estimator sensitivity.

Discussion of Assumption 3. Whether the assumption holds with a useful constant depends
on the base estimator. We examine two representative cases.
Block estimators. Consider an estimator that averages edges within each block of a known
partition z : [n] → [K]. Writing the estimator as P̂ (A) = W (z) A W (z)⊤ where W (z) is the
averaging matrix, we have

∥P̂ (A1) − P̂ (A2)∥2
F = ∥W (z)(A1 − A2)W (z)⊤∥2

F ≥ n−2∥A1 − A2∥2
F · mink n2

k

n2 ,

by the Cauchy–Schwarz inequality, where nk = |z−1(k)|. When block sizes are balanced (nk ≍
n/K), this gives Assumption 3 with α = 1 and C3(n) = c/K2 for a constant c > 0.
Neighborhood smoothing. For NS, the situation is more complicated. The NS estimator averages
edges within a neighborhood Nk(A) of size |Nk| ≈ hn for bandwidth h = C

√
log n/n. If the

neighborhoods selected under A∗
1 and A∗

2 were fixed and identical, then the only difference
between the two NS estimates would come from averaging different edge values over the same
smoothing sets. In that hypothesized case, a direct calculation gives

E
[
n−2∥P̂NS(A∗

1) − P̂NS(A∗
2)∥2

F

]
≈ d(1 − d) ρ

hn
= d(1 − d) ρ

C
√

n log n
, (15)

while n−2∥A∗
1 − A∗

2∥2
F ≈ 2d(1 − d)ρ. Hence Assumption 3 holds with α = 1 and

C3(n) = 1
2C

√
n log n

. (16)
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We emphasize that this calculation does not characterize NS in full. Real perturbed networks
induce different neighborhoods, and the membership flips create additional output variation
that the fixed-neighborhood calculation ignores. The full C3(n) for NS may therefore be larger,
allowing a stronger version of Assumption 3 than the simplified calculation alone establishes.
We do not pursue this strengthening here, but its difficulty is itself informative: it shows that
even the value of C3(n) for NS is non-trivial to pin down.

A.3.2 Resulting improvement bound

Theorem 3 shows that, with high probability, the squared error of the bagged estimator is
bounded above by the single-replicate error bound C1(n)/(1 − ρ)2 minus a strictly positive im-
provement term ∆(n, B, ρ) := (B − 1)C3(n)(2γρ)α/[2B(1 − ρ)2]. Thus, when the base estimator
has strong sensitivity, in the sense that C3(n) is bounded away from zero or decays slowly, the
diversity induced by the perturbations translates into a non-negligible reduction in the error
bound.

Theorem 3. Suppose Assumptions 1, 2, and 3 hold. Let A∗
1, . . . , A∗

B be perturbed networks gen-
erated with pairwise disjoint masked sets, and P̂pag = 1

B

∑
b P̃ (A∗

b) be the Net-Paging estimator.
Then for any γ ∈ (0, d(1 − d)],

max
f∈F

P
(

n−2∥P̂pag − P∥2
F ≥ C1(n)

(1 − ρ)2 − (B − 1) C3(n) (2γρ)α

2B (1 − ρ)2

)
≤ B D1(n)+ρ−2e−n2ρ[2d(1−d)−γ]2 ,

(17)
where C1(n), D1(n), C3(n), and α are defined in Assumptions 2 and 3.

Proof. By Lemma 1,

n−2∥P̂pag − P∥2
F = 1

B

∑
b

n−2∥P̃ (A∗
b) − P∥2

F − 1
2B2(1 − ρ)2

∑
b1,b2

n−2∥P̂ (A∗
b1) − P̂ (A∗

b2)∥2
F . (18)

By Theorem 1 and B = ⌊1/ρ⌋,

max
f∈F

P
(

max
1≤b≤B

n−2∥P̃ (A∗
b) − P∥2

F ≥ C1(n)
(1 − ρ)2

)
≤ B D1(n).

1
B

∑
b n−2∥P̃ (A∗

b) − P∥2
F ≤ C1(n)

(1−ρ)2 . Given Assumption 3, we have n−2∥P̂ (A∗
b1

) − P̂ (A∗
b2

)∥2
F ≥

C3(n)(n−2∥A∗
b1

− A∗
b2

∥2
F )α. By Lemma 2, the event E =

{
minb1 ̸=b2

1
2n2 ∥A∗

b1
− A∗

b2
∥2

F > γρ
}

satisfies P(E) ≥ 1 − ρ−2e−n2ρ[2d(1−d)−γ]2 . Since ∑b1,b2 counts B(B − 1) ordered pairs with
b1 ̸= b2, one event E ,

1
2B2

∑
b1,b2

n−2∥P̂ (A∗
b1) − P̂ (A∗

b2)∥2
F ≥ B − 1

2B
C3(n) (2γρ)α.

Substituting into (18) completes the proof.

Block estimators. For block estimators with balanced blocks and fixed K, C3(n) is a positive
constant. The improvement ∆(n, B, ρ) is therefore a constant fraction of the single-replicate
error bound C1(n)/(1 − ρ)2, and Theorem 3 delivers a non-vanishing constant-factor reduction.
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Neighborhood smoothing. Consider the simplified scenario in which the NS neighborhoods
are held fixed across two perturbed networks. In this case, we have C3(n) ≍ 1√

n log n
. Substituting

this value and h = C
√

log n/n into the improvement term in Theorem 3 yields

∆(n, B, ρ)
C1(n) ≍ 1

log n
,

up to constants depending on ρ and B, where C1(n) ≍
√

log n/n is the base NS error rate in
Theorem 1. Thus, Theorem 3 gives a constant-improvement bound in finite samples, but it does
not establish an improved asymptotic convergence rate for NS.

We emphasize that the fixed-neighborhood simplification is not realistic for actual NS: the
dissimilarity-based selection rule depends on the data, so two perturbed networks generally
induce different neighborhoods. The variation introduced by these neighborhood differences is
the actual source of NS’s empirical variance, and it is not captured by the fixed-neighborhood
calculation. The bound above therefore underestimates the true sensitivity of NS, and we take
its lower-order rate not as a characterization of NS itself but as evidence that Assumption 3 is the
wrong instrument for analyzing NS. We discuss this structural mismatch in the next subsection.

In sum, this analysis clarifies the scope of our theoretical claim. Net-Paging should not be
interpreted as a procedure that automatically improves the asymptotic rate of every graphon
estimator. Under a sensitivity condition, the pairwise diversity induced by perturbation can
yield a non-negligible finite-sample improvement term. For NS, however, the simplified fixed-
neighborhood calculation yields a lower-order improvement relative to the baseline NS rate and
therefore does not establish a rate improvement. The actual improvement mechanism for NS is
instead tied to the data-adaptive neighborhood-selection step: perturbations can flip decisions
near the selection cutoff, and aggregation can stabilize these boundary-sensitive decisions. A
formal rate improvement for NS would require additional margin-type assumptions controlling
the mass of near-boundary node pairs and the effect of perturbation on their selection status.
We leave such an estimator-specific optimality analysis for future work.

A.4 Proofs

A.4.1 Proof of Theorem 1

Proof. By the definition of graphon, there is a graphon function f , such that pij = f(ui, uj).
According to the construction of A∗, the marginal distribution of A∗ is Ber(P ∗), where p∗

ij =
ρd + (1 − ρ)pij = ρd + (1 − ρ)f(ui, uj). Define f∗ := ρd + (1 − ρ)f . Then A∗ is a realization from
the graphon model with f∗. By Assumption 1, f∗ ∈ F .

Based on Assumption 2, We have

max
f∗∈F

P
( 1

n2 ||P̂ (A∗) − [(1 − ρ)P + ρd]||2F ≥ C1(n)
)

≤ D1(n).

Recall that P̃ (A∗) = 1
1−ρ

(
P̂ (A∗) − ρd

)
. Therefore,

max
f∈F

P
( 1

n2 ||P̃ (A∗) − P ||2F ≥ C1(n)
(1 − ρ)2

)
≤ D1(n),

34



which completes the proof.

A.4.2 Proof of Theorem 2

Proof. Since the base estimator is bounded, by the Fubini theorem, the expectation of the
bagging estimator can be calculated as

EA,R
[
P̂bag(A, R)

]
= 1

B

B∑
b=1

EA,R
[
P̃ (A, R(1)

b , R(2)
b )
]

= EAER(1),R(2)

[
P̃ (A, R(1), R(2))

]
.

Next, we calculate the second order moment of the bagging estimator. Let ⊙ denote the
Hadamard product of matrices, i.e. the element-wise product, and A⊙2 denote the element-
wise square of any matrix A. In the following equations, when the operator E and Var are
applied on matrices, they are by default applied on each element of the matrices.

EA,R
[
P̂bag(A, R)⊙2

]
= 1

B2EA

[
B∑

b=1
ER

[
P̃ (A, R(1)

b , R(2)
b )⊙2

]

+
∑

b1 ̸=b2

ER
[
P̃ (A, R(1)

b1
, R(2)

b1
) ⊙ P̃ (A, R(1)

b2
, R(2)

b2
)
] ]

= EA

[
1
B
ER(1),R(2)

[
P̃ (A, R(1), R(2))⊙2

]

+ B − 1
B

ER(1),R(2)

[
P̃ (A, R(1), R(2))

]⊙2
]

= EA

[
ER(1),R(2)

[
P̃ (A, R(1), R(2))

]⊙2
]

+ 1
B
EA

[
VarR(1),R(2)

(
P̃ (A, R(1), R(2))

)]
.

The variance can be calculated as the expectation of square minus the square of expectation.

VarA,R

(
P̂bag(A, R)

)
= EA,R

[
P̂bag(A, R)⊙2

]
− EA,R

[
P̂bag(A, R)

]⊙2

= VarA

(
ER(1),R(2)

[
P̃ (A, R(1), R(2))

])
+ 1

B
EA

[
VarR(1),R(2)

(
P̃ (A, R(1), R(2))

)]
The MSE is the sum of all the entries’ MSE, which can be represented as the sum of all the
squared bias and variance.

MSE(P̂bag) = EA,R
[
||P̂bag(A, R) − P ||2F

]
= E1 + V1 + 1

B
V2.
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A.4.3 Derivation of Eq.(11)

Given,

P̂pag(A) = 1
B(1 − ρ)

B∑
b=1

(
P̂ (A∗

b) − ρd1n1⊤
n

)
,

and W (P ∗)1n = 1n. Substituting the three-component decomposition P̂ (A∗
b) = Esel,∗

b +Enoise,∗
b +

W (P ∗)P ∗W (P ∗)⊤ into the estimator yields:

P̂pag(A) = 1
B(1 − ρ)

B∑
b=1

(
Esel,∗

b + Enoise,∗
b + W (P ∗)P ∗W (P ∗)⊤ − W (P ∗)(ρd1n1⊤

n )W (P ∗)⊤
)

= 1
B(1 − ρ)

B∑
b=1

Esel,∗
b + 1

B(1 − ρ)

B∑
b=1

Enoise,∗
b + W (P ∗)(P ∗ − ρd1n1⊤

n )W (P ∗)⊤

1 − ρ

Since P = (1 − ρ)−1(P ∗ − ρd1n1⊤
n ), the last term simplifies to W (P ∗)PW (P ∗)⊤. Subtracting

P from both sides results in:

P̂pag(A) − P = 1
B(1 − ρ)

B∑
b=1

Esel,∗
b + 1

B(1 − ρ)

B∑
b=1

Enoise,∗
b +

(
W (P ∗)PW (P ∗)⊤ − P

)

Defining Ebias
pag = W (P ∗)PW (P ∗)⊤ − P , and we have

Ebias
pag = W (P ∗)P ∗W (P ∗)⊤ − ρd1n1⊤

n

1 − ρ
− P ∗ − ρd1n1⊤

n

1 − ρ
= W (P ∗)P ∗W (P ∗)⊤ − P ∗

1 − ρ
= Ebias,∗

1 − ρ

which completes the derivation for Equation (11).

A.4.4 Proof of Proposition 1

Proof. Step 1: Entrywise decomposition. For any matrices X, Y ∈ Rn×n,

∥X − Y ∥2
F =

∑
i,i′

(Xii′ − Yii′)2.

By the convention Hii(M) = 0 for all i and all matrices M , the diagonal entries of H̄B and
H(P ) vanish. Therefore

∥H̄B − H(P )∥2
F =

∑
i ̸=i′

(H̄B,ii′ − Hii′(P ))2. (19)

Since the sum is finite, conditional expectation given A exchanges with the summation:

ER
[
∥H̄B − H(P )∥2

F | A
]

=
∑
i ̸=i′

ER
[
(H̄B,ii′ − Hii′(P ))2 | A

]
. (20)

Step 2: Conditional law of Hii′(A∗
b) given A. Fix an off-diagonal pair (i, i′) with i ̸= i′.

For notational simplicity, write

hii′ := Hii′(A), h0
ii′ := Hii′(P ), qii′ := qii′(A).
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Recall that qii′ is the conditional probability that the perturbed selector changes relative to the
original selector: qii′ = PR{Hii′(A∗) ̸= Hii′(A) | A}. There are two cases. If hii′ = 1, then
the perturbed selector equals one precisely when it does not flip. Hence PR{Hii′(A∗

b) = 1 |
A} = 1 − qii′ . If hii′ = 0, then the perturbed selector equals one precisely when it flips. Hence
PR{Hii′(A∗

b) = 1 | A} = qii′ .

Combining these two cases gives the compact expression

Hii′(A∗
b) | A ∼ Ber(pii′), pii′ = hii′(1 − qii′) + (1 − hii′)qii′ = hii′ + (1 − 2hii′)qii′ .

When hii′ = 1, pii′ = 1 − qii′ ; when hii′ = 0, pii′ = qii′ . Since pii′ is either qii′ or 1 − qii′ ,

pii′(1 − pii′) = qii′(1 − qii′). (21)

Step 3: Conditional mean and variance of H̄B,ii′. The perturbed networks A∗
1, . . . , A∗

B

are conditionally i.i.d. given A by construction. Therefore Hii′(A∗
1), . . . , Hii′(A∗

B) are condition-
ally i.i.d. Bernoulli random variables with success probability pii′ . Hence

ER[H̄B,ii′ | A] = pii′ = hii′ + (1 − 2hii′)qii′ , (22)

and
VarR(H̄B,ii′ | A) = 1

B
pii′(1 − pii′) = 1

B
qii′(1 − qii′). (23)

Step 4: Entrywise conditional MSE against Hii′(P ). For any random variable X and
constant c,

E[(X − c)2] = Var(X) + {E(X) − c}2.

Applying this identity conditionally on A, with X = H̄B,ii′ and c = h0
ii′ , gives

ER
[
(H̄B,ii′ − h0

ii′)2 | A
]

= 1
B

qii′(1 − qii′) +
{

hii′ − h0
ii′ + (1 − 2hii′)qii′

}2
. (24)

We now evaluate the squared-bias term separately on agreement and disagreement pairs.
If (i, i′) ∈ C(A), then hii′ = h0

ii′ . Therefore

hii′ − h0
ii′ + (1 − 2hii′)qii′ = (1 − 2hii′)qii′ .

Since hii′ ∈ {0, 1}, (1 − 2hii′)2 = 1, and hence{
hii′ − h0

ii′ + (1 − 2hii′)qii′

}2
= q2

ii′ .

Thus
ER
[
(H̄B,ii′ − h0

ii′)2 | A
]

= q2
ii′ + 1

B
qii′(1 − qii′), (i, i′) ∈ C(A). (25)

If (i, i′) ∈ D(A), then hii′ ̸= h0
ii′ . Since both are binary, h0

ii′ = 1 − hii′ . Hence

hii′ − h0
ii′ + (1 − 2hii′)qii′ = hii′ − (1 − hii′) + (1 − 2hii′)qii′ = (2hii′ − 1)(1 − qii′).
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Since hii′ ∈ {0, 1}, (2hii′ − 1)2 = 1, and therefore{
hii′ − h0

ii′ + (1 − 2hii′)qii′

}2
= (1 − qii′)2.

Thus
ER
[
(H̄B,ii′ − h0

ii′)2 | A
]

= (1 − qii′)2 + 1
B

qii′(1 − qii′), (i, i′) ∈ D(A). (26)

Step 5: Summation over agreement and disagreement pairs. Substituting (25) and
(26) into (20), and using the partition C(A) ∪ D(A) of the off-diagonal pairs, gives

ER
[
∥H̄B − H(P )∥2

F | A
]

=
∑

(i,i′)∈C(A)

{
q2

ii′ + 1
B

qii′(1 − qii′)
}

+
∑

(i,i′)∈D(A)

{
(1 − qii′)2 + 1

B
qii′(1 − qii′)

}
. (27)

The squared error of the original selector is

∥H(A) − H(P )∥2
F =

∑
i ̸=i′

(hii′ − h0
ii′)2 = |D(A)|.

Therefore,

ER
[
∥H̄B − H(P )∥2

F | A
]

− ∥H(A) − H(P )∥2
F

=
∑

(i,i′)∈C(A)

{
q2

ii′ + 1
B

qii′(1 − qii′)
}

+
∑

(i,i′)∈D(A)

{
(1 − qii′)2 + 1

B
qii′(1 − qii′) − 1

}
. (28)

For each (i, i′) ∈ D(A),

(1 − qii′)2 + 1
B

qii′(1 − qii′) − 1 = −
{

2qii′ − q2
ii′ − 1

B
qii′(1 − qii′)

}
.

Substituting this into (28) yields

ER
[
∥H̄B − H(P )∥2

F | A
]

− ∥H(A) − H(P )∥2
F = Cost(A; B) − Gain(A; B),

where
Cost(A; B) :=

∑
(i,i′)∈C(A)

{
q2

ii′ + 1
B

qii′(1 − qii′)
}

,

and
Gain(A; B) :=

∑
(i,i′)∈D(A)

{
2qii′ − q2

ii′ − 1
B

qii′(1 − qii′)
}

.

This proves the proposition.
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A.5 Additional Simulation Results

A.5.1 Clipping proportions due to the debiasing step
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Figure 8: Clipping proportions across different sample sizes. The blue and orange lines denote the
proportion of elements below 0 and above 1, respectively. The green line represents their sum, which is
the total fraction of values clipped into [0, 1].
A.5.2 Empirical results supporting why Net-Paging improves Neighborhood Smooth-

ing

1250 1500 1750 2000
IB(A)

0.0025

0.0030

0.0035

0.0040

0.0045

0.0050

0.0055

M
SE

Graphon 1

1250 1500 1750 2000
IB(A)

0.0045

0.0050

0.0055

0.0060

0.0065

0.0070

0.0075

M
SE

Graphon 2

1000 1250 1500 1750
IB(A)

0.0020

0.0025

0.0030

0.0035

0.0040

M
SE

Graphon 3

800 1000 1200 1400
IB(A)

0.0015

0.0020

0.0025

0.0030

M
SE

Graphon 4

1250 1500 1750 2000
IB(A)

0.004

0.005

0.006

M
SE

Graphon 5

600 800 1000 1200
IB(A)

0.0008

0.0010

0.0012

0.0014

0.0016

0.0018

0.0020

M
SE

Graphon 6

1250 1500 1750 2000
IB(A)

0.004

0.005

0.006

0.007

M
SE

Graphon 7

1250 1500 1750 2000
IB(A)

0.004

0.005

0.006

0.007

M
SE

Graphon 8

Figure 9: Selector-level improvement is associated with estimator-level MSE reduction. For each graphon
setting, each point represents one simulation replicate. The x-axis is the empirical selector-level improve-
ment ÎB(A), and the y-axis is the MSE reduction ∆MSE = n−2∥P̂ (A) − P∥2

F − n−2∥P̂pag(A) − P∥2
F .

Positive ∆MSE indicates that Net-Paging improves estimation accuracy. The positive association sup-
ports the proposed mechanism that stabilizing the neighborhood selector contributes to the final MSE
reduction.

39



0 10 20 30
|mii ′(A)|

0.0

0.1

0.2

0.3

0.4

q i
i′ (A

)

Graphon 1

5 10 15
|mii ′(A)|

0.0

0.1

0.2

0.3

q i
i′ (A

)

Graphon 2

0 20 40 60
|mii ′(A)|

0.0

0.1

0.2

0.3

0.4

q i
i′ (A

)

Graphon 3

0 20 40 60
|mii ′(A)|

0.0

0.1

0.2

0.3

0.4

q i
i′ (A

)

Graphon 4

0 5 10 15 20
|mii ′(A)|

0.0

0.1

0.2

0.3

0.4

q i
i′ (A

)

Graphon 5

0 50 100 150
|mii ′(A)|

0.0

0.1

0.2

0.3

0.4

q i
i′ (A

)

Graphon 6

5 10 15
|mii ′(A)|

0.0

0.1

0.2

0.3

q i
i′ (A

)

Graphon 7

5 10 15 20
|mii ′(A)|

0.0

0.1

0.2

0.3

q i
i′ (A

)

Graphon 8

Figure 10: Perturbation flips concentrate near the neighborhood-selection boundary. For each graphon
setting, the x-axis is the absolute empirical margin |mii′(A)|, measuring distance from the NS selection
cutoff, and the y-axis is the empirical flip frequency q̂ii′(A) across perturbations. The flip frequency is
highest near the cutoff and decreases as pairs move farther from the selection boundary.
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Figure 11: Selection error concentrate near the neighborhood-selection boundary. For each graphon
setting, the y-axis is the empirical error rate Pr(HA ̸= HP ), the fraction of pairs whose selection on the
observed adjacency A disagrees with the selection on the underlying probability matrix P. The error rate
is highest near the cutoff and decreases as pairs move farther from the selection boundary, confirming
that pairs with small margins are the ones most likely to be selected wrongly.

A.5.3 Sensitivity to hyperparameters

Figure 12, Figure 13 and Figure 14 demonstrate the sensitivity to hyperparameters B, d and ρ

respectively.
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Figure 12: RMSE at different values of B. For Net-Paging, a larger B consistently yields a lower RMSE.
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Figure 13: The variation of d has a negligible and pattern-less effect on RMSE. The absolute differences
in RMSE are restricted to a marginal scale of 10−3, which is practically insignificant. Furthermore,
the absence of a universal trend—ranging from monotonically increasing (e.g., Graphon 1) to decreasing
(e.g., Graphon 2) or U-shaped (e.g., Graphon 3)—confirms that these micro-fluctuations are merely data-
specific rather than a systemic impact caused by d.
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Figure 14: RMSE at different values of the masking rate ρ.

A.5.4 Other kernel versions of Neighborhood Smoothing

The original neighborhood smoothing (NS) estimator can be viewed as a kernel smoother with a
box kernel. Specifically, NS assigns equal weight to nodes whose empirical dissimilarity from the
target node falls below a bandwidth threshold, and zero weight to all other nodes. In this sense,
the standard NS estimator corresponds to a box, uniform kernel. This hard threshold creates
a discontinuous neighborhood-selection map: small perturbations of the observed network can
cause nodes near the cutoff to enter or leave the smoothing neighborhood.

To examine whether the gain from Net-Paging is specific to this hard selection rule, we also
consider kernelized versions of NS using Gaussian and Epanechnikov kernels. The Gaussian
kernel assigns smoothly decaying positive weights to all nodes and therefore removes the hard
inclusion/exclusion boundary. The Epanechnikov kernel is smoother than the box kernel but
remains compactly supported, so it still contains a boundary beyond which weights are zero.
Bandwidths are calibrated so that the effective neighborhood size is comparable to that used
by the original NS estimator, namely the

√
log(n)/n quantile rule in the main text. All other

simulation settings, including the graphons, sample sizes, and number of replications, are the
same as in Section 6.

If Net-Paging improves NS mainly by stabilizing discontinuous or near-discontinuous neigh-
borhood decisions, then the improvement should be largest for the box kernel, smaller but still
visible for compactly supported kernels such as the Epanechnikov kernel, and weakest for fully
smooth kernels such as the Gaussian kernel. Thus, these additional experiments assess whether
the empirical gains are driven by selector instability.

Gaussian kernel. For each row i, let hi be the box-kernel bandwidth used by NS, defined as
the empirical qn-quantile of the distances {dij} with qn =

√
log(n)/n. The box kernel uniform
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on [0, hi] has second moment 1
hi

∫ hi
0 u2 du = h2

i
3 . We set the Gaussian-kernel bandwidth to σi =

hi/
√

3, matching the second moments of the Gaussian and box kernels for a fair comparison.
The Gaussian-kernel weights are

wij ∝ exp
(

−
d2

ij

2σ2
i

)
= exp

(
−

3d2
ij

2h2
i

)
,

which are strictly positive for every pair and decay smoothly in dij .

Epanechnikov kernel Using the same row-wise bandwidth hi, the Epanechnikov-kernel weights
are

wij ∝
(

1 −
d2

ij

h2
i

)
1{dij < hi}.

where the normalizing constant 3/(4hi) is absorbed by the subsequent row-sum normalization.
The indicator introduces a hard cutoff at dij = hi: pairs just inside the bandwidth contribute,
pairs just outside contribute exactly zero, and a small perturbation can flip a pair across the
boundary.

Figure 15 compares box, Gaussian, and Epanechnikov versions of NS, with and without Net-
Paging. First, the results show a clear ordering in the benefit of Net-Paging. The improvement
is largest for the box kernel, smaller for the Epanechnikov kernel, and nearly absent for the
Gaussian kernel. This pattern is consistent with the proposed mechanism: Net-Paging is most
useful when the base estimator contains an unstable neighborhood-selection step. The box
kernel corresponds to the original hard-threshold NS estimator, where small perturbations can
move nodes across the inclusion boundary. The Epanechnikov kernel is smoother but remains
compactly supported, so it still retains a boundary effect. In contrast, the Gaussian kernel
assigns smoothly decaying positive weights to all nodes, and small perturbations produce only
gradual changes in the weights. Consequently, the base Gaussian-kernel estimator is already
stable, and Net-Paging provides little additional improvement.

Second, the variance and bias decompositions further shows a bias-variance tradeoff. The
Gaussian kernel generally has the smallest variance, reflecting the stabilizing effect of smooth
weighting, but this variance reduction is often accompanied by larger squared bias. This pattern
reflects the standard bias–variance tradeoff in nonparametric kernel regression: smoother kernels
reduce variance through wider averaging but incur bias when the target varies on scales finer
than the bandwidth. Net-Paging combined with the box kernel achieves competitive RMSE
in many settings by reducing the box kernel’s variance through perturbation aggregation while
preserving its lower bias.
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Per-kernel bandwidth tuning. The effective neighborhood size (ENS)-matching rule used
above isolates the role of kernel shape by holding the effective neighborhood size fixed across
kernels. To assess the robustness of the ordering reported in Figure 15, we re-run the experiment
with bandwidths tuned per-kernel and per-graphon. Specifically, we replace the fixed quantile
rule qn =

√
log(n)/n with qn = c

√
log(n)/n and, for each kernel and each graphon, tune the

constant c by graphon cross-validation (Cheng et al., 2026). The same selected bandwidth is
then used for both NS and Net-Paging+NS, so that the comparison within each kernel remains
a clean Net-Paging-versus-no-Net-Paging contrast. All other simulation settings are unchanged.
Figure 16 reports RMSE, variance, and squared bias under this per-kernel, per-graphon tuning.
Three observations emerge.

First, the qualitative ordering of Net-Paging benefit across kernels is preserved, but the
magnitudes shrink. Net-Paging continues to deliver the largest RMSE reduction for the box
kernel, a smaller reduction for the Epanechnikov kernel, and essentially no improvement for the
Gaussian kernel. The persistence of this ordering under per-kernel tuning indicates that the gain
from Net-Paging is not an artifact of the ENS-matching choice. Per-kernel tuning narrows but
does not close the gap, because bandwidth tuning alone cannot remove the inclusion-boundary
instability that Net-Paging is designed to improve.

Second, per-graphon tuning compresses the variance while leaving the squared bias on a
similar scale to Figure 15. The variance panels are roughly half the magnitude of those in
Figure 15 across the three kernels, and the kernel ordering on variance (Gaussian < Epanechnikov
< box) is preserved with smaller separation. The squared-bias panels remain on the same scale
and continue to show the Gaussian kernel with the largest bias in most graphons, the same
ordering as in Figure 15. This pattern reflects the same bias–variance tradeoff in nonparametric
kernel regression as before: the Gaussian kernel’s smooth weighting reduces variance through
wider averaging but incurs bias when the target varies on scales finer than the bandwidth, and
per-kernel bandwidth tuning narrows but does not eliminate this tradeoff.

Taken together, the comparison between Figures 15 and 16 addresses the concern that ENS-
matching might be unfair to smoother kernels. Per-kernel, per-graphon tuning narrows the
cross-kernel performance gap, as expected, but the ranking of Net-Paging benefit by kernel
persist.
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Figure 15: RMSE (top), variance (middle), and squared bias (bottom) for plain NS (dashed lines, square
markers) and Net-Paging+NS (solid lines, circle markers), under the box kernel (red), Gaussian kernel
(orange), and Epanechnikov kernel (purple), across eight graphon settings. The gap between dashed and
solid lines of the same color measures the Net-Paging improvement for that kernel.
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Figure 16: RMSE (top), variance (middle), and squared bias (bottom). The bandwidths are tuned per-
kernel, and per-graphon
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