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ABSTRACT

We analyze the training of a two-layer autoencoder used to parameterize a flow-
based generative model for sampling from a high-dimensional Gaussian mixture.
Previous work shows that the phase where the relative probability between the
modes is learned disappears as the dimension goes to infinity without an appro-
priate time schedule. We introduce a time dilation that solves this problem. This
enables us to characterize the learned velocity field, finding a first phase where
the probability of each mode is learned and a second phase where the variance
of each mode is learned. We find that the autoencoder representing the velocity
field learns to simplify by estimating only the parameters relevant to each phase.
Turning to real data, we propose a method that, for a given feature, finds intervals
of time where training improves accuracy the most on that feature. Since practi-
tioners take a uniform distribution over training times, our method enables more
efficient training. We provide preliminary experiments validating this approach.

1 INTRODUCTION

In recent years, diffusion models have emerged as a powerful technique for learning to sample
from high-dimensional distributions [Sohl-Dickstein et al.|(2015);[Song et al.| (2021));|Song & Ermon
(2020); |Ho et al. (2020), especially in the context of generating images and recently also for text
Lou et al.| (2024). The idea lies in learning, from data samples, a velocity field that pushes noisy
datapoints to clean datapoints. Despite the remarkable performance of these models, there remain
several open questions, including understanding what makes a good noise schedule, which is the
focus of this paper.

We consider the problem of training a neural network to learn the velocity field to generate samples
from a two-mode Gaussian mixture (GM). This serves as a prototypical example to understand how
diffusion models handle learning features at different scales, since the two-mode GM has two scales:
the macroscopic scale of the probability of each mode, and the microscopic scale of the variance of
each mode.

This problem was previously considered by |Cui et al.| (2024), but their analysis only handles the
balanced two-mode GM (i.e. the probability of each mode is exactly 1/2.) On the other hand, Biroli
et al.| (2024) assume access to the exact velocity field and find that the phase where the probability
of each mode is learned disappears as the dimension of the problem grows.

In this work, we first introduce a noise schedule that makes the phase where this probability is
learned not disappear as the dimension goes to infinity. This enables us to extend the analysis
of |Cui et al| (2024) to the two-mode GM without the balanced assumption. More precisely, our
contributions are as follows.

* We give an asymptotic characterization of the learned velocity field for learning to generate
the two-mode GM, finding a separation into two phases. We further show that ©,(1)
samples are sufficient to learn the velocity field.

*Equal contribution
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* We show that the neural network representing the velocity field learns to simplify for each
phase. In the first phase, it only concerns estimation of the probability of each mode,
whereas in the second phase, it concerns estimation of the variance of each mode. This
sheds light on the advantage of diffusion models over denoising autoencoders, since the
sequential nature of diffusion models shown here allows them to decompose the complexity
of the problem.

* We show that the phase transition separating the two phases can be detected from a dis-
continuity in the Mean Squared Error associated to the learning problem, which suggests a
way to find these transitions for general data distributions.

* For real data, this analysis suggests that training more at the times associated with a feature
improves accuracy on that feature. In fact, we propose a method that, given a feature, finds
an interval of time where more training improves accuracy on that feature the most. We
further validate this on the MNIST dataset. We provide the code for the experiments here.

2 RELATED WORKS

Phase transitions of generative models in high dimensions. Biroli & Mézard| (2023) analyze the
Curie-Weiss model and analytically characterize the speciation time, defined as the time after which
the mode that the sample will belong to is determined. However, this work is only about sampling.
We provide a result for sampling in Proposition[I} Building on this, we give results for learning (i.e.
estimating the velocity field through a neural network) which is the main contribution of our paper.

Time-step complexity. Several results give convergence bounds detailing the required time-steps,
score accuracy, and/or data distribution regularity to sample accurately. |Benton et al.[(2024) show
that at most O(d log®(1/5)/€?) time steps are required to approximate a distribution corrupted with
Gaussian noise of variance § to within €2 KL divergence. (Chen et al.|(2023) study probability flow
ODE and obtain O(\/&) convergence guarantees with a smoothness assumption. An underlying
assumption in all these works is that the score or velocity field is learned to a certain accuracy. In
the present work, we address this problem in the special case of a Gaussian mixture.

Sample complexity for Gaussian mixtures. |Cui et al,| (2024) study the learning problem for
the Gaussian mixture in high dimensions and demonstrate that n = ©4(1) samples are suf-
ficient under strong symmetry assumptions. |Gatmiry et al.| (2024) show that quasi-polynomial

(O(dp"'y“og(#)))) sample and time complexity is enough for learning k-gaussian mixtures. The
data distribution is more general than the one we consider, but we give a ©4(1) sample and time
complexity.

3 BACKGROUND

Data and flow-based generative model. Consider the two-mode Gaussian mixture (GM)
p =pN(1,0%1da) + (1 = p)N (—p, 0°1dg) (1)

where p € (0,1) and ;2 € RY such that ||u||? = d and ¢ = ©4(1). A diffusion model for p starts with
samples from a simple distribution (say a Gaussian) and sequentially denoises them to get samples
from the data. More precisely, consider the stochastic interpolant

Ty = o + Py ()

where £ ~ N(0,1dg), z1 ~ p, and o, B¢ : [0,1] = R, g = 1 = B, a1 = 0 = f3y. Stochastic
interpolants are introduced in |[Albergo et al.|(2023)), and they prove that if X solves the probability
flow ODE

X, =b(X,)  with  b(z) = Eliy|z, = 2] 3)

with X ~ N(0,1d4), we then have X, 4 x4 for t € [0,1] and hence X;—; ~ p. We call X; the
flow-based generative model associated to the interpolant I;.

Since p is a Gaussian mixture, the expression for the exact velocity field b (z) from equation [3|can
be computed exactly. Our goal is to understand how well a neural network can estimate this velocity
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field through samples, in the large dimension d — oo limit assuming low sample complexity for the
datan = ©4(1).

Loss function. To fulfill our goal, we rewrite the velocity field as
. & !
bi(w) = <Bt - tﬁt) fla,t) + @)
g Qg

where f(z,t) = E[z1|z; = 2] is called the denoiser since it recovers the datapoint z from a noisy
version ;. The denoiser is characterized as the minimizer of the loss (see |/Albergo et al.[ (2023))

1
RIf) = / E||f (z0,1) — x| Pdt. )

In practice, however, we usually do not have access to the exact data distribution. So we assume
we have a dataset D = {zf'}" ji—1 Where xh ~ig p. On the other hand, we have unlimited samples
from o ~ N(0,Id4). Hence, to each data sample 2} we can associate several noise samples z"”
with v = 1,--- , k. We then denote /" = ayah"” + Byaf. Later in our analysis, we will assume
infinitely many noise samples associated to each data sample, so that we can take expectation with
respect to the noise distribution. We parameterize the denoiser with a single neural network for
each ¢, which we denote as fy,(x). We get then an empirical version of the loss in equation

7Az({et}te[o,l]) = fol Rq(0;)dt where
n k
=D Mo (af) = af|? (©6)
p=1lv=1

Network architecture. We focus on the case where the neural network parameterizing the denoiser
function f(z,t) is a two-layer denoising autoencoder with a trainable skip connection as follows

fo,(x) = ctx + uy tanh (w\t/gx ) (7

where 0; = {c;, ug, we, b }; ¢, by € R; and ug, wy € R9. The structure of this denoising autoencoder
is a particular case of the U-Net from [Ronneberger et al.| (2015) and is motivated by the exact
denoiser which can be computed exactly since the data distribution is a Gaussian mixture

Beo? oz2 B
T+ tanh
a? + o2p? a? + o2p? #

where h is such that " /(e 4+ e=") = p. (See Albergo et al.|(2023), Appendix A for the proof.)

Elzy|x, = 2] =

62# a:+h) (8)

We add to the loss regularization terms for w; and u;, giving

n k A /
= 303 Mo () = 21+ Sl + 5 o] ©)

p=1lv=1
Denoting ét the minimizer of this loss, we define
Qi

bi(z) = <Bt B)fet( )+ —a. (10)
Qi
Using this velocity field, we then run the probability flow ODE
X, = b(Xy);  Xo~N(0,1dg). (11)

Our goal is to understand how close X,istoa sample from the Gaussian mixture p.

Cui et al.| (2024) consider the special case of tied weights u; = w; and b; = 0. This is enough to
learn to sample from the balanced two-mode GM (i.e. p = 1/2) but fails at the two-mode GM for
p # 1/2. This follows because x( has an even distribution and their choice of tied weights and no
bias yields an odd velocity field which results in an even distribution for x;. If the weights are untied

and the bias is added, the analysis of |Cui et al.| (2024) still does not work to show that X 1 has the



correct p for p # 1/2. This is because the gradients for w, and b; vanish as d — oo unless special
care is given to the small times where a phase transition related to learning the probability between
the modes occurs, as will be explained next.

Separation into phases. Biroli et al.[(2024)) show that the generative model with the exact velocity
field from equation with oy = /1 —t2? and B; = t undergoes a phase transition at the speciation
time t; = 1/ V/d. The speciation time is defined as the time in the generation process after which
the mode that the sample will belong to at the end of the process is determined. Their analysis can

be extended to show that the speciation time is still ¢, = 1/ V/d if we instead have ap =1 —tand
B¢ = t which are the choices in our paper. Since this result is only mentioned as motivation, we will
not prove it.

The analysis of |(Cui et al.[(2024) relies on taking the d — oo limit and obtaining a limiting ODE.

Since t, = 1/+/d goes to zero as d — oo, their limiting ODE has a singularity at t = 0 and the
possibility of learning the probability of each mode is lost. This is in essence why the analysis of
Cui et al.|(2024)) can not capture the learning of p for p # 1/2.

We will dilate time so as to make the speciation time ¢5 not disappear as d — oo. More precisely,

we define
st ift e [0,1]
() =4 Ve B , (12)
- 4 (17 ﬁ) (t—1) iftelL2].

This fulfills 7(0) = 0, 7(1) = x/+/d, and 7(2) = 1. We prove next that the generative model from
equationwith a; = 1 — 74 and B; = 74 has two phases: for ¢ € [0, 1] the probability of each mode
is estimated, and for ¢ € [1, 2] the variance of each mode is estimated.

Proposition 1. Let X, be the solution to the probability flow ODE from equation[3|with oy = 1 —1,
and By = 1, where T is defined in equation Then for t € [0, 2] we have

- X
X; — K y t,uNN(O,O'tQIdd_l).

where oy is characterized below. We further have the following phases

* First phase: Fort € [0,1], we have limgy_,oc 0+ = 1. In addition, vy = limg_, o “\'/)gt

fulfills

v~ pN (k1) + (1 = p)N (=5, 1).
e Second phase: We have limg_, ., 02 = 0. In addition, My = limg_,~ "'TX‘ fulfills
My ~ pro1 + (1 —pi)d_1
where p" is such that lim,_, o px = P
See Appendix [A] for the proof of this Proposition. In Appendix [El we give a generalization of the
time dilation formula in equation [I2] for a Gaussian mixture with more than two modes.

Without the time dilation, we cannot capture the learning of p for p # 1/2 because the first phase
(where this parameter is learned) disappears as d — oo. The time dilation will allow us to analyze

the phase where p is learned in the d — oo limit and hence show that X, recovers p.

We show this in two steps. In Section f] we characterize the learned parameters of the velocity
field in terms of a few projections, called the overlaps. Then, in Section E} we combine these

characterizations with Proposition |1{to show that X, recovers the parameters p and o2 of the two-
mode Gaussian mixture p under appropriate limits.

4 LEARNING

In this section, we will characterize ét, the minimizer of the loss from equation@ which is used to
parameterize the velocity field that yields X; (see equation ) Wetake ay =1 — 7y and B = 74
and analyze 6, in the d — oo limit. We first analyze the times ¢ € [0, 1] and then ¢ € [1, 2].



4.1 FIRST PHASE

The interpolant from equationin the first phase reads z}" = ( — \%) zh+ \’}—%xﬁt where t € [0, 1].

To characterize 6, = {et, ug, wy, by }, we introduce the following overlaps (dropping the dependence
on ¢ for notational simplicity.)

2
p_Pw _pew

B xhu ou  opeu o u?
=g Y= "a """ 4 -

d d - d d (13)

q =

We now give equations for the overlaps in the asymptotic d — oo limit.
Result 1 (Sharp Characterization of Parameters in First Phase). For any t € [0, 1], the overlaps
associated to 0, the minimizer of the loss from equation@ satisfy the following in the d — oo limit

m— nqﬁsfg C:qupﬁzo
g
= —m = 2
qn n r=w

(A +ng?)¢'s = nes 6¢'
P+ ng2)? = —n((A+n?)(0” + n)¢7s 65 — n(o® + n)és (69'))
WU+ A+ ng?)? = (nt) 0 +n) (A +nd?)(& G5) — s 370s)

Here and in what follows, we denote

n k
_ 1 o o B o
Y= % Z ZEzu,V [y“ } = pEzu,v [y“ |5H = 1] + (1 — p)Ezu,u[y“ |SM — 71]

p=1v=1

See Appendix [B.T|for a heuristic derivation of this result, at the level of rigor of theoretical physics.
We next show that the equations for the overlaps simplify in the n — oo limit.

Corollary 1 (Parameters given infinite samples). Foranyt € [0, 1], taking d — oo and then n — oo
gives the following overlaps

tanh(b) =2 (p — 1), m=1,
c:qﬁzqn:pn:o7 w = Kt.

See Appendix for the derivation. Note that the overlaps in the n — oo limit do not contain any
information about o2, showing that the estimation of o2 happens completely in the second phase.

We now turn to the Mean Squared Error. Define the scaled train and test MSE of the denoiser as

1 e 1
msewin = 7 > Y [Ifo (@) = af]P msewn = B |[1f, (@) — o |*]

p=1lv=1
Using the above results we characterize the MSE
Corollary 2. In the limit of d — oo,

mserain = 1+ 02 + 02 + q? - QQ(m + ody — CqE)
Mmsery = 1+ 0% + 2 + qo? — 25ém
For n — 00, we get mse i = Mse = 0> + (1 — ¢s).
4.2 SECOND PHASE

We now consider times ¢ € [1,2] which means we have

xf=(2—t)(1—%)xg+<ja+(1—;a>(t—1)>xf.



Using the same definitions of overlaps as for the first phase, we find closed-form equations for the
overlaps in the asymptotic d — oo limit, and again find the limit as n — oo for the overlaps. See
Result[3]in Appendix [B.2]for the exact statement and derivation.

Corollary 3 (Parameters given inifite samples). Foranyt € [1,2], taking d — oo and then n — oo
gives the following overlaps, with T =t — 1,

7'0'2

Cireope  eTest metne

In contrast to the first phase, the parameter p does not appear in the overlaps whereas now o2 does.
Hence, combining Corollaries |1| and |3| shows that the separation into phases can be learned by the
generative model. We also obtain the MSE for the second phase

Corollary 4. In the limit of d — oo, we have
mseygin = (1+02)(1 —cr)? + (1 —7)% + ¢ — 2(1 — c1)(og, +m) + 2¢(1 — 7)ge
msery = (14 02)(1 —er)? + (1 —7)2+q—2(1 —er)m

Forn — oo, we get with T =t — 1 that mse iy = mseg = 02(1 — 1) + (1 — 7)?

In Appendix [B.2) we show that combining Corollaries [2]and [4] gives
Corollary 5. Tuking d — oo and then n — oo gives

o2 +4p(l—p) if t=0
o2 +(1—-¢2) if te(0,1)
mseest = o2 if t= 1+

0 if t=2

If we had not dilated time, in the limit of d — oo, the mse.s would have a jump from o2+ 4dp(1—p)
att = 0to o2 att = 0. By dilating time, we make a transition between these two values with

mseet = 02 + (1 — ¢2) for 0 < t < 1, where 1 — ¢2 = 4p(1 — p) fort = 0 and 1 — ¢2 goes to 0

exponentially fast as x grows when ¢t = 1. Further, ¢? is continuous in ¢ € [0, 1]. Hence by dilating
near the phase transition, we decreased the jump discontinuity of the mse.

Remarkably, for generating samples from a general data distribution, this result suggests that the
jumps in the mse could correspond to phase transitions. Further, this phase transitions could be
resolved by dilating near the jump in the mse. We leave the study of this conjecture to future work.

5 GENERATION

Having characterized the parameters ét, we now show that X5 has the right parameters p and o2 from
the data distribution p. Let X; be the solution to the ODE from equation |3|using the exact denoiser

from equation [§ Assume X; and X't have a shared initial condition X;—y = Xt:o ~ N(0,1dg).
Then X; — X ; fulfills an ODE with initial condition 0 whose velocity field is in the span of u; and
-

Result gives that in the first phase ¢ = m? + anl. This can be explicitly stated as

ol w2 a2
i 12— o (52" (25
iSee d oo\ d + d
where n = o Zzzl z*. This means that u, is asymptotically contained in span(u, ), in the sense
that the projection to the complement of span(y, 17) has asymptotically vanishing norm, for ¢ € [0, 1].
Similarly, from Result , we get ¢ = m? + nqg + anl, which means that u; is asymptotically
contained in span(y, 7,§) for t € [1,2] where { = 3° stxf. This means that to show that X is

close to Xu it suffices to bound the projections of X; — Xt onto u, 1, and £. In fact, we have the
following result (see Appendix [C)



Result 2. Let X, be the solution of the probability flow ODE from equation 3| using the exact
denoiser from equation @ Let X, be the solution using the learned denoiser. Assume X;—y =
Xi—o ~ N(0,1dy). Then for w € span(j, n,€), with ||w||2 = 1, we have
(X - X 1
o)

lim ——— =

d—o0 \/g

, with |[w||2 = 1, we have

n

Forw € span(p, 1, &)+

(Xo - X
lim X2 X2

d— 00 \/g

Corollary 6 (Parameters p and o2 are estimated correctly). Let X, be the solution of the probability
flow ODE from equation using the learned denoiser; starting from Xo ~ N (0,1d;). We have

- X
lim lim lim % ~po+ (1 —p)o_q.

K—+00 N—+00 d— 00

Forw L p, with ||w|ls = 1, we have

lim lim w- X

2
n—00 d—oo \/E N(O,U )

We conclude that the distribution generated using the learned denoiser captures both p and o2.

6 EXPERIMENTS

6.1 VERIFICATION THAT PARAMETER p IS CAPTURED

To demonstrate the difference between the time dilated and non-dilated interpolants in practice we
construct the following simple experiment. We run Gradient Descent with the Adam optimizer
Kingma & Bal (2015) to learn the parameters wy, ¢, ut, by in equationboth foray =1—-1t,8, =
t and the dilated version oy = 1 — 7,8y = 7. The results are shown in Figure [I| (left panel)
and suggest time-dilation is required to estimate the probability of each mode. The code for this
experiment is available here.

6.2 TRAINING A GIVEN FEATURE ON REAL DATA: MNIST

Recall that in the background we mentioned that the analysis of Biroli et al.|(2024) shows that taking
a; = 1 —t and B; = t without any time-dilation gives an speciation time ¢, = 1/ V/d. This then
means that probability of each mode (given by p) can not be captured as d — oo. Our analysis then
shows that if we dilate time by stretching the interval [0, x/+/d] to [0, 1] and the interval [x/+/d, 1]
to [1, 2], then we get accurate estimation of p.

When training diffusion models in practice, we first sample a batch of times t1, - - - , ¢ uniformly.
We then draw zfj ~ AN(0,1d,), =} from our data distribution, and form a noisy sample z}, =
(1—t")xh +tra} for p = 1,- - , k. We finally train on the loss R(#) = Zﬁzl || fo (b, t*) — 2} ||
where we took time as a parameter of the network as it is usually done in practice, as opposed to
having a separate network for each time ¢.

The insight of our analysis is that instead of taking the batch of times uniformly, we can sample more
times near the phase transition associated to a given feature, and in this way improve accuracy on
that feature.

For a given feature, we can find the times where that feature is learned using the U-Turn method
(Sclocchi et al.| (2024), Biroli et al.| (2024)). Consider a dataset where each sample corresponds to
exactly one of finitely many classes. Examples of this are samples of the GM which correspond to
one of two modes, or samples of MNIST which correspond to one of ten digits. The U-Turn then
consists of starting with a sample from the data, run a backward diffusion model from time ¢ = 1
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Estimate of #(M; > 0) with different interpolants U-Turn starting from 0 or 1
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t Time to of the U-Turn
Figure 1: (Left panel) We learn the parameters from equation for different choices of interpolant.
In all experiments, we take 100 discretization points, train for 5000 epochs, with n = 128, d = 5000,
and p = .8. We then run the probability flow ODE with the learned parameters for K = 2000
realizations and estimate P(M; > 0) = p with M; = u - X;/d. For the non-dilated interpolant in
blue, we use ay = 1 — ¢, B; = t. We predict the speciation to happen near ¢ = 1/4/5000 = .014 as
confirmed by the experiment. For the dilated interpolant in orange, we use oy = 1 — 74, 5; = 74, kK =
4. (Right panel) For t; € [0.2,0.65], we plot the proportion of Os that we get by doing the U-Turn
at time ¢, starting from either O or 1 at time ¢ = 1. On dashed green, we plot y = .882 which is the
estimated proportion of Os that the diffusion model generates starting from noise.

to t = to, which noises the sample, and then run the forward diffusion model from time ¢t = ¢, to
t = 1 with noise independent from the backward run.

We are then interested in the probability that the sample before the backward and forward passes
belongs to the same class as the sample after them. For ¢y ~ 1, this probability is close to 1. For
to ~ 0, this probability is close to the underlying probability of the diffusion model generating a
sample of the given class. By running this for different ¢y, we can find at what times it is decided
to what class the samples belong to. Having found those times, our goal is to have a model that
generates samples for each class according to the probabilities that they appear in the dataset. We
can then improve the accuracy of the model on this by training on these times.

As a simple example, we train a U-Net (see Appendix [D] for details) to parameterize the Variance
Preserving SDE from |Song et al.| (2021)) to generate either the 0 or 1 digits from MNIST. The
dataset we train on consists of 20% 1 digits and 80% 0 digits. We then measure how well is this
model in generating samples that represent this asymmetry. The model is trained on approximately
7400 samples for 9 epochs, by sampling times in [0, 1] uniformly as described in the beginning of
this section. We then generate 18500 new samples running this model using 1000 discretization
steps. Among the 18500 generated samples, 88.2% are digits 0. (For determining this, we used a
discriminator with 99.2% accuracy on MNIST, see Appendix |D|for details.)

We then test our proposed method. First, we determine at what time the digit that the sample
represents is decided. We do this with the U-Turn method described above. Note that to do this,
we use the model that we already trained. The results are in Figure [I] (right panel). We find that
the times important for deciding the digit are early in the generation for ¢ € [0.2,0.6] and mostly
concentrated on ¢ € [0.3,0.5].

We now train from scratch a model on 7400 samples for 9 epochs as before, except that we do
not sample the times uniformly. We instead sample times with probability 1/2 uniformly in the
interval [0.3,0.5] and with probability 1/2 uniformly outside that interval. We then generate 18500
new samples with this new model using 1000 discretization steps, and find that 81.0% are 0s. We
similarly consider sampling times with probability 1/2 uniformly in the interval [0.2,0.6] and with
probability 1/2 outside that interval, generate samples, and find that 81.1% are Os. This validates
our hypothesis in the simple case of MNIST. Although our theoretical analysis is for the probability
flow ODE on the two-mode GM data distribution, this example on MNIST shows that the ideas
developed here can be useful to the SDE generative models used in practice for real data.
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A PROOF OF PROPOSITION 1]

To prove Proposition [T} we will use the following three Lemmas that follow directly from [Albergo
et al.|(2023) (Appendix A)

Lemma 1. Let a ~ p and z ~ N(0,1dy). The law of the interpolant I; = a2 + Bya coincides with
the law of the solution of the probability flow ODE

Bew - X
ai + o2

oy + UthBtX I at(atﬁ-t — &)
a? + o232 t a? + o232

X, = ptanh <h + ) . Xo~N(0,1dy)

(14)
where h is such that e" /(e" + e=") = p.
Lemma 2. Let a ~ pN(x,1) + (1 — p)N(—k,1) and z ~ N(0,1). The law of the interpolant
I; = oz + Bia coincides with the law of the solution of the probability flow ODE. In
KB Xt
af + 57

vy + BifBi Ky (o By — cufBy)
2 2 Xi + 2 2
ai + B ai + B
where h is such that e /(e" + e~ ") = p.

Lemma 3. Let a ~ N (fp,0%ldy) and z ~ N(0,1dg). The law of the interpolant I; = oz + Sra
coincides with the law of the solution of the probability flow ODE

Xt:

mm@+ ) Xo~N(0,1)  (15)

. vy 4 026,y Oét(atBt — &)
Xy = Xo ~ N(0,1dy). 16
v T arog o N0 16

Proof of Proposition[l] First phase. We have 7, = £L since ¢ € [0,1]. Plugging in oy = 1 — 7

Vd
and 3, = 7 into the velocity field from LemmaI]yields
. K o Xt 1
Xy =— | —X; 4+ ptanh | h + Kt +O<>. 17)
= (e (it ) ) o G <
We then have, with v, = 1 - Xt/\/&,
. 1
vy = ktanh (h + ktvy) + O <\/&> . (18)

Taking d — oo yields the limiting ODE for v;. From Lemma 2] we get that this the 1-dimensional

velocity field associated to the interpolant Iy = /1 — t2z + ta that transports z ~ N'(0,1) at¢ = 0
toa ~ pN(k,1)+ (1 —p)N(—k,1) att = 1.

Let Xj" = X; — X 1. We have from equation

d
. K
Xt=——Xx" (19)
t \/Zl t
Since this is a linear ODE with initial condition Gaussian, we have
Xt ~ N (0,081d4-1) - (20)

Further, equation gives X;- = O(1/+/d) meaning that for ¢ € [0, 1]
lim o, = 1. 1)

d—o0

Second phase. For ¢t € [1,2], we have 7, = ( — L) (2t —1)+ - Again using Lemma we

va va
get
(b= V) Xt
. —@-ttet—1), (Gtanh (“M) )
Xy = 3 7 X+ — . pt+o(—==). @
(2—-t)2+02(t—-1) (2-t)2+02(t—1) Vd

10



nXe
Vd

(@t tot—1)  (2—t)Vdtanh (h+m%
PE I P 202 o2 - 1)

Let us calculate the initial condition for v, at ¢ = 1. Write @ = sm + z where p = P(s = 1) =
1—P(s=—1)and z ~ N(0,1d,). Then

Writing v, =

, this implies

) +04(1). (23)

v =

podioy (@ (1>
— =Z4+krs+0|—
Vd Vd

where Z ~ N(0,1). This means that for x large enough, then |h| < ’m% with high

probability. This implies v, will not change sign during its trajectory, since whenever v, = o(v/d),
the tanh term will dominate in equation[23] Hence, the following approximation is valid

2t — 1 \/8% KUt
tanh <h + 1(+ o )_ 1)(2;—_ 1)2> = tanh (\/gvt> = sgn(v;) (24)

We then use this approximation in the ODEs for X, to get
2
X, = (;(f;)?j; (it__lgxt 5 fi);i)zg;’ ((t”t_) i+ 0 ( ) . 25)
Let M; = i - X;/d. We get the induced equation
—(2—t)+0o2(t—1)
(2—1t)2+02(t —1)2
From the analysis of the first phase we had
v1 ~pN(k,1) + (1 — p)N(—k,1). 27

We argued above that the sign of v, will be preserved for ¢ € [1, 2] with probability going to 1 as
tends to co. This means that

(2 —t)sgn(M,)
Mt+(2_t)2+02(t_1)2+0(>. (26)

M, =

U

Mg = p"dl —+ (]. —p”)é,l (28)
where p” is such that lim_, ., p" = p.

As in the first phase, we let X;* = X; — “'TXt 1. We have from equation that
s —(2—t)+o2(t—1)
P22+ 02(t—1)2

Since this is a linear ODE with initial condition Gaussian, we have
Xi- ~ N (0,081d4-1) - (30)

Under the change of variables ¢(s) = s + 1 we get that the ODE becomes

Xt+o0 (%) : (29)

oL —(1—8)+o%s |

—_ . 1
s (1—8)2+02s2" ° (D

By taking one coordinate i € {1,---,d — 1} of X we get from Lemma that this is the velocity

field associated with the interpolant I, = /1 — sz 4+ sa where z ~ N(0,1) is transported to
a ~ N(0,0?) as desired. O

B DERIVATIONS OF LEARNING RESULTS

B.1 DERIVATION OF FIRST PHASE

Let t € [0,1] so that



Consider a denoiser parametrized as

w-x
f(z) = cx + utanh <b+ \/E)

We introduce the following overlaps which we assume to be of order 1 in d

dow o pew el abew L stew pou
T YT g Tt wTY T meet mE g 4=

We note that

TR
p’r]_S

¢" = f(zf') = tanh (b + ktos"pl + ktws" + /1 Z" + 04(1))
where Z# ~ N(0,1). We now compute the loss

LS o p ) = 25 o eln — wtVaat + Gty —ur|

1 . 2
= =3 Nk = el = ue? |+ 0a(1)
I

= Z 1+o% 4+ %(qﬁ”f -2 ((us“ +02")(1 — ert/Vd) — cmg) . %qﬁ” + 04(1)
m

=Y 1+ +E +q(@") —2(m +og) — cqt)s" " + 04(1)
n

We follow the same style of calculation as |Cui et al.| (2024)) to compute the partion function. First
we write the partition function

Z= /d&e’%m(g)

u 2 U-fL . u,zﬁ" L
_/dCdudwdbeyI(Z“l+g2+02+ 2ot ey ) B - ol

Next we introduce overlaps into the integral and their conjugates by Dirac-Fourier, which we will
denote as the vectors ¢ and ( to simplify notation, and rearrange to integrate u, w

z— / dedb d¢dé ed(3aatmmtgirtowt S0, (¢ ¢ +aya +p4p0)) =3 2, (1407 +¢?+a(#)* —2(mtoq; —cqf) s ¢*))

/ due™

Next we evaluate the u, w integrals to get

TN |2 — - (rioput STy Gewly +n2H) /dwe—”ﬂ|\w|\2—w~(ou+21::1mz“)

ed(% log(§+7vA)+3 1083(7”‘75)"‘% 3 llrnpt320 G g +a =" ||2+m 3 lop+320—q phz" Hz)
_ ed(% log(G+yA)+ 3 IOg(f’JF“/Z)JFm(m2+22:1(@g)2+(@$)2)+m(@2+22:1(ﬁ’ni)Q)Jro(l/\/a))
We now assume a sample-symmetry ansatz on the overlaps which means that ¢ = ¢, for ever
ple-sy ry p de qe Yy u

are all equal, and the same for (jg s 445 qly, ply, Pl We then take d — oo, rescale all conjugates with

v, change all conjugates signs except for ¢ and 7 for cleaner equations, and take v — co. This gives
us the following effective field (log partition function)

log Z(D) = extr{ _n (72(0% +m = cqe)ps + ¢ + ‘IE)

2
qq ~rf . . . . .
+ 5 g i — wo = n(gede + dydy + Pyby)

m? +n(q + ¢2) N w2 +nﬁ37}
20\ +§) 2(¢0 4 7)

Taking gradients we get the following saddle-point equations
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(0qy +m —cqe)d's — qp¢’ =0

c=—sqe by = (6)((0gy +m — cge)¢'s — q@/$) =0
Py = 2= @ = (nkt)((0qy +m — cqe) ' — q¢' ¢s)
w=% ) f:—n(ﬁqurm—cqg)%—qm)/ﬁ
r= e = W', & = —cfs

qe = A(qu* Gy = 03

I = A(ilq = ngs

m:};‘q o ¢ = ng?

g=2 k) —XJ(F(;&;(I”) =m® +ng + ng;

Combining the equations for ¢ and q: we get that ¢ = 0%2 /(A + n@) We now argue that ¢ = 0

almost surely, since otherwise ¢ = 0 on a non-zero measure, implying b = w = 0, which then
results in all overlaps being zero, giving a suboptimal log partition function. This can be seen more
explicitly by noting that the log partition function is zero for ¢ # 0, but for ¢ = 0 it is instead

n(bs (J -|—TL) —EEUJQ

log Z(D) = extr, p —
2 (/\ + n¢2>

which has positive values for example at w = 0,b # 0. The above formulation is also useful for
solving for the overlaps numerically.

B.1.1 ARGUMENT FOR COROLLARY(]]

We now focus on . — oo and on verifying that w = xt,b = tanh™*(5) is a solution. We will need
the following preliminary claims.

Lemma 4. Let ¢* = tanh(b + ktws” + wZM). Ifw = kt and b = tanh ™" (3) then ¢ — s = 0

Proof. Let ¢'{ = ¢*|su—y1 and ¢y = p*

T 5=y D+ (1-PE_ D
=/dze-§{ﬁ<¢+—1>+<1—m<¢7+1>}

sn—0. Then

= [dee TS e plon - )4 e L= on + D} 22T ae

Finally note that the integrad is zero for all z if
EKtZT) _ e—fitz(l _ ﬁ)
emtzp + (1 _ Tg)efntz

Po = = tanh (tanh ™' (3) + xt2)

which occurs for w = xt and b = tanh ™' (3). O

Corollary 7. Let ¢ = tanh(b + ktws* + wZ"). If w = kt and b = tanh™'(3) then for any
Sfunction g where g(Z + kt)(¢ F 1) exist we have

9(Z + skt) (¢ —s) =0

In particular,

¢—s=0(¢—5)=¢(¢—s)=(Z+srt)d(¢—5)=0

13



Solving for ¢,, m, q¢, ¢ and plugging into the equation for b we get
(A +16?) ¢'s = ngs 6¢/

Taking n — o0, to leading order in n the equality becomes (¢2)(¢'s) — (¢’$)(¢s) = 0 which holds
by Corollary[7]

Using the independence of s, Z# and taking the limit of infinitely many Z*, we can use Stein’s
lemma to rewrite the 7 equation as

#=—n((og, +m — cqe)d"s — q(¢¢')")

Plugging in g,, m, g¢, q in gives

PO\ +162)2 = —n((A + nd?) (02 + n)d"s g5 — n(o? + n)gs. (69))
Plugging g,, m, q¢, g into equations for w and @ gives
w(l+ )\ +n6?)? = (nist) (A + nd?) (0 +n)(& &5) —n(o? +n)bs &'ds)

For large n we get

— o — 2

—w((@)(@75)(3) — (65 )([(60)) = (k) ((82)(F)(B5)) — (&5 )(#'Ds))

Finally note that

(6= 30%5) + (¢ — 3¢%)"s = —
applying Corollary
B.2 DERIVATION OF SECOND PHASE

Analogously to Result[T} we obtain the following result for the second phase.

Result 3 (Sharp Characterization of Parameters in Second Phase). For any t € [1,2], in the
d — oo limit, the parameters minimizing the loss from equation |9 satisfy the following equations

_c(l—1) _n(l—ecr)
4= A4n = A+n

_ 0'(1767') q:m2+nq§+no—2q727
I = A+n
e T((1—|—02)(/\—|—n)—(0—|—n))

= 2

A+n) (1 =72) + (1 +0%)7%) + (1 = 7)? = 7%(0 + n))

where T =t — 1.

We proceed to demonstrate this result. Consider times ¢ € [1, 2] which means we have

mf:(2—t)(1—\"/€a>x6‘+<\"/{g+<l—%)(t—l))xﬁ‘.

We change variables to 7 = ¢ — 1 and consider 7 € [0, 1] so that

xﬁz(l—f)(l—ja>xg+<;ﬁ+(1—\%)r)xg‘.

14



We compute the loss for a single datapoint, defining v = s#¢ (w - =¥ 4 b)

x’f—c((l—T) (1—\’/“E)xg+(jg+<1—\jg)T)xg‘)_u(z)(w-be)

1
=l = e((1 = 7)ap +7a) —us"v"|* + 0a(1)

1

1 2

(1—cr)(oz" + s*u) — (1 — 7)ah — us'v*||* + 0q(1)

=1
2 2ghpH
:(1—%—02)(1—07)2—&-02(1—7)24-@— de

=(1+cHA—cr)* +A1—71)2+q— 201 - cr)(ogh +m) + 2vte(1 — 7)g; + o0a(1)

u- (1 =cr)(o2" + s#p) — (1 — 7)xy) + 04(1)

where we defined the overlaps

2 n M
q = 7” dll 5 q;; fry S/Lid s qg = Slu‘id O) m = 7du
w - z* w-zh w -
Py =s"—g— pe=s" d07 w="F

We also have

v = ¢ (sfw - x¥ 4 s"b) = tanh ((1 —7)stw - zh + (7‘ + %) sfw - (o2t + stu) + s”b)

= tanh (d ((1 —T)pE + (7’ + \%) (oph + w)) + s“b>
= sign (Vi (1= m)pt + 7(o) +)) + w(opl +))

This gives the following

log Z(D) = extr{ — g ((1 + o)1 —er)?+ 1 —7)2 +q—2(1— cr)(ogy +m)v + 2¢(1 — T)qgi)

A ~ 2 )
qq R R o mS (g + )
+ 5 — mi n(qede + qndn) + 30+ )

Taking gradients we get the following saddle-point equations wherefrom Result[3]is obtained

e = Ge _ c(l-7T)vU
T AG T A+n ~ _
_ 4y _ (e g = c(1—T1)v
an = AG A n ~ 1 —
_ m _ n(l—ecr)v qn = 0'( — CT)Z/
"= AA2+§ iz Ag\-‘r" m = TL(]. — CT)ﬁ
_m —&(—;\l(q%;‘rqn) —m2 + nqg n n02q2 =
+q n 5 —
c= (140 1—7(0gy+m)T—(1—7)qe ¥ g=n
= A=) +(1to2)r

(1403 7(A+n) —v*7(0 +n)
A+n)(1=72)+ (1+02)72)+ 02 (1 —7)2 = 72(0 +n))

Corollary [3]simply follows from taking the n — oo limit of this equations.

Lastly, we now argue that we can take 7 = 1 without loss of generality. If we assume a sample

symmetric ansatz for pi = py, p’g = p¢, then ¥ can either be =1 depending on the sign of argument.
Noting that g, ¢ are unchanged while gq,, g¢, m, Gy, g¢, ™ flip sign, we can conclude that the log

partition function is invariant so 7 = 1.
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The characterizations of the learned parameters can be used to evaluate the MSE as a function of ¢,
which we now describe, in the limit of d — oo and then n — oo. For the first and second phase we
obtain

o + (1 - ¢?) t€[0,1]

MSCirain = MSCest — {0_2(1 _ CT)2 + CQ<1 . 7_)2 te [17 2]

Att = 0, ¢ = tanh(b) = 2(p — 1/2) hence the MSE is 02 + 4p(1 — p). Att = 1 we have ¢ = 0
hence the MSE is o2, while at ¢t = 2 we have ¢ = 1 so the MSE is 0.

C ARGUMENTS FOR GENERATION

Combining equations A and [§] gives the exact velocity field

; Qy Bro 2 04? Bt Qg

b = - — tanh | ————=u - h —.

(@) (Bt atﬂt) <a% + 0267529: + al + 02@2” o af + UQﬁtQM v * a
(32)
where oy = 1 — 74 and B; = 7 with 7, from equation Let 6; denote any overlap from the first
phase (see equation[I3) in the limit of d — oo but for finite n, where 6; denotes the corresponding
overlap with d — oo and then n — oco. From Results[T]and [3|and their Corollaries[T|and [3] we have

that |0; — ;] = O,,(1/n) for all overlaps.

Since X; — X, is contained in span(u,n) which is in turn contained in span(u, 7, €), it suffices to
show that, after dividing by d, the projections of X; — X; onto y, 1), and £ are O(1/n) to show that
2I1X: = X4l is O(1/n).

C.1 ARGUMENT FOR RESULT[2|

First, we note that as described in the paragraph above the statement of Result[2] we have that since
in the first phase ¢ = m? + nq% from Resultwe get fort € [0, 1]

e U\ ug\?
! = Jim (57) + (57)
dsoo d oy d + d
also since ¢ = m* + ngZ + ng; in the second phase, we get that for ¢ € [1, 2]
ol e\ w2 (6w
! = Jm (55) + (%)
ine d i\ d * d + d

where n = azzzl ztand £ = ) stz which implies that for any w € span(yu,n,&)t with
|lwl]|2 = 1 we have

i W X2 = Xa) o
d— o0 \/;1
C.1.1 FIRST PHASE
We focus on t € [0, 1] and define
(X=X, € = — - (X, — X)
e = —pu- — , 6 =——n-" — ,
t \/EM t t t Uzn\/an t t
5 = B Ny = of
t at2+0_2ﬁt27 t Oé?—f—O'ZBtZ,
e Xy n- Xy
M, = . Q) = .
RV b oon/d



We have

~m
€

Vi

= (5 - Zﬂ) (02&6;" + (¢r — 020,) M, + \/E('yt — my) tanh(dp - Xy + h)

+Vdm, (tanh(ét,u - Xy + h) — tanh(wy - )A(t/\/g—&— bt)) > + gel”

et ) M,
=K (1 - ta) ( Lem 4 (¢ — 0%8;) —= 7 + (1 — my) tanh (00 - X3 + h)

Vd
+ my (tanh(étu - Xy 4 h) — tanh(w; - X, /Vd + bt)) ) Ze;”

‘We now focus on the tanh

’tanh(&u . Xt —+ h) — tanh(wt . Xt/\/g + bt)

<

(o) 5y
wt</~w L )(Xt—

Oppt — —= X
‘(“ wJ<d ﬂ?Q 1TV otnid
| (Vs = we) Mil 41602 = p}) Qul + leove? | + p7e] | + |h = by

+|h—bt|

< wile’ +0 (i) +0 (;a) .

Coming back to the ODE for €}, we get with high probability

1 1
hl—mw#A+0<)+0(%J

Since kywr = O, 4(1) for t € [0, 1], we get that with high probability

o) o ()

Xy)

= - (%= X)
N (be(X1) — bi(X7))
1 e 2 o 2
1 (ﬁ — aﬁ) <0’ 0t (Xt — X)) + (et — 0%01) Xt + (et — ug) tanh(0ppe - Xy + h)
+ Uy (tanh((st/i . Xt + h) — tanh(wt . Xt + bt)) ) + g%ﬂ . (Xt — Xt)

+|h — by

By performing a similar computation for the ODE for €, we get that with high probability

C.1.2

o) o ()

SECOND PHASE

We now turn to ¢ € [1, 2] and define

1 A 1 % !
(' =gne (X =Xe), Gl = o (X = X sznf e

17
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With high probability, we have the following ODEs hold

Gom = (800 + 00— asm ) cmro (1)), 33
o= (8t + 280 - ) e +o (1), 64
6= (e + ST a-asm) o (1), (35)

from the initial condition (}", ¢}/ = O(ﬁ) +0(2), ¢t = 0. This yields

5,68, 65 = 0(3) + 0(F)

C.2 ARGUMENT FOR COROLLARY [@]

By Proposition[I] we know that

- X
lim lim % ~pdy+ (1 —p)o_y.

K—00 d—00

By Result]2] we get that

(Ko — X
lim lim pide = A2) (X 2)

n—00 d—oo d

=0.

Combining the last two equations gives the first claim from the Corollary.

Fix w L p, [|w|| = 1. Again by Proposition I} we have that

- X
lim — =2 ~ N(0,02).
d— o0 \/3
Also, Result[2] gives that
(X - X
lim lim X2 X2)

n—00 d—00 \/E

which combined with the previous equation gives the second claim from the Corollary.

D EXPERIMENTAL DETAILS

The model used for the MNIST experiment consists of a U-Net architecture (Ronneberger et al.
(2015)), consisting of four downsampling and four upsampling blocks with two layers per block and
output channels of 128, 128, 256, and 512, respectively. Attention mechanisms are integrated into
the third downsampling block and the second upsampling block to enhance feature representation at
multiple scales. The training of the denoiser is described in the main text. We then use this denoiser
to estimate the score and run the Variance Preserving SDE (see equation (11) in Song et al.| (2021).)

For the discriminative model, we use the MNIST digit classification model by Knight (2022) avail-
able on Hugging Face which achieves an accuracy of 99.1% on MNIST classification.

As a sanity check, we show non-cherry-picked samples generated by the three models we considered
in Figure 2]

E GENERAL TIME DILATION FORMULA

In this section, we generalize the time dilation formula from equation [T2] for a Gaussian mixture
with more than two modes. Although the arguments in Results 1 and 2 only hold for the two-mode
GM, the fact that a more general time dilation formula exists suggests that these results could be

18
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(a) Training times with (b) Training times with
prob. 1/2 on [.2, .6] prob. 1/2 on [.3,.5]
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(c) Training times
uniform on [0, 1]

Figure 2: Non-cherry-picked samples from the three generative models considered. (a) Samples
from the VP SDE, where the times for training are drawn with probability 1/2 uniformly from [.2, .6)
and with probability 1/2 uniformly outside. (b) Same as left panel except that with probability 1/2
training times are sampled from [.3,.5]. (¢) Samples from the VP SDE with training times that are
uniform in [0, 1].

extended to the GM with more than two modes.

Consider 1 = ", piN (r;,0°1) where r; € R? and |r;| goes to infinity with d,but m,p;, o2
are constant with respect to d. If X, is the generative model associated with the interpolant I, =
(1 —t)z + ta where z ~ N(0,1) and a ~  (as we do in equation equation [3]in the main text) then
X, estimates p; at times of the order 1/|r;|. We show this in Proposition below by arguing that it
is only at times of order 1/|r;| that the denoiser associated to r; - X;/|r;| is nontrivial. Hence, to
estimate p; we require a time dilation 73 such that there exists a and b with b — a = ©4(1) where

7 = Oy (|:|) for t € [a,b]. (36)

We specify next a time dilation that for every i would ensure that Equation [36]is fulfilled. Assume
|ri] < ra] < -+ <|rml, letn = m + 1 and let k > 0. Then

ant ift € [0,1/n]
B 1<z

=< 37
K(m—h(lnlz—m Lk (\lel T Tl\) ift € [(m—1)/n,m/n]
Q74ﬁ+mﬂﬁ»H%ﬁ+mﬁﬁ)mﬂmm]

Then we have that p; is learned when ¢t € [(m — i)/n, (m — i + 1)/n] and the o will be learned
when t € [m/n, 1], giving rise to m + 1 different phases. In the special case of |r;| = |r; 41|, both
p; and p; 41 will already be learned in [(m — @) /n, (m — i 4+ 1)/n] so that the phase on the interval
[(m —i+41)/n,(m — i + 2)/n] is unnecessary. Taking this consideration into account when using
the general formula in equation [37] for the two-mode GM gives the time dilation formula from
equation The only difference is that the time dilation here maps [0, 1] to [0, 1] and the one in
equation {12/ maps [0, 1] to [0, 2].

Proposition 2. Let pn =Y. | p;N (r;,0%I) where r; € R and |r;| = wa(1). Consider the inter-
polant I; = (1—1t)z+ta where z ~ N(0,1d) and a ~ p. Let Xy be the generative model associated
to Iy as in equation equation (3| Then X, learns the p; at times ©4 (1/|r;|) .
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Proof. Fix i. Let my = r; - I/|r;|. We have m; 4 (1 —t)Z + t|rilm where Z ~ N(0,1) and
m=r;-af|r;|> = 04(1). Letvy = r; - X;/|r;|. By Lemma|5} v, obeys the self-consistent ODE

o ne(vt)
Vy = P 7t (38)

where 7 () is the denoiser for v;

(V) = E[Z|m, = v] = E[Z|(1 — )Z + tlrfm = v).

By Lemma [6] since |r;| = wq(1), the only times where this denoiser is nontrivial are t =
O4(1/|r;]) . We note that to estimate p; we need to estimate v;, which requires spending a con-
stant length of time in the nontrivial times of the ODE in equation|38| which are the nontrivial times
for the denoiser. Indeed, p; is learned on that interval, and if the length of that interval goes to 0 as
d goes to infinity, we cannot estimate p;.

O

Lemma5s. Let p =Y " piN (ri, 021) where r; € R?. Consider the interpolant I; = (1—t)z+ta
where z ~ N (0,1d) and a ~ p. Let X, be the generative model associated to I, from Lemma 5. Fix
iand let my = r; - I /|r;| and vy = r; - Xi/|ri|. Then with ny(v) = E[Z|m; = v] we have

Dy = ve ne(vt)
t t

Proof. We have from Appendix A, |Albergo et al.|(2023)) that the velocity field b;(z) associated with
It = (1 —t)z + ta where a ~ > | p;N (r;,1d) can be written explicitly as

) ) 2trv~m7t2|rv\2
>ty pi (7”1' + o5 (@ - tﬁ)) Nz | tri ) X v (m + 3= (x — tm)) e 2(-D7+)
S piN (@ | tri, cll) - S e S

2 2
2tr; w2 —t2|ry|

. m ) _ Cr 2((1—t)2+12
¢ D ey Di (1 2c,,t) e 2((1=6)%+¢2)
= —x T
2¢; 2try -z —t2|r; |2 ?

Z?ilpie 2((1-0)2+1t2)

where ¢; = (1 — t)? + t2. The denoiser 7, () = E[z|I; = ] is

2 2
2trym—t2]r;|

' > i Pi (t — ;itQ) e 2((1—02+2)
nt(x):-r*tbf(.fc): <1ct)x * ct

20,5

5. (39)

2tr;x—t2|r; |2
Z:ﬁlpie 2((1-0)2+12)

Fix ¢ and let m; = r; - I;/|r;| and vy = r; - X /|r;]. Since X, = b(X}), we get that

;- b(Xt) Vi 1 Tri- nt(Xt) Vi nt(Vt)

o — O] e 2 A T
¢ |7 tt | t t

where the denoiser for the v; is defined as 7;(v) = E[Z|m; = v]. The last step in the displayed
equality follows since from equation[39)we get that r; - 1¢ () /|r;| depends on z only through v;. [

Lemma 6. Let Z ~ N(0,1) and M ~ pi. Then for fixed v > 0 we have that as d — oo

EZ|IZ+d "M =z]—x
E[Z|Z +d'M = 2] - E[Z] =0
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Proof. Let fz x(z,x) be the joint density of Z and X = Z + d~"M and fz a(z,m) the joint
density of Z and M. We note that [z x(z,2) = fz m(2,d"(x — 2)) = fz(2) fm(d(z — 2))

_ S 2fz(2) fau(d(z — z))dz
J f2(2) far(dY(z = 2))dz

_ J2fz()d fu(d (x — 2))dz
[ fz(2)d fu(d (2 — 2))dz

— T

where the last step follows since d” fa;(d”z) is an approximation to the identity. The other limit
follows similarly. O
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