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Abstract

For continuous action spaces, actor-critic methods
are widely used in online reinforcement learning
(RL). However, unlike RL algorithms for discrete
actions, which generally model the optimal value
function using the Bellman optimality operator,
RL algorithms for continuous actions typically
model Q-values for the current policy using the
Bellman operator. These algorithms for continu-
ous actions rely exclusively on policy updates for
improvement, which often results in low sample
efficiency. This study examines the effectiveness
of incorporating the Bellman optimality operator
into actor-critic frameworks. Experiments in a
simple environment show that modeling optimal
values accelerates learning but leads to overesti-
mation bias. To address this, we propose an an-
nealing approach that gradually transitions from
the Bellman optimality operator to the Bellman
operator, thereby accelerating learning while mit-
igating bias. Our method, combined with TD3
and SAC, significantly outperforms existing ap-
proaches across various locomotion and manipula-
tion tasks, demonstrating improved performance
and robustness to hyperparameters related to op-
timality. The code for this study is available
at https://github.com/motokiomura/
annealed-g-learning.

1. Introduction

In recent years, online reinforcement learning (RL) has been
widely applied to robotics (Schulman et al., 2015; Haarnoja
et al., 2018) and gaming (Mnih et al., 2013; 2015; Badia
et al., 2020; Tessler et al., 2017), demonstrating remark-
able performance, particularly in tasks with discrete action
spaces like games. Q-learning-based algorithms, commonly

!The University of Tokyo *RIKEN. Correspondence to: Motoki
Omura <omura@mi.t.u-tokyo.ac.jp>.

Proceedings of the 42" International Conference on Machine
Learning, Vancouver, Canada. PMLR 267, 2025. Copyright 2025
by the author(s).

used for discrete action tasks, estimate the optimal Q-value
via the Bellman optimality operator. However, in tasks with
continuous action spaces, computing max, Q(s’,a’) for
an infinite number of actions is challenging. Actor-critic-
based algorithms address this by estimating the Q-value
for the current policy using the Bellman operator. In these
cases, policy improvement is achieved solely through policy
updates, leading to slower performance improvement and
reduced sample efficiency (Ji et al., 2024). In tasks with
continuous action spaces, such as robotic control, sample
collection is costly, which makes low sample efficiency a
critical challenge. Although some prior studies have ex-
plored modeling (soft) optimal values instead of the values
of the current policy, they faced challenges such as increased
computational cost and instability (Haarnoja et al., 2017;
Garg et al., 2023; Kalashnikov et al., 2018).

This study first examines the effectiveness of modeling opti-
mal values in actor-critic methods for online RL. Prelimi-
nary experiments were conducted with a low-dimensional
environment using a tabular actor-critic method. These ex-
periments compared SARSA-based updates, which used
the Bellman operator, to Q-learning-based updates, which
used the Bellman optimality operator, for critic learning.
The results showed that in Q-learning-based methods, the
Q-value directly approached the optimal value, whereas in
SARSA-based updates, the Q-value improved only after the
policy improved. This delay in policy learning caused the
Q-value to converge to its optimal value more slowly in the
SARSA-based approach.

This finding motivates the application of the Bellman op-
timality operator in actor-critic methods. However, using
the Bellman optimality operator with function approxima-
tors to model Q-values introduces overestimation bias due
to the stochasticity of Q-values and the max operator in
target values (Thrun & Schwartz, 1993; Lan et al., 2020;
Chen et al., 2021). Simulating this stochasticity by injecting
noise into Q-values in our preliminary experiments showed
that Q-learning-based methods converged to values larger
than the optimal Q-value due to overestimation bias. Con-
versely, SARSA-based methods, which do not involve a
max operator, exhibited lower sensitivity to noise.

In summary, while the Bellman optimality operator acceler-
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ates learning, it also increases overestimation bias, leading
to convergence to inflated Q-values. Conversely, the Bell-
man operator suppresses overestimation bias but results in
slower learning.

To address this, we propose a gradual transition from the
Bellman optimality operator to the Bellman operator. This
approach accelerates learning while eventually estimating
values with reduced bias. In the preliminary experiments,
linearly interpolating target values calculated with each op-
erator, combined with annealing the degree of optimality,
resulted in faster learning and less biased estimation.

This method has additional benefits. While overestimation
bias may occur in the early stages of learning depending on
the annealing schedule, it can promote exploration, which
is advantageous at this stage (Lan et al., 2020). In the later
stages of learning, the current policy is expected to converge,
making it undesirable to introduce bias for further policy
improvement. Therefore, applying updates based on the
Bellman operator, which inherently reduces bias, becomes
a reasonable approach.

In tasks with continuous action spaces, which we focus on
in this study, the Bellman optimality operator is computa-
tionally intractable due to the max operation. To address
this, we use the expectile loss (Kostrikov et al., 2022), which
enables operations analogous to the max operator in contin-
uous action spaces and a smooth interpolation between the
Bellman optimality operator and the Bellman operator. By
gradually reducing a parameter 7 representing the estimated
expectile from a value close to 1 to 0.5, our operator tran-
sitions smoothly from the Bellman optimality operator to
the Bellman operator. This approach can be implemented
by replacing the L2 loss used for critic learning in existing
actor-critic methods with the expectile loss and annealing
the parameter 7 related to optimality.

Experiments on various locomotion and manipulation tasks
in continuous action spaces tested the proposed Annealed
Q-learning (AQ-L) method combined with TD3 and SAC.
The proposed methods significantly outperformed widely
used algorithms such as TD3 and SAC. Additionally, an-
nealing improved robustness to hyperparameters related to
optimality and enhanced performance compared to static
optimality estimates.

The contributions of this study are as follows:

 Preliminary experiments provided the insight that in
actor-critic methods, using the Bellman optimality op-
erator accelerates learning but introduces overestima-
tion bias, while the Bellman operator reduces bias at
the cost of slower learning.

* We proposed a method for annealing from the Bellman
optimality operator to the Bellman operator, enabling

faster learning with reduced bias. This method can
be easily implemented in existing actor-critic methods
using the expectile loss.

* We demonstrated that Annealed Q-learning combined
with TD3 and SAC achieves significantly better per-
formance than widely used algorithms in continuous
action tasks, while annealing improves performance
and robustness to optimality-related hyperparameters.

2. Preliminaries
2.1. Reinforcement Learning

In RL, the problem is defined within a Markov deci-
sion process (MDP) framework presented by the tuple
(S,A,P,r,v,d). Here, S denotes the set of all pos-
sible states, A denotes the set of all possible actions,
P (s¢+1js¢, at) is the transition probability from one state to
another given a specific action, (s, a) represents the reward
function assigning values to each state-action pair, v is the
discount factor that diminishes the value of future rewards,
and d(so) is the probability distribution of initial states. The
policy 7(a j s) is the probability of taking a specific action
in a given state. The objective of RL is to discover a policy
that maximizes the expected sum of discounted rewards,
denoteig,as E[Ro j ], where Ry is the return calculated as
R, = fzt v*~tr(sg,ar) and T is a task horizon.

2.2. Bellman Operator and Bellman Optimality
Operator

In RL, the Bellman (expectation) operator and Bellman
optimality operator (Sutton, 1988) play fundamental roles
in defining the iterative updates for value functions in MDPs.
Here, we describe the update of the action-value function
Q(s, a) instead of the state-value function V (s).

Bellman Operator For a given policy 7, the Bellman
operator T ™ is defined on the Q-function Q™ (s, a) as:

T7Q(s,a) = Egop [1(s,a) + YEwnr Q(s', a')]

Applying T ™ repeatedly leads to the Q-function satisfying
the Bellman equation: Q™ (s,a) =T "Q™ (s, a).

The value function in SARSA (Rummery & Niranjan, 1994)
and the critic in actor-critic methods are generally updated
based on the Bellman operator T ™. These algorithms follow
the policy iteration framework, where policy evaluation is
performed using updates based on T ™, followed by policy
improvement using the updated value function to obtain a
better policy. In other words, to derive an improved pol-
icy, the value function must accurately evaluate the current
policy (Sutton & Barto, 2018).
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Bellman Optimality Operator The Bellman optimality
operator T * is defined to obtain the optimal Q-function
Q*, assuming the agent selects the action that maximizes
expected future rewards:
h i
T*Q(s,a) = Egp 7(s,a) + ymaxQ(s',a’) .

This operator is contractive, ensuring that iterative appli-
cations converge to the optimal action-value function Q*,
and lead to the Bellman optimality equation: Q*(s,a) =

TQ(s,a).

In methods such as Q-learning (Watkins, 1989) and DQN
(Mnih et al., 2013; 2015), the action-value function is up-
dated directly toward the optimal action-value function us-
ing the Bellman optimality operator T *.

2.3. Expectile Loss

The expectile loss is an asymmetric loss function with a pa-
rameter 7, and minimizing this loss enables the estimation
of the expectile 7 of the given data. When 7 = 0.5, the loss
function is equivalent to the L2 loss, allowing the estimation
of the mean. As 7 approaches 1, it estimates values closer
to the maximum. This loss function is used in offline RL to
compute the Bellman optimality operator T *, and the cor-
responding method is known as Implicit Q-learning (IQL)
(Kostrikov et al., 2022).

IQL is an algorithm widely used in offline RL to learn the
value function and the policy using only actions from the
offline dataset, without relying on actions from the policy
being learned. IQL can learn near-optimal value functions in
an in-distribution manner. This is achieved by considering
the target value of the value function as a random variable
depending on the action and estimating the upper expectile,
e.g., 7 = 0.9, with the expectile loss. Thus, the loss for
learning the Q-function is as follows:

L(G) = E(s,a,s/,a/)wD[Lg(r(s7 a)—i—’yQ@(s/, CL/)
Qo (s, a’))]»
where L} (u) = j7  1(u < 0)ju?, Qg is an approximated

Q-function parameterized by 6, and Q) is the target network
with parameters 6.

ey

In a stochastic environment, not only the randomness of the
action but also the randomness of the state transition affects
the target value, so the following loss function involving the
V-function is used:

L(W = E(s,a)ND[LE(QG(Sv a) V. (S))]7
L(e) = E(s,a,s’)ND[(T(‘Sv a) + 7V¢(S/) Q9(57 a))Z}'

Thus, IQL computed the Bellman optimality operator’s max-
imum over actions using only actions from the dataset.
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Figure 1. A simple MDP used in preliminary experiments. A re-
ward r; is obtained upon reaching state s; , and the episode termi-
nates when the agent reaches either state s3 or s4. The discount
rate -y is set to 0.9.

3. Gradual Transition from Bellman
Optimality Operator to Bellman Operator

In this section, we first discuss the effectiveness of the Bell-
man optimality operator T * and the Bellman operator T ™
in actor-critic methods by employing Q-learning-based and
SARSA-based updates, respectively. Our preliminary exper-
iments demonstrate that Q-learning-based updates, which
further enhance improvement in the critic, accelerate learn-
ing but may lead to overestimation bias. Based on these
findings, we propose an annealing approach that gradually
transitions from Q-learning-based to SARSA-based updates,
i.e., from the Bellman optimality operator T * to the Bellman
operator T ™, by reducing the influence of the max operator,
thereby mitigating the residual bias in the later stages of
training.

3.1. Bellman Optimality Operator Accelerates Learning

Many commonly used algorithms for continuous action
tasks in online RL (Fujimoto et al., 2018; Haarnoja et al.,
2018; Schulman et al., 2017) update the critic with SARSA-
based updates under the Bellman operator T ™. The value
function estimates the value under the current policy, relying
solely on policy updates for policy improvement. Replac-
ing the critic’s update mechanism with a Q-learning-based
approach under T * may accelerate policy improvement and
improve learning efficiency. To investigate this, we con-
ducted preliminary experiments in a simple environment, as
shown in Figure 1. In this experiment, we evaluated how
many steps it took for the learned Q-values to approach the
optimal values in the environment. We used a conventional
SARSA-based actor-critic method and a Q-learning-based
actor-critic method for learning algorithms. In the SARSA-
based method, Q-values and policy logits 8, , were stored
in a table, and the Q-values were updated in a SARSA-like
manner (Q(s,a)  Q(s,a) + a(r + vE, - [Q(s,a’)]
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tion is maximized. They expressed the randomness of the Q-
values by adding noise., . The bias is then de ned a& =

r+ maxg(Q(s%ad)+ s2a0)  (r+ maxqe Q(s%a?).
Even when the mean ofo.50 is 0, Jensen's inequality
shows:

E [Z]= E[max so.a0] maxE[ 0401 =0; (3)
a0 ao

indicating overestimation occurs.

. _ To simulate the overestimation bias due to the random-
Figure 2 Left: The estimated values GJ(So; &) andQ(so;a1)  ness, we conducted an experiment in which noise was

when using tabular actor-critic with a Q-learning-based critic UP3dded to Q-values when calculating the target value as
date undefl , compared to a SARSA-based critic update based o max o(Q(sG ao) + cq0) for Q-learning andr +
a ’ s¥.a

T inthe environment of Figure Right: The estimated Q-values = [Q(SO; ao) + woa0] for SARSA, where soq0 Was

when Gaussian noise frohh (0; 0:3) is added to the Q-value be- led f | distributi ith 0. Th
fore calculating the target value to simulate the randomness igdmpled irom a norma Istribution with mean 0. ere-

Q-values when approximated with functions.Annealegboth  Sults are shown in the right panel of Figure 2. In the Q-

Q-learning-based and SARSA-based target values are computd@@rning-based method, convergence was faster, but due to

and the learning process transitions linearly from Q-learning-basethe noise, the estimated Q-values converged to values larger

at the beginning to SARSA-based at the end. than the optimal ones, con rming overestimation. In the
SARSA-based case, the expected value is used instead of
the maximum value, and since the mean %o is O, its

Q(s;a))), while the policy was updated using a policy impact is minimal.

gradient method ¢4 sat  log (as)Q(s;a)),

where represents the step size. In the Q-learning-based.3. Gradual transition from Q-learning to SARSA

method, Q-values were updated in a Q-learning-like manne{_h | dinth . ion il h
Q(s;a) Q(s:a)+ (r+ maxpeQ(s®ad) Q(s:a), e results presented in the previous section illustrate the

Hadvantages and disadvantages of SARSA-based and Q-
learning-based updates in actor-critic methods. Q-learning-
based updates accelerate learning but lead to convergence

The Q-values learned in this experiment are shown in the lefio higher values, whereas SARSA-based updates exhibit
panel of Figure 2. The Q-learning-based approach was ablglower learning but reduced bias. To leverage the strengths
to estimate the optimal Q-values faster than the SARSAof hoth approaches, we propose a method that initially em-
based approach. In the SARSA-based method, the poligyloys Q-learning-based updates and gradually transitions
must rst improve before Q-values can move toward theto SARSA-based updates as learning progresses. Speci -
optimal value function, causing a delay compared to thezally, in our preliminary experiments, we compute both the

and the policy was updated in the same manner using t
policy gradient method.

Q-learning-based method. target values of Q-learning and SARSA, given®y,. =
r+ maxg Q(s%a’ andQsarsa= r+ Eao [Q(s%a%)],

3.2. Bellman Operator is Less Biased and use a weighted average as the target value:

As demonstrated, Q-learning-based updates in actor-critic QaoL = WQoL +(1  W)Qsarsa; (4)

methods can accelerate learning compared to SARSA-based

updates. However, calculating the target value using theherew is a weight that linearly decays from 1 to 0. The
max operation in Q-learning-based methods can introducestimated Q-value is updated as follows:

overestimation bias. When representing the Q-values with

a function approximator, the approximation errors and the Q(sia) Qsia)+ (Quor Qsia): ()

stochasticity of grgdient meth_ods result in noigy estimateérp,q results, as represented by the orange curve in Figure 2,
Q-values. Computing the maximum of these noisy Q-valuégjemanstrate fast and less biased Q-value estimations. The

leads to overestimation. This can be expolained as followsettings of these preliminary experiments and other details
the ideal target value is+ maxao E[Q(s% a9)], but the are provided in Appendix A.

computable target value is+ E[maxao Q(s% a%]. Ac-
cording to Jensen's inequality+ E[maxgo Q(s% a%]

r+ maxg E[Q(s%aY]. Thrun & Schwartz (1993); Lan
et al. (2020); Chen et al. (2021) provided more speci ¢ de -
nitions of bias. They assumed that the Q-values are equal fdn the previous section, we showed that estimating the op-
all actions, corresponding to the scenario where overestiméimal Q-value through the max operation can accelerate

3.4. Annealed Q-learning: Gradual Transition of
Operator in Continuous Action Spaces

4
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Table 1.The average score at 3M steps across the DM Control
tasks. The range in parentheses represents the con dence interval.

Method Mean IQM
AQ-TD3 740.3(731.0 - 749.0) 820.0(811.5 - 826.8)
AQ-SAC 746.1(736.3 - 755.0) 832.4(820.5 - 841.6)

TD3 492.7 (459.5 - 527.1) 516.0 (461.8 - 571.9)
SAC 657.9 (623.6 - 688.9) 765.0 (712.8 - 800.9)
XQL 564.4 (522.2 - 604.7) 628.8 (560.6 - 688.3)

the later stages of training reduce bias, even though these up-
dates no longer lead to further improvement. By this stage,
the policy is expected to have converged; thus, prioritizing
bias reduction over further improvement is reasonable.

Figure 3.The average scores across the 10 locomotion tasks it the proposed method,is simply linearly decayed over
DM Control. time. While experimenting with several annealing patterns,
a linear schedule performed suf ciently well. Speci cally,
s.when the initial value of is int, the maximum timestep is
T, and the current timesteptisthen at timestep can be

expressed as:

learning and that annealing this optimality allows for e
cient estimation of less biased values in the nal stage.
However, in continuous action tasks, it is generally not fea
sible to directly compute the maximum Q-value. To address t

this, we use the expectile loss, as introduced in Kostrikov =i Cini 0:5)? 7

et al. (2022), which allows for the implicit computation of ) )
Q-learning-based target values without employing the maYVe named this method Annealed Q-learning (AQ-L) and
operation. This approach also enables smooth interpolatiofonducted experiments using methods combined with TD3

between Q-learning-based and SARSA-based target valud§uiimoto et al., 2018) and SAC (Haarnoja et al., 2018),
referred to as AQ-TD3 and AQ-SAC, respectively. These

In online RL, the expectile loss is used to estimate the optimethods are implemented through a simple modi cation,
mal value based on actions sampled from the current policyyhere the squared error in the critic update is replaced with

The loss function for the value function is expressed ashe expectile loss, and is annealed as shown in Equa-
follows: tion (7).

L( )= Easoyp a0 [Lo(r(s;a)+ Q (s%a) 5 _
Q (s:a)]: ©® 4. Experiments

In the expectile loss, setting= 1 allows for estimatinga To Vverify the effectiveness of the proposed method, we
Q-learning-based target, while setting: 0:5 estimates a conducted several experiments. Speci cally, we examined
SARSA-based target. In this study, we propose a methofiow the proposed AQ-TD3 and AQ-SAC perform compared
that begins with a value close to 1 at the start of training to widely used online RL methods such as SAC and TD3.
and gradually anneals it to 0.5 by the end. Additionally, we investigated the impact of the annealing of

. . . _ L on task scores and the robustness of hyperparameters.
As discussed in the previous section, estimating the Q-

learning-based optimal Q-value at the early stages of train; .
ing and transitioning to estimating the SARSA-based Qr}l'l' Experimental Setup

value for the current policy in the later stages enables efve conducted online RL training using 10 challenging loco-
cient learning. While overestimation might occur in the motion tasks from DM Control (Tassa et al., 2018; Tunya-
early stages depending on the annealing schedule, this canvunakool et al., 2020) and 10 dif cult manipulation tasks
facilitate exploration (Lan et al., 2020). The relationship from Meta-World (Yu et al., 2019). Although Meta-World
between this bias and exploration is also discussed in Aps often used for multi-task learning, this study focuses ex-
pendix |. Overestimation increases the chance of the ageitusively on single-task learning. As for the 10 Meta-World
selecting overestimated actions, correcting them in the prdasks, we selected dif cult tasks reported to have low suc-
cess, and thus broadening the range of actions tried. Thisess rates in their paper. We employed TD3 and SAC as
bias is particularly bene cial in the early stages of learning baseline methods, widely used in continuous action tasks for
when exploration is critical. The SARSA-based updates imonline RL, along with XQL (Garg et al., 2023). XQL uses

5
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Figure 4.The average return for each task in DM Control.

Gumbel regression, assuming a Gumbel distribution for thenaximum return achievable for these tasks is 1000. In
error distribution, and estimates the soft-optimal value inhopper-hop, humanoid-run, and humanoid-walk, where ex-
entropy-maximizing RL, offering a comparison as anotheristing methods achieved low scores after 3 million training
method for estimating the optimal value. While Kostrikov steps, the scores of AQ-TD3 and AQ-SAC increased sig-
etal. (2022) incorporated both a Q-function and a V-functionni cantly. In tasks such as hopper-stand, quadruped-run,
to mitigate performance degradation observed in stochastiand quadruped-walk, where existing methods attained con-
environments, AQ-L demonstrated superior performanceistently high scores, AQ-TD3 and AQ-SAC achieved high
without employing a V-function, even in extremely stochas-scores with fewer steps and exhibited reduced variance, re-
tic environments. Therefore, we utilize only the Q-function sulting in higher nal scores. This suggests improved sam-
in our approach. Further details on this comparison ar@le ef ciency from optimal value estimation and enhanced
provided in Appendix G. The hyperparameters related tastability due to increased exploration early in the training.
annealing are shown in Appendix B. The results for usingAQ-TD3 and AQ-SAC also outperformed XQL, another
different annealing durations are presented in Appendix Enethod for estimating the (soft-)optimal value, demonstrat-
For AQ-TD3 and AQ-SAC, all other hyperparameters areing that expectile-based squared loss in online RL is more
kept identical to those of TD3 and SAC, respectively. Whenstable and superior to XQL's exponential-based loss. A
is xed at 0.5, AQ-TD3 and AQ-SAC are precisely the straightforward approach to computing the max operation is

same as TD3 and SAC. max-backup, which involves sampling Q-values for multiple
actions and using the maximum value. AQ-L outperformed
4.2. Comparison with Prior Studies max-backup in terms of both computational ef ciency and

score. The results and details of this comparison are shown
The average scores across 10 tasks from DM Control for AQ;, Appendix D.

TD3, AQ-SAC and the baseline methods from prior studies

are shown in Figure 3. The average scores, interquartil€igure 5 shows the average success rate across the manipu-
mean (IQM), and their con dence intervals, measured usindation tasks in Meta-World, and the success rates for each
Agarwal et al. (2021), are listed in Tables 1 and 4. Both AQ1ask are presented in Figure 6. TD3 exhibited a signi cantly
TD3 and AQ-SAC signi cantly outperformed prior studies. lower success rate than SAC, suggesting the necessity of
Furthermore, they demonstrated substantial inprovemeng@xploration enhancement, such as entropy maximization
over their respective base algorithms, TD3 and SAC. Thes# SAC. Nevertheless, AQ-TD3 achieved a slight perfor-
results indicate that the simple modi cations of employing Mance improvement over TD3, which struggled to learn ef-
the expectile loss and annealingn online RL can lead fectively. AQ-SAC outperformed SAC in most tasks, achiev-
to remarkable performance enhancements. As shown iig @ higher success rate in fewer steps and signi cantly
Table 4, AQ-TD3 and AQ-SAC achieve high scores everimproving asymptotic performance and sample ef ciency.
with smaller steps, demonstrating a signi cant improvementThe proposed method also demonstrated effectiveness in
in sample ef ciency. manipulation tasks.

The scores for each task are shown in Figure 4. The
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Table 2.The average nal score across 10 DM Control tasks when
is annealed compared to wheris xed in AQ-SAC. Annealing
improves the scores and enhances robustnesséttings.

Method Mean IQM

Annealed (0.7)  720.2 (694.8 - 741.0) 821.7 (803.4 - 836.0)
Annealed (0.8)  742.1(729.1-754.7) 824.0 (805.4 - 840.2)
Annealed (0.9) 746.1(732.0 - 758.5) 832.4(815.3 - 844.8)
Annealed (0.95) 736.1(725.7 - 745.9) 815.6 (798.8 - 827.1)

Fixed (0.6) 713.6 (690.5 - 734.5) 822.7 (800.1 - 834.9)
Fixed (0.7) 730.7 (715.3- 745.7)  825.0 (806.1 - 840.0)
Fixed (0.8) 683.4 (660.8 - 702.9) 775.9 (756.5 - 790.4)
Fixed (0.9) 588.2 (559.0 - 613.6) 632.7 (594.9 - 665.9)
Fixed (0.95) 364.9 (338.8 - 390.6) 303.5 (265.4 - 341.5)

. _ _ We measured the bias of the estimated Q-value with respect
Figure 5.The average success rate across the 10 manipulation tasks .
in Meta-World. t0 the Monte Carlo return, and the results are presented in
Figure 12. The bias increases abecomes larger, and in
AQ-SAC, it eventually reaches a level comparable to that
4.3. Effects of Annealing of SAC. This outcome is consistent with the preliminary

We evaluated the effectiveness of annealingsing AQ- experiments shown in Figure 2.

SAC. Table 2 presents the nal average scores across alh AQ-L, a linear annealing schedule was used. We also
tasks for AQ-SAC when is annealed compared to when conducted experiments with several non-linear annealing
is xed. AQ-SAC with annealing, starting from 0.9, out- patterns. The results demonstrated that linear annealing
performed the versions with xed at 0.6, 0.7, 0.8, 0.9, and achieves suf ciently good performance. The details of the
0.95, highlighting the effectiveness of annealing. Figure 7 ilexperiments on non-linear annealing patterns are provided
lustrates the results for two challenging tasks: humanoid-ruin Appendix H.
and hopper-hop. In hopper-hop, whers xed, increasing
from 0.5 (SAC) to 0.6 and 0.7 improves the score, but the5_ Related Work
learning process becomes unstable, leading to a decline in
scores at = 0:8, with = 0:7 producing the best result. Off-Policy Online RL In continuous action space online
In contrast, AQ-SAC, which annealsfrom 0.9, maintained RL tasks, methods such as SAC (Haarnoja et al., 2018) and
stable learning and achieved higher nal scores than th& D3 (Fujimoto et al., 2018) are widely used. SAC is an
xed- versions, even with the optimal xed value of  actor-critic method based on Haarnoja et al. (2017) that in-
0.7. In humanoid-run, the xed = 0:7 showed better corporates entropy maximization. The value function adds
early-stage learning than AQ-SAC, but the learning becaméhe policy's entropy to the target value and models the soft
unstable over time, resulting in a signi cant score drop byvalue function for the current policy. TD3 is an extension
the end of the training. For largervalues, the scores were of DDPG (Lillicrap, 2015), incorporating techniques like
considerably lower, suggesting high sensitivity taehen  clipped double Q-learning, action noise, and delayed policy
it is not annealed. AQ-SAC, on the other hand, maintainedipdates. Like SAC, TD3 updates the value function based
relatively stable score improvement. The results for othepn SARSA, learning the value function under the current
tasks are provided in Appendix C. policy. Both methods employ SARSA-based updates, fo-
. - . cusing on learning the value function for the current policy.
Even when annealing, the initial value of remains a ; ;
Our study demonstrates that by replacing the value function

hyperparameter. However, compared to xedannealing 4 . o :
makes the method less sensitive to this hyperparameter. AL date with the expectile loss, shifting to a Q-learning-based

shown in Table 2, in the xed case, = 0:7 performed Maximization, we can achieve improved performance.
best, but increasing it to 0.8 led to a signi cant drop in Overestimation bias is a recurring issue in RL. Thrun &
scores, with even lower scores for= 0:9 and0:95. In  Schwartz (1993) formalized how noise in function approx-
the annealed case, the best initial value wagi; = 0:9.  imators leads to overestimation bias, showing how noise
However, scores did not change signi cantly even when thevariance and the number of actions contribute to the increase
initial value varied between 0.7 and 0.95, demonstrating thain bias. Lan et al. (2020) and Chen et al. (2021) suggest that
AQ-SAC is more robust to hyperparameter variations tharoverestimation can sometimes be bene cial for exploration
the xed case. while using ensembles to control the mean and variance of
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Figure 6.The average success rate for each task in Meta-World.

online ne-tuning following of ine RL, and it is not an
algorithm designed for learning without an of ine dataset.
XQL (Garg et al., 2023) models the soft optimal value in
maximum entropy RL using Gumbel loss, derived from
maximum likelihood estimation under the assumption of
a Gumbel error distribution. MXQL (Omura et al., 2024)
stabilizes the Gumbel loss by employing a Maclaurin ex-
pansion. By increasing the order of the expansion from
2 to in nity, MXQL transitions from SARSA-based learn-
Figure 7.The average return of AQ-SAC on hopper-hop and"9 to soft Q-Ieammg-baSEd Ieammg_' AIthough_MXQL
humanoid-run when is annealed compared to wheris xed. may bene t from annealing the expansion order to improve

Annealing improves asymptotic performance and stability. performance, tuning hyperparameters can be challenging
due to the in nite range of the optimality parameter. The

experiment combining MXQL and AQ-L is described in

bias. Incorporating these ensemble techniques into our préPPeNdix J.
posed method could potentially enhance sample ef ciencyKalashnikov et al. (2018); Kumar et al. (2019; 2020) im-
which could be a promising direction for future work. prove Samp|e ef Ciency by mode"ng the 0ptima| Q_Va|ue
through sampling multiple actions from the policy distribu-
Value Function Maximization in Continuous Action tion and selecting the 'action that maximizes the Q—va!ue.
Space In continuous action tasks, calculating the max-1 "€S€ methods can shift from SARSA-based to Q-learning-
imum Q-value is generally intractable. Various methodsP@sed by increasing the number of samples from 1 to in nity.
have tackled this issue by using asymmetric loss function§!OWeVer, tuning poses challenges, and computational costs
(Kostrikov et al., 2022; Garg et al., 2023; Xu et al., 2023:115€ Signi cantly as the number of samples increases.
Omura et al., 2024; Sikchi et al., 2024), evaluating multipleSome methods, such as Tavakoli et al. (2018); Seyde et al.
actions (Kalashnikov et al., 2018; Kumar et al., 2019; 2020)(2023; 2024); Ireland & Montana (2024), achieve optimal
or discretizing actions (Tavakoli et al., 2018; Seyde et al.Q-value estimation through action discretization. However,
2023; 2024). if the number of intervals is small, accurate action selec-

IQL (Kostrikov et al., 2022) approaches Q-value as a rant_ion becomgs dif cult while increasing the intervals reduces
dom variable with inherent randomness related to the aS2mple ef ciency.

tions, modeling the maximum value using the expectileThe most closely related prior work is Ji et al. (2024). Moti-
loss with an expectile parameter close to 1. Adjusting the/ated by the underestimation of the value function in actor-
hyperparameter from 0.5 to 1 shifts the value function critic methods, they compute a weighted sum of target val-

estimate from SARSA-based to Q-learning-based. Howges from the Bellman optimality operator, where thax
ever, it should be noted that IQL focuses on of ine RL and
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A. Details of Preliminary Experiments

In the preliminary experiment, we compared Q-learning-based updates and SARSA-based updates in actor-critic models
using the environment shown in Figure 1. The details of this experiment are described below. The critic manages the
estimated Q-values for each state-action pair in a table and updates them based on either Q-learning or SARSA. The actor
manages logits for each state-action pair in a table, calculates the distribution using the softmax function, and samples
actions from this distribution. Thus, the policy is expressed as follows:

(ajs): XM; 8
exp sp 8)
b

The update of these logits is performed using the policy gradient method, with the update equation given as follows:

+ 1 log (ajst)Q(st;a); ©)
r .olog (ajs)= aao @%j s);

where ,.50 is the Kronecker delta. The step size used for updates in both the critic and the actor was set to 1e-3. While
increasing the step size accelerates learning, the observation that Q-learning-based updates are faster than SARSA-based
updates remained consistent. A step size that yielded smooth learning curves was chosen. Wisgragdimg only

initial state, the lower-value stasg was visited less frequently tham, making it challenging to accurately estimate the

Q-value fors,. To address this, the initial state was randomly selected &gy, ands,. Additionally, although actions

were sampled from the policy, the estimation of Q-values for low-value actions progressed slowly. To mitigate this, a 10%
probability of taking random actions, akin to aigreedy policy, was introduced.

In Figure 2, the estimated Q-values frare shown, while the Q-values fer ands, are presented in Figure 8. These

results are from experiments where noise was added to the Q-values. However, since the nextsstatedfey is a

terminal state and Q-values are learned solely from the reward, they are unaffected by the noise. Furthermore, the updates
are identical for both Q-learning-based and SARSA-based methods under these conditions, leading to the same Q-value
estimation in both cases.

Figure 8.The estimated Q-values fei ands; in the experiment where noise was added to reproduce the randomness of Q-value
estimation in the environment of Figure 1.

A.1l. Results under Different Settings

Variance of Noise As the standard deviation of Gaussian noisBl (0; ) increases, the randomness of the estimated
Q-value is expected to increase, leading to a larger overestimation bias. Therefore, experiments were conducted using
various values of . The MDP is the same as in Figure 1 The results, shown in Figure 9, indicate that the bias increases
as becomes larger. Even with Annealed, a largeauses bias in the early stages of learning; however, this promotes
exploration, and ultimately, the values converge to those obtained with SARSA.
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Figure 9.The estimated Q-values obtained using various standard deviatioh&aussian noise in the environment of Figure 1.

rzandr, If the Q-valuesQ(s%a% vary signi cantly depending on the action, then even if the Q-values are noisy, the
maximum action Q-valueax,o Q(s% a% can be reliably selected each time, making overestimation less likely. Conversely,
if Q(s% aY does not change much across different actahsverestimation becomes more signi cant. To verify this, we
variedrs andr,4 and estimated the Q-valuessat The standard deviation of the noise is 0.3. The results are shown in
Figure 10. It was observed that when the difference betwgamdr 4 is large, the bias decreases.

Figure 10.The estimated Q-values obtained using various values ahdr 4 with the standard deviationsof Gaussian noise is 0.3 in
the environment of Figure 1.

ry andr, Inthe preliminary experiment conducted in the environment shown in Figure 1, the Q-vas4esere both

positive. We conduct experiments under conditions where the Q-value is negative. In Figure 1, the reward values were set as
r; =1 andr, = 0:5. While keeping the interval unchanged, we modify them;te 0:25andr, = 0:25. The results

obtained by varying the variance of the noise are shown in Figure 11. The results were generally similar to those in the case
of positive rewards. However, due to the initial Q-value being set to zero, actions corresponding to negative Q-values were
less likely to be selected, resulting in slower learning. Therefore, we extended the training steps. Despite this adjustment,
SARSA, which inherently learns more slowly, failed to converge.

B. Details of Experiments on DM Control and Meta-World

The implementations of TD3, SAC, AQ-TD3, and AQ-SAC are based on D'Oro et al. (2023). To ensure a fair comparison,

all methods employed a batch size of 256, and both the actor and critic networks used two hidden layers consisting of 256
units each. XQL uses the of cial implementation, and we used XSAC, which integrates XQL with SAC. As described in the
XQL paper, the temperature parametewras evaluated for values [1, 2, 5], and the best valge5 was chosen. Other
hyperparameters for all methods follow the values reported in their respective papers. For tasks in the DM Control, the
results are averaged over 10 random seeds, while, due to computational considerations, 5 random seeds are used to report
the results for Meta-World tasks. The annealing pefiiocbrresponds to the total number of training steps. Speci cally,

it is set to 3 million steps for DM Control tasks and 10 million steps for Meta-World tasks. The initial expetile value for
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Figure 11.The estimated Q-values obtained using= 0:25andr, = 0:25with the various standard deviationsof Gaussian noise in
the environment of Figure 1.

annealing, init , is 0.8 for AQ-TD3 and 0.9 for AQ-SAC in the DM Control tasks, and 0.7 for both AQ-TD3 and AQ-SAC in
the Meta-World tasks. The hyperparameters of AQ-TD3 and AQ-SAC are summarized in Table 3.

We measured the bias of the estimated Q-value using AQ-SAC. Following the methodology of Chen et al. (2021), we
evaluated the bias with respect to the Monte Carlo return. The results are presented in Figure 12. The bias increases as
becomes larger, and in AQ-SAC, it eventually reaches a level comparable to that of SAC.

Table 3.Hyperparameters for AQ-TD3 and AQ-SAC.

Parameter AQ-TD3 AQ-SAC
Discount factor 0.99
Minibatch size 256
Optimizer Adam
Learning rate 0.0003
Activation function RelLU
Number of hidden layers 2
Hidden units per layer 256
Replay buffer size 10°
(EMA coef cient for target networks) 0.995

init (DM Control) 0.8 0.9
init (Meta-World) 0.7

Table 4.The average score at 1M steps across the DM Control tasks.

Method Mean IQM

AQ-TD3 620.8(609.9 - 631.5) 655.4(637.0 - 673.9)
AQ-SAC 624.8(611.4-637.5) 651.5(635.0 - 669.6)
TD3 376.8(348.1-407.3) 327.0(281.5-377.1)
SAC 493.7 (454.6 - 531.9) 516.1 (451.7 - 578.5)
XQL 433.6 (394.8-472.1) 433.5(372.2-492.9)

C. Experimental Results Using Fixed and Annealed

To evaluate the effect of annealing, we compared the results of anneaimd) xing using AQ-SAC. Figure 13 shows the
average return for each task when annealing from varigusalues. Figure 14 shows the average return for each task when
using various xed values. When annealing, the performance is less sensitive towhkeie, demonstrating increased
robustness to hyperparameters through annealing.
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Figure 12.The bias of the estimated Q-value with respect to the Monte Carlo return. The lathergreater the bias, and in AQ-SAC,
the bias eventually became comparable to that of SAC.

D. Experimental Results of Max-backup

In continuous action tasks, one straightforward way to compute maximum Q-values is by sampling multiple actions from the
current policy, calculating their Q-values, and selecting the maximum. This method, known as max-backup, was employed
by Kumar et al. (2020). In this study, we compared max-backup with AQ-SAC using different sampling counts. Both
methods were implemented based on SAC. Figure 15 presents the average return for each task when using max-backup
with various action sampling numbers. Max-backup is implemented based on Kumar et al. (2020). While max-backup has
the drawback of increased computational cost, it demonstrated scores comparable to AQ-SAC in some tasks. However,
in more challenging tasks such as hopper-hop and humanoid-run, AQ-SAC outperformed max-backup. This suggests
that expectile-based methods for maximum value estimation are more effective than the sampling-based approach used in
max-backup. Since the computation cost of max-backup increases with the number of samples, AQ-SAC is also superior in
terms of both performance and computational ef ciency.

E. Analysis of Annealing Duration

In AQ-L, annealing is performed over the entire training steps, but the annealing duration can also be a hyperparameter.
Therefore, experiments were conducted using AQ-SAC with varying annealing durations. The results are shown in Figure 16.
After the annealing phase, learning proceeds with0 :5, consistent with the standard SAC setting. Notably, even vilhen

is as small as 1 million steps, there is a signi cant performance improvement compared to SAC. The nal return does not
vary signi cantly across different values @f, indicating that AQ-SAC is robust t6 within the range tested.

F. Results from Extended Training onhumanoid-run and humanoid-walk

In Figure 4, both humanoid-run and humanoid-walk had not yet converged even after 3 million steps, and their performance
continued to improve. Therefore, the results of extending training up to 10 million steps for both AQ-SAC and SAC are
shown in Figure 17. Even in terms of the asymptotic performance after 10 million steps of training, the proposed method
AQ-SAC outperformed SAC.

G. The Necessity of thé/-function

In IQL, both the Q-function and V-function were trained to handle environmental stochasticity. However, as shown
in Figure 18, this study suggests that training with only the Q-function achieves better performance even in stochastic
environments. Therefore, AQ-L utilizes only the Q-function.

Figure 18 presents results comparing AQ-SAC using only the Q-function versus AQ-SAC using both the Q-function and
V-function in the stochastic hopper-hop environment. Stochasticity in the environment is introduced by adding Gaussian
noise with a mean of 0 to the actions input into the DM Control tasks. The left gure shows the results veh@mealed,
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Figure 13.The average return for each task when annealing with varigusalues in AQ-SAC.

while the right gure corresponds to xed. The values used werg;; = 0:9 for annealing and = 0:7 for the xed case,
as these settings yielded the best performance.

In both cases, whether annealing or xed, using only the Q-function consistently outperformed using both the Q-function
and V-function across all levels of noise standard deviation. This performance difference is attributed to the additional
network required when using the V-function, which increase approximation error and degrade performance.

For the annealing case in the left gure, the degradation in average return as noise standard deviation increases is similar
whether or not the V-function is used. This is likely because annealing results in learning behavior similar to SAC toward
the end of training, mitigating the impact of environmental randomness on the IQL loss.

Inthe xed case shown in the right gure, performance degradation due to increased noise standard deviation is more
pronounced when the V-function is not used. Nevertheless, using only the Q-function still outperforms the setup with both
Q-function and V-function.

H. Non-linear Annealing Patterns

We also tested non-linear annealing patterns with AQ-SAC. Figure 19 illustrates different annealing patterns, including
exponential annealing (Expl) as proposed by Morerio et al. (2017) in the context of dropout scheduling, its inverse (Exp2),
and sigmoid-based annealing (Sigmoid). The results, as shown in Table 5, indicate that Sigmoid and Exp1 performed
similarly to linear annealing, but Exp2 resulted in worse performance. This suggests that prolonging thedriglal

leads to excessive initial bias, which negatively impacts the later stages of learning. These observations indicate that linear
annealing proves to be effective enough, and future research could explore dynamic adjustments based on bias.
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Figure 14.The average return for each task when using various xedlues in AQ-SAC.

Table 5.The average scores across the 10 DM Control tasks for AQ-SAC using various annealing patterns. A simple linear annealing
showed the best performance.

Method Mean IQM

Linear 746.1 (732.0 - 758.7) 832.4 (815.1 - 844.8)
Expl 728.1(716.7 - 739.4) 809.1 (792.9 - 823.7)
Exp2 694.9 (680.5-706.8) 772.4(759.3-784.2)
Sigmoid 742.2 (731.3-752.9) 812.9 (795.7 - 829.4)

|. The Relationship Between Bias and Exploration

We measured policy entropy during early training. The table below shows average entropy over DMC tasks for SAC (Fixed
(0.5), (0.7), and (0.9)), corresponding to SAC with expectile loss with0:5; 0:7; 0:9. As shown in Figure 12, these
methods exhibit overestimation bias in the order: Fixed (8.8)jxed (0.7)> SAC. The entropy follows the same trend,
suggesting higher bias leads to broader exploration.

This supports the intuitive hypothesis that overestimation can lead to suboptimal actions due to in ated Q-values, promoting
exploration. Prior work (e.g., Section 3 of Lan et al. (2020)) also demonstrates that overestimation can be bene cial in
tasks where exploration is important, while it degrades performance in tasks where exploration is undesirable. These results
support the claim that overestimation bias promotes exploration.

J. Combination of Annealed Q-learning and MXQL

In our study, we enable the transition from the Bellman optimality operator to the Bellman operator by using expectile
regression from IQL (Kostrikov et al., 2022). Gumbel regression, proposed in XQL (Garg et al., 2023), allows the
computation of the soft Bellman optimality operator. In MXQL (Omura et al., 2024), which applies the Maclaurin expansion
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Figure 15.The average return for each task when using max-backup with various action sampling numbers.

Table 6.The average policy entropy in 10 DM Control tasks. 15k steps corresponds to shortly after training begins at 10k steps.These
results suggest that a largen the early stages of training increases policy entropy and promotes exploration.

Method 15k steps 100k steps 200k steps
Fixed (0.5) (SAC) 6.78 0.30 6.23 0.39 5.97 0.38
Fixed (0.7) 7.41 036 6.40 040 6.11 0.38
Fixed (0.9) 8.28 044 6.94 0.39 6.52 0.38

to XQL, itis possible to transition from the soft Bellman optimality operator to the Bellman operator by varying the order of
the expansion. Therefore, in this section, we conduct experiments by combining MXQL and AQ-L. The expansion order of
MXQL was linearly decayed fromjy;; to 2 in steps of 2. Experiments were conducted in combination with TD3 and SAC.
We testechi,i; 2 4;8; 12 and adopted 4, which yielded the best average score. The hyperpararnétdXQL was tested
over0:1; 0:5; 1; 2; 5, and we adopted 1, which resulted in the best average score. The overall average score in DM Control
is shown in Figure 20, and the scores for individual tasks are shown in Figure 21. Evemyyher , the computation
includes fourth-order terms, the loss function changes discretely, and the training is sensitivdhtoh makes the learning
unstable. Nevertheless, the performance is signi cantly improved when combined with TD3.
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