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Abstract

We provide global convergence rates for
vanilla and entropy-regularized federated
softmax stochastic policy gradient (FedPG)
with local training. We show that FedPG
converges to a near-optimal policy in terms
of the average agent value, with a gap con-
trolled by the level of heterogeneity. Remark-
ably, we obtain the first convergence rates for
entropy-regularized policy gradient with ex-
plicit constants, leveraging a projection-like
operator. Our results build upon a new anal-
ysis of federated averaging for non-convex ob-
jectives, based on the observation that the
Lojasiewicz-type inequalities from the single-
agent setting (Mei et al., 2020) do not hold
for the federated objective. This uncovers a
fundamental difference between single-agent
and federated reinforcement learning: while
single-agent optimal policies can be deter-
ministic, federated objectives may inherently
require stochastic policies.

1 INTRODUCTION

In Federated Reinforcement Learning (FRL), multi-
ple agents learn collaboratively by interacting with
their own independent environments. As Reinforce-
ment learning (RL) is known to be highly data-hungry
(Akkaya et al., 2019), and generating such training
data is very time-consuming (Nair et al., 2015), FRL
constitutes a promising framework that can dramati-
cally reduce the number of samples each agent must
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collect. Raw trajectories, i.e., state, action and reward
sequences, are never exchanged. Instead, agents com-
municate intermediate computations such as policy
gradients to a central server, which aggregates them
to update a global policy (Qi et al., 2021; Zhuo et al.,
2023; Khodadadian et al., 2022). While FRL can ac-
celerate the training, it must overcome two important
obstacles: environment heterogeneity (Jin et al., 2022)
and limited communications (Zhu et al., 2022; Fan
et al., 2023). Although these challenges are shared
with federated learning (Kairouz et al., 2021), the so-
lutions developed in the classical federated learning do
not generally apply to FRL. Specifically, the conver-
gence of FedAVG applied to the FRL objective under
heterogeneity and local training remains poorly un-
derstood. Addressing these obstacles in this context is
thus crucial for the large-scale deployment of FRL.

In this paper, we establish the first global convergence
analysis of federated policy gradient methods with lo-
cal training in heterogeneous environments. As such,
we address a significant gap in the federated policy-
gradient literature, which has essentially focused on
proving convergence to first-order stationary points
of the average value (Wang et al., 2024a; Jin et al.,
2022). More precisely, we analyze federated softmax
policy gradient (FedPG) with and without entropy reg-
ularization, and propose algorithmic strategies to learn
stochastic stationary policies in tabular environments.

Our analysis leverages a local property of agent-
specific value functions, building on recent single-agent
results (Mei et al., 2020), which show that these func-
tions satisfy a mon-uniform ZLojasiewicz condition, a
generalization of gradient dominance. Remarkably,
these local properties do not extend to the global
federated RL objective, motivating the development
of a tailored theoretical framework. As part of this
framework, we provide a novel convergence analysis
of FedAVG for non-convex objectives, which also offers
new insights into the behavior of Federated Averaging
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Table 1: Comparison with prior work in the setting of agents with heterogeneous dynamics. Our results are the
first to prove global convergence of FedPG to a near-optimal policy.

Algorithm* Global convergence Last iterate ~Communication Complexity™™  Sample Complexity™*
PAvg (Jin et al. 2022) X X X X
FEDSVRPG-M (Wang et al. 2024a) X X O (1/e) O (1/(Me¥?))
FEDHAPG-M (Wang et al. 2024a) X X O (1/e) O (1/(Me¥/?))
S-FedPG (our work) v v O (1/e) O (1/(Me?))
RS-FedPG (our work) v 4 O (log(1/¢)) O (log(1/e)/(Me))

" Note that all methods optimize the unregularized objective (3), except RS-FedPG, which optimizes the entropy-regularized ob-
jective (4); ** For methods that do not enjoy global convergence, the reported sample and communication complexities correspond
to finding an e-stationary point of the objective F, i.e., a parameter 6 such that E[|[VF(0)]?] < e. In contrast, for our methods
S-FedPG and RS-FedPG, the complexities are stated for obtaining an e-optimal solution, i.e. a 6 such that E[F* — F(0)] < €. These
guarantees hold for any target accuracy € > €min, where epmin is the heterogeneity floor (equal to 0 in the homogeneous case); see

Corollaries 5.1 and 5.3 for the exact expressions.

under non-uniform F.ojasiewicz conditions.

Finally, we show that the differences between single-
agent RL and heterogeneous FRL are intrinsic to
FRL: they are not artifacts of gradient methods nor
of our analysis. Specifically, we show that hetero-
geneity breaks classical RL properties, as the optimal
common policy can be inherently stochastic or even
non-stationary. This contrasts with the single-agent
case, where there always exists an optimal determinis-
tic and stationary policy (Agarwal et al., 2019).

Our contributions can be summarized as follows:

e We provide a novel analysis of federated averaging
for objectives that satisfy a local Lojasiewicz-type
conditions, showing how client-side regularity can be
leveraged even when the global federated objective
fails to satisfy any f.ojasiewicz inequality.

e We present the first global convergence guarantees
for entropy-regularized policy gradients in heteroge-
neous FRL. Exploiting the non-uniform Lojasiewicz
property of the local objective, we show that FedPG
converges to near-optimal policies and achieves lin-
ear speed-up in the number of agents.

e We reveal fundamental gaps between federated and
classical RL, motivating our new analytical frame-
work. A surprising observation is that, unlike in
classical RL, optimal federated policies can be non-
deterministic or time-varying.

e We validate the theory on two FRL benchmarks,
showing the predicted scaling of FedPG with hetero-
geneity and robust empirical performance.

We compare to prior work in Table 1, review related
literature in Section 2, introduce the problem setting
in Section 3, present our main results in Section 4

and Section 5, describe specific FRL properties in Sec-
tion 6, and provide experiments in Section 7.

2 RELATED WORK

Policy Gradient Methods. Policy gradient (PG)
methods (Williams, 1992; Sutton et al., 1999) are well
understood in tabular, single-agent discounted RL. For
softmax policies with exact gradients, recent analy-
ses characterize the optimization landscape of RL via
Lojasiewicz-type inequalities, establishing global con-
vergence with sublinear rates, and linear rates with
entropy regularization (Mei et al., 2020; Zhang et al.,
2020; Xiao, 2022; Agarwal et al., 2020). Stochastic
PG is subtler: early results proved convergence to
first-order stationary points (Zhang et al., 2021b,a;
Yuan et al., 2022), and later work clarified when deter-
ministic and stochastic updates align to recover global
guarantees (Mei et al., 2021; Ding et al., 2025; Wang
et al., 2026; Labbi et al., 2026).

Federated RL. FRL theory literature is growing
fast (Zhuo et al., 2023). Under homogeneous dynam-
ics, federated Q-learning variants have been shown
to reduce sample complexity (Salgia and Chi, 2024;
Zheng et al., 2025; Jin et al., 2022). With hetero-
geneous dynamics, non-asymptotic analyses reveal in-
herent trade-offs: collaboration gives speedups, but
with an unavoidable bias scaling with heterogeneity
(Wang et al., 2024b; Zhang et al., 2024; Labbi et al.,
2025; Mangold et al., 2025). A notable exception is
for federated policy evaluation, where such bias can
be mitigated using control variate-type methods Man-
gold et al. (2024). Variants of federated PG have been
analyzed in homogeneous settings, with global conver-
gence and improved communication (Lan et al., 2023;
Ganesh et al., 2024; Wang et al., 2024a), but rely on
strong assumptions. In contrast, we derive global con-
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vergence guarantees for federated PG with heteroge-
neous agents, stochastic gradients, and classical RL
assumptions.

FedAVG under PL. Non-convex federated optimiza-
tion under Polyak-FLojasiewicz (PL) conditions has re-
ceived limited attention. Haddadpour and Mahdavi
(2019) proved FedAVG’s convergence with determinis-
tic gradients and controlled gradient diversity, while
Haddadpour et al. (2019) proved linear speedups in
the stochastic setting. A more recent analysis (Demi-
dovich et al., 2025) still requires the PL condition on
the global objective. Unfortunately, such a PL condi-
tion does not hold for the global objective with het-
erogeneous agents. By contrast, our analysis relies on
local client objectives’ regularity, showing that local
PL-like structure can be leveraged even when the global
objective fails to satisfy a Lojasiewicz-type property.

3 PRELIMINARIES

Problem Setting. We consider a FRL setting with

M agents, where each agent ¢ € [M] has its own in-

dependent Markov Decision Process (MDP), M. =

(S, A,~, P re, p), with a state space S, an action space
A, and discount factor v < 1, but distinct rewards r.
and transition kernels P.. Following common practice
in FRL, we define kernel and reward heterogeneity as

A

= P —Pu( 1
ep = Jax | oax lIPells ) = Pells o)y, (1)
= max |re—reloeo - (2)

c,c’€[M]®2

We consider policies with softmaz parameterization

exp(f(s,a))
Y arcaexp((s,a’))

and aim to minimize the averaged objective

mo(als)2 for § € RISIXIAI | (3)

A
eeuIaIllsaluxilA\ J(0) = 5 f}il Je(0) (4)
where J,(0) = ET%, [Y7201're(SL AL] . (5)

and where E7¢[-] is the expectation over random tra-
jectories generated by following the softmax policy
mg parametrized by #: the initial state is sampled
from a distribution SO ~ p(:) and for all t > 0 :
Al ~ mp(+|SY), ST ~ P.(+|SE, AL). We define
A A
JE2 sup J(0) . T2 YN (6)
9eRISIx 1Al

the maximum value and its average over all agents.
Similarly, we define the entropy-regularized FRL ob-
jective, for a temperature A > 0, as

j/\(a) é % cAil jc,)\(e) y

max
OERISI XAl

with jc,)\( )
and hg(AL, St) 2

]Eﬂs [Zt o (rc(szv AZ) —Ahg (A7é7 Sé)])
= log(me(AL|SY)). Finally, let

A A
Jix=  sup B2 (D
OERIS| x| Al

be the maximum value and its average over agents.

jc,)\(g)a

Single-Agent Regularity. Taking M = 1, we have
J* = Jf and JA = Jl*A In this setting, for a stationary
policy m, we define the discounted state occupancy

dy(s) = (L=7) 207" - PP (s) (8)
where P, (s'|s) 2 Y acam(als)P(s'[s,a). We also as-
sume the initial state distribution p has strictly posi-
tive coefficients (see Section 5.1).

(Unregularized Case). Under these assumptions, in the
single-agent setting, Mei et al. (2020) proved that J is

smooth with constant Lo s = 8/(1—7)3 (see its Lemma
7). Moreover, J satisfies a (non-uniform) Lojasiewicz
inequality (Lemma 8 in Mei et al. 2020)

J(0)]° for vo € ©, (9)

|—2

IVIO)3 > 2ps(0) [J* —

2o \ldy g || /28D

(Regularized Case). Under the above assumptions,
in the single-agent setting, Mei et al. (2020) proved
that Jy is I~/27A—smooth with I~/2,>\ 2 (8 + A4 +
8log(]A|))/(1 — v)3. Moreover, the regularized objec-
tive satisfies a stronger non-uniform Lojasiewicz in-
equality (Williams and Peng, 1991; Mnih et al., 2016;
Schulman et al., 2017; Ahmed et al., 2019), with a
linear suboptimality gap,

with pug(6) 2 min, mo(a*(s)|s)

IVIAO)IE > 2n0) [T3 = a0 . (10)

for 0 € RISIXIAlL with

A Aming d;rB( )Hllnsaﬂ'e H

dg®

FRL (Non-)Regularity. From the single-agent
case, for any agent ¢ € [M], J., and jc)\ are smooth
(hence J and Jy are smooth). Furthermore, we show
in Section 5.1 that for any ¢ € [M], local functions
J. and jc, » satisfy non-uniform Fojasiewicz inequal-
ities. Unfortunately, averaging such functions does
not preserve such non-uniform Y.ojasiewicz property
in general; the federated objective J (or jA), even
when each client objective enjoys single-agent geom-
etry (see Lemma D.9 where we provide a counter ex-
ample). Consequently, analyses of federated averaging
methods leveraging global Lojasiewicz conditions (e.g.,
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Demidovich et al. 2025) cannot be directly applied in
our context. We remedy this problem by proposing a
novel analytical framework for Fed AVG-style methods,
tailored to global objectives that are sums of locally
Lojasiewicz functions, as arise in heterogeneous FRL.

4 FEDAVG UNDER LOJASIEWICZ
CONDITIONS

Federated Averaging. In this section, we provide
convergence bounds on a general class of distributed
non-convex optimization problems of the form

where each Z, is a random variable sampled from a
distribution £.(#), which may depend on 6, and takes
values in a measurable set (Z, Z), and where the func-
tion (z,0) — fZ(0) are measurable. Each function f. is
only available to the client ¢ through biased stochastic
gradients gZ(6), whose expected value is

g.(0) EEz we.0)[e7(0)] (12)

but is typically different from the gradient of f.. To
solve (11), we use proj-FedAVG, a variant of federated
averaging with a projection-like improvement opera-
tor (see Algorithm 1). Each communication round of
proj-FedAVG involves the central server distributing
global parameters " to all agents. Subsequently, each
agent performs H stochastic gradient ascent steps on
its local objective:

r h+41
9£7h+1 _ ez,h +- gCZC (

o), 00 =0" (13)
where 7 > 0 is a learning rate shared by the agents,
and the Z"" for ¢ € [M], r € [R], and h € [H] are in-
dependent from an agent to another, and are a mar-
tingale with respect to the filtration

Freo(zl " o <r ik €f0,... H},d €[M)]) .

After H local steps, parameters are averaged as 8”1 =
= Zfil 671 and followed by a projection-like step

or+l = T(07+1), where T: R? — RY,

Descent Lemma. We start by establishing a de-
scent lemma, under the following assumption. We
stress that this assumption is not restrictive, as we
will show in Section 5 that this assumption is satisfied
by PG methods under a standard RL assumption.

A-1. For all c € [M], f. is three times differentiable,
and there exists L1, Ly, L3, C, 3,03%,0; > 0 such that

Algorithm 1 proj-FedAVG

Initialization: Learning rate n > 0, parameter 6°,
Improvement operator T
forr=0to R—1do
for c=1to M do
Set 670 = 6",
for h=0to H—-1do

Receive random state 271
r,h+1
Update 977+ = gmh + 77ch° (omh)
Server updates parameter: 671 = T("+1) where
7 M

gr+1 — ﬁ Z orH

c=1"¢c

1. Smoothness: for any (6,u) € R x R?,

IVfeO)l <Ly, [V?fe(0)ull < Lolull |
IV2 fe(0)u®?|| < Lslul®
and g,(0) =Bz, ., (0)[g7(0)] is La-Lipschitz.
IVF(®) = Vfe(®)l2=¢
3. Bias and variance: for any 6 € R?,
IV fe(0) —g.(0)]2 < B,
Bz ~v.(ollge(0) —8. ()51 < oF , forp € {2,4} .

2. Heterogeneity:

Assumption A-1 captures standard regularity condi-
tions on the local objectives, such as smoothness,
bounded gradient bias and variance, and bounded gra-
dient heterogeneity, which are commonly used in fed-
erated learning. Under this assumption, we derive the
following descent lemma for non-convex objectives.

Lemma 4.1. Assume A-1. Then, for any n > 0 such
that nHLy < 1/6 and 32n?H*L3L? < L2, the iterates
of proj-FeddVG satisfy

— 2 2
F(0")~E [F(O )| F] S —2L|VFo7)|3 + Tlatle
+nHB*+ P L3H3C? + 0’ LiH?0} .

_ 1 .
Sketch of proof. Let kv = Nk Using the Lo-

smoothness of each f., taking the expectation con-
ditionally on F" and using the identity 2(a,b) =
lall3 + 113 — lla — bl|3 for a,b € RY, we get

—E [FO*)[F]+ F(07) < =52 VEO)]3

2Kk2
+ 5| VF(0) + 52K [07 — 07| 773
(A)
+ BE (17— 0]~ SB[ 0|7

(B)

The term (A) is a drift term, that is due to local up-
dates, and is due to heterogeneity, while the term (B)
is a second-order term error term and a variance term.
We now bound each of these two terms.
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Bounding (A). Using Jensen’s inequality, combined
with Young’s inequality and the bound on the bias of
the stochastic estimator (A-1), we get

M H—1

(A) <3 21 hZOH]E [V1e(07) =V fe(00M) | F]15+26%.
The term on the right-hand side captures the expected
drift induced by local updates under client heterogene-
ity. We bound it via a third-order Taylor expansion
combined with Burkholder’s inequality (Theorem 8.6
in Osekowski, 2012); see Lemma B.1 for details, which
yields

312772077
(A) g TEEUED M g f(0m) )13
+ L§U5H2(H — 1)0211 +(1+ 772L§H(H — 1))77H62 .

Bounding (B). We decompose (B) by writing §"+! =
E [67FY|F] + 6"t —E [67F!|F"], which gives
(B) = L2E [|E [67F|F] — 6712 |F7]

+ (% - ) IE [0+ — 0|75 -

. 2
Since nH Ly < 1, we have % — % <0, and the second
term is negative. The second term is a variance term,

that we bound using Lemma B.2, which gives
(B) < 3n?LoHo2/2M .

Combining 7 3504, [V fo(07)[* < [VFO7)|* + ¢,
with the bounds on (A)and (B), concludes the proof O

We provide a full statement and proof of this lemma
in Lemma B.3. This result generalizes Theorem 4.2 of
Glasgow et al. (2022) to biased oracles and relaxes the
previously required pointwise third-order smoothness
to only in-expectation third-order smoothness. In the
following, we will use the following quantities

+ A < A *
fr = suppepa fo(0) . F*= LM fr0 (14)

We now apply Lemma 4.1 to two cases where the lo-
cal functions satisfy a type of non-uniform Y.ojasiewicz
condition. Using this approach, we will derive global
convergence bounds, thereby generalizing the analyses
of Glasgow et al. (2022) and Demidovich et al. (2025).

Quadratic Fojasiewicz (QL) inequality. For
any (c,0) € [M] x R? we define the non-uniform
"quadratic-type" Lojasiewicz constant by

11:(0) == sup{z € RT, |V £o(0)[3 > 22 (£ — fo(6))}.

We first prove the convergence of proj-FedAVG under
A-1 and the following two assumptions.

QL-1. For any (c,0) € [M] x R%, u.(6) > 0.

QL-2. There exists ju > 0, such that for any 6 € R?,

we have mingepas pe(T(0)) > p and F(T(0)) > F(0).

Assumption QL- 1 characterizes the landscape of
each local objective by imposing a weaker, quadratic
Lojasiewicz inequality, as opposed to the standard
Polyak—t.ojasiewicz condition Polyak (1963). Such
structure arises in unregularized FRL; see (9). As-
sumption QL-2 ensures that applying 7 increases the
value of the objective and keeps the iterates away from
regions where the objective is ill-conditioned.

Theorem 4.2 (Convergence rates of proj-FedAVG).
Assume A-1, QL-1 and QL-2. For any n > 0 such
that nHLy < 1/6 and 32n?H?L3L? < L2, the iterates
of proj-FedAVG satisfy

* R F*—F(6%) 18 2432
E[F —F(0 )] S 1+R-(F*—F(0°))nHp + gﬁ + : LZB

+ anag + n(rg + 772L3Hai + 774L_r2;H2a'f11
Mﬁ M \/E Lo .

Sketch of proof. Firstly, using QL-1, we have for
any ¢ € [M] and 6 € RISIXIAl

Ve (2 20e(0) [f2 = £(0)] < [V £e(0)]2 -

We then decompose V f.(0) = Vf.(0)—VF(6)+VF(0)
and use triangle inequality and A-1 to bound

IVIe(O)ll2 < C+VEO)]2 -

Averaging this inequality over all the agents, taking
the square, and applying Young’s inequality allows to
derive a quasi-QL inequality for the global objective:

¢+ IVEO)3 = mince(a pe(0)(F* = F(6)). (15)

Using QL 2, we obtain min,>o mincepas pe(0”) > u,
as " = T(0"). Next, using the fact that F(™+1) >
F(67*1) in (15), plugging the result in Lemma 4.1, and
unrolling the recursion gives the result. O

We prove this theorem in Appendix B.2. This theorem
shows that under the non-uniform f.ojasiewicz inequal-
ity, the averaged objective’s optimality gap decays sub-
linearly, converging to a residual floor determined by
the gradient bias 3, the heterogeneity ¢, and stochastic
errors of order o2 /M, which decrease linearly with the
number of agents M (linear speed-up). Higher-order
contributions scale as 2. The homogeneous setting is
recovered by setting ¢ = 0, while unbiased gradients
correspond to S = 0. In the unbiased homogeneous
case, the residual floor disappears. We now present
the sample and communication complexity result.

Corollary 4.3 ((Simplified) Sample and Communi-
cation Complexity). Under the assumptions of The-

2 2
orem 4.2, let ¢ 2 #—Fﬁ%—;ﬂ—k%, and



Global Convergence Rates for Federated Softmax Policy Gradient under Heterogeneous Environments

. Me? 1/2 1/213/2
n < mln( 1 B n'/%ely 2eM €Ly

6L27 2161203 13%Lso3’ o3 * 24L30} )’ then
proj-FedAVG achieves E[F* — F(61)] < ¢, with

F*—F(0°)—e¢
RZ EF*fF(OU))H! ~max (Lo, Lifl) ;

communications and a number of samples per agent of

[F*—F(6°)—¢]
RH Z W max

(L Lgo'g Lsa’z Lgo'i )
2 uMe?) ut/2eLy? a/zpir):

See Appendix B.2 for a proof of this corollary. This
result shows that FedAVG achieves linear speedup in
the number of agents, provided that desired precision
is not too large. Moreover, the number of communica-
tion rounds scales with O(1/e¢).

Polyak-Lojasiewicz (PL) inequality. For any
(c,0) € [M] x R, we define the non-uniform Polyak-
Yojasiewicz constant by:

fic(0) := sup{z € RT, |V f.(0)[3 > 22 (f7 — f(0))}-
Next, we assume the following PL-type conditions.
PL-1. For any (c,0) € [M] x RY, fi.(0) > 0.

PL-2. There exists fi > 0, such that for any 0 € RY,

we have mincepag fie(T(0)) > o and F(T(0)) > F(0).

Assumption PL-1 is closer to the standard Polyak—
Lojasiewicz condition Polyak (1963), yet it remains
more general since the Lojasiewicz coefficient is al-
lowed to depend on 6, which can create highly ill-
conditioned regions. We avoid such regions by as-
suming that the operator 7 confines the iterates of
proj-FedAVG to a well-conditioned set; see PL-2.

Theorem 4.4 (Convergence rates of proj-FedAVG).
Assume A-1, PL-1 and PL-2. For any n > 0 such
that nHLy < 1/6 and 32n?H2L3L3 < L3, the iterates
of proj-FedAVG satisfy

E[F*— F(6%)] < (1- 5% (F* — F(0))

L2H?c}
ALz

2482 | nlyos | 7
ti gt ME2+

We prove this theorem in Appendix B.2. This theo-
rem shows that FedAVG converges faster under these
assumptions, although a residual floor term remains,
depending on the gradient bias and heterogeneity. We
now give a sample and complexity result.

Corollary 4.5 (Sample and Communication Com-
plexity of proj-FedAVG). Under the assumptions
of Theorem 4.4, let e > 4¢*/p + 166%/4 and
1 EeM E1/2L?>/2€1/2 )
L3 120303 5L§02 ), Then proj-FeddVG

achieves E[F* — F(01)] < €, with

R 2 L2 max (1, 11 ) log (U510

€

7 < min(

Algorithm 2 (S, RS)-FedPG

Initialization: Learning rate n > 0, parameter 6°,
improvement projector T
forr=0to R—1do
for c=1to M do
Set 670 = 6",
for h=0to H—-1do
Collect B trajectories of length T: Znh+1 2
(Sep ™ Ay Ly sing Ty
r,h+1
Update g7:h+1 = grh 4 pgZe™ " (g7h) where

Zz,h+1

ge (67h) is computed using (16) for
S-FedPG, and (17) for RS-FedPG.
Server updates parameter: " = T(6"+1) where
9_7*+1 _ 1 ZM er,H
- M c=1"¢c

communications and a number of samples per agent of

2 2
> Lo 12Ly035 5L3o} AA
RH 2 77 max (1, fieM 721/2L2/261/2)10g( =)

where A® = F* — F(6°).

We prove this corollary in Appendix B.2. As in the
previous case, this result proves that FedAVG converges
with O(log(1/€)) communication rounds, with linear
speedup in the number of agents, up to higher-order
terms. Next, we apply these results to federated policy
gradient with heterogeneous agents.

5 ANALYSIS OF FEDPG

We introduce two federated extensions of policy gradi-
ent, S-FedPG and RS-FedPG, designed for (4) and (3),
respectively (see Mei et al., 2020; Agarwal et al., 2021).
These algorithms can be viewed as particular instances
of the general proj-FedAVG framework (see Section 4).
Both S-FedPG and RS-FedPG leverage a REINFORCE-
like estimator (Williams, 1992) that uses a batch of
independent B trajectories of length T'. For complete-
ness, the pseudo-code of S-FedPG and RS-FedPG, are
provided in Algorithm 2. Next, we check that A-1,
QL-1 and QL-2 holds for S-FedPG, and A-1,PL-1 and
PL-2, holds for RS-FedPG. All proofs of subsequent
results are carried in Appendix C and Appendix D.

5.1 Convergence Analysis of S-FedPG

For a batch of B trajectories z € (S x A)"'?, the RE-
INFORCE estimator is

A B T-1
gés(e) = % Zb:l Zt:o vt

(ZE:O V log mg(aj | 5£)> re(sh.ap) . (16)

X
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Condition A-1 holds with the following constants L; =~
(L=)7% Lo = (1=9)7% Ly = (1-9)7% & =
6%(1_) +€( ) 76—174'(17)270'%:
(1—~)"*B~! and of ~ (1 —v)~8B~2. Consider the
sufficient exploration condition

Assumption A,. p satisfies pmin 2 minges p(s) > 0.

Under A,, and assuming the uniform minorization
condition ps € (0,1) such that inf.cy ps(07) > ps al-
most surely, assumptions QL-1 and QL-2 are satis-
fied. While restrictive, this condition is unavoidable in
our setting, as we neither employ projection methods
nor consider entropy-regularized objectives. Similar
requirements arise in the non-federated case (M = 1),
e.g., (Lu et al., 2024, Theorem 3). We will later show
that entropy regularization removes this requirement.

Applying Corollary 4.3, we obtain the following sample
complexity and Communication Complexity bound:

Corollary 5.1 ((Simplified) Sample and Communica-
tion Complexity). Assume A, and set T = Id. Ad-
ditionally, assume that there exists 1 > ps > 0 such
that inf,.cpn ps(07) > ps, for any , T > 4(1 — )72,
and M - B > (1 —~)7'. Let e 2 (1“071/2+

T .

(1— 7)2 1/2 + (1 "Yy)T1/2 and 77 min ((1 - 7) (1 -
)7 NSBME 7#31/2 (1- 7)5B>'

achieves E[J*
nication

In this case S-FedPG

— J(6%)] < €, with a number of commu-

[J*—J(6°)—€/6] 1
RZ = awee " TP

for a total number of sampled trajectories per agent of

> 17 =0 —</c]
R T =T s

RHB > B_ (1T (1—7)*5).

max((lfy)% BMeZ 0 1%

This shows that S-FedPG has linear speedup as long

. < . 1 1
as M S min <&1/26(1_7)2 ) B9

5.2 Convergence Analysis of RS-FedPG

The stochastic gradient estimator of RS-FedPG is given
by (16), with the distinction that the reward is re-
placed with the entropy penalized reward

p A
gc,s(e) =B Zb 1Zt oY (Zz OVIOgﬂe(aﬁSf))

[rc(sba af) — >‘10g(7r9(ab|5b))] (17)

We introduce on the central server side a projection-
like operator 7,, analogous to the projection step in
projected gradient descent (Bertsekas, 2003). This
operator restricts optimization to a region of inter-
est by excluding policies with excessively large en-
tropy penalization. For a policy m and s € S, define

X

al . (s) = argmax,c 4{m(als)}, choosing at random in

the arg max in case of ties. For 0 < 7 < 1/(2|.4|?), set
AT(s) 2 {a € A,m(als) < 7/2} .
We define the operator U, which acts as a projection
in the policy space as follows: for each (s,a) € S x A:
U (m)(als) = 7, if m(als) < 7/2, U (7)(als) = 7(als) —
S (r = wbls), if @ = fu(s), Us (m)(als)m(als),
bEAT (s)
otherwise. This operator prevents policies from be-
coming too deterministic: for any s,a € Sx A, if w(als)
approaches zero, it is raised above a 7-dependent
threshold. The operator U, acts in policy space; we
denote by T the associated operator in the logit space,
i.e. for all 0, 77, (9 2U, (mg) (see Appendix D.2 for de-
tails). With a suitable choice of 7, applying 7, yields
logits with a higher regularized value.

Lemma 5.2. Assume that p satisfies A,. Let Ty £

. 16+87A log(JA
min (l exp ( Afl”,y)giﬂmb) , 38&4‘4) Then, for any

0 € RISXIAL and for 6 = T, (0), it holds that Jx(6) >
Jx(0) and that for any (s,a) € S x A, mz(als) > Tx.

In this setting, Condition A-1 holds with: L; =~

1+ log(|.A 1+ log(|.A 1+ log |A
(13:5}/()‘2 |)7 L2 =~ (1f§,()|3 I)a L3 — (1_?Yg)‘4 |5

2~ (1+/\(10g(|v)‘t3\))263 + ¢ e? o B LA log(IADYT
- 1—y 1—7)%? - 1—y

LA log(JADYT 2 142 log(JA])? 4, 142 log(JA)*
1-v2 727  (A-y)*B 74T (1-7)8B?

By (10), each client satisfies the condition PL-1. More-
over, when using 7, as the improvement operator,
Lemma 5.2 shows that the corresponding PL constant
is uniformly bounded from below by

A=y = A1 =) phats /IS,

where 7) is defined in Lemma 5.2. Thus, PL-2 also
holds. We can therefore apply Corollary 4.5:

Corollary 5.3 ((Simplified) Sample and Com-

munication Complexity of RS-FedPG). Assume
A, and that the projection operator is Tr,. Let € 2
(U loa(AD?E & (1+Alog(lAI**7T? -

I o A ) L R P and i 5

. (1—y)®  B,eMB(1—v)" p\/?B(1—y)7"/?c'/?
mln<1+xlog<\A|>’ I+ Tog(TAN)? > (1A log([A])?/2 )
Then RS-FedPG achieves Ji: — E[J\0F] < €, with a
number of communication

R Z log <4(j;—]]i[j>\90])) 1+ log(|.A])

(1-7)3 ’

Lt"r—-

for a total number of sampled trajectories per agent of

RHBZilog(j;_Ee[jwo])maX ((1+A(110g(|é|))3

77) I

(Lt log(JA])®  (1+Xlog(|-A))*/?
EkeM(l—'y)7 ’Ei/z(l—’Y)?/zfl/Q
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This proves that RS-FedPG achieve a logarithmic
communication complexity in the desired accuracy
while guaranteeing linear speedup as long as M <

min (A Tos (A2 (4 Aloa(LAD)”
31/251/2(17'7)3/27 E/\eB(l—’y)‘*

6 STRUCTURE OF
HETEROGENEOUS FRL

In this section, we examine the structure of optimal
policies in tabular FRL under heterogeneity. We pro-
vide only a brief overview here; a detailed analysis and
proof of the theorem below are given in Appendix E.
In the non-federated setting (M = 1), it is classical
that optimal policies can always be chosen determin-
istic (Agarwal et al., 2019, Theorem 1.7). In contrast,
for the federated case (M > 1), this property no longer
holds: optimal policies may need to be stochastic, and
in some cases even non-stationary. We provide an ex-
ample of such an FRL instance in Figure 1.

A history-dependent policy is a sequence of mappings
(mt)ien, where each 7! selects actions based on the
entire trajectory observed by agent ¢ up to time t.
The class of such policies is denoted by II,. A sta-
tionary stochastic policy is a mapping 7: S — P(A),
assigning to each state a distribution over actions; this
class is denoted by Ilg,. A deterministic policy is
a mapping 7: S — A, choosing a single action for
each state; these form the class Ilget. By construction,
get C gta C II;. Restricting the policy class can
only decrease (or preserve) the supremum of the ob-
jective J. Unlike the single-agent setting, where Iljet
always contains an optimal policy, this property does
not extend to FRL with heterogeneous dynamics.

Theorem 6.1. There exists an FRL instance with two
infinite-horizon discounted MDPs such that

max J(7w) < max J(m).

J < J
max J(m) max J(m), Jnax. max

mEdet T€lsa

The key difficulty stems from heterogeneity in the
transition kernels: while homogeneous transitions
(even with heterogeneous rewards) reduce to a stan-
dard RL problem with averaged rewards (see Ap-
pendix E.1), heterogeneity in dynamics fundamentally
alters the structure of optimal policies.

Remark 6.2 (Algorithmic implications). The hierar-
chy of policy classes directly impacts algorithm design.
Methods restricted to deterministic policies, such as
Fed-Q-learning (Jin et al., 2022), are provably subop-
timal in heterogeneous FRL (see Theorem 6.1). At the
other extreme, history-dependent policies are too com-
plex for practical implementation. Stationary stochas-
tic policies thus strike a natural balance.

k=1 k=2

(1,10) (1,10) (1,10) (1,10)

(a1,1,0)
(ao,1,0)
. a a 10

Figure 1: FRL task with no optimal deterministic pol-
icy. The triplet means (action, probability, reward). If
the action is unspecified, it means that all actions give
the same reward and lead to the same state.

7 EXPERIMENTS

We study the empirical performance of the two pro-
posed methods on two environments, and illustrate
their advantage over Fed-Q-learning (Jin et al., 2022)
in heterogeneous settings. Experiments were con-
ducted on a computer with an Intel Xeon 6534 CPU
with 196GB RAM. We report the average over 4 runs
and the standard deviation in all the plots. Our code
is available on https://github.com/Labbi-Safwan/
FedPolicy-gradient

In the two environments, the transition kernel of agent
¢ is modeled as a mixture of two components: P, =
(1 — ep)P®M + gpPind where PM is a common ker-
nel shared by all agents, and PI" is agent-specific. In
both environments, the agent starts randomly from a
uniformly sampled position, and v = 0.95.

Synthetic. In the synthetic environment Zheng
et al. (2023), all agents share a common reward func-
tion r, where each reward value r(s, a) for (s,a) € Sx.A
is independently sampled from the uniform distribu-
tion over [0,1]. For each (s,a), the transition kernels
Pcem(.|s,a) and Pd(.|s,a) are drawn uniformly and

randomly from the |S|-dimensional simplex. In the
experiments with ep = 0 or 0.3, we consider envi-
ronments with |S| = 5 states and |A| = 4 actions.

The highly heterogeneous synthetic FRL instance
(ep > 0.3) extends the previous setup by adding two
states, each reachable from one of the original five
states. Once reached, these states yield a reward of
+1 in every timestep, and the agents remain there in-
definitely. This instance includes two types of MDPs,
differing in which high-reward state is accessible: in
the first type, the first two actions deterministically
lead to the rewarding state, while the last two deter-
ministically make the agent stay in the same state; in
the second type, this mapping is reversed. As a result,
agents must take opposing actions, similar to Figure 1,
to maximize their rewards.
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(d) Synthetic, H =5, ep = 0.0

(e) Synthetic, H =5, ep = 0.3

(f) Synthetic, H =5, ep > 0.3

Figure 2: Comparison of S-FedPG (crosses), RS-FedPG (circles), and Fed-Q-learning (squares) in two envi-
ronments: Synthetic (below) and Gridword (above). From left to right: Value of the global objective J(6")
achieved by S-FedPG, and RS-FedPG, for ep = 0, and for different numbers of agents M € {2,10,50} as a function
of the number of rounds R; Value of the global objective J(8") achieved by S-FedPG, and RS-FedPG, for ep = 0.3,
and for different numbers of agents M € {2,10,50} as a function of the number of rounds R; (¢) Value of J(6"),

comparing all three algorithms.

GridWorld (Domingues et al.,, 2021). In the
GridWorld environment, an agent navigates a 3x3 grid
to reach a goal state at (2, 2), receiving a reward of +1
upon arrival and 0 otherwise. The agent can move in
four directions, with intended actions succeeding with
probability 0.8 under the shared dynamics P“°™, and
failing to a random neighbor with probability 0.2. The
individual transition kernel PI" moves the agents to
a neighboring cell with random probabilities that are
specific to each agent. A wall at (1,1) resultsin |S| =8
reachable states. We use this setup for experiments
with ep = 0 and ep = 0.3. In the highly heterogeneous
FRL instance, the target position is connected to two
additional states, similarly to what has been described
in the heterogeneous synthetic FRL instance.

FedPG has linear speedup. In Figures 2a, 2b,
2d and 2e, we illustrate the linear speedup property
by evaluating S-FedPG and RS-FedPG in both ho-
mogeneous and slightly heterogeneous environments.
Specifically, we report the global objective J during
the learning process for various numbers of agents, us-
ing the theoretically motivated step size, and A = 0.05
for RS-FedPG. Both algorithms show that using a
larger number of agents in the federation reduces the
number of iterations per agent to reach convergence,

highlighting the benefits of collaboration even among
heterogeneous agents.

FedPG outperforms Fed-Q-learning. In Fig-
ures 2c and 2f, we compare the performance of
Fed-Q-learning with S-FedPG and RS-FedPG on two
highly heterogeneous FRL problems. S-FedPG and
RS-FedPG learn better policies, demonstrating, as sug-
gested by Theorem 6.1, the advantage of leveraging
methods that learn a stochastic policy.

8 CONCLUSION

This work extends the theoretical foundations of FRL
in heterogeneous environments. Our main contribu-
tion is the first global convergence guarantee for both
non-regularized and entropy-regularized policy gradi-
ent methods in heterogeneous FRL. We also highlight
structural differences that challenge classical RL prop-
erties, showing in particular that deterministic and
stationary policies can be suboptimal. An important
direction for future work is to address the heterogeneity
bias that arises in federated objectives. A natural can-
didate is to adapt bias-reduction techniques developed
in the convex setting, such as SCAFFOLD (Karimireddy
et al., 2020), to the non-convex FRL landscape.
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Checklist

1. For all models and algorithms presented, check if
you include:

(a)

A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
Answer: Yes

Justification: The mathematical setting,
the assumptions, and the algorithm are
extensively described in Sections 3 to 5

An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
Answer: Yes

Justification: Sample and communica-
tion complexity results are derived in
Sections 4 and 5.

(Optional) Anonymized source code, with
specification of all dependencies, including
external libraries.

Answer: Yes

2. For any theoretical claim, check if you include:

(a)

3. For

Statements of the full set of assumptions of
all theoretical results.

Answer: Yes

Justification: Assumptions required ex-
plicitly stated in Sections 4 and 5 and
referenced in the main theorems.

Complete proofs of all theoretical results.
Answer: Yes

Justification: The proofs of all results are
provided in the appendix.

Clear explanations of any assumptions.
Answer: Yes

Justification: We provide intuition and
justification for assumptions in Sec-
tions 4 and 5.

all figures and tables that present empirical

results, check if you include:

(a)

The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL).

Answer: Yes

Justification: The complete code is pro-
vided in the supplementary material.
All the training details (e.g., data splits, hy-
perparameters, how they were chosen).
Answer: Yes

Justification: Training details and pa-
rameters are described in Section 7.

A clear definition of the specific measure or
statistics and error bars (e.g., with respect to

the random seed after running experiments
multiple times).

Answer: Yes

Justification: Results report averages
over 4 runs with standard deviations
Section 7.

A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider).

Answer: Yes

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a)

(b)

Citations of the creator If your work uses ex-
isting assets.

Answer: Yes

The license information of the assets, if ap-
plicable.

Answer: Not Applicable

Justification: The environments used are
standard benchmarks with no licensing
restrictions.

New assets either in the supplemental mate-
rial or as a URL, if applicable.

Answer: Yes

Information about consent from data
providers/curators.

Answer: Not Applicable

Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content.

Answer: Not Applicable

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a)

(b)

The full text of instructions given to partici-
pants and screenshots.

Answer: Not Applicable

Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable.

Answer: Not Applicable

The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation.

Answer: Not Applicable
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A Notations

Symbols Meaning Definition
S State space Section 3

A Action space Section 3

M Number of agents Section 3

P Transition kernel of agent ¢ Section 3

re Reward function of agent ¢ Section 3

5y Discount factor Section 3

P Initial distribution over the state space Section 3

ep Heterogeneity on the transition kernels Equation (1)
o Heterogeneity on the Rewards Equation (2)
J Global Non regularized FRL objective Equation (4)
Je Local Non regularized objective of agent ¢ Equation (5)
A Regularization temperature Section 3

Jx Global regularized FRL objective Section 3

jc, A Local regularized objective of agent ¢ Section 3

R Number of Communication Rounds of FedPG/proj-FedAVG Section 4

H Number of local steps of FedPG/proj-FedAVG Section 4

T Length of the sampled trajectories by FedPG Section 5

B Number of trajectories collected per iteration Section 5

T Projection operator used in FedPG/proj-FedAVG Section 4

o Softmax policy parametrized by 6 € RISIXIAl Section 3

F Global objective optimised by proj-FedAVG Section 4

fo Local function of agent ¢ in proj-FedAVG Section 4
gZ(0) Stochastic estimators of proj-FedAVG Section 4
g.(0) Expected value of the stochastic estimators of proj-FedAVG Section 4

Ly Bound on the gradients of f, Section 4

Lo Smoothness constants of f, and g. Section 4

Ls Bounds on the third-order derivative tensors of f, Section 4

ob Bounds on the p-th central moments of gZ(6) for p € {2, 4} Section 4

B Bounds on bias of gZ(6) Section 4

¢ Bound on gradient heterogeneity of F' Section 4

Lhe "Quadratic’ Lojasiewicz coeflicient of agent c Section 4

fic Polyak-FLojasiewicz coefficient of agent ¢ Section 4

The cardinality (the number of elements) of a set Y is denoted |Y|. We define the indicator function of an

element y € Y as

1 fw=y,
w—>
0, otherwise

(-,-) denotes the Euclidean scalar product. For a three-times differentiable function f : R? — R, we denote
Vf € R its gradient, V2f € R¥*? its Hessian and V3 f € R?*4X4 jts third-order derivative tensor. and X®* the
k-th tensor power of a tensor X. For two real-valued sequences (a,)%2, and (b,)22,,
exists a constant C' > 0 such that a, < Cb, for any r > 0.

we write a, < b, if there

~
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B Descent lemma

In this section, we study the following federated stochastic optimization problem

1 M
max F(0) = M;mm . where fo(6) 2 Ez e, o[ (0)] (18)

where each Z, is a random variable which takes its value from a distribution £.(#), which may depend on 6, and
takes values in a measurable set (Z, Z), and where the function (z,6) — fZ(0) are measurable functions. Each
function f. is only available to the client ¢ through biased stochastic gradients gZ(6), whose expected value is

A z,
gc(0) = Ez e o)lgc(9)] (19)
but is typically different from the gradient of f..

To solve (18), we use proj-FedAVG, an extension of projected gradient ascent to the federated setting, which
performs local stochastic gradient updates at the client level with step size 7, aggregates the locally updated
model, and projects the resulting model using a projection-like operator 7 : R? — R?. For completeness, we give
the pseudo-code for this algorithm in Algorithm 1.

B.1 Descent Lemma

Assumptions. We derive our new ascent lemma for this algorithm under the following assumptions, which
slightly differ from the classical setting, but are typical in reinforcement learning. First, we assume that both
the true gradient and its biased estimator are Lispchitz-continuous, that the true gradient is bounded, and that
the objective functions’ third derivates are uniformly bounded.

FL-1. There exists Ly > 0, such that for all c € [M] and 6 € RY,

V()| <Ly, forallce[M], 6 R, (20)

FL-2. For any c € [M], the functions V f. and the biased gradients g. are Lo-Lipschitz, that is
IV2fo(O)u|| < Lo|ul| , forall € RY,ueRY (21)
lgc(0) — ge(@)Il < La|0 = &'l . for all ,0" € R . (22)

FL-3. For any ¢ € [M], the function f. is three times differentiable and has bounded third derivative tensor,
that is, there exists Ls < oo such that

V3£ (0)u®?| < Ls|jul> , foralld eR?, uweRe . (23)
FL-4. For any c € [M], the gradient gradient heterogeneity is uniformly bounded, that is, there exists ¢ > 0 such
that
IV f(0) —VE@®)|| <¢, foralce[M], §eR?. (24)
FL-5. Forp € {2,4}, c € [M], there exists ob > 0 such that
Ez e.ollees(8) —gc(@)|P) < o? ,  forallce [M], §eR? . (25)

FL-6. For any c € [M], there exists § > 0 such that
lee®) ~ V@) <5 . forallce [M], 0 R, (26)
Proof of Descent lemma. To establish an descent lemma for Algorithm 1, we first provide two lemmas: in

Lemma B.1, we give a bound on the expected drift, and in Lemma B.2, we provide a bound on the variance of
the global averaged parameters. We then use these two lemmas to prove Lemma B.3, which is our main result.

In the following, we define the filtration adapted to the global and local iterates of Algorithm 1 as
Fra a(zg/vh’ ' < W ef0,... H},d € {L...,M}) .

We now prove our first lemma on the expected drift of Algorithm 1.
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Lemma B.1 (Bound on Expected Drift). Assume FL-1 to FL-6. Let n > 0 such that nHLs < 1/6 and
32n°H2L2L? < L3, where Ly and Ly are defined in FL-2 and FL- 1. respectively. Then the iterates of
proj-FedAdVG satisfy

M H-1
MH YD IE[V0) = V0" FTI
c=1 h=1
2L3H(H-1)
< M SOV L) + SPLAH(H-1 + 4. 12% L3 (T — 1)

e=1
Proof. (Definition of Drift Error Terms.) To prove this lemma, we will bound each term of the sum
Ue 2 [E[V1u(67) = V(6] F15 -
(Bound on Drift Error Terms.) First, we use Taylor expansion to expand
E [Vfe(00")|F'] = Vfe(07) = V2 fo(07)E [00" — 07| F'] + E [D5 (00" (00" — 01| F']
where we defined the integral remainder as
Dj . (00") = /01(1 — VA f(07 + (00" — 07))dt (27)

We thus obtain the following bound, using Jensen’s inequality and the bound on the third derivatives tensor of

fCa
Ul < 2| V2 £ (0K [0 — 07| F]|I3 + 2||E [Df (00™) (00" — 07) 22| FT])13
< 2L3||E [05" — 07| F7]|13 + 2L3E |6 —07 13| F7] (28)

We now use the fact that 07" = 6" ZZ - gZ (92’8) and (26) to write
2L5|E [0 — 67'|}'7']

2
’ 2

2
|+ 6n2I3n%a
2

= 2 L3 || S VA0 + VA0 - V) + 6 0 - V10| F |
£=0

h—1
< 6P L3RV L6 3 + 602 L3R S || [91.067) — V102 F7]
£=0

Completing the sum until £ = H — 1 and plugging this inequality in (28), we obtain

H-1
UL < 60 L3R [V L0013 + 60°L3h Y |[E [V 1e(67) = V1(02)| 7]
=0
+6n°L3h*B% + 2L3E [|| 00" —07|13| F"]

‘ 2

Now, we average the above inequality for h =0 to H — 1 and ¢ = 1 to M, which gives

M H-1 M H-1
1 32LiH(H—1) . 32LiH(H—1) N
DI STZIIWJ)IIQ S Ve D DD DR
c=1 h=1 c=1 c=1 h=0
2 M H-1
+30°L2H(H - 1)5% + ZZE [lor" — o713 F]
c=1 h=0

where we used S0 h2 < HY 7 h = w Using that 3n?L3H(H — 1) < 1/2, reorganizing the terms,
and multiplying the rebultlng 1nequahty by 2, we obtain

M H-1

_ GnPL3H(H-1) .
77 2 2 Ve TZHVM I3

('1 c=1



Safwan Labbi, Paul Mangold, Daniil Tiapkin, Eric Moulines

M H-1
Z E [||00"—07||3|F7]+6n*L3H(H-1)3* . (29)
c=1 h=0

(Fourth Order Drift Terms.) We now bound the fourth moment of the drift. To this end, we define

VESE([lor" - on*FT

+
and we write 7" = 6" + 772? OlgCZ (67*), and we decompose each update as

Zr 41

7,041 . X . X . ) X
goe (00 =goe (007) — ge(000) + ge(00°) — V Fo(00F) + Vo (05F) = V fo(67) + V fo(67)
This gives the bound

h—1
41 4 4
Vi< 4R H g7 00 — metor)| | +43n4E[H}jgcwm—Vfcwzf)H H
£=0 J £=0
T Ts
h—1 4 ]
+43n4E[H}jw@wz’f)—vnww Frl 40 V0] (30)
N———’
£=0 d T,

T3
We bound T3 using Burkholder’s inequality (Theorem 8.6, Osekowski, 2012), which gives

h—1
041 ) ) 2
T <3 STEV[IsZ 00 - w02 I1M|FT| b <303t (31)
£=0

The term T3 is a bias term, which we bound using (26),

h—1
Ty <h* Y E [|lge(00°) — V(00| F] < np* . (32)
£=0
Then, we bound T3 using (21)
h—1 h—1
Ty <h* ) E[IV(00°) = VI0NIMF] < L3k Y E[l60° — 67|77 . (33)
£=0 £=0

Finally, we bound T} using gradient’s boundedness (20),
Ty < LEW*|[Vfe(00)]* - (34)
Plugging (31), (32), (33), (34) in (30), we obtain

h—1
VE < B h LYV £(07) ) + 42 h* 8% + 430  L3n® Y " VE 4312 h%0]
£=0

Like for the terms U’C‘, we complete the sum and average over h = 0 to H — 1, which gives

H—-1
1 L 43 4L4H3 H-1) ny 3 12H(H 1)
72 Ve < Z A% 3 ol
h=0
3n*H?(H —
n %(L?IIWC(@T)II”W) .

Using nH Ly < 1/6, averaging over ¢ = 1 to M, collecting the terms in Vi‘ on the left hand side, and multiplying
by 2, we obtain

M
1 2. 43n*H2(H - 1)? 6-123n*H(H — 1
eSS v ZE D i pyo gy} + SNy (a)
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Final Result.) Plugging (35) back in (29) and using L2n?H?L? < L2/32 and 3 < L; gives
3 1 2

LSSt < (oprgry » DEBEIPE DN LS e
c=1 h=1 e=1
124774];%[;([{ —1) ot + G L2H(H- 1) 1 447’4L§H;(H - 1)254
< (6 L3H(H-1) + 20°L3(H ) ZHpr O3
+4- 1222 H(H — 1)ot + (6772L§H(H71) +2n°L3(H — 1)2>f32 ;
and the result follows. O

Lemma B.2 (Bound on global iterates variance). Assume FL-1 to FL-6. Assume that nHLs < 1/6 Then the
iterates of proj-FedAVG satisfy

ar T T 3772H02
E[l07! —E [0 7] )7 < Z22

Proof. Since 7+ = 1/M "M

gl

Then, we have, for h € {0,..., H — 1}, using that E [gCZZYHl(GQh)‘f’} =E [g.(62")]F"],

67" and {#7H}M | are independent conditional to F7,

c=1"¢c
-3 iE[”‘)Z’H ~E 027 F7)1P) -
c=1

a_r-i-l - E [9_7‘-1-1 |]_-r}

Az,h-i-l é E|:||92,h+1 o) [ez,thl |]:r} ”2}

-

Since {Z7""}_ | are independent conditional to F", we have, using (25),

r,h+

1 2
00— [0 F7] +n(ef T (00") — (02" +e(02") < [o(0:™)| )| ] -

2
AphHt = E||ox — E 00" F7) + n(g02") — E [ge02")]F7))|| ] + Pt (36)

Then, by Young’s inequality, we have

gl

< +77L2)IEH

v —E [60" 7] + n(gc(ﬂ’;h) —E [g.(6:")|F"] ) Hz}

ﬁ +(n?+ n/Lg)EH

ot — B [0 F] 2o (67) — E [ze(67")| F']

i

Finally, we have, by Young’s inequality and (21),

B[lac0") ~ & [e0) 7] | ]

< 08 mc0") — el [0 F D] + 28 feel® (521 7) ~ B [ectoz)| 7] ]
< 2030~ m ot 7] [ ] + 2w ot 7] - 00t ]

<zl - ez ]

where we used Jensen’s inequality in the last inequality. Then, notice that 4(n?+n/Lo)L3 = 4(n?L3+nLs) < 51l
since nLs < 1/4. Plugging this in (36), we obtain

APPFL < (14 6nLy) ADP 103 .
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And unrolling this inequality gives
H
E[loz™ — B (627 F7] 1) < n* > (1 + 6nLa)"o3 < 317 Ho3
h=0

where the second inequality comes from nH Ly < 1/6, which gives (1+6nLy)" < (1+1/H)# < 3, and the lemma
follows. =

Lemma B.3 (Descent Lemma). Assume FL-1 to FL-6. For any n > 0 such that nHLy < 1/6 and
3202 H2L2L? < L3, the iterates of proj-FedAVG satisfy

. H 3n2LyHo?
—E [F(E)[F] < —F(6") - Lo V@3 + =52
+2nHB% + 8 LAH*(H — 1)¢* +4 - 12%9°L2H*(H — 1)0]
Proof. Smoothness of f, gives |[F(0™1) — F(0") — (VE(0"),0"1 —0")| < (L/2)]|07+! — 67||?, which implies that
_ _ Lo -
F(@7) < —F(67) = (VF(0), 67 —07) + 267 — 63

Let x = ﬁ Taking the expectation conditionally on F" and using the polarization identity 2(a,b) = ||a||3 +
16]|2 — |la — b]|3 for a,b € RY, we get

B [F)|F7] + F(67) < —(x ' VE(07), kE [0 — 07| F']) +

L _
;E [||9r+1 o 9r||g|]_-r}

1 r 1 r T nr T
= 5 IVFO)I3 + 55 IVFE) + 2B [0 = 07| F7]|1

(A)
L = 2 -
+ ZE [0 - 73] - S IE (6 - 07| 7 (37)

(B)

The term (A) is a drift term, that is due to local updates, and is due to heterogeneity, while the term (B) is a
second order term error term and a variance term. We now bound each of these two terms.

Bounding (A). Using the fact that F' = Zivil fe, the definition x2 = 1/nH, the definition of §™+!' and
Jensen’s inequality, we have

frry st o1 [ = ol 3 (7 - S )
< mr 2 2 B[V s @] F] |
1 01;11 h= O1
S B [9507) - se(0)| 7] ] ,
r'—l h=0

where the last equality holds by independence of Z7"*! and Frp- By decomposing

Vfe(6") — go(egh) =V fe(0") — Vfc(eg’h) + Vfc(9?h) - gc(HZ’h) .
Using Young’s inequality and bounding the bias using (26), we obtain

M H-1
\ < 2N SR (VA7) — VA0 FT 2 4287

~— HM
c=1 h=0

HVF(&T) + K2R [0 — 07 F7)

Using Lemma B.1 to bound the first term, and multiplying by 1/(2x2) = nH /2, we obtain

8773L2H2 .
(A) < ZHVfC o3 (38)

+4-123. 2L3n0H2(H — Doy + (1 +8?L3H(H —1))nHB> .
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Bounding (B). We decompose (B) by writing §"+* = E [§" | F"] + "1 —E [¢"T!|F"], which gives

L - - L _ 2 _
(B) _ ;E [HIE [9r+1|]_-r} _ 0r+1||2|]_—r] + 72”1@ [0r+1 _ gr‘f-r] ||% _ %HE [9r+1 _ 9r|]_—r] ||§

_ L2 nr+1 T nr+112 r L2 ’%2 nr+1 r 7112
= ZE[IE [0 F7] -0+ |f]+(7—5)||1@ [+t — 0| F])12 .
Since nHLy < 1, we have % — %2 < % — 27]% < 0, and the second term is negative. The second term is a
variance term, that we bound using Lemma B.2, which gives
3n*LyHo?
B)<——= .
(B) < 12 (39)
Bound on (37). Plugging in the bounds (38) and (39) on (A) and (B) in (37) yields
M
nr T T 77H T 8773L2H2(H — 1) T
—E [P + FEr) < =L [VR@)3 + S S V0013
c=1
2L H 2
F 42 L2HA(H — D)o 4 onH g2 4 S k2o (40)

2M ’
where we used nH La < 1/6 to bound (1 + 8n?L3H (H — 1))nH 3% < 2nH 3%, Moreover, we have 8n2L3H? < 1/4
and & M IV £.(07)]2 < [|[VF(67)|? + ¢2, which gives the bound

8P LAH2(H — 1) o H
L= DS 910713 < LIP3 + 807 L3H2(H ~ )¢
M pat 4
and the result of the lemma follows from plugging this inequality in (40). O

B.2 Convergence under Local Non-Uniform Yfojasiewicz inequality

Firstly, define

M
fr=sup f0) . Fr=—3fr

9cRd M

Convergence under local ’quadratic’ Non-Uniform Lojasiewicz inequalities For any (c, ) € [M] x R?
, define

pe(8) = sup{w € R, |V fo(0)[5 > 22 (f2 — fe(6))*} .
We assume the following additional condition

QL-1. For any c € [M], we have f* < oo. Additionnally, for any ¢ € [M],and 6 € R?, there exists p.(0) > 0
such that |V fe(0)[13 > 2uc(0) (£2 — 1(9))".

For any parameter § € R?, define () = mingeag) fie(0)-

QL-2. For any 0 € R?, it holds that F(T(0)) > F(0). Additionally, there exists > 0, such that we have
W(T(0) = .

Under these two additional assumptions, we can derive global convergence rates for proj-FedAVG. We preface
the proof with two elementary Lemmas.

Lemma B.4. Let (w,)2, be a sequence of positive real numbers, and let k > 0, B > 0. Assume that for all
r >0,
Wyy1 < Wy — fiwf + B.

B
wy <\ = +B+—2
K 1+ Krrwy

Then for every integer r > 0 one has
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Proof. Set M = \/B/r and fix r € N. We split into two cases:

Case 1: wy > M for all k € {0,...r}. Define vy 2 wg — M which is positive as wy > M. Then for any
k € {0,...r}, it holds that

Vhy1 = Whp1 — M < wy, — M — k(wy — M + M)?> + B < vy, — kv}

where in the last inequality, we used that for any a,b > 0, we have (a + b)? > a? + b?. Dividing the preceding
inequality by v? yields
w < k. (41)
Uk
For z > 0, define g(z) = #~!. By convexity of g on R%, we have g(vji41) > g(vk) + (Vg1 — vi)g’(vg) which can
be rewritten as
1

—1 -1
Ukt 2 0 — (V1 = k) 5
k

and which implies, after using (41)

1 1 Vk+1 — Uk
vt -, < 2
k k+1 ’UE;

Summing up both sides over £ = 0...r and rearranging the terms yields
(w, — M)™' > kr +wyt .

Finally, we get
1+ krwg

Case 2: There exists some 0 < 79 < r with w,, < M. Let us prove that for any 0 < 2 < M + B, it
holds that 0 < z — ka? + B < M + B. We distinguish two sub-cases. First, if x < M then it holds that
z—kx?+B < x+B < M+ B. Alternatively, if M <z < M+Bthenx—x2’+B <x—rxM?>+B=x< M+B.
Finally, using the preceding inequality combined with an immediate recursion proves that for all £ > rg, we have
wr < B+ M. O

Lemma B.5. Assume FL-/ and QL-1. For any 6 € R?, it holds that
CHIVEO)S = u(0)(F* — F(9))* .

Proof. Let 6 € R%. Using QL-1, we have for any ¢ € [M]

min 24 (0) [f& = fe(0)] < /2pc(0) [fE — fe(0)] < [V fe(O)]]2 -

c€[M]
We then decompose V f.(0) = V f.(0) — VF(0) + VF(0) and use triangle inequality and FL-4 to bound
IVfe(O)ll2 < [[VFe(0) = VE@)|2 + [VFO)ll2 < C+[[VE@)]2 -

Averaging the resulting inequality over all the agents, taking the square, and applying Young’s inequality con-
cludes the proof. O

Theorem B.6 (Convergence rates of proj-FedAVG). Assume FL-1 to FL-6, QL-1 and QL-2. For any n > 0
such that nH Ly < 1/6 and 320> H?L3L3 < L3, the iterates of proj-FedAVG satisfy

*x 0 2\ 1/2
1+ R (F* = F(6°)) - (nHp/4) Mp
16 - 125 L3H(H — 1)od\/* | (2¢2\"? 2\ /2
() G0 (D)
ot Jad It
¢ [ noy B 12%L3H(H —1)o}
120, * 4M " 3L, Ly '
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Proof. Firstly, using QL-2 note by an immediate recursion that
inf u(0")>p .
Inf 4 (67) 2 p
Applying Lemma B.3 yields

37’]2L2H0'%
2M
+2nHB? + 8 LaH?(H — 1)¢* +4-12°° L3H?*(H — 1)o} .

Adding F*, and using Lemma B.5 combined with QL-2 yields
nHp
4

—E[FO™)|F] < —F(0") - %HVF(G’")H% +

. H ., 3p2LyHo?
F*— F(0" 2 L 2 2
(P = Py + Py S Ll

+2nHB? + 8 LaH?(H — 1)¢* +4-12°° L2H*(H — 1)o} .

F*—E[F(O")|F] < F*—F(0") -

Taking the expectation with respect to all the stochasticity, applying Jensen’s inequality, and using that nH Lo, <
1/6 to simplify the heterogeneity terms gives

5r+1 S 57" —KJ((ST)Q—FB ;

where we defined 0" = F* — E[F(0")], k = ﬂv and

!
H 3n?LoHo3
B="1T2¢2 22090 | 0pgp2 44 1930 L2HA(H — )0
2 2M
Finally, applying Lemma B.4 on the sequence 6" concludes the proof. U

Corollary B.7 (Sample and Communication Complexity). Under the assumptions of Theorem B.G, let

12¢ 188 (2 242
6>F+F+TLQ+TQ,

and

1 pMe  pl2¢L, 2¢M 61/2Lg/2>

<min (—, =
= (GLQ’ 2161503 1321302 02 24L307
In this case proj-FedAVG achieves F* — E[F(6F)], with a number of communication

_ 4 [F* — F(6°) — €/6]
= (P = F(0%)pe

LsL
max (LQ, Z 1) ,
for a total number of samples per agent of

144[F* — F(6°) — €/6]
(F* — F(6°))pe

36Ly02 29L30% o3 4L302 )

RH >
- uMe? " pt/2eLy’” 12Me’ 61/2Lg/2

max (Lg,

Proof. First, we require (i) that nLs < 1/6, and that (ii) each variance terms to be smaller than €/6, which gives
the condition on the step size

1 pMe (2L, 2eM 2137
n < min ( & S ) (42)

6Ly 216Ly02  132L302 02 24Lg02
Then, H has to satisfy nH Ly < 1/6 and 320> H2L2L? < L2, which requires
1 1 I
H < = mi (— ) .
= 6L, 6L L,
Finally, we require that the number of communications is at least

R - F(0°) —¢/6 144 [F* — F(0°) — €/6]
= (F* = F(°))nHpe/24 —  (F* = F(6°))pe

LsL
maX(Lg, 3 1) .

L,

The sample complexity follows from RH > % and (42). O
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Convergence under local ’linear’ Non-Uniform Lojasiewicz inequalities For any (c,0) € [M] x R? |
define

fie(0) := sup{z € RY, [V fe(0)[3 > 22 (fZ — f(0))} -

We assume the following additional condition

PL-1. For any c € [M], we have f* < co. Additionnally, for any c € [M],and 6 € R?, there exists ji.(0) > 0
such that

IVfe(O)3 > 21c(0) (f& — fe(0)) -
For any parameter # € R?, define

~ A .o~
e OF
fi(0) Cren[lAr}]u()

PL-2. For any 0 € R, it holds that
F(T(0))>F(9) .
Additionally, there exists fi > 0, such that we have fi(T(0)) > fi.

Under these two additional assumptions, we can derive global convergence rates for proj-FedAVG. We preface
the proof with an elementary Lemma.

Lemma B.8. Assume FL-/ and PL-1. For any 0 € R?, it holds that

¢ +IIVEO)I3 = 20(0)(F* — F(6)) -

Proof. Let 6 € R%. Using PL-1 and the triangle inequality, we have for any ¢ € [M]

min 2/ic(0)[f7 — fe(0)]

ce[M]
< 201(0)[fZ = fe(0)] < IV f(0)]3
= [V fe(6) = VF(0) + VF(0)|13
= [V fe(0) = VF(O)II3 + 2(V fo(8) = VF(6), VE(9)) + [[VF(0)]I3
< 2+ 2(Vfe(0) = VF(0), VF(©9)) + [VFO)I3

where in the last inequality we used FL-4. Finally, averaging the preceding inequality over all the agents
concludes the proof. O

Theorem B.9 (Convergence rates of proj-FedAVG). Assume FL-1 to FL-6, PL-1 and PL-2. For any n > 0
such that nHLy < 1/6 and 32n*H2L3L3 < L3, the iterates of proj-FedAVG satisfy

~\R
F*—E[F(6%)] < (1 - "Z“) (F* — F(6°)) + 3nLaoy +<;

Mji

LB B2 BH(H — ot
~ il

Proof. Firstly, using PL-2 note by an immediate recursion that

inf 3(67) > fi .

r>0
Applying Lemma B.3 yields

3772L2H0'§

_ "
—E [F(6*)|F] < —F(6") = L2 IVE@)3 + =55
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+2nHB? + 8 L3H?(H — 1)¢* + 8- 12*° LZH*(H — 1)0} .
Adding F*, and using Lemma B.8 combined with PL-2 yields

nHp

H 2Ly Ho?d
F*—E[FO™)|FT] < F* = F(§7) = —5=(F* = F(6)) + ’7742 4 S leHoy

2M
+2nHB* + 8 L3H?*(H — 1)¢* + 8- 122 L3 H?*(H — 1)0}

Taking the expectation with respect to all the stochasticity, yield

nHp

F*—E[F)] < (1 - 2) (P —EFE) + B 3°LaHog

oM
+2nHB? + 8 LaH*(H — 1)¢* + 8- 12°p° L3H*(H — 1)0}

The result follows from unrolling the recursion. O

Corollary B.10 (Sample and Communication Complexity of proj-FedAVG). Under the assumptions of Theo-
rem B.9, let

42 1682
6>§+~ﬁ7
124 B

and

6Ly 12L902°  5Lz03

(B
7 < min —

Then proj-FedAVG achieves F* — E[F(0F)], with a number of communication

* 0
Bz 2 (WO (1, Bl
H € L2

for a total number of samples per agent of

<4F* — F(6%)

€

12L20’§ 5L30’2 )

2
RH > 21 ) (6L o290
= ﬂ 0og max 2 HEM El/ng/Zel/z

Proof. Firstly, we require (i) that nLy < 1/6, and that (ii) each variance terms to be smaller than ¢/4, which
gives the condition on the step size

1 BeM /11/2143/261/2)

< mi —_—
1= (6L2’ 12L502°  5Ls02

(43)

Then, H has to satisfy nH < 1/6Ly and 32n> H?L3L3 < L3. This requires

1 1 Ly
H < -mi (7 )
= 6Ly 6L,

Finally, we require that the number of communications is at least

Bz g (ML) 12y (U F O (1, Bl

The sample complexity follows from RH > 71271 log (W%F(eo))) and (43). O
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C Analysis of S-FedPG

S-FedPG can be interpreted as a specific instance of proj-FedAVG, where the projection set is the identity function,
ie. T: 0 — 0, the local objective is defined as f. = J., and the agent data distribution £.(f) corresponds to
[Ve(0)]®7, where v,(f) is the distribution induced by sampling B truncated trajectories from the policy mg,
defined by

T-1
ve(0;2) = p(s2)mp(a®|s%) H P(st | st a" Ym(a®|sh) . (44)
t=0

Given a parameter 6 € RISIXIAl and an observation Z, ~ ve(0), we recall the form of the biased estimator
(defined in (16)) for the stochastic gradient:

B T-1 t
Al
EAUEED 3 3] PR ERTR (55
b=1 t=0 £=0
Define also
8es(0) = Ezcwc(e)[gcz,é(e)]- (46)

To apply the convergence results of Appendix B, it remains to verify that Assumptions FL-1 to FL-6 and QL-
1 hold (QL-2 will be assumed to hold for S-FedPG). We establish these conditions in the following.

C.1 Checking the assumptions

For a given policy 7 and agent ¢ € [M], the value function V: § — R, is defined as:

o0

> re(SE AL

t=0

VI(s)=E"

C

SO = s] , (47)

where for all t > 0, AL ~ 7(-|S?) is chosen using the shared policy, and Si+! ~ P.(.|S%, A?) follows the local
dynamics of agent ¢’s environment. We define V™(p) as the value function when the initial distribution is p.
Similarly, the Q-function of a policy = for agent c is

QT (s.a) S r(s,a) +7 Y Pe(s']s,a)V(s') . (48)

s'eS

This allows to define the advantage function A7 (s,a) = Q7 (s,a) — VI (s). Define J.(0) 2 Je(mg). We define the
advantage function of a policy 7y as

AT (s,a) 2 QT (s,a) — V™ (s) , forall (s,a) €S x A . (49)

The occupancy measure of agent ¢ € [M], is defined as

de(s) £ (1=7) £7% 7' pPt 1 (s) , where Per(s']5) = e am(als)Pe(s']s, )
Following Mei et al. (2020), we will use the following expression of the gradient.
Lemma C.1 (Lemma 10 from Mei et al. (2020)). We have
0J.(6) 1

Bsa) 1= % Imelals)Ac(s,a) (50)

where AT? is defined in (49).

First, we establish the smoothness of g. <(6).
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Lemma C.2. For any c € [M], the function g.s is Lo 2 8/(1 — v)3-smooth, that is for all 0,0 € RISIXIAI
holds that

”gc,s(el) - gc,s(e)” < LQ,SHQ/ - 0”2 .

Proof. The result follows from setting A = 0 in the bound of Lemma D.2. O

Lemma C.3. For c € [M], the function J, is Las = 8/(1 — ~)3-smooth and .J is also Lo s-smooth.

Proof. The result follows from Lemma 7 of Mei et al. (2020) and the fact that a mean of smooth functions is a
smooth functions with the same smoothness coefficient. O

Lemma C.4. For all ¢ € [M] and § € RISXIAl it holds

_
(1—7)% "

>

IVJ.(0)|l2 < Lis , whereLis=

Proof. By norm comparisons, and Lemma C.1, it holds that
1
[7e(@)ll2 < [ Je(O)]l1 < T > de™ (s)ma(als)| AT’ (s,a)] .
s,a

Finally, using that for any (s,a) € S x A, we have |AZ?(s,a)| < 1/(1 — ) concludes the proof. O

Lemma C.5. The spectral norm of the third derivative tensor is bounded by L3 g £ 480- (1—~)~%, i.e., for any
u,v,w € RIS it holds

480

A% Te(O)[u, v, w]| = [VPJe(O)u @ v ® w| < WHUHzHUHzHMHm

Proof. By Lemma F.10 with A = 0 we have for any u, v, w € RISI*IAl

W 480
[V [u, 0, w] oo < WIIUIIzIIvIIQHwIIQ :

Next, we notice that
d3JC(0)[u,v,w] = pTd?’VC’”’ [u,v,w] ,

and the result follows from the fact that p is a probability distribution. O
Lemma C.6. Let c € [M] and § € RISXIAL [t holds that

56¢2 36¢2
0) — 0 2 < 2 h 2 é P r )
||VJ( ) VJ('( )||2 — Cs ’ wnere Cs (1 _7)6 (1 _ 7)4
Proof. The result follows from setting A = 0 in the bound of Lemma D.6. O

The following lemma bounds the bias and the variance of the estimator of this stochastic gradient.

Lemma C.7 (Lemmas 6 and 7 from Ding et al. (2025)). Consider the stochastic gradient defined in (45). For
any 0 € RIS we have

>
=l
| =
o 5
7 N
~
+
—_

| | =
-2
N———

||VJC(0) - gc,s(e)”Q < B

1>
—
IS

Var(gZs(0)) < 03

Finally, we show that the fourth-order moment of our biased estimator is bounded.
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Lemma C.8. For any c € [M], for any 0 € RISXIAL the fourth central moment of gCZs is bounded, that is

A 1120

BEi—) o

z
Ez v | I555(0) = 8os(0) 3] < ot
Proof. The result follows from setting A = 0 in the bound of Lemma D.8. O

The preceding lemmas conclude to prove that FL-1 to FL-6 hold. The following lemma establishes that QL-1
hold.

Lemma C.9 (Lemma 8 of Mei et al. (2020)). Assume A,. For all c € [M], for any 6 € RISXIAL it holds
IVI(O)13 = 2e,s(6) - (T2 = T(O)]”

where

K -2
deme

d’t

1>

-min 7y (a*(s)]s)? -

1
218

MC,S(G)

o}

and where w¥ is an optimal deterministic policy of agent ¢, and a*(s) is the action picked by this policy when the

agent 1s in state s.

C.2 Convergence rates, sample, and communication complexities

Using Theorem B.6, and Corollary B.7, we derive the following convergence rates.
Theorem C.10 (Convergence rates of S-FedPG). Assume A, and no projection (T:6 — 6). Additionally,

assume that there exists 1 > pus > 0 such that such that inf,.cpy pus(0") > ps. For any n > 0 such that nH Ly s <
1/74 the iterates of S-FedPG satisfy

T B0 S R = ) - ()

1/2 1/2 1/2
16 -1239* L2 _H(H — 1)o7 202 832
< 77 3, ( ) 4, > < Cs > ( s >

1/2
J*— J(0%) 677L27Sa§75
My,

Hs Hs Hs
N ¢2 N no3,  p: 1293 H(H —1)of,
120y, 4M  3Log Lo '

Proof. First note that the combination of lemmas of Appendix C.1 and the assumption made on the trajectory
of the iterates implies that Assumptions FL-1 to FL-6, QL-1, and QL-2 hold. Importantly note that if
nHLys < 1/74 then it holds that 320> H?L3 (L3 < L3 (as 32L3 (L7, < 74°L3 , by Lemma C.3, Lemma C 4,

and Lemma C.5). Thus, applying Theorem B.6 concludes the proof. O

Recall that

1 8 480 56¢3 362
Ll, = ’ LQ, = ) L37 = ) C2 = P + - )
T2 T3 S e R € B L
5, = 2vTT 2T > _ 12 4 _ 1120

Ty TR T B T T T
which are defined respectively in Lemmas C.2 and C.4 to C.8. We obtain the following simplified result.

Corollary C.11 (Simplified convergence rates of S-FedPG). Under the assumptions of Theorem C.10, for any
n >0 such that nH < (1 —~)3/592, T > 4(1 — )2, and M - B > (1 — )™, the iterates of S-FedPG satisfy

J*— J(6°) 24n1/2
J* —E[J(01)] <
OO < TR =T /i T e (1
14" HY?(H — 1)1/ 137" 13ep 4e,

(1 —)3B 21— wPA =y w2
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Corollary C.12 (Sample and Communication Complexity). Under the assumptions of Theorem C.10, for any
T>4(1-7)"2, and M-B> (1 —~)7" let

94ep 5e, 90yTT

€> + + ,
(1 _ 7)3&1/2 (1 77)2&1/2 (1 _ 7)&1/2

and

(1—7)3 (1—=~)"usBMe? /1,51/26(1—’}/)5B>

o
”—mm( 18 20736 ’ 2008

In this case S-FedPG achieves J* — J(0°) < €, with a number of communication

8640 [J* — J(6°) — €/6] 1

T (I = J(0°)pse 1=y

for a total number of trajectories sampled per agent of

RHB >

144[J* — J(6°) — €/6] 8B 3464 335
(J* = T(6%))use X(O—WF’O—VW&M@’@V%G—WP>

D Analysis of RS-FedPG

RS-FedPG is a special instance of proj-FedAVG in which, the local objective function is f. = NC,A =:J.+ AH?,
where for any 6 € RIS*IAl we have

HE(0) £ ~En

Z%mmm&m%~4. (52)

t=0

We additionally define the global objective of the algorithm as Jy 2 ﬁ Zivil jc,,\. The client-specific data

distribution &.(f) corresponds to v.(f), as defined in Eq. (44). For a given parameter § € RISI*IAl “and an
observation Z, ~ v.(f), we define the biased stochastic estimator of the gradient of the local objective J. » as:

B T-1 t

~Ze gy AL

ch,i\(o) - B Z Z 0 (Z Vlog 779(a€,b | Sfb)) [rc(SZ,b, Ai,b) - /\IOg(WG(AZ,ba Sﬁb))] : (53)
b=1 t=0 £=0

We also define
Een(0) =Bz, (0)[825(0)] -

To apply the convergence results of Appendix B, it remains to verify that Assumptions FL-1 to FL-6 , PL-1,
and PL-2 hold. We establish these conditions in the following.

D.1 Checking the assumptions

For convenience, we recall the definitions of the regularised value function, the regularised Q-function, and the
regularised advantage function defined in Geist et al. (2019):

V.o (s) S VI (s) + NHI(0) , where H3(0) = —E |3 4" log(m(AL]SE)) | S2 = s (54)
t=0
Qr(s,a) 2 r(s,a) +7 Y Pels']s,a) V7 (s") (55)
s'eS
AT (s,a) = Qre(s,a) — Mog(mg(a | s)) — V,™(s) , forall (s,a) €S x A . (56)

Following Mei et al. (2020), we will use the following expression of the gradient.
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Lemma D.1 (Lemma 10 from Mei et al. (2020)). We have

dJen(0) 1 . .
69(57(1) - 17,}/ dcp (S)WO((L'S)AC (S,CL) s (57)

where AT is defined in (56).
First, we establish the smoothness of g. »(6).

Lemma D.2. For any ¢ € [M], the function . is Lo x 2 (8 + A(4+8log(A])/(1 —~)3-smooth, that is for all
6,0 € RISIXIAL 4t holds that

8 (0)) — Een(O)]| < Lan 0" — 02

Proof. Fix any 6 € RISl and ¢ € [M]. Let T = (89,49 ..., 871 AT=1) be a random variable distributed
according to v.(6), as defined in (44). Then, g. »(f) can be equivalently expressed as

t

T-1
8en(0) =>4 Bz, (o) [Viogma(AL | 5°) (re(S", A") — Alog(mg(A" | S1)))]

t=0 £=0

EL(0)

Denote by EL(6, s, a) the coefficient at coordinate (s, a) of Ef(#). Using the REINFORCE formula (Lemma F.2),
for any (s,a), we can express the partial derivative of E}(6, s,a) with respect to 6(s,a) as

¢ S, a 0og T £ £
aEaéa((Z, ) - ae(z, a) {ET”V”“}) {31 ga;(gla)l = (el ')~ Nontm(4' St)))”

& dlog(ve(;%)) dlogme(A” | S)
— Eve(d) 90(s,a) 90(s,a)

Fi(s,a,s,a)

(re(S%, A") — Xog(mg (A" | St)))}

0% log (AL | S*)
06(s,a)00(s,a)
Gi(s,a,5,a)

“\E dlogmg(A | S*) 9log(me(A" | S*))
Trove(6) 90(s, a) 90(s,a)

H{(s,a,5,a)

Ex [ (ra(S", A%) — Mog(ms(A" | St»)]

We now bound each of these three terms separately. Beforehand, recall that for any (s, a, §,a), we have

Omg(a | s)

90(s,a) 15(s)(1a(a)mg(als) — mo(als)mg(als)) . (58)

Bounding F'(s,a,5,a). Using (58), note that, for any (s, a, s, a’), we have

dlog(mp(a’ | %))
99(s, a)

= 1:(s") (La(a®) — mo(als))

Now, consider a trajectory z = (s%,a",...sT=1 a?=1). It holds that

751‘% e f) Z 15( —o(als))

(L

Additionally, note that for £ > max(t, £), we have

Olog(me(A” | S°))

1:(5%) (1a(A%) = mo(@ls) - — 55

(re(S*, AY) — Xlog(mg(A* | S*))) [ =0 .
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Combining the three previous identities, the triangle inequality and the fact that the reward is bounded by 1

yields
[FL(s,0,5,0)] < 3B [La(S)Lu(5") (La(4%)1a(A%) + mo(a]5)1a(A%))]
k=0
+ Z]E [15(5"“)15(55) (la(Ak)m;(a | )+ mo(a | s)we(d\E))]
k=0

= AD B [15(5*)14(8°) (1a(A*F)1a(A") + w0 (al5)1a(A")) log mg (A" | SY)]

A E[15(5%)1,(5) (1a(AM)ma(a | s) + mo(als)mo(a | 5)) log mp(A" | S7)]

Bounding Gi(s,a,5,a). Consider a trajectory z = (s%,a% ... 71, a”=1). It holds that

dlog(mp(a’ | %))
A0(s, a)

=1,(s% (1a(a£) — mp(als))

Next, deriving with respect to 6(s,a) yields

0?logmg(a® | s)

0(s.a)0005.3) ~ —15(5°)15(5) [La(@)mo(als) — mo(als)mg(als)] -

Combining the previous equality, the triangle inequality, and using that the reward is bounded by 1 yields

|Gi(s,a,5,a)| < 15(5)1a(a)E[15(S")ms(a | s) + 15(s)E[15(S)|ma(a | s)ma(a | 5)
— M5(5)1a(a)E[15(S*) log me(A* | S%)|mg(a |
— AL(s)E[L5(S%) log o (A" | $)]mo(a | )

als)
mo(a | 5)
Bounding H/(s,a,s,a). Applying the triangle inequality yields
Hi(s,a,5,a)] = A |Es [15(5°) (La(A*) = mo(a | 8)) 15(5") (1a(A") — me(a | 9))]|

< AEg [15(59)15(5") (La(A9)1a(A") + 1a(AY)mg(a | 9))]

1;
+ AEs [1,(59)15(5") (mo(a | 5)1a(A") + mo(a | s)mg(a] 3))]

Denote by g (6, s, a) the coefficient at coordinate (s, a) of g. »(6). Applying the triangle inequality yields

t
Z P> [|Fi(s, a,5.a)| + |Gi(s, a,5,a)| + |H(s, a, 5,a)|]

‘ 0ges(
t=0 =0

60

Using that for any s’ € S, >~ .5 1s(s’) = 1, and that for any o’ € A, >° . 4 1s(a’) =1 gives

D

s,a,8,a

5‘gc7s(0,

00(5, a)

— t
< Z 7 T [2t+ 244X — (2X + 2t\)Eg [logme(A' | S]]
t=0 £=0

Now using that for any = € [0,1, Yoo k%% < 2/(1 — 2)3, Yoo ke < 1/(1 — 2

—Ex [logmg (At | S*)] < log(].A]) yields

8+ A(4 + 8log(]A])))
||1 = (1— )3 ’

agcs agcs
15567112 = 1155

which concludes the proof.



Safwan Labbi, Paul Mangold, Daniil Tiapkin, Eric Moulines

Lemma D.3. For any ¢ € [M], J.x and Jy are L 2 (8 4+ A(4 + 8log(|A])/(1 — 7)3-smooth.

Proof. Follows from (Mei et al., 2020, Lemma 14) and the properties of averaging of smooth functions.

Lemma D.4. For all ¢ € [M] and § € RISt holds

a 1+ Mlog(|A])

I9Tea@llz < Lix o where Lia & —7—25

Proof. By norm comparisons, and Lemma D.1, it holds that

1Tex@)ll2 < [ Tea(@)]1 = 7261‘””9 s)mo(als)| AT (s,a)| .

Now, using that for any (s,a) € S x A, we have |A™ (s,a)| < (1+ Aog(|A|))/(1 — ) yields

L4 MOBUAD S )1 1) = L M08
Wzdc ()9(') (1_7)2 :

s,a

1Tex@)ll2 < [Tea(@)]l2 <

which concludes the proof.

O

Lemma D.5. The spectral norm of the third derivative tensor of J.  is bounded by L3, = (480 + 832X\ 1og | A]) -

(1—7)7%, i.e., for any u,v,w € RISXIAL it holds

480 + 832X\ log |A|

0T O) v, = [V Tex (O © v © wl < === fullfo ]

Proof. By Lemma F.10 we have for any u, v, w € RISIXIAl

480 + 832\ log | A

Id°Ve™ fu, v, 0] 0 < A=) [ullzllvllzlfwll2 -

Next, we notice that

d3jc,)\(9) [ua v, 'LU] = pTd3‘/;7r9 [U, v, ’LU] R
thus
5 4 221
A2 T r () [, 0, ] < +( 18?: i)zglfll

[ullzllvllz]fwll2 -

Lemma D.6. Let ¢ € [M] and 6 € RISIXIAL Tt holds that

- - . 56(1 + Alog(].A|))%e 362
_ 2 72 2 A r
[VIA(O) = VI (O)]2 < CX . where (= (1— )5 + (1—~)4
Proof. Fix ¢ € [M] and 6 € RISI*IAl Using Lemma D.1, we have
8J)\(0) o ajq)\(a) < i a| ’dp 7r9 )ATrg (S a) dp,ﬂ'g( )Aﬂ'a (S a)’
09(s,a)  00(s,a) |~ Pt

M

1 ~ ~ -

< LTU) $™ apm ) — dpmo (5)] [ A7 (5,0) |+ [ A7 5.0) - A2 (5,00 7o (o)
7=

(X) ()

We bound each of (X) and (Y) separately.
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Bounding (X). First note that we have

1+ Alog(]A))

0< V7™ (s) <
<V(s) < T ;

(59)
where ‘70”9 (s) is defined in (54). Combining the previous inequality and applying the triangle inequality yields

(X) = [re(s,@) +7 Y Pil']s,0) Vi z, (s) — Mog (g (als)) = Vi r, (5)
s'eS
< 2 + 2\ log(|A|)

= 1—~

+ Allog(mg(als))| -

Bounding (Y). Using the triangle inequality, we get

(Y) = |ri(s,a) — re(s,a) + v Z Pr(s'|s, a) - Z Po(s'|s,a)V.7 (s") + V.7 (s) — ‘7,:9(5)
s'eS s'esS
<7 2 Puls'lsa) [T () — V(s (5'ls,0) = Pols/[, )| Vi (") +
s'eS s'es

|V () = V()|

where in the last inequality, we used that e, = max(. )en2|[fe — res|| (defined in Section 3). Using ep =
MaX (s q,(c,c'))eSxAx[M]? |Pe(:]s, @) — Per(+]s,a)||1, combined Wlth (59), we obtain

(1+ Alog(|A]) <

-y + [V (s) = V7 (s)| + & -

+

(Y) <7 Y Puls'ls.a) )V;@ () = V(s

s'eS

Using (54), note that we have
V77 () = V()| < IV (5) = V7o ()] + AME(6) — H2(6)]

The bound on the first term of the previous bound is provided by Lemma F.5. For the second term, we have

AHLO) = H2ON < 172 37 37 [ (s0) = d2 (o) Irolalso) tog(mo o))
sOGSaG.A
NOg(A) N~ |00, ) gos
Sﬁz di” (s0) — dg (So)‘ ;

spES

where in the last inequality we used — 3" . , mg(als) log(mg(als)) < log(|A]). Finally plugging in the bound of
Lemma F.6 yields

() — 205(0)] < Mos(lADe
AHEO) = H0) < =3

Thus, we get the following bound on (Y)

(1+ Alog(]A]))ep Er
Y)<3- +3 .
) (1—79)? 1—vy
Combining the bounds on (X) and (Y) yields
8j)\(9) _ 6jc,)\(9)
09(s,a)  00(s,a)
M
1 1+/\10g (1) p(5) — o0 mo(als)

k::l
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3(1 + Alog(|A]))ep 3er | del(s)me(als)
+[ (1-7)? +17} L—x

Thus, we get by Young’s inequality
IVJA(0) = VI ®)II3

- o0N0)  0JA0)]
B Z 06(s,a)  96(s,a)

(s,a)eSxA
1= 201+ Mog(JA]) @\’
og P me(als
< 24| — = =7 1 0N p, mglals)
< 2 (MZ{ T + Al log(( “d dr (s)‘ 17>
(s,a)€ESx A k=1
Y e ({3@ +313g<);4|>>5p p B } | dé”e(ls):re(a|8)>2
(s,a)ESx A v vy y
Now applying Jensen’s inequality yields
[VJA(0) — VI.A(0)]3
M
2 2 1+A10g |.A|)) 0 2 7T9(CL|S)2
< — 1 p,0 AP
=M ZS Az—;{ + Allog(m(als ’d 206 s
2 Mor18(1 +)\log |A\)) 1822
ar r L AP0 ()2 2
+ M Z[ + (1_7)4] d??(s)?my(als)
(s,a)eESx A k=1

M 2 2
< 1 Z Z 16(1 + /\log(|"4|)) ‘dlgﬂ(s) _ dp,G(S)‘z 779(&|8)

_ g als)’
M (s,a)ESxA c=1 (1—=1) (1—+)
i Z §:4A2|1 ( |2 ‘dp’ dp,e( )‘2 7(0(04‘8)2
M og(m e -

(s,a)ESXA c=1
M
1 36(1 + Alog(|.A]))%e3 3622 o .
+ M Z Z [ (1—~)8 + 1) -df (3) mg(als)? |

(s,a)eSx A k=1

For the first term, using that mg(als) < 1, |d,’§’0(s) —dp9(s)| < ep/(1 — ), for the second term using that
|log(mg(als))|me(als) < 1, |d,§’0(s) —dP?(s)| < ep/(1—7=), and for the third term applying that mg(als)d??(s) < 1
gives

M 2
1 Z 16(1 + Alog(|.A]))%ep ‘df’o(s) B dé”e(s)‘ 7o (als)

||Vj)\(9) - VJC,A(H)”% < (1 — ’7)3 (1 _ 7)2

M
1 , 000 gy _ god ()| Telals)ep
+ 4\ |log(ﬂ(a\8))|‘dk (s) —de (5)‘ (1—7)3
(s,0)ESx A c=1
M
! 36(1+ Mog(JA))?*sp  36s7 ] 0
tor > [ (1—7)8 TR (s)mo(als)

Finally, for the first term using that ) . 4 |log(mg(als))|me(als) < log(]A]), and using Lemma F.6 for both the
first and second term yields

56(1 + A log(].A]))%e3 N 36e2
(1—7)8 (1=t

which concludes the proof. O

IV A () — VI (8)]3 <
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The following lemma bounds the bias and the variance of this stochastic gradient.
Lemma D.7 (Lemma 6 from Ding et al. (2025)). Consider the stochastic gradient defined in (53). We have

7 5 Al T
I8 (8) — VIa@)2 < B 2 2LE ngW (T+ 1_17) ,
12 + 2472 (log(|Al))?
B(1 —~9)* )

1>

~Z. ~
Var(gcyk) < 05)\
Finally, we show that the fourth-order moment of our biased estimator is bounded.

Lemma D.8. For any ¢ € [M], for any 6 € RISIXIAL the fourth central moment of gCZ; is bounded, that is

A 1120 + 44802* log(|-A])*
- B2(1—-7)® '

Z - .
Ezmv.(0) |IE2500) — Ben(O)I1F] < 545 (60)
Proof. Fix ¢ € [M], 6 € RISI*IAl and an observation Z, = (Z,;,... Z, 5) ~ ve(0)®P. For more readability of the
proof, we define for any z = (s*,a?)_} € (S x A)T:

T-—1 t
u(z) 23 4 (ZVlogﬂe(at | St)> [r(s',a") — Alog(mg(a’ | s")]

t=0 £=0

Importantly, note that

)

B
. 1 - _
850 =5 D u(Zes) , and Eenlh) =1

where we define i =Ez_ ., (9)[u(Zc)]. Using this decomposition, we can bound the fourth order of gf; (0) by

b
the fourth central moment of u(Z. ;). Indeed, expanding the norm to the fourth power yields

4

B

7 . 1 _

Ez,mr0)0 [I825.(0) = Ben ()] = Ez, || = > [u(Zes) — 1]
b=1

)

2

1 B B B B
== S Y By [(Zes) — 0 (Ze) — W) (0(Zey) — 0 0(Zep,) — )
bi1=1bs=1b3=1by=1

U (b1,b2,b3,bs)

Note that by independence of the trajectories, U(by, ba, bs, by) is non-zero if and only if all of the indices are equal
or there are two pairs of equal indices. In this case, as the trajectories are identically distributed, U(by, ba, b3, bs)

is respectively equal to E [|[u(Z.1) — t[|3] and E [||u(Zc,1) — ﬁ||2]2. There are exactly B combinations where all
indices are equal, and
B(B-1) 4-3
2 2

combinations corresponding to the two distinct pairs of equal indices case. Combining these, we arrive at the
following identity:

Es, [JE40) ~ 8r®)lE] = 55 [E[u(Zer) 0] +3(8 ~ DE [Ju(Ze) —u))?| (61)

(M)

We now decompose u(Z, 1) into two components, one that comes from the rewards of the MDP and a second
associated with the regularization. Precisely, we define

T-1 t
U (Ze,1) 2 Z ’Yt <ZV10g7r9(A£71 | Sf,l)) r(sz,lvAi,l) )
t=0

£=0
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éfAZv (vagm ,«1|Sp1>> log(mg (AL, SL1)) -

Additionally, define u, and uy respectively as the expectations of u,(Z.1) and ux(Z, 1). Importantly, note that
WZea) =w(Zer) +un(Ze1) , andi=u, +uy .

Thus, using the triangle inequality, we have
(M) < Bz v [(10r(Ze) = el + [0r(Ze) = ua2)’]

< Bz (o) [2max(0r(Zet) = ez, 0r(Ze) = ma2)']
< 16E;, [Jur(Ze) = wlld] +16E7, [Jur(Ze) — w4

(M) (Mz2)

Subsequently, we bound each of these two terms separately.

Bounding (M;). Applying the triangle inequality, combined with Jensen’s inequality, and using the fact that
for any (s,a) € S x A, we have |Vlog(mg(a | s))||2 < 2 (see, e.g., proof of Lemma 7 in Ding et al. (2025)), gives

(Ml) = EZC [”ur(Zc,l) - ur”%] § EZC [”ur c,1 || <Z 2#)/ ) S 1_7,),)8 )

where in the last inequality, we used that for any x € [0,1[, Y2, kz* < 1/(1 — z)2.

Bounding (M). Applying the triangle inequality combined with Jensen’s inequality yields
(Mz2) < Ez_ [[[ua(Zea) 5]

T-1 t
1A (ZVlogﬂa(Aﬁ,l | Sf,1)> log(ﬂe(Ai,l»Sil))lléll

t=0 £=0

=MNEz,

4
<NEgz, (ZW ZHVlOgWe ACy | Se1)ll2llog(ma (AL 1, SE, ))|> ;
=0 =

where in the last inequality, we used the triangle inequality. Now, using that ||V log(mg(a | s))|l2 < 2, we obtain

T-1

4
(My) < MEy, (Z 2t | log(ma (AL, s;nn)

t=0

Next, applying Cauchy-Schwarz inequality gives

t=0

T—1 4
(M) < )\4EZC (Z 2t7t/27t/2| 10g(7T9(Afé,17 Sél))')

T-1 2 [ /-1 ?
' (Z 4%) Ez, <thlogwre(Az,l,sz,l»P)
t=0 t=0

T_1 2 2
I—~
4(§ 4t27t> Ez, ((17 ( TE vllog mo(AL 1, S ))|2>
t=0

t=0

For the first sum, using that for any z € [0, 1], >-2, k2z* < 2/(1 — x)3, and for the second sum using Jensen’s
inequality gives
T T—-1

64 1—7v
(Mz) < A* Ez, l ZV [log(ma(Ag1, Se1))l ]
(1=7)° 1=y =
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agent c
(a1>1 _QCaO) ((Ll,l,())
(a1, e, 0) (a1,1,1)
° (a()apca 0) ‘w‘
(a071 _me) (a07170)

Figure 3: FRL task with an objective that admits strictly local minimas. The triplet means (action, probability,
reward) , v = 0.999, and A = 1. If the action is not specified, it means that all the actions give the same reward
and lead to the same state.

T—1
64
< )\477 Z WtEZC [| IOg(WO(AZ,l | S(t:,l))|4] . (62)
(1=77" =
Denote by P(A) the set of probability distributions on A. Note that for any policy. Note, that, we have
max — Y (a|s)log(n(als))* = (log(|4])" . (63)
TeP(A) oo

Plugging in the previous bound in (62) yields

6424

— log(|AD? .
)

Combining the bounds on (Mj) and (M2) gives the following bound on (M).

(M3) <

256 10244
T e A

Plugging in the previous bound in (61) concludes the proof. O

(M) <16(Mj) + 16(Ma3) <

We first show that, in general, the objective J, does not have Lojasiewicz structure.

Lemma D.9. There exists an FRL instance where the objective J\ admits a strict local minima.
Proof. Consider the FRL task defined in Figure 3. Define z £ mg(a1]so). From the flow conservation constraints
for occupancy measures for any agent ¢ € [M], it holds that
df(sg) = ~df%(s1) ,  dP¥(s1) =
0
dp’(s0) = (1 =) +7((1 = ge)z + (1 = pe)(1 —x)) d2%(so) -

Rearranging the precedent terms yields

2
—
K
Q
&
+
—
—_
|
&
S—
=
D
S—
IS
IR
B
—
Val
—
SN~—

PO (g ) 2 L—n
4 ) e =2
which implies
A =) (gex + (1 = z)p) (L —7) (Pe + (ge — pe)x)

dp’o(sl) = .
¢ 1_7<<1_QC)x+(1_pc)(1_$)) 1_7(1_pc+x(pc_QC)>
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—~ 4] — h(6)
D) — 2(6)

3] — J©)

-15 -10 -5 0 5 10 15
0

Figure 4: An example that shows that FRL objective J does not necessarily have a YLojasiewicz structure.

The value of the objective function is thus

A

_ g (s1)
-2

42" (s0) H(z) +

Je(0) +df?(s1)H(mg(ar|s1)) + d2°(s2) H (mo(a1]s2)) |

where for any y € (0,1), H(y) £ —ylogy — (1 — y)log(l — y). Now, let us assume that the policy for states
s1 and sg is uniform since it is an optimal solution given any values of p. and ¢., and in this case we have
H(mg(a1]s1)) = H(mg(a1|s2)) = log2. Then, let us define a value f(z;pe,q.) = pec + (¢ — pe)x, where z = o (0)

for o(9) = Trep(—) 1S & sigmoid parametrization.

Thus, after plugging in a value of our occupancy measures in our MDP, we have

7 TH(0(9)) + 7 f(0(0);es ge) - (1 + Tlog 2 +y71og 2)
1- 7(1 - f(a(g);pc,qc)) .

The plot of Jy (for M =2,p1 =0, 1 =1, po = 0.99, g2 = 0.01, v = 0.999, and A = 1) in Figure 4 shows that
this problem does not have a Y.ojasiewicz structure. O

However, each agent locally satisfies a Y.ojasiewicz-type property

Lemma D.10 (Lemma 15 of Mei et al. (2020)). Assume A,. For any agent c € [M], denote by 77  the unique
optimal regularized policy (see e.g Nachum et al. (2017) for the proof of existence and unicity) of this agent. It
holds

IVTcA(O)13 = 272e(0) [Jon = Te0)]
where fic A (0) is defined as

_ Aming d?™(s) ming , 7o (als)? dlme

feall) = SI-)

de’t

o0
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D.2 Construction of the projection operator

The goal of this section is therefore to show the existence of an operator i with two crucial properties: (i) for
any policy and agent, applying this operator produces a new policy with a higher regularized value, and; (ii)
Every policy generated by this operator assigns at least a fixed minimum probability to every action. The main
idea is to build the improvement operator such that it slightly augments the smallest probability weights, such
that for any state action pair (s,a) € S x A the probability 7(a|s) stays above a certain threshold. We will show
below that this procedure improves the global objective while keeping the probabilities uniformly bounded away
from 0 when the threshold is properly chosen. For any policy 7, state s € S, 7 < 1/(2|A|?), we respectively
define A7 (s), and al . (s) as

max

AT (s) = {a € Aym(als) <7/2} , al..(s)=argmax{r(als)} ,

max
acA

where the argmax is chosen at random in the case of ties. Note that the definition of 7 ensures that a7 . (s)
does not belong to the set A7 (s) as

I(?eajcw(ab) >1/]A| .

Finally, we define the improvement operator as follows:

U, : P(A)°S — P(A),
T — Uy (),

where for every (s,a) € S x A,

T, if m(als) < 71/2,
Uy (m)(als) = { m(als) — Z (1 —m(bls), if a=af..(s),
be AT (s)
m(als), otherwise.

The operator U, builds U, (7)(a|s) by (statewise) raising each a € AT(s) to 7, substracting the total added mass
from the single action a7, (s), and leaving other actions unchanged. If A7(s) = @, for all s € S, then U, (7) = 7.
Note that mass conservation is immediate from the definition and the fact that 7 < 1/(2|.4|?). Non-negativity

of Uy (m)(al .. (s)|s) follows because the removed mass is

1
Z {r—m(als)} <7 x|Al < —
2| A
a€AT (s)
Since m(al . (s)|s) > 1/|A|, we get that U(m)(al . (s)|s) > 1/(2]A]). This in particular shows that U, (7) is a
policy. Next, define

A . (1 16 + 8yAlog(].A|) 1

Ty = min (3 exp ( M= e ) AR (65)

The following lemma establishes the crucial improvement property when 7 = 7.

Lemma D.11. Assume that the initial distribution p satisfies A,. For any policy w, for any agent c € [M], it
holds that

~Ur, (7 S
VL (p) > Vi (p)
Additionally, for any policy 7, we have that

Us, (7)(als) > 72/2 .

Proof. Set an arbitrary policy 7. For avoiding heavy notations, we will, through this proof, denote by A7 = AT, .
We consider the case where there is s € S such that A7(s) # 0 (alternatively U, () = m, which makes the
previous inequality immediately valid). Define @ = U, (7). The following applies

V7 (p) = Vi (p) = D_dE7(s) Y [7(als)r(s, a) — A7 (als) log ((als))]

sES acA
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—deﬂ Z (a|s)r(s,a) — Am(als)log (m(als))]

SES acA
=Y (d7(s) = d™(s)) D [7(als)r(s, a) — A7 (als) log (7 (a]s))]
sES acA
()
+) dem(s) Y (7(als) — w(als))r(s,a)
sE€S acA
(I1)
+AY dPT(s) Y [w(als)log (w(als)) — 7(als) log (7(als))] -
sES acA
(III)

We now lower-bound each of the three terms separately.

Bounding (I). Using Lemma F.7, we have

(1) > —[|df™ — d2 ||y max

> [w(als)r(s, a) — Ait(als) log (7 (als))]

s€8 acA
Yy -
2 7o sup|[7(-[s) — m(:|s)[l1 (1 + Alog(|.A]))
Y seS
2
> rmmax{ Y 151+ Alog(lA)) |
1—v 7 ses e Az (5)

where in the last inequality we used that (because we increase the probability of the actions in AT(s) by 7 and
remove the total added mass from the probability of 7(a”,.(s))

sup|#({s) = m(-[s) . < 2max Yoo
a€AT(s)

Bounding (IT). Using the triangle inequality yields

(IT) > —sup||7(-|s) — 7(:|$)|l1 > —2max Z 137y .
s€S €8 a€AT(s)

Bounding (ITI). All the state-action pairs on which the original 7 allocates the same probability then the
policy 7 are equal to 0 in (ITII) allowing us to simplify this term

(D) = A" d27(s) 3 [w(als) log (w(als)) — #(als) log (7(als))]

s€S acA

=AY d7(s) Y [w(als)log (m(als)) — 7 (als)log(7(als))]
s€S a€ AT (s)

D L(AT(s) # 0)dLT(8) [1(afax (8)]9) 10g (T(a70x(5)]5)) = T(aax(5)]5) L0g (7 (afax(5)]9))] -
seS

Since x — xlog(x) is convex, for all u,v € [0;1], ulog(u) — vlog(v) > [log(v) + 1] (u — v), we have

(IIT) > A "dP™(s) Y (w(als) — 7(als)) log(rs) + 1] (since 7(als) = )

seS a€ A7 (s)

+AD LAT(s) # 0)dL7(s) [r(afan(s)ls) — Famax(s)]s)] [log (F(afax (s)1)) + 1]

SES
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Next, using that

. L1
H(0ac(5)19) = m(@ae(s)l9) = 1AIm 2 = 500 = 5

combined with the monotonicity of x: log(z) + 1 and the fact that w(aZ . (s)|s) — T(al .. (s)|s) > 0 yields

(L) > XY d27(s) Y (r(als) - 7(als)) [log(ra) + 1]

€8 a€ Az (s)
+ )\;S ATF 7é @ dp, ( )[ (aglax(5)|5) - ﬁ'(a&ax( )| )} |:1Og(2|14|) + 1:| ;

Additionally, since
0 < m(afax(5)ls) = Fafax(s)ls) < D (w(als) = F(als)) <7 D 1,
a€AT(s) a€ AT (s)

implies

(1) > 2 ST @1ATE) £ 0) | 3 1) malloa(ra) + 1]

—AD dET(s)L(AT(s) £0) | D 1] maflog(2A]) +1] |

sES ac AT (s)

> =3 EUAT) A0 | Y 1) mallogtm) +1]

sES a€ AT (s)

where in the last inequality, we used that 7, < 38‘%% < exp(—4log(2|A]) —5). Hence, by using A ,, we can lower
bound this term as follows

A
(D) > = 2(1 = Y)pmmmax ¢ > 17 [log(ra) +1] -
ac Az (s)

Collecting these lower bounds and using that
16 + 8yAlog(|.A])
/\(1 - 7)2pmin
concludes the proof. O

[log(my) +1] < —

Finally, we define the operator that maps each policy to one corresponding parameter

L:11 — RISIXIA

by
L(m)(s,a) 2 log(m(als)), forall(s,a) e S x A. (66)
Finally, we define the improvement operator on the logitspace as
T.2L0T, .

The following lemma shows that £, successfully recovers a parameter that gives the policy and that 7 improves
the value of the objective when A = 7).

Lemma D.12. Assume that the initial distribution p satisfies A,. For any policy 7, it holds that
TL(m) =T

Additionally, for any 0 € RISl and (s,a) € S x A, we have that

‘77*“(9)(0) > Vy(p) T, (6) = Tx -

Proof. The proof follows immediately from the definition of the softmax policy, from (66), and Lemma D.11. O
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D.3 Convergence rates, sample and communication complexities

Firstly, define

15>

A . ~ ~
fixn(0) = min ficx(0) , i, = M1 —)phiTr/IS] . (67)

c€[M]

where fi. x(0) is defined Lemma D.10. Applying Theorem B.9 and Corollary B.10 yields the following convergence
results.

Theorem D.13 (Convergence rates of RS-FedPG). Assume A, and that the projection operator is T, . For any
n > 0 such that nH Ly » < 1/74, the iterates of RS-FedPG satisfy

_ nHL,

R T ~9 x
- ~ 377L2 AO5 CQ
(A= (0°) + — =+ 22

) g ) Mp, — j,

. 4@ . 8-12%* L% \H(H — 1)6}

Jr—E[J\(67)] < (1

By Ay,

Proof. First, note that the combination of all the lemmas of Appendix D.1 shows that Assumptions FL-1 to

FL-6 , PL-1, and PL-2 holds. Next, note that if nH Ly x < 1/74 then it holds that 32n?H?L3 \L} , < L3 , (as

32i§7>\[~/i)\ < 742[721_’A by Lemma D.3, Lemma D.4, and Lemma D.5). Thus, applying Theorem B.9 concludes
the proof. 0

Recall that
[ 1+ Alog(|Al) [ 8 + A(4 + 8log(].A]) [ 480 + 832X log | A|

B U R -y 1-yt
2= 56(1 + Alog(|.A]))%ed N 36e2 by = 2(1 + Aog(|ANAETT N 2(1 + Mog(|A])¥*
r (1—7)S (1T—y* 77 1—v (1—7) ’
o 12424X%(log(JA])? (1120 + 4480A* log(|A])*)
AT T Ay TR T T R |

which are defined respectively in Lemmas D.2 and D.4 to D.8. We obtain the following explicit result.

Corollary D.14 (Explicit Convergence Rate of RS-FedPG). Under the assumptions of Theorem D.13, let nn > 0
such that nH < 888 1(1 —)3(1 + Aog(|A|))~1, and T > 1/(1 —~). Then, the iterates of RS-FedPG satisfy

S nHp \" . - 8647(1 + Alog(JA|)?  56(1 + Alog(|.A]))2e2
JE—E[J\(67)] < <1 *) Ji—Jxn(6°) + . ~ P
A [ >\( )} = 9 ( A >\( ) BMH)\(l_,y)’T H,\(l_’y)G
36(1 + Alog(]A])2e2  16(1 + Aog(|A|)2y*TT? 5180 *H(H — 1)(1 + Mlog(|.A]))¢
o (1 — 6 + o (1 — 2 + 0 B2(1 — 16 ’
a(1=7) A=) A,B*(1—7)

where we recall that i, is defined in (67).

Corollary D.15 (Sample and Communication Complexity of RS-FedPG). Under the assumptions of Theo-
rem D.13, let

224(1 + Mlog(|A))%e3 144¢? 256(1 + Alog(|A|))22TT?
N (1=)'E, (1—7)? |
and
; (1—=7)?° faeM B(1 — )7 [Y2B(1 — 5)7/261/2
7 < min ( J— = )
72(1 + Alog(|A]))) " 3456(1 + Alog(|A]))3" 95(1 + Alog(|.A]))3/2

Then RS-FedPG achieves j; — E[J\07] < ¢, with a number of communication

12 log (4(j; - E[jkeo})) 104(1 + Mlog(|.A]))

R>T )
T h (1—=7)?

€
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(1,0) (1,0) (1,0)

(a(), 1, 1)

(al, 1,2)

Figure 5: FRL task with no optimal stationary policy. The triplet means (action, probability, reward) and
v = 0.9. If the action is not specified, it means that all the actions give the same reward and lead to the same
state

for a total number of sampled trajectories per agent of

2, (4} —E[/\0%) 72(1 + Aog(|A[))B 3456(1 + Alog(JA]))® 95(1 + Alog(|A]))>/?
RHBZ Elog <%) max( (1_7)3 ’ BGM(l—’Y)? ) E1/2(1*’7)7/261/2 )

E On the different classes of policies

The goal of this section is to prove Theorem 6.1. For clarity and readability, we prove each statement of the
theorem in a separate lemma. First, we define the value function of an agent ¢ € [M], of a policy = € II, and for
an initial distribution p as

VI (p) 2 Er [Z PYtr(Sz»Az) ) (68)
t=0

where E.[-] is the expectation over random trajectories generated by following a policy m = (7!)ien: the initial
state is sampled from a distribution S? ~ p(-) and Vt > 0 : AL ~ wt(:|H! c), SETL ~ P.(:|SL, AY), for H! =
(HE)eernr) where HE = (S0, A2, ..., SE) for all ¢ € [M].

Lemma E.1. There exists an FRL instance such that any stochastic stationary policy is suboptimal with respect
to some history-dependent policy.

Proof. We consider the FRL task described in Figure 5 with p = (1,0,0,0). We show here that it holds

1 1
max o (Vi"(so0) + V' (s0)) < max 5 (V{7 (s0) + V2" (50))
welly, 2

mEgta

Define the following history-dependent policy 7, = (7}):en that satisfies
mi(aols3) =1 1421 + 0152 ,

which intuitively describes the policy that takes action ag at the instant where the second agent reaches the state
sg and then takes action a; when the first agent reaches the state s3. The (double of the) FRL objective of this
policy is equal

Ty T 272 2
Vi™(s0) + V5™ (s0) = T +y+297 .
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k=1 k=2
(1,10) (1,10) (1,10) (1,10)
(a1,170)
(aoalvo)
(ao,l,O) <a1,1,0)

Figure 6: FRL task with no optimal deterministic policy. The triplet means (action, probability, reward) and

v = 0.9. If the action is not specified, it means that all the actions give the same reward and lead to the same
state

Let 7}, be a stationary policy that maximizes V" (so) + V57 (s0) on the set of the stationary policies Ils,. We
*

define p = 7%, (ao|s3). The (double of the) federated objective for this policy is
Vlﬂsca(SO) + ‘/Qﬂsta(so) _ Z,yk(l p+2-(1—p))+ VQ”sta(SO) )
k=2

The first instant at which the second agent takes actions a; follows a geometric distribution of parameter 1 — p.
Thus, we have

00 k—1
V;‘F;ta(so) _ ,YZ ((1 —p)Fp- (Z 14 2’7k>>

((1 -p)p- (11__77]6 + 27’“))

I
M

pary

- % D (A =p)p- (1 ="+ 29" =295
7 k=0

- 1% Z ((1 _P)kp . (1 _|_,Vk _ 2’7k+1))
s

= N (=) + (=P =29 =p)1))
v k=0

9w (1 1 2y )
L=y\p 1l—=vy+py 1-v+py

By gathering the two precedent expressions, we get

w* n* 2—pn?  w <1 1 2y )
Vsta s +V sta s — + 7+ —
17 (s0) + Vo (s0) 11—~ l—y\p 1—7v+py 1—7v+py

1 P
=— |2-pV’+7+ 1—27}
1—7{( ) ( )1—7+m
1 11—
=——|@2-p+y+(1-2y)—(1-2y ]
17[( ) ( )—( )1*7+m
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1 1—7v 2v2
<—— 22+ (1-7y) - (1-2v <
1—7v ( )= )1—’y+p’7 1—7v

+2v,

where the last inequality holds as v > 1/2. As for any v > 1/2, we have 2y < 7 + 2% then this proves the
suboptimality of the stationary policy 7%, with respect to the history-dependent policy 7. O

sta

Lemma E.2. There exists an FRL instance such that any deterministic policy is suboptimal with respect to some
stationary stochastic policy.

Proof. We consider the FRL task of Figure 6, and we consider the setting where the two agents start from the
state sz, i.e, p = (0,0,1). We show here that it holds

1 us ™ 1 T T
max S (ViT(s2) + Vi (52)) < max 5 (Vi7(s2) + VE (52))
We define the stationary policy mst, that satisfies mgta(ag|s2) = 1/2 and mga(a1|s2) = 1/2. First, note that the
probability of each agent being in state s, at time ¢, while following mga, is 1/2t. Thus, the FRL objective of
this policy is equal to

_ 0y 1y 6y =6l =n) 6y
l—y 1-=9/2 1-7 (@I-71-7/2) " 1-7"

where the last inequality follows from the fact that v = 0.9. Let 7, be an optimal deterministic policy. We
distinguish two cases

1 U Tsta
5 (V™ (52) + Vi (52)

Case 7}, (s2) = ap: In this case, the second agent will reach state sy at first iteration, but the first agent will
be stuck at s; where he will get no reward. Thus, the FRL objective for this policy is equal to

1/ o 1 5y
_ det det — 1 t__ Y
5 (VT (s0) + V5 (s2)) = 5 20 =

proving that 7, achieves a higher value than 7.

Case 7}, (s1) = a1: This case is similar to the previous one. O
Combining the two previous lemmas concludes the proof of Theorem 6.1.

E.1 Heterogeneous rewards

To further clarify the novelty of our setting, we contrast it with a commonly studied setup in the literature,
often referred to as the federated multi-task RL setting, where agents share identical dynamics but differ in their
reward functions. This setting has been explored in prior work Zhu et al. (2024); Chen et al. (2021); Yang et al.
(2024). This setup does not introduce additional structural challenges and, thus, more closely aligns with the
standard single-agent setting. In particular, when agents differ only in rewards, the optimal FRL objective over
the space of history-dependent policies is achieved by a deterministic policy. The following lemma formalizes
this observation:

Lemma E.3. Let {M.}*, be an FRL instance consisting of M MDPs that share the same transition kernel P
and initial distribution p, but have distinct reward functions r.. Denote by J the corresponding FRL objective.
Then,

max J(7) = max J(m) ,

mEllges mell,
and furthermore, the FRL objective is equivalent to the RL objective of a single MDP with reward function equal
to the average of the individual rewards.
Proof. Consider an FRL instance where each agent’s MDP is defined as M, 2 (S, A,v,P,re,p). Let m# =
(m)¢ten € 1 be an arbitrary history-dependent policy. Since all agents share the same transition kernel, their
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trajectories under 7 follow identical distributions. Precisely, for any ¢ > 0 and ¢ € [M], it holds that (S%, A%L) ~
(8%, AL). Thus, the FRL objective simplifies as:

1 M 9] 1 M
N Z Jo(m) = ZVtETr lM Z re(St, AL) thE r(St, Al )} ,
c=1 t=0 c=1

where 7 2 % Zﬁil ro denotes the average reward function. This expression corresponds to the standard RL
objective of the MDP (S, A, ~, P, T, p). By (Agarwal et al., 2019, Theorem 1.7), the optimal value of this objective
is attained by a deterministic policy, which concludes the proof. O

F Technical lemmas

F.1 Basic Lemmas

For completeness, we state without proof basic results that are routinely used in our proofs.

Lemma F.1 (Theorem 2.1.5, Nesterov (2018)). If f: R? — R is a L-smooth function, then we have for any
z,y € RY

FW) > £&) + (VF()y—a) — Sl —l3

Lemma F.2 (Reinforce). Let (Z, Z) be a measurable space, let © C R? be open, and let u be a o-finite measure
n (Z,Z). Suppose

1. Y:Zx 0 — R is Z® B(O)-measurable.

2. For each z € Z and each i = 1,...,d, the partial derivative
Y (z,0)
00;
exists for all 8 € © and the map
Y (z,0)
Zx0 > 0 —_—
X (Z? ) — 891

is measurable.

3. For each 8 € ©, v9: Z — [0,00) is a probability density w.r.t. u, and for eachi=1,...,d the map

0v0(2)
= o0,

exists for all 8 € © and is measurable on Z.

4. (Dominating function.) For each i =1,...,d and each 0y € ©, there exist a neighborhood U C © of 6y and
an integrable function h; € L' (u) such that for j-a.e. z € Z and all 6 € U,

O U R CURRRTE

(2) +Y(2,0)

Define

= [Y0 uao).

Then J: © — R is continuously differentiable, and for eachi=1,...,d,

a;éf) - /z 3(22, [Y(z,e) 79(2)} u(dz).

FEquivalently,

8ﬂgﬂw@mw.

9.J(0) _ / {W +Y(2,0)
z

00; 00;
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F.2 Performance difference lemma

Lemma F.3 (First performance-difference lemma, Kakade and Langford (2002)). Consider an MDP M =
(S, A,v,P,r) and let V™ and be the value function in this MDP. For any policies w1 and 7o, it holds

VT () = VR (p) = —— 3" dPm () 3 mi(als) - AT (s,a) |

1 —
v sES acA

where A™ is the advantage function.

Lemma F.4 (Second Performance difference lemma, Russo (2019) ). Let us consider two MDPs M; =
(S, A,~v,P1,r1) and My = (S, A,7,Pa,r2). Let Vi™ and VJ be respectively the two value functions in these
two MDPs. It holds that

- ] |

where the expectation is taken over the trajectories (S0, A°, S Al...) generated by a stationary policy 7 in the
MDP M.

Lemma F.5. Let us consider two MDPs Myp = (S, A,v,P1,r1) and My = (S,A,7,Pa,r2) such that
sup, gesxallPi(ls,a) — Pa([s,a)|l1 < ep and ||ri — raf|oc < & For a given stationary policy =, let Vi* and

V3T be respectively the two value functions of this policy in these two MDPs. If [|Vi™|loo < ¢ and [|[V5||loo < ¢ then
it holds that for all s € S

ViT(s) = V5(s) =B | Yo" [rn(S", A%) = ra(S", A)(PL — Po) V5T (5", A)]|s

V" (s) = Vo' (s)] <

Proof. Follows directly from a combination of Lemma F.4, Holder’s inequality and the fact that ||V ||s < c and
Vi lloo < c.

Lemma F.6. For all ¢, € [M], it holds that

¢ep

,0 )
Iz = dz]ly < 7=

Proof. Let us start from the definition of flow conservation constraints for occupancy measures (Puterman, 1994)
for any agent ¢ € [M]

df?(s) = (L=)p(s) +7 Y Pelsls’,a)mo(a’|s')de?(s") .
(s',a")
Then, we have

S 1450 () — 2 (s

(sls',a")mo(a'|s")dL" (s") — Pe(sls', a'ymo(a|s') AL (s')

<WZZ|P sls',a") = Pe(s|s', a')| mo(a'|s')d0" (')
<ep
+VZZP sls’,a) mo(d'|s') 00 (s') — d2O(s)

=1

<qep Y 1d50(s) = d2l(s)]

which concludes the proof. O

Lemma F.7. Consider any two policies 7;, i = 1,2, and any agent ¢ € [M]. It holds that

d2™ — d2m2(ly < —— supl|m (-]s) — ma(-|s)]l1 -
— 7 seS
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Proof. Let us start from the definition of flow conservation constraints for the discounted state occupancy (Put-
erman, 1994), for ¢ € {1,2}, we have

P (s) = (L =7)p(s) +7 Y Pem, (s]s)d2 ™ (s) .
Then, we have

D1l (s) —deT () < v Y D IPe(sls’s s )ma(s'|s)dE T (s") — Pe(s]s’, ")mu(s']s")dE ™ ("))

sES (s',s") s
<7 Z Y Pelsls’s) [ma(a']s’) = mi(a|s) dE™(s")
+VZZP s|s’, ")y (a’|s") A2 (s") — A&7 ("))
Svsup\lm(-l ) —m2(s)llx +VZ|d’m —dym (s
seS
which concludes the proof. O

F.3 Properties of softmax parametrization and value
In this section, we derive useful technical inequalities that show bounds on the derivatives of the softmax
parametrization. The results for the first two differentials could be extracted from Mei et al. (2020).

Lemma F.8. For any u,v,w € RS*A, we have
|dmg[u](als)| < 2mg(als)[ul|oo ,
| [u, v](als)| < 8mp(als)||ulloo|v]loc -
| mo[u, v,w](als)| < 48mg(als)||ulloo|v] o l|w]]oc -
Proof. Let us start from the expression for the derivative of parametrization (see, e.g., Lemma C.1. of Agarwal
et al. (2020))
Or013) — ey (als)(1a() — mo(an )
80(5, al) - [ a 1 0 1 I
thus
dmglul(als) = ma(als) - (u(s,a) — (ma(:|s), u(s,"))) .
To simplify the following notation, we define a random variable A ~ my(-|s), then we have
dmplul(als) = mo(als) - (u(s, a) — Enx,[u(s, A)]) .
Using the fact that |u(s,a) — E.,[u(s, 4)]| < 2||u||s, We conclude the first statement.

Next, we continue by deriving the second derivative

0?my(als) _
o = malals)La(aa) ~ ma(aals) (Lar) = mo(anls)

— 7o(als)me(a1]s)(La, (a2) — mo(azs))

= mo(als) (La(az) — 7o (azs))(La(a1) — mo(ar]s)) — mo(a1]s)(La, (a2) — mo(azls))) -

In particular, we have

d*molu, v](als) = mo(als) Y ((La(az) —ms(azls))(La(ar) —mo(arls))))uls, ar)u(s, az)

ai,az

—mo(als) Y m(a1ls)(La, (az) — mo(az|s))u(s, ar)u(s, az)

ai,az
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= T a’|8)(u(s7a’) - <71'9(-‘8), U(S, )>)(7)(S, a) - <7T9(-|S),’U(S, )>)
—mo(als) ((mo(:[s), u(s, ) - v(s,)) — (mo(:]s),uls, ) - (mo(:|s), v(s,))) -
Using the same inequality, we have
7o lu, v)(als)| < 8mo(als)|[ulool|v]lo -
Finally, we continue with the computation of the third differential:
d*molu, v, w](als) = d[mo(als)(u(s,a) — (me(]s), u(s, ) (v(s, a) — (mo(-]s),v(s,)))] [w]
(D1)

—dlmg(als) ({mo(-|s), u(s, ) - v(s,-)) = (ma(-|s), uls,)) - (mo(-|s), v(s,-)))] [w] -

(D2)

Next, we consider each term separately. First, we have

(D1) = dmg[w](als) - (u(s,a) = (mo(-[s), u(s,-)))(v(s; a) — (ma(:|s
— mp(als)(dmg[w](-]s), u(s, ) (v(s, a) — (ma(:|s), v(s,-)))
— mo(als)(uls, a) = (mo(-]s), uls, -)))(dmg (-|s)[w], v (s, -)) -

To bound this term, we notice that for any = € RS> it holds

{dmg(-|s)[w], 2(s,-)) = Y dmg(als)[w] - (s, a)

acA
= molals)(w(s, a) — (mg(-|s), w(s, )))a(s, a)
acA
=E[z(s, A)w(s, A)] — E[z(s, A)| E [w(s, A)] = Cov(z(s, A),w(s, A)),

), v(s,)))w]

where a random variable A follows my(+|s). Using this relation, we have

|(D1)] < molals) - [w(s, a) — Elw(s, A)]| - |u(s, a) — E[w(s, A)]| - [v(s, a) — E[w(s, A)]|
+ mo(als)|Cov(u(s, A),w(s, A))||v(s,a) — E[v(s, A)]|
+ mg(als)|Cov(v(s, A),w(s, A))||u(s,a) — Elu(s, A)]|.

Next, we notice that |z(s,a) — E[z(s, A)]| < 2||7|« for any 2 € RS*A and, as a result, |Cov(z(s, 4),w(s, A))| <
4||z]|so ||w]|co. Thus, we have
[(Da1)] < 247 (als)||ullool|vlloc l[w]]oo -

Next, we analyze the second term. For this term, we have
(D2) = dmg(als)[w] - Cov(u(s, A),v(s, A)) + mp(als) ((dﬂe('IS)[wLU(s, ) u(s,0))

— (dmo(-[s)[w], uls, ) - (ma(-|s), v(s,-)) = (ma(-]s), uls, -)) - {dmp[w](-[s), v (s, ')>> ~

By the same reasoning as for term (D7), we have
[(D2)] < 24mg(als)|ulloo|v]oo lwlloo »

thus we have
| d®mplu, v, wl|(als) < 48mp(als)|[ulloo|v]|oo|wlloo -

Lemma F.9. Let H(my) € RS be a vector of entropies of policy mg. Then we have

[dH (7o) [ullloc < 2l0g | Al - [[uloo ,

1423 (7o) [, v]lo < (4 + 8log AN Jullss V]l oo ,

1d°# (70) [, v, w] oo < (56 + 481og | A])[[ull oo [V o [0 o0
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Proof. We recall that H(mg)(s) = — > ,c.4 To(als)logmg(als) .

Define a function h(z) = —xlogz, then we have h/(z) = —(logx + 1), h"(z) = —1/z, b (x) = 1/2>.

Lemma F.8 we have

dH Z dh(mg(als) Z b (mg(als)) - dmg[u](als)
acA acA
=Y —(logm(als) +1) - ma(als)(u(s, a) = (ma(-|s), u(s,))).
ac€A

Notice that
> molals)(u(s, a) = (ma(]s), u(s, ) =0,

acA

Thus, by

thus, using |u(s,a) — (mg(-, 5),u)| < 2||ullee and Y, 4 |7e(als)log ma(als)| < log|.Al, we conclude the first state-

ment.

Next, we have to compute the second differential; here we have by a high-order chain rule

d*H(mo)[u, v)(s) = Y d*h(mo(als))[u]

acA
=" 1"(mo(als))dme(als)[uldme(als)[v] + Y 1 (me(als))d>m(als)[u, v]
acA acA

= Z <_779(Z|3)> dmg(als)[u]dmg(als)[v] — Z(log mg(als) + 1)d>mg(als)[u,v].

acA acA

Next, we see that by linearity

> dmg(als)u] =d (Z 7r9(a|s)> [u] =0,

acA acA

thus the sum of second and third derivatives also should be equal to zero.

Using a bound from Lemma F.8, we have

|d*H (o) [, v] ()] < D dmo(als) fulloclv]loc +8 Y [logmo(als)| - mo(als)||ulloo[v]lso

acA acA

By a bound on entropy, we conclude the second statement.

For the last statement, we also apply the high-order chain rule to have

d*H (mg)[u, v, w](s) = Y W (o(als))dmg(als)[u]dmg(als)[v]me(als)[w]
acA

+ 37 1 (molals))d>mo(als) u, w]dro(als) o]

acA

+ Z n" (mg(als))dmg(als)[u]d?me(als)[v, w]
acA

+ Z n" (mg(als))dmg(als)[w]d®me(als)[u, ]
a€A

+ Z R (mg(als))d®mg(als)[u, v, w] .
acA

Using a fact that Y . , d®mg(als)[u, v, w] = 0, we have the following from by Lemma F.8

|d*H (o) [u, v, w](s)| < (56 + 48 log [ AJ) ||| | v]| s ]| -
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Lemma F.10. Let YN/C’”’ be a reqularized value function in the MDP that corresponds to an agent ¢ € [M]. Then
for any u,v,w € RS*A, its directional derivatives satisfy the following bounds

~ 8+ 101
a7 o < SETAE

~ 40 4 60X log |A]
A2V, [, v] [ oo < WHUHwHUHma

N

480 + 832\ log | A|

14° Ve fu, v, 0] o A=) [ellool|v]loo [0l oo -

IN

Proof. Let us start by writing down regularized Bellman equatlons (see, e.g., Geist et al. (2019)). In the following,
we treat Q” as a matrix of size S x A with elements Q (s,a) and 7y as a matrix of size A x S with elements

mo(als)
VI = Q- mg + AH(m), QI =r 4PV,

where P, is a linear operator from a space of vectors of size S to a space of matrices of size S x A, and H(7) € R®
is a vector of policy entropies for each state.

First differential. We start as follows
AV [u] = QT - dmg[u] + dQ ™ [u] - mg + AdH (mp)[u],  dQT°[u] = YPdV.™[u].

Thus, we have _ _ _
dV.[u] = QF° - dmg[u] + yP.dAV.[u] - mg + AdH (mg)[u] .

As a result, we have

1AV, [u]l|oe < 1QF° - dolulloo +IIPeAV.™ [u] - mglloc + M dH (0) [u] o (69)

For the first term, we have for any s € S by a simple bound on Q-value and Lemma F.8

~ 1+)\10g|A| 8(1+)\10gA)
Q77 - dmylull(s) < S ldmful(als)] < 2B .
acA
For the second term, we have for any s € S
IPedV,™ [u] - mgl|oc = max | Pe(s'ls, a)dV™ [u] - mo(als)| < [V [uloc -

a,s’

finally, by Lemma F.9 we have
[[dH (7o) [ullloc < 21og | Al - [[u]]oo-

Thus, from (69) it holds
8+ 10\ogld],

14V e < AT [ oo +

Rearranging the terms, we conclude the first statement.
Second differential. For the second differential, we have
@V [u, 0] = d (QF - dmofu]) [o] + 9 (PudV7u] - ) [o] + Ad*H (o), ]
— (a@ze[o]) drolu] + Q2 - d%mo[u,0] +yPed® V. [u, 0] - o
+ AP AV, [u]dmg[v] + AA>H(74)[u, v]

= Q" - dmplu, v] + yPAV. [uldmg[v] + APV, [v]dmg[u]
+ AP A2V [u, 0] - g 4+ Ad*H () [u, 0] -
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Next, to derive a bound, we apply the bound on the first differential of the value as well Lemma F.8 and
Lemma F.9:

~ 1+/\lo A 8(1+ Alog|A
@ raful(s) < “HEAL S e ol o) < SEEEAD .
acA
_ _ 16 + 20\ log | A
AT ldmall| () < [T ull 3 amo(als)le] < 222 SE S o
acA

1PV, [u, 0] oo
(4 + 8log |A|ullco[|v]loc

IPd® V. u, 0] - 7] (s)
|d*H (9) [, 0] (5)

<
<

thus

1PV, [, 0] oo < APV, [u, 0]
32+ 40Alog |A| | 8(1+Alog|A]
( (1=7) 1-7
Since |A| > 2, then 2log |A| > 1, we can simplify it as follows

~ 40 + 64\ log | A
A2V, [u, v][| o < WHUHwHU”m-

A4+ 8log |A|>) lallol0]o -

Third differential. Next, we proceed with the third differential as follows
dB‘N/C“" [u, v, w] = C,jg” - d3m[u, v, w] + 'yPCdXN/C” [w] - d*7g[u, v]
+ AP A2V [u, w]dmg[v] + P AV, [u]d?mg[v, w]
+ AP A2V, [u, w]dmg[u] + YPdV.™ [v]d?mg[u, w]
+ AP A2V [u, v] - dmglw] + VP APV, [u, v, w] - mp + d>H(mg) [u, v, w)] .
By the triangle inequality
12V [ty v, ] e < QT - g, 0, 0o + APV ] - A2, ] o
+ Y[Ped? VT [u, w]dmg[v] || oo + YI|PedV, [u]d?mo[v, w] |
+7[IPed? Ve [v, w]dmg[u]||oo + 7[[PedV [v]d*mg[u, ]|
+ YPed? VI [u, v] - drg[w] |l oo + VIIPd® VI [u, v, w] - g o
+ (| H (7o) [, v, w] [ oo -

To simplify notation, let us define R;o(u,v,w) = |PdV ™ [u, v]d?mg[w]||ee and Ra1(u,v,w) =
|P.d?V.™ [u, v]dme[w]|| s Next, we notice that

Hpcdgvcﬂg [u7 v, w] : 7r9Hoo = m?‘X < Hdgvcﬂe [U" U, w]”OO ’

Z mo(als)P(s'|s,a)d> V™ [u, v, w] s

thus, we have a contraction argument that implies

1
”dgvcﬂ-e [u, v, w]loo < m <Q7Cfe 'd371'9[u7v7w]||00 + |‘d3H(779)[u7 v, W]l
+ (R 2(w,u,v) + Ri2(u, v, w) + R 2(v,u, w)) (70)

+ Y(R2,1(u, w,v) + R 1 (v, w,u) + Ra 1 (u, v, w))> .

Next, we bound all terms that appear in the bound above. First, we apply Lemma F.8 for a fixed state s € S

QT - dmp[u, v, w]|(s) < D |QT - d3mg[u, v, w)(als)|

acA
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1+ Al
< LB S~ g3y fu, v, wal)
1 -7 acA
48(1 + A1
< BEAABIAD o ool -

Also, by Lemma F.9 we have

1d*H (0) [, v, w] | oo < (56 + 481og |A) [[ullso[v]] o [[0]] o -

Next we bound R; > as follows

Ry 2(u,v,w) = max Z(Pcdf/f@ [u]) (s, a)d*mg[v, w](als)
acA

< ||dv.me . 2 )
< AV, [u]l o rggg;!d mo[v, w](als)|

Applying the bound for the first differential as well as Lemma F.8

8- (8+ 10AloglA|)
<
Ry 2(u,v,w) < e

Finally, using the same idea, we have the following bound for Rj ;:

[l [[01] o]l oc -

IN

P (a0, 0) < T - e 3 o)
ac

2. (40 + 64X log | A|)
B (1—79)3

[efloo [[0]] 0[]l oc -
Overall, we can rewrite (70) as follows

Hdgvcﬂg [U, v, ’lU] ||00 <

1 (48(1 + Alog |A|) + \(56 + 48log | A|)

T 1—y 1—7
24 - (8+ 10Alog|A|)  6- (40 + 64X log |A|))
+ + | oo ||V oo ||| oo 5
= G ) lllclvlclol

and, after rearranging the terms and using a bound 2log |A| > 1, we have the following bound

[0V . ] < 230 832Alog Al
c o - (=1

[[elloo [0l oo llwlloo -
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