© N O O A~ W N =

® N o O b~ W N =2 O ©

9

20
21
22
23
24
25
26
27

28
29
30
31

32
33

Outlier-Robust Wasserstein DRO

Anonymous Author(s)
Affiliation
Address

email

Abstract

Distributionally robust optimization (DRO) is an effective approach for data-driven
decision-making in the presence of uncertainty. Geometric uncertainty due to sam-
pling or localized perturbations of data points is captured by Wasserstein DRO
(WDRO), which seeks to learn a model that performs uniformly well over a Wasser-
stein ball centered around the observed data distribution. However, WDRO fails
to account for non-geometric perturbations such as adversarial outliers, which
can greatly distort the Wasserstein distance measurement and impede the learned
model. We address this gap by proposing a novel outlier-robust WDRO frame-
work for decision-making under both geometric (Wasserstein) perturbations and
non-geometric (total variation (TV)) contamination that allows an e-fraction of
data to be arbitrarily corrupted. We design an uncertainty set using a certain robust
Wasserstein ball that accounts for both perturbation types. We derive minimax
optimal excess risk bounds for this procedure that explicitly capture the Wasserstein
and TV risks. We prove a strong duality result that enables efficient computation
of our outlier-robust WDRO problem. When the loss function depends only on
low-dimensional features of the data, we eliminate certain dimension dependencies
from the risk bounds that are unavoidable in the general setting. Finally, we present
experiments validating our theory on standard regression and classification tasks.

1 Introduction

The safety and effectiveness of various operations rely on making informed, data-driven decisions
in uncertain environments. Distributionally robust optimization (DRO) has emerged as a powerful
framework for decision-making in the presence of uncertainties. In particular, Wasserstein DRO
(WDRO) captures uncertainties of geometric nature, e.g., due to sampling or localized (adversarial)
perturbations of the data points. The WDRO problem is a two-player, zero-sum game between a
learner (decision-maker), who chooses a decision § € O, and nature (adversary), who chooses a
distribution v from an ambiguity set defined as the p-Wasserstein ball of a prescribed radius around
the observed data distribution fi. Namely, WDRO is given b

inf su Ez . [€(0, Z)], 1
"eeu:wwr,)ms;a 2146, 2)] M

whose solution § € © performs uniformly well over the Wasserstein ball with respect to (w.r.t.) the
loss function £. WDRO has received considerable attention in many fields, including machine learning
[2, 115 135,138 149], estimation and filtering [26} 27, 136], and chance constraint programming [[7, 45,
among others.

In many practical scenarios, the observed data may be contaminated by non-geometric perturbations,
such as adversarial outliers. Unfortunately, the WDRO problem from (1) is not suited for handling this

'Here, W, (1, ) == infren(ua ([l — y|Pdr(z, y))l/p is the p-Wasserstein metric between y and v,
where IT(p, v) is the set of all their couplings.
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issue, as even a small fraction of outliers can greatly distort the W,, measurement and impede decision-
making. In this work, we address this gap by proposing a novel outlier-robust WDRO framework
that can learn well-performing decisions even in the presence of outliers. We couple it with a
comprehensive theory of excess risk bounds, statistical guarantees, and computationally-tractable
reformulations, as well as supporting numerical results.

1.1 Contributions

We consider a scenario where the observed data distribution i is subject to both geometric (Wasser-
stein) perturbations and non-geometric (total variation (TV)) contamination, which allows an e-
fraction of data to be arbitrarily corrupted. Namely, if 4 is the true (unknown) data distribution, then
the Wasserstein perturbation maps it to some g’ with W, (1/, 1) < p, and the TV contamination step
further produces fi with ||z — ¢/ ||v (e.g., in the special case of the Huber model, i = (1 —&)p’ +ca
where « is an arbitrary noise distribution). To enable robust decision-making under this model, we
replace the Wasserstein ambiguity set in (I) with a ball w.r.t. the recently proposed outlier-robust
Wasserstein distance W, [28l 29]. The Wy, distance is defined via a partial optimal transport (OT)
problem (see (2) ahead) that first filters out the e-fraction of mass from the contaminated distribution
that contributed most to the transportation cost, and then measures the W, distance post-filtering. To
obtain well-performing solutions for our WDRO problem, the W, ball is intersected with a set that
encodes (necessary) moment assumptions on the uncorrupted data distribution.

We establish minimax optimal excess risk bounds for the decision 0 that solves the proposed outlier-

robust WDRO problem. The bounds control the gap E[¢(0, Z)] — E[¢(0, Z)], where Z ~ u follows
the true data distribution, subject to regularity properties of ¢(0, -) for any arbitrary decision 6 € ©.
In turn, they imply that the learner can make effective decisions using outlier-robust WDRO based
on the contaminated observation fi, so long that there exists a (near) optimal 6 with low variational
complexity. The bounds capture this complexity using the Lipschitz or Sobolev seminorms of £(, -)
and clarify the distinct effect of each perturbation (Wasserstein versus TV) on the quality of the
learned 6 solution. Moreover, they demonstrate notable improvements when the loss function depends
only on k-dimensional linear features, for £ < d. All of our bounds are shown to be minimax optimal,
in that there exists a learning problem for which each is tight.

We then move to study the computational side of the problem, which may initially appear intractable
due to non-convexity of the constraint set. We resolve this via a preprocessing step that computes a
robust estimate of the mean [9] and replaces the original constraint set (that involves the true mean)
with a version centered around the estimate. We adapt our excess risk bounds to this formulation
and then prove a strong duality theorem. The dual form is reminiscent of the one for classical
WDRO with adaptations reflecting the constraint to the clean distribution family and the partial
transportation under W;. Under additional convexity conditions on the loss, we further derive an
efficiently-computable, finite-dimensional, convex reformulation. Using the developed machinery,
we present experiments that validate our theory on simple regression tasks and demonstrate the

superiority of the proposed approach over classical WRDO, when the observed data is contaminated.

1.2 Related Work

Distributionally robust optimization. The Wasserstein distance has emerged as a powerful tool for
modeling uncertainty in the data generating distribution. It was first used to construct an ambiguity
set around the empirical distribution in [30]. Recent advancements in convex reformulations and ap-
proximations of the WDRO problem, as discussed in [4} [14}25]], have brought notable computational
advantages. Additionally, WDRO is linked to various forms of variation [} 5,12} 33]] and Lipschitz
[3}16} 134] regularization, which contribute to its success in practice. Robust generalization guarantees
can also be provided by WDRO via measure concentration argument or transportation inequalities
(1L 214 221 141} 143] 144]. Several works have raised concerns regarding the sensitivity of standard
DRO to outliers [16 19, 48]]. An attempt to address this was proposed in [46]] using a refined risk
function based on a family of f-divergences. This formulation aims to prevent DRO from overfitting
to potential outliers but is not robust to geometric perturbations. Further, their risk bounds require a
moment condition to hold uniformly over ©, in contrast to our bounds that depend only on a single
(near) optimal §. We are able to address these limitations by setting a WDRO framework based on
partial transportation. While partial OT has been previously used in the context of DRO problems, it
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was introduced to address stochastic programs with side information in [10]] rather than to account
for outlier robustness.

Robust statistics. The problem of learning from corrupted data corruptions dates back to [20]]. Over
the years, various robust and sample-efficient estimators, particularly for mean and scale parameters,
have been developed in the robust statistics community; see [31] for a comprehensive survey. The
theoretical computer science community, on the other hand, has focused on developing computation-
ally efficient estimators that achieve optimal estimation rates in high dimensions [8} [9]. Recently,
[48] developed a unified robust estimation framework based on minimum distance estimation that
gives sharp population-limit and good finite-sample guarantees for mean and covariance estimation.
Their analysis centers on a generalized resilience quantity, which will be also essential to our work.
Also key to our analysis is the outlier-robust Wasserstein distance from [28} |29]], which was shown to
yield an optimal minimum distance estimate for robust distribution estimation under W, loss.

2 Preliminaries

Notation. We consider Euclidean space R? equipped with the £ norm || - ||. A continuously
differentiable function f : RY — R is called a-smooth if |V f(z) — Vf(2)| < alz — #/||, for
all z, 2" € R9. The perspective function of a lower semi-continuous (l.s.c.) and convex function
fis Pr(x, X) == Af(z/A) for A > 0, with Py(x, X) = limy_0 Af(z/X) when A = 0. The convex
conjugate of f is f*(y) := sup,cra ¥ ' = — f(z). The set of integers up to n € N is denote by [n]; we
also use the shorthand [x] = max{x,0}. We write <, >, < for inequalities/equality up to absolute
constants.

We use M (R?) for the set of signed Radon measures on R? equipped with the TV norm ||ty =
1|ul(Z2), and write p1 < v for set-wise inequality. The class of Borel probability measures on R¢
is denoted by P(R%). Write E,,[f(Z)] for expectation of f(Z) with Z ~ u; when clear from the
context, the random variable is dropped and we write E,,[f]. Define P,(R?) = {u € P(R?) :
inf, cga E,[||Z — 20]|P] < 0o}. The push-forward of f through y € P(R?)is faupu(-) = p(f~1()),
and, for A C P(R?), write fgA = {fgpu : p € A}. The pth order homogeneous Sobolev
(semi)norm of continuously differentiable f : R? — R w.r.t. p is 1A grm gy = E. [V f|P]V/.
Given Z ~ p and an even convex, non-decreasing function ¢ : R — R with ¢(0) = 0 and ¢)(x) —
o0 as |x| — 0o, we define the Orlicz norm || Z||, = sup{c > 0 : supgega—1 E[p(07 Z/0)] < 1}.

Classical and outlier-robust Wasserstein distances. For p € [1, c0), the p-Wasserstein distance
between 1, v € Pp(R%) is Wy (p, v) = infremu,) (Bx [ X — Y||p])1/p, where I(p,v) == {r €
PRIxRY) : 7(- x RY) = p, m(R¥ x -) = v} is the set of all their couplings. Some basic properties
of W, are (see, e.g., [32,42]): (i) W,, is a metric on Pp(Rd); (i1) the distance is monotone in the
order, i.e., W, < W, for p < ¢; and (iii) W,, metrizes weak convergence plus convergence of pth

moments: W, (1, 1) — 0 if and only if p,, — pand [ ||z|[Pdpn(z) — [ |||[Pdu(z).

To handle corrupted data, we define the e-outlier-robust p-Wasserstein distanceﬂ between p and v by

W (i, v) = inf W, (u,v)= inf  W,(u,v"). 2)
w €P(RY) v eP(RY)
' —pllrv<e v —vilrv<e

The second equality is a useful consequence of Lemma 4 in [29].

Robust statistics. Resilience is a standard sufficient condition for population-limit robust statistics
bounds. The mean resilience of a measure ;1 € P(R?) is defined by
7(p,€) == sup ||IE#[Z] - IE#/[Z]H,
wW<ion
and that of a family G C P(R) by 7(G, ¢) := sup,,¢g 7(i, €). The p-Wasserstein resilience of p is
given by
Tp(p,e) = sup  Wp(u', )

wW<iop

2While not a metric, W, is symmetric and satisfies an approximate triangle inequality ([29]], Proposition 3).
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and that of a family G by 7,,(G, €) == sup,,cg 7p (i, €). When inference depends on k-dimensional pro-
jections, we use 7 (11, €) = supyegixa.yuT=r, Tp(Ught, €) and 7, x(G,€) = sup ,cg Tp,k (K €).-
The relation between resilience and robust estimation is formalized in the following proposition.

Proposition 1 (Robust estimation under resilience [29,39])). Forany pu € G C P(R?) and ji € P(R?)
such that ||fi — p||rv < € < 1/2, the minimum distance estimate ji = argmin,, g ||v — fil|tv satisfies
| EalZ] — E.[Z]|| < 27(G,2¢). Similarly, if 0 < e < 0.49 and W (fi, 1) < p, then the minimum

distance estimate i = argmin,, g W5 (v, i) satisfies Wy, (1, 1) S p + 7(3, 25).

In practice, we consider families G encoding tail bounds like bounded covariance or sub-Gaussianity:
Geov = {n € P(RY) : B, < Is},  Guw = {pn € P(RY) : B, [e® 2] <2, v9 € 5971},
Proposition 2 (Resilience under standard tail bounds). Fixing i € P(R%) and 0 < e < 1, we have

7(Geor-€) < V. Tinde(Geow:€) < Ve E,

T(gsuvag) S 5\/ log %7 Tp,k(gsuvag) 5 \/ k ‘HU + ég%,

These bounds are computed in the proof of Theorem 5 in [29].

3 Outlier-robust WDRO

We perform stochastic optimization with respect to an unknown data distribution p, given access
only to a corrupted version fi. We first consider a Wasserstein perturbation mapping p to 1’ such that
W, (u, 1) < p. Then we allow a TV e-corruption taking ' to i with ||z — /|| tv < e. Equivalently,
we have Wi (fi, 1) < p. Our full model is as follows.

Setting A:  Fix a p-Wasserstein radius p > 0 and TV contamination level € € [0, 0.49]ﬂ Let £ be a
family of real-valued loss functions on Z, such that each £ € L is 1.s.c. with sup, = % < 00,
and fix a class G C Pp(Rd) encoding distributional assumptions. We consider the following game:

(i) Nature selects a distribution p € G, unknown to the learner;

(ii) The learner observes ji € P(R?) with W (i, 1) < p and selects decision leL;

(iii) The learner suffers excess risk E,, [¢] — infyc o E,,[€].

We seek a decision-making procedure for the learner which provides strong excess risk guarantees
when ¢, := argmin,, p(€)|is appropriately “simple.” To learn in this setting, we introduce the
e-outlier-robust p-Wasserstein DRO problem:

inf sup E,[4]. (OR-WDRO)
teL yeg:ws () <p

Our results are most cleanly stated under the following structural assumptions.

Assumption 1 (Bounded Orlicz norm). The class G = G, (o) consists of all distributions Z ~ p €
P(R?) for which ||Z — E[Z]||y < o, where )(x) = Y_,o, a;z? is real analytic and even, with
a; > 0foralli > 1and ¥(1) < 2. -

Assumption 2 (¢, depends on k-dimensional features). The optimal loss function ¢, can be decom-
posed as £, = £ o A for an affine map A : R? — R* and some ¢ : R¥ — R.

Assumption|[I] captures a variety of standard Orlicz norm bounds.
Example 1. Tuking o = 1 and (x) = 2?, we obtain the class Geoy = {11 € P(R?) : S, < I} of

bounded covariance distributions, while ¢(x) = e*~ — 1 gives the class Gsupg of 1-sub-Gaussian
distributions.

31f a minimizer does not exist for either problem, an infimizing sequence will achieve the same guarantee.
*While the choice of 0.49 is arbitrary, our bounds degrade as ¢ — 1/2 (the optimal breakdown point).
>While our stated risk bounds will depend on £, they extend naturally to approximate minimizers.
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Assumption [2]is not necessarily restrictive, since one may always take k = d and A = I;. However,
in many practical settings, all loss functions exhibit k-dimensional affine structure for k¥ < d (e.g.,
multi-linear regression). Our risk bounds are substantially stronger in this regime.

Example 2 (Supervised learning with low-dimensional structure). Suppose that R¢ = R x R%
for a d¢ dimensional feature space and d; dimensional label space. Fix any hypothesis class H
of R%valued functions on R such that each h € H can be written as h(z) = h(A(z)), where

A R* — R*1!is affine and h : R*=! — R% is Lipschitz. Let L : R%* — R be a Ls.c. loss
Sfunction with bounded pth order growth, i.e., Sup,,cgd, % < 0. For example, we may take
L(w) = |Jw||P or L(w) = 1{w # 0}. Then L = {(z,y) — L(h(x) —y) : h € H} satisfies
Assumption Indeed, for each h = h o A in H, we can write L(h(z) —y) = £(B((z,y))), where
B : R? — R* defined by B((z,y)) = (Az,y) is affine and £((Az,y)) = L(h(Ax) — y).

Setting A considers the “population-limit” (i.e. no explicit model for sampling). We examine the

performance of outlier-robust WDRO in this regime before turning to finite-sample risk bounds and
computation. Proofs are provided in Supplement|C]

3.1 Population-Limit Excess Risk Bounds

We now quantify the excess risk of decisions made using e-outlier-robust p-WDRO.

Theorem 1 (Population-limit excess risk bound). Consider Setting A under Assumptions|[I)and 2]

Let { minimize (OR-WDRO). Then, the excess risk B, [(] — B ,[£,] is at most
201 lLip (p + T1.1(G, 26)), p = 1,4, Lipschitz
21 Cell gz (p+7(G,2)) + 2% (p + 72,1 (G, 2))%, p =20, a-smooth’

Note that ﬁ = O(1) since ¢ < 0.49. These bounds imply that the learner can make effective
decisions when the optimal decision ¢, has low variational complexity. In contrast, there are simple
regression settings with TV corruption that drive the excess risk of standard WDRO to infinity.
Moreover, the TV component of the risk is considerably smaller when k < d. In Table|l} we present
tight risk bounds for OR-WDRO in a variety of environments. Each environment corresponds to a set
of restrictions on p, the optimal loss function ¢, and the order p of the Wasserstein perturbation. The
guarantees of OR-WDRO are minimax optimal for all settings considered (see Appendix[C.2).

Our proof controls excess risk via the following two regularizers:

Qw, (la;p,p) = sup B [0] —Eu L], Qrv(lep,Ge) = sup  E /0] —E,[L]
veP(RY) veg
W (v,u)<p lv—pllrv<e

The W), regularizer is well-studied and known to control excess risk for WDRO. When ¢ = 0, our
proof recovers the known excess risk bound of Qw, (£4; i, p), and the theorem’s bound is a standard
upper bound on this quantity. The TV regularizer can similarly be shown to control excess risk for
population-limit robust statistics (i.e. when p = 0), though, to the best of our knowledge, no previous
work has derived explicit bounds on this quantity. The risk bound in Theorem [I]is a consequence of
the following decomposition,

Environment
we gcov we gsubG we gcov JAS gsubG
[lelluip <L Nlulluip <L |l gz < L [1€ell g2y < L
p=1 p=1 l, a-smooth, p =2 ¢, a-smooth, p = 2
OR-WDRO L(p+Vke) L(p+ Vke) L(p + \e) L(p+e¢)
excess risk (OPT) +a(p? + k) +a(p? + ke)

Table 1: Tight excess risk bounds for OR-WDRO in varied environments. Logarithmic factors omitted for ease
of presentation; see Appendix [C.2]for details.
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]E/L [g} - ]E/L [E*] S pr (E*v }L, 2p) + sup QTV(K*; v, ga 25)7
veP(RY)
Wy (v,p0)<p

whose components reveal the effect of each perturbation (viz. Wasserstein versus TV) on the quality
of the decision. When p = 1, we rely on Kantorovich duality for W1, and, for p = 2, we use that £
can be well-approximated by its Taylor expansion about Z ~ pu. Finally, we show that Q1 depends
only on a subproblem in R”*. Notably, WDRO adapts automatically to the intrinsic dimensionality of
£, without requiring knowledge of k.

Remark 1 (Comparison to recentered WDRO). We note that non-trivial guarantees can be ob-
tained by performing classic WDRO recentered around the minimum distance estimate i =
argmin,, g W{(fi, ) with an expanded radius. For example, when p = 1, this estimate satis-
fies W1 (u, i) < 2p+271(G, 2¢), and so WDRO about £ with this expanded radius incurs excess risk
at most O(||¢,||rip(p + T1(G, 2¢)). Ignoring the computational complexity of finding such a center /i
(which to the best of our knowledge, has not been established), the full-dimensional W resilience
term 71 (G, €) is substantially larger than the optimal 1 1 (G, €) for k < d. We defer a comprehensive
comparison against this MDE+WDRO approach for future work.

3.2 Finite-Sample Excess Risk Bounds

We next formalize a finite-sample model and provide statistical guarantees.

Setting B: Fix p, €, £, and G as in Setting A. We consider the following environment:
(i) Nature samples Z1,. .., Z, i.id. from p € G, with empirical measure fi, = 2 37" | 67,
(i) Nature produces Zl, e Zn with empirical measure fi,, such that W;(/]n, fin) < p;
(iii) The learner observes iy, selects £ € £, and suffers excess risk E,,[{] — E,,[(,].

The learner is now tasked with selecting lecr given only fi,,. The results from Section [3] apply
immediately whenever p > po + W, (1, fi,) with high probability.

Proposition 3 (Choosing p). Consider Setting B under Assumption 2 with G = Goy. Assume d > 3.
Take any lec minimizing (OR-WDRO) when centered about i = [i,, with p = 1. Then the excess
risk bounds of Theorem|l|hold with probability at least 0.99 so long as p > py + evdn~1, where
¢ > 0 is an absolute constant. If rather G = Ggup, we have the same for both p = 1 and p = 2.

While beyond the scope of this workshop submission, we note that this n~!/¢ rate may be improved

to n~ /¥ under a Poincaré-type assumption on ; and a mild change to (OR-WDRO).

4 Tractable Reformulation and Computation

We now turn to computation. Due to space constraints, we focus on G = G.., with p = 1 and

k = d, though the approach below can be significantly extended. Initially, (OR-WDROJ)) may appear
intractable, since G,y is non-convex when viewed as a subset of the cone M (R%). Moreover,

enforcing membership to this class is non-trivial. To remedy these issues, we propose using a cheap
preprocessing step to obtain a robust estimate z, € R? of the mean E ««[Z] and then optimizing over

Ga(0,20) == {v € P(RY) : \/E,[[|Z — 20|?] < o}, for some & > 0. Finally, for technical reasons
it is preferable to consider the one-sided robust distance WZ( wl|v) == inf W €P(RY) ! < ot W, (W, v).
All together, we propose solving the simplified problem

4}22yegz(mZO)S:l\lf\%(ﬂnHV)SPEV[EL ®
which admits risk bounds matching Theorem T}
Proposition 4 (Risk bound for simplified problem). Consider Setting B with p = 1 and G = Gcoy.
Fix 29 € Z such that ||zg—E,[Z]|| < po + O(Vd), and take ¢ minimizing @) with p = po +
Wi (fin, 1) + O(Vde) and o = po + O(V/d). Then, excess risk is bounded by

Eum_Eu[E*] 5 Hf*HLip(IDO + Wl(ﬂnaﬂ) + \/die)
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The proof uses the fact that u € G.o, implies p € G (\/g + |20 — E,

[Z]||, 20). along with the

resilience bound 71 (92 (0,20), s) < Vde. For efficient computation, we must specify a robust mean
estimation algorithm to obtain z and a procedure for solving (3). For the former, we show that the
popular iterative filtering algorithm [9] works even with adversarial Wasserstein perturbations.

Proposition 5 (Robust mean estimation). Consider Setting Bwith G = Geoy, p = 1, and e < 1/12.
Forn = Q(dlog(d)/e), there exists an iterative filtering algorithm which takes [i,, as input, runs in

time O(nd?), and outputs zy € R® such that ||zo —

E,[Z]|| < po + /e with probability at least 0.99.

It is not immediately clear that iterative filtering should still work under W perturbations (compared
the TV corruptions it was designed for), since the W, step can arbitrarily increase the initial covariance
bound. Fortunately, we show that trimming a small fraction of samples mitigates this potential
increase. With some effort omitted from this submission, we expect that the upper bound on ¢ can be

replaced with any constant less than 1/2, and that the running time can be improved to O(nd).

We next show that that the inner maximization problem of (3) can be simplified to a minimization
problem involving only three scalars provided the following assumption holds.

Assumption 3 (Slater condition I). Given the distribution fi,, and the fixed point z(, there exists

vy € P(Z) such that Wi (fin [|10) < pand B, [||Z —

Notice that Assumption [3|indeed holds for vy = y as applied in Proposition 4
Proposition 6 (Strong duality). Under Assumption forany l € L and zy € RY, we have

1
sup E,[¢] = inf Ao? + AopP +a+ T—
v€Ga(0,20): Wi (fin[v)<p Al’i‘éiﬂh -

where {(z; A1, A2, @) = supgega [£(§) — M€ — z0l* — Aofl€ — 2[IP — o]

20||?] < o2. Additionally, we require p > 0.

“Ep [0 000, 0)], @)

The minimization problem over (A1, A2, @) is an instance of stochastic convex optimization, where
the expectation of the implicit function / is taken w.r.t. the contaminated empirical measure fi,,. In
contrast, the dual reformulation for classical WDRO only involves A\, and takes the expectation of
the implicit function £(2; A2) = supgega £(§) — A2l|§ — 2||P w.rt. fi,. The additional \; variable
above is introduced to account for the clean family Go (o, z), and the use of partial transportation
under W, results in the introduction of the operator [-] . and the decision variable .

Remark 2 (Connection to conditional value at risk (CVaR)). The CVaR of a Borel measurable loss

function ¢ acting on a random vector Z ~ p € P(R?) with risk level € € (0, 1) is defined as

CVaRy 2, [((Z)] = inf o+ Bz [[60Z) — ol ].

CVaR is also known as expected shortfall and is equivalent to the conditional expectation of ¢(Z),
given that it is above an ¢ threshold. This concept is often used in finance to evaluate the market risk
of a portfolio. With this definition, the result of Proposition [f]can be written as

wp Bl =
veGa(0o,20):
WE (7in 1) <

inf  A\jo®+AapP+CVaRy_c 5, | sup £(€) —

A1, A2€R £€Rd

MllE = zoll* = Azl = Z|IP| -

When ¢ — 0 and 0 — oo, whence CVaR reduces to expected value and the constrained class
Go(0, z9) becomes the whole space of distributions P(IR?)), the dual formulation above reduces to
that of classical WDRO [13]].

Evaluating ¢, however, requires solving a maximization problem, which could be in itself challenging.
To overcome this, we impose additional convexity assumptions, standard for WDRO [25} 133]].

Assumption 4 (Convexity condition). The loss ¢ is a pointwise maximum of finitely many concave
functions, i.e., £(§) = max;e £;(€), for some J € N, where /; is real-valued, 1.s.c., and concave.

Theorem 2 (Convex reformulation). Under Assumption[3] for any { € L satisfying Assumption4]

and zy € RY, we have SUD, G, (0,20): We

5 (Bnllv)<p

where the right-hand side is optimized over the constraint set

A, A2 € Ry, € R, 5,75 € RY, lj’cu’

50

si > (—4;)* (¢ )+ZJC —FT”—FZZT W+Ph(<

+¢Y =0, 1IC212 < Xy,

WERd

25

A2) —

Q,

E,[f] = inf \yo? + Aop? + a + n(ll 5 >

Vi € [n],V] € [J]
Vi € [n],Vj € [J]

Vi € [n],Vj € [J],

1€[n] Si»



274

275

276

277
278
279
280
281
282
283
284
285
286

287
288
289
290
291
292

294
295
296
297

298

299
300
301
302
303
304
305
306

and Py, is the perspective function of h defined by

X{zert: ||z)<13(C), p=1

h(¢) = . .
(p—1)" 2
sl p>1

&)

The minimization problem in Theorem [2)is a finite-dimensional convex program.

S Experiments

Lastly, we implement our tractable reformulation , Excess Risk for Varied Sample Size and Method
and validate our excess risk bounds. Fixing R? =
X xY = R x R, we focus on linear regres-
sion with the mean absolute deviation loss, i.e.,
L= {lp(z,y) =0Tz —y| : 0 € R}, See Sup-
plement [E] for additional experiments treating classi-
fication and multivariate regression, along with full
code and experimental details. The experiments be-
low were run in 30 minutes on an M1 MacBook Air
with 16GB RAM. %0 2 3 4 s s 7 s % 100

# samples
Let Z = (R || - [|2) ford > 2 and fix p = 0.1, .
0 = 0.05. We take 0, 0, € S92 with ”90_91”2 < Figure 1: Excess risk of standard WDRO and

—1/2 . N . several forms of outlier-robust WDRO for linear
pd - Letting X ~ A(0, Ia—1), we consider clean regression under W, and TV corruptions, with

data (X, 607 X) ~ p. The corrupted data (X,Y) ~ i varied sample size.

satisfies (X,Y) = (X, 6] X) with probability 1 — &g

and (X,Y) = (20X, —206{ X) with probability &, so that Woeo (il 1) < p. In Figure(top), we
fix d = 10 and compare the excess risk E, [¢;] — E, [y, ] of standard WDRO (¢ = 0, no moment
constraints) and OR-WDRO with ¢ € {0, €g, 26}, as described by Proposition E] and implemented
via Theorem The results are averaged over T = 20 runs for sample size n € {10, 20, 50, 75, 100}.
Implementation of the reformulation was performed in MATLAB using the YALMIP toolbox [24]
and SeDuM.i solver [40].

—%— standard WDRO
351 —— outlier-robust WDRO w/ € = 0
AN outlier-robust WDRO w/ & = ¢,
—F— outlier-robust WDRO w/ & = 2¢,
~
~

H

/

excess risk (mean absolute deviation)
~
AN
\
\
\
—L
—L—

6 Concluding Remarks

In this work, we have introduced a novel framework for outlier-robust WDRO that allows for both
geometric and non-geometric perturbations of the observed data distribution, as captured by W,
and TV, respectively. We provided minimax-optimal excess risk bounds and strong duality results
that enable efficient computation via convex reformulation. The full version of this paper will
include refined statistical guarantees, tractable convex reformulations for distribution families beyond
Geov and for k < d, and a detailed discussion of parameter tuning. Overall, our approach enables
principled, data-driven decision-making in realistic scenarios where observations may be subject to
adversarial contamination by outliers.
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A Preliminary Results

We first recall and prove some basic facts about W, Orlicz norms, projected moment bounds, and
resilience. To start, we prove that W, is equivalent to a certain partial OT problem.

Lemma 1 (W; as partial OT). Forany e € [0,1] and p,v € P(R?), we have
WIE)(M’ V) = (1 _s)l/p inf Wp(ul7yl)

Proof. Write \/NV:‘Z(/JL7 v) for the RHS. Rescaling, we have

VNVIE)(H’ V) = lnf Wp(:u’/a V/)7 (6)
W v €(1—e)P(RY)
w <p,v'<v

matching the definition for robust OT in [29]. By their triangle inequality (Proposition 3 therein), we
have for any i € P(R?) with ||i — p|jtv < e that

W;(N7 V) S \7\/;(#,/1) + WP(/jv V) = Wp(ﬂv V)'

Infimizing over i, we find that V~\/;( V) < W;. For the opposite direction, consider any feasible
w', v for (6), and let s = ' + (v — v’). By construction, we have ||z — p||tv < . Moreover, by
Lemma 5 of [29], we have W, (fi, ) < W,,(p',v"). Thus, W5 (11, ) < Wy, (p', ), and infimizing
over i/, V' gives the lemma. O

Next, we address the simple setting of Orlicz norms for constant random variables.

Lemma 2 (Orlicz norm of constant random variable). For any constant random variable Z = z € R¢,
and any Orlicz function 1 satisfying the conditions in Assumption|l} we have || Z||, < 2]|z||.

Proof. For each f € S*~!, we bound

=) =[Gt
< Elp(1/2)

_ Zai2—2i

i>1

< g 272 max a;
‘ j=1
i>1

<1/2-9(1) <1
Thus || Z|| < 2]|z]|, as desired. O

Now, we introduce some notation and basic comparison results for projected moment bounds. Given
Z ~p e PRY, reld, andq > 1, we write oq (1) = Wy (1, 0g(z)) and oq(1) = oq.a(p).
This quantity captures the largest centered gth moment of an r-dimensional projection of z.

Lemma 3 (Projected moment comparison). Fix yu € P(R?), dimension r € [d], and power q¢ > 1.
We then have o, (1) < E[|S1]9) 790, 1(11), where S ~ Unif(S™~1).

Proof. Assume without loss of generality that Z ~ p has mean zero. Fix any U € R™*? with
UU" =1I,,and let S ~ Unif(S"~!). We then bound
0q.1(1)* = 01 (Ugp)?

= sup E[0TUZ|Y
fesr—1

>E[STUZ|]

where the last equality holds by rotational symmetry. Taking a supremum over U gives the lemma. [J
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Lemma 4 (Moment centering). Fix 1 € P(R?), dimension r € [d], and power q > 1. Then for any
z € R, we have 0, (1) < 2W..(1,65).

Proof. Taking Z ~ u, we compute

g (1) = We,r (1, 012))
< Wq,’r(ﬂﬂ (52) + Wq,r(627 6]E[Z])
S QWQ’T(,Uq 5z)7

where the final inequality follows by Jensen’s inequality. O

Next, we recall two useful results for mean resilience.

Lemma 5 (Mean resilience under moment bounds). For any € € [0,1) and 11 € P(R), we have
7(p,€) < infy>1 0q,1(n)et 91 —e) 7N

Proof. This follows from Lemma E.2 of [48], using the Orlicz function ¢(¢) = t? foreachq¢ > 1. [

Lemma 6 (Mean resilience for large ¢, [39], Lemma 10). For any e € (0,1) and 1 € P(R9), we
have T(p,1 — ) = =27(p, ).

Finally, we turn to Wasserstein resilience.

Lemma 7 (W5 resilience and even moment bounds). Fix e € (0,1) and family G C P(R?) satisfying
Assumption[I} We then have

1 )
—(1—e)72(G,e)? < sup inf oo;(p)2e' ™Y < 215(G, ).
8 peEG €N 0

Proof. Fix i € G with mean zero. By the proof of [29, Theorem 2], we have
T (p,€)® <4(1—e)t inf o2 (W) BJ| Z|*] e 1 + deoy(n)?
1>

< 8(1 — &) Log(p) 2t~

Taking a supremum over p € G gives the first inequality (noting that the centering assumption is
without loss of generality since G is closed under translations). For the second inequality, we again
take mean zero Z ~ p € G. Then, by Assumption we have supyesa—1 E,[¢0(107 Z])] < 1, where
Y(z) = 3,5, aiz®’. Taking S ~ Unif (S¢1), we bound

1> sup E[p(|0"Z))]
fesd—1

= sup Zal 67 z*

feSd—1

>  sup a [|¢9T 1]
feSd—1 i>1
_ T 712i
=supa; sup E[|6'Z]*]
i>1 pesd—1
= sup a; 0'2z',1(,u)2i
i>1
2i

= sup a; E[S? o (1),
i>1

where the last equality follows by Lemma 3]

Next, we define the modified Orlicz functions

¢(x) =E[(|Si1|va)] = > aE[SPla!,  ¢(x) = sup a; E[S7]a"
i>1 v
By design, we have
o(x) Zal E[S7](22)"27" < ¢(22).
i>1
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Since ¢ and ¢ are increasing on R, we have %¢71(y) < ¢~ (y) < ¢~ (y) for y > 0. Moreover,
the inverse of this lower bound has closed form o

¢ (y) = 12{(&1-]]7;[5’122']/3/)—1/1'.

‘We now bound
inf 02 (0)%! /" < < inf (e, B[S]) /!
=o' (1/e)
<2e¢7(1/¢)
= 2sup{ez” : 2 > 0,E[y)(|S1|z)] < 1/e}.
Finally, for any feasible z for the final supremum, consider the random variable Z ~ v defined by
Z =0 wp.1—¢, Z =xS wp. €.

By construction, we have
7 (v,e)? > E[||Z|’] = e?,

and, for any 6 € S, we have
E[y (167 (Z — E[Z))])] = e E[¢(|S1]|z)] < 1.

Combining, we have 73(G,¢)? > 1(v,€)? > ex? > % inf;>q agi(ﬂ)zal’l/i, as desired. O

From this result, we obtain the following two lemmas.
Lemma 8. Fixe € (0,1) and pu € G for G C P(RY) satisfying Assumption Then, for any v < %u,
we have eoo(v)? < 415(G, €)%

Proof. Assume without loss of generality that 1 has mean 0. Taking Z ~ pand Y ~ v, we bound

eaa(v)? < 2¢E[||Y)?] (Lemma[d)
< 2 E[|Z|P] +er(IZ]*,1 —¢)
< 2¢E[||Z]|*] + ig{E[HZH%]l/%l*l/i (Lemmal5)

< 2inf B[ Z||%) /et -1/0
i>1

Applying Lemma([7] gives the lemma. O

Lemma9. Ifc € (0,1) and G C P(R?) satisfies Assumption then 7(G,e) < 4@{‘; 72,1(G, €).

Proof. For each y € G, we bound

1— 2
QT(;A,&)Z <8 II>1fi og1(p)2et=2a (Lemma[5)
€ a>
<3 4 2.1-1/i
< SZlgfi 02,1 (1)
< 16721(G,¢). (Lemmal [7)
Taking a supremum over p € G gives the lemma. O

B Generic DRO Regularizer Bounds

This section considers a generic DRO problem and a corresponding notion of regularization. As
special cases, we highlight results for WDRO and TV DRO that underlie our proof of Theorem T}
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Fix a distribution class G C P(R?) and a loss family £ C N,egL (). Let C : G — P(R?) be
a corruption channel taking p € G to a set of potential i € C(u). Then, for any such [, one can
consider the generic DRO problem

inf  sup E,[4. @)
LeL vegnC—1(a)

For a fixed v € C(G) and ¢ € L N L'(v), we define the DRO regularizer

Qv,G,C) = sup E, [a - EV[E]
v'egnCH(w)

Assuming that ¢ € L!(ji), one can rewrite (7)) as the regularized minimization problem

inf 4(6) + Q6 1, G, ).

In any case, this quantity controls the excess risk of DRO. Writing C~! o C for the composite
corruption channel taking i € G to v € G with C(u) N C(v) # 0, we have the following.

Lemma 10 (Risk bound for generic DRO). Fix i € G and i € C(p). If £ minimizes (), then
E,[¢] < infres E,[0) + Q4 1, G,C 10 C).

Proof. We simply bound

E, [2] —Eulf] < sup E, [é] —Eulf]
vegnC (i)

< sup E [ -E,[/]
vegnCt (i)

< sup E,[f] —E,[f] = Qp(4,7;1,G,C 1o C).
vegnC=(C(u))

Infimizing over ¢ € L gives the lemma. O

When C(p) = {fi € P(R?) : D(fa, 1) < 7} for a statistical distance D : P(R?) x P(R?) — R and
radius r > 0, we write Qp (¢, r;v,G) = Q(¢; v, G, C). If distributional assumptions play a minor role,
we may opt to consider Qp (¢, 7;v) := Qp(¢,7;v, P(RY)).

B.1 WDRO Regularization
The W, regularizer, corresponding to D = W,,, appears explicitly and implicitly throughout the
WDRO literature. We now recall standard bounds on this quantity.

Lemma 11 (9, bound, [11]], Lemma 1). Fix v € P;(R%), Lipschitz ¢ : R* — R, and p > 0. We
then have Qw, (£, p; v) < p||€||Lip, with equality if { is convex and Z = R%.

Lemma 12 (Q, bound, [11], Lemma 2). Fix v € Py(R?), a-smooth £ : R* — R, and p > 0. We
then have |Qw, (£, p;v) = pll €]l jr.2(,| < 3™

B.2 TV DRO Regularization

We introduce new bounds (to the best of our knowledge) for the DRO regularizer with D = TV.

Lemma 13 (Q1y bound under Lipschitzness). Fix u € G C P;(R?) and L.s.c. £ : R* — R with
SUp,, cpd % < oo. If € is Lipschitz, then

Qrv(l, & 1,G) < Qw, (6,211(G, €); ).

Proof. Fixv € G with |lv — p|tv < €, and write kK = WV A p for their midpoint distribution.

Note that (v A 1) (R?) > 1 — & by the TV bound. We then have W1 (v, 1) < W1 (v, &) + Wy (k, 1) <
271(G, €), implying the lemma. O
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Lemma 14 (Qry bound under smoothness). Fix i € G for G C Po(R?) satisfying Assumption

and let ¢ : R — R be Ls.c. with sup,,cga % < oo. If  is a-smooth, then

Qrv(l,e;1,G) < 2||VUEL[Z])||7(G, ) + 44a(l — &) '7a(G, )%

Proof. Fix any v € G with ||v — p||tv < €, and decompose v = p+e(k4 — k_ ), where k1 € P(Z)
withen_ < pandery <v.LletZ ~p, Y ~k_, X ~v,and W ~ k. We bound

E[{(X) — €(Z)] = eE[((W) — £(Y)]
=eE[((W) — (E[W])] + e[((E[W]) — (E[Y])] + e E[¢(E[Y]) — £(Y)].
To bound the first and last terms, we observe that for V' ~ k = k4, we have
eE[U(V) — L(E[V])] < acE[|V - E[V]]]?]
< 0660'2(5)2

< daty(G,e)?,

by a-smoothness of 7 and Lemma For the second term, write I = conv({E[W],E[Y]}) for the
line segment connecting E[W] and E[Y']. By the definition of mean resilience, we bound

IEW] - E[X]| <7(G,1-e),
IE[Y] - E[Z]| <7(F,1 —e),
IE[Z] - E[X]|| < 27(G,¢),

where the last inequality follows by the same midpoint argument applied in the proof of Lemma[T3]
Writing L = ||V4(E[Z])||, we have for each = € I that

V()| < L+ oz - E[Z]|
< L+ amax{||E[W] - E[Z]|, | E[Y] — E[Z]||}
< L+ amax{7(G,1 —¢)+27(G,¢e),7(G,1 —¢)}

1—
<L+ a(sg + 2)7(975),
again using smoothness of £. We then bound

e[(EW]) - (E[Y])] < emax V()] || E[X] - E[Z]|
= max | V¢(z)|||| E[X] — E[Z]]

IN

[L N a(1€_e + 2>T(g,g)] 27(G, ¢)

=2L7(G,e) + 204(16_5 + 2>T(g,€)2

=2L7(G,¢) + 4am(G,e)* + 2a ET(g,E)Q
< 2L7(G,¢) + 4am(G,)* + 32a(1 — ) 'm21(G,6)*  (Lemma[)
2L7(G,€) 4+ 360(1 — €)' 721(G, €)%

IN

Combining the above, we obtain

E[¢(X)] - E[((Z)] < 8ate(G, ) + 2L7(G, ) + 36a(1l — &) " *12.1(G,)?
< 2L7(G,¢e) +44a(1 — 5)*1Tg(g,6)2,

as desired. O
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C Proofs for Section

C.1 Proof of Theorem/[T]

Our proof follows by analyzing the W}, regularizer

Ows (4, p; 1, G) = sug E,[{] — E,[¢].
ve
W (v,1)<p

We bound this quantity from above by a W), regularizer and a TV regularizer maximized over a
Wasserstein ball centered at p.

Lemma 15. Fixe € [0,1) and p > 0. Forany p € G C P,(R%) and ¢ : RY — R Ls.c. with
SUp, cgd % < oo, we have
Qw: (4,03 1,G) < Qw, (6 pp) + sup Qrv(l,&v,G).

veP(R?)
W, (v,u)<p

Proof. Fix any k € G with Wy (k, i) < p. By the definition of Wy, there exists y/’ € P(R?) with
W, (1, 1) < pand ||i' — kljtv < e. We thus bound
E.[f] - Eu[f] = (Exll] - Eu[f]) + (B [€] - E,[€])

< sup QTV(&& v, g) +pr(£, p; :U’)
veP(RY)
W, (v,u)<p

Supremizing over k gives the lemma. O

Next, we show that, under the affine structure of £, one can instead consider DRO in R¥. In particular,
writing G, = G N P(Rk) for some U € RF*? with UU T = I, (the choice is not important due to
rotational symmetry), we have the following.

Lemma 16. Under Assumgtion@ we may decompose £, = /o Q for Q € RF*I with QQT = I,

and L.s.c.  with SUpP, cgd % < oo. For any such decomposition, we have
sup ]El/[g*] = sup E, [Z]
veg veGy
W (v,ii)<p Wi (v,Quit)<p

Proof. By Assumption [2} we can write £, = £o A for A : RY — R* affine and £ Ls.c. with
SUp,, cpd % < 00. We further decompose A(z) = RQz + 2, where Q € RF*? with QQT = I,
R € R***, and 2o € R¥. Note that the orthogonality condition ensures that Q T isometrically embeds
R* into R?. We can then choose £(w) = £(Rw + zp).

Next, given any v € G, we have Qv € Gy, with Wo (Quv, Qi) < Wi (v, i), and E, [(] = EQ#V[E].
Thus, the RHS supremum is always at least as large as the LHS. It remains to show the reverse.

Fix v € Gy, with WS (v, Q4/i). Take any 1/ € P(R¥) with W,,(v,1) < pand ||/ — Qufilltv <e.
Write & = Qv € Gand & = Q1. Since Q" is an isometric embedding, we have x € G,

W, (k, &) = W, (1,1) < p,and ||&' — fi||tv = ||/ — Q4fi|lTv < &. Finally, we have E, [¢] = E,[/].
Thus, the RHS supremum is no greater than the LHS, and we have the desired equality. O

We are now equipped to prove the theorem. Applying Lemma we decompose ¢, = loQ. We
bound risk by

< swp B[]
veg
We (v,1)<p

< sup  E,[4]
veg
Wi (v,ii)<p
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< sup  E,[/] (Lemmal[T6)
veGy
W5 (v,Qui)<p
< sup E, [¢].
veGy
W28 (1,Qu ) <2p

Writing 11, = Q41+, we can then bound excess risk by

E,[f] - B[t < sup Ey €] — Ky, [€].
vEGy
W28 (v,uk)<2p

Noting that the RHS is just the W, regularizer of £ in R, we apply Lemmato obtain

EM [g] - Ell« [f*] S pr (g7 2p7 ,Ltk;) + sup QTV(Z7 25, v, gk)>
veP(RF)
WP(”#‘IC)SP

If p = 1 and ¢, is Lipschitz, we apply Lemma [[3]and Lemma|[TT]to obtain
Eull] — Eul6] < El|ip(20 + 271(G, 2¢))
< [1¥]luip (20 + 271 (G, 2¢))
< [[ullLip (20 + 2711(G, 2¢))
If p = 2 and 4, is a-smooth, we apply Lemmaand Lemmato bound E,[¢] — E,,[¢,] by

20010 1.2,y +4p® + sup  2(|VA(E,[Z])||7(Gr, 2) + 4da(l — 2¢) " o (Gr, 2¢)
veP(RY)
W (v, 1) <p

<2000 121, + 405° + 20 VEE 2] + ap)7(G, 22) + Ha(1 = 26) 72(Gr, 22)°
<200l 14 + 2 VI (2D 17(Gr, 22) + (1 = 2) 7 (5 + pr(Gr,22) + 72(Gr, 22)?)
)

[
< 200181l 11,24, + 2 VEE, [2))]I7 (G, 26) + 44a(1 =€)~ (p + 72(Gr, 2¢))°
=2p|1lull 1.2y + 20 V(B[ Z])[I7(Gr 2¢) + 4da(1 = 26) 7 (p + 72(Gr., 2¢))”
=2p|1lull 1.2y + 20V (EL[Z))II7(G. 2¢) + 4da(l — 26) 7 (p + 72,1(G, 26))7,
as desired. O

C.2 Risk bounds in Table[Il
The upper bounds for OR-WDRO follow by combining Theorem I with Proposition 2}

To see that these are minimax optimal, we start by proving that no 7 chosen as a function of [i can
obtain risk less than Lp in the worst-case, for any of the considered settings. We fix ji = dp, and
consider two candidates j14+ = 0, for u. We let £ consist of the two L-Lipschitz loss functions

0y (2) = Lel (p—2), (_(2)=Le] 2.

By construction, py and g both belong to G € {Geov, Gsubc } and, for g = py, we have that
[€xllLip = 1¢£ll 1.2,y = L. Moreover, we have

E,,[01]=0,E,, [(_]=Lp,E, [(4]=0,E,_ [(_] = —Lp.

Thus, for any ¢ selected as a function of /i (with W, ([, i) < p), there exists 4 € {p, pu—} such that

0) — inf u(€) > Lp.
plf) = nf p(6) = Lp
Next, we fix p = 1. For ease of presentation, suppose d = 2m is even. Consider R? as R™ x R™,

and let £ consist of the two L-Lipschitz loss functions

Cy(z,y) = Lllz +yll, £ (z,y) = Lllz -yl
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Fixing corrupted measure i = &y, we consider the following candidates for the clean measure p:
My = (]_ — 5)50 + E(Id, - Id)#l{
M = (]_ — 6)50 + €(Id, +Id)#/€
where Id : & — x is the identity map and x € P(R™) will be selected later as a function of G. By
design, we have ||z — pi ||, ||z — p—||7v < € and

By, 0] =B, (0) =0
E,,[(-] = E,_[¢+] = 2L<E,[| Z]]
Thus, for any { selected as a function of i1, there exists p € {4, p—} such that

plf) = inf pu(€) = p(f) 2 2Le Ex[||Z]]].

When G = Gy, taking & = N(0pp, é[m) ensures that ut € Geoy, and Le E.[|| Z]]] 2 LV de, as
desired. When G = Gquha, taking £ = N (0, I;,,) ensures that py € Geuba, and Le E.[|| Z]]] 2

Le+/d. The alternative choice of k = & Jioa (7, Also ensures ji. & Gsubc and Le EL[|Z]]] 2
Le+/log(1/e). Combining gives a minimax lower lower bound of Le+/d + log(1/¢) for Geupe-

These match the claimed lower bounds for p = 1 when k = d; for smaller k, we simply apply the
same construction with m = k/2, ignoring the extra d — k coordinates.

For p = 2, take £ consisting of the a-smooth loss functions £ (z,y) = a||x F y||?. For u. as above
with & = N(0p, 21,,,), we have 1€+l gr1.2(,,,y = O. The same argument as above gives a lower

bound of ad for G.... Repeating with the corresponding measures for Ggu,c gives a lower bound of
adze log(1/¢). Going through this process with /4 (z,y) = Le] (x — y) adds a mean resilience term

of L+/z for Geoy and Ley/log(1/€) for Gsupa. Taking £ (2) = a(p? — ||z||?) and £_(2) = a|z||?
with p14 = 84 e, adds a final ap? to both lower bounds. We may substitute d by k as above.

In all of the table’s cases, we find that the minimax lower bound matches the upper bound for
OR-WDRO given by Theorem I}

C.3 Proof of Proposition 3]

This is an immediate consequence of Markov’s inequality and the empirical convergence bound
E[W1 (fin, 1)] < Vdn='/? which follows by [23] Theorem 3.1] since 11 € Geoy. O

D Proofs for Section 4

D.1 Proof of Proposition 4|

For pu € Gcov, we bound
EullZ - 20l) < 2B, (112 — Bu[Z)1?) + 20 E[2] — 2o
= 26(,) + 2] B [2] — 2ol
<24+ 2| B, (2] - 2|
< AVA+ | EulZ] - 20l
Consequently, we have ;1 € Go(0, 29) for ¢ = v2d + V2| E,[Z] — 20|

Next, we note that W (fi,,, 1t) < po+ Wy (fin, it). Thus, applying Theoremwith G = Gy(0o,20) and
using the resilience bound from Proposition gives that for p = po + W, (fin, p) + 8oe/P~1/2(1 —
£)~1/P, the desired excess risk bounds hold so long as || E,[Z] — z|| = po + O(V/d). Indeed, under
these conditions with p = 1, we have for each ¢ € L that

E.[0] — Eul] < cll€llLip(p + 271(G2(0, 20))

S lLip (/) + U\ﬁ) (Proposition 2)
S €lip (po + Wi (i, 1) + 0 v/E)
S €lip (po + Wi (fin, ) + Vde),

as desired. 0
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D.2  Proof of Proposition

Since iterative filtering works by identifying a subset of samples with bounded covariance and W
perturbations can arbitrarily increase second moments, it is not immediately clear how to apply this
method. Fortunately, trimming out a small fraction of samples ensures that second moments do not
increase too much.

Lemma 17. Forany 7 € (0,1] and p,v € P(R?), we have W3 (i, v) < Wy (i1, v)~/2/T.

Proof. Let (X,Y) be a coupling of p and v such that E[|| X —Y'||] = Wy (i, v). Write A = || X =Y,
let F denote its CDF, and note that F'~1(1 — 7) < Wy (p, v) /e by Markov’s inequality. Thus,

W3 (n,v)* E[A? [A<FI(1—7)]
<E[A 2|A<W1(/¢L7V)/T]
Wi (p,v)27 ™
:/ Pr[A>\f|A<W1(,u, )/T} dt
Wi (p,v)27 ™
< / (BIA | A <Wy(uw)/r] 72 A1) dt
Wi (p,v)27 ™
< / Wl(,u,y)t_l/Q/\1> dt
Wi (p,v) 272
=W, (p, ) + Wy (1, )/ 712 dt
Wi (p,v)?
Wi (u,v
= Wi (1, 2) + Wi () - 2V [ 007
= Wi (i, v)? + 2Wi (1, v)? /7 — 2Wi (2, v)?
< 2Wi(p,v)?/.
Taking a square root gives the claim. [

Write 4, for any uniform discrete measure over n points such that Wy (u),, fin,) < po and ||u!, —
fn|ltv < e. It is well known that the empirical measure /i,, will inherit the bounded covariance
of p for n sufficiently large, so long as a small fraction of samples are trimmed out. In particular,
by Lemma 4.2 of [18]] and our sample complexity requirement, there exists a uniform discrete
measure vy, over a subset of m = (1 — €/120)n points, such that “Eam Z] —E.[Z]|| £ /€ and
Ya,, = O(1)I; with probability at least 0.99. Moreover, by Lemma |1 7|with 7 = ¢/120, there exists
B € PRY) with || 3 — pi!, |ltv < £/120 and WE/uO(ﬁ fin) < 1/240/epy. Combining, we have that
W;/120+s/120+s (am7 /~Ln) W615/60 s ,Ufn \/mpo
Thus, there exists a uniform discrete measure -, with support size m such that ||y, — fin|Tv <
61/60e, Wa(Yim, am) < 1/240/epg, and W1 (Ym, am) < po. The Wy bound implies that 3., <

’Y’NL
O(1 + p3e~1)1,. Thus, by the proof of Theorem 4.1 in [18] and our sample complexity requirement,

the iterative filtering algorithm (Algorithm 1 therein) applied with an outlier fraction of 61/60e <
1/10 returns a reweighting of fi,,, whose mean z, € R¢ is within O(+/£ + po) of that of 7,,. By a
triangle inequality, the same error bound holds with respect to the mean of z. O

D.3  Proof of Proposition [6]

‘We have
E (|| Z — zl?] < 02
sup B[] = sup E, [0 : E:[|Z" - Z||P] < p?,
o W
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Zze[n] m; EW[ Zi — 20”2] < 0.2’
i€n m7EVz 27 7Zi P < ppv
= ap Y, e mElE A <o |
meR™ icln) 0 < my; < m, Vi € [n]

V1o €P(RY)
where the first equality follows from the definitions of G2 (0, z9) and W5, (fi,,[|v). The second equality
holds because fi,, = % Zie[n] dz,, which implies that the distributions ¢/, v and 7 take the form
wo= Zie[n] m;lz,, V = Eie[n] m;v;, and ™ = Zie[n] m;0z, ® v;, respectively. Note that the
distribution v; models the probability distribution of the random variable Z condition on the event

that Z’' = Z;. Using the definition of the expectation operator and introducing the positive measure
v, = m,v; for every i € [n], we arrive at

ZZG[n] f]Rd Hzl - ZOHQdyz{(Zi) S 027
Picim Jz 12 = ZillPdvi(z:) < p?,

sup B [f]= sup Y E, ] 0<m; < iy, Vie )],
VEG2(o,20) /mE]R/" i€[n] Z T
W (i) <p Vi, 20 el i =

[z dvi(z) = m4, Vi € [n]

> s; > max{0,r; —a}, Vi € [n],

. S; ~

= inf A10q+>\2pP+L[n]+a: r; > L(€) — M||€ — 20|12 — Ao||€ — Z||,
A1, 2€R L n(l — E)
r,s€R™ a€R Vf S Rd,Vi S [n]

where the second equality follows from strong duality, which holds because the Slater condition
outlined in [37, Proposition 3.4] is satisfied thanks to Assumption[3] The proof concludes by removing
the decision variables r and s and using the definition of i,,. O

D.4 Proof of Theorem 2]

The proof requires the following preparatory lemma. We say that the function f is proper if

f(z) > —oo and dom(f) # 0.
Lemma 18. The followings hold.

(i) Let f(z) = Ag(x — x¢), where X\ > 0 and g : RY — R is Ls.c. and convex. Then,
F(y) =2y +Ag"(y/A)-

(ii) Let f(x) = ||z||P for some p > 1. Then, f*(y) = h(y), where the function h is defined as
in

(iii) Let f(z) = " Sa for some ¥ = 0. Then, f*(y) = 1y S .

Proof. The claims follows from [17, §E, Proposition 1.3.1 ], [47, Lemma B.8 (ii)] and [17, §E,
Example 1.1.3], respectively. O

Now, by Proposition [6|and exploiting the definition of fi,,, we have

sup E,[¢ ®)
veGa(0o,20)
Wi (G llv) <p

1
: 2 §
1nf )\10’ + Agpp +Oé+ m . S;
= S.t. )\1,/\2€R+,S€R?_
si > sup 0E) — M€ = 20l]* = A2ll€ = Z[]P — Vi € [n]
€
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1
inf A\o?+ AopP + a0+ ——— S;
n(l —¢) iez[n]

= S.t. )\1, Ay € R+7 s € ]Ri 9)
5i > Sup 6(8) = Mll€ = zol1? = Xel€ = &P —a Vi€ [n],V) € [J]
S

where the second equality follows from Assumption 4] For any fixed i € [n] and j € [J], we have
sup £5(€) — All§ — zol|* — Aall€ = &P —
gez

inf  (—¢;)*(¢f )+zO<; —‘rTU—‘réZT 0+ Pu(C)), ) —
s.t. 7; € RY, WCW i ij ij‘*‘(iv]v-i-:(), ||<z’jH2§>\17—ij

where the equality is a result of strong duality due to [47, Theorem 2] and Lemma|[I8] The claim
follows by substituting all resulting dual minimization problems into (9) and eliminating the corre-
sponding minimization operators. O

E Additional Experiments

In addition to the experiments in the main body, we also present applications to classification
and multivariate regression. Code for all experiments is provided at https://anonymous.4open|
science/r/outlier-robust-WDRO-14EB/. We first consider linear classification with the hinge
loss, i.e. £ = {lp(x,y) = max{0,1 —y(0'x)} : 6 € R¥~1}. This time (to ensure that the resulting
optimization problem is convex), our approach supports Euclidean Wasserstein perturbations in
the feature space, but no Wasserstein perturbations in the label space (this corresponds to using
Z = R4 x R equipped with the (extended) norm ||(z,%)| = ||z|l2 + oo - 1{y # 0} We
consider clean data (X, 9TX ) ~ u as defined in Sectloni The corrupted data (X Y)
satisfies (X,Y) = (X + pe1,Y) with probability 1 — ¢ and (X,Y) = (20X, —200, X) w1th
probability ¢, so that W (fi]|u) < p. In Figure 2] I (left), we ﬁx d = 10 and compare the excess
risk E,, [(5] — E,,[g,] of standard WDRO and outlier-robust WDRO with A = Gy, as described by
Proposition @] and implemented via Theorem[2] The results are averaged over 7" = 20 runs for sample
size n € {10, 20, 50, 75, 100}. We note that this contamination example cannot drive the excess risk
of standard WDRO to infinity, so the separation between standard and outlier-robust WDRO is less
striking than regression, though still present.

Finally, we present results for multivariate regression. This time, we consider Z = R%** equipped
with the 5 norm, and use the loss family £ = {{y/(z,y) = ||[Mz — y|1 : M € RF*}. We
consider clean data (X, MOT X) ~ p, where My € R¥*? and X have standard normal entries.
The corrupted data (X,Y) ~ [isatisfies (X,Y) = (X 4 pey,Y) with probability 1 — & and
(X,Y) = (20X, —20M, X ) with probability ¢, so that W (jif[) < p. In Figure(right), we fix
d = 10 and k£ = 3, and compare the excess risk £, [(5] — E,[¢g,] of standard WDRO and outlier-
robust WDRO with A = G», as described by Proposition ] and implemented via Theorem 2] The
results are averaged over 7' = 10 runs for sample size n € {10, 20, 50, 75, 100}. We are restricted
to low k since the ¢, norm in the losses is expressed as the maximum of 2* concave functions
(specifically, we use that £5/ (7, y) = maX,e(_1,1}+ a (Mxz —y)).

In both cases, confidence bands are plotted representing the top and bottom 10% quantiles among
100 bootstrapped means from the 7" runs. The additional experiments were performed on an M1
Macbook Air with 16GB RAM in roughly 30 minutes each.
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Excess Linear Regression Risk with WDRO

Excess Classification Risk with WDRO 105
= —F— standard WDRO
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Figure 2: Excess risk of standard WDRO and outlier-robust WDRO for classification and multivariate linear
regression under W), and TV corruptions, with varied sample size.
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