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Abstract

Transformers admit continuum descriptions based on mean-field interactions, but selective state
space models fall into a different class. We show that the many-token limit of an input-conditioned,
single-head SISO Mamba-3 block is a causal Volterra equation on the sphere with an explicit
exponential memory kernel. The key reason is that Mamba’s causal mask is chain-dependent: the
influence of one token on another is transmitted through the full sequence of intermediate gates
rather than a single pairwise weight. Under a constant-horizon scaling, we prove convergence to
this limit, validate it numerically, and show that the same framework covers the SISO Mamba-
3 rotation, with Mamba-2 as a special case. We also characterize the resulting memory-horizon
interpolation and relate the kernel scale to pretrained Mamba-2 heads.

1. Introduction

Rigollet and collaborators [8, 11, 21] model transformer layers as interacting particle systems on the
unit sphere, establishing that self-attention drives tokens toward clustering. For causal attention with
V = I, Karagodin et al. [15] prove all tokens collapse to z1(0); metastability, quantitative mean-
field rates, normalization effects, long-context scaling, noisy stationary states, circle synchroniza-
tion, measure-to-measure views, homogenized multi-head limits, and optimization-inspired variants
further enrich the picture [2, 4, 5, 9, 10, 16, 17, 20, 24]. A natural question is whether this particle-
system framework extends to selective state space models [7, 12, 18]. We answer it for a single
SISO Mamba-3 block [18], omitting the output gating and MIMO structure. Our Mamba-2 special
case uses the same simplifications: it keeps the selective scan but omits the short 1D convolution
used in the standard Mamba-2 block [7]; the formal reduction is given in Section 2 and Appendix A.

We study the dense-token limit 7" — oo on a fixed continuous-depth horizon. In this limit, the
transformer mean-field framework does not extend directly to selective SSMs. Transformer dense-
token limits, including causal transformers, are governed by row-normalized attention kernels: a
causal mask restricts attention to past tokens, but each row still defines a probability law over its
admissible source tokens. Thus causal transformers lead to normalized non-anticipative attention
operators, whereas selective SSMs have no row normalization and preserve sequence order through
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the scan. This difference changes the limiting mathematical object. After unrolling the selective
scan, the influence of token j on token i is transported through all intermediate gates between j
and ¢. Hence the continuum limit is not a softmax-normalized average over past tokens, as in
causal attention, but an ordered trajectory field with an unnormalized causal memory operator. The
resulting dense-token limit is a causal Volterra integro-differential equation over the SSM clock.

This token-mesh limit should also be distinguished from the continuous-time SSM that Mamba
discretizes. The latter supplies the local scan generator before the sequence is refined; our limit
instead sends the token mesh size to zero and identifies the causal memory operator induced by the
unrolled scan. It is also distinct from the complementary long-depth limit at fixed 7', studied by Vo
et al. [22] for scalar tokens and by Nguyen et al. [19] for d-dimensional tokens on the sphere. The
two limits need not commute. As a finite-time diagnostic, Proposition 3 shows that for any fixed
first token independent of the weights, the Mamba vector field is generically nonzero at that token;
we do not use this observation to make a long-time clustering or stationarity claim.

The contributions are: (i) we identify the dense-token limit of the SISO recurrence as a causal
Volterra equation with an explicit memory kernel and O(1/T") convergence rate (Theorem 1); (ii)
we verify that the same Lipschitz-kernel theorem covers the SISO Mamba-3 rotation, with Mamba-
2 as the 6 = 0 reduction; and (iii) we characterize how the decay rate a interpolates between
decoupled pointwise dynamics (a — oo, speed O(1/a)) and full-history causal transport (a — 0),
and estimate this memory scale across all 576 heads of pretrained Mamba-2-130M. The constant-
horizon scaling is the non-degenerate dense-token regime in normalized coordinates, not a claim that
fixed pretrained parameters extrapolate to arbitrary lengths. Section 4 summarizes the numerical
checks behind the main claims.

2. Selective SSMs as Particle Systems

We formulate the continuous-depth dynamics of a single-head selective SSM block as a projected
particle system, using the SISO Mamba-3 recurrence [18] as the general framework. Let %; denote
the input tokens at the start of the block. In the fixed-clock formulation analyzed here, the step
sizes and two-tap gates are computed from %; and then held fixed over continuous depth; the token
states u;(t) evolve through the projected residual flow. The content projections B;, C; and the value
map are still evaluated on the evolving states; only the mesh variables A;, A; are held fixed. With
RMSNorm weight v = 1, normalization reduces to projection onto S&! (see Appendix A), so we
model token representations uy, . . ., ur € St 1 := {u € R?: ||ul|? = d}. The block is parameter-
ized by input and output projections S, € R¥*? S, c R*P  gating projections Sg, Sc € RN*?, and
the SiLU activation (SiLU(z) := 2z o(z), where o denotes the sigmoid), applied coordinatewise; we
write C; :=SiLU(Scu;), B;j :=SiLU(Spu;), and P, := I — uu' /d for the RMSNorm-consistent
tangent-space projector on ||u||? = d.

The underlying SSM evolves an N-dimensional state bank for each value channel; equivalently,
with 2 € RP and B € RN, write h € RV*FP and h = Ah + Bz ". Its state matrix has complex
diagonal entries A + if[m] for m = 1,..., N/2, with shared scalar decay A < 0 (we write a :=
—A > 0) and learnable frequencies f[m] € R. Discretization splits these into two ingredients

(see Appendix A). The first is a block-diagonal rotation that accumulates data-dependent phases
. N/2
along the chain from token j to token i: R;_,; = Block (R( D ki1 Ak G[m]) ) S where R(1))

is the rotation matrix by . The second is the chain-dependent causal mask, which combines the
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Figure 1: Empirical summary for the dense-token Volterra picture. (a) Pretrained Mamba-2-130M
layer O head 7 exhibits an exponential chain-memory slice. (b) Synthetic fixed-clock particles (d =
2) converge to the Volterra equation at the predicted O(1/T") rate. (c) Synthetic mean-to-token-1
distance (final normalized centroid to initial token 1): medians (IQRs) are 0.005, 1.090, and 1.068
for transformer, Mamba-2, and Mamba-3; only the transformer collapses to token 1. (d) Synthetic
kernel slice at x = 0.8: the SISO Mamba-3 interaction (§ = 3) changes sign, unlike the Mamba-2
reduction (8 = 0).

exponential decay with the endpoint weights from the exponential-trapezoidal discretization [18]:
Tij =X Ailgoy + ¢ O A+ (1= Nin) Aja] Ly (1)

where 3; := 3% | Ag, Ay, := softplus(Sadiy + b) > 0, and \; := (S\@;) € (0,1) is an input-
dependent gate. The diagonal entry is a pure self-interaction; the off-diagonal entries carry the
chain-dependent decay e~*(5—5) with a bracket of endpoint weights that merge in the dense-token
limit (see (5)). After normalization, the diagonal self term misses one endpoint cell; this O (dpax)
error is absorbed in the quadrature bound.

With these ingredients, the projected flow on S%-! reads

rms

dui
dt

= Py, > (Ci, Rji Bj) Tyj So SILU(Spu;). 2)
j=1

Setting A; = 1 and 6 = 0 recovers the Mamba-2 recurrence [7] (without its short 1D convolution on
B, C): Rj—; = I and the mask reduces to T;; = e‘“(gi_gf)Aj 1<y, the 1-semiseparable structure
of Dao and Gu [7]. Compared with the causal transformer ODE &y, = Py, Z ! > i<k ePln, zj>ij,
the Mamba flow replaces a normalized pairwise attention weight by the content kernel (C;, R B;),
the linear value V'x; by the nonlinear value S, SiLU(S;u;), and the fixed mask 1;;<y by the chain-
dependent mask (1). These three changes are what turn the dense-token limit from a McKean—
Vlasov/lifted attention limit into a Volterra limit. The following figure previews the mechanism
and empirical checks used below. A side consequence of the nonlinear value map is that, for any
fixed first token, token 1 is generically non-stationary at finite depth in Mamba, unlike the exact
first-token stationarity of causal attention with V' = I [15].

3. Main Result: A Causal Volterra Limit

We derive the continuum limit of the fixed-clock particle system (2) as 7" — oo. Recall the cu-
mulative positions s; = 22:1 Ay from (1); let S7 := Sp and define normalized coordinates
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si = §;/St € (0, 1] with quadrature weights 0; := A;/S7. The coordinate s; is an internal clock
of the SSM recurrence: each token k advances the clock by a data-dependent step Jy, so tokens with
larger gates are spaced farther apart on the internal timeline, while those with smaller gates cluster
together. To interpret the discrete recurrence as a quadrature rule on a fixed interval, we normalize
positions to (0, 1] via s; := 3;/St with weights 0; := A; /St and rescale time by S7. The decay
kernel becomes e~ %t (5i5;) 0;, where a.g := a ST combines the learned decay with the discretiza-
tion scale; the analogous effective frequencies Oog[m] := 6[m] ST govern Mamba-3’s rotations. As
T — oo the mesh refines (dmax — 0) and the Riemann sum converges to a Volterra integral at rate
O(1/T). We write a and #[m] for the effective quantities hereafter. For the convergence theorem
we abstract the content kernel (C;, R;_,;B;) as a general kernel xg: [0,1]2 x Sd-1 x Sd-1 — R,
assumed bounded and jointly Lipschitz in the sense of (5). Empirically, across all 576 heads of pre-
trained Mamba-2-130M the median memory span is ~ 7 tokens; at operating length 7"=128 this is
about 5% of the sequence. This finite-horizon behavior motivates the constant-horizon scaling as the
dense-token analogue at operating lengths; with fixed learned rates, the normalized memory fraction
shrinks as 1" grows and the limit becomes increasingly local. See Figure 1(a) and Appendix F.

Particle system. Under the constant-horizon scaling and fixed mesh, the particle system becomes

8tul(.T) = PUZ(T) S, Z ko(Si, Sj; ugT), ug-T)) e alsi—sj) J; SiLU(SIuET)), 3)
J<i

where kg : [0,1]? x SE=1 x SI=1 —; R is a content kernel satisfying (5).
Theorem 1 (Causal Volterra limit for a fixed internal clock) Under the constant-horizon scal-
ing, suppose the normalized positions and weights are generated by the input-conditioned gates
and held fixed over depth. With kg bounded and jointly Lipschitz (see (5)), suppose 51(,[?2,( — 0
and uM)(-,0) — ug € Lip([0,1]; SE1) uniformly. The SISO Mamba-3 kernel in (6) satisfies this
condition with LY = ||0]|cc Mo Ml. Here ul™)(x,t) := uET) (t) denotes the piecewise-constant
interpolant on cells (s;—1, s;]. Then this interpolant converges uniformly on [0,1] x [0,t¢] for any
finite horizon ty > 0 to the solution u of the causal Volterra integro-differential equation

atu(xv t) = Pu(a:,t) /OaC e—a(az—ﬁ) 59(1‘7 5; u(a?, t)v u(fa t)) So SILU(SzU(g, t)) dfa T E [Oa 1]
4)

A Gronwall estimate gives supg<<; ™) — uf|s < eLtf(HuE)T) —Up||oo +t¢ w((SI(QX)), where L
and the quadrature modulus w(émaX§ = O(0max) depend only on the uniform bounds and Lipschitz
constants in (5) and the displayed projection/value maps. In particular, for quasi-uniform meshes

(Omax = O(1/T)) with Hu(()T) — U0 |loo = O(Omax), the convergence rate is O(0max) = O(1/T).

The proof (Appendix B) introduces piecewise-constant interpolants, bounds the quadrature error via
Lipschitz continuity, and closes with a Gronwall argument.

Kernel regularity. The kernel g is assumed bounded (|kg| < M,;) and jointly Lipschitz:

ko (2, & u,v) = kg(2', 50/ 0)] < LR (|l — 2’|+ [§ = €']) + L (lu — /|| + o =) (5)
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Under the constant-horizon scaling, the Mamba-3 kernel is

ro(, & u,v) = (SILU(Scu), Ro(x — €) SILU(Spv)),  Re(-) := Block(R(0[m] )/ .

(6)
Orthogonality of Ry gives boundedness; 1-Lipschitz continuity of R(-) gives LE™ = ||6]|cc MM
with M¢ :=sup,, || SILU(Scu)||, M :=sup, || SILU(Spu)|| (for Mamba-2, # =0 and L™ =0;
see Appendix A). The Mamba-3 exponential-trapezoidal discretization has the same O(dyax) limit
when the input-conditioned gates are smooth and quasi-uniform, with Agy1 — As = O(dmax) and
8511 — 05 = O(62,,,); the diagonal endpoint is one O(dax) cell. The MIMO extension requires
a matrix-valued kernel. Equation (4) is structurally distinct from the McKean—VlIasov limits of
transformer theory [4, 11, 17, 21]. The integral runs from 0 to x, not over all positions: the field at
depends on the causal history £ < z but not on & > x. The exponential kernel e~*(*~¢) introduces

a memory horizon 1/a with no analogue in symmetric pairwise attention interactions.

Remark (memory-horizon scaling). Let u(%) denote the solution of (4) with decay rate a, and de-
fine G(x, 2) := P.[ro(z, z; 2, 2) S, SILU(S,2)]. As a — o0, [|0;u(||o < C/a and the unscaled
dynamics freeze; on slow time at, the kernel concentrates at £ = x and gives the pointwise ODE
d-v = G(z,v) away from the boundary. As a — 0, e=**~) — 1 uniformly and the limit becomes
full-history causal transport. Thus a interpolates between nearly local dynamics and full-history
transport, unlike attention temperature 5, which changes coupling strength rather than memory
range. Appendix D gives the proof, the boundary-layer qualification for the slow-time local limit,
and the effective-lag formula; Appendix Figure 4(a) confirms the O(1/a) scaling numerically.

4. Experiments and Discussion

Figure 1 summarizes four checks: pretrained Mamba-2-130M layer O head 7 shows the triangular
chain-memory kernel; the synthetic fixed-clock particle system (3) matches a Volterra reference at
M = 4096, with L*° error falling from 0.222 at T" = 32 to 0.005 at T' = 1024; the mean-to-token-
1 distance is essentially zero for the transformer but near one for Mamba-2/3; and the kernel slice
contrasts the non-oscillatory Mamba-2 reduction with the sign-changing SISO Mamba-3 interaction
induced by A + if. Appendix E gives supplementary convergence details, dynamic-gate sanity
checks, dynamical diagnostics, and empirical memory-horizon statistics.

Our analysis treats a fixed-clock SISO block, where the scan parameters are computed from the
input sequence and held fixed along the continuous-depth flow; it does not yet cover fully dynamic
output-gated or MIMO Mamba-3. Key open problems are moving-coordinate limits for multi-
layer gates and long-time behavior of (4), where clustering or metastability may connect to depth-
asymptotic token-flow results [19, 22].

The novelty is to identify the Volterra limit and chain-dependent kernel as dense-token sig-
natures of selective SSMs. Related work clarifies nearby structures: Ali et al. [1] and Zimerman
et al. [23] interpret Mamba and gated-linear RNNs as implicit causal attention; SSD [7] gives an
algebraic semiseparable duality, with Hu et al. [14] isolating the structured state-space duality view-
point; and Mamba-3 [18] adds complex-valued states and MIMO structure. Cirone et al. [6] develop
rough-path foundations, Halloran et al. [13] prove Lyapunov stability, and Castin et al. [3] derive
a Vlasov PDE for deep transformers with masked attention, but not the unnormalized scan kernel
or chain-dependent SSM mask. Our contribution adds the dense-token continuum limit. By for-
mulating the convergence theorem in terms of a general Lipschitz kernel (condition (5)), the result
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covers the SISO Mamba-3 recurrence (complex-valued, with a rotation-modulated kernel) and its
Mamba-2 reduction (f = 0) without any change to the proof; the rank-R MIMO extension requires
a matrix-valued kernel. The Mamba-3 kernel (6) introduces a qualitatively new feature: the effec-
tive interaction e~**~8)(C, Ry(z — €)B) is a damped oscillation, parametrized by the complex
diagonal A + i€ of the underlying SSM. This frequency extension of the memory horizon has no
transformer analogue and creates scale-selective memory across heads. More broadly, the Rigollet
et al. program for transformer dynamics and mean-field attention [2, 4, 5, 8-11, 15-17, 20, 21, 24]
can be extended beyond transformers, but the extension changes the mathematics. Classifying the
continuum limits of different architectures, including gated linear attention and hybrid models, is a
natural next step.
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Appendix organization. Appendix A derives the projected particle ODE from the SISO Mamba-3

recurrence and records the Mamba-2 reduction. Appendix B proves the Volterra convergence theo-

rem. Appendices C-D prove the auxiliary token-1 and memory-horizon statements. The remaining

appendices collect expanded/sanity-check figures and empirical horizon statistics.

Appendix A. Derivation of the Projected ODE from the SSM Recurrence

We derive the projected particle system (2) from the discrete Mamba-3 recurrence; the Mamba-2
case follows by setting A = 1, § = 0.

Step 1: Discrete SSM recurrence. A single-head selective SSM block evolves a hidden state
hy € RV*P via a scalar decay and data-dependent projections B; = SiLU(Spu) € RN, ¢y =
SiLU(Scus) € RY, and value z; = SiLU(S,u;) € RP. (In Mamba-2, the projections By, C; are
preceded by a short 1D convolution which we omit; in Mamba-3, this convolution is absent [18].)
By Proposition 3.2.1 of Lahoti et al. [18], the complex SSM h= (A+if)h+Ba " with exponential-
trapezoidal discretization is equivalent to the real recurrence

he = ag Rehy—1 + By (ReBio1) o)y + v Bexl, g = C hy, )

where a; = e~ is the scalar decay, R; = Block(R(AtG[m}))ﬁ/:2 1 is the block-diagonal rotation,

Y = My and B = (1 — ) Ay are the two-tap weights, and A; € [0, 1] is a data-dependent gate.
Setting \; = 1, R; = I recovers the Mamba-2 recurrence h; = e"thy g + AtthtT.

Step 2: Unrolling to the causal mask. Unrolling from hy = 0 and defining cumulative positions
St 1= Zzzl Ayg: the decay and rotation both telescope. Within each 2 x 2 block m, the rota-
tions commute: R(As110[m]) - R(A0[m]) = R(ZZ:8+1 AyBO[m]). This block-commutativity
requires scalar A; (shared across state dimensions within each block). The relative rotation from s
to ¢ is Ry = Block(R(X4_,,, Agf[m]))"/

"~,, and the output becomes
m=1

t
Yt = Z<Cta Rt Bs> [)\sAs e—a(é‘t—és) + 15t (1_)\s+1)As+1 e—a(ét—§5)1| Ts- ®)

s=1

=:Tys (cf. (1)

Setting \s = 1 eliminates the second tap and recovers the Mamba-2 mask T2 = e a(B=S) A,
the 1-semiseparable structure of Dao and Gu [7].

Step 3: Residual update and RMSNorm projection. This step is identical for both architectures.
Each layer applies a residual update followed by RMSNorm:

ui " = RMSNorm(uf + €5,5"),  RMSNorm(z) = 2 vVd/||2],

i i
where ¢ is the residual scaling and S, € R?*" is the output projection. Taylor-expanding for small
€
uY =y 4e P, (Soy:) + O(€%), P,:=1T—uu'/d.

7
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Step 4: Continuous-depth ODE. Taking ¢ — 0 gives the projected ODE on S¢—1:

rms

dui
dt

_ P, (SO;W(@, 555 uir uj) Ty SILU(S,u5) )

which is (2) with mask 7;; (1) and content kernel k¢ (3;, 55; ui, uj) = (SiILU(Scu;), Rj—i SILU(Spu;)).
For Mamba-2 (A = 1,0 = 0): T;; = e_“(gi_gj)Ajl{jgi} and kg = (SiLU(Scu;), SILU(Spu;)).
The projection P,, ensures ||u;(t)||> = d for all time.

Step 5: Continuum limit. Passing to normalized coordinates s; = 3;/S7, §; = A;/Sp, under
the constant-horizon scaling:

« The decay becomes e~%(5i—%i) and the quadrature weight becomes 0;.

* The accumulated rotation angle becomes [m](s; — s;) under the raw frequency scaling
Or[m] = 6]m]/Sr, where the displayed 6 denotes the fixed effective frequency. Thus
Rjsi — Re(x — &) = Block(R(8[m](x — 5)))%/:21 For Mamba-2 (6§ = 0), this is the
identity.

* The normalized two-tap weights from (1) merge under the same Lipschitz/quasi-uniform
mesh condition used for the quadrature estimate:

AsOs 4+ (1= Agy1)0s1 = 05 + O(620)-

Here \s11—As = O(dmax) and 6511 —05 = O(02,,) follow from the Lipschitz input field and
smooth gates. Indeed, on a quasi-uniform token grid a smooth gate A; = softplus(Sau; + b)
varies by O(1/T) from cell to cell, and the normalization S = ©O(T") gives 0541 — 05 =
(Asi1 — Ag)/St = O(1/T?). Summing over O(6,.1.) cells gives an O(dyax) contribution
to the quadrature error. For the diagonal source cell s = ¢, the recurrence supplies only A\.d;
rather than the merged weight ;. The missing endpoint contribution (1 — A¢)d; is O(Omax)
for that single cell, so it is absorbed into the same global O(dyax) quadrature modulus. For

Mamba-2 (A = 1), the mask is already single-tap.

The particle system takes the form (3), and Theorem 1 gives convergence to (4) at rate O(0ax)-
Thus the theorem applies directly to the fixed-mesh particle system; applying it to the unrolled
SISO recurrence uses the additional smooth quasi-uniform gate condition and diagonal endpoint
accounting above.

Verification of kernel regularity (condition (5)). Boundedness follows from ||Rgl|op = 1 (or-
thogonality); the position-Lipschitz constant is L™ = ||0]|cc Mc My (with Mo, M} as in (6))
since |R(¢) — R(¥)|lop < |¢ — ¢|; and L€ is inherited from SiLU(S¢-) and SiLU(Sp-). For
Mamba-2 (0 = 0): L = 0.

Summary. The derivation chain is:

residual + RMSNorm Sd_ 1 T—oo

rms

SSM recurrence &‘“R chain-dependent mask T5; (1)
Volterra equation (4).

projected ODE on
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Remark: oscillation-horizon scaling. The scaling 7 = 6/Sy is the rotational analogue of ap =
a/St: both ensure that accumulated per-step effects remain O(1) in normalized coordinates. If
instead 0[m] = O(1) (fixed frequencies), the accumulated phase §[m|Sr(z — £) — oo and the
nonzero-frequency components average out by the Riemann-Lebesgue lemma, leaving only any
zero-frequency/DC components rather than the full Mamba-2 kernel.

Appendix B. Proof of Theorem 1

We establish convergence of the T-particle system (3) to the Volterra equation (4) under the constant-
horizon scaling.

Step 1: Mesh-point comparison. Given T particles at normalized positions 0 < s; < --+ <
st < 1 with widths §; := s; — s;—1 (sop := 0), we compare at mesh points x = s; to avoid
cell-interior artifacts. The particle equation (3) evaluated at x = s; reads

6tuz('T) = PUET) So Z ko (54, 853 uET), ug-T)) e~alsi=si) 5 SiLU(SZug-T)) . )
j=1

::I%(t)
The Volterra equation (4) at x = s; reads Jyu(s;, t) = Py, 1) So Z[u](s;,t) with
Tlu](si, t) == / Cealsi=9) ko5, & u(si, t), u(&, 1)) SiLU(Spu(€,t)) dé.
0

The key observation is that Z% is a right-endpoint Riemann sum for Z[u](s;, "), with quadrature

points at s, . .., s; (the right endpoints of the partition intervals (s;_1, s;]) and weights d1, ..., ;.
Step 2: Regularity bounds. Since all tokens lie on the compact set S%1:

rms °*

* SiLU is Lipschitz with constant Lgi1,yy, and || SiLU(S,u)|| < Mgy for all u € S 1.

rms

* By condition (5), |kg| < M, and kg is jointly Lipschitz with constants L. (in positions)
and L5'® (in states).

* The projector satisfies || P,v — Pyl < Cpllu — u'|| ||v]].
o ema(z—¢) <l1lforé( <z,and € — e~ @8 g Lipschitz with constant a.
One admissible stability constant for the mesh-point comparison is
L= ||So|| QL™ MsiLy + My LsiLu || Sz |l) + Cpl|Sol| Mk Msiru. (10)

Position-Lipschitz terms enter the quadrature error and the spatial Lipschitz constant D in Lemma 2.

10
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Step 3: Quadrature error at mesh points. For a Lipschitz field v € Lip([0,1];S%,1) with
Lipschitz constant A, the integrand f,(s;, &) := e~ gy(s;, & v(sy), v(€)) SILU(S,v(€)) is
Lipschitz in £ with constant Ly depending on a, LY, L8  Le;y y, My, Msipu, ||Sz||, Ay. The
right-endpoint Riemann sum error at = s; satisfies

|1 Zi[v] — Z[v](s3)]] < Ly Smax. (1)

by the standard bound for Lipschitz integrands on a partition of mesh width dy,ax.
Regularity requirement: the bound (11) requires v to be spatially Lipschitz. We verify this for
the Volterra solution:

Lemma 2 (Lipschitz propagation via Banach-space route) Let Mp := ||S,|| MsiLu, ¢q := (1 —

e~ /a, D = 2M,Mp+c L2 Mp, and By := cq( L3 Mp+CpM,Mp). Ifuy € Lip([0, 1]; SE-1)

with constant Ao, then the Volterra equation (4) admits a unique global solution u € C*([0, 00); C(]0,1];R%))N
C(]0,00); C([0,1]; 84-1Y), and

rms

D
Lip, u(-, 1) < ePa"Ag + g(eB“t —1).
a

(For Mamba-2, LY = 0 and D = 2M,Mp.)

Proof Deﬁne the vector field F C([0,1]; 8EH — C(]0,1);RY) by (F[v])(x) := Py Gv](z),
where G[v](z) := [} e "9 H(z,& v(z),v(€)) d€ and H (2, &; 2, w) = kg(z, & 2,w) S, SILU(Spw).
By condmon (5) HHHOO < M.Mpg, 50 ||G[v]||lco < caMMp. For the state-Lipschitz bound:

|Gv] — Glw]||lo < Ca(zL;S{tateMB + M Lp)|[v — w0,

where Lp := ||S,||LsiLul|Sz||- (The position-Lipschitz constant L™ does not enter here be-
cause v and w are evaluated at the same positions.) Adding the projector difference yields || F'[v] —
Flw]|loo < Lp||v—w||so With Lp = ¢, (2L8****Mp + M, Lp +CpM,Mp). Here L is the global
Lipschitz constant used for the Picard—Lindeldf argument, whereas B, in the lemma is the smaller
constant governing spatial-modulus propagation. Since F' is globally Lipschitz on the Banach space
C(]0,1]; R?), Picard-Lindelof gives a unique global C'' solution; the sphere constraint is preserved
because P, projects tangentially.

For the spatial modulus, fix 0 < z < y < 1 with h := y — « and write

Gll(y) — Glel(x) = ]ﬁx«a‘*y5*—ea“”®>zf<y,§;lwy>7v<s>>df

decay shift

+A H(y,& v(y), v(©) — H(x,& v(x), v(€)) dg
kernel+field shift
+/2 H(y, & v(y), v(©)) dt

new interval

11
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The decay-shift and new-interval terms are together bounded by 2M, Mg h. For the middle term,
the H-difference is bounded by (LL™ + L5%%A, ) h - Mp using both the position-Lipschitz con-
stant (from |y — x| = h) and the state-Lipschitz constant (from ||v(y) — v(z)| < Ayh); inte-
grated against e~*(*~¢) this gives co (LR + L8 A ) Mp h. More precisely, the field-shift part
is cq L33 M p w, (h) while the position-shift part is ¢, Lk"* Mp h. Adding the projector difference:
[ F[v](y) — Flv](z)]] < Dh+ Bywy(h). Gronwall on w,. 4 (h) gives the stated bound, with D h

)

as the inhomogeneous forcing. |

Let A,, denote the spatial Lipschitz bound from Lemma 2 at time ¢:

D
Ay = eBatipg + B—(eBatf —1).

a

Define the raw quadrature error w(0max) := L f dmax, where Ly depends on A,,.

Step 4: Gronwall estimate at mesh points. Define the mesh-point error e(t) := max;—1 7 [|u;” ' (t)—
u(s;, t)]]. Let Ilpu be the piecewise-constant projection of the Volterra solution onto the mesh:
(IIpu)(z) := u(s;) for x € (s;_1,s;). Subtracting (9) from the Volterra equation at z = s; and

adding/subtracting Z% [TI7u] gives

(" — u(s:)) = P 0y So To[ulD] — Py, So Zlu)(51)

— PuET) S, (I% [U(T)] I%[HTU]) + PUET) S, (I} [Iru] — Z]u] (sl))

(I) stability (II) quadrature/projection

+ (Pul(T) - Pu(sl))SoI[u](Sz) . (12)

(I1I) projector

Here u(™) (z,t) := uET) (t) for x € (si—1, s;]. Bounding each:

« (I): By Lipschitz dependence of Z%. on both state arguments at fixed mesh positions, ||Z%[u(T)]—
Zh[ru]|| < L'e(t) where L' = 215 Mgy + My LsiLu|| S ||-

« (II): Since Z[II7u] is exactly the right-endpoint Riemann sum for the Lipschitz field u(-, )
in Z[u|(s;), whose Lipschitz constant is bounded by A,,, applying (11) with v = u(-, t) gives
| Z-Mru] — Zu)(si)|| < Lfémax. Thus this contribution is < w(dmax) With w(dmax) =
O(6max)-

¢ (IID: < Cp||S,|| M MsiLu €(t).

Combining, with w denoting the quadrature modulus, €’(t) < Le(t) + w(dmax), By Gronwall’s
inequality,

e(t) < elt e(0) + ©(Omax)

< I (eLt - 1) < eLtf (8(0) + 7ff w(émax)) (13)

forall t € [0,ty].

12
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Step 5: Conclusion. Since u(”)(-,0) — ug uniformly, e(0) — 0. Since s 0, w(éﬁ@x) — 0.

Hence e(t) — 0 uniformly on [0, ¢].

For the rate: if dpax = O(1/T) (e.g. uniform partition) and u is Lipschitz so that e(0) =
O(0max), then e(t) = O(dmax) = O(1/T).

The piecewise-constant extension to all z € [0, 1] then gives ||u™) (z,) — u(z, )| < e(t) +
AyOmax = O(dmax) uniformly. O

Appendix C. Token-1 Non-Stationarity

Proposition 3 (Token-1 non-stationarity) Assume d > 2. In the causal transformer with V =1,
token 1 is exactly stationary: ©1 = Py x1 = 0. In the Mamba-2/3 system (2), draw the entries
of (Se, Sz, SB,Sc) from any absolutely continuous distribution. Then for any fixed u; € S%-!

independent of the weights, and for any fixed input-gate parameters (S, Sa,b) whose first-token
factors satisfy A1, A1 > 0, 11 # 0 almost surely.

Proof Setting i = 1in (2): u1 = oy Py, (S, SiLU(Spuy)) with aq := A\ A1 (SiLU(Scuy), SiLU(Spuq)).
Stationarity ©; = 0 requires either «; = 0 or S, SiLU(S,u1) € span(u1). We show each event has
probability zero when the parameter entries are drawn from an absolutely continuous distribution.

Branch 1 («; = 0). The input-fixed factors A\ = o(S\u1) and A; = softplus(Sau; + b)
are strictly positive. Thus we need (SiLU(Scuy), SILU(Spuy)) = 0. Write Sp = (sP,...,s8)T
where each SE € R? is a row, and define Y = SiLU(sf -uy). Fix Sc¢ and all rows of Sp
except the first. The inner product (SiLU(Scuq), SiILU(Spuy)) = Zszl ck g is affine in ¢ =
SiLU(s? - u1). On the full-measure set where ¢; := SiLU((S¢)1 - u1) # 0 (since {s : s - u1; = 0}
is a hyperplane), the sum vanishes for at most one value of ¢y, call it ©%. The level set {s] :
SiLU(s? - u1) = ¢}} is contained in at most finitely many hyperplanes in R? (since SiL.U is C"*
with SiLU(z) = 0 < 2 = 0 and SiLU’(z) # 0 for all but finitely many z), hence has Lebesgue
measure zero. By Fubini, »~1(0) has measure zero in (Sg, S¢).

Branch 2 (o; # 0, S, SiLU(S,u1) € span(ug)). Since SiLU(z) = 0 < z = 0, the event
z = SiLU(Syu1) = 0 requires every row of .S, to map u; to 0, a hyperplane condition on each
row, hence probability zero under any absolutely continuous distribution on S,. When z # 0, the
linear map S, — S,z is surjective (R¥*F — R%), so {S, : S,z € span(uy)} is an affine subspace
of codimension d—1 > 1, which has measure zero.

For the fixed token w1, taking the union of these probability-zero events gives %1 #% 0 almost
surely. |

Appendix D. Memory-Horizon Scaling

Proof [Proof of the memory-horizon remark] For bounded f, [ e @O F(€)de < | flloo/an
giving ||0;u®|| < C/a and hence ||u() (-, t) — ug|loo < Ct/a. Fora — 0, |e~**=¢) — 1| < aon
0 <& <z <1, soGronwall gives convergence to the equation with the exponential removed. For
the slow-time local limit, write

0,0 = a P / e T H (2,601 (2), 09 (€)) d&.
0

13
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The identity

a /z e~ 0g(¢) dé — g(w) = a/$ e~ @O (g(€) — g(x)) dE — e g ()
0 0

shows that Lipschitz g gives an O(1/a) interior error. Under the compatibility condition G(0, u(0)) =
0, the boundary term also satisfies e~ **||G(x, v(z, 7))|| < LiocA(T)/(ae); without it, the same es-
timate holds on each strip z > xg > 0. |

The mean lag under the exponential kernel is

_ folfox(x — &) e @8 d¢ dg -2+ (a+2)e0

L. :
(@) folfox e~@=8) d¢ dx ala—1+e?)

30 L (0) = 5 and Leg(a) ~ 1/a as a — oc.

Appendix E. Supplementary Experimental Figures and Readout

This appendix expands the numerical evidence from Section 4. Each figure is meant to answer one
diagnostic question rather than serve as an image dump: whether the convergence is genuinely first
order in token spacing, whether recomputing the gates changes the qualitative finite-depth behavior,
and whether the memory-rate limits show up in finite-dimensional dynamics.

Protocols. All particle systems are integrated with fourth-order Runge—Kutta time stepping and
projected back to anjsl after each step. Volterra reference solutions use the same time integrator
together with trapezoidal quadrature on a fine spatial grid, and particle solutions are compared
to the reference by piecewise-constant interpolation. The convergence diagnostic uses synthetic
d = 2 fixed-clock systems with t; = 3, a 4096-point reference grid, 300 time steps, and T' €
{32,64,128,256,512,1024}. The mean-to-token-1 diagnostic uses 40 random seeds with 7" = 8,

ty = 20, and 800 time steps. It reports

va T )

P = g rm @ = o o]
i=1 Wi

)

rms °

is the geodesic distance on the RMS sphere, and the denominator is nonzero in all reported tri-
als. Figure 2 uses the same convergence protocol and displays spatially binned rescaled profiles
T Er(x,ty). For Figure 3, each of 20 random seeds is evaluated for both Mamba-2 and SISO
Mamba-3 (¢ = 3) by integrating matched fixed-gate and dynamic-gate trajectories from the same
initial tokens and weights. For Figure 4, the memory-rate experiment sweeps a € [1071, 10%] over
30 logarithmically spaced values and 10 random seeds at 7' = 32; the mean-to-token-1 panels use
100 seeds, T = 8, ty = 30, 1500 time steps, and a causal-transformer baseline with 3 = 2.

where m(t) is the normalized Euclidean centroid on S¢-1, d gi-1(u,v) = Vd arccos((u, v)/d)

14



VOLTERRA DYNAMICS OF MAMBA

T=64 —T=128 —T=512 —T=1024 -@=- L™ error o(1/7)

(a) Rescaled error collapse (b) Convergence rate

. 1071 | ®
3.0 3 \\

N

ol

T
L error

' 1072 |
1.0 C

1
0.0 0.2 0.4 0.6 0.8 1.0 102 103
Position z Number of tokens T'

Figure 2: Convergence details (fixed clock, d =2, 4096-point reference grid). (a) Spatially binned
rescaled error profiles T' - Ep(x,ts) collapse across token counts, confirming structural O(1/7T)
rather than a fitted final-time slope alone. (b) L error vs. T' (log-log); dashed = O(1/T"). Together
the panels isolate the quadrature mechanism in Theorem 1: after multiplying by the token count,
the spatial error profile stabilizes, and the final-time sup-norm slope follows the predicted first-order
rate.

— M2 frozen - M3 frozen

—— Mamba-2 -——Mamba-3
amba amba == M2 dynamic = - M3 dynamic

(a) Surrogate gap (b) Token-1 drift

0.8 0.7 F

0.6
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5 5

I 3 04r
£ 0.4 |

T @ 03F

max ||u;
7
1=}
[N}
T

0.0 1 1 1 1 I 0.0 1 1 1 1 I

Figure 3: Fixed- versus dynamic-gate sanity check over 20 synthetic SISO trials per architecture
(T'=38, t; =10). Panel (a) reports the maximum tokenwise separation between dynamic and fixed-
gate trajectories from matched tokens and weights; panel (b) compares token-1 drift, with solid
curves for fixed gates, dashed curves for dynamic gates, and shaded interquartile ranges. Median
final max-token gaps are 0.081 for Mamba-2 and 0.216 for SISO Mamba-3 with rotation frequency
0 =3, while median final token-1 drift is essentially unchanged (0.278 fixed, 0.280 dynamic). Thus
the diagnostic supports the fixed-gate approximation as a local probe, but it does not extend the
theorem beyond the fixed-clock particle system.
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=—e= Mamba-2 === Mamba-3 (§=3) - O(1/a) = Mamba-2 == Mamba-3 == Transformer
(a) Near-local speed (b) Mean vs. token 1
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(c) Final distance distribution (d) Kernel at z=0.8
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Figure 4: Additional dynamical consequences (d =2, synthetic parameters). (a) Initial speed vs. a:
both Mamba-2 and Mamba-3 (§ = 3) confirm the O(1/a) near-local scaling. (b) Mean-to-token-1
distance uses the same normalized-centroid-to-initial-token metric as the main text; solid curves are
medians and shaded bands are interquartile ranges, with the dashed transformer baseline collapsing
toward zero while both SSM variants stay large. (c) Final distribution of this mean-to-token-1
distance over seeds. (d) Content-modulated kernel slice for Mamba-2 and SISO Mamba-3; the
zero line highlights the sign change introduced by the rotation. The readout is that the Volterra
memory parameter has visible finite-dimensional consequences: large a suppresses motion, the
causal-attention anchor mechanism is absent for the SSM flows, and the Mamba-3 rotation turns the
non-oscillatory Mamba-2 slice into an oscillatory signed interaction.

16



VOLTERRA DYNAMICS OF MAMBA

Appendix F. Empirical Memory-Horizon Distribution

We motivate the memory-scale discussion by analyzing all 576 heads (24 layers x 24 heads) of
pretrained Mamba-2-130M [7].

Setup. For each head h in layer ¢, the architectural decay rate is a;, = exp(Alogﬁ) and the data-
dependent step size is A; = softplus(Saus + by). As a bias-only architectural proxy, we estimate
the typical step size as Aj, = softplus(b) (since Sau averages to ~ 0 for random inputs), and de-
fine the effective per-step decay v, = ay, Ap. The memory horizon in tokens is 1/7,: the number of
past tokens whose influence remains above 1/e. This is not an activation-conditioned measurement
of A, on real sequences; it is a lightweight proxy for the learned decay scale.

Results. The memory horizon spans four orders of magnitude across heads:

Memory horizon Heads Fraction
< 1 token (ultra-local) 66 11%
1-5 tokens 173 30%
5-20 tokens 105 18%
20-100 tokens 91 16%
100-500 tokens 68 12%
> 500 tokens (near-global) 73 13%

Quantiles: P25=2.3, median =7.0, P75 =98, P95 = 1233 tokens. Because these horizons are
fixed in token count by the learned parameters ay,, by, they are not evidence that fixed learned pa-
rameters remain constant-horizon as 7' grows: at 7' = 2048 the median span is only 0.34% of
the context, although the longest-horizon heads still cover an O(1) fraction. At 7" =128, 60% of
heads span 1-50% of the sequence, placing many heads in a constant-horizon operating regime
where the Volterra approximation e~**~¢) with ¢ = O(1) is relevant; 33% remain in that range
at 7' = 2048. Thus the pretrained model is multi-scale at operating lengths; beyond the training
distribution, fixed-rate dynamics become increasingly local, consistent with the known difficulty
of length generalization in SSMs. The model employs a multi-scale strategy: different heads spe-
cialize in different temporal scales, from sub-token (high-frequency features) to hundreds of tokens
(long-range dependencies).

Per-layer structure. The median horizon varies by layer: early layers (0, 8, 17) tend toward
short horizons (5—40 tokens), while certain middle and late layers (4, 19, 20, 21) have median
horizons exceeding 100 tokens. This is consistent with the hierarchical composition observed in
deep transformers, where lower layers capture local syntax and upper layers integrate longer-range
context.
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