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Abstract

In recent years, the neural tangent kernel
(NTK) and neural network Gaussian pro-
cess kernel (NNGP) have given theoreticians
tractable limiting cases of fully connected
neural networks. However, the property of
these kernels are poorly understood for ac-
tivation functions other than powers of the
ReLU. Our main contribution is a character-
ization of the RKHS of these kernels for acti-
vation functions whose only non-smoothness
is at zero. This extends existing theory to
numerous commonly used activation func-
tions such as SELU, ELU, or LeakyReLU.
Additionally, we analyze a broad set of spe-
cial cases such as missing biases, two-layer
networks, or polynomial activations. Our
results show that a broad class of not in-
finitely smooth activations generate equiv-
alent RKHSs at different network depths,
depending only on the degree of the non-
smoothness up to equivalence. On the other
hand, the RKHS generated by polynomial ac-
tivations depends on the network depth. Fi-
nally, we derive results for the smoothness
of NNGP sample paths, characterizing the
smoothness of infinitely wide neural networks
at initialization.

1 INTRODUCTION

Despite great efforts, our theoretical understanding of
when and why deep learning works remains limited,
and much of it is distributed across fragmented case
studies that do not integrate into a bigger theory. For
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example, the influence of activation functions on the
training dynamics and generalization behavior of deep
learning methods is unclear.

One of the most prominent approaches towards deep
learning theory is the study of infinite-width limits of
neural networks (Neal, |1996; [Jacot et al. [2018; [Yang
and Hu, [2021). Different parametrizations of neural
networks lead to different behavior at infinite width
(Yang and Hul 2021). Here, we will focus on the neural
tangent parametrization (NTP), whose infinite-width
limit leads to kernel behavior (Jacot et al. [2018).
While the kernel regime cannot model all aspects of
neural network behavior (Yehudai and Shamir} [2019;
Ortiz-Jiménez et al. [2021; [Vyas et all [2022; [Wenger
et al., |2023)), it is one of the models most amenable
to theoretical analysis. In particular, at initializa-
tion, the function represented by certain infinite-width
neural networks is distributed like a Gaussian process
with the so-called neural network Gaussian process
(NNGP) kernel (Neal, [1996; Daniely et al.l 2016; Lee
et al.| |2018; [Matthews et al.l |2018). The training then
follows the dynamics of kernel gradient descent with
the so-called neural tangent kernel (NTK, [Jacot et al.|
2018; |Lee et al., |2019)).

To understand the behavior of neural networks in the
kernel regime, including training dynamics and gener-
alization, it is essential to understand the properties
of the associated kernels themselves. In particular,
the structure of the reproducing kernel Hilbert spaces
(RKHSs) corresponding to these kernels is central to
further theoretical analysis. Here, we limit ourselves
to fully connected neural networks, which are suffi-
cient to study the influence of activation functions, and
are still practically relevant by themselves (Holzmiiller
et al., 2024} |Gorishniy et al.l 2025} [Ye et al., 2024} [Er-
ickson et all [2025). While these kernels have been
analyzed for (powers of) the ReLU activation and in-
finitely smooth activation functions (Chen and Xul
2021; Bietti and Bach| 2021} [Vakili et al.; 2023), not
much is known about their structure for other activa-
tion functions.
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Contribution Our main contribution is|Theorem 9|
illustrated in where we prove a general re-
sult analyzing the structure of the RKHS correspond-
ing to the NTK and NNGP kernels on the sphere S of
fully connected neural networks. Our proof, of which
an overview is given in builds upon the
analysis of [Bietti and Bach| (2021)), but generalizes ex-
isting results in multiple ways:

o We study a significantly larger class of activations.
In particular, we provide exact characterizations
for typical activation functions that are infinitely
smooth everywhere except at zero. We also pro-
vide new results for polynomial activation func-
tions, and we more precisely analyze the condi-
tions under which results for infinitely smooth ac-
tivation functions hold.

e We study a more general class of fully connected
neural networks, covering the cases of normally
distributed bias, zero-initialized bias, and no bias.
We also study all special cases arising for two-layer
networks.

e We analyze all cases for both NNGP and NTK
(except discontinuous activation functions, for
which the NTK is not well-defined).

As an additional contribution, in[Theorem 14] we show
how the results on the RKHS translate to the smooth-

ness of functions sampled from the Gaussian process
with the NNGP kernel, and hence the smoothness of
infinitely wide neural networks at initialization.

After discussing preliminaries (Section 2|), we intro-
duce our main results in [Section 3| and [Section 5l [Sec
discusses some implications of our results on the
broader infinite-width theory, such as the (non-)benefit
of depth, training dynamics, and generalization. Re-

lated work is discussed in before

concludes with a discussion of possible extensions.

2 PRELIMINARIES

We denote the d-dimensional unit sphere as S¢ C
R*1 and the square integrable functions over a mea-
sure space (X, A,p) as Lao(X) = Lo(u) = {f |
Jx [? du < o0} For s > 0, we use H*(X) to denote
the Sobolev space of order s, which essentially consists
of the functions f for which all (fractional) derivatives
up to order s are in Lo (X).

Neural kernels For d > 1, we consider fully
connected neural networks (NNs) in neural tangent
parametrization (NTP) operating on inputs x €
R% dy = d + 1. Typically, neural networks use
componentwise-normalized input vectors & € R% such
that ||z||2 ~ v/do. Following related theoretical lit-
erature, we instead consider inputs on the sphere,

x € ST = {z € R® | |z]l2 = 1}, and compensate
for this by rescaling the first layer by \/do, which leads
to equivalent learning dynamics with gradient descent.
We consider the following network architecture:

Definition 1. Let L > 2 be the number of layers, let
0w > 0, and let 0y, 0; > 0. The network is the function
fo : R% — R given by fo(x(®) := 2(X), where

20 = 0, WWg® 4 5,6 € RE

L0 . Ziwwmm(zfl) +opb® e RY,
V i1

2D = (20D e R%, (1>2)

We assume that all parameters are initialized indepen-
dently as W;lk) ~ N(0,1) and b§l) ~ N(0,02). <

[Definition 1l subsumes the three cases of

e bias-free networks by setting o, = 0,

e zero-initialized biases by setting o, # 0, 0; = 0,

e randomly initialized biases by setting o}, 0; # 0.
For 02 = 1, the recursive formula for NTK and NNGP

kernels are derived in |[Lee et al| (2019). We derive
formulas for the different possible values of o;, 0y, 04

in For the NNGP-kernel, the recursion is
given by

EYNCP (. 2) == 0202 + 02 (x, %)
kIIEINGP(m7j) :UbQU? + Ui]E(u,v)NEL—l(m,i?) [go(u)gp(v)]
. (EYNCP(g x) ENNCP (g z)
Yi(x,x) = (kENGP(m’m) kENGP(i’i) )

For the NTK, we refer to

To analyze NTK and NNGP kernels, we restrict them
to the sphere S%, where they are dot-product kernels
due to the rotation-invariance induced by the Gaussian
initialization of the weight matrices w.

Dot-product kernels on the sphere Let &
[-1,1] — R such that k == kyq : S x §* —
R, (x,z') — k({(x,x')) is a (positive semidefinite) ker-
nel. Then, k is called a dot-product kernel. We lever-
age the theory of dot-product kernels on spheres to
study the RKHS H;, associated with k (see e.g. |Bi-
etti and Bachl 2021} [Hubbert et al.| [2023; [Haas et al.|
2023)). In particular, these RKHSs can be character-
ized through the eigenvalues of the associated integral
operator T}, : Ly(S?) — Lo(S?%) given by

k(z,z')f(x') dz’ .
sd

(Txf)(®) =

It can be diagonalized as

oo Nia

Tif = Z Z mY1i(Yii, f)Lase)

1=0 i=1
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where {Y;1,...,Y; N, ,} is an arbitrary orthonormal
basis of the space of spherical harmonics (a subset of
polynomials) of degree [ in Ly(S?), cf. Miiller| (2006),
but the details are not important in the following. The
eigenfunctions Y; ; are the same for all dot-product ker-
nels but the eigenvalues p; = (k) = wi(k,d) can
be different and characterize the RKHS H,, associated
with k:

o0 Ni,a oo Nia
2
Hi = § Vi E ar;Yyi E § aj; < oo
1=0 i=1 1=0 i=1

Its inner product is

Nia

00 o Niyq
<Z \//712 ar Y, Z Vi Z bl,z'Yz,z‘>
=0 =1 =0 =1 Hi
o0 l,d
=

=0 i=1

2

aribi -

©
Il

Hence, the RKHS as a set is characterized by 1) the
asymptotic behavior of the eigenvalues and 2) the set
of indices for which the eigenvalues are nonzero. By
Proposition 3 in|Scholpple and Steinwart| (2025), if two
RKHSs H1, Ho are equal as sets, then their norms are
equivalent. In this case, we call H1, Hs equivalent, and
write H1 = Ho. Polynomial eigenvalue decays lead to
RKHSs equivalent to Sobolev spaces:

Lemma 2 (Sobolev spaces on the sphere). Let d € N
and s > d/2. The RKHS Hj corresponding to the
dot-product kernel k on S? is equivalent to the Sobolev
space H*(S?) if and only if there exist ¢,C > 0 with
c(l+1)"2 < <CIU+1)72 foralll > 0.

Proof. Depending on the definition of H*(S%), this
follows either directly or from classical theory, see
Hubbert et al.| (2023) and Lemma B.1 in [Haas et al.
(2023). O

Sobolev spaces on the sphere consist of those functions
f that locally, when composed with a smooth chart
0:U CR? = V CS% are Sobolev functions on RY,
e.g. Haas et al|(2023), p. 34.

3 THE STRUCTURE OF NEURAL
KERNELS

Before we introduce our main theorem, we need to
impose some assumptions on the involved activation
functions.

Definition 3 (Functions with polynomially bounded
derivatives). Let I C R be an interval. We define the
set S(>)(I) to contain all functions p; € C*°(I) with
polynomially bounded derivatives. In other words: For

all m € Ny, there exist @, bm, ¢m > 0 such that for
all z € 1, |<p§m)(x)\ < am|x|T™ 4 by <

Polynomial boundedness for m € {0,1} is required
to get the NTK formulas from (Yang), |2020, Theorem

7.2, Box 1); for higher derivatives we only need cpgm) €

Lay(N(0,02)) for all o2 > 0.

Assumption 4 (Activation function). We assume
that ¢ : R — R is of the fornﬂ

o+ (2) x>0
() ;o <0
2 (limg0 ¢4 (2) + limy 0 —(z)) ,z=0

p(z) =

with ¢_ € 8(>)((—00,0)) and ¢, € S(>)((0,00)) and
that ¢ is not the zero function. <

Proposition 5 (All common activation function sat-

sty [Sssumption 9.

(a) If [ is constructed by addition, multiplication,
and composition of polynomials, sigmoid, tanh,
softplus, sin, cos, RBF and ®, then f € S(W)(R).
Moreover, the functions g(x) = exp(ax) are in
S ((=00,0]) for every a > 0.

(b) 1s satisfied for all activation func-
tions from [Table 1 It is also satisfied for all
¢ € S®)(R).

We prove [Proposition 5|in |Appendix El

Definition 6 (Smoothness of an activation function).

For an activation function ¢ as in [Assumption 4] we

define its smoothness as
smoothness(y) := inf{m € Ny | }1\1}(1) o™ (1)

# lim o™ ()} € No U {oo}. <

Example 7 (Smoothness of the ReLU activation).
The ReLU activation function ¢(x) = max{0,z} ful-

fills [Assumption 4| and decomposes as ¢ (z) =z ,z >

0, p_(x) =0,z < 0. Hence we have

lim p(t) = 0 = lim p(t)

N0 0
but lim ¢/(t) =1# 0= lim ¢'(¢
u ;&wU # é%w(%
implying smoothness(ReLU) = 1. <

Remark 8 (Location of the non-smoothness). We
conjecture that our analysis could be extended to the
case of non-smoothnesses at b # 0 with similar results
by extending a part of our proofs, cf. <

'The definition at zero ensures that ¢ is continuous
when ¢4 and ¢_ allow, and that its even/odd parts are
zero everywhere whenever they are zero almost everywhere.
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Table 1: Activation functions and their smoothness
(Definition 6). Here, P,, means that the function is a
polynomial of degree m. P_,, means that the func-
tion is zero. For a more extensive overview, we re-
fer to [Dubey et al| (2022). In the typical cases i)
of [Theorem 9| a smoothness s € (1,00) of ¢ yields
Hk;ENGP = Hd/2+s+1/2(8d) and 'HkEITK o~ fd/2+s-1/2

Activation Formula Smoothness s

z <0 220 ¢ Peven Podd

ReLU 0 z 1 1 P1
LeakyReLU (e # —1) —ex x 1 1 P1
SELU Xa(e” — 1) Az 11 2
ELU (a #1) ale” —1) z 1 1 2
ELU (a =1), CELU a(e®/® —1) z 2 3 2
RePU, power m even 0 ™ m Pm m
RePU, power m odd 0 ™ m m P
Heaviside My (@) +po,(x) 0 Py 0

tanh (" —e ™) /(e +e™ ") 00 P-oo 00
Sigmoid 1/(1+e®) oo Py 00

GeLU La(l+ef(z/v2)) oo oo Py

SiLU z/(1+e ") 0o 00 00

RBF exp(—2?) 0 00 Pox(S?

Our main result, contains multiple cases.
The “regular” cases are discussed afterward in
In some special bias-free cases we observe
a phenomenon of parity: The even/odd parts of the
functions contained in the RKHSs H; of the neural
kernels depend on the even/odd parts of the activa-
tion ¢, commonly defined as

_ ¢@) +o(—=)
@even(l‘) = f >
Soodd(l‘) — 80(33) _QQO(_x) ,

fulfilling ¢ = Yeven + Podd- For example,
ReLUeqyen(z) = %\x| and ReLUyqq(z) = %x In the
bias-free case (0f = 0), the function f, represented
by a two-layer network with activation ¢ can be writ-
ten as fo = fowen + fooaar Where fo . is even and

Jooaa 18 0odd.  Hence, (frReLU)odd = fReLU,4q IS &
linear function, which explains the results of

land Mairal| (2019) where the odd eigenvalues satisfy
11 >0, ps = ps = ... =0. A much more general ver-

sion of this calculation is performed in[Proposition D.4]

By P,, we denote the polynomials of degree at most
m. We additionally define

Feoven i ={f:S* =R | f is even} ,
Foaa ={f:S* =R | fis odd} .

Theorem 9 (Main result, summary below). Let

the activation ¢ fulfill and let s =

smoothness(y).
NNGP:

i) Case 0502 > 0 or both L > 3 and ¢ is neither

i
even nor odd.

a) If s =0, then Hyner 2= HY2H277(59),

b)) If 1 < s < oo, then HkENGP =
Hd/2+s+1/2(Sd).

¢) If s = oo and ¢ is not a polynomial, then
Hpyyner C H'(SY) for allt € R and Hyyner
contains all polynomials.

d) If s = 0o and ¢ is a polynomial of degree m,
then HkENGP 2P r-1.

i) Case oio? =0 and ¢ is even or odd.

a) If s = 0, then HkIENGP = Hd/2+21_L(Sd) N

]:even/odd-
b)If 1 < s < oo, then Hpner &
Hd/2+s+1/2 (Sd) N ]:even/odd-

¢) If s = oo and ¢ is not a polynomial, then
'HkIENGP C Ht(Sd) N feven/odd for allt € R
and Hyxnee contains all even/odd polynomi-
als.
d) If s = 0o and ¢ is a polynomial of degree m,
then ’HkIENGP = P10 Fepen/odd-
iii) Case ofo? =0 and L =2. We have

HkENGP = HkNNGPL @ Hnnap (1)

Peven Yodd- L

where the RKHSs Hyxwee — and Hpswee  of the
®.

even Podd:
even/odd activation functions Qeven and Podd

can be found by Case ii) with correspond-

ing s = smoothness(peven) respectively s =
smoothness(@oad)-
NTK:
i) Case af > 0 or both L > 3 and ¢ is neither even
nor odd.

a) If 1 < s
Hd/2+571/2(Sd)'

b) If s = oo and ¢ is not a polynomial, then
Hyyrx C HY(SY) for all t € R and Hyrx
contains all polynomials.

¢) If s =00 and ¢ is a polynomial of degree m,
then ,HklilTK = PmL—l.

i) Case of =0 and ¢ is even or odd.

a) If 1 < s < oo, then Hpyrx =
Hd/2+571/2 (Sd) N feven/odd'

b) If s = oo and ¢ is not a polynomial, then
Hpyrx C Ht(Sd)ﬂ]:even/odd forallt € R and
Hjxrx contains all even/odd polynomials.

< o0, then Hk.ETK =

¢) If s = 00 and ¢ is a polynomial of degree m,
then HkETK = Prr-1 N Feven/odd-
iii) Case of =0 and L = 2. We have

Hpgre = Hygme | @ Hpme - (2)
where the RKHSs Hy~xtx  and Hpyntx  of the

Yeven, L Podd L
even/odd activation functions Qeven and Podad

and can be found by Case ii) with correspond-



David Holzmiiller*, Max David Schélpple”
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=4
2 064 * 3-layer SELUNTK
g ®  4-layer SELUNTK
,;.J_’n 1084 *  3-layer SELUNNGP
®  4-layer SELU NNGP
10-104 *  3-layer ELU NTK
*  4-layer ELU NTK
10-124 *  3-layer ELU NNGP
®  4-layer ELU NNGP
10—14 T T T
100 10! 10%

Eigenvalue index [ 4 1

Figure 1: Eigenvalues pu,; of different neural ker-
nels on S?. We use 0, = 0, = 0; = 1. We use a
custom method to numerically compute dual activa-

tions, described in [Appendix G|

ing s = smoothness(peven) respectively s =
smoothness(@odd)-

Note that H' (SY) N Feven and HY(S) N Foaq are closed
subspaces of H'(S?) for any t. We equip them with
the restricted norm. If in the sub-cases i) Yeyen = 0
or Yodd = 0 occurs, the RKHS corresponding to that
even/odd part in respectively[Eq. (2)] is P—oc =
{0}.

We show a proof sketch in a more detailed
proof overview in[Appendix A} and the proof for deriv-
ing this version of the theorem in The

smoothness of many common activation functions, as
well as the smoothness of their even/odd parts, can be
found in [Table 11 Note that the results of [Theorem 9l
can be expressed in terms of the eigenvalues p; of the
integral operator instead of the RKHSs as discussed

in the eigenvalue-based formulation can be
found in [Theorem D.10

Remark 10 (General takeaway). is most

easy to understand for the case where

e the NN has L > 2 layers, contains biases (o7 > 0),
and in the NNGP case the biases are initialized
with nonzero variance (o2 > 0), or

e the NN has L > 3 layers and the activation func-
tion ¢ is neither even nor odd.

In this case, the decay of the eigenvalues p; and the
corresponding RKHS depend on the smoothness s of
the activation function ¢ as follows:

e If the activation function is discontinuous (s = 0),
the RKHS of the NNGP kernel is equivalent to a
Sobolev space of smoothness d/2+2'~ while the

100 4
10—2 4
1074
T
3
8 1054 * ReLUNTK
g »  ReLU NTK (no bias)
E,, 1084 % SELUNTK
e SELU NTK (no bias)
10704 % ELUNTK
*  ELU NTK (no bias)
10124 % GELUNTK
o GELU NTK (no bias) %
10714 4 ; * ;
100 10! 102

Eigenvalue index [ 4 1

Figure 2: Eigenvalues p; of different two-layer
NTKs on S%. We use 0, = 0, = 0; = 1 for the case
with biases and set o, = 0; = 0 for the no-bias case.
We use a custom method to numerically compute dual

activations, described in

NTK is not defined.

e If the activation function has finite smoothness
1 < s < oo, the RKHSs are equivalent to Sobolev
spaces of order d/2 + s — 1/2 for the NTK and
d/2+s+1/2 for the NNGP. This applies to ReLU,
LeakyReLU, ELU (« # 1) and SELU with s =1
and to CELU with s = 2. [Figure 1|shows that the
corresponding eigenvalue decays p; = d + 2s — 1
for the NTK and y; = d + 2s 4+ 1 (cf.
are attained in numerical experiments. Rectified
power unit activations max{0,z}* have smooth-
ness s € N, yielding a family of Sobolev spaces.
Our results show that this is due to the behavior
at zero and that the superlinear growth of these
functions for s > 2 is not necessary.

o If the activation function is infinitely smooth (s =
00) but not a polynomial, all y; are nonzero but
decay faster than any inverse polynomial. Hence,
the RKHSs are contained in all Sobolev spaces,
but the kernels are universal. This applies for ex-
ample to the GELU, SiLU/Swish, Mish, softplus,
sigmoid, and tanh activation functions (though
tanh is an odd function, so the conclusion only
holds with biases).

e If the activation function is a polynomial, for NTK
and NNGP only finitely many eigenvalues p; are
nonzero and the RKHSs only contain polynomi-
als, whose maximum degree grows exponentially
with the depth of the network. |

Example 11 (Special cases). As mentioned above,
two-layer networks without bias (07 = 0 for NTK or
o20? = 0 for NNGP) can have special behavior. Fol-
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lowing we obtain for CELU the NTK RKHS
(HY245/2 0 Foen) ® (HY?13/2 0 Foqq), so the even
parts of functions are smoother than the odd parts of
functions. For ELU (a # 1) and SELU, we obtain
(HY?412 0 Foyen) © (HY?13/2.0 Flgq). For ReLU
and LeakyReLU, the odd parts are just linear func-
tions. For RePU, one of the two parts are polynomi-
als up to a certain degree. shows the corre-
sponding behavior of the eigenvalues p; for the two-
layer NTKs for different activations: In the bias-free
case, the odd SELU eigenvalues decay faster than the
even ones, while the even ELU (« = 1) eigenvalues de-
cay faster than the odd ones. For bias-free ReLU and
GELU, the eigenvalues pu; for odd [ > 3 are zero.

The other special case is for even or odd activations
and arbitrarily deep networks without bias. For exam-
ple, tanh is an odd activation, hence the corresponding
NNGP and NTK RKHSs will only contain odd func-
tions. <

Remark 12 (NTKs and NNGPs of non-smooth acti-
vations are equivalent to Matérn kernels). [Chen and

u/ (2021)) and [Bietti and Bach| (2021) showed that on
S¢, the RKHS of the deep ReLU NTK is equivalent
to that of the Laplace kernel. Theorem 1 in [Vakili
et al| (2021) further shows that the RKHSs of deep
RePU NTKs and NNGPs are equivalent to the ones
of Matérn kernels, which are equivalent to Sobolev
spaces. Specifically, for the Matérn kernel k, of or-
der v > 0 on the sphere S? it holds that H; =
H/2+v(S?) (see also Proposition 5.2 (c) in Hubbert
et al[|2023). For other not-infinitely-smooth activa-
tions, our [Theorem 9|shows that their RKHSs are gen-
erally also equivalent to Sobolev spaces, and hence the
corresponding kernels are equivalent to Matérn ker-
nels. <

discusses implications of our results, for ex-
ample, on the equivalence of RKHSs for different net-
work depths.

4 PROOF SKETCH FOR THE
MAIN THEOREM

Here, we provide a short overview of our main theo-
rem. A more detailed overview can be found in [Ap]
We obtain by case distinction
from[Theorem D.10] the central technical result of this
paper, which yields the eigenvalue asymptotics of the
neural kernel k in dependence of the smoothness of
the activation function ¢. Those eigenvalue asymp-
totics then directly yield the equivalent Sobolev space
Hy = H*(S?) by [Lemma 2| [Theorem D.10|is the ma-
jor theoretical effort of this paper. It leverages
rem A.3| a variant of Bietti and Bach| (2021, Theorem
7), which reduces the question of the eigenvalue decay

to an investigation of the asymptotic behavior at {+1}
of the function & : [-1, 1] — R satisfying

k((z,2')) .

This function « is best described with dual activation
functions (Definition A.4] [Appendix C)). The dual ac-
tivation function @ : [~1,1] — R has been introduced
in [Daniely et al.| (2016) and is given by a quadratic
form: P = b(ip, ¢), where

k(z,2") =

b(f,9)(t) = Eupyono,m0) [f()g(v)], B¢ = G i)

describes the infinite-width behavior of the activation
in a single hidden layer. Recursively, the function
KJ%\INGP corresponding to the NNGP kernel of an [-layer
network for [ > 2 is then given by

KINCP (1) = 0262 4 o2t

Ki NP (t) = ojol + oL B (e (8) /i), (3)
where ¢. = means that ¢ rescales its input, which
is explained in [Definition A.4] and [Lemma A.5| but is
not important as it does not change the smoothness
at zero. This recursion alongside with the correspond-
ing formula for the NTK kernel k)X can be found in
The analysis of the asymptotic behavior
of HNNGP is built on the analysis of the asymptotic be-
hav1or of the dual activation P at {£1}. The following
theorem is hence a central cornerstone for the analy-
sis of dual activations that may be useful beyond the
specific structure of fully-connected neural networks.

Theorem 13 (Theorem A.8| reformulated). Let ¢ be
an activation function of finite smoothness s. Then,

there exists a constant by > 0 depending only on s such
that for 7 € {£1} and t € (0,2)

P(r(1 = 1)) =((0+) — o (0-)) (-7
+pr(t) + ¢-(1) ,

)s+1bsts+1/2

where ©*)(04), 08 (0—) are right- and left-sided lim-

its, p,(t) is a polynomial and q,(t) fulfills q(n)( t) =
o(t(s=™) for all n € Ny.

We prove by decomposing

K-1
= Y (¥ (0+) = D (0-))sp () +7(2) ,
k=s

where sj,(2) = 557 sgn(z)z" are analytically tractable

functions of smoothness k and r is a remainder term of
smoothness K. The analysis of Bietti and Bach| (2021))
is similar to computing §;, = b(s1,s1), and we intro-
duce multiple new arguments to study higher-order
terms b(sg, si), and also mix-terms b(sk, $m,), b(sk,7),
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and b(r,7). While Bietti and Bach| (2021) use argu-
ments from |Chen and Xul (2021 based on complex
analysis to control the regularity of derivatives for g,
we circumvent this part through direct computations
since it is not obvious whether functions like b(r, r) are
analytic.

While is only for dual activations and not

the final kernels, it already provides the correct func-
tional form “non-integer power plus remainder terms”
needed for applying the main theorem of [Bietti and
Bach| (2021), which says that the eigenvalue decay
depends on the smallest non-integer power. In [Ap]
we develop a calculus that investigates how
this functional form is preserved for sums, producs,
and compositions of functions. To obtain our main
technical result, we apply this calculus
in all cases together with for handling

the bias-free special cases and a separate computation

for polynomial activations in

5 SMOOTHNESS OF NNGP
SAMPLE PATHS

The following result connects RKHSs of kernels on the
sphere to the smoothness of the paths of their Gaussian
process.

Theorem 14. Let k be a dot-product kernel on
S¢ whose RKHS is equivalent to a Sobolev space
H**(SY), o > 0. Let X be a Gaussian process on
S with zero mean and covariance kernel k.

i) For any e > 0 we have P(Y € H4/?tote(S?)) =0
for any version Y of X.

it) For any 0 < & < «, there exists a version Y of X
with P (Y € HY/?Fe=¢) = 1.

The requirement € < « in [Theorem 14]ii) stems from

the underlying theory, which requires the investigated
spaces to be RKHSs. For Sobolev spaces H*(SY) is
equivalent to s > d/2. [Theorem 14| is proven in
pendix F

Example 15 (Application to infinite-width NNs).
Consider a network with biases, that is UZ?JZ-Q > 0,
and an activation of smoothness 1 < s < oco. From
we know Hjnrx = H/2+s=1/2(S4) and
Hynar = HY2HsH1/2(84) If s41/2 > d/2, by
the NNGP sample paths are in H*+1/27¢(S%)
but not H*+t1/2+5(S%) for any ¢ > 0. We conjec-
ture that randomly initialized finite-width networks
are only in H*(S%) but not H**¢(S%), so the infinite-
width limit would gain an extra half-order of smooth-
ness. <
Example 16 (ReLU sample paths). For the ReLU ac-
tivation, in the case with biases (o207 > 0), we know

from as well as Bietti and Bach| (2021) that

Hygner = HY2H3/2(ST). We have HY/?+8/2(57) =
H**(S%) with o = 3/2 — d/2. Therefore, by
the sample paths of the ReLU NNGP essen-
tially have the smoothness d/2 + o = 3/2, assuming
a > 0 or, equivalently, d € {1,2}. |

This phenomenon is reminiscent of how, in a suitable
small-step limit, a random walk of increasingly small
step size converges to the Brownian motion, which es-
sentially has paths of smoothness 1/2:

Remark 17 (Intuition: analogy to random walks).
Let g, : [0,1] — R be the random walk of n steps,
defined as ¢, (t) = ﬁ Z}Ztlj Z; with i.i.d. coin tosses
Z;. Then g, has n non-smoothnesses of degree s = 0
which are increasingly dense in [0,1], and converges
weakly to a standard Brownian motion on [0, 1]. The
paths of a Brownian motion are essentially of (Holder)
smoothness 1/2; they gain half an order of smoothness.
Intuitively, one might think of this that as the non-
smoothnesses become dense, they also become smaller
and in this sense less severe, however covering the
whole interval.

This is similar to what can be observed in a two-layer
neural network: Consider a shallow network with bias
o2c? > 0 and the Heaviside activation function ¢(z) =
1g.,(z) on the one-dimensional sphere S'. The net-
work of width n has at most m non-smoothnesses,
and as n increases, these non-smoothnesses will be in-
creasingly dense in S'. So, in analogy to the random
walk, the finite networks are functions of smoothness
0 with increasingly small distances between the non-
smoothnesses, and the jumps in these points shrink as
n grows. The NNGP-RKHS of the infinite-width net-
work is Hjyxner = H?/2(S') by [Theorem 9} The path
smoothness theorem [T4] shows that the sample paths
of the NNGP, that is the infinite width networks at
initialization, are essentially of smoothness 1/2. We
observe the same effect: the paths gain half an order
of smoothness compared to the finite networks.

The same intuition applies for activations of higher
smoothness s > 1.

For the NTK, essentially the same intuition can be en-
voked. Since the NTK includes derivatives of the acti-
vation function, the path paths are one level rougher,
they have smoothness s — 1/2. Note that the Heavi-
side activation does not allow an NTK, since it is not
weakly differentiable. <

6 POSSIBLE EXTENSIONS

While this work considers neural networks consisting
only of feedforward-layers, we briefly discuss possible
extensions to more complex architectures, by sketch-
ing the required steps to include layer normalization
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and residual layers. In a similar style, adapting our
argumentation to many other architectures might be
possible.

Our core strategy is to write the kernels as sums, prod-
ucts, and compositions of dual activations and lin-
ear functions. Our results from prove
the boundary behavior of dual activations, and [Ap]
introduces a calculus for how this boundary
behavior behaves under sums, products, and composi-
tions. Hence, as long as other kernels can be written
in the same form, our tools should be applicable to
them, and in this case one can proceed similarly as we
did to obtain

Note that a network with complex architecture re-
mains (in distribution, in the case of finite width) rota-
tionally invariant if the first operation in the network
is a linear layer with Gaussian initialization.

Residual layers Residual layers fit well into the
framework we considered: Similar recursive fromulas
as presented in can be derived for a net-
work containing residual layers using Appendix E of
Yang| (2020). Then, it may be possible to imitate the
analysis done in the further course of the
for this recursion formula, which would work similar
to the analysis of the NNGP-kernel.

Layer normalization For simplicity, let us consider
RMSNorm (Zhang and Sennrich| [2019), which is pop-
ular in Transformers, without parameters. Let the [-th
post-activation layer for [ > 2 be normalized to a unit
vector as &1 = (zD)/]|e(zM)]],. In a recursive
decomposition of the kernel as in :@, this
leads to a linear rescaling of the kernel at each layer.
In a standard feedforward-network as in
the norm of the post activation vector without layer
normalization converges almost surely to a constant

ENNGP (. 2), by [Lemma D.2l Our

analysis shows that the scale of that value does not
influence the RKHSs associated to the neural network
— as an illustrative example, the RKHSs do not change
when changing the activation function from ¢ to Ap
for A # 0.

value, namely \/

7 IMPLICATIONS

Our results can be used to obtain a more complete
understanding of neural networks in the kernel regime.
Below, we list some non-exhaustive ways in which our
results could complement existing theory.

Deep vs. shallow networks By showing that the
RKHSs of deep and shallow ReLU NTKs are equiva-
lent, Bietti and Bach| (2021) concluded that the NTK

regime is not sufficient to model the benefits of depth
for practical neural networks. Our results show that
this holds for a much larger class of not infinitely
smooth activation functions: Whenever s € [1, 00), all
depths > 2 (or > 3 in the bias-free case) yield equiv-
alent RKHSs for the NTK as well as for the NNGP.
On the other hand, our results show that the RKHSs
are not equivalent for polynomial activations, while
the situation for other infinitely smooth activations re-
mains unclear, as more precise results are only known
in the two-layer case (Murray et al., 2023).

Training dynamics Regarding theoretical model-
ing, the dynamics of gradient flow are difficult to study
for ReLLU activations since their derivative is discontin-
uous at zero. The use of smoother but not infinitely
smooth activations such as CELU can enable theo-
retical studies of gradient flow in a setting where the
RKHS is well-known, without limiting results to pow-
ers of ReLU as in previous work (Vakili et al.l 2023).
For example, the gradient flow analysis of [Bowman
and Montufar| (2022) yields finite-time bounds for the
deviation from the infinite-width training trajectory
but requires activation functions smoother than ReL.U.
The use of semi-smooth activation functions might also
be interesting to the NTK analysis of physics-informed
neural networks (Wang et al.| |2022), since their train-
ing involves taking higher-order derivatives of neural
networks. The faster eigenvalue decay for smoother
activations can lead to slower training dynamics (e.g.,
Raskutti et al., [2014; |Cao et al., [2019). Compared to
the pure kernel case, gradient flow on infinite-width
NNs in the kernel regime also has to learn to remove
the random initial function (Lee et al. [2019). Thanks
to we now know the smoothness of this
function, which makes it possible to derive convergence
rates for the regression of this function with the NTK.
To this end, we refer to the proof of Theorem G.5 in
Haas et al.| (2023)) for convergence rates with regular-
ization in the noisy case, and to Theorem 3.3 in |Le Gia
et al.| (2006)) for an approach towards convergence rates
of interpolation.

Generalization Our main result allows the applica-
tion of generalization results to more activation func-
tions. For example, the inconsistency results of [Haas
et al.| (2023) for overfitting with NTKs and NNGPs
apply whenever the RKHS is a Sobolev space, and
hence by our results, they apply to a wide range of
finitely smooth activation functions. Our results also
suggest that the spectral bias of neural networks (Ra-
haman et al.;|2019) can be influenced by changing the
smoothness of the activation function. Finally, while
Simon et al.| (2022) show that a large class of kernels
can be represented as NTKs and NNGPs, our results
help to elucidate the properties of activation functions
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that realize these kernels and consider networks of any
depth.

8 RELATED WORK

Neural kernels Multiple results have shown that in
typical settings, infinite-width neural networks behave
like Gaussian processes at initialization @
Daniely et all 2016} [Lee et all, 2018} [Matthews et al|
2018). The associated covariance function is known as
the neural network Gaussian process (NNGP) kernel
or random features kernel. Jacot et al| (2018) dis-
covered that the training dynamics of such infinite-
width neural networks can be described by a differ-
ent kernel, the so-called neural tangent kernel (NTK).
The same observation has been made by
(2019). Follow-up work has generalized the scope of
these results (e.g., Arora et all 2019; |Yang, 2019b,
. These works do not yet give deep insights into
the nature of the NTK and NNGP kernels.

Smoothness of neural kernels |Belkin et al.|(2018))
noted similarities in generalization behavior between
the Laplace kernel and neural networks. A follow-
up line of work managed to characterize the RKHS
of different NTKs on S?. Bietti and Mairal (2019)) de-
rived the structure of the RKHS of the two-layer ReLU
NTK without bias (¢ = 0). [Basri et al|(2019) an-
alyzed two-layer ReLU NTKs with and without bias.
\Geifman et al.| (2020) showed that the two-layer ReLU
NTK with bias is equivalent to the Laplace kernel, and
showed that the RKHS of the deep ReLU NTK is at
least as large as the RKHS of the shallow one. The
equivalence of these RKHSs was then shown by
and Xu| (2021) for o7 > 0,0; = 0,L > 2. Simul-
taneously, Bietti and Bach| (2021)) characterized the
structure of the deep ReLU NTK and NNGP with-
out bias (¢ = 0,L > 3) and also showed some re-
sults for step activations as well as infinitely differen-
tiable activations. [Vakili et al.| (2023) extended this
analysis to RePU (integer powers of the ReLU activa-
tion). Finally, [Haas et al.| (2023) formally established
the connection of these RKHSs to Sobolev spaces on
the sphere. [Murray et al.| (2023]) prove further spectral
properties of the NTK, including a characterization of
the RKHS of two-layer NNs for tanh and RBF activa-
tion functions that is more precise than our result for
these activations. [Scetbon and Harchaouil (2021) prove
some results about spectral properties of dot-product
kernels, with weak results concerning the NTK. How-
ever, to the best of our knowledge, we are the first to
provide a characterization of the RKHS for many non-
smooth activation functions like LeakyReLU, SELU,
or ELU.

The NTK has also been analyzed for other architec-

tures such as residual networks (Belfer et al., [2024))
and convolutional residual networks (Barzilai et al.,
[2023)). [Dandi and Jacot| (2021)) investigate the contri-
butions of individual layers towards the properties of
the NTK. |Simon et al| (2022) show that a large class
of dot-product kernels on the sphere can be realized
as NTK or NNGP kernels through suitable activation
functions. While most results analyze the NTK on S,
Lai et al.| (2023) analyze the eigenvalue decay on R and
Li et al. leverage known results on S? to obtain
decay rates for R4t!. In terms of activation functions,

these results do not go beyond the known results for
s,

Spectral properties |Panigrahi et al.| (2020)) inves-
tigate minimum eigenvalues of NTK matrices and find
a dependence on the smoothness of the activation
function. |[Nguyen et al.| (2021) and Karhadkar et al,
provide more bounds for minimum eigenvalues.
These results are related to the structure of the RKHS
through kernel matrix concentration inequalities but
do not reveal the full structure of the RKHS.

9 CONCLUSION

We have shown general results for the structure of the
RKHS for fully connected neural networks with dif-
ferent activation functions, as well as results for the
sample path smoothness of randomly initialized wide
neural networks. We refer the reader to
for a short overview of the central techniques and ob-
jects of our main proof.

Possible extensions Our work offers several possi-
bilities for extensions. First, following ,
an extension of our results from z € S¢ to x € R*!
could be possible. Second, one could study different
activation functions in different layers; we strongly
conjecture that the behavior of the NTK and NNGP
will be determined by the least smooth activation func-
tion. Third, while we study non-smoothness in zero,
it might be possible to apply our proof technique to
functions that are non-smooth in other points—the
main obstacle is to find reference functions s; with
the given non-smoothness that are similarly amenable
to analysis as the functions s; we use in the appendix.
Fourth, a more precise characterization of the RKHS
for infinitely smooth non-polynomial activations is still
open but might require stronger tools (e.g.,Minh et al.

2000}, [Azevedo and Menegattol 2014} [Murray et al.
2023)). Finally, our results might be extensible to anal-

yses for residual networks (e.g., Belfer et al., 2024;

Tirer et al. [2022), convolutional networks (e.g.,
man et al.| 2022} Barzilai et al [2023), or more general

architectures including transformers (Yang, 2020)).
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A OVERVIEW AND NOTATION

—[D] are dedicated to the proof of the main theorem, They build on each other and
should be read in order. [Appendix E| and [Appendix F|contain smaller proofs that are independent of the other

appendices. derives a way to numerically compute dual activations for our experiments.

Analysis through boundary behavior. As mentioned before, the NTK and NNGP kernels on the sphere are
dot-product kernels, i.e., they are of the form k(x,2’) = k({x,2’)). To obtain eigenvalue decays for k, we build
on the results of Bietti and Bach| (2021)), which requires to study the behavior of k(t) for t — 1 and t - —1. To
unify these analyses, we let 7 € {—1,1} and study the behavior of k, : (0,2) = R, ¢t +— s(7(1 —t)) for t \, 0. We
first introduce function classes with certain boundary behavior that will be central in simplifying computations
later on:

Definition A.1 (Function classes with controlled boundary behavior). Let «, 5,7 € R. We define sets of
functions Py g, R+, and Qn g as follows:

(a) Sums of high-enough powers: We define P, 3 as the set of functions f : (0,2) — R of the form

n
fi) = Zaito‘i with n € Ny, a;,a; € R,

i=1

a; > forall i with o; € Z
a; > for all i with o; € Z

Note the use of >, which will be convenient later.
(b) Negligible remainder functions: We define R, as the set of C*°-functions f : (0,2) — R such that for
all m € Ny, the m-th derivative f("™) satisfies

IFm™ @) <O0E™™)  fort \, 0.

Intuitively, R, contains functions that are at least as benign as ¢ — ¢7, in terms of the behavior of all
derivatives for t — 0.

(c) Sums of powers plus negligible remainder: We define Q, 5 == (), cg(Pa,s + Ry). In other words,
Q,,p contains those functions that are sums of powers plus an arbitrarily “high-order” remainder. Note for
f € Qa,p that in general, the number n of terms in the sum of powers when writing f as f € Py g+ R will
depend on the imposed order « of the remainder.

We will mostly use Q, s in the paper. Instead of f € Q, g, we also write f(t) = Qq 5(t) analogous to common
O-notation. We often track coefficients of leading terms separately, e.g., writing g(t) = at® + bt® + Q, 5(t). <

Furthermore, we require refined adapted asymptotic notation for sequences, as we need the asympototic behavior
of a sequence (a,) but also need to know wether there are elements a,, = 0, which is crucial to compare Sobolev

spaces based on eigenvalues, cf.

Definition A.2 (Asymptotic notation). For functions , we use standard asymptotic notation like x(t) = O(t'/?)
for ¢ \, 0. For sequences (an)ner, (bn)ner € R>g indexed by I C Ny, we use an index “Vn” for asymptotic notation
to denote that it should hold for all n and not only for almost all n, and to indicate the variable n that the
constant is independent of. Specifically,

an = Oyp(by) = 3C>0:Vnel:a, <Chbh,
Ap = QVn(bn) = b, = OVn(an)
apn, = Ovp(bn) & an = Oyp(by) and b, = Oy, (an)

ap, = 0yp(bn) < ap = Oyn(by,) and VC' > 0: 3Ing € Ny : Vn > ng : a,, < Cbh,, .

Using this notation, when we write y; = Ov;((I + 1)7972%), it implies that all y; are positive. We write 1 + 1
and not [ to make the right-hand side well-defined for all [ € Ny. The constant C' implied in this notation can
depend on d and s. <

A key element of our analysis is the following result, formulated using the previously defined boundary function
classes:

Theorem A.3 (Adaptation of Theorem 7 in arXiv v4 of [Bietti and Bach|[2021). Let x : [-1,1] — R be a
function that is smooth on (—1,1) such that k. q(x, ') = w({x,x’)) is a positive semi-definite kernel on all
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spheres S?,d € N>1. Suppose that there exists 0 < 3 € R\ Z and b_1,b; € R such that for T € {—1,1},
K(T(L—1) = b7 + Q_15(t) .

Then, for a given dimension d € N>1, the eigenvalues py = p(k,d) as defined in satisfy:

(a) Forl € Ny even, if b_y # —by, then ju; = Oy ((I +1)79728).

(b) Forl € Ny even, if b_y = —by, then p = oy ((1 +1)74728).

(c) Forl e Ny odd, if b_y # by, then pu = Oy ((1+ 1)74728).
(d) Forl e Ngy odd, if b_y = by, then p = oy ((1 +1)797268),

This leads to the following strategy, detailed below, for analyzing the eigenvalues of neural kernels on the sphere:

(1) Write neural kernels on the sphere as a composition of dual activation functions.
(2) Analyze the boundary behavior of dual activation functions.
(3) Analyze the boundary behavior for sums, products, and compositions of functions, which will be done in

(4) Analyze the behavior of even and odd functions to obtain stronger results for the special cases (b) and (d)
in [Theorem A.Jl
(5) Assemble everything.

Dual activations and neural kernels. To apply the theorem above, similar to [Bietti and Bach| (2021)), we
derive a convenient expression for x using dual activation functions introduced by Daniely et al.| (2016]).

Definition A.4 (Dual and rescaled activation functions). For a function ¢ € Ls(AN(0,1)), we follow [Daniely
et al.| (2016) and define the dual activation

A~ 1 t
Pil-L1] S Rt o Eapwos ool S=(; 1) -

Moreover, for a function ¢ : R — R and a € R, we define the rescaled function
P.a: R =R p.q(z) = p(az) . <

Our following result, derived in shows that the NTK and NNGP kernels restricted to the sphere
can be expressed using dual rescaled activations:

Lemma A.5 (Neural kernels on the unit sphere). Let the activation function ¢ : R — R fulfill|Assumption 4}
Consider a neural network fp : R — R initialized as in |Definition 1| Forl > 2 and t € [—1,1] we recursively
define

. 2 2 2
Qq = 005 + 0y,

= 0y0} + LT e (1)

KINCP (1) = 020? 4 o2t
KNNGP (1) = 5242 1 Ui@»\/ﬁ(“y}i(;lj@)/al*l)
RYTE () = o (1= 0F) + kYNOP (1)
RNTE(8) = 02(1 — 07) + /1IN () + 02 kN () (@) -y (RINC (1) feu—1) -

Boundary behavior of dual activations. To study the behavior of dual activations at +1, we first need a
definition:

Definition A.6 (Reference activations). For k € Ny, we define the activation functions s, : R — R by

L -1 ,2<0
sp(x) = %sgn(m)xk , sgn(z) =40 ,z=0
1 ,x>0.
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Let ¢ be an activation function as in For k € Ny, we define the coefficients
Ar(p) = (0+) =M (0-)

where ¢*)(0+) is the right-sided limit of the k-th derivative of ¢ at zero, and p*)(0—) is the left-sided limit. <«

The motivation behind is given in which says that we can decompose
= Aw(®)sk+ om (A1)

where ¢, is m times pseudo-differentiable (see [Definition C.1J). This decomposition is central to our proof.

Remark A.7. The reason why our analysis is restricted to a non-smoothness at the origin is that the “reference
activations” sj(z) = 5sgn(z)z® introduced in have their only non-smoothness in the origin.
For these reference activations, we can study their dual activation through analytic means (e.g., Lemmata
and . Generalizing our results to non-smoothness in another point b would require finding a similar family
of reference functions that have their non-smoothness in b while still allowing similar calculations for the dual
activation. This is non-trivial, but if it can be done, the rest of our analysis should still apply in the same
way. <

As in Daniely et al| (2016]), we use h,, to denote the n-th normalized probabilist’s Hermite polynomial, which
means that h, is a polynomial of degree n and (h,)nen, forms an orthonormal basis of the Hilbert space
Ly(N(0,1)). For a function f € Ly(N(0,1)) and n € Ny, we define its n-th Hermite coefficient

an(f) = (fs hn) Lo (0,1))
such that we have the following Hermite expansion in Lo(N(0,1)):

f= Z an(f)hn
n=0

Daniely et al| (2016) show that the Hermite series of ¢ is related to the Maclaurin series of ¥ via

= Z an(ga)Qt” . (A.2)
n=0

This also demonstrates that the “dualization” of activation functions should be thought of as a (function-valued)
quadratic form and not dualization. Using our decomposition in Eq. (A.1)), we therefore obtain

ZZZA an(5i)an(s))t"
i=0 j=0 n=0
ZZZA Yan (8i)an(om)t" + Zan T A (A.3)

i= n=0

We will treat the first term involving a,(s;)an(s;) analytically, while using the smoothness of ¢,, to obtain fast
decay rates for a, (., ), which will imply that the behavior at the boundary is dominated by the first term. In
total, we obtain the following result at the end of

Theorem A.8 (Boundary behavior of dual activations). Let ¢ be an activation function as in [Assumption 4

and let m € Ny such that Ag(¢) =0 for all k < m (see . Then, there ezists by, > 0 depending
only on m such that for T € {£1},

B(r(1=1)) = A (@) (=) 1 ot™ 2 4 Q4 12 (t)
holds.

To deal with the derivative of the activation in the NTK, we can use the convenient formula ¢’ = @' from
Daniely et al.| (2016)), of which a generalized formulation (for pseudo-derivatives, see [Definition C.1)) is proved in
ILemma C.2l
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Even and odd functions. Let I C R be symmetric around zero and let f : I — R be a function. We say
that f is even if f(z) = f(—=z) for all z € I, and that f is odd if f(x) = —f(—x) for all € I. Every function
f I — R can be decomposed in its even and odd part

f(@) + (=)

f(x) = f(=2)
2 ’ '

fcvcn(x) = fodd(x) = 9

We then have f = feven + fodd, feven iS even, and foqq is odd.
For n € Z, we define

even(n) = 1 ,n ?S even odd(n) : 0 ,n ?s even
0 ,nisodd, 1 ,nis odd,

The Hermite polynomials h,, are even for even n and odd for odd n.

We show in[Proposition D.4]that two-layer bias-free neural kernels satisfy an even-odd decomposition, and deeper
bias-free neural kernels can be even/odd whenever the activation function is even/odd.

B BOUNDARY BEHAVIOR

In the following, we will prove some rules for algebraic manipulations with the function classes Pa g, Ry, Qa,8
from While we mostly care about Q, g later, we will first prove rules for P, s and R as a simpler
intermediate step, before providing rules for Q, g in which are summarized in [Table B.T]
Lemma B.1 (Rules for P, 3 and R,).

(a) For a € R, we have Py.o C Rq.
(b) Let 1,72 € R. Let fl,fg : (0,2) — R with fl c R%.. Then, fl . f2 c R’Yl+’>’2(t)'
(c) If fi € Pa, ;> i, Bi € R, a; < B, then

f1+ f2 € Pay tasmin{ai 482,61 +az} -

(d) Let A,B > 0, g1 : (0,2) = (0,2), g2 : (0,2) — R. Suppose that go € R,,72 € R and that ¢g:(t) =
at®* + Ry, (t), v1 >a >0 and a > 0. Then,

g20491 € Ra’yz .

(e) Let J C R be an interval, let g1 : (0,2) — J, and let go € C°(J) with 0 € J. Moreover, suppose that
g1(t) = at® + bt? + P, 5(t) + R, (t) with limp91(t) =0, 0<a < B <7, a €Ny, 8,7 €R and a,b € R.
Then,

92(g1(t)) = 92(0) + g5(0)avat® + g5(0)Bbt” + Po (1) + Ry (t) -
(f) Let g1 :(0,2) — (0,00) such that g1(t) = at® + Pa,a(t) + Ry (t) for a,c >0 and v > a. Then, for é >0,
g1(1)° = a’t*° + Pagas(t) + Ry—a+as(t) -

Proof.

(a) This is straightforward.
(b) For n € Ny, we have

[GEFARIGIEN > (&) 5" (t)
k=0
_i t’h k t’Yz (n— k)) O(t’71+’yz—n)_
=0

(c) Consider integers o, > ; and non-integers B/ > f; such that t = Py, 5,(t) and % = P,, 4.(t). We now
investigate all possible products of such terms:
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()

The term 172 has integer power o, + ab > a1 + as.

The term t*1+72 has non-integer power oy + B4 > ay + Ba.

The term %172 has non-integer power B+ ob > B + as.

The term /1152 may have integer or non-integer power. In any case, due to the assumption «; < 3;,
we have

By + By > B1 4 B2 > min{ag + B2, b1 + a2} > o + s .
Let g € R,,. We show
(92 0.90)™ (1) = O(™=*™)
by induction on n € Ny. Since 0 < a < 71, we have gy (t) = ©(¢t*) for t — 0 and lim;_, g1 (¢) = 0. Therefore,
92(91(t)) = O(g1(£)*) = O(t72) .

Here, we used g¢1(t) = O(t%) in the case 2 > 0 and g1(¢) = Q(¢t*) in the case 2 < 0.
For the induction step n — n + 1, we use g5 € R,,_1 to obtain

n

a0 () 410

n _
) s a0 1)

k=0
n

IN

O(t('yg71)a7k)0(t(a717(n7k)))
k=0
— O(twa—(nﬂ)) )

We decompose go = pa + ro, where py is the degree-(N — 1) Taylor polynomial of g5 around 0 for some
N > 2 to be defined later. Then,

5~ 270
Pa(91(1)) = 92(0) + g3(0)gn (6) + >° = (1)

k=2

Since we required lim;\ o g1(t) = 0, g1 contains no degree-zero polynomial terms. Therefore, it follows from
(a)—(c) that the powers g1 (t)* for k > 2 satisfy g1 (t)* = Pa s(t) + R,(t), which shows that

p2(91(8)) = 92(0) + g5(0)at® + g5(0)0t” + Pa,5(t) + R (t) -

Since limg 0 g1(t) = 0, we know that g1 € Rﬁ for some B > 0. For the remainder function ro, we could show

that 7o € Ry but cannot directly apply (d) since it requires a lower bound of the form g; (t) = Q(¢?), which
does not necessarily hold if @ = b = 0. However, here, the lower bound is not needed: Since we know that
ro € C'°°, all derivatives of ro are bounded around zero, which is not the case for all R functions. Hence,
here is a variant of the proof of (d) for the current setting:

In order to prove that rp 0 g1 € Ry 5> We want to prove the following statement by induction on n:

For all n € No, if hy € C°(J) and M € Ny such that h2(0) = h5(0) = ... = h$" "V (0) = 0, then
|(h2 0 g1) ™ (1) = O(MP~™). _
By choosing M := N large enough such that M > v and setting hy := 72, we can then conclude that
2001 € Ry.
Base case: Let n = 0. By applying Taylor’s theorem, we find that

M (k) (N)
halor ()] = Z"Zkfo)gmt)k+o<|g1<t>|M>| < (220 0] 4 ollgr (1)
k=0 ’ )

= 0(lg: (V) = O(tVP).
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Table B.1: Summary of the boundary computation rules in [Proposition B.2]

Rule

Assumptions

Qazﬁz (t) = Qahlﬁ (t)
Qalﬁl (t) + Qazﬁz (t) = Qmin{&l,az}ymin{ﬁ1»52}(t)

a1 < ag, 1 < B

Qay,8, (t) Qa8 (t) = Qa1+a2’min{a1+ﬁ2’a2+ﬁ1} t i < Bi
ga(at® +btP + Qa0 5(t)) = g2(0) + g5(0)at® + g5 (0)bt® + Qa 5(2) g2 € C™ (also at 0),
ac N07 /8 Z Q,

a=0ifa=0,b=0if =0
a,0,0 >0, at® + Qa,a(t) >0

(ata + Qa,a(t))(s = adtaé + Qaé,aé(t)
a,a,8 >0, at® + Qa,«(t) € (0,2)

Q6,6(ata + Qa,a(t)) = Qaé,aé(t)

Induction step n — n + 1: We apply the induction hypothesis to hy = hly € C*(J), which satisfies the
derivative condition for M := max{0, M — 1}, and obtain

(hy 0 g1)™ (1) = O(tNB—’“) < O@tWN 1A=k

for all 0 < k < n. Hence,
dan
dtn
> (n> (hy 0 g1)M(1) - g M (1)

k
k=0

< Z O(t(M—l),é—k)O(t,é—l—n-i-k)
k=0

(a0 g) ™) = [ L 1y 0 g1)(0) .g;@)‘

_ O(tMB—(n-H)) 7
which completes the induction step.
(f) We obtain

(ata + Pa,a(t) + R"f (t))6
= (at® - (L4t " Paalt) + 1 R(t))°
(b),:(c) a6to¢5(1 + P0,0 (t) —+ Rfy—a(t))a

D 8199 (1 4+ Poo(t) + Ry alt))
= " 4+ Posas(t) + Ry—atas(t) . O

01(t)°

—~

We now obtain the following rules for Q, 3, summarized in

Proposition B.2 (Rules for Q, ). Let J C R be an interval. Let fi, fo :
go : J — R with

[0,2] = R, g1 : [0,2] = J and

fl(t> = Qalﬁl (t)7
fa(t) = Qay . (1)

for some a;, B; € R.

(a) Inclusion: If a; < ay and 1 < fa, then Qa, p, € Qay B, -
(b) Sum: We have

fl (t) + f2(t) - Qmin{al,az},min{ﬁhﬂﬂ'(t) .
(¢) Product: If a; < f8;, we have

ai+taz,min{ai+82,a2+61} (t) :

@) - fat) = Q
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(d) Composition with C=: Suppose that gi(t) = at® + bt® + Q, s(t) with g1(0) = 0 for some a € Ny and
B > a. Additionally, suppose that g3 € C*(J) with 0 € J. Then,

92(g1(t)) = 92(0) + g5(0)at™ + g5(0)bt” + Qa 5(1) -
(e) Composition with power: Suppose that J C (0,00) with ¢g1(t) = at® + Qqa.o(t) for a,a > 0. Then, for
6 >0,
91(t)° = a’t* + Qus.a6(t) -
(f) Composition with Qs ;s: Suppose that J = (0,2), g1(t) = at® + Qq.a(t) with a,a > 0, and g2(t) = Qs.5(¢)
with 6 > 0. Then,
92(91(t)) = Qasas(t) -

Proof.

(a) Follows from the definition.

(b) For given v € R, write f; = p; + r; with p; € Pa, 3, and 7, € R,. Then, obviously p; + ps €
Prin{ar,az},min{p1,82} and 71 + 2 € R, which shows the claim.

(¢) Using a decomposition as in the proof of (b), we write fi fo = p1pa+ (p1r2+r1pe+ri72). Here, it follows from
lm (c) that p1p2 € Pa,tas,min{ai+8z,as+6 1} Moreover, using (a) we have p; € Rq,.
Using [Lemma B.1| (b), we obtain

Dir2 +T1p2 1172 € R’y+min{a1,a2} )

where 7 € R was arbitrary. This shows the claim.

(d) Follows from [Lemma B.1| (e).

(e) Follows from [Lemma B.1| (f).

(f) Consider v € R to be chosen later. We can then write go(t) = p2(t) + r2(t) with ps € Pss and ro € R,.
Since py is a sum of powers, (a) and (e) show that p2(g1(t)) = Qas,as(t). For ra, we use (a), (d)

to conclude that for some ¢ > 0,

r2(91(1)) = r2(al” + Ray(1)) = Rar (t) -

Since v was arbitrary, it can be chosen such that ay can be arbitrarily large (since @ > 0). This completes
the proof. O

C DUAL ACTIVATIONS

C.1 General properties

Definition C.1 (Pseudo-derivative). Let f,g : R — R. We call g a pseudo-derivative of f if g is Lebesgue
integrable on compact intervals and

for all x € R. |

If f : R — R is continuously differentiable, then f’ is a pseudo-derivative of f. As a non-differentiable example, the
Heaviside theta function 1y () is a pseudo-derivative of the ReLU function. From basic Lebesgue integration
theory, it follows that pseudo-derivatives are unique up to null sets. Note that any continuous activation function

¢ : R — R fulfilling is pseudo-differentiable.

The following lemma generalizes the differentiation part of Lemma 11 by |[Daniely et al.| (2016) to pseudo-
differentiable functions.

Lemma C.2 (Properties of pseudo-derivatives). Let g € L2(N(0,1)) be a pseudo-derivative of f : R — R. Then,
(a) | € L2(N(0,1)),
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(b) forn =1, an(f) =n""2an_1(9),
(¢c) the Hermite expansion f =Y > an(f)hy, converges pointwise,

(d) f is differentiable on [—1, 1] with fr=9 (cf. \Definition A.J]).

Proof. Let ¢ be the p.d.f. of the normal distribution A(0,1). Without loss of generality, let = > 0. Then,

f@) =10+ | "ty dt = £(0) + <]”°’“ ,g>
0 0 La(N(0,1))

oo T,
10+ Y anle) (28 }h> o

=f(0)+ Z an(9) /Oa:(n + 1)V 2R, () dt
0)+ Z(” +1)72an(9)[hnt1 () = bt (0)]
+ Z n- an 1 [hn(x) - hn(O)}

l Zn 2-1(9)hn (0)] ho(x) + Y1~ an_1(g)hn(z) . (C.1)

In the last step, we used ho(xz) = 1 for all z. Moreover, splitting the series in the last step is valid since the
extracted series is absolutely summable:

7;1 |n_1/2an71(g)hn(0)| - Z ”_1/2|an71(9)| even(n)(n_\/ni!)”

3
—

|an—1(9)|0(n=?/%)

hE

Il
-

S

(ln-1(9) )21, 0(n™*/4))

£2(N>1)
Cauchy-Schwarz
< o0 .

Here, we have used that (a,(g))n>1 € Eg( 1) since g € L2(N(0,1)). An analogous argument shows that
also equals f(x) for < 0. Since |n~1/2a, 1( )| < |an—1(g)|, we know that the series representation not
only converges pointwise but also in L2 (N(0,1)), and these limits must be identical. This shows (a), (b) and
(c). In order to show (d), we compute

- Z an(f)Qt" ) ao(f)2 + Z n_lan,l(g)Qt”
n=0 n=1

for t € [—1, 1], which implies

oo
F(t) = Zn‘lan,l 2pnt Zan =g(t) .
n=1

This also holds at the boundary ¢ € {—1,1}: Thanks to Abel’s theorem, f and ¢ are continuous on [—1
Without loss of generality, let ¢ = 1. The mean value theorem of integration yields f(1)—f(1—h) = f117 R () dt =
hf'(&) for some &, € (1 — h, 1), thus

f10) = Jiom f'(&) = lim f'(w) = lim §(u) = (1) -

O
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While the dualization ¢ — ¢ from is a quadratic and not a linear mapping, it still interchanges
nicely with the even-odd decomposition (since even and odd functions are orthogonal w.r.t. the corresponding
“inner product”):

Lemma C.3 (General properties of dual activations). Let ¢ € L2(N(0,1)). Then,
(a) Peven; Podd € »CQ (N(O, 1)) and
(@)even = @ve\na (@)Odd = @ .

(b) B, Poven and Poaa are nonnegative and increasing on [0,1]. Moreover, if ¢ is not almost surely constant,
then @ is strictly increasing on [0,1].
(c) We have
) < (1t < B(1), (C.2)

for all t € [-1,1]. If ¢ is not almost surely constant, then |p(t)| < P(1) for t € (=1,1). Moreover,

[6(=1)| = @(1) if and only if ¢ is almost surely even or almost surely odd.
(d) We have @|(_11) € C*((—1,1)).

Proof.

(a) It is easy to see that Yeven, Podd € L2(N(0,1)). As mentioned in [Appendix Al the Hermite polynomials are
even for even n and odd for odd n. Hence,

Peven = Z even(n)an (©)hn
n=0

oo

Podd = _ 0dd(n)an (@) -

n=0

We also know that the dual activation satisfies $(t) = > oo a,(¢)?*t". Since the monomials " are also even
for even n and odd for odd n, we obtain

(Devent) = 3 even(n)a, ()" = Foven (1)
n=0

(oaa(t) = Y odd(n)an()*t" = Boaa(t) - (C.3)
n=0

Alternatively, this statement can also be proven directly using the definition of the dual activation.

(b) It follows from the Hermite expansions in that Peven and Poaq are nonnegative and increasing on
[0,1], and therefore this also holds for @. If ¢ is not almost surely constant, we have a,(¢) # 0 for some
n > 1. Therefore, the Hermite expansion $(t) = Y., an(p)*t" implies that § is strictly increasing on
[0,1].

(c) For t € [0,1], the statement follows from (b). For ¢ € [-1,0), (b) implies

[B(t)] = [Peven(—t) — Poda(—1)]
< [Beven (—t)| + [Podd (—t)| = Peven(—t) + Poad(—t) = B(—t) = B([t]) < B(1) .

If ¢ is not almost surely constant, then @ is strictly increasing on [0, 1] by (b) and the previous inequality
implies [p(t)] < P(1) for t € (—1,1). Moreover, the inequality |Peven(—t) — Podd(—t)| < |Poven(—t)| +
|Boad(—1)| is sharp iff Peyen(—1) = 0 or Poaqa(—1) = 0, which is the case iff ¢ is almost surely even or almost
surely odd.

(d) By[Eq. (A.2)|the dual activation @ is a convergent power series on [—1,1]. O

C.2 Dominating terms

Definition C.4 (Double factorial). Following Daniely et al.| (2016), we define the double factorial for n € Z as
,n<0
nll=dn-(n—2)---4-2 ,n>0even <
n-(n—2)---3-1 ,n>0odd.
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Proposition C.5. For all k € Ny, the reference activation sy from satisfies s € La(N(0,1))

and s is a pseudo-derivative of sip+1. Moreover, for all n € Ny, the Hermite coefficients satisfy

max(l,n—k)—1

(n—Fk-=2)!
(k — n)!lv27n!
Proof. The first two statements are straightforward to show, hence we only show the formula for the Hermite

coefficients. We first note that for X ~ N(0,1), we have for odd k the central absolute moments following (see
e.g. \Winkelbauer} 2012)):

an(si) = odd(n — k) (=1)

1
E[| X |*] = 2*/2T (’“g) n V2 = 9k 2((k —1)/2)ln V2 = 212 (ke — 1)~ 1/2
2
=/ Z(k—1).
—(k=1)

This allows us to show the statement for n = 0:
1
e
V2T
max(1,0—k)—1

B )T (0 k= 2)!
mvay - CddO=h) (k — 0)11v/270!

—2*/2 4y

1 2 1
—(h , — —x/Qd:ddk—/ k
a()(sk) <078k>£z(N(0,1)) ‘/RS]C(:I;)\/ﬂe xz O (>2k' ]Rl‘r|

(k= DN gt

= odd(k)m

i

Finally, we show the formula for all n, k via induction on k. (We do not use induction on n.) For the base case
k = 0, we note that hg = 1 and sy = 2_1/2\/511(0,00) — %ho almost everywhere. |Daniely et al.| (2016 show in
Section 8 that

271/2 ,n = 0
an(\/ill(oyoo)) = @ .n odd
0 ,2 <n even.

Therefore, we obtain for n > 1:

n—1

—1)"7 (n—2)!
an(50) = 272, (VL ) = ol () 2 ﬁ 2)
max(1,n—0)—1
— odd(n — 0) =Y (n—0-2)

(0 — n)!V2mn!
which completes the base case k = 0 since the case n = 0 has already been treated above.

For the induction k — k + 1, we note that s;, is a pseudo-derivative of 53,1 and use to obtain for all
n > 0:

max(1l,n—k)—1

(=)~ =z (n—k-2)!
(k—n)/2m(n+1)!
R (04 1) — (B +1) - 2N

(k+1) = (n4+ 1)\/27r(n + 1)! ’

which completes the induction. O

ans1(sig1) = (n+1)"2a,(sp) = odd(n — k)

=odd((n+1) — (k+1)) (=1)

Lemma C.6. We have 55(t) = & — 5= arccos(t).

Proof. By Section 8 in |Daniely et al.| (2016), the function f := \/511(0700) has the dual activation f(t) =1-
% arccos(t). Hence, g := 1(g,o0) has the dual activation
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Now, since sg = g — 1/2 almost everywhere, we have a,(s9) = an(g) for all n # 0, and hence

t) = Z an(s0)t" = C + Z an(g)*t™ = C + 3 5 arccos(t)

for some constant C' € R. Since sq is odd, 55 must be odd by which yields C' = —1/4. O
Lemma C.7. For all k € Ny, there exists by, > 0 such that for T € {£1},

ST =) = (=)ot T2 1 Qi a(t)

Proof. Step 1: Analysis of sy. First, consider the case 7 = 1. We have

d 1
— arccos(l —t) = ———0 =t V/2(2 —t)7V/2 |
dt 1—(1-1)2
It is easily seen using induction that
dan 12 _ (Qn—l)!! _2n41
@(2 t) = T@ )y~ "2

Since t — (2 — t)~'/2 is analytic in a neighborhood of ¢ = 0, it is equal to its Taylor expansion:

oo
_ 71/2 - (2n—1)" n

n=0

Since all coefficients are positive, we can apply the monotone convergence theorem to obtain

arccos(1l —t) = arccos(1 — 0) / — arccos(1 — u) du

2n — 1 n—1/2 du
22n+2n[

_Z ”—1"n1/2du
22n+2n[

(2n — ! 1 ¢
- Z 2n+ : { un+1/2]
s 24m zn! n -+ 1/2 0
_ i (2n — 1N ey
n=0 22"+ 3nl(n +1/2)

For arbitrary 1 < N € Ny, this yields using the identity

(2n — 1N
So(1—t =" /2
0( ) ZO 22n+2nl(n + 1/2)
N—
:7_L /2 4 Z (2n — 1! /2
4 — 22”+2n'n+1/2)
=Po,1/2(t)
> (2n — 1)!!
L gN+1/2 Z =N
— 22+ 3 pl(n +1/2)w

=Rny1/2(t) 7=N

=Ro(t)

Step 2: Induction on k. We now show the lemma via induction on k € Ny. For arbitrary v € R, by choosing
N with N +1/2 > v, we obtain using [Lemma B.1]

So(1—t) = (=1)'bot" ™/ + P_11/2(t) + Ry (t) .
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For the induction step k — k + 1. we note that since s is a pseudo-derivative of si11 (see |Definition C.1)), we

have 5511 = 5}, 41 = 5k by , which yields

t

sl -0 =50() — [ s (1 - u)du
0

t
=5r1(1) — / S5p(1—w)du
0
t
= Sp1(1) — /0 (cr + (=1 Lbpuf 2 1Py g o (u) + Ry (u)) du
= Cpp1 + (= 1)FF2hyt(FFDHY/2 4 Po,(k+1)+1/2(t) + Royy1(2)

for suitable constants cpy1,bgyr1 > 0. This shows the claim for 7 = 1. For 7 = —1, we note that s is odd for
even k and even for odd k. By the same holds for 5. This shows

Se(=1+1) = (~1)"'5(1 - 1)
= bt T2 P a(t) + R (1) O

We will also need the asymptotic decay of a,(sk), which will be studied in the following two lemmas.

Lemma C.8. For p € Ny and odd m € Ny, we have

m!! _
Tamegn - O

Proof. For even n =2k > 2, we have n!l = n(n—2)---2 = (2-k)(2-(k—1))--- (2-1) = 2¥k! = 2"/2(n/2)!. Using
Stirling’s formula, we obtain

(n—1)N n! Vn! (2mn) Y/ Anpn/2e=n/2

frnd . frg ~ frd _1/4
TR R T ey R D e e ey e TR L
By setting n := m + 1, we obtain
ml!! m!!
— Oy, (m!/2~?/? — Oy, (m'/2~?/2y0y, (m~1/*
s = B () = G (Y20 ()
= Oy (m!/47P/%) -

Lemma C.9. We have |a,(s1)| = Ovn(odd(n — k)(n + 1)73/47F/2),

Proof. Since (k —n)!l =1 for n > k by our definition of the double factorial in |Definition C.4] we obtain

FreenCile ( dd(n — k (”_’f_””)
)| vn | O (TL ) m
Lenuna €. Ovn(odd(n — k)(n +1)73/47k/2) -

|an(3k

C.3 Mix terms

Now, we want to investigate some of the mix-terms arising in the decomposition in Eq. (A.3)). For convenience,
we will give them a new name:

Definition C.10. For i,j € Ny, define f; ; : [-1,1] = R by
Fig(®) =" an(si)an(s;)t" .
n=0

Note that f; ; =0 for odd i — j and f; ; = f; ;. Moreover, f;; =5;. <



David Holzmiiller*, Max David Schélpple”

Lemma C.11 (Recursive characterization of mix-terms). Let k,l € No. Then, there exists a polynomial py -+
such that for t € [-1,1],

Trgrat(t) = (k4 2) frig2,(k42)+20-1) (1) = tfet1,(br1)+20-1) (E) + Pr gt (t)
frkt2u+1(t) =0

Proof. Since a,,(si) =0 for even n — k and a,(Sg42i1+1) = 0 for even n — (k + 21 + 1), we have

oo

a1 (t) =Y an(si)an(sipaie1)t" =0 .

n=0
For the other formula, we use and obtain
an(Sk)an<8k+2l) _ Odd(n _ k) Odd(n _ (k + 2l>)(_1) max(l,’gfk)fl+max(1,n;k72l)71

(n—k—2)(n—k—20—2)
(k= n)(k + 20 — n)!127n!

Here, odd(n — k) odd(n — (k + 21)) = odd(n — k). Moreover, for odd n — k and n > k + 2, we have

max(1,n—k)—1 | max(l,n—k—20)—1

O e G e C VR GV

In the following, we write
~pol 9

if f — g is a polynomial.
The terms (k —n)!! and (k 4 21 — n)!! are equal to one for n > k + 2[. Therefore, we obtain for all but finitely
many n

(51 )n(55420) = 0dd(n — k) (1)t MK =2 —kZ 2 =2

!
By writing (n —k = 2)!l = —(k +2)(n = k = )l + n(n — k — 4)!1, we oitain;
i}an(swan(sw)t”
~pol —(k +2) niodd(n 1y =k 4)”(27;;! k-2-2),
+ ni;nodd(n ey ks 4)”;’;;! E-2-2),
~po1 (k+2) ioodd(n ~ (k+2))(=1)? (n—(k+2)—2)!n ;W(nk!+ 2)—2(-1) -2,
. ,i_()dd((n EPTERT (U 32):((72”_1)1!) L )
= (k+2) g)odd(n — (k+2))(=1)"! (n—(k+2)—2)!(n ;F(nk!jt 2)—2(1-1)— 2)!!tn
—t. nij%odd(n — (k+1))(=1)"! (n—(k+1)=2)!!(n ;ﬂ(nk!+ 1)—2(1—1)— 2)”75"
~pol (k +2) ioan(5k+2)an(5(k+2)+2(l_1))t” —t ioan(Sk 1)t (Sea1) 2"

which completes the proof. O
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Proposition C.12 (Boundary behavior of mix terms). Let i,j € Ng. Then, for any 7 € {£1} and t € (0,2),
fii(r(L=1)) = Q1 (45 /2(t) -

Proof. Recall [Lemma C.11] Since f;; = fj;, we can assume 7 < j without loss of generality. Moreover, for odd
J — 1, the statement is trivial since f; ; = 0. For the remaining cases where j — i > 0 is even, it suffices to prove
the following statement by induction on I:

For all | € Ny: For all k£ € Np:
S = Q—1p41(t)

For | = 0, this follows from since fir = . For the induction step, we use [Lemma C.11] to obtain
for all £ € Np:

frkrar(7(1 = 1))
= Q 100(t) + (k+2) frrarr2r20-1)(T(1 = 1) = 7(1 — ) foy 1 p41420-1)(T(1 — 1))
=Q 100(t) + Q1 i1 (t) = 7(1 =) (Q -1 k11(t))
=Q 1 xp(t)

Here, we used that for a polynomial p, the map ¢ — p(7(1 —t)) is also a polynomial and thus in Q_1 (¢). O

C.4 Results for smooth terms

In the following, we analyze the decay of Hermite coefficients for smooth functions, which can then be used to
establish the smoothness of certain components of dual activations. For smooth f, we could show the smoothness

A A/ ~
of f by using f = f’, but this approach does not work directly for mix-terms, and hence the intermediate step
via coeflicient decay is helpful.

Lemma C.13. If f : R — R has a m-fold pseudo-derivative f) with f(™ € Ly(N(0,1)), then |an(f)] <
om((n +1)7"/2).
Proof. By we obtain for n > m:
an(f)=[nn—1) ... (n—m+1)]"" ap_pm(f™) .
Since apm(f™) < 0y (1), we obtain an(f)] < own((n+1)7/2). -

Lemma C.14 (Differentiability of power series). Let f : [-1,1] = R,z — > 7 bpa™ with |b,| = Ovwn((n +
1)=(k+1+2)y for some k € Ng and & > 0. Then, f € C*([-1,1]).

Proof. We prove by induction on k that f € C*¥([-1,1]) and
fBE=>"n-...-(n—k+1)bt"*
n==k

for t € [-1,1]. For k = 0, we have Y -, |b,| < co and the result follows from Abel’s theorem on power series.
Now, let the statement hold for £ — 1 > 0. We know from the case k = 0 that

g:[-1,1] > Rt — anntnfl

n=1
as well as f are continuous. By elementary analysis, f' = g on (—1,1). Moreover,
1-h' 1
1)— f(1—h) = lim f(1-Ah")—f(1—-h)= lim xdx:/ x)dx =h
F0) = f1=h) = Jim f0—B) = fL=m)= lim | g@)ar= [ gx)ar = ho(e)

for a suitable &, € [1 — h, 1] by the mean value theorem of integration. Since g is continuous, it follows that f
is differentiable in 1 with f/(1) = g(1). An analogous calculation can be applied for ¢t = —1. By applying the
induction hypothesis to ¢ = f’, the proof is completed. O
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C.5 General activation functions

Now, we want to obtain the asymptotic boundary behavior in the sense of for general activation
functions ¢ as in To this end, we use a decomposition into reference functions and smooth

remainders:

Lemma C.15. Let ¢ be an activation function as in [Assumption 4| and let m € Ng. Then, using Ag(p) as
defined in [Defnition 2.4

is m times pseudo-differentiable and the m-fold pseudo-derivative go%n) is in La(N(0,1)).

Proof. Note that A,, is a linear operator with A,,(sx) = d;nk. Hence, for I < m — 1, we have

—

m—

Ai(pm) = Ai(p) = ) A(@)Ai(sk) = Ai(p) — Ai(p) =0 .
k=0

We now prove by induction on ! with 0 <! < m that g; : R — R defined by
()
= Pm; r) = [>1
90 = Pm, gi1() {cpgfz)(()) 2 =0 ( )

is a [-fold pseudo-derivative of ¢,,. For [ = 0, we have gy = ¢, by definition, hence gq is a 0-fold pseudo-
derivative of ¢,,. For the induction step [ — [ + 1, we observe that [ < m — 1, hence A;(¢,,) = 0, which implies
@5,?(0—) = <p£,ll)(0+) and therefore, g; is continuous. Moreover, g; is continuously differentiable on (0,z) and
(—z,0), and g; is bounded on these intervals. Thus,

mwmm+[@@wm®+43mm&

a0 =g+ [ gt =a©)+ [ g,

0 0

which shows that g;11 is a pseudo-derivative of g;.

It remains to show that g, € La(N(0,1)). For x # 0, we have sém)(z) = 0 for £ < m and therefore g,,(z) =
o™ (z). By ©l(0,00) € 8%((0,00)) and ¢|(—s0,0) € S*((—00,0)), which implies the desired
integrability for ¢(™) hence g,, € Lo(N(0,1)). O

Theorem A.8 (Boundary behavior of dual activations). Let ¢ be an activation function as in [Assumption 4

and let m € Ny such that Ag(¢) =0 for all k < m (see . Then, there exists by, > 0 depending
only on m such that for T € {£1},

@(T(l - t)) = Am(@)z(_T)m+1bmtm+l/2 + Qfl,erl/Z(t)

holds.

Proof. Step 0: Proof strategy Fix 7 € {—1,1}. For an integer M; > m to be defined later, we decompose ¢
using as
M;—1
p=g1tg, g1= Y Mul@)sk,  g2=owm, -
k=m

Here, |[Lemma C.15(tells us that go is M; times pseudo-differentiable and géMl) € L3(N(0,1)). The basic strategy
is as follows: To verify f(t) = Q_1 ;,,41/2(t) for a suitable function, we need to show that for all v € R, there

exists a decomposition f = g+r with ¢ € P_y ;,,11/0 and r € R. We will select M; depending on v to construct
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such a decomposition. To show r € R, we need to show |r(™)(¢)] = O(t7~V) for all N € Ny. To this end, we
will decompose ¢ again with an order My > M; that depends on N (but does not change r).

Step 1: Defining the decomposition of . Using [Definition C.10, we obtain
oo /Mi—1 2
70 -3 (3 o)

M;—1M;—-1

Z Z Akl Ak2 )Zan(skl)an(st)tn
n=0

k}l mk‘z m
M;—1M;—-1

=3 Y Ak (0 Ak (9) fr k(D).

k}l mk‘z m

For k1 = ks = m, we have

P (r(1 =) = S (r(1 — 1)) TEBEET gyt A ()24, 4412 L Q) o (8)

For k1 > m or ke > m,|Proposition C.12| yields

Jrr ko (T(1 = 1)) = Q1 (k) 4k2)/2() = Q1 my1/2(t).

Therefore,
FT(1—1) = A ()2 (=)™ by t™FV2 4 Qa0 (t)

for some constant b,, > 0. Moreover, for M7 > 2 + m, we have M;/2 > 3/4 + m/2. Using and
emma C.13] we obtain

oo Mi—1 2 oo /Mi—1 2
@(t) - a(t) = <an 92 Z Ak an Sk > Z ( Z Ak an Sk > t"

(]

n=0 n=0

Mi—1
an(g2) <an(92)+2 > Ak(Sﬁ)%(Sk)) t"

pqu

k=m

3
Il
=]

o((n+1)"M/2)O((n + 1)~3/4=m/2)m

M

3
Il
=]

O((’I’L + 1)—3/4—m/2—M1/2)tn

M

0

3
Il

Let v € R be arbitrary. We choose M; large enough such that
3/4+m/2+ M/2> [y] +1 (C.4)

Then, yields

pelt) = ) A o th = Q1 (1)
k=0
and the rest terms
rr(t) = h(r(1 =1t)) — p-(¢) . (C.5)

It remains to show that r,(t) = R (), which will then yield

P(r(1=1) =g1(r(L =) + pr(t) + - (t)
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_ —Am((p)2’7'm+1(—1)m+1bmtm+1/2 + P717m+1/2(t) + R’Y(t>
for arbitrary v € R.

Step 2: Analyzing the rest term. Let 7 € {—1,1} and N € Ny be arbitrary. We need to show that

|7"$N)(t)| = O(t"=N), where 7, is defined in Eq. (C.5). For an integer My > M; yet to be specified, we use
emma C.15|again to decompose

My—1

g2 = om, + Z Ak(p)sk
k=M,
With the index set

Ti={mm+1,....,My— 132\ {m,m+1,...,M; —1}? |
we then obtain similar to the calculation above
h(t) = hi(t) + ha(t)
hi(t) = > Ap () Ak, (9) fry ko (8)

(k1,k2)€T

e} Ms—1
) = Zan(¢M2> (an(@MZ) +2 Z Ag(p)an(sk ) t"

k=m

_ Z (n + 1)~ M2/2)O((n + 1)~3/4=m/2); i (n 4 1)~3/4=m/2=Mz/2)n
We now choose M sufficiently large such that 3/4+m/2+Ms/2 > N+1, where N := max{N, [v]}.
yields
hy € CN([-1,1)) .
Since implies (m + M;)/2 > ~y, we obtain from [Proposition C.12|
hi(T(1 =) = P_1 (mim) 2(t) + Ry(t) = Po1,00(t) + R (1)
In other words, we can find a polynomial p; » of degree < [v] — 1 and a function 1 , € R, such that

hi(r(1=1)) = p1r(t) +71-(t) -

We therefore investigate
Fase(t) 1= 7 () — 1o (t) = (R(r(1 = 1)) = o () — (a (7(1 = £)) — p1- ()
= ha(7(1 = 1)) = pr(t) + 1+ () ,

which satisfies ro , € C’N([—l, 1]) We now distinguish two cases:

o If N > ~, we simply use the continuity of réN) in 0 to obtain

[y (0] = 0(1) = 0( ™) .
o If N < ~, we proceed differently. For 0 < n < [y] — 1, we have
i (0) = rf(05) = r(04) = 17 (04) =0 -0 =0,

where we used that r{™ (04) = 0 by construction and that T(") (0+) = 0 thanks to 1, € R, and n < 7.
Thus, Taylor’s theorem with Peano’s form of the remainder ylelds

[vI-N T(N-Hf) (0)

0
ey Ol = | > 2

k=0
=o@MI=Ny=o@—Ny.

tF 4 o(tI1=N)

Since 71,7 € R+, we obtain

M @) < [PV @)+ [V ()] < 0N o) = 0N
which completes the proof. O
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D NEURAL KERNELS

D.1 Analytical formulas
Recall the network’s architecture in [Definition 1l

For the subsequent consideration concerning kernels, we compare the network behavior for two inputs @, z. All
terms e correspond to the inputs x, all terms ® to the input .

Definition D.1 (Neural kernels). Consider a network of depth L > 2 and output dimension d;, = 1. Let
d=dy =---=dp_1. Define the neural network Gaussian process-kernel kENGP :R% x R% — R as

ENNGP (3 ) = dh_g)lo Cov (z(L), Z(L))

and the neural tangent kernel kYT : Rd x R% — R as

BT (2,2) = Jim <ng<L),vgz<L)> :
— o0

where Vgz(X) denotes derivation of the output z(%) by all parameters 6. <

Lemma D.2. Let the activation function ¢ : R — R fulfill[Assumption JJ Then, the NNGP and NTK kernels
introduced above converge almost surely and they are given by

KNNCP (g 2) == 0207 + 02 (z, Z)
kENGP(mvj) ba +UwIE(u v)~3Sp g (x,®) [ ( ) ( )]
ky (. x) =op(1—07) + kRN (2, @) + 08B (w0 on (0,5, 1 (2 [¢ (W)@ (V)KL T (x, 2)
. (EYNCP(g x) ENNGP (g 7)
Si(x,®) = <k,NNGP(w z) KNNGP(z )
where we define kY™ (x, &) == 02(1 — 02) + kYNCF (2, ).

Proof. Denote d; == d if | € {1,...,L — 1} and d; = 1 otherwise. Consider the inputs ¢, € R%. For a fixed
hidden layer width d € N, the finite version of the NTK kernel is given by

L L
<V9Z(L), Voi(L)> = Z <Vw<z>Z(L)a VW<z>2(L)> + Z <Vb(l)z(L)a vb(Z)Z(L)> ;
=1 =1

Vb(z)Z(L) = Ubvz(z)z(L) , (D.l)

2
<VW(1)Z(L),VW(Z)2(L)> = ;i <Vz(z)z(L) V (L)Z ):f:(lil)—r>,
-1

where inner products involving matrices are Frobenius inner products. Using the outer product structure we can
rewrite the weight-matrix gradient as

<VW(1,)Z(L),VW(1,)2(L)> (D.Q)

<w(z—1>@(z—1>>
<m<z ) gl- 1>>

1
= UEU <Vz(z)Z(L), VE(L)E(L)> _—
di—1

1
<\/>Vz(z)z( ) sV d;Vs (z)Z >
di1
The occurring backpropagation terms can be recursively unrolled as
Ow
Vd,
vz(L)z(L) = 17

Vz(L)Z(l) = W(lJrl)Tvz(z-H)Z(L) ® go'(z(l)) 1<I<L-1,
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where ©® denotes component-wise multiplication.

In order to rigorously calculate the NNGP and the NTK, we use the simplified NETSOR' program
from Section 7 in [Yang (2020). To this end, define the set of d-dimensional initial vectors V =
{ow W(l)w oWz W(L)T O'O'bb(l) O'O'bb(Q) ,Uiabb(L_l)}. For 1 < i < d, the process (v;)yep is a
centered Gaussian process distributed as (Z7),ev, Wher COV(ZW(I)y,ZW(I)y) = (y,9) for y,y € {x,z},
Cov(Zb(l),ZU) = 1wy (v) and Cov (ZW(L)T,U> = Lywary(v). Define the set of R?*4 random matrices

W = {VVQ)7 U W(Lil)} by ngk) ~ N(0,02 /d). Now we recursively define the vectors
Y = g, W, RO — WD (D.3)
20— RO { 5y0p 0. 20 = (20,
dzE) = w7 o 4,0’(Z(L_1))7 dh®) = W(H_I)T dz(l+1),

dz® = dnV o ' (z1),

where the index [ has the range 1 <[ < L — 1 for ac(l), 1 <1< L-—2for dh(l), dzW and 2 <1< L -1 for
h(l),z(l). Also note dz® = %Vzmz@) for 1 <1 < L —1 due to the ,missing normalization“in the definition

of dz(&=1. The individual vectors in [Eq. (D.3)|are given by a non-linear operation or a matrix operation as in
(Yang] 2020, Box 1 p. 7). This enables applying Theorem 7.2 and Box 1 from [Yang| (2020), which states that
limits of the kernels

exist almost surely and furthermore yields recursive formulas for those limits. Note that the backpropagation
terms DL) depend on the network’s depth L. By the independence of the parameters in the network we have

ENNGP (g 2) = dli_)n;l<> Cov (z(L)7 B(L))

2

= Jim “RE[VTWE W O] 4 ololE (6]
= lim owEd< (L‘”,:F:(L‘”> +oj0;

=20V, z) + o202 .

Here, the convergence of the expectation follows from [Yang| (2019al, Proposition G.4). By [Eqs. (D.1)| and [[D.2
the NTK-kernel can be expressed as

L L
KNTK (g, 5 Z CD (g gz DO (z

For a kernel k denote X (y,y) = (k(y’?) k(lf@). Using [Eq. (D.3)| and [Yang (2020), the above kernels are

k(y,9) k(9,9)

recursively given by
BY(x,z) = 02C""Hx, &) + 0202, (D.4)
C(@,2) = E(um)on (0.3, o (@a)p(@)e@)], (1>1)
C(O)(aj‘,:f)) - <:I},.’f3>,

8 |

2Note that Z? is a real-valued random variable for v € V.
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DY (x,2) = of, DUV (w,2) BV (2, @), I<L-1,
DED (g 7)) =1,
E(l)(gg ) = E(uyv)NN(o,zB(,)(m@))[SDI(U)SD/(U)L

and a recursive formula for D% over the depth L follows as
pGL+L) — afﬂE(Z) C Uqu(L) - UZE(L)D(Z’L) )

The recursive formula for KXNGF(z, Z) can directly be derived from We investigate kN TX(x, ) by
induction. For L =1 there is nothing to show. Assume that the claimed formula holds for L € N. Then we have

L+1 L
W @2) =0l 3 DO B)0 @ 2+ ol 3 DU e 2)
=1

= E(L (z,z ( 2 ZD(IL) cl= 1)(93 x) —l—ozzD(lL) ))

=1
+ 0200 (, :c)—l—ab
op(1—0?) + KPS (2, 2) + 0L E(uyon0,2) [0 (W) (0)]k] T (z, ). O

A dot-product kernel k on the sphere S? is conveniently described by a function x : [~1,1] — R by defin-
ing k({(z,y)) = k(x,y). We translate the NNGP- and NTK-recursion of to a recursion for the
corresponding functions x describing the restriction of these kernels to the sphere.

Lemma A.5 (Neural kernels on the unit sphere). Let the activation function ¢ : R — R fulfill |Assumption 4)
Consider a neural network fo : R — R initialized as in|Definition 1. For 1> 2 and t € [—1,1] we recursively
define

Q= UZJ? + 012“

o1 = ot + o2 g ()

HTNGP(t) = 0?0? + oit
ﬁ%\INGP(t) =00l + 027 m(/{fl\iGP(t)/al_l)
KYTE(t) = 02 (1 — 02) + kINCP (1)
RNTE (1) = 0 (1 — 02) + &INOP (1) + 02 kN T () (). yarms (kRNCP (£) feu—1) -

Then for all 1 > 1,z, 2’ € ST we have oy > 0 and

Proof. As 02 > 0 and ¢ is not almost surely equal to zero, a; > 0 follows for all /. By a simple induction we see
that oy = kNNGP(1) holds for all I > 1. The identities for the NNGP can be shown by induction on [ as well.
The induction base kNNCF (x, ) = s¥NCP ((x, &) is straightforward. For the induction step yields

ki NG (@, 8) = 0707 + 02 B (u,0)on (0,511 (2 (W) (V)]
[ ENCP (@) O () 1 R (@) /au—a
Elfl(w, iB) - <kf_NlGP(m,m’) kf_l\llcp(a:',m’) =Qap—1 - gq_NGP((m z))/ou_1 1

and the identity kNP (z, 2) = k’NNCP((x, Z)) follows directly from the definition of the dual activation (A.4)).
A similar argument shows kN TX(z, z) = kN TE ((z, 2)). O

D.2 Even and odd parts of neural kernels

Lemma D.3 (Even/odd algebra). Let f,g: R — R. Then,
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(a) (f + g)cvcn = feven + Geven and (f + g)gdd = fodd ~+ Godd-

(b) (f . g)even = feven * Jeven T fodd * Jodd and (f . g)odd = feven * Godd + fodd * Jeven -

(¢c) If g is odd, (f © g)pyen = feven © g and (f 0 g)yqq = fodad © g- If g is even, f o g is even.

(d) If " is a weak derivative of f, then (f") is a weak derivative of foaa and (f'),qq 15 o weak derivative of

fCVCl’l .

even

Proof. Statements (a) — (c) are straightforward to prove. For (d), we obtain for z € R:

. R
/O(f)even(t)dt—/o e

- % (/Oz 0 dt+/oz F(=t) dt)

1 T —T
3 ([ roa- [Troa)
2 \Jo 0
1
= 5((f(2) = £(0)) = (f(=2) = £(0)))
= fodd(z) :
This shows that (f’),,., 15 a weak derivative of f,q4, and a similar computation shows that (f’) 44 is a weak
derivative of feven- O

Proposition D.4 (Special cases for NNGP/NTK with even/odd functions). Let the activation function ¢ fulfill
[Assumption 4}

(a) Let o}o? = 0. If ¢ is even/odd, then kNNCF is even/odd for all 1 > 2.

2.2 _ NNGP _ NNGP NNGP _ NNGP
(b) Let ojo? = 0. Then, (kb )even = K por, and (kY3 )Odd = F2,004a"

(c) Let 02 = 0. If p is even/odd, then kNTX is even/odd for all | > 2.

(d) Let of = 0. Then, (5YTK) = kNTK gng (sNTK) = oNTK

)even — "2,peven 52780 odd — K/Q#Podd'

Here we denote the activation function in the index to clarify the network architecture the kernels belong to.

Proof.

(a) Since o707 =0, KYNCF is odd. If ¢ is even/odd, then so is ¢. /& and by also ¥. /a;. The claim
then follows by induction using [Lemma D.3| (c).

(b) We have /igngP(t) = 02,9 /a; (t). Note that a; does not depend on ¢. By we obtain

(5357 qven (1) = T2 (#-/87) ayen(t) = T (Peven).yar (1) = 3550, (1)

and similar for the odd part.

(c) Since 02 =0, K)TK is odd. Moreover,

ANTE(E) = o2 ()P (1) + N - (). s (NP () o))

holds and we obtain the claim for [ = 2. We use |Lemma D.3| and |Lemma C.3| to obtain that m is

odd/even if ¢ is even/odd, and the claim holds for I > 3 by induction since k' T (¢) is even/odd by (a).
(d) Just as in (c), this follows from |[Lemma C.3| [Lemma D.3|and (b). O

D.3 Adapting the main theorem from Bietti and Bach| (2021

Here, we derive an adapted version of the main theorem of Bietti and Bach| (2021)) that is closer
to our notation. First, we restate the original theorem with minor adaptations (using 7, expanding at ¢ = 0
instead of ¢t € {—1,1}, rewriting derivatives of powers, using S¢ instead of S?~!). Here, the notation a,, ~ b,
means lim,_, a,/b, = 1.

Theorem D.5 (Theorem 7 in Bietti and Bach (2021), arXiv version 4). Let k : [—1,1] — R be a function that
is C* on (—1,1) and has for T € {1,—1} the following expansion for t \ 0:

k(T(1—1)) =p,(t) + XT: cj .t + O Tte)] (D.5)

j=1
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where pr are polynomials and 0 < vy < --- < v are not integers and 0 < € < vy — 1. Assume further that the
derivatives k') have for any s € Ny the following expressions for t \, 0, where (t”f)(s) is the s-th derivative of
t—t¥i:

O (7(1 = 1)) = per(t +Zc (1)) 4 O(priti+es) (D.6)

for some polynomials ps . Then, for d > 1, the eigenvalues puy, = px(k,d) as defined m satisfy, for an
absolute constant C(d,v),

e Fork even, if c11 # —c1—1: pig ~ (c11 +c1,-1)C(d,v1) k=921 ;

e Fork even, if c1p = —c1 —1: g = o(k=4721);
o fork Odd, ’Lf C1,1 # Cl,—1° Mg ~ (cl,l — Cl,_l)C(d Vl)k 2u1 .
o For k odd, if 11 =0C11° p = O(k_d_Q"l),
We reformulate this in terms of Q, see This perspective allows conveniently handling the

O(t"1717¢)term and its derivatives. For greater precision, we use the following variant of Lemma B.2 in
(2023) to investigate the sign of eigenvalues p;:

Lemma D.6 (Guaranteeing strictly positive eigenvalues for kernels on spheres). Let x: [—-1,1] = R be contin-
uous, let d > 1 and consider the radial kernels

kq:S% x $% > R, kq(z,y) = c({z,y))
karo : ST x ST = R, kato(z,y) = k({(z,y)).

Suppose that kqy2 is a kernel. Then, kq is a kernel. If an eigenvalue p; of kq fulfills p; > 0 and [ is even/odd,
then for all even/odd I < I

>0 (D.7)

follows. Especially, if|Eq. (D.7)| holds for infinitely many even/odd l, then it holds for all even/odd .

The only difference between Lemma B.2 in Haas et al.| (2023) and the above lemma is that the eigenvalues are
described in greater detail here, the proof remains the same.

Theorem A.3 (Adaptation of Theorem 7 in arXiv v4 of Bietti and Bach|[2021). Let x : [-1,1] — R be a
function that is smooth on (—1,1) such that k. q(x, ') = k({x,x')) is a positive semi-definite kernel on all
spheres S?,d € N>1. Suppose that there exists 0 < 3 € R\ Z and b_1,b; € R such that for T € {—1,1},

w(T(1—1) = b, + Q1 5(t) .

Then, for a given dimension d € N>q, the eigenvalues p; = p(k,d) as defined in satisfy:

(a) Forl € Ny even, if b_1 # —b1, then ju; = Oy ((1+ 1)~428),
(b) Forl e Ny even, if b_y = —by, then p = oy ((1 + 1)74725).
(c) Forl €Ny odd, if b_y # by, then j; = Oy ((1+1)74728).
(d) Forl € Ny odd, if b_y = by, then p = oy ((1 +1)~972).

Proof. Set v := 8+ 2. Fix 7 € {—1,1}. Then, we can write x(7(1 —t)) = b,t° + p(t) + r(t) for some p € P_; 5
and 7 € R4(t). To apply we can rewrite b, 1% = p,(t) + Z;:1 ¢t with vy = § and ¢, = b,.
The rest term 7(¢) is covered by the O(t1+17¢) term in by setting & := 2 min{1, v — 11}, and the
expressions for the derivatives in are satisfied by the definition of R,.

Hence, we can apply to obtain the correct asymptotic decay rates, and it remains to show that in
the cases (a) and (c), all eigenvalues p; are strictly positive for all I € Ny. This claim follows from the following
considerations:

o C(d,11) # 0: While this is not shown in Bietti and Bach| (2021), it follows by considering &(t) = (1 — )"
This choice of x satisfies the assumptions of [Theorem D.5[ with ¢1 1 =1 # 0 = ¢1,_1, hence the cases (a) or
respectively (c¢) apply.
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Suppose C(d,v;) = 0, then we obtain puj; ~ 0 and hence only finitely many p are nonzero. Following
Appendix A in Bietti and Bach| (2021)), % can be expressed as

o0
R(t) =Y mNaiPi(t)
1=0

where the P, are Legendre polynomials of degree [ for the dimension d+ 1. Hence, £ would be a polynomial,
contradicting the definition &(t) = (1 — ¢)**.

e Since we assumed k. 4 to be a (positive semi-definite) kernel, we cannot have negative eigenvalues, hence
(c1,1+c¢1,-1)C(d,v1) > 0 or respectively (¢11 —¢1,-1)C(d,v1) > 0 follows in the cases (a) and (c).

e The notation ~ from allows a finite number of u; to be zero. However, as there are infinitely
many both even and odd indices for which u; is strictly positive, shows that p; > 0 holds for
all I € Np.

O

D.4 Eigenvalue decay
Some preliminary constructions useful for both the NNGP and the NTK kernel are first established here, stressing
the perspective of layerwise computation in the neural network.

We will study RENGP, kNTK . [-1,1] — R as compositions of functions which break the kernels given by depth
L down to a “composition” of kernels of depth 1.

Recall the recursive form of the NNGP-kernel on the sphere given in and the dual activation function
© in [Definition A .4

Notation 7 (NNGP- and NTK related terms). Recursively define the functions ¢;, G, H; : [-1,1] — [-1,1] by

= H%\LI:GP(l),
olo? +olt
(1) i= DI
aq
_ b0t + oL m ()
gl(t) = )
o
Gl(t) =gy o--- Ogl(t),
H,y(t) =0} +o2t,
Hy(t) = 0(1 —0?) + aGy(t) + Ui(pfm(Gg,l(t))Hl,l(t) . <

By the recursive formulation of kINNGP xNTK in we observe for all ¢ € [—1,1]

aGy(t) = kPN (1),
Hy(t) = ry "5 (t) .

Lemma D.8. Under the assumptions of[Lemma A5, we have for any l > 1

H=ag)=1.
t;{liafl]lgz()l g1(1)

Furthermore,
Gi[-1,1) c (-1,1)

holds for all l > 1 when 0301-2 > 0, and for all I > 2 when ¢ is neither even nor odd.

Proof. Follows from the definition of g; and O

Lemma D.9 (Behavior at 1). Let the activation function ¢ fulfill and let m = inf{k € Ny |
©F)(04) # ©F) (0=)} be its smoothness, see|Definition 6. Let 1> 2.
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1. Let m = 0. Then we have fort \,0
g(l—t)=1- (Czt1/2 + Qo,l/z(t))7
Gi(l—1t)=1- (Cltzlil + Qo,zlfl(t)),

for constants ¢;, Cy; > 0.
2. Let m € N>;. Then we have fort 0

gl—t)=1- (blt + (=)™ /2 4 Ql,m+1/z(t)),
Gi(l—t)=1— (Blt +(=1)mopmtl2 4 Qlym+1/2(t)>7
0= (D i)
for constants by = g;(1), c, A1, By, Ci, Dy, > 0. Furthermore, we have for | > 3 the recursive relation C; >

g(1)Cp—1.
3. Let m = oo. Then we have for any T € {£1},q € R and t \, 0

gi(T(1—1)) = Q_1,4(),

Gi(T(1 — 1)) = Q-1,4(1),

Hi(1(1—1)) = Q_1,4().
Proof.

1. The formula for g; follows from [Theorem A.8and [Lemma D.8] We obtain the formula for G; via induction,
where in the base case for [ = 1 by definition G1(1 —t) = 1 — ¢yt with ¢; > 0 holds. For [ = 2 we have

Gg(l — t) = gg(Gl(l — t)) = gg(l — (1 — G1(1 — t))) =1- CQC}/Qtl/Q + QO,l/Q(Clt)

as claimed. For [ > 3, note that the identities Qg o2-1(t) = Q21 52-1(t) and Qg 1/2(t) = Q1/2,1/2(t) hold by

Definition A.1]l From (e,f) we obtain
Gi(1=1) = g(Gia(1-1) =g(1 = (1 = G1a(1 - 1))
22—[ 1/2 22—[
=1—g¢q (lelt + ngfzﬁngz(t)> + Ql/271/2 (lelt + ngfzngz(t))
=1- (Cﬂleil + Q21—1)21—z(t))

and the claim follows from the identity Qg1-1 91-1(t) = Qg 21-1(1).

2. Define 8 :=m+ 1/2. From we obtain
g1 =t) = (1" et’ + Q1 5(t)
with ¢; > 0. shows ¢;(0) = 1 and furthermore we observe
7o (1) = Eueno,a_n) ¢’ (w)?] > 0
as ¢ is not constant, since 1 < m < oo. From and using b; := gj(1) > 0, it follows that

gl —t)=1-— (bzt + (=)™t ? 4 Ql,m+1/2(t)> .

Note that for the NNGP term G; we have to argue more carefully to obtain the strictly positive factor
B; > 0 for the linear term, while this is not required for the NTK term H; where we can rely on the more
precisely calculated NNGP term. We show the formula for GG; via induction. For [ = 2 it follows directly
from Gy = g2 0 g1 using g1(1 —t) = 1 — ¢1¢. In the induction step, let I > 3 and define

Gio1(t) =1—Gi_1(t) = Bi_it + (=1)™C1_1t° + Q1 4(t) .
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We rewrite

Gi(1—t) = (G (1 =) = gu(1 = G- (1))
—1- (blél,l(t) F (=)™ (G () + Qi g (él,l(t)))
and investigate the single summands. The linear summand straightforwardly yields
biGioa(t) = biBi1t + (=1)"biC1t” + Qus(1).

The power summand can be handled with [Proposition B.2| (e), where we write Gy_1 = b;B;_1t + Q1,1(t) and
consequently we have

(Gra(8) = (i Bi-1) " + Qp (1)
= (B1-1)t" + Qup(t) -
In order to calculate Q; 5(G;—1(t)) we decompose Qs 5(t) = p(t) + q(t), where p(t) is a polynomial with

integer powers greater than 1 and ¢(t) € Qg (t). Using (d) we have, as p(0) = p'(0) =0
holds,

p(Gr-1(t)) = p(Bi_it + (—1)™Ci_1t? + Q1 5(t)) = Q1,5(¢) .

(f) yields q(t) = Qp g(t) = Q1,5(t) and we obtain Qy 5 (G1—1(t)) = Q1,5(t). Altogether, we
see that

Gl(l — t) =1- (blBl_lt + (—1)m(blCl_1(blBl_1)5)t5 + Ql,ﬁ(t))
holds as desired, and furthermore we have
Cp =001 (b B1—1)? > b,C—y = g;(1)Ci—1 .

We move on to calculate H; for [ > 2. An elementary argument yields kNT¥(1) > 0 as a consequence of

ow > 0, hence we have A; > 0 for all [ > 2. Again, the induction is based on the recursive construction

in [Notation 7, where we handle the term arising from ¢’ Jar using |Theorem A.8] Since ¢’ has smoothness

— 1 we obtain
G~ 1) = (1= 1) = a(~1)™ + Q1 1 (1)

for some a; > 0. For | = 2, the claimed form of H; now follows straightforwardly. For the induction step,
assume [ > 3. Then we have

¢ (Gl —t)) =a + az(—l)m(él—l(t))ﬁ_l + Qo,5-1(Gi-1(1))

where ¢; > 0 holds since we have gof\//’;(Gl_l(l -0)) = @fm(l) > 0. A similar argument as above
shows

Qfl,ﬂfl(élfl(t)) =0_13-1(t),
(Gra®)” " =BT + Qs (t)

We define D; := ale:ll and conclude

o (Groa (1= 1) Hy_y (1 1)
= (@ + (=)Dt + Qo p-1(t) (Ai—1 — (1) ' Diat’ ' + Qo p-1(1)))
= A — ((=1)" T DyitP~ + Qo -1 (1)),

where D; > 0, and the claim follows.
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3. Choose a natural number m > ¢ — 1/2 and apply [Theorem A.8|to obtain
g(t(1 = 1)) = Q 1 my1/2(t) = Q-1,4(?).
Using [Proposition B.2|c), we obtain the claim by induction. O

Theorem D.10. Let the assumptions of[Lemma A.5 be satisfied. Choose a number of layers L > 2 and a parity
r € {0,1} of the eigenvalues to be analyzed. Define % == poyen and M == po4q.

(NNGP) Define the simplified activation ¢ by

. ol if ofo? =0 and (L =2 or ¢ is even or odd)
7 % , otherwise,

and let s = smoothness(@). Note that in all cases, the kernels kYNCY and kNTX refer to the original
activation @, while the smoothness parameter s is determined by the simplified activation .

(1.1) If s = 0, then pigyr.q(kNNCP) = @W((Zt +r 4 1)—d—2“)
(1.2) If 1 < s < o0, then ILLQtJ,_r,d(kENGP) = Oy ((2t+ r+ 1)*d*25’1).

(1.3) If s = 0o and ( is not a polynomial, then papyra(KYNCY) >0 for all t and pgs i a(KNNCT) = oy, ((2t +
r—+1)79) for all ¢ > 0.

(1.4) If ¢ is a polynomial, refer to the polynomial case below.
(NTK) Define the simplified activation @ by

5= {gpm , if o2 =0 and (L =2 or ¢ is even or odd)

% , otherwise,

and let s := smoothness(p).
(2.1) If 1 < s < o0, then uQH_r,d(kETK) = Oy ((Qt +r+ 1)"1*2”1).
(2.2) If s = 0o and @ is not a polynomial, then popyra(KXTX) > 0 for all t and poprr a(ENTR) < oy (2t +
r+1)79) for all ¢ > 0.
(2.8) If ¢ is a polynomial, refer to the polynomial case below.

Polynomial case:

(3.1) Let the activation $(t) =3 .5, M\it® be a nonzero polynomial. Define the even/odd degree of ¢ as the degree
of ¢(t) + ¢(—t) or of ¢(t) — @(—t). For the NNGP, define o = cio? and for the NTK define o = o}
respectively.

Define Neyen, Noga according to the following table. By deg™®" (), deg’¢™ (@) we denote the even/odd degree,
see [Definition D.11), of ¢ displayed in the Hermite basis, which is possible as ¢ fulfills

Neven Nodd
o2 >0, deghe" () > degHF™ (4) degBem (@)F 1 degfem (@)1 -1
o2 >0, degHem () < deglE™ (¢) degfem (@)1 —1 deglem (p)F =1
02 =0,degfe" () > degHF™ (¢) degHem (@)F 1 degHlem (2)E 1 — degflem () + degHfT (¢)
0% = 0,deg[f" (#) < deg[f" () deg(f” (@)1 ! — deg[f7 () + degllT™ (2) deggif” (@)F 1

Then,

2t +17 < Neyen 7T €ven,

ra(KNNGP JENTRKY 5 0 if and only i
t2e4ra(kp [k ) if and only 1f 2t +1 < Nogqg 7 odd.

(3.2) If = 0, then porira(KYNST) > 0 if and only if 2t + 7 = 0 and 0202 > 0, and porra(kYTX) > 0 if and
only if 2t +r =0 and o} > 0.

The definition of ¢ may look complicated. However, in contrast to ¢, it prevents that ¢i1 = —(—1)"¢c1,—1 in
which then would not provide an exact decay rate.

Proof. For a bounded radial kernel k(z,y) = x({z,y)) on S? we define keyen(7,y) = Keven({Z,Y)), kodd (T, y) =
Kodd({(z,y)). The spherical harmonics of degree [ are even if [ is even and odd if [ is odd. Hence, we obtain

H2t,d(k) = ﬂ2t,d(keven)a
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poet1,a(k) = poer1,d(Koda)

for all t € Ng. For the NNGP- and NTK-kernel, shows that in the cases where ¢ # ¢ holds we
have
NNGP _ (, NNGP
KL peven — (KL#P )even’
NTK _ (,.NTK
K/Lytpeven - (HL#P )even’
NNGP _ (;NNGP)
L,poaa — L,p odd’
NTK _ (,.NTK
L,poaa — (KLAP )odd’

hence we conclude
M2t (kEFﬁGP) = U2t+r (kg}:IPGP)u
parer (KL 5 = haeer (KLG°),

and it suffices to investigate the kernels induced by ¢. In the following, g;, G; and H; from refer to
the functions induced by the activation function @.

NNGP:
(1.1) [Lemma D.9|yields

GLl—t)=Cp t®> "+ Q1 p1(t)
for ¢t \, 0, where |C 1| > 0. By [Theorem A.3] it suffices to show
GL(—(1=1) =Cr "+ Q102 (t), (D.8)

C 75 _CL7+ ,ifT:O
P27 Yo Lifr=1.

(a) Suppose 0?07 > 0. By we have g;([-1,1)) C (=1,1) and G;([-1,1)) C (=1,1) for I > 2. As
g1 is a polynomial, g (—(1 —¢)) = Q_; 1-2(t) holds. By [Lemma C.3|(d) we have g;|(_1,1) € C*((—1,1))
for all I > 2, which allows leveraging [Proposition B.2| (d) to obtain Gi(—(1 —1t)) = gi(Gi—1(—(1 - 1))) =

Q_ 4 91-2(t) and follows.
(b) Suppose o20? = 0, ¢ be neither even nor odd and L > 3. Then, g1(¢) = t and Ga(t) = P(t)/3(1) hold

and from [Theorem A .8l we obtain
Ga(—(1—1)) = Co_t** + Q1 15(t).

Lemma D.8 yields Gi([-1,1)) C (—1,1) for I > 2 and we furthermore have g;|(_1 1) € C>(—1,1) by
Lemma C.3[ (d). Recursively applying (d) now yields

GL(—(1 =) = g (GLoa(=(1 =) = Ct2 + Q_1,1/5(t) = Q1 212 (1)

and we have [Eq. (D.8)

c¢) Let 020? = 0 and let ¢ be odd. Then, r = 1 follows by construction. [Proposition D.4|shows that G is
bYi 12
odd for all [ € N and we obtain

GL(=(1=1) = =Gl =) = = (Cot® ™" + Q1 pr (1))

follows. As desired, we have Cp 4 # Cp - = —Cp 4.
(d) The case 0207 = 0 and @ even is not possible since even activation functions ¢ cannot have smoothness
s=0.

(1.2) Define 8 := s+ 1/2. [Lemma D.9]yields
Gr(l—t)=Cp.t? + Q1 4(t)
for ¢ \, 0, where |C 4| > 0. Byit suffices to show
GL(—(1—1)=Crt° + Q_14(t) , (D.9)

C 7& _CL’+ 7if7':0
LR Yo Lifr=1.
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(a) Let ofo? > 0. By we have g1([—1,1)) C (—1,1) and G;([-1,1)) C (=1,1) for i > 2. As ¢; is
a polynomial, g1 (—(1 —%)) = Q_1 (t) holds. [Lemma C.3| (d) shows g;|(_1,1) € C*((—1,1)) for all i > 2
which allows leveraging [Proposition B.2[(d) to obtain GL(—(1—1t)) = gr(Gr—1(—(1—1))) = Q_1 5(t) by

induction. [Eq. (D.9)|follows.
(b) Let 002 = 0, ¢ be neither even nor odd and L > 3, that is, ¢ = ¢. Then, g1(t) = t and Ga(t) = 3(t)/P(1)

hold and from [Theorem A.8 we obtain

Go(1—1t) = CotP + Q1 4(t),
GQ(_(l — t)) = 02’7256 + 971’5@)7

= |C2,—| # 0. Recursively applying furthermore yields

where |Ca

Cr+l 2 gn() ... g5(1) - [Cop].
yields Gi([-1,1)) € (=1,1) for I > 2 and we have g;|(_1,1) € C*(—=1,1) by
TIteratively applying [Proposition B.2| (d) yields

Gr(—(1 =) = g1(Gr_1(=1)) - ... gh(Ga(=1)) - Co_t7 + Q_ 5(t).

Qap—1

Note that we have g/(t) = <pf\/—(t)/al and by [Lemma C.3|(c) we have

g1 ()] < 1g1(1)]
for all ¢t € (—1,1). Altogether we conclude
Gr(1—t)=Crt’ +Q 14(1),
GL(—(1—1t)=Cpt’ + Q_145(t),

where |Cr, 4| > |Cr._| holds and we obtain [Eq. (D.9)]
(c) Let 0202 = 0 and let ¢ be odd, so we have r = 1. By |[Proposition D.4|, (G; is odd for all [ € N and
Gr(—(1 =) = =Gr(1 —t) = —(Cr+t" + Q_15(1))

follows. We obtain [Eq. (D.9)|as Cr . # Cr._ = —Cf,4 holds.
(d) In the case of0? =0 and ¢ even [Proposition D.4|yields G, even and we argue as in (c).
(1.3) For ¢ > 0 choose ¢ > 0,G ¢ Z such that —d — 2¢§ < —q. By [Lemma D.9| we have for 7 € {1, —1}:

Gr(t(1-1)) = Q-14(t)

and [Theorem A.8|yields pos iy a(KNNOF) = oy (2t + 7+ 1)79729) = oy (2t + 7+ 1)79).
We proceed to show that all Eigenvalues u2t+1,d(kENGP) are strictly positive. As ¢ is not a polynomial, its
Hermite series representation has infinitely many nonzero coefficients; that is, we have deg"™ (¢) = co. See

for more details. We apply

Assume even parity r = 0. In the case deg,, (¢) = oo, the claim follows directly. In the case deg,, (@) <

deg,q () = 0o, we note that ¢ = ¢ follows and investigate sub-cases. If 0707 > 0, then [Lemma D.13|directly
yields deg,, (G;) = oc as desired. If 0202 = 0 holds, then the definition of ¢ implies that deg,, () > 0 and

L > 3 hold, and again the claim follows directly from The case of odd parity r = 1 is proven
analogously.

NTK:
The argumentation for the NTK-kernel is more technical as for the NNGP-kernel, as by H,; follows
the recursion
Hy(t) = o2 + 02t
H(t)=02(1—0?) + uGi(t) + afugofm(Gl_l(t))Hl_l(t) , 1>2, (D.10)

which involves more terms in a complicated fashion.
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(2.1) Define v :=s—1/2. yields
HL(l —t)= Cr+t7 + Qflﬁ(t)
for ¢ \, 0, where |Cf 4| > 0. By [Theorem A.3|we need to show

Hp(=(1=1)) = CL 1"+ Q_1,4(t) , (D.11)
CL # —Cr+ %f r=20
Cr+ yifr=1.

In case (1.2) we saw for the NNGP-kernel that
Gulr(1= 1)) = 1t ™ + Q1 (t) = Q15 (1) (D.12)

holds for 7 = +1, I > 1. Hence, it suffices to show

2 (Groa(~(L = ) Hpa(—(1 = 1)) = ot + Q14(1) (D.13)
Cp_ 4 —Cr+ ?f r=20
’ Cr+ yifr=1.

in order to obtain [Eq. (D.11)|

(a) Let o > 0. This is the most difficult sub-case. Without loss of generality assume o2 = 1.
When analyzing H;(7(1 — t)), [Eq. (D.10)| the constants C;  of t” stem from the summand

o (Gioa(r(1 = ) Hiy (7(1 = 1) = Curt? + Q1 4(1) (D.14)

as the other summands in [Eq. (D.10)|are in Q_ ,(¢) by [Eq. (D.12

We show by induction in [ > 2 that the following statements hold:

e sgnCy = (—1)5+1,

o [Ciq| > [Ch |
The first point is a technical tool for the induction, ensuring that the coefficients of ¢” for 7 = 1 suffer
no annihilation because of different signs of its summands: The coefficients of ¢? are the sum of the
product of the t7-coefficient of one factor with the constant coefficient of the other factor in
The second point then proves this sub-case of the theorem.
By we have

—

¢l (Tl =) = (=7)"dit" + Q_1,4(t) (D.15)

o —

where d; > 0, and furthermore ('0/@() is smooth on (—1,1) by [Lemma C.3| (d).
For the induction base [ = 2 we have G1(7(1 —t)) = 7(1 —t), Hi(7(1 — t)) = 07 + 7 — 7t which yields

—

7 (Gi(r (L= O Hy (r(1 = 1)) = (-7)*Fdat" + Q11 (®)(0F +7 — 71)
= (=7)" M da(0f + T + Q14 (t)

ie. Cyq = (—1)°*Tldo(0f + 1) and Cy — = da(0f — 1) and the claim holds for | = 2 since o > 0.
For the induction step, let the claim hold for [ > 2. First we show the auxiliary statement

H.(1) > |H.(t)] ,te]-1,1), reN, (D.16)

which is in the spirit of[Lemma D.8| by induction in 7 > 1. In the base case r = 1, we have H; (t) = o7+t
and the claim holds. In the induction step, let the claim hold for » > 1. We use and obtain

Hyi1(t) = 0F + By (G (1)) + @ o (Gr(£) Hi(2)

Now, for any t € [—1,1] we have G, (1) = 1,G,.(t) € [-1,1] by and by we

obtain
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P V) = [ ) (D.17)
and [Eq. (D.16)| follows.
By a Taylor expansion we have
Gi(t(1 = 1)) = Gi(1) — TtGy(T) + Q1,4(1) (D.18)

as Gi(7(1 —t)) = Q_1,(t) by [Eq. (D.12)] and furthermore G, (t) € [-1,1],G;(1) = 1 bym
For 7 = 1 we have by [Eq. (D.18)|and [Eq. (D.15)]

P (Gi(1 = 1)) = (~1)* Gy + Q15 (1) -

e (Gi(L = ) H (1 1) = (=) P G HI(1) + @ o (Gi(1)Coi) 17 + Qo (1)

=Cly1,+

where furthermore

Gi(1) =z |G Gi(1) >0 (D.19)

hold for all ¢ € [—1,1] by [Lemma C.3| and [Notation 7 We observe that sgnC; ; = (—1)*T! holds as
claimed, that is, Cj41 4 suffers no annihilation from different signs of its summands.

For 7 = —1 the possible cases are Gj(—1) € (—1,1), for which we obtain w/’;(Gl(—(l —1))) = Q1 (1)

by (d) and [Eq. (D.12)] and |G;(—1)| = 1, for which we obtain

Z(Gz( (1=1)) = a,-diGl (=1t + Q_1,4(t) ,

arr = £1 and |Gj(—1)| < G}(1) by [Eq. (D.19)l Hence, we have

Py (G~ = )| = a1t + Q1 (1)

lar,-| < |diG(1)] (D.20)
This yields
& (Ci(—(1 = D) H(~(1 — 1)) = (a1 Hi(~1) + @ (Go(~1)CL-) 7+ Q1(8)
=Ciq1,—

and comparing the coefficients Cj;; 4+ and Cj4q,— we finally obtain

(Cuir | = lGHO D] + ¢ (Gi(1)Cr|

> lay, - Hj(—1)| + ‘cp/f\\/a—l(Gl(fl))Cl,—‘
> [Cry1,-|

using [Eq. (D.16)| and [Eq. (D.20)| to compare the first summand and the induction hypothesis and
] for the second summand.

Suppose o7 = 0, @ neither even nor odd and L > 3, that is ¢ = ¢.

Without loss of generality assume o2 = 1 for simpler notation. We show |Cs 4| > |Ca _|, for | > 3 we
show that |Ci_1 | > |Cj—1,—| 1mphes |C1,+| > |Ci—|. That ylelds Furthermore we show
that sgn(C; +) = (—1)° holds, which is required for the corresponding recursion.

As G4 (t) = t, we have for 7 = +1 by [Theorem A.8

¢ e (GiT(1 =1))) = (=7)°Cat™ + Q1 5() , N0,
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where Cy > 0. Now, since we have Hy(7(1 —t)) = 7(1 — t) we obtain from [Eq. (D.10)|
Hy(t(1—t)) = 7(—7)°Cat” + Q_1 4(t)

and the claim holds for | = 2. Now, we take a close look at C; 4 for { > 3. Recalling G;(1 —t) =
G1-1(0) — tG}_ (1) + Q1 ,4(t) from the considerations done for the NNGP above, we see that for

H(1—1) = 02(1 - 0%) + mGi(t) + ¢ s (Gio1(1 1)) Hy_1 (1 t)

the terms contributing to the coefficient of ¢7 only stem from the product of gof\//;(Gl,l(l —t)) and

H;_1(1 —t) and by [Theorem A.8 we have
e (Gia (1= 1) = (~1)* G (et + 7o (1) + Qo (1)

for a constant ¢; > 0. As Gj_,(1) > 0 by [Lemma D.8| the sign of the coefficient is (—1)°. Together with

Hy (1 —t)=H_1(1) + Cr_1 4" + Qo (1)
we obtain
%//‘;(szl(l — )1 (1-1)
= (DGt + &g (1) + Qo (1)) - (Hima(1) + Cror i + Qo (1))
= () Gl (eHi 1 (1) + ¢y (1C1,4 ) £+ Q1 (1) -

=Ci,+

We observe that as G;_l(l),chHl,l(l),cpf\//T\_l(l) > 0 holds we indeed have sgn(Cj +) = (—1)® and
observe

it > P (WO - (D.21)

Investigating C; _ we note that as G;_1([—1,1)) C (—1,1) holds by [Lemma D.8 [Lemma C.3|(d) yields
gpfm|(_171) € C*((—1,1)) and by [Proposition B.2| (e) we have

P (G (~(1 = 1)) = 7 (Groa(~1) + Qo (1)

since Gj_1(—(1 —t)) = Q_1,,(t) holds. As before, coefficients of t¥ can only stem from the product of

gafm(Gl,l(—(l —t))) and H;_1(—(1 —t)) and where we have

7 e (G (= (1 = 1) i (~(1 =)
= (G (1)) + @0y () - (Hiy (1) + ooy 7 + Qo (1)

= & (G (~1)Cioa 17+ Q1 5(8) .

:Clﬁ_

(c) yields

W{m(Gl—l(_l)) < @{m(Gl—l(l))
as G;—1(—1) € (—1,1) and we obtain from [Eq. (D.21)| as desired

|C,—

= %’;(Gl,l(—mq,l,,‘ < ‘%//;(Gl,l(l))cl,l,+
<|Cr4] .
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(c) Let 07 =0 and let ¢ be odd, so we have r = 1. By |[Proposition D.4| H; is odd for all [ € N and
Hp(—(1—1)) = —Hp(1—1t) = =(CL 41" + Q_14(1))

follows. We obtain [Eq. (D.11)]as Cr + # Cp,— = —Crp 4 holds.
(d) In the case o7 = 0 and ¢ even |[Proposition D.4|yields Hy, even and we argue as above.
(2.2), (2.3) The arguments work just as in the NNGP cases (1.3) or respectively (1.4).

Polynomial case:

(3.1) This is the statement of [Lemma D.13
(3.2) Elementary. O

Finally, we are able to prove

Proof of[Theorem 9 [Lemma D.2] yields the convergence of the NNGP- and NTK-kernels. com-
bined with [Lemma 2| and a case distinction then yields the claim. The sub-cases i) and ii) are straightforward,
in the sub-cases iii) we use with the parity » = 0 to obtain the eigenvalues of even index and
with the parity » = 1 to obtain the eigenvalues of odd index, and then combine these results to
obtain Eqgs. and , where we use that the spherical harmonics of even/odd degree are even/odd. O

D.5 A close look at the even/odd degree of G, and H,

In this subsection we develop the methods required to deal with smooth activations in[Theorem 9] where the only
difficulty not covered by is investigating which eigenvalues of the NNGP-kernel and NTK-kernel
are strictly positive.

Definition D.11. Let p(t) = > <o Ant™ q(t) = >0 Mnt" be power series which converge on an interval

I ¢ R. We define the degree of p as deg(p) = sup({n € Ng | A, #0} U {—o0}) € Ng U {—00,00} and the
even/odd degree of p as

and say

D =deg 4
if and only if deg., (p) = deg., (¢) and deg,4 (p) = deg,q (¢). That is to say, we compare only the highest
even/odd degrees for this notion of equality.
Let f € L2(N(0,1)) be a function. Then f equals its convergent Hermite representation ¢ +— 3=~ an(f)hn(t) al-
most everywhere, and we define deg™ (f), degti (f) , deghs® (f) and f =4 g based on the Hermite coefficients

ev “deg
(@n)n>0 analogously to the above definitions.

Furthermore we also use the notation f :ggg’Her g to denote that the even/odd degree of f and g coincide when
f is a power series and and g is displayed in the Hermite basis. <
Note that deg,, (p) = —oo if p is odd and respectively deg 4 (p) = —oo if p is even, resembling the common

convention for the degree of polynomials.

Lemma D.12 (Odd/even degree of power series with non-negative coefficients). Let f,g, £, be power series
with non-negative coefficients converging on an interval I, such that the products and compositions below are
absolutely convergent on I. We use the conventions oo — 0o == —00,0- 00 = 0,a V b := max{a, b}.

1. (a) The sum g+ f fulfills

deg,, (9 + f) = deg., (9) V deg., (f),
degod (g + f) = degod (g) \ degod (f) :
(b) The product g - f fulfills

deg,, (9 f) = (deg,, (g) + deg,, (f)) V (deg,q (9) + degoq (f)),
degod (g : f) = (degev (g) + degod (f)) \ (degod (g) + degev (f)) .
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(c) Let f #0. The composition go [ fulfills

deg,, (go f) = (deg,, (g) deg,, (f)) V (deg., (9) deg,, (f))

Vv (deg,q (9) dege, () V ((degoq (9) — 1) degoq (f) + dege, (f))
deg,q (g0 f) = (deg,q (9) deg,y (f)) V ((deg,q (9) — 1) deg,, (f) + deg,q (f))

V. ((deg., (9) — 1) degoq (f) + deg,, (f))

Vv ((deg,, (9) — 1) deg,, (f) + deg,q (f)) -

2. Let f =deg [, =deg 9- Then we have

g+f:degg+ ;
g'f:dcgg'fa
gof=deggof .

Proof. 1. The requirement that f, g have nonzero coefficients is crucial as it prevents the elimination of coeffi-
cients.

We only prove the even-statement in iii) as this is the most difficult statement. The other claims are similar but
easier to prove.

As a consequence of the absolute convergence we observe that g o f = lim, o0 gn © frn and deg,, (go f)

lim, o0 degey (gn © fr) degoq (90 f) = limnoodegoq (g9 © fn) holds, where f,(t) = 37, Ait',ga(t)
> o kjt’. Hence, we can assume without loss of generality that deg f,degg < oo holds and obtain

go ft)= Zui(Zw)i B Zu( SN ,\jitj1+'-~+ji)

120 Jj=0 120 J1yJi20

- Z Z iNjy - oo At

120 j1,...,5: 20

We note that all occurring coefficients are non-negative, as they are products of the non-negative coeflicients
Aj, pti- In the above expressions, there are multiple summands contributing to a power ¢”, however, the coefficient
of t" in the power series g o f is nonzero if and only if any of the summands p;Aj, - ... - Aj, with ji +---+j; =7
is nonzero. Define

I(f) ={i € No | Ai # 0} U{—o0},
I(g) ={i e No | i # 0} U {—o00}
and it is immediately clear that the coefficient 11;A;, -.. .-\, is nonzero if and only if ¢ € I(g)\ {—o0}, j1,...,Ji €

I(f)\ {—o0} . The reason we add {—oo} to I(f),I(g) is that it allows dealing with cases such as f = 0 or f odd
in a simple manner. In order to investigate deg,, (g o f) we stepwise simplify:

d — 1 R i
egeyv (90 f) ax  max + -+
Jji+--+ji even

—max max (i 1) degay (f) + 1 degoq (f) (D.22)
i€l(g) ~AiSi

= max { - max (degev (g) - z) dEgev (f) + %degod (f) ) (D23)
i<deg. (9)
_max  (degyq(g9) — i) dege, (f) +idegyq (f) }
i<degoq(9)

= max { max{ degev (g) degev (f) ) degev (g) degod (f)}7 (D24)
max{ degoq (9) degey (f) ; degey (f) + (degoq (9) — 1) degoq (f)}} -

Here, is obtained by observing

g1+ o+ 7 <dege, (f)+j2+---+7i ,if j1 is even or respectively
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Jutetji s degog (f) +jz oo +Ji i jiis odd

where the sum on the right hand side remains even. Similarly, follows by observing for m € Ny the
inequality

(i — 1) dege, (f) +idegoq (f) < max {(2m + i — (2m + ) dege, (f) + (2m + 1) degoq (f)
(2m +i— E) degev (f) + gdegod (f) }

as by assumption deg.. (f) > 0 or deg,q (f) > 1 hold. Finally, follows by observing that extremal
i

behavior in [Eq. (D.23)|is obtained by the highest or the lowest valid ¢. The equation for deg,q (g o f) follows
analogously.

2. Follows from 1. O

In the following lemma, we investigate the even/odd degree of KYNGF and kYT and then deploy to
characterize which eigenvalues of k:NNGP, kNTK are strictly positive.

Lemma D.13. Let the activation function o fulfill[Assumption J and let L > 2. We use the conventions oo° := 1
and co—o00 = —o00. Then, the nonzero eigenvalues of the NNGP-kernel kYNSY and the NTK-kernel kY™™ defined

in (Nofation 7 fulill
2k +r < deg,, (Gr)
2k +r < deg,; (GL)
2k +r <deg,, (Hr) ,r=0,
2k +r < deg,q (HpL)

pokyra(kp ) > 0 if and only if {
poktra(kL ) > 0 if and only if {

For the NNGP-term G, define 02 :== o032, and for the NTK-term Hy, define 0® := of. That is, the relevant row
of the table is different for G, or respectively for Hy, in the case o =0, of > 0.

The even/odd degree of G, or respectively Hy, is given by

2 - dege, (GL) degeu (HL) degog (GL) degod(HL>
o> >0, degf(v’) > degH”(so) de}g il (wL) : degmf;(so) ‘L =
o? >0, degB¥" (¢) < degl7" (¢) deg /" (¥) -1 deg 7" (¢)
o® = 0,deg [ () > deghif” () deg & (0) "1 degfem () (degll ()P 72 = 1) + degTlF ()
o2 = 0,degfe" (o) < degll™ (¢) | degllf" (¢) (deglly™ ()12 — 1) + degle" (¢) degHe™ ()1

Proof. Let k : [—1,1] = R,k(t) = ijo A\it’ be a power series. Let k be the corresponding radial kernel on

S? given by k(x,y) = k({z,y)) and let (u;);>0 be the decreasing series of eigenvalues of k counted by algebraic
multiplicity.

Reduction to polynomial degrees of x: We show that the largest even/odd index 4 corresponding to a
nonzero eigenvalue p; # 0 of k is the same as the largest even/odd index j corresponding to a nonzero coefficient
A; of the power series representation of x. By convention, if there are infinitely many such indices, we say that
the largest one equals co and we say that the largest even/odd nonzero index equals —oo if all corresponding
eigenvalues or respectively coefficients are equal to zero.

e Hubbert et al.| (2015) show that the eigenvalues p; have the same sign as the Legendre coefficients by (k)
obtained by displaying x by Legendre polynomials, which form an orthonormal basis of Ly([—1, 1]).

o The bases of the Legendre polynomials (p;)i>o, the Hermite polynomials (h;);>¢ and the monomials (¢ —
t1);>0 share the properties that the i-th element is a polynomial of degree i and is it even/odd if i is even/odd.
Hence, when we can display x as a sum in those bases, the largest even/odd index i of nonzero coefficients
coincide.

e Hence, we see that indeed the largest even/odd index of a nonzero eigenvalue of k corresponds to the largest
even/odd index of a nonzero coefficient of the power series representation of k.

Hence, in order to obtain the largest even/odd index of a nonzero eigenvalue of kENGP or respectively kKNTK it
suffices to determine the largest even/odd index of the nonzero coefficients of the power series representation of
G, or respectively Hy. Given a nonzero eigenvalue with even/odd index, shows that all eigenvalues
with smaller even/odd index are strictly positive and we can conclude the claim. Hence, all that remains is to
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show that G and Hj, can be represented as a power series and that the even/odd degrees of G; and H; are as
the table claims.

Simplifying Notation: By [Assumption 4] we have ¢ € L2(N(0,1)), enabling us to display ¢ in the Hermite
basis as ¢(t) = 3,5 nihi(t). IEq. (A.2)| shows

Bty = _nt". (D.25)

i>0
Essentially, we obtain for any a > 0

~ _ Pow,Her - “5 __ Pow,Her

QO Va Tdeg P Tdeg 2 ‘:0{\/5 deg ¥ Tdeg v -

This observation allows us to work with  or respectively ¢’ instead of the rescaled versions occurring in G; and

H;, simplifying the notation. By [Eq. (D.25)| all coefficients of the power series of m, ¥ Ja are non-negative
and hence the coefficients of the power series G;, H; are non-negative as well, enabling the use of
in the following.

Calculating G;: We directly obtain

deg (Gy) = deg (gro---0g1) =deg (@) ", 1>2,

gl(t) deg t+0202’27
9i(t) =deg o(t) + 05‘71‘2’ 1>2.

If deg,, (p) = deg,q (¥) holds, then deg,, () = deg,4 (¥) = oo follows and the claim is trivial.

Assume deg,, (p) > deg,q (). We show the claim for deg,4 (G;) by induction in [ > 2 and directly obtain the
induction base

deg, () =1 , ifojo? >0,

d Gy) =
°8od (G2) {degod @) , ifo2o? > 0.

In the induction step, we have by

degoq (Gri) = ((degey (@) — 1) - dege, (Gi) + deg,q (G1)) V ((degey (B) — 1) degoq (Gi) + dege, (G1))
V (dezoq (B) dezog (G1) V ((degoq (B) — 1) degey (Gr) + degoq (G1))
= (degey (§) — 1) deg, (Gi) + degoq (G1)
and the claim follows. The case deg,q (¥) > deg,, (¥) is handled analogously.
Calculating H;:
If deg,, (p) = deg,q (?) holds, then deg,, (p) = deg 4 (p) = oo follows and the claim is simple.
By definition we have Hi(t) =qeg t + 07. For | > 2 we simplify H;(t) as

Hi(t) = 03 (1 — 02) + aGi(t) + 02 (@) s (Gioa (1) Hi-1 (1)

=aes 01— 0F) + ofo? + 0% (B0 Gia(t) + () yars (Gia (D) Hia (1)
=aex Git) + B (Gioa () Hia (1) + oF .

A simple induction yields
deg (H)) = deg (G1) = deg ()

and it remains to calculate deg,, (H;) for deg,q (p) > deg., (¥) and deg 4 (H,) for deg,, (p) > deg,4 (P).

While we usually have |deg,, ($ ) degoq (@ /)’ = 1, we need some case work to cover the case where one of the
degrees is —oo.
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Case 1: o7 > 0. If deg,, () = deg,q (P) holds, then deg,, (P) = deg,q (¢) = oo follows and the claim is trivial.

Assume deg,, (p) > deg,q (¢). We show that deg 4 (H;) = deg,, (¢) — 1 holds for all [ > 2. For [ = 2 we obtain
straightforwardly

degod (HQ) degev ( ) -1

By induction we obtain
deg,q (Hiy1) > degoq (3 0 Gi) - Hy)
~ A~ o — =
> degev (QO/ 0 Gl) + degod (Hl) = (degev (QO) - 1) degev (QO) ! + degev (QU) - 1
AN l
= degev ((p) - ]-7

and as we have deg (H;y1) = deg,, (® ) the claim follows. The case deg,4 (¥) > deg,, (%) works analogously.

Case 2: 05 = 0. Assume

degod (@) > degev (9/5) .

Case 2.1: deg,4 () = co. We want to show

o0 , if dege, (@) > =00,

dege, (Hr) = {

—oo , if deg,, (p) = —o0 .
In the case deg,, (p) > —oo, we have since 07 = 0

degev (HL) = degev (GL) \ (degev ((/95/ © GL—l) ! HL)) > degev (Gl+1) =00

by the previous case. In the case deg,, (p) = —oo, Hy, is odd by [Proposition D.4|and hence we have deg,, (Hr) =
—oo as desired.

Case 2.2: deg,4 () < co. We show the claim by induction in I. For [ = 2 we straightforwardly obtain

degev (HQ) = degev (a) .

In the induction step, let I > 3 and let deg,, (H;) = deg,4 (P) (deg.q (7"
Since 05 = 0, we have

degev (Hl+1) = degev (Gl+1) \ (degev ((/95/ ° Gl) : Hl))
= (degod (/SB) (degod (a)lil - 1) + d'egev (/()5)) \4 (degev (215/ © Gl) + degev (Hl))
V (degoq (B0 G1) + degoq (Hy)) -

Now we show that the first term is the largest one in order to obtain the claim. Firstly, we bound the second
term as

2 — 1) + deg,, () hold as claimed.

deg,, (?' 0 Gy) + deg., (H;) < deg (3’ 0 G) + deg,, (H;)
= (deg (9) — 1) - deg (G1) + deg,, (H))

— (deg () — 1) - deg (3)' + dog () (deg (§)' ™~ 1) + deg,, ()
= deg (3) (deg ()" —1) + dege, () -

In order to bound the third term, we recall deg 4 (Hl) =degyq (@)lil, hence we need to show deg 4 (@/ o Gl) <

deg.q (P) — deg.q (3)' " + degy, (P) — degyy (P). If deg,q (P) = 1 we can see ' = c,c € R and obtain
deg, 4 (¥ 0 Gi) = —oo. Assume deg,4 (¥) > 3. In the following we use

deg,q ( ) < degyq ( ) — 2 < degyq (@) —1=deg,, (/95/) -
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Lemma D.12| (c) allows unrolling deg_4

(@
degod (/95/ o Gl) = (degod (SDI) degod Gl )

/OGl)

( degod (:51) degev Gl) + degod (Gl))
V ((degey (@) — 1) - degoq (G1) + deg., (G1))
V ((degey (3') — 1) - deg,, (G1) + deg,q (G1))

< (degoq (P) — 2)degeq (@)
V (degoq (3) — 3) (degoq () + degyy (D) — degog (9)) + degoq ()~
V (degoq (9) — 2) degog (9)' ™" + degoq ()" + degy (3) — dogoq (2)
V (degoq () — 2) (degoq (B)' ™ + degey (B) — degoq () + degoq (§)'

< degoy () — degoq (B)' ' + dege, (P) — degoq (B) -

The case deg () = deg,, (p) > deg,q (¥) is handled analogously. O

E POLYNOMIAL BOUNDEDNESS OF DERIVATIVES

Here, we prove Specifically, we want to find a sufficient criterion for C°°-functions f such that
all of their derivatives f(*) are polynomially bounded. To this end, we leverage that typical activation functions
use symbolic expressions whose derivatives can be expressed using the same set of symbols, e.g. tanh’(z) =
1 — tanh(z)2. Our goal is to find a set of “base functions” whose derivatives use the same base functions and
which are polynomially bounded. We then exploit that the class of polynomially bounded functions is closed
under addition, multiplication and composition and therefore also contains the derivatives of the “base functions”.
Higher-order derivatives are then easily treated using induction. We first formally define the relevant function
classes:

Definition E.1. Let I C R be an interval. For m € Ny, let
S™(I)={feC™)|Y0<k<m3Iab,q>0Vzel:|fP(x)<alz|?+b}.
We note that the class S(>)(I) from satisfies S)(I) = N>_, S™)(I). <

Now, we formally define some “base functions™
Definition E.2. Define sigmoid, softplus, RBF : R — R by

sigmoid(z) == (1 4+ e~ %)7*
softplus(z) = log(l +e™7)
RBF(z) = e

Moreover, let @ be the CDF of the normal distribution N(0,1). )
Lemma E.3. Let I CR be an interval and let m € Ng U {oo}. Then,
(a) If m > 1, then S = {f € C*(I) | f € SOI) and f' € S~ VW(I).
(b) SU™(I) is closed under addition, multiplication and composition of functions.
(¢c) SU™(I) contains all polynomials.
(d) S (I) contains sigmoid, tanh, softplus, sin, cos, RBF and ®.

Proof. We prove the statements for m € Ny, the case m = oo easily follows.

(a) This statement is straightforward.

(b) For addition, the statement is trivial. Now, let f,g € S(™). Choose constants Cj,Cs,q such that
(@), l9@)] < Cy + Cale]r. Then, |f(x)g(x)| = O(fe]) and |f(g(@))| < Cr + Calg(@)|? < C + CalCy +
Colz|9)9 = O(|z|7"). This shows f-g, fog € S©. If m = 0, we are done. Otherwise, we obtain

(f+g) =f+g e8m Mt
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(fg)l :f/g+fg’ es(m—l)
(fog) =(fog)-g €SV

since S(™~1 is closed under addition, multiplication and composition by the induction hypothesis. By (b),
we have shown that f - g, foge S,

(c) This is trivial.

(d) Tt is not hard to see that all of the mentioned functions are in S(®). For the induction step, we assume that
all of the mentioned functions are in S(™~1. Since all of these functions are C*° functions, their derivatives
are in C™~1(R). Moreover, by inspecting the derivatives and using the previously proven facts as well as
the induction hypothesis, it is easy to see that the derivatives are in S~ (R):

()
tanh’(z) = 1 — tanh(z) - tanh(x)
softplus’(x) = sigmoid(z)
sin’(z) = cos(z)
cos'(x) = —sin(z)
RBF'(x) = 22 - RBF(x)
' (z) = Lo L RBF(27Y% . 1) .

Hence, by (b), we have shown that the functions are in S, O

Proposition 5 (All common activation function satisfy [Assumption 4)).

(a) If f is constructed by addition, multiplication, and composition of polynomials, sigmoid, tanh, softplus, sin,
cos, RBF and ®, then f € S()(R). Moreover, the functions g(x) = exp(ax) are in S ((—o0,0]) for every
a > 0.

(b) is satisfied for all activation functions from |Table 1. It is also satisfied for all ¢ € S©™)(R).

Proof.

(a) Tt follows from elementary calculations that the functions f(z) = exp(az) are in S(°)((—o0,0]) for all a > 0.

For the other functions, this follows from
(b) This follows directly from (a). O

F SMOOTHNESS OF GP SAMPLE PATHS

To prove [Theorem 14 we need the following result, which is a variant of Thm. 7.4 of |Luki¢ and Beder| (2001):

Theorem F.1 (Theorem 1.2 in|Steinwart|2024). Let Hy, Hy be Hilbert spaces on a set T and let X be a centered
Gaussian process with covariance kernel k such that Hy is the RKHS of k. Then the following statements hold
true:

a) If Hy < Hs and furthermore this embedding is a Hilbert-Schmidt operator, then there exists a version'Y of
X with P(Y € Hy) = 1.
b) Otherwise, for all versions Y of X we have P(Y € Hs) = 0.

Now, we can prove [[heorem 14

Theorem 14. Let k be a dot-product kernel on S whose RKHS is equivalent to a Sobolev space H+*(S?),
a > 0. Let X be a Gaussian process on S% with zero mean and covariance kernel k.

i) For any & > 0 we have P(Y € HY/?*to+2(S%)) = 0 for any version Y of X.
it) For any 0 < & < «, there exists a version Y of X with P (Y € Hd/2+a*5) =1.

Proof. We will apply Theorem [F-1] with

H, := H¥*(s), and H, := HY/?Hatre(sdy
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where € € (—a, 00).

Here we first note that in the case ¢ > d/2 we have H?+(S%) o H?/?+e+2(S%) and hence ii) of Theorem
gives i) of Theorem [14| for such €.

It thus remains to consider € € (—a, d/2). Since in this case the embedding H4T*(S%) — H/2+to+(S?) exists,
Theorem shows that we need to investigate whether this embedding is a Hilbert-Schmidt operator. To this
end we apply [Brauchart and Dick| (2013) where it is shown that the Sobolev space H"(S?) is given by

H"(8%) = {f € L*(SY) | |l grrgay < 00}

oo Ni,a

HfHHr(Sd) = Z Z )\l 7fl i

=0 i=1

for a sequence A, = Oy (1 + 5)27', where fl,i denotes the Laplace-Fourier coefficients given by

fri= » J(@)Yyi(z) dusa () -

Furthermore N; 4 = Oy ((I + 1)¢71) holds. Hence, ()\l_,:/zﬁ,i)lzo,lgigmd forms an ONB of H"(SY) that diag-
onalizes the embedding operator. The Hilbert-Schmidt norm of the embedding H4t*(S?%) — H¥/2+o+e(S?) is
now straightforwardly given, cf. |Birman and Solomjak| (1987, Chapter 11.3), by

oo Nia A
HHd—&-a(Sd) oy fd/2+ate Sd H Z Z l;\i/2+a+5 (F.1)
1=0 i=1 Ldto

The asymptotics of A; s and N 4 yield

Nia

Al ,d/2+a+te d—1 @Vl(l + 1)d+2a+26 2e—1
=Oy(l+1 = Oy (l+1)*
Z Nt w(l+1) Owi(l + 1)2d+2a wi(l+1)

and consequently, we see that (F.1) is finite if and only if ¢ < 0. This shows i) as well as i) in the remaining
case 0 < e < d/2. O

G ACTIVATION QUADRATURE

Here, we derive a way to numerically approximate the dual activation for activations f that are smooth everywhere
except possibly at zero. The dual activation involve an integral with the term f(z)f(y), and in order to use
Gauss-Legendre quadrature, we need to decompose the integration domain into regions where f(z) f(y) is smooth.
Our construction is based on separate quadratures for the four quadrants z,y > 0, x,—y > 0, —z,y > 0, and
—z,—y > 0.

Let f : R — Randlet p € [-1,1]. Moreover, let X, Y ~ A(0, 1) be independent and let o, := ,/¥7 oy = ,/1;2".
Define the (centered) random variables

U=0,X+0,Y
V=0,X-0,Y

Then,

EU?=02+0,=1
EUV] =0l -0, =p

IE[V2]:J§+U§:1.

Hence, we have
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We then want to compute
F(p) =E[fUV)] = E[f (0.X +0,Y,0.X — 0, V)] .

We approximate the integral over a quadrant using the standard normal pdf ¢ as
o) = [ fwo)dPoy(u)
(0,00)2

= /0 /_@ flozz + OyY, 02T — Uyy)qb(x)qs(y) dy dz

Ox
Zz
Ty

oy rovw
~ / / U flowr + oyy, 0ur — oyy)d(x)e(y) dy da
0 — Tz g
7y

c(oy+1) pecog
[ fes s oy - o)o(e)oty) dy e

{og

= A+ B

Yy

The restricted integration domains in the second integral B should not cause a large error since ¢(x)¢(y) is small

for z > ¢(o, +1) > c and also for x > coy, |y| > co, since either oy, or o, are > % We can now further simplify

A using the substitutions » = coya’, y = Z=xy’ = co2'y":
Yy
1,1
A= / / coy - cou @' - feogoyd’' (14 y'), copoya’ (1 —y'))p(coya’)p(coya’y') dy da’ .
0 J-1
Now, we simplify B using the substitutions « =: co, + cz” and y = coy":

1 1
B= / / c-coy - fleopoy(14+y") + copa”, copoy(1 —y") + coa”)
0o Jo1
- p(coy + ca”)p(eory”) dy” da” .

Both integrals can be approximated using Gauss-Legendre quadrature along both axes.

For the plots in [Figure 1| and [Figure 2| we use ¢ = 12 and a 50 x 50 grid of Gauss-Legendre points for each
2D integral. To compute the eigenvalues from the NTK, we use the Gegenbauer quadrature implementation
from Bordelon et al.| (2020) with 1000 quadrature points. We provide code for reproducing the figures at
https://github.com/dholzmueller/beyond_relu.



https://github.com/dholzmueller/beyond_relu

	INTRODUCTION
	PRELIMINARIES
	THE STRUCTURE OF NEURAL KERNELS
	PROOF SKETCH FOR THE MAIN THEOREM
	SMOOTHNESS OF NNGP SAMPLE PATHS
	POSSIBLE EXTENSIONS
	IMPLICATIONS
	RELATED WORK
	CONCLUSION
	OVERVIEW AND NOTATION
	BOUNDARY BEHAVIOR
	DUAL ACTIVATIONS
	General properties
	Dominating terms
	Mix terms
	Results for smooth terms
	General activation functions

	NEURAL KERNELS
	Analytical formulas
	Even and odd parts of neural kernels
	Adapting the main theorem from biettideep2021
	Eigenvalue decay
	A close look at the even/odd degree of Gl and Hl

	POLYNOMIAL BOUNDEDNESS OF DERIVATIVES
	SMOOTHNESS OF GP SAMPLE PATHS
	ACTIVATION QUADRATURE

