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Abstract

In recent years, the neural tangent kernel
(NTK) and neural network Gaussian pro-
cess kernel (NNGP) have given theoreticians
tractable limiting cases of fully connected
neural networks. However, the property of
these kernels are poorly understood for ac-
tivation functions other than powers of the
ReLU. Our main contribution is a character-
ization of the RKHS of these kernels for acti-
vation functions whose only non-smoothness
is at zero. This extends existing theory to
numerous commonly used activation func-
tions such as SELU, ELU, or LeakyReLU.
Additionally, we analyze a broad set of spe-
cial cases such as missing biases, two-layer
networks, or polynomial activations. Our
results show that a broad class of not in-
finitely smooth activations generate equiv-
alent RKHSs at different network depths,
depending only on the degree of the non-
smoothness up to equivalence. On the other
hand, the RKHS generated by polynomial ac-
tivations depends on the network depth. Fi-
nally, we derive results for the smoothness
of NNGP sample paths, characterizing the
smoothness of infinitely wide neural networks
at initialization.

1 INTRODUCTION

Despite great efforts, our theoretical understanding of
when and why deep learning works remains limited,
and much of it is distributed across fragmented case
studies that do not integrate into a bigger theory. For
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example, the influence of activation functions on the
training dynamics and generalization behavior of deep
learning methods is unclear.

One of the most prominent approaches towards deep
learning theory is the study of infinite-width limits of
neural networks (Neal, 1996; Jacot et al., 2018; Yang
and Hu, 2021). Different parametrizations of neural
networks lead to different behavior at infinite width
(Yang and Hu, 2021). Here, we will focus on the neural
tangent parametrization (NTP), whose infinite-width
limit leads to kernel behavior (Jacot et al., 2018).
While the kernel regime cannot model all aspects of
neural network behavior (Yehudai and Shamir, 2019;
Ortiz-Jiménez et al., 2021; Vyas et al., 2022; Wenger
et al., 2023), it is one of the models most amenable
to theoretical analysis. In particular, at initializa-
tion, the function represented by certain infinite-width
neural networks is distributed like a Gaussian process
with the so-called neural network Gaussian process
(NNGP) kernel (Neal, 1996; Daniely et al., 2016; Lee
et al., 2018; Matthews et al., 2018). The training then
follows the dynamics of kernel gradient descent with
the so-called neural tangent kernel (NTK, Jacot et al.,
2018; Lee et al., 2019).

To understand the behavior of neural networks in the
kernel regime, including training dynamics and gener-
alization, it is essential to understand the properties
of the associated kernels themselves. In particular,
the structure of the reproducing kernel Hilbert spaces
(RKHSs) corresponding to these kernels is central to
further theoretical analysis. Here, we limit ourselves
to fully connected neural networks, which are suffi-
cient to study the influence of activation functions, and
are still practically relevant by themselves (Holzmüller
et al., 2024; Gorishniy et al., 2025; Ye et al., 2024; Er-
ickson et al., 2025). While these kernels have been
analyzed for (powers of) the ReLU activation and in-
finitely smooth activation functions (Chen and Xu,
2021; Bietti and Bach, 2021; Vakili et al., 2023), not
much is known about their structure for other activa-
tion functions.
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Contribution Our main contribution is Theorem 9,
illustrated in Remark 10, where we prove a general re-
sult analyzing the structure of the RKHS correspond-
ing to the NTK and NNGP kernels on the sphere Sd of
fully connected neural networks. Our proof, of which
an overview is given in Appendix A, builds upon the
analysis of Bietti and Bach (2021), but generalizes ex-
isting results in multiple ways:

• We study a significantly larger class of activations.
In particular, we provide exact characterizations
for typical activation functions that are infinitely
smooth everywhere except at zero. We also pro-
vide new results for polynomial activation func-
tions, and we more precisely analyze the condi-
tions under which results for infinitely smooth ac-
tivation functions hold.

• We study a more general class of fully connected
neural networks, covering the cases of normally
distributed bias, zero-initialized bias, and no bias.
We also study all special cases arising for two-layer
networks.

• We analyze all cases for both NNGP and NTK
(except discontinuous activation functions, for
which the NTK is not well-defined).

As an additional contribution, in Theorem 14, we show
how the results on the RKHS translate to the smooth-
ness of functions sampled from the Gaussian process
with the NNGP kernel, and hence the smoothness of
infinitely wide neural networks at initialization.

After discussing preliminaries (Section 2), we intro-
duce our main results in Section 3 and Section 5. Sec-
tion 7 discusses some implications of our results on the
broader infinite-width theory, such as the (non-)benefit
of depth, training dynamics, and generalization. Re-
lated work is discussed in Section 8, before Section 9
concludes with a discussion of possible extensions.

2 PRELIMINARIES

We denote the d-dimensional unit sphere as Sd ⊂
Rd+1, and the square integrable functions over a mea-
sure space (X,A, µ) as L2(X) := L2(µ) = {f |∫
X
f2 dµ < ∞}. For s ≥ 0, we use Hs(X) to denote

the Sobolev space of order s, which essentially consists
of the functions f for which all (fractional) derivatives
up to order s are in L2(X).

Neural kernels For d ≥ 1, we consider fully
connected neural networks (NNs) in neural tangent
parametrization (NTP) operating on inputs x ∈
Rd0 , d0 := d + 1. Typically, neural networks use
componentwise-normalized input vectors x ∈ Rd0 such
that ∥x∥2 ≈

√
d0. Following related theoretical lit-

erature, we instead consider inputs on the sphere,

x ∈ Sd = {z ∈ Rd0 | ∥z∥2 = 1}, and compensate
for this by rescaling the first layer by

√
d0, which leads

to equivalent learning dynamics with gradient descent.
We consider the following network architecture:

Definition 1. Let L ≥ 2 be the number of layers, let
σw > 0, and let σb, σi ≥ 0. The network is the function
fθ : Rd0 → RdL given by fθ(x

(0)) := z(L), where

z(1) := σwW
(1)x(0) + σbb

(1) ∈ Rd1

z(l) :=
σw√
dl−1

W (l)x(l−1) + σbb
(l) ∈ Rdl ,

x(l−1) := φ(z(l−1)) ∈ Rdl . (l ≥ 2)

We assume that all parameters are initialized indepen-
dently as W

(l)
jk ∼ N (0, 1) and b

(l)
j ∼ N (0, σ2

i ). ◀

Definition 1 subsumes the three cases of

• bias-free networks by setting σb = 0,
• zero-initialized biases by setting σb ̸= 0, σi = 0,
• randomly initialized biases by setting σb, σi ̸= 0.

For σ2
i = 1, the recursive formula for NTK and NNGP

kernels are derived in Lee et al. (2019). We derive
formulas for the different possible values of σi, σb, σw

in Lemma D.2. For the NNGP-kernel, the recursion is
given by

kNNGP
1 (x, x̄) :=σ2

bσ
2
i + σ2

w⟨x, x̄⟩
kNNGP
L (x, x̄) =σ2

bσ
2
i + σ2

wE(u,v)∼ΣL−1(x,x̄)[φ(u)φ(v)]

ΣL(x, x̄) =

(
kNNGP
L (x,x) kNNGP

L (x, x̄)
kNNGP
L (x̄,x) kNNGP

L (x̄, x̄)

)
,

For the NTK, we refer to Lemma D.2.

To analyze NTK and NNGP kernels, we restrict them
to the sphere Sd, where they are dot-product kernels
due to the rotation-invariance induced by the Gaussian
initialization of the weight matrices W (l).

Dot-product kernels on the sphere Let κ :
[−1, 1] → R such that k := kκ,d : Sd × Sd →
R, (x,x′) 7→ κ(⟨x,x′⟩) is a (positive semidefinite) ker-
nel. Then, k is called a dot-product kernel. We lever-
age the theory of dot-product kernels on spheres to
study the RKHS Hk associated with k (see e.g. Bi-
etti and Bach, 2021; Hubbert et al., 2023; Haas et al.,
2023). In particular, these RKHSs can be character-
ized through the eigenvalues of the associated integral
operator Tk : L2(Sd) → L2(Sd) given by

(Tkf)(x) =

∫
Sd

k(x,x′)f(x′) dx′ .

It can be diagonalized as

Tkf =

∞∑
l=0

Nl,d∑
i=1

µlYl,i⟨Yl,i, f⟩L2(Sd) ,
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where {Yl,1, . . . , Yl,Nl,d
} is an arbitrary orthonormal

basis of the space of spherical harmonics (a subset of
polynomials) of degree l in L2(Sd), cf. Müller (2006),
but the details are not important in the following. The
eigenfunctions Yl,i are the same for all dot-product ker-
nels but the eigenvalues µl = µl(k) = µl(κ, d) can
be different and characterize the RKHS Hk associated
with k:

Hk =


∞∑
l=0

√
µl

Nl,d∑
i=1

al,iYl,i

∣∣∣∣∣∣
∞∑
l=0

Nl,d∑
i=1

a2l,i < ∞

 .

Its inner product is〈 ∞∑
l=0

√
µl

Nl,d∑
i=1

al,iYl,i,

∞∑
l=0

√
µl

Nl,d∑
i=1

bl,iYl,i

〉
Hk

=

∞∑
l=0

Nl,d∑
i=1

al,ibl,i .

Hence, the RKHS as a set is characterized by 1) the
asymptotic behavior of the eigenvalues and 2) the set
of indices for which the eigenvalues are nonzero. By
Proposition 3 in Schölpple and Steinwart (2025), if two
RKHSs H1,H2 are equal as sets, then their norms are
equivalent. In this case, we call H1,H2 equivalent, and
write H1

∼= H2. Polynomial eigenvalue decays lead to
RKHSs equivalent to Sobolev spaces:

Lemma 2 (Sobolev spaces on the sphere). Let d ∈ N
and s > d/2. The RKHS Hk corresponding to the
dot-product kernel k on Sd is equivalent to the Sobolev
space Hs(Sd) if and only if there exist c, C > 0 with
c(l + 1)−2s ≤ µl ≤ C(l + 1)−2s for all l ≥ 0.

Proof. Depending on the definition of Hs(Sd), this
follows either directly or from classical theory, see
Hubbert et al. (2023) and Lemma B.1 in Haas et al.
(2023).

Sobolev spaces on the sphere consist of those functions
f that locally, when composed with a smooth chart
φ : U ⊆ Rd → V ⊆ Sd, are Sobolev functions on Rd,
e.g. Haas et al. (2023), p. 34.

3 THE STRUCTURE OF NEURAL
KERNELS

Before we introduce our main theorem, we need to
impose some assumptions on the involved activation
functions.

Definition 3 (Functions with polynomially bounded
derivatives). Let I ⊆ R be an interval. We define the
set S(∞)(I) to contain all functions φI ∈ C∞(I) with
polynomially bounded derivatives. In other words: For

all m ∈ N0, there exist am, bm, qm > 0 such that for
all x ∈ I, |φ(m)

I (x)| ≤ am|x|qm + bm. ◀

Polynomial boundedness for m ∈ {0, 1} is required
to get the NTK formulas from (Yang, 2020, Theorem
7.2, Box 1); for higher derivatives we only need φ

(m)
I ∈

L2(N (0, σ2)) for all σ2 > 0.

Assumption 4 (Activation function). We assume
that φ : R → R is of the form1

φ(x) =


φ+(x) , x > 0

φ−(x) , x < 0
1
2 (limx↘0 φ+(x) + limx↗0 φ−(x)) , x = 0

with φ− ∈ S(∞)((−∞, 0)) and φ+ ∈ S(∞)((0,∞)) and
that φ is not the zero function. ◀

Proposition 5 (All common activation function sat-
isfy Assumption 4).

(a) If f is constructed by addition, multiplication,
and composition of polynomials, sigmoid, tanh,
softplus, sin, cos, RBF and Φ, then f ∈ S(∞)(R).
Moreover, the functions g(x) = exp(ax) are in
S(∞)((−∞, 0]) for every a ≥ 0.

(b) Assumption 4 is satisfied for all activation func-
tions from Table 1. It is also satisfied for all
ϕ ∈ S(∞)(R).

We prove Proposition 5 in Appendix E.

Definition 6 (Smoothness of an activation function).
For an activation function φ as in Assumption 4, we
define its smoothness as

smoothness(φ) := inf{m ∈ N0 | lim
t↘0

φ(m)(t)

̸= lim
t↗0

φ(m)(t)} ∈ N0 ∪ {∞}. ◀

Example 7 (Smoothness of the ReLU activation).
The ReLU activation function φ(x) = max{0, x} ful-
fills Assumption 4 and decomposes as φ+(x) = x , x >
0, φ−(x) = 0 , x < 0. Hence we have

lim
t↘0

φ(t) = 0 = lim
t↗0

φ(t)

but lim
t↘0

φ′(t) = 1 ̸= 0 = lim
t↗0

φ′(t) ,

implying smoothness(ReLU) = 1. ◀

Remark 8 (Location of the non-smoothness). We
conjecture that our analysis could be extended to the
case of non-smoothnesses at b ̸= 0 with similar results
by extending a part of our proofs, cf. Remark A.7. ◀

1The definition at zero ensures that φ is continuous
when φ+ and φ− allow, and that its even/odd parts are
zero everywhere whenever they are zero almost everywhere.
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Table 1: Activation functions and their smoothness
(Definition 6). Here, Pm means that the function is a
polynomial of degree m. P−∞ means that the func-
tion is zero. For a more extensive overview, we re-
fer to Dubey et al. (2022). In the typical cases i)
of Theorem 9, a smoothness s ∈ (1,∞) of φ yields
HkNNGP

L

∼= Hd/2+s+1/2(Sd) and HkNTK
L

∼= Hd/2+s−1/2.
Activation Formula Smoothness s

x < 0 x ≥ 0 φ φeven φodd

ReLU 0 x 1 1 P1

LeakyReLU (ε ̸= −1) −εx x 1 1 P1

SELU λα(ex − 1) λx 1 1 2
ELU (α ̸= 1) α(ex − 1) x 1 1 2

ELU (α = 1), CELU α(ex/α − 1) x 2 3 2
RePU, power m even 0 xm m Pm m
RePU, power m odd 0 xm m m Pm

Heaviside 1
21{0}(x) + 1R>0

(x) 0 P0 0
tanh (ex − e−x)/(ex + e−x) ∞ P−∞ ∞

Sigmoid 1/(1 + e−x) ∞ P0 ∞
GeLU 1

2x(1 + erf(x/
√
2)) ∞ ∞ P1

SiLU x/(1 + e−x) ∞ ∞ ∞
RBF exp(−x2) ∞ ∞ P−∞(Sd).

Our main result, Theorem 9, contains multiple cases.
The “regular” cases are discussed afterward in Re-
mark 10. In some special bias-free cases we observe
a phenomenon of parity: The even/odd parts of the
functions contained in the RKHSs Hk of the neural
kernels depend on the even/odd parts of the activa-
tion φ, commonly defined as

φeven(x) :=
φ(x) + φ(−x)

2
,

φodd(x) :=
φ(x)− φ(−x)

2
,

fulfilling φ = φeven + φodd. For example,
ReLUeven(x) = 1

2 |x| and ReLUodd(x) = 1
2x. In the

bias-free case (σ2
b = 0), the function fφ represented

by a two-layer network with activation φ can be writ-
ten as fφ = fφeven

+ fφodd
, where fφeven

is even and
fφodd

is odd. Hence, (fReLU)odd = fReLUodd
is a

linear function, which explains the results of Bietti
and Mairal (2019) where the odd eigenvalues satisfy
µ1 > 0, µ3 = µ5 = . . . = 0. A much more general ver-
sion of this calculation is performed in Proposition D.4.

By Pm we denote the polynomials of degree at most
m. We additionally define

Feven := {f : Sd → R | f is even} ,

Fodd := {f : Sd → R | f is odd} .

Theorem 9 (Main result, summary below). Let
the activation φ fulfill Assumption 4 and let s :=
smoothness(φ).
NNGP:

i) Case σ2
bσ

2
i > 0 or both L ≥ 3 and φ is neither

even nor odd.

a) If s = 0, then HkNNGP
L

∼= Hd/2+21−L

(Sd).
b) If 1 ≤ s < ∞, then HkNNGP

L

∼=
Hd/2+s+1/2(Sd).

c) If s = ∞ and φ is not a polynomial, then
HkNNGP

L
⊂ Ht(Sd) for all t ∈ R and HkNNGP

L

contains all polynomials.
d) If s = ∞ and φ is a polynomial of degree m,

then HkNNGP
L

∼= PmL−1 .
ii) Case σ2

bσ
2
i = 0 and φ is even or odd.

a) If s = 0, then HkNNGP
L

∼= Hd/2+21−L

(Sd) ∩
Feven/odd.

b) If 1 ≤ s < ∞, then HkNNGP
L

∼=
Hd/2+s+1/2(Sd) ∩ Feven/odd.

c) If s = ∞ and φ is not a polynomial, then
HkNNGP

L
⊂ Ht(Sd) ∩ Feven/odd for all t ∈ R

and HkNNGP
L

contains all even/odd polynomi-
als.

d) If s = ∞ and φ is a polynomial of degree m,
then HkNNGP

L

∼= PmL−1 ∩ Feven/odd.
iii) Case σ2

bσ
2
i = 0 and L = 2. We have

HkNNGP
L

∼= HkNNGP
φeven,L

⊕HkNNGP
φodd,L

(1)

where the RKHSs HkNNGP
φeven,L

and HkNNGP
φodd,L

of the
even/odd activation functions φeven and φodd

can be found by Case ii) with correspond-
ing s := smoothness(φeven) respectively s :=
smoothness(φodd).

NTK:

i) Case σ2
b > 0 or both L ≥ 3 and φ is neither even

nor odd.
a) If 1 ≤ s < ∞, then HkNTK

L

∼=
Hd/2+s−1/2(Sd).

b) If s = ∞ and φ is not a polynomial, then
HkNTK

L
⊂ Ht(Sd) for all t ∈ R and HkNTK

L

contains all polynomials.
c) If s = ∞ and φ is a polynomial of degree m,

then HkNTK
L

∼= PmL−1 .
ii) Case σ2

b = 0 and φ is even or odd.
a) If 1 ≤ s < ∞, then HkNTK

L

∼=
Hd/2+s−1/2(Sd) ∩ Feven/odd.

b) If s = ∞ and φ is not a polynomial, then
HkNTK

L
⊂ Ht(Sd)∩Feven/odd for all t ∈ R and

HkNTK
L

contains all even/odd polynomials.
c) If s = ∞ and φ is a polynomial of degree m,

then HkNTK
L

= PmL−1 ∩ Feven/odd.
iii) Case σ2

b = 0 and L = 2. We have

HkNTK
L

∼= HkNTK
φeven,L

⊕HkNTK
φodd,L

(2)

where the RKHSs HkNTK
φeven,L

and HkNTK
φodd,L

of the
even/odd activation functions φeven and φodd

and can be found by Case ii) with correspond-
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4-layer SELU NNGP
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4-layer ELU NTK
3-layer ELU NNGP
4-layer ELU NNGP

y = x−2

y = x−4

y = x−6

Figure 1: Eigenvalues µl of different neural ker-
nels on S2. We use σw = σb = σi = 1. We use a
custom method to numerically compute dual activa-
tions, described in Appendix G.

ing s := smoothness(φeven) respectively s :=
smoothness(φodd).

Note that Ht(Sd)∩Feven and Ht(Sd)∩Fodd are closed
subspaces of Ht(Sd) for any t. We equip them with
the restricted norm. If in the sub-cases iii) φeven = 0
or φodd = 0 occurs, the RKHS corresponding to that
even/odd part in Eq. (1) respectively Eq. (2) is P−∞ =
{0}.

We show a proof sketch in Section 4, a more detailed
proof overview in Appendix A, and the proof for deriv-
ing this version of the theorem in Appendix D.4. The
smoothness of many common activation functions, as
well as the smoothness of their even/odd parts, can be
found in Table 1. Note that the results of Theorem 9
can be expressed in terms of the eigenvalues µl of the
integral operator instead of the RKHSs as discussed
in Section 2; the eigenvalue-based formulation can be
found in Theorem D.10.
Remark 10 (General takeaway). Theorem 9 is most
easy to understand for the case where

• the NN has L ≥ 2 layers, contains biases (σ2
b > 0),

and in the NNGP case the biases are initialized
with nonzero variance (σ2

i > 0), or
• the NN has L ≥ 3 layers and the activation func-

tion φ is neither even nor odd.

In this case, the decay of the eigenvalues µl and the
corresponding RKHS depend on the smoothness s of
the activation function φ as follows:

• If the activation function is discontinuous (s = 0),
the RKHS of the NNGP kernel is equivalent to a
Sobolev space of smoothness d/2+21−L, while the
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ReLU NTK (no bias)
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SELU NTK (no bias)
ELU NTK
ELU NTK (no bias)
GELU NTK
GELU NTK (no bias)
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y = x−4
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Figure 2: Eigenvalues µl of different two-layer
NTKs on S2. We use σw = σb = σi = 1 for the case
with biases and set σb = σi = 0 for the no-bias case.
We use a custom method to numerically compute dual
activations, described in Appendix G.

NTK is not defined.
• If the activation function has finite smoothness
1 ≤ s < ∞, the RKHSs are equivalent to Sobolev
spaces of order d/2 + s − 1/2 for the NTK and
d/2+s+1/2 for the NNGP. This applies to ReLU,
LeakyReLU, ELU (α ̸= 1) and SELU with s = 1
and to CELU with s = 2. Figure 1 shows that the
corresponding eigenvalue decays µl = d + 2s − 1
for the NTK and µl = d + 2s + 1 (cf. Lemma 2)
are attained in numerical experiments. Rectified
power unit activations max{0, x}s have smooth-
ness s ∈ N, yielding a family of Sobolev spaces.
Our results show that this is due to the behavior
at zero and that the superlinear growth of these
functions for s ≥ 2 is not necessary.

• If the activation function is infinitely smooth (s =
∞) but not a polynomial, all µl are nonzero but
decay faster than any inverse polynomial. Hence,
the RKHSs are contained in all Sobolev spaces,
but the kernels are universal. This applies for ex-
ample to the GELU, SiLU/Swish, Mish, softplus,
sigmoid, and tanh activation functions (though
tanh is an odd function, so the conclusion only
holds with biases).

• If the activation function is a polynomial, for NTK
and NNGP only finitely many eigenvalues µl are
nonzero and the RKHSs only contain polynomi-
als, whose maximum degree grows exponentially
with the depth of the network. ◀

Example 11 (Special cases). As mentioned above,
two-layer networks without bias (σ2

b = 0 for NTK or
σ2
bσ

2
i = 0 for NNGP) can have special behavior. Fol-
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lowing Table 1, we obtain for CELU the NTK RKHS
(Hd/2+5/2 ∩ Feven) ⊕ (Hd/2+3/2 ∩ Fodd), so the even
parts of functions are smoother than the odd parts of
functions. For ELU (α ̸= 1) and SELU, we obtain
(Hd/2+1/2 ∩ Feven) ⊕ (Hd/2+3/2 ∩ Fodd). For ReLU
and LeakyReLU, the odd parts are just linear func-
tions. For RePU, one of the two parts are polynomi-
als up to a certain degree. Figure 2 shows the corre-
sponding behavior of the eigenvalues µl for the two-
layer NTKs for different activations: In the bias-free
case, the odd SELU eigenvalues decay faster than the
even ones, while the even ELU (α = 1) eigenvalues de-
cay faster than the odd ones. For bias-free ReLU and
GELU, the eigenvalues µl for odd l ≥ 3 are zero.

The other special case is for even or odd activations
and arbitrarily deep networks without bias. For exam-
ple, tanh is an odd activation, hence the corresponding
NNGP and NTK RKHSs will only contain odd func-
tions. ◀

Remark 12 (NTKs and NNGPs of non-smooth acti-
vations are equivalent to Matérn kernels). Chen and
Xu (2021) and Bietti and Bach (2021) showed that on
Sd, the RKHS of the deep ReLU NTK is equivalent
to that of the Laplace kernel. Theorem 1 in Vakili
et al. (2021) further shows that the RKHSs of deep
RePU NTKs and NNGPs are equivalent to the ones
of Matérn kernels, which are equivalent to Sobolev
spaces. Specifically, for the Matérn kernel kν of or-
der ν > 0 on the sphere Sd, it holds that Hkν

∼=
Hd/2+ν(Sd) (see also Proposition 5.2 (c) in Hubbert
et al. 2023). For other not-infinitely-smooth activa-
tions, our Theorem 9 shows that their RKHSs are gen-
erally also equivalent to Sobolev spaces, and hence the
corresponding kernels are equivalent to Matérn ker-
nels. ◀

Section 7 discusses implications of our results, for ex-
ample, on the equivalence of RKHSs for different net-
work depths.

4 PROOF SKETCH FOR THE
MAIN THEOREM

Here, we provide a short overview of our main theo-
rem. A more detailed overview can be found in Ap-
pendix A. We obtain Theorem 9 by case distinction
from Theorem D.10, the central technical result of this
paper, which yields the eigenvalue asymptotics of the
neural kernel k in dependence of the smoothness of
the activation function φ. Those eigenvalue asymp-
totics then directly yield the equivalent Sobolev space
Hk

∼= Hs(Sd) by Lemma 2. Theorem D.10 is the ma-
jor theoretical effort of this paper. It leverages Theo-
rem A.3, a variant of Bietti and Bach (2021, Theorem
7), which reduces the question of the eigenvalue decay

to an investigation of the asymptotic behavior at {±1}
of the function κ : [−1, 1] → R satisfying

k(x, x′) = κ(⟨x, x′⟩) .

This function κ is best described with dual activation
functions (Definition A.4, Appendix C). The dual ac-
tivation function φ̂ : [−1, 1] → R has been introduced
in Daniely et al. (2016) and is given by a quadratic
form: φ̂ = b(φ,φ), where

b(f, g)(t) = E(u,v)∼N (0,Σt)[f(u)g(v)], Σt =

(
1 t
t 1

)
describes the infinite-width behavior of the activation
in a single hidden layer. Recursively, the function
κNNGP
l corresponding to the NNGP kernel of an l-layer

network for l ≥ 2 is then given by

κNNGP
1 (t) := σ2

bσ
2
i + σ2

wt

κNNGP
l (t) := σ2

bσ
2
i + σ2

wφ·√αl−1̂
(κNNGP

l−1 (t)/αl−1), (3)

where φ·√αl−1
means that φ rescales its input, which

is explained in Definition A.4 and Lemma A.5, but is
not important as it does not change the smoothness
at zero. This recursion alongside with the correspond-
ing formula for the NTK kernel κNTK

l can be found in
Lemma A.5. The analysis of the asymptotic behavior
of κNNGP

l is built on the analysis of the asymptotic be-
havior of the dual activation φ̂ at {±1}. The following
theorem is hence a central cornerstone for the analy-
sis of dual activations that may be useful beyond the
specific structure of fully-connected neural networks.

Theorem 13 (Theorem A.8 reformulated). Let φ be
an activation function of finite smoothness s. Then,
there exists a constant bs > 0 depending only on s such
that for τ ∈ {±1} and t ∈ (0, 2)

φ̂(τ(1− t)) =
(
φ(s)(0+)− φ(s)(0−)

)
(−τ)s+1bst

s+1/2

+ pτ (t) + qτ (t) ,

where φ(s)(0+), φ(s)(0−) are right- and left-sided lim-
its, pτ (t) is a polynomial and qτ (t) fulfills q

(n)
τ (t) =

o(t(s−n)) for all n ∈ N0.

We prove Theorem 13 by decomposing

φ(x) =

K−1∑
k=s

(φ(s)(0+)− φ(s)(0−))sk(x) + r(x) ,

where sk(x) :=
1
2k! sgn(x)x

k are analytically tractable
functions of smoothness k and r is a remainder term of
smoothness K. The analysis of Bietti and Bach (2021)
is similar to computing ŝ1 = b(s1, s1), and we intro-
duce multiple new arguments to study higher-order
terms b(sk, sk), and also mix-terms b(sk, sm), b(sk, r),
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and b(r, r). While Bietti and Bach (2021) use argu-
ments from Chen and Xu (2021) based on complex
analysis to control the regularity of derivatives for qτ ,
we circumvent this part through direct computations
since it is not obvious whether functions like b(r, r) are
analytic.

While Theorem 13 is only for dual activations and not
the final kernels, it already provides the correct func-
tional form “non-integer power plus remainder terms”
needed for applying the main theorem of Bietti and
Bach (2021), which says that the eigenvalue decay
depends on the smallest non-integer power. In Ap-
pendix B, we develop a calculus that investigates how
this functional form is preserved for sums, producs,
and compositions of functions. To obtain our main
technical result, Theorem D.10, we apply this calculus
in all cases together with Proposition D.4 for handling
the bias-free special cases and a separate computation
for polynomial activations in Appendix D.5.

5 SMOOTHNESS OF NNGP
SAMPLE PATHS

The following result connects RKHSs of kernels on the
sphere to the smoothness of the paths of their Gaussian
process.
Theorem 14. Let k be a dot-product kernel on
Sd whose RKHS is equivalent to a Sobolev space
Hd+α(Sd), α > 0. Let X be a Gaussian process on
Sd with zero mean and covariance kernel k.

i) For any ε ≥ 0 we have P (Y ∈ Hd/2+α+ε(Sd)) = 0
for any version Y of X.

ii) For any 0 < ε < α, there exists a version Y of X
with P

(
Y ∈ Hd/2+α−ε

)
= 1.

The requirement ε < α in Theorem 14 ii) stems from
the underlying theory, which requires the investigated
spaces to be RKHSs. For Sobolev spaces Hs(Sd) is
equivalent to s > d/2. Theorem 14 is proven in Ap-
pendix F.
Example 15 (Application to infinite-width NNs).
Consider a network with biases, that is σ2

bσ
2
i > 0,

and an activation of smoothness 1 ≤ s < ∞. From
Theorem 9 we know HkNTK

L

∼= Hd/2+s−1/2(Sd) and
HkNNGP

L

∼= Hd/2+s+1/2(Sd). If s+1/2 > d/2, by Theo-
rem 14, the NNGP sample paths are in Hs+1/2−ε(Sd)
but not Hs+1/2+ε(Sd) for any ε > 0. We conjec-
ture that randomly initialized finite-width networks
are only in Hs(Sd) but not Hs+ε(Sd), so the infinite-
width limit would gain an extra half-order of smooth-
ness. ◀

Example 16 (ReLU sample paths). For the ReLU ac-
tivation, in the case with biases (σ2

bσ
2
i > 0), we know

from Theorem 9 as well as Bietti and Bach (2021) that

HkNNGP
L

∼= Hd/2+3/2(Sd). We have Hd/2+3/2(Sd) =

Hd+α(Sd) with α = 3/2 − d/2. Therefore, by Theo-
rem 14, the sample paths of the ReLU NNGP essen-
tially have the smoothness d/2 + α = 3/2, assuming
α > 0 or, equivalently, d ∈ {1, 2}. ◀

This phenomenon is reminiscent of how, in a suitable
small-step limit, a random walk of increasingly small
step size converges to the Brownian motion, which es-
sentially has paths of smoothness 1/2:
Remark 17 (Intuition: analogy to random walks).
Let gn : [0, 1] → R be the random walk of n steps,
defined as gn(t) =

1√
n

∑⌊nt⌋
i=1 Zi with i.i.d. coin tosses

Zi. Then gn has n non-smoothnesses of degree s = 0
which are increasingly dense in [0, 1], and converges
weakly to a standard Brownian motion on [0, 1]. The
paths of a Brownian motion are essentially of (Hölder)
smoothness 1/2; they gain half an order of smoothness.
Intuitively, one might think of this that as the non-
smoothnesses become dense, they also become smaller
and in this sense less severe, however covering the
whole interval.

This is similar to what can be observed in a two-layer
neural network: Consider a shallow network with bias
σ2
bσ

2
i > 0 and the Heaviside activation function φ(x) =

1R≥0
(x) on the one-dimensional sphere S1. The net-

work of width n has at most n non-smoothnesses,
and as n increases, these non-smoothnesses will be in-
creasingly dense in S1. So, in analogy to the random
walk, the finite networks are functions of smoothness
0 with increasingly small distances between the non-
smoothnesses, and the jumps in these points shrink as
n grows. The NNGP-RKHS of the infinite-width net-
work is HkNNGP

L
= H3/2(S1) by Theorem 9. The path

smoothness theorem 14 shows that the sample paths
of the NNGP, that is the infinite width networks at
initialization, are essentially of smoothness 1/2. We
observe the same effect: the paths gain half an order
of smoothness compared to the finite networks.

The same intuition applies for activations of higher
smoothness s ≥ 1.

For the NTK, essentially the same intuition can be en-
voked. Since the NTK includes derivatives of the acti-
vation function, the path paths are one level rougher,
they have smoothness s − 1/2. Note that the Heavi-
side activation does not allow an NTK, since it is not
weakly differentiable. ◀

6 POSSIBLE EXTENSIONS

While this work considers neural networks consisting
only of feedforward-layers, we briefly discuss possible
extensions to more complex architectures, by sketch-
ing the required steps to include layer normalization
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and residual layers. In a similar style, adapting our
argumentation to many other architectures might be
possible.

Our core strategy is to write the kernels as sums, prod-
ucts, and compositions of dual activations and lin-
ear functions. Our results from Appendix C prove
the boundary behavior of dual activations, and Ap-
pendix B introduces a calculus for how this boundary
behavior behaves under sums, products, and composi-
tions. Hence, as long as other kernels can be written
in the same form, our tools should be applicable to
them, and in this case one can proceed similarly as we
did to obtain Theorem 9.

Note that a network with complex architecture re-
mains (in distribution, in the case of finite width) rota-
tionally invariant if the first operation in the network
is a linear layer with Gaussian initialization.

Residual layers Residual layers fit well into the
framework we considered: Similar recursive fromulas
as presented in Lemma D.2 can be derived for a net-
work containing residual layers using Appendix E of
Yang (2020). Then, it may be possible to imitate the
analysis done in the further course of the Appendix D
for this recursion formula, which would work similar
to the analysis of the NNGP-kernel.

Layer normalization For simplicity, let us consider
RMSNorm (Zhang and Sennrich, 2019), which is pop-
ular in Transformers, without parameters. Let the l-th
post-activation layer for l ≥ 2 be normalized to a unit
vector as x̃(l−1) := φ(z(l))/

∥∥φ(z(l))
∥∥
2
. In a recursive

decomposition of the kernel as in Lemma D.2, this
leads to a linear rescaling of the kernel at each layer.
In a standard feedforward-network as in Definition 1,
the norm of the post activation vector without layer
normalization converges almost surely to a constant
value, namely

√
kNNGP
l (x,x), by Lemma D.2. Our

analysis shows that the scale of that value does not
influence the RKHSs associated to the neural network
– as an illustrative example, the RKHSs do not change
when changing the activation function from φ to λφ
for λ ̸= 0.

7 IMPLICATIONS

Our results can be used to obtain a more complete
understanding of neural networks in the kernel regime.
Below, we list some non-exhaustive ways in which our
results could complement existing theory.

Deep vs. shallow networks By showing that the
RKHSs of deep and shallow ReLU NTKs are equiva-
lent, Bietti and Bach (2021) concluded that the NTK

regime is not sufficient to model the benefits of depth
for practical neural networks. Our results show that
this holds for a much larger class of not infinitely
smooth activation functions: Whenever s ∈ [1,∞), all
depths ≥ 2 (or ≥ 3 in the bias-free case) yield equiv-
alent RKHSs for the NTK as well as for the NNGP.
On the other hand, our results show that the RKHSs
are not equivalent for polynomial activations, while
the situation for other infinitely smooth activations re-
mains unclear, as more precise results are only known
in the two-layer case (Murray et al., 2023).

Training dynamics Regarding theoretical model-
ing, the dynamics of gradient flow are difficult to study
for ReLU activations since their derivative is discontin-
uous at zero. The use of smoother but not infinitely
smooth activations such as CELU can enable theo-
retical studies of gradient flow in a setting where the
RKHS is well-known, without limiting results to pow-
ers of ReLU as in previous work (Vakili et al., 2023).
For example, the gradient flow analysis of Bowman
and Montufar (2022) yields finite-time bounds for the
deviation from the infinite-width training trajectory
but requires activation functions smoother than ReLU.
The use of semi-smooth activation functions might also
be interesting to the NTK analysis of physics-informed
neural networks (Wang et al., 2022), since their train-
ing involves taking higher-order derivatives of neural
networks. The faster eigenvalue decay for smoother
activations can lead to slower training dynamics (e.g.,
Raskutti et al., 2014; Cao et al., 2019). Compared to
the pure kernel case, gradient flow on infinite-width
NNs in the kernel regime also has to learn to remove
the random initial function (Lee et al., 2019). Thanks
to Theorem 14, we now know the smoothness of this
function, which makes it possible to derive convergence
rates for the regression of this function with the NTK.
To this end, we refer to the proof of Theorem G.5 in
Haas et al. (2023) for convergence rates with regular-
ization in the noisy case, and to Theorem 3.3 in Le Gia
et al. (2006) for an approach towards convergence rates
of interpolation.

Generalization Our main result allows the applica-
tion of generalization results to more activation func-
tions. For example, the inconsistency results of Haas
et al. (2023) for overfitting with NTKs and NNGPs
apply whenever the RKHS is a Sobolev space, and
hence by our results, they apply to a wide range of
finitely smooth activation functions. Our results also
suggest that the spectral bias of neural networks (Ra-
haman et al., 2019) can be influenced by changing the
smoothness of the activation function. Finally, while
Simon et al. (2022) show that a large class of kernels
can be represented as NTKs and NNGPs, our results
help to elucidate the properties of activation functions
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that realize these kernels and consider networks of any
depth.

8 RELATED WORK

Neural kernels Multiple results have shown that in
typical settings, infinite-width neural networks behave
like Gaussian processes at initialization (Neal, 1996;
Daniely et al., 2016; Lee et al., 2018; Matthews et al.,
2018). The associated covariance function is known as
the neural network Gaussian process (NNGP) kernel
or random features kernel. Jacot et al. (2018) dis-
covered that the training dynamics of such infinite-
width neural networks can be described by a differ-
ent kernel, the so-called neural tangent kernel (NTK).
The same observation has been made by Lee et al.
(2019). Follow-up work has generalized the scope of
these results (e.g., Arora et al., 2019; Yang, 2019b,
2020). These works do not yet give deep insights into
the nature of the NTK and NNGP kernels.

Smoothness of neural kernels Belkin et al. (2018)
noted similarities in generalization behavior between
the Laplace kernel and neural networks. A follow-
up line of work managed to characterize the RKHS
of different NTKs on Sd. Bietti and Mairal (2019) de-
rived the structure of the RKHS of the two-layer ReLU
NTK without bias (σ2

b = 0). Basri et al. (2019) an-
alyzed two-layer ReLU NTKs with and without bias.
Geifman et al. (2020) showed that the two-layer ReLU
NTK with bias is equivalent to the Laplace kernel, and
showed that the RKHS of the deep ReLU NTK is at
least as large as the RKHS of the shallow one. The
equivalence of these RKHSs was then shown by Chen
and Xu (2021) for σ2

b > 0, σi = 0, L ≥ 2. Simul-
taneously, Bietti and Bach (2021) characterized the
structure of the deep ReLU NTK and NNGP with-
out bias (σ2

b = 0, L ≥ 3) and also showed some re-
sults for step activations as well as infinitely differen-
tiable activations. Vakili et al. (2023) extended this
analysis to RePU (integer powers of the ReLU activa-
tion). Finally, Haas et al. (2023) formally established
the connection of these RKHSs to Sobolev spaces on
the sphere. Murray et al. (2023) prove further spectral
properties of the NTK, including a characterization of
the RKHS of two-layer NNs for tanh and RBF activa-
tion functions that is more precise than our result for
these activations. Scetbon and Harchaoui (2021) prove
some results about spectral properties of dot-product
kernels, with weak results concerning the NTK. How-
ever, to the best of our knowledge, we are the first to
provide a characterization of the RKHS for many non-
smooth activation functions like LeakyReLU, SELU,
or ELU.

The NTK has also been analyzed for other architec-

tures such as residual networks (Belfer et al., 2024)
and convolutional residual networks (Barzilai et al.,
2023). Dandi and Jacot (2021) investigate the contri-
butions of individual layers towards the properties of
the NTK. Simon et al. (2022) show that a large class
of dot-product kernels on the sphere can be realized
as NTK or NNGP kernels through suitable activation
functions. While most results analyze the NTK on Sd,
Lai et al. (2023) analyze the eigenvalue decay on R and
Li et al. (2024) leverage known results on Sd to obtain
decay rates for Rd+1. In terms of activation functions,
these results do not go beyond the known results for
Sd.

Spectral properties Panigrahi et al. (2020) inves-
tigate minimum eigenvalues of NTK matrices and find
a dependence on the smoothness of the activation
function. Nguyen et al. (2021) and Karhadkar et al.
(2024) provide more bounds for minimum eigenvalues.
These results are related to the structure of the RKHS
through kernel matrix concentration inequalities but
do not reveal the full structure of the RKHS.

9 CONCLUSION

We have shown general results for the structure of the
RKHS for fully connected neural networks with dif-
ferent activation functions, as well as results for the
sample path smoothness of randomly initialized wide
neural networks. We refer the reader to Appendix A
for a short overview of the central techniques and ob-
jects of our main proof.

Possible extensions Our work offers several possi-
bilities for extensions. First, following Li et al. (2024),
an extension of our results from x ∈ Sd to x ∈ Rd+1

could be possible. Second, one could study different
activation functions in different layers; we strongly
conjecture that the behavior of the NTK and NNGP
will be determined by the least smooth activation func-
tion. Third, while we study non-smoothness in zero,
it might be possible to apply our proof technique to
functions that are non-smooth in other points—the
main obstacle is to find reference functions sk with
the given non-smoothness that are similarly amenable
to analysis as the functions sk we use in the appendix.
Fourth, a more precise characterization of the RKHS
for infinitely smooth non-polynomial activations is still
open but might require stronger tools (e.g., Minh et al.,
2006; Azevedo and Menegatto, 2014; Murray et al.,
2023). Finally, our results might be extensible to anal-
yses for residual networks (e.g., Belfer et al., 2024;
Tirer et al., 2022), convolutional networks (e.g., Geif-
man et al., 2022; Barzilai et al., 2023), or more general
architectures including transformers (Yang, 2020).
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A OVERVIEW AND NOTATION

Appendix A – D are dedicated to the proof of the main theorem, Theorem 9. They build on each other and
should be read in order. Appendix E and Appendix F contain smaller proofs that are independent of the other
appendices. Appendix G derives a way to numerically compute dual activations for our experiments.

Analysis through boundary behavior. As mentioned before, the NTK and NNGP kernels on the sphere are
dot-product kernels, i.e., they are of the form k(x, x′) = κ(⟨x, x′⟩). To obtain eigenvalue decays for k, we build
on the results of Bietti and Bach (2021), which requires to study the behavior of κ(t) for t → 1 and t → −1. To
unify these analyses, we let τ ∈ {−1, 1} and study the behavior of κτ : (0, 2) → R, t 7→ κ(τ(1− t)) for t ↘ 0. We
first introduce function classes with certain boundary behavior that will be central in simplifying computations
later on:
Definition A.1 (Function classes with controlled boundary behavior). Let α, β, γ ∈ R. We define sets of
functions Pα,β , Rγ , and Qα,β as follows:

(a) Sums of high-enough powers: We define Pα,β as the set of functions f : (0, 2) → R of the form

f(t) =

n∑
i=1

ait
αi with n ∈ N0, ai, αi ∈ R,

{
αi > α for all i with αi ∈ Z
αi > β for all i with αi ̸∈ Z

Note the use of >, which will be convenient later.
(b) Negligible remainder functions: We define Rγ as the set of C∞-functions f : (0, 2) → R such that for

all m ∈ N0, the m-th derivative f (m) satisfies

|f (m)(t)| ≤ O(tγ−m) for t ↘ 0 .

Intuitively, Rγ contains functions that are at least as benign as t 7→ tγ , in terms of the behavior of all
derivatives for t → 0.

(c) Sums of powers plus negligible remainder: We define Qα,β :=
⋂

γ∈R(Pα,β + Rγ). In other words,
Qα,β contains those functions that are sums of powers plus an arbitrarily “high-order” remainder. Note for
f ∈ Qα,β that in general, the number n of terms in the sum of powers when writing f as f ∈ Pα,β +Rγ will
depend on the imposed order γ of the remainder.

We will mostly use Qα,β in the paper. Instead of f ∈ Qα,β , we also write f(t) = Qα,β(t) analogous to common
O-notation. We often track coefficients of leading terms separately, e.g., writing g(t) = atα + btβ +Qα,β(t). ◀

Furthermore, we require refined adapted asymptotic notation for sequences, as we need the asympototic behavior
of a sequence (an) but also need to know wether there are elements an = 0, which is crucial to compare Sobolev
spaces based on eigenvalues, cf. Lemma 2.
Definition A.2 (Asymptotic notation). For functions κ, we use standard asymptotic notation like κ(t) = O(t1/2)
for t ↘ 0. For sequences (an)n∈I , (bn)n∈I ⊆ R≥0 indexed by I ⊆ N0, we use an index “∀n” for asymptotic notation
to denote that it should hold for all n and not only for almost all n, and to indicate the variable n that the
constant is independent of. Specifically,

an = O∀n(bn) :⇔ ∃C > 0 : ∀n ∈ I : an ≤ Cbn

an = Ω∀n(bn) :⇔ bn = O∀n(an)

an = Θ∀n(bn) :⇔ an = O∀n(bn) and bn = O∀n(an)

an = o∀n(bn) :⇔ an = O∀n(bn) and ∀C > 0 : ∃n0 ∈ N0 : ∀n ≥ n0 : an ≤ Cbn .

Using this notation, when we write µl = Θ∀l((l + 1)−d−2s), it implies that all µl are positive. We write l + 1
and not l to make the right-hand side well-defined for all l ∈ N0. The constant C implied in this notation can
depend on d and s. ◀

A key element of our analysis is the following result, formulated using the previously defined boundary function
classes:
Theorem A.3 (Adaptation of Theorem 7 in arXiv v4 of Bietti and Bach 2021). Let κ : [−1, 1] → R be a
function that is smooth on (−1, 1) such that kκ,d(x,x

′) = κ(⟨x,x′⟩) is a positive semi-definite kernel on all
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spheres Sd, d ∈ N≥1. Suppose that there exists 0 < β ∈ R \ Z and b−1, b1 ∈ R such that for τ ∈ {−1, 1},

κ(τ(1− t)) = bτ t
β +Q−1,β(t) .

Then, for a given dimension d ∈ N≥1, the eigenvalues µl = µl(κ, d) as defined in Section 2 satisfy:

(a) For l ∈ N0 even, if b−1 ̸= −b1, then µl = Θ∀l((l + 1)−d−2β).
(b) For l ∈ N0 even, if b−1 = −b1, then µl = o∀l((l + 1)−d−2β).
(c) For l ∈ N0 odd, if b−1 ̸= b1, then µl = Θ∀l((l + 1)−d−2β).
(d) For l ∈ N0 odd, if b−1 = b1, then µl = o∀l((l + 1)−d−2β).

This leads to the following strategy, detailed below, for analyzing the eigenvalues of neural kernels on the sphere:

(1) Write neural kernels on the sphere as a composition of dual activation functions.
(2) Analyze the boundary behavior of dual activation functions.
(3) Analyze the boundary behavior for sums, products, and compositions of functions, which will be done in

Proposition B.2.
(4) Analyze the behavior of even and odd functions to obtain stronger results for the special cases (b) and (d)

in Theorem A.3.
(5) Assemble everything.

Dual activations and neural kernels. To apply the theorem above, similar to Bietti and Bach (2021), we
derive a convenient expression for κ using dual activation functions introduced by Daniely et al. (2016).
Definition A.4 (Dual and rescaled activation functions). For a function φ ∈ L2(N (0, 1)), we follow Daniely
et al. (2016) and define the dual activation

φ̂ : [−1, 1] → R, t 7→ E(u,v)∼N (0,Σt)[φ(u)φ(v)], Σt :=

(
1 t
t 1

)
.

Moreover, for a function φ : R → R and a ∈ R, we define the rescaled function

φ·a : R → R, φ·a(x) := φ(ax) . ◀

Our following result, derived in Appendix D.1, shows that the NTK and NNGP kernels restricted to the sphere
can be expressed using dual rescaled activations:
Lemma A.5 (Neural kernels on the unit sphere). Let the activation function φ : R → R fulfill Assumption 4.
Consider a neural network fθ : Rd+1 → R initialized as in Definition 1. For l ≥ 2 and t ∈ [−1, 1] we recursively
define

α1 := σ2
bσ

2
i + σ2

w

αl := σ2
bσ

2
i + σ2

wφ·√αl−1̂
(1)

κNNGP
1 (t) := σ2

bσ
2
i + σ2

wt

κNNGP
l (t) := σ2

bσ
2
i + σ2

wφ·√αl−1̂
(κNNGP

l−1 (t)/αl−1)

κNTK
1 (t) := σ2

b (1− σ2
i ) + κNNGP

1 (t)

κNTK
l (t) := σ2

b (1− σ2
i ) + κNNGP

l (t) + σ2
wκ

NTK
l−1 (t)(φ′)·√αl−1̂

(κNNGP
l−1 (t)/αl−1) .

Then for all l ≥ 1,x,x′ ∈ Sd we have αl > 0 and

kNNGP
l (x, x̄) = κNNGP

l (⟨x, x̄⟩)
kNTK
l (x, x̄) = κNTK

l (⟨x, x̄⟩) .

Boundary behavior of dual activations. To study the behavior of dual activations at ±1, we first need a
definition:
Definition A.6 (Reference activations). For k ∈ N0, we define the activation functions sk : R → R by

sk(x) :=
1

2k!
sgn(x)xk , sgn(x) :=


−1 , x < 0

0 , x = 0

1 , x > 0 .
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Let φ be an activation function as in Assumption 4. For k ∈ N0, we define the coefficients

∆k(φ) := φ(k)(0+)− φ(k)(0−) ,

where φ(k)(0+) is the right-sided limit of the k-th derivative of φ at zero, and φ(k)(0−) is the left-sided limit. ◀

The motivation behind Definition A.6 is given in Lemma C.15, which says that we can decompose

φ =

m−1∑
k=0

∆k(φ)sk + φm , (A.1)

where φm is m times pseudo-differentiable (see Definition C.1). This decomposition is central to our proof.
Remark A.7. The reason why our analysis is restricted to a non-smoothness at the origin is that the “reference
activations” sk(x) = 1

2k! sgn(x)x
k introduced in Definition A.6 have their only non-smoothness in the origin.

For these reference activations, we can study their dual activation through analytic means (e.g., Lemmata C.6
and C.7). Generalizing our results to non-smoothness in another point b would require finding a similar family
of reference functions that have their non-smoothness in b while still allowing similar calculations for the dual
activation. This is non-trivial, but if it can be done, the rest of our analysis should still apply in the same
way. ◀

As in Daniely et al. (2016), we use hn to denote the n-th normalized probabilist’s Hermite polynomial, which
means that hn is a polynomial of degree n and (hn)n∈N0

forms an orthonormal basis of the Hilbert space
L2(N (0, 1)). For a function f ∈ L2(N (0, 1)) and n ∈ N0, we define its n-th Hermite coefficient

an(f) := ⟨f, hn⟩L2(N (0,1)) ,

such that we have the following Hermite expansion in L2(N (0, 1)):

f =

∞∑
n=0

an(f)hn .

Daniely et al. (2016) show that the Hermite series of φ is related to the Maclaurin series of φ̂ via

φ̂(t) =

∞∑
n=0

an(φ)
2tn . (A.2)

This also demonstrates that the “dualization” of activation functions should be thought of as a (function-valued)
quadratic form and not dualization. Using our decomposition in Eq. (A.1), we therefore obtain

φ̂(t) =

m∑
i=0

m∑
j=0

∞∑
n=0

∆i(φ)∆j(φ)an(si)an(sj)t
n

+

m∑
i=0

∞∑
n=0

2∆i(φ)an(si)an(φm)tn +

∞∑
n=0

an(φm)2tn . (A.3)

We will treat the first term involving an(si)an(sj) analytically, while using the smoothness of φm to obtain fast
decay rates for an(φm), which will imply that the behavior at the boundary is dominated by the first term. In
total, we obtain the following result at the end of Appendix C.5:
Theorem A.8 (Boundary behavior of dual activations). Let φ be an activation function as in Assumption 4
and let m ∈ N0 such that ∆k(φ) = 0 for all k < m (see Definition A.6). Then, there exists bm > 0 depending
only on m such that for τ ∈ {±1},

φ̂(τ(1− t)) = ∆m(φ)2(−τ)m+1bmtm+1/2 +Q−1,m+1/2(t)

holds.

To deal with the derivative of the activation in the NTK, we can use the convenient formula φ′̂ = φ̂
′ from

Daniely et al. (2016), of which a generalized formulation (for pseudo-derivatives, see Definition C.1) is proved in
Lemma C.2.
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Even and odd functions. Let I ⊆ R be symmetric around zero and let f : I → R be a function. We say
that f is even if f(x) = f(−x) for all x ∈ I, and that f is odd if f(x) = −f(−x) for all x ∈ I. Every function
f : I → R can be decomposed in its even and odd part

feven(x) =
f(x) + f(−x)

2
, fodd(x) =

f(x)− f(−x)

2
.

We then have f = feven + fodd, feven is even, and fodd is odd.

For n ∈ Z, we define

even(n) :=

{
1 , n is even
0 , n is odd,

odd(n) :=

{
0 , n is even
1 , n is odd,

The Hermite polynomials hn are even for even n and odd for odd n.

We show in Proposition D.4 that two-layer bias-free neural kernels satisfy an even-odd decomposition, and deeper
bias-free neural kernels can be even/odd whenever the activation function is even/odd.

B BOUNDARY BEHAVIOR

In the following, we will prove some rules for algebraic manipulations with the function classes Pα,β ,Rγ ,Qα,β

from Definition A.1. While we mostly care about Qα,β later, we will first prove rules for Pα,β and Rγ as a simpler
intermediate step, before providing rules for Qα,β in Proposition B.2, which are summarized in Table B.1:
Lemma B.1 (Rules for Pα,β and Rγ).

(a) For α ∈ R, we have Pα,α ⊆ Rα.
(b) Let γ1, γ2 ∈ R. Let f1, f2 : (0, 2) → R with fi ∈ Rγi

. Then, f1 · f2 ∈ Rγ1+γ2
(t).

(c) If fi ∈ Pαi,βi
, αi, βi ∈ R, αi ≤ βi, then

f1 · f2 ∈ Pα1+α2,min{α1+β2,β1+α2} .

(d) Let A,B > 0, g1 : (0, 2) → (0, 2), g2 : (0, 2) → R. Suppose that g2 ∈ Rγ2 , γ2 ∈ R and that g1(t) =
atα +Rγ1

(t), γ1 > α > 0 and a > 0. Then,

g2 ◦ g1 ∈ Rαγ2 .

(e) Let J ⊆ R be an interval, let g1 : (0, 2) → J , and let g2 ∈ C∞(J) with 0 ∈ J . Moreover, suppose that
g1(t) = atα + btβ + Pα,β(t) +Rγ(t) with limt↘0 g1(t) = 0, 0 ≤ α ≤ β ≤ γ, α ∈ N0, β, γ ∈ R and a, b ∈ R.
Then,

g2(g1(t)) = g2(0) + g′2(0)αat
α + g′2(0)βbt

β + Pα,β(t) +Rγ(t) .

(f) Let g1 : (0, 2) → (0,∞) such that g1(t) = atα + Pα,α(t) +Rγ(t) for a, α > 0 and γ > α. Then, for δ > 0,

g1(t)
δ = aδtαδ + Pαδ,αδ(t) +Rγ−α+αδ(t) .

Proof.

(a) This is straightforward.
(b) For n ∈ N0, we have

|(f1 · f2)(n)(t)| =

∣∣∣∣∣
n∑

k=0

(
n

k

)
f
(k)
1 (t)f

(n−k)
2 (t)

∣∣∣∣∣
≤

n∑
k=0

O(tγ1−k)O(tγ2−(n−k)) = O(tγ1+γ2−n) .

(c) Consider integers α′
i > αi and non-integers β′

i > βi such that tα
′
i = Pαi,βi

(t) and tβ
′
i = Pαi,βi

(t). We now
investigate all possible products of such terms:
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• The term tα
′
1+α′

2 has integer power α′
1 + α′

2 > α1 + α2.
• The term tα

′
1+β′

2 has non-integer power α′
1 + β′

2 > α1 + β2.
• The term tβ

′
1+α′

2 has non-integer power β′
1 + α′

2 > β1 + α2.
• The term tβ

′
1+β′

2 may have integer or non-integer power. In any case, due to the assumption αi ≤ βi,
we have

β′
1 + β′

2 > β1 + β2 ≥ min{α1 + β2, β1 + α2} ≥ α1 + α2 .

(d) Let g2 ∈ Rγ2 . We show

|(g2 ◦ g1)(n)(t)| = O(tγ2α−n)

by induction on n ∈ N0. Since 0 < α < γ1, we have g1(t) = Θ(tα) for t → 0 and limt→0 g1(t) = 0. Therefore,

g2(g1(t)) = O(g1(t)
γ2) = O(tγ2α) .

Here, we used g1(t) = O(tα) in the case γ2 > 0 and g1(t) = Ω(tα) in the case γ2 < 0.
For the induction step n → n+ 1, we use g′2 ∈ Rγ2−1 to obtain

|(g2 ◦ g1)(n+1)(t)| =
∣∣∣∣ dndtn

(g′2 ◦ g1)(t) · g′1(t)
∣∣∣∣

=

∣∣∣∣∣
n∑

k=0

(
n

k

)
(g′2 ◦ g1)(k)(t)g

(1+(n−k))
1 (t)

∣∣∣∣∣
≤

n∑
k=0

O(t(γ2−1)α−k)O(t(α−1−(n−k)))

= O(tγ2α−(n+1)) .

(e) We decompose g2 = p2 + r2, where p2 is the degree-(N − 1) Taylor polynomial of g2 around 0 for some
N ≥ 2 to be defined later. Then,

p2(g1(t)) = g2(0) + g′2(0)g1(t) +

N−1∑
k=2

g
(k)
2 (0)

k!
g1(t)

k .

Since we required limt↘0 g1(t) = 0, g1 contains no degree-zero polynomial terms. Therefore, it follows from
(a)–(c) that the powers g1(t)

k for k ≥ 2 satisfy g1(t)
k = Pα,β(t) +Rγ(t), which shows that

p2(g1(t)) = g2(0) + g′2(0)at
α + g′2(0)bt

β + Pα,β(t) +Rγ(t) .

Since limt↘0 g1(t) = 0, we know that g1 ∈ Rβ̃ for some β̃ > 0. For the remainder function r2, we could show
that r2 ∈ RN but cannot directly apply (d) since it requires a lower bound of the form g1(t) = Ω(tβ̃), which
does not necessarily hold if a = b = 0. However, here, the lower bound is not needed: Since we know that
r2 ∈ C∞, all derivatives of r2 are bounded around zero, which is not the case for all RN functions. Hence,
here is a variant of the proof of (d) for the current setting:
In order to prove that r2 ◦ g1 ∈ RNβ̃ , we want to prove the following statement by induction on n:

For all n ∈ N0, if h2 ∈ C∞(J) and M ∈ N0 such that h2(0) = h′
2(0) = . . . = h

(M−1)
2 (0) = 0, then

|(h2 ◦ g1)(n)(t)| = O(tMβ̃−n).
By choosing M := N large enough such that Mβ̃ ≥ γ and setting h2 := r2, we can then conclude that
r2 ◦ g1 ∈ Rγ .
Base case: Let n = 0. By applying Taylor’s theorem, we find that

|h2(g1(t))| =

∣∣∣∣∣
M∑
k=0

h
(k)
2 (0)

k!
g1(t)

k + o(|g1(t)|M )

∣∣∣∣∣ ≤
∣∣∣∣∣h(N)

2 (0)

N !
g1(t)

N

∣∣∣∣∣+ o(|g1(t)|N )

= O(|g1(t)|N ) = O(tNβ̃).
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Table B.1: Summary of the boundary computation rules in Proposition B.2.
Rule Assumptions

Qα2,β2(t) = Qα1,β1(t) α1 ≤ α2, β1 ≤ β2

Qα1,β1(t) +Qα2,β2(t) = Qmin{α1,α2},min{β1,β2}(t) —
Qα1,β1(t) · Qα2,β2(t) = Qα1+α2,min{α1+β2,α2+β1}(t) αi ≤ βi

g2(at
α + btβ +Qα,β(t)) = g2(0) + g′2(0)at

α + g′2(0)bt
β +Qα,β(t) g2 ∈ C∞ (also at 0),

α ∈ N0, β ≥ α,
a = 0 if α = 0, b = 0 if β = 0

(atα +Qα,α(t))
δ = aδtαδ +Qαδ,αδ(t) a, α, δ > 0, atα +Qα,α(t) > 0

Qδ,δ(at
α +Qα,α(t)) = Qαδ,αδ(t) a, α, δ > 0, atα +Qα,α(t) ∈ (0, 2)

Induction step n → n + 1: We apply the induction hypothesis to h̃2 := h′
2 ∈ C∞(J), which satisfies the

derivative condition for M̃ := max{0,M − 1}, and obtain∣∣∣(h′
2 ◦ g1)(k)(t)

∣∣∣ = O(tÑβ̃−k) ≤ O(t(N−1)β̃−k)

for all 0 ≤ k ≤ n. Hence,

|(h2 ◦ g1)(n+1)(t)| =
∣∣∣∣ dndtn

(h′
2 ◦ g1)(t) · g′1(t)

∣∣∣∣
=

∣∣∣∣∣
n∑

k=0

(
n

k

)
(h′

2 ◦ g1)(k)(t) · g
(1+n−k)
1 (t)

∣∣∣∣∣
≤

n∑
k=0

O(t(M−1)β̃−k)O(tβ̃−1−n+k)

= O(tMβ̃−(n+1)) ,

which completes the induction step.
(f) We obtain

g1(t)
δ = (atα + Pα,α(t) +Rγ(t))

δ

= (atα · (1 + t−αPα,α(t) + t−αRγ(t)))
δ

(b), (c)
= aδtαδ(1 + P0,0(t) +Rγ−α(t))

δ

(e)
= aδtαδ(1 + P0,0(t) +Rγ−α(t))

= aδtαδ + Pαδ,αδ(t) +Rγ−α+αδ(t) .

We now obtain the following rules for Qα,β , summarized in Table B.1:

Proposition B.2 (Rules for Qα,β). Let J ⊆ R be an interval. Let f1, f2 : [0, 2] → R, g1 : [0, 2] → J and
g2 : J → R with

f1(t) = Qα1,β1
(t),

f2(t) = Qα2,β2
(t)

for some αi, βi ∈ R.

(a) Inclusion: If α1 ≤ α2 and β1 ≤ β2, then Qα2,β2
⊆ Qα1,β1

.
(b) Sum: We have

f1(t) + f2(t) = Qmin{α1,α2},min{β1,β2}(t) .

(c) Product: If αi ≤ βi, we have

f1(t) · f2(t) = Qα1+α2,min{α1+β2,α2+β1}(t) .
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(d) Composition with C∞: Suppose that g1(t) = atα + btβ + Qα,β(t) with g1(0) = 0 for some α ∈ N0 and
β ≥ α. Additionally, suppose that g2 ∈ C∞(J) with 0 ∈ J . Then,

g2(g1(t)) = g2(0) + g′2(0)at
α + g′2(0)bt

β +Qα,β(t) .

(e) Composition with power: Suppose that J ⊆ (0,∞) with g1(t) = atα + Qα,α(t) for a, α > 0. Then, for
δ > 0,

g1(t)
δ = aδtαδ +Qαδ,αδ(t) .

(f) Composition with Qδ,δ: Suppose that J = (0, 2), g1(t) = atα +Qα,α(t) with a, α > 0, and g2(t) = Qδ,δ(t)
with δ ≥ 0. Then,

g2(g1(t)) = Qαδ,αδ(t) .

Proof.

(a) Follows from the definition.
(b) For given γ ∈ R, write fi = pi + ri with pi ∈ Pαi,βi

and ri ∈ Rγ . Then, obviously p1 + p2 ∈
Pmin{α1,α2},min{β1,β2} and r1 + r2 ∈ Rγ , which shows the claim.

(c) Using a decomposition as in the proof of (b), we write f1f2 = p1p2+(p1r2+r1p2+r1r2). Here, it follows from
Lemma B.1 (c) that p1p2 ∈ Pα1+α2,min{α1+β2,α2+β1}. Moreover, using Lemma B.1 (a) we have pi ∈ Rαi

.
Using Lemma B.1 (b), we obtain

p1r2 + r1p2 + r1r2 ∈ Rγ+min{α1,α2} ,

where γ ∈ R was arbitrary. This shows the claim.
(d) Follows from Lemma B.1 (e).
(e) Follows from Lemma B.1 (f).
(f) Consider γ ∈ R to be chosen later. We can then write g2(t) = p2(t) + r2(t) with p2 ∈ Pδ,δ and r2 ∈ Rγ .

Since p2 is a sum of powers, (a) and (e) show that p2(g1(t)) = Qαδ,αδ(t). For r2, we use Lemma B.1 (a), (d)
to conclude that for some ε > 0,

r2(g1(t)) = r2(at
α +Rα+ε(t)) = Rαγ(t) .

Since γ was arbitrary, it can be chosen such that αγ can be arbitrarily large (since α > 0). This completes
the proof.

C DUAL ACTIVATIONS

C.1 General properties

Definition C.1 (Pseudo-derivative). Let f, g : R → R. We call g a pseudo-derivative of f if g is Lebesgue
integrable on compact intervals and

f(x) = f(0) +

∫ x

0

g(t) dt

for all x ∈ R. ◀

If f : R → R is continuously differentiable, then f ′ is a pseudo-derivative of f . As a non-differentiable example, the
Heaviside theta function 1(0,∞)(x) is a pseudo-derivative of the ReLU function. From basic Lebesgue integration
theory, it follows that pseudo-derivatives are unique up to null sets. Note that any continuous activation function
φ : R → R fulfilling Assumption 4 is pseudo-differentiable.

The following lemma generalizes the differentiation part of Lemma 11 by Daniely et al. (2016) to pseudo-
differentiable functions.

Lemma C.2 (Properties of pseudo-derivatives). Let g ∈ L2(N (0, 1)) be a pseudo-derivative of f : R → R. Then,

(a) f ∈ L2(N (0, 1)),
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(b) for n ≥ 1, an(f) = n−1/2an−1(g),
(c) the Hermite expansion f =

∑∞
n=0 an(f)hn converges pointwise,

(d) f̂ is differentiable on [−1, 1] with f̂ ′ = ĝ (cf. Definition A.4).

Proof. Let ϕ be the p.d.f. of the normal distribution N (0, 1). Without loss of generality, let x ≥ 0. Then,

f(x) = f(0) +

∫ x

0

g(t) dt = f(0) +

〈
1[0,x]

ϕ
, g

〉
L2(N (0,1))

= f(0) +

∞∑
n=0

an(g)

〈
1[0,x]

ϕ
, hn

〉
L2(N (0,1))

= f(0) +

∞∑
n=0

an(g)

∫ x

0

hn(t) dt

= f(0) +

∞∑
n=0

an(g)

∫ x

0

(n+ 1)−1/2h′
n+1(t) dt

= f(0) +

∞∑
n=0

(n+ 1)−1/2an(g)[hn+1(x)− hn+1(0)]

= f(0) +

∞∑
n=1

n−1/2an−1(g)[hn(x)− hn(0)]

=

[
f(0)−

∞∑
n=1

n−1/2an−1(g)hn(0)

]
h0(x) +

∞∑
n=1

n−1/2an−1(g)hn(x) . (C.1)

In the last step, we used h0(x) = 1 for all x. Moreover, splitting the series in the last step is valid since the
extracted series is absolutely summable:

∞∑
n=1

|n−1/2an−1(g)hn(0)| =

∞∑
n=1

n−1/2|an−1(g)| even(n)
(n− 1)!!√

n!

Lemma C.8
≤

∞∑
n=1

|an−1(g)|O(n−3/4)

=
〈
(|an−1(g)|)n≥1, O(n−3/4)

〉
ℓ2(N≥1)

Cauchy-Schwarz
< ∞ .

Here, we have used that (an(g))n≥1 ∈ ℓ2(N≥1) since g ∈ L2(N (0, 1)). An analogous argument shows that (C.1)
also equals f(x) for x < 0. Since |n−1/2an−1(g)| ≤ |an−1(g)|, we know that the series representation (C.1) not
only converges pointwise but also in L2(N (0, 1)), and these limits must be identical. This shows (a), (b) and
(c). In order to show (d), we compute

f̂(t) =

∞∑
n=0

an(f)
2tn

(b)
= a0(f)

2 +

∞∑
n=1

n−1an−1(g)
2tn

for t ∈ [−1, 1], which implies

f̂ ′(t) =

∞∑
n=1

n−1an−1(g)
2ntn−1 =

∞∑
n=0

an(g)
2tn = ĝ(t) .

This also holds at the boundary t ∈ {−1, 1}: Thanks to Abel’s theorem, f̂ and ĝ are continuous on [−1, 1].
Without loss of generality, let t = 1. The mean value theorem of integration yields f̂(1)−f̂(1−h) =

∫ 1

1−h
f̂ ′(t) dt =

hf ′(ξh) for some ξh ∈ (1− h, 1), thus

f̂ ′(1) = lim
h↘0

f̂ ′(ξh) = lim
u↗1

f̂ ′(u) = lim
u↗1

ĝ(u) = ĝ(1) .
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While the dualization φ 7→ φ̂ from Definition A.4 is a quadratic and not a linear mapping, it still interchanges
nicely with the even-odd decomposition (since even and odd functions are orthogonal w.r.t. the corresponding
“inner product”):
Lemma C.3 (General properties of dual activations). Let φ ∈ L2(N (0, 1)). Then,

(a) φeven, φodd ∈ L2(N (0, 1)) and

(φ̂)even = φeven̂, (φ̂)odd = φodd̂ .

(b) φ̂, φeven̂ and φodd̂ are nonnegative and increasing on [0, 1]. Moreover, if φ is not almost surely constant,
then φ̂ is strictly increasing on [0, 1].

(c) We have

|φ̂(t)| ≤ φ̂(|t|) ≤ φ̂(1), (C.2)

for all t ∈ [−1, 1]. If φ is not almost surely constant, then |φ̂(t)| < φ̂(1) for t ∈ (−1, 1). Moreover,
|φ̂(−1)| = φ̂(1) if and only if φ is almost surely even or almost surely odd.

(d) We have φ̂|(−1,1) ∈ C∞((−1, 1)).

Proof.

(a) It is easy to see that φeven, φodd ∈ L2(N (0, 1)). As mentioned in Appendix A, the Hermite polynomials are
even for even n and odd for odd n. Hence,

φeven =

∞∑
n=0

even(n)an(φ)hn

φodd =

∞∑
n=0

odd(n)an(φ)hn .

We also know that the dual activation satisfies φ̂(t) =
∑∞

n=0 an(φ)
2tn. Since the monomials tn are also even

for even n and odd for odd n, we obtain

(φ̂)even(t) =

∞∑
n=0

even(n)an(φ)
2tn = φeven̂(t)

(φ̂)odd(t) =

∞∑
n=0

odd(n)an(φ)
2tn = φodd̂(t) . (C.3)

Alternatively, this statement can also be proven directly using the definition of the dual activation.
(b) It follows from the Hermite expansions in Item (a) that φeven̂ and φodd̂ are nonnegative and increasing on

[0, 1], and therefore this also holds for φ̂. If φ is not almost surely constant, we have an(φ) ̸= 0 for some
n ≥ 1. Therefore, the Hermite expansion φ̂(t) =

∑∞
n=0 an(φ)

2tn implies that φ̂ is strictly increasing on
[0, 1].

(c) For t ∈ [0, 1], the statement follows from (b). For t ∈ [−1, 0), (b) implies

|φ̂(t)| = |φeven̂(−t)− φodd̂(−t)|
≤ |φeven̂(−t)|+ |φodd̂(−t)| = φeven̂(−t) + φodd̂(−t) = φ̂(−t) = φ̂(|t|) ≤ φ̂(1) .

If φ is not almost surely constant, then φ̂ is strictly increasing on [0, 1] by (b) and the previous inequality
implies |φ̂(t)| < φ̂(1) for t ∈ (−1, 1). Moreover, the inequality |φeven̂(−t) − φodd̂(−t)| ≤ |φeven̂(−t)| +
|φodd̂(−t)| is sharp iff φeven̂(−1) = 0 or φodd̂(−1) = 0, which is the case iff φ is almost surely even or almost
surely odd.

(d) By Eq. (A.2) the dual activation φ̂ is a convergent power series on [−1, 1].

C.2 Dominating terms

Definition C.4 (Double factorial). Following Daniely et al. (2016), we define the double factorial for n ∈ Z as

n!! :=


1 , n ≤ 0

n · (n− 2) · · · 4 · 2 , n > 0 even
n · (n− 2) · · · 3 · 1 , n > 0 odd.

◀
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Proposition C.5. For all k ∈ N0, the reference activation sk from Definition A.6 satisfies sk ∈ L2(N (0, 1))
and sk is a pseudo-derivative of sk+1. Moreover, for all n ∈ N0, the Hermite coefficients satisfy

an(sk) = odd(n− k)
(−1)

max(1,n−k)−1
2 (n− k − 2)!!

(k − n)!!
√
2πn!

Proof. The first two statements are straightforward to show, hence we only show the formula for the Hermite
coefficients. We first note that for X ∼ N (0, 1), we have for odd k the central absolute moments following (see
e.g. Winkelbauer, 2012):

E[|X|k] = 2k/2Γ

(
k + 1

2

)
π−1/2 = 2k/2((k − 1)/2)!π−1/2 = 21/2(k − 1)!!π−1/2

=

√
2

π
(k − 1)!! .

This allows us to show the statement for n = 0:

a0(sk) = ⟨h0, sk⟩L2(N (0,1)) =

∫
R
sk(x)

1√
2π

e−x2/2 dx = odd(k)
1

2k!

∫
R
|xk| 1√

2π
e−x2/2 dx

= odd(k)
(k − 1)!!

k!
√
2π

= odd(k)
1

k!!
√
2π

= odd(0− k)
(−1)

max(1,0−k)−1
2 (0− k − 2)!!

(k − 0)!!
√
2π0!

,

Finally, we show the formula for all n, k via induction on k. (We do not use induction on n.) For the base case
k = 0, we note that h0 ≡ 1 and s0 = 2−1/2

√
21(0,∞) − 1

2h0 almost everywhere. Daniely et al. (2016) show in
Section 8 that

an(
√
21(0,∞)) =


2−1/2 , n = 0

(−1)
n−1
2 (n−2)!!√
πn!

, n odd
0 , 2 ≤ n even.

Therefore, we obtain for n ≥ 1:

an(s0) = 2−1/2an(
√
21(0,∞)) = odd(n)

(−1)
n−1
2 (n− 2)!!√
2πn!

= odd(n− 0)
(−1)

max(1,n−0)−1
2 (n− 0− 2)!!

(0− n)!!
√
2πn!

,

which completes the base case k = 0 since the case n = 0 has already been treated above.

For the induction k → k+1, we note that sk is a pseudo-derivative of sk+1 and use Lemma C.2 to obtain for all
n ≥ 0:

an+1(sk+1) = (n+ 1)−1/2an(sk) = odd(n− k)
(−1)

max(1,n−k)−1
2 (n− k − 2)!!

(k − n)!!
√
2π(n+ 1)!

= odd((n+ 1)− (k + 1))
(−1)

max(1,(n+1)−(k+1))−1
2 ((n+ 1)− (k + 1)− 2)!!

((k + 1)− (n+ 1))!!
√
2π(n+ 1)!

,

which completes the induction.

Lemma C.6. We have s0̂(t) =
1
4 − 1

2π arccos(t).

Proof. By Section 8 in Daniely et al. (2016), the function f :=
√
21(0,∞) has the dual activation f̂(t) = 1 −

1
π arccos(t). Hence, g := 1(0,∞) has the dual activation

ĝ(t) =
1

2
− 1

2π
arccos(t) .
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Now, since s0 = g − 1/2 almost everywhere, we have an(s0) = an(g) for all n ̸= 0, and hence

s0̂(t) =

∞∑
n=0

an(s0)
2tn = C +

∞∑
n=0

an(g)
2tn = C +

1

2
− 1

2π
arccos(t)

for some constant C ∈ R. Since s0 is odd, s0̂ must be odd by Lemma C.3, which yields C = −1/4.

Lemma C.7. For all k ∈ N0, there exists bk > 0 such that for τ ∈ {±1},

sk̂(τ(1− t)) = (−τ)k+1bkt
k+1/2 +Q−1,k+1/2(t) .

Proof. Step 1: Analysis of s0. First, consider the case τ = 1. We have

d

dt
arccos(1− t) =

1√
1− (1− t)2

= t−1/2(2− t)−1/2 .

It is easily seen using induction that

dn

dtn
(2− t)−1/2 =

(2n− 1)!!

2n
(2− t)−

2n+1
2 .

Since t 7→ (2− t)−1/2 is analytic in a neighborhood of t = 0, it is equal to its Taylor expansion:

(2− t)−1/2 =

∞∑
n=0

(2n− 1)!!

22n+
1
2n!

tn .

Since all coefficients are positive, we can apply the monotone convergence theorem to obtain

arccos(1− t) = arccos(1− 0) +

∫ t

0

d

du
arccos(1− u) du

=

∫ t

0

∞∑
n=0

(2n− 1)!!

22n+
1
2n!

un−1/2 du

=

∞∑
n=0

∫ t

0

(2n− 1)!!

22n+
1
2n!

un−1/2 du

=

∞∑
n=0

(2n− 1)!!

22n+
1
2n!

[
1

n+ 1/2
un+1/2

]t
0

=

∞∑
n=0

(2n− 1)!!

22n+
1
2n!(n+ 1/2)

tn+1/2 .

For arbitrary 1 ≤ N ∈ N0, this yields using Lemma C.6, the identity

s0̂(1− t) =
1

4
−

∞∑
n=0

(2n− 1)!!

22n+
3
2n!(n+ 1/2)π

tn+1/2

=
1

4
− 1

π
√
2
t1/2 +

N−1∑
n=1

(2n− 1)!!

22n+
3
2n!(n+ 1/2)π

tn+1/2

︸ ︷︷ ︸
=P0,1/2(t)

+ tN+1/2︸ ︷︷ ︸
=RN+1/2(t)

∞∑
n=N

(2n− 1)!!

22n+
3
2n!(n+ 1/2)π

tn−N

︸ ︷︷ ︸
=R0(t)

.

Step 2: Induction on k. We now show the lemma via induction on k ∈ N0. For arbitrary γ ∈ R, by choosing
N with N + 1/2 ≥ γ, we obtain using Lemma B.1:

s0̂(1− t) = (−1)1b0t
0+1/2 + P−1,1/2(t) +Rγ(t) .
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For the induction step k → k + 1, we note that since sk is a pseudo-derivative of sk+1 (see Definition C.1), we
have sk+1̂

′
= s′k+1̂ = sk̂ by Lemma C.2, which yields

sk+1̂(1− t) = sk+1̂(1)−
∫ t

0

sk+1̂
′
(1− u) du

= sk+1̂(1)−
∫ t

0

sk̂(1− u) du

= sk+1̂(1)−
∫ t

0

(ck + (−1)k+1bku
k+1/2 + P0,k+1/2(u) +Rγ(u)) du

= ck+1 + (−1)k+2bk+1t
(k+1)+1/2 + P0,(k+1)+1/2(t) +Rγ+1(t)

for suitable constants ck+1, bk+1 > 0. This shows the claim for τ = 1. For τ = −1, we note that sk is odd for
even k and even for odd k. By Lemma C.3, the same holds for sk̂. This shows

sk̂(−1 + t) = (−1)k+1sk̂(1− t)

= bkt
k+1/2 + P−1,k+1/2(t) +Rγ(t) .

We will also need the asymptotic decay of an(sk), which will be studied in the following two lemmas.

Lemma C.8. For p ∈ N0 and odd m ∈ N0, we have

m!!√
(m+ p)!

= Θ∀m(m1/4−p/2) .

Proof. For even n = 2k ≥ 2, we have n!! = n(n−2) · · · 2 = (2 ·k)(2 · (k−1)) · · · (2 ·1) = 2kk! = 2n/2(n/2)!. Using
Stirling’s formula, we obtain

(n− 1)!!√
n!

=
n!

n!!
√
n!

=

√
n!

2n/2(n/2)!
∼ (2πn)1/4nn/2e−n/2

2n/2(πn)1/2(n/2)n/2e−n/2
= Θ∀n(n

−1/4) .

By setting n := m+ 1, we obtain

m!!√
(m+ p)!

= Θ∀m(m1/2−p/2)
m!!√

(m+ 1)!
= Θ∀m(m1/2−p/2)Θ∀m(m−1/4)

= Θ∀m(m1/4−p/2) .

Lemma C.9. We have |an(sk)| = Θ∀n(odd(n− k)(n+ 1)−3/4−k/2).

Proof. Since (k − n)!! = 1 for n ≥ k by our definition of the double factorial in Definition C.4, we obtain

|an(sk)|
Proposition C.5

= Θ∀n

(
odd(n− k)

(n− k − 2)!!√
2πn!

)
Lemma C.8

= Θ∀n(odd(n− k)(n+ 1)−3/4−k/2) .

C.3 Mix terms

Now, we want to investigate some of the mix-terms arising in the decomposition in Eq. (A.3). For convenience,
we will give them a new name:

Definition C.10. For i, j ∈ N0, define fi,j : [−1, 1] → R by

fi,j(t) :=

∞∑
n=0

an(si)an(sj)t
n .

Note that fi,j ≡ 0 for odd i− j and fi,j = fj,i. Moreover, fi,i = sî. ◀
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Lemma C.11 (Recursive characterization of mix-terms). Let k, l ∈ N0. Then, there exists a polynomial pk,k+2l

such that for t ∈ [−1, 1],

fk,k+2l(t) = (k + 2)fk+2,(k+2)+2(l−1)(t)− tfk+1,(k+1)+2(l−1)(t) + pk,k+2l(t)

fk,k+2l+1(t) = 0 .

Proof. Since an(sk) = 0 for even n− k and an(sk+2l+1) = 0 for even n− (k + 2l + 1), we have

fk,k+2l+1(t) =

∞∑
n=0

an(sk)an(sk+2l+1)t
n = 0 .

For the other formula, we use Proposition C.5 and obtain

an(sk)an(sk+2l) = odd(n− k) odd(n− (k + 2l))(−1)
max(1,n−k)−1

2 +
max(1,n−k−2l)−1

2

· (n− k − 2)!!(n− k − 2l − 2)!!

(k − n)!!(k + 2l − n)!!2πn!
.

Here, odd(n− k) odd(n− (k + 2l)) = odd(n− k). Moreover, for odd n− k and n ≥ k + 2l, we have

(−1)
max(1,n−k)−1

2 +
max(1,n−k−2l)−1

2 = (−1)n−k−l−1 = (−1)−l = (−1)l .

In the following, we write

f ≃pol g

if f − g is a polynomial.

The terms (k − n)!! and (k + 2l − n)!! are equal to one for n ≥ k + 2l. Therefore, we obtain for all but finitely
many n

an(sk)an(sk+2l) = odd(n− k)(−1)l
(n− k − 2)!!(n− k − 2l − 2)!!

2πn!
.

By writing (n− k − 2)!! = −(k + 2)(n− k − 4)!! + n(n− k − 4)!!, we obtain:

∞∑
n=0

an(sk)an(sk+2l)t
n

≃pol −(k + 2)
∞∑

n=0

odd(n− k)(−1)l
(n− k − 4)!!(n− k − 2l − 2)!!

2πn!
tn

+

∞∑
n=0

n odd(n− k)(−1)l
(n− k − 4)!!(n− k − 2l − 2)!!

2πn!
tn

≃pol (k + 2)

∞∑
n=0

odd(n− (k + 2))(−1)l−1 (n− (k + 2)− 2)!!(n− (k + 2)− 2(l − 1)− 2)!!

2πn!
tn

− t ·
∞∑

n=1

odd((n− 1)− (k − 1))(−1)l−1 ((n− 1)− k − 3)!!((n− 1)− k − 2l − 1)!!

2π(n− 1)!
tn−1

= (k + 2)

∞∑
n=0

odd(n− (k + 2))(−1)l−1 (n− (k + 2)− 2)!!(n− (k + 2)− 2(l − 1)− 2)!!

2πn!
tn

− t ·
∞∑

n=0

odd(n− (k + 1))(−1)l−1 (n− (k + 1)− 2)!!(n− (k + 1)− 2(l − 1)− 2)!!

2πn!
tn

≃pol (k + 2)

∞∑
n=0

an(sk+2)an(s(k+2)+2(l−1))t
n − t ·

∞∑
n=0

an(sk+1)an(s(k+1)+2(l−1))t
n ,

which completes the proof.
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Proposition C.12 (Boundary behavior of mix terms). Let i, j ∈ N0. Then, for any τ ∈ {±1} and t ∈ (0, 2),

fi,j(τ(1− t)) = Q−1,(i+j)/2(t) .

Proof. Recall Lemma C.11. Since fi,j = fj,i, we can assume i ≤ j without loss of generality. Moreover, for odd
j − i, the statement is trivial since fi,j ≡ 0. For the remaining cases where j − i ≥ 0 is even, it suffices to prove
the following statement by induction on l:

For all l ∈ N0: For all k ∈ N0:

fk,k+2l = Q−1,k+l(t) .

For l = 0, this follows from Lemma C.7 since fk,k = sk̂. For the induction step, we use Lemma C.11 to obtain
for all k ∈ N0:

fk,k+2l(τ(1− t))

= Q−1,∞(t) + (k + 2)fk+2,k+2+2(l−1)(τ(1− t))− τ(1− t)fk+1,k+1+2(l−1)(τ(1− t))

= Q−1,∞(t) +Q−1,k+l+1(t)− τ(1− t)(Q−1,k+l(t))

= Q−1,k+l(t) .

Here, we used that for a polynomial p, the map t 7→ p(τ(1− t)) is also a polynomial and thus in Q−1,∞(t).

C.4 Results for smooth terms

In the following, we analyze the decay of Hermite coefficients for smooth functions, which can then be used to
establish the smoothness of certain components of dual activations. For smooth f , we could show the smoothness
of f̂ by using f̂

′
= f ′̂, but this approach does not work directly for mix-terms, and hence the intermediate step

via coefficient decay is helpful.
Lemma C.13. If f : R → R has a m-fold pseudo-derivative f (m) with f (m) ∈ L2(N (0, 1)), then |an(f)| <
om((n+ 1)−m/2).

Proof. By Lemma C.2, we obtain for n ≥ m:

an(f) = [n(n− 1) · . . . · (n−m+ 1)]
−1/2

an−m(f (m)) .

Since an−m(f (m)) < o∀n(1), we obtain |an(f)| < o∀n((n+ 1)−m/2).

Lemma C.14 (Differentiability of power series). Let f : [−1, 1] → R, x 7→
∑∞

n=0 bnx
n with |bn| = O∀n((n +

1)−(k+1+ε)) for some k ∈ N0 and ε > 0. Then, f ∈ Ck([−1, 1]).

Proof. We prove by induction on k that f ∈ Ck([−1, 1]) and

f (k)(t) =

∞∑
n=k

n · . . . · (n− k + 1)bnt
n−k

for t ∈ [−1, 1]. For k = 0, we have
∑∞

n=0 |bn| < ∞ and the result follows from Abel’s theorem on power series.
Now, let the statement hold for k − 1 ≥ 0. We know from the case k = 0 that

g : [−1, 1] → R, t 7→
∞∑

n=1

nbnt
n−1

as well as f are continuous. By elementary analysis, f ′ = g on (−1, 1). Moreover,

f(1)− f(1− h) = lim
h′↘0

f(1− h′)− f(1− h) = lim
h′↘0

∫ 1−h′

1−h

g(x) dx =

∫ 1

1−h

g(x) dx = hg(ξh)

for a suitable ξh ∈ [1 − h, 1] by the mean value theorem of integration. Since g is continuous, it follows that f
is differentiable in 1 with f ′(1) = g(1). An analogous calculation can be applied for t = −1. By applying the
induction hypothesis to g = f ′, the proof is completed.
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C.5 General activation functions

Now, we want to obtain the asymptotic boundary behavior in the sense of Appendix B for general activation
functions φ as in Assumption 4. To this end, we use a decomposition into reference functions and smooth
remainders:

Lemma C.15. Let φ be an activation function as in Assumption 4 and let m ∈ N0. Then, using ∆k(φ) as
defined in Definition A.6,

φm := φ−
m−1∑
k=0

∆k(φ)sk

is m times pseudo-differentiable and the m-fold pseudo-derivative φ
(m)
m is in L2(N (0, 1)).

Proof. Note that ∆m is a linear operator with ∆m(sk) = δmk. Hence, for l ≤ m− 1, we have

∆l(φm) = ∆l(φ)−
m−1∑
k=0

∆k(φ)∆l(sk) = ∆l(φ)−∆l(φ) = 0 .

We now prove by induction on l with 0 ≤ l ≤ m that gl : R → R defined by

g0 := φm, gl(x) :=

{
φ
(l)
m (x) , x ̸= 0

φ
(l)
m (0−) , x = 0

(l ≥ 1)

is a l-fold pseudo-derivative of φm. For l = 0, we have g0 = φm by definition, hence g0 is a 0-fold pseudo-
derivative of φm. For the induction step l → l+ 1, we observe that l ≤ m− 1, hence ∆l(φm) = 0, which implies
φ
(l)
m (0−) = φ

(l)
m (0+) and therefore, gl is continuous. Moreover, gl is continuously differentiable on (0, x) and

(−x, 0), and g′l is bounded on these intervals. Thus,

gl(x) = gl(0) +

∫ x

0

g′l(t) dt = gl(0) +

∫ x

0

gl+1(t) dt

gl(−x) = gl(0) +

∫ −x

0

g′l(t) dt = gl(0) +

∫ −x

0

gl+1(t) dt ,

which shows that gl+1 is a pseudo-derivative of gl.

It remains to show that gm ∈ L2(N (0, 1)). For x ̸= 0, we have s
(m)
k (x) = 0 for k < m and therefore gm(x) =

φ(m)(x). By Assumption 4, φ|(0,∞) ∈ S∞((0,∞)) and φ|(−∞,0) ∈ S∞((−∞, 0)), which implies the desired
integrability for φ(m), hence gm ∈ L2(N (0, 1)).

Theorem A.8 (Boundary behavior of dual activations). Let φ be an activation function as in Assumption 4
and let m ∈ N0 such that ∆k(φ) = 0 for all k < m (see Definition A.6). Then, there exists bm > 0 depending
only on m such that for τ ∈ {±1},

φ̂(τ(1− t)) = ∆m(φ)2(−τ)m+1bmtm+1/2 +Q−1,m+1/2(t)

holds.

Proof. Step 0: Proof strategy Fix τ ∈ {−1, 1}. For an integer M1 > m to be defined later, we decompose φ
using Lemma C.15 as

φ = g1 + g2, g1 :=

M1−1∑
k=m

∆k(φ)sk, g2 := φM1
.

Here, Lemma C.15 tells us that g2 is M1 times pseudo-differentiable and g
(M1)
2 ∈ L2(N (0, 1)). The basic strategy

is as follows: To verify f(t) = Q−1,m+1/2(t) for a suitable function, we need to show that for all γ ∈ R, there
exists a decomposition f = q+r with q ∈ P−1,m+1/2 and r ∈ Rγ . We will select M1 depending on γ to construct
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such a decomposition. To show r ∈ Rγ , we need to show |r(N)(t)| = O(tγ−N ) for all N ∈ N0. To this end, we
will decompose φ again with an order M2 > M1 that depends on N (but does not change r).

Step 1: Defining the decomposition of φ̂. Using Definition C.10, we obtain

g1̂(t) =

∞∑
n=0

(
M1−1∑
k=m

∆k(φ)an(sk)

)2

tn

=

M1−1∑
k1=m

M1−1∑
k2=m

∆k1
(φ)∆k2

(φ)

∞∑
n=0

an(sk1
)an(sk2

)tn

=

M1−1∑
k1=m

M1−1∑
k2=m

∆k1
(φ)∆k2

(φ)fk1,k2
(t).

For k1 = k2 = m, we have

fm,m(τ(1− t)) = sm̂(τ(1− t))
Lemma C.7

= (−1)m+1∆m(φ)2τm+1bmtm+1/2 +Q−1,m+1/2(t) .

For k1 > m or k2 > m, Proposition C.12 yields

fk1,k2
(τ(1− t)) = Q−1,(k1+k2)/2(t) = Q−1,m+1/2(t).

Therefore,

g1̂(τ(1− t)) = ∆m(φ)2(−1)m+1τm+1bmtm+1/2 +Q−1,m+1/2(t)

for some constant bm > 0. Moreover, for M1 ≥ 2 + m, we have M1/2 ≥ 3/4 + m/2. Using Lemma C.9 and
Lemma C.13, we obtain

φ̂(t)− g1̂(t) =

∞∑
n=0

(
an(g2) +

M1−1∑
k=m

∆k(φ)an(sk)

)2

tn −
∞∑

n=0

(
M1−1∑
k=m

∆k(φ)an(sk)

)2

tn

=

∞∑
n=0

an(g2)

(
an(g2) + 2

M1−1∑
k=m

∆k(φ)an(sk)

)
tn

=

∞∑
n=0

o((n+ 1)−M1/2)O((n+ 1)−3/4−m/2)tn

=

∞∑
n=0

o((n+ 1)−3/4−m/2−M1/2)tn .

Let γ ∈ R be arbitrary. We choose M1 large enough such that

3/4 +m/2 +M1/2 > ⌈γ⌉+ 1 (C.4)

Then, Lemma C.14 yields

h := φ̂− g1̂ ∈ C⌈γ⌉([−1, 1]) .

We now define the Taylor polynomials

pτ (t) :=

⌈γ⌉−1∑
k=0

dk

duk h(τ(1− u))|u=0

k!
tk = Q−1,∞(t)

and the rest terms

rτ (t) := h(τ(1− t))− pτ (t) . (C.5)

It remains to show that rτ (t) = Rγ(t), which will then yield

φ̂(τ(1− t)) = g1̂(τ(1− t)) + pτ (t) + rτ (t)
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= −∆m(φ)2τm+1(−1)m+1bmtm+1/2 + P−1,m+1/2(t) +Rγ(t)

for arbitrary γ ∈ R.

Step 2: Analyzing the rest term. Let τ ∈ {−1, 1} and N ∈ N0 be arbitrary. We need to show that
|r(N)

τ (t)| = O(tγ−N ), where rτ is defined in Eq. (C.5). For an integer M2 > M1 yet to be specified, we use
Lemma C.15 again to decompose

g2 = φM2
+

M2−1∑
k=M1

∆k(φ)sk .

With the index set

I := {m,m+ 1, . . . ,M2 − 1}2 \ {m,m+ 1, . . . ,M1 − 1}2 ,

we then obtain similar to the calculation above

h(t) = h1(t) + h2(t)

h1(t) :=
∑

(k1,k2)∈I

∆k1
(φ)∆k2

(φ)fk1,k2
(t)

h2(t) :=

∞∑
n=0

an(φM2
)

(
an(φM2

) + 2

M2−1∑
k=m

∆k(φ)an(sk)

)
tn

=

∞∑
n=0

o((n+ 1)−M2/2)O((n+ 1)−3/4−m/2)tn =

∞∑
n=0

o((n+ 1)−3/4−m/2−M2/2)tn .

We now choose M2 sufficiently large such that 3/4+m/2+M2/2 > Ñ+1, where Ñ := max{N, ⌈γ⌉}. Lemma C.14
yields

h2 ∈ CÑ ([−1, 1]) .

Since (C.4) implies (m+M1)/2 ≥ γ, we obtain from Proposition C.12

h1(τ(1− t)) = P−1,(m+M1)/2(t) +Rγ(t) = P−1,∞(t) +Rγ(t) .

In other words, we can find a polynomial p1,τ of degree ≤ ⌈γ⌉ − 1 and a function r1,τ ∈ Rγ such that

h1(τ(1− t)) = p1,τ (t) + r1,τ (t) .

We therefore investigate

r2,τ (t) := rτ (t)− r1,τ (t) = (h(τ(1− t))− pτ (t))− (h1(τ(1− t))− p1,τ (t))

= h2(τ(1− t))− pτ (t) + p1,τ (t) ,

which satisfies r2,τ ∈ CÑ ([−1, 1]) We now distinguish two cases:

• If N ≥ γ, we simply use the continuity of r(N)
2,τ in 0 to obtain

|r(N)
2,τ (t)| = O(1) = O(tγ−N ) .

• If N < γ, we proceed differently. For 0 ≤ n ≤ ⌈γ⌉ − 1, we have

r
(n)
2,τ (0) = r

(n)
2,τ (0+) = r(n)τ (0+)− r

(n)
1,τ (0+) = 0− 0 = 0 ,

where we used that r
(n)
τ (0+) = 0 by construction and that r

(n)
1,τ (0+) = 0 thanks to r1,τ ∈ Rγ and n < γ.

Thus, Taylor’s theorem with Peano’s form of the remainder yields

|r(N)
2,τ (t)| =

∣∣∣∣∣∣
⌈γ⌉−N∑
k=0

r
(N+k)
2,τ (0)

k!
tk + o(t⌈γ⌉−N )

∣∣∣∣∣∣
= O(t⌈γ⌉−N ) = O(tγ−N ) .

Since r1,τ ∈ Rγ , we obtain

|r(N)
τ (t)| ≤ |r(N)

1,τ (t)|+ |r(N)
2,τ (t)| ≤ O(tγ−N ) +O(tγ−N ) = O(tγ−N ) ,

which completes the proof.
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D NEURAL KERNELS

D.1 Analytical formulas

Recall the network’s architecture in Definition 1.

For the subsequent consideration concerning kernels, we compare the network behavior for two inputs x, x̄. All
terms • correspond to the inputs x, all terms •̄ to the input x̄.

Definition D.1 (Neural kernels). Consider a network of depth L ≥ 2 and output dimension dL = 1. Let
d = d1 = · · · = dL−1. Define the neural network Gaussian process-kernel kNNGP

L : Rd0 × Rd0 → R as

kNNGP
L (x, x̄) := lim

d→∞
Cov

(
z(L), z̄(L)

)
and the neural tangent kernel kNTK

L : Rd0 × Rd0 → R as

kNTK
L (x, x̄) := lim

d→∞

〈
∇θz

(L),∇θz̄
(L)
〉

,

where ∇θz
(L) denotes derivation of the output z(L) by all parameters θ. ◀

Lemma D.2. Let the activation function φ : R → R fulfill Assumption 4. Then, the NNGP and NTK kernels
introduced above converge almost surely and they are given by

kNNGP
1 (x, x̄) :=σ2

bσ
2
i + σ2

w⟨x, x̄⟩
kNNGP
L (x, x̄) =σ2

bσ
2
i + σ2

wE(u,v)∼ΣL−1(x,x̄)[φ(u)φ(v)]

kNTK
L (x, x̄) =σ2

b (1− σ2
i ) + kNNGP

L (x, x̄) + σ2
wE(u,v)∼N (0,ΣL−1(x,x̄))[φ

′(u)φ′(v)]kNTK
L−1 (x, x̄)

ΣL(x, x̄) =

(
kNNGP
L (x,x) kNNGP

L (x, x̄)
kNNGP
L (x̄,x) kNNGP

L (x̄, x̄)

)
where we define kNTK

1 (x, x̄) := σ2
b (1− σ2

i ) + kNNGP
1 (x, x̄).

Proof. Denote d̃l := d if l ∈ {1, . . . , L − 1} and d̃l = 1 otherwise. Consider the inputs x, x̄ ∈ Rd0 . For a fixed
hidden layer width d ∈ N, the finite version of the NTK kernel is given by

〈
∇θz

(L),∇θz̄
(L)
〉
=

L∑
l=1

〈
∇W (l)z(L),∇W (l) z̄(L)

〉
+

L∑
l=1

〈
∇b(l)z(L),∇b(l) z̄(L)

〉
,

∇b(l)z(L) = σb∇z(l)z(L) , (D.1)〈
∇W (l)z(L),∇W (l) z̄(L)

〉
=

σ2
w

d̃l−1

〈
∇z(l)z(L)x(l−1)⊤,∇z̄(l) z̄(L)x̄(l−1)⊤

〉
,

where inner products involving matrices are Frobenius inner products. Using the outer product structure we can
rewrite the weight-matrix gradient as〈

∇W (l)z(L),∇W (l) z̄(L)
〉

(D.2)

=σ2
w

〈
∇z(l)z(L),∇z̄(l) z̄(L)

〉 1

d̃l−1

〈
x(l−1), x̄(l−1)

〉
=

σ2
w

dl

〈√
dl∇z(l)z(L),

√
dl∇z̄(l) z̄(L)

〉 1

d̃l−1

〈
x(l−1), x̄(l−1)

〉
.

The occurring backpropagation terms can be recursively unrolled as

∇z(L)z(l) =
σw√
dl
W (l+1)⊤∇z(l+1)z(L) ⊙ φ′(z(l)) 1 ≤ l ≤ L− 1 ,

∇z(L)z(L) = 1,
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where ⊙ denotes component-wise multiplication.

In order to rigorously calculate the NNGP and the NTK, we use the simplified NETSOR⊤ program
from Section 7 in Yang (2020). To this end, define the set of d-dimensional initial vectors V :=

{σwW
(1)x, σwW

(1)x̄,W (L)⊤, σiσbb
(1), σiσbb

(2), . . . , σiσbb
(L−1)}. For 1 ≤ i ≤ d, the process (vi)v∈V is a

centered Gaussian process distributed as (Zv)v∈V , where2 Cov(ZW (1)y, ZW (1)ȳ) = ⟨y, ȳ⟩ for y, ȳ ∈ {x, x̄},
Cov(Zb(l)

, Zv) = 1{b(l)}(v) and Cov
(
ZW (L)⊤

, v
)

= 1{W (L)⊤}(v). Define the set of Rd×d random matrices

W := {W̃ (2)
, . . . , W̃

(L−1)} by W̃
(i)

jk ∼ N (0, σ2
w/d). Now we recursively define the vectors

h(1) := σwW
(1)x, h(l) := W̃

(l)
x(l−1) (D.3)

z(l) := h(l) + σbσib
(l), x(l) := φ(z(l)),

dz(L−1) := W (L)⊤ ⊙ φ′(z(L−1)), dh(l) := W̃
(l+1)⊤

dz(l+1),

dz(l) := dh(l) ⊙ φ′(z(l)),

where the index l has the range 1 ≤ l ≤ L − 1 for x(l), 1 ≤ l ≤ L − 2 for dh(l), dz(l) and 2 ≤ l ≤ L − 1 for
h(l), z(l). Also note dz(l) = 1√

d
∇z(l)z(L) for 1 ≤ l ≤ L − 1 due to the „missing normalization“in the definition

of dz(L−1). The individual vectors in Eq. (D.3) are given by a non-linear operation or a matrix operation as in
(Yang, 2020, Box 1 p. 7). This enables applying Theorem 7.2 and Box 1 from Yang (2020), which states that
limits of the kernels

B(l)(x, x̄) := lim
d→∞

1

d

〈
z(l), z̄(l)

〉
,

C(l)(x, x̄) := lim
d→∞

1

d

〈
x(l), x̄(l)

〉
,

D(l,L)(x, x̄) := lim
d→∞

1

d

〈
dz(l), dz̄(l)

〉
,

E(l)(x, x̄) := lim
d→∞

1

d

〈
φ′(z(l)), φ′(z̄(l))

〉
.

exist almost surely and furthermore yields recursive formulas for those limits. Note that the backpropagation
terms D(l,L) depend on the network’s depth L. By the independence of the parameters in the network we have

kNNGP
L (x, x̄) = lim

d→∞
Cov

(
z(L), z̄(L)

)
= lim

d→∞

σ2
w

d
E
[
x(L−1)⊤W (L)⊤W (L)x̄(L−1)

]
+ σ2

i σ
2
bE
[
(b(L))2

]
= lim

d→∞
σ2
wE

1

d

〈
x(L−1), x̄(L−1)

〉
+ σ2

i σ
2
b

=σ2
wC

(L−1)(x, x̄) + σ2
i σ

2
b .

Here, the convergence of the expectation follows from Yang (2019a, Proposition G.4). By Eqs. (D.1) and (D.2)
the NTK-kernel can be expressed as

kNTK
L (x, x̄) = σ2

w

L∑
l=1

D(l)(x, x̄)C(l−1)(x, x̄) + σ2
b

L∑
l=1

D(l)(x, x̄) .

For a kernel k denote Σk(y, ȳ) :=
(

k(y,y) k(y,ȳ)
k(y,ȳ) k(ȳ,ȳ)

)
. Using Eq. (D.3) and Yang (2020), the above kernels are

recursively given by

B(l)(x, x̄) = σ2
wC

l−1(x, x̄) + σ2
bσ

2
i , (D.4)

C(l)(x, x̄) = E(u,v)∼N (0,Σ
B(l) (x,x̄))[φ(u)φ(v)], (l ≥ 1)

C(0)(x, x̄) = ⟨x, x̄⟩ ,
2Note that Zv is a real-valued random variable for v ∈ V.
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D(l,L)(x, x̄) = σ2
wD

(l+1)(x, x̄)E(l)(x, x̄), l ≤ L− 1,

D(L,L)(x, x̄) = 1,

E(l)(x, x̄) = E(u,v)∼N (0,Σ
B(l) (x,x̄))[φ

′(u)φ′(v)],

and a recursive formula for D(l,L) over the depth L follows as

D(l,L+1) = σ2
wE

(l) · . . . · σ2
wE

(L) = σ2
wE

(L)D(l,L) .

The recursive formula for kNNGP
L (x, x̄) can directly be derived from Eq. (D.4). We investigate kNTK

L (x, x̄) by
induction. For L = 1 there is nothing to show. Assume that the claimed formula holds for L ∈ N. Then we have

kNTK
L+1 (x, x̄) = σ2

w

L+1∑
l=1

D(l,L+1)(x, x̄)C(l−1)(x, x̄)x+ σ2
b

L∑
l=1

D(l,L+1)(x, x̄)

= σ2
wE

(L)(x, x̄)

(
σ2
w

L∑
l=1

D(l,L)(x, x̄)C(l−1)(x, x̄) + σ2
b

L∑
l=1

D(l,L)(x, x̄)

)
+ σ2

wC
(L)(x, x̄) + σ2

b

= σ2
b (1− σ2

i ) + kNNGP
L+1 (x, x̄) + σ2

wE(u,v)∼N (0,ΣL)[φ
′(u)φ′(v)]kNTK

L (x, x′).

A dot-product kernel k on the sphere Sd is conveniently described by a function κ : [−1, 1] → R by defin-
ing κ(⟨x, y⟩) := k(x, y). We translate the NNGP- and NTK-recursion of Lemma D.2 to a recursion for the
corresponding functions κ describing the restriction of these kernels to the sphere.

Lemma A.5 (Neural kernels on the unit sphere). Let the activation function φ : R → R fulfill Assumption 4.
Consider a neural network fθ : Rd+1 → R initialized as in Definition 1. For l ≥ 2 and t ∈ [−1, 1] we recursively
define

α1 := σ2
bσ

2
i + σ2

w

αl := σ2
bσ

2
i + σ2

wφ·√αl−1̂
(1)

κNNGP
1 (t) := σ2

bσ
2
i + σ2

wt

κNNGP
l (t) := σ2

bσ
2
i + σ2

wφ·√αl−1̂
(κNNGP

l−1 (t)/αl−1)

κNTK
1 (t) := σ2

b (1− σ2
i ) + κNNGP

1 (t)

κNTK
l (t) := σ2

b (1− σ2
i ) + κNNGP

l (t) + σ2
wκ

NTK
l−1 (t)(φ′)·√αl−1̂

(κNNGP
l−1 (t)/αl−1) .

Then for all l ≥ 1,x,x′ ∈ Sd we have αl > 0 and

kNNGP
l (x, x̄) = κNNGP

l (⟨x, x̄⟩)
kNTK
l (x, x̄) = κNTK

l (⟨x, x̄⟩) .

Proof. As σ2
w > 0 and φ is not almost surely equal to zero, αl > 0 follows for all l. By a simple induction we see

that αl = kNNGP
l (1) holds for all l ≥ 1. The identities for the NNGP can be shown by induction on l as well.

The induction base kNNGP
1 (x, x̄) = κNNGP

1 (⟨x, x̄⟩) is straightforward. For the induction step Lemma D.2 yields

kNNGP
l (x, x̄) = σ2

bσ
2
i + σ2

wE(u,v)∼N (0,Σl−1(x,x̄))[φ(u)φ(v)],

Σl−1(x, x̄) =

(
kNNGP
l−1 (x,x) kNNGP

l−1 (x,x′)

kNNGP
l−1 (x,x′) kNNGP

l−1 (x′,x′)

)
= αl−1 ·

(
1 κNNGP

l−1 (⟨x,x̄⟩)/αl−1

κNNGP
l−1 (⟨x,x̄⟩)/αl−1 1

)
and the identity kNNGP

l (x, x̄) = κNNGP
l (⟨x, x̄⟩) follows directly from the definition of the dual activation (A.4).

A similar argument shows kNTK
l (x, x̄) = κNTK

l (⟨x, x̄⟩).

D.2 Even and odd parts of neural kernels

Lemma D.3 (Even/odd algebra). Let f, g : R → R. Then,
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(a) (f + g)even = feven + geven and (f + g)odd = fodd + godd.
(b) (f · g)even = feven · geven + fodd · godd and (f · g)odd = feven · godd + fodd · geven.
(c) If g is odd, (f ◦ g)even = feven ◦ g and (f ◦ g)odd = fodd ◦ g. If g is even, f ◦ g is even.
(d) If f ′ is a weak derivative of f , then (f ′)even is a weak derivative of fodd and (f ′)odd is a weak derivative of

feven.

Proof. Statements (a) – (c) are straightforward to prove. For (d), we obtain for x ∈ R:∫ x

0

(f ′)even (t) dt =

∫ x

0

f ′(t) + f ′(−t)

2
dt

=
1

2

(∫ x

0

f ′(t) dt+

∫ x

0

f ′(−t) dt

)
=

1

2

(∫ x

0

f ′(t) dt−
∫ −x

0

f ′(t) dt

)
=

1

2
((f(x)− f(0))− (f(−x)− f(0)))

= fodd(x) .

This shows that (f ′)even is a weak derivative of fodd, and a similar computation shows that (f ′)odd is a weak
derivative of feven.

Proposition D.4 (Special cases for NNGP/NTK with even/odd functions). Let the activation function φ fulfill
Assumption 4.

(a) Let σ2
bσ

2
i = 0. If φ is even/odd, then κNNGP

l is even/odd for all l ≥ 2.
(b) Let σ2

bσ
2
i = 0. Then,

(
κNNGP
2,φ

)
even

= κNNGP
2,φeven

and
(
κNNGP
2,φ

)
odd

= κNNGP
2,φodd

.

(c) Let σ2
b = 0. If φ is even/odd, then κNTK

l is even/odd for all l ≥ 2.
(d) Let σ2

b = 0. Then,
(
κNTK
2,φ

)
even

= κNTK
2,φeven

and
(
κNTK
2,φ

)
odd

= κNTK
2,φodd

.

Here we denote the activation function in the index to clarify the network architecture the kernels belong to.

Proof.

(a) Since σ2
bσ

2
i = 0, κNNGP

1 is odd. If φ is even/odd, then so is φ·√αl
and by Lemma C.3 also φ·√αl̂

. The claim
then follows by induction using Lemma D.3 (c).

(b) We have κNNGP
2,φ (t) = σ2

wφ·√α1̂
(t). Note that α1 does not depend on φ. By Lemma C.3, we obtain(

κNNGP
2,φ

)
even

(t) = σ2
w

(
φ·√α1

)
even̂

(t) = σ2
w(φeven)·√α1̂

(t) = κNNGP
2,φeven

(t)

and similar for the odd part.
(c) Since σ2

b = 0, κNTK
1 is odd. Moreover,

κNTK
l (t) = σ2

w

(
κNNGP
l (t) + κNTK

l−1 (t) · (φ′)·√αl−1̂
(κNNGP

l−1 (t)/αl−1)
)

holds and we obtain the claim for l = 2. We use Lemma D.3 and Lemma C.3 to obtain that (φ′)√αl̂
is

odd/even if φ is even/odd, and the claim holds for l ≥ 3 by induction since κNNGP
l (t) is even/odd by (a).

(d) Just as in (c), this follows from Lemma C.3, Lemma D.3 and (b).

D.3 Adapting the main theorem from Bietti and Bach (2021)

Here, we derive Theorem A.3, an adapted version of the main theorem of Bietti and Bach (2021) that is closer
to our notation. First, we restate the original theorem with minor adaptations (using τ , expanding at t = 0
instead of t ∈ {−1, 1}, rewriting derivatives of powers, using Sd instead of Sd−1). Here, the notation an ∼ bn
means limn→∞ an/bn = 1.
Theorem D.5 (Theorem 7 in Bietti and Bach (2021), arXiv version 4). Let k : [−1, 1] → R be a function that
is C∞ on (−1, 1) and has for τ ∈ {1,−1} the following expansion for t ↘ 0 :

k(τ(1− t)) = pτ (t) +

r∑
j=1

cj,τ t
νj +O(tν1+1+ε), (D.5)
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where pτ are polynomials and 0 < ν1 < · · · < νr are not integers and 0 < ε < ν2 − ν1. Assume further that the
derivatives k(s) have for any s ∈ N0 the following expressions for t ↘ 0, where (tνj )

(s) is the s-th derivative of
t 7→ tνj :

k(s)(τ(1− t)) = ps,τ (t) +

r∑
j=1

cj,τ (t
νj )

(s)
+O

(
tν1+1+ε−s

)
(D.6)

for some polynomials ps,τ . Then, for d ≥ 1, the eigenvalues µk = µk(κ, d) as defined in Section 2 satisfy, for an
absolute constant C(d, ν1),

• For k even, if c1,1 ̸= −c1,−1: µk ∼ (c1,1 + c1,−1)C(d, ν1)k
−d−2ν1 ;

• For k even, if c1,1 = −c1,−1: µk = o(k−d−2ν1);
• For k odd, if c1,1 ̸= c1,−1: µk ∼ (c1,1 − c1,−1)C(d, ν1)k

−d̃−2ν1 ;
• For k odd, if c1,1 = c1,−1: µk = o(k−d−2ν1).

We reformulate this in terms of Q, see Definition A.1. This perspective allows conveniently handling the
O(tν1+1+ε)-term and its derivatives. For greater precision, we use the following variant of Lemma B.2 in Haas
et al. (2023) to investigate the sign of eigenvalues µi:

Lemma D.6 (Guaranteeing strictly positive eigenvalues for kernels on spheres). Let κ : [−1, 1] → R be contin-
uous, let d ≥ 1 and consider the radial kernels

kd : Sd × Sd → R, kd(x, y) := κ(⟨x, y⟩)
kd+2 : Sd+2 × Sd+2 → R, kd+2(x, y) := κ(⟨x, y⟩).

Suppose that kd+2 is a kernel. Then, kd is a kernel. If an eigenvalue µl̂ of kd fulfills µl̂ > 0 and l̂ is even/odd,
then for all even/odd l ≤ l̂

µl > 0 (D.7)

follows. Especially, if Eq. (D.7) holds for infinitely many even/odd l, then it holds for all even/odd l.

The only difference between Lemma B.2 in Haas et al. (2023) and the above lemma is that the eigenvalues are
described in greater detail here, the proof remains the same.

Theorem A.3 (Adaptation of Theorem 7 in arXiv v4 of Bietti and Bach 2021). Let κ : [−1, 1] → R be a
function that is smooth on (−1, 1) such that kκ,d(x,x

′) = κ(⟨x,x′⟩) is a positive semi-definite kernel on all
spheres Sd, d ∈ N≥1. Suppose that there exists 0 < β ∈ R \ Z and b−1, b1 ∈ R such that for τ ∈ {−1, 1},

κ(τ(1− t)) = bτ t
β +Q−1,β(t) .

Then, for a given dimension d ∈ N≥1, the eigenvalues µl = µl(κ, d) as defined in Section 2 satisfy:

(a) For l ∈ N0 even, if b−1 ̸= −b1, then µl = Θ∀l((l + 1)−d−2β).
(b) For l ∈ N0 even, if b−1 = −b1, then µl = o∀l((l + 1)−d−2β).
(c) For l ∈ N0 odd, if b−1 ̸= b1, then µl = Θ∀l((l + 1)−d−2β).
(d) For l ∈ N0 odd, if b−1 = b1, then µl = o∀l((l + 1)−d−2β).

Proof. Set γ := β + 2. Fix τ ∈ {−1, 1}. Then, we can write κ(τ(1− t)) = bτ t
β + p(t) + r(t) for some p ∈ P−1,β

and r ∈ Rγ(t). To apply Theorem D.5, we can rewrite bτ t
β = pτ (t) +

∑r
j=1 cj,τ t

νj with ν1 = β and c1,τ = bτ .
The rest term r(t) is covered by the O(tν1+1+ε) term in Theorem D.5 by setting ε := 1

2 min{1, ν2 − ν1}, and the
expressions for the derivatives in Theorem D.5 are satisfied by the definition of Rγ .

Hence, we can apply Theorem D.5 to obtain the correct asymptotic decay rates, and it remains to show that in
the cases (a) and (c), all eigenvalues µl are strictly positive for all l ∈ N0. This claim follows from the following
considerations:

• C(d, ν1) ̸= 0: While this is not shown in Bietti and Bach (2021), it follows by considering κ̃(t) := (1− t)ν1 :
This choice of κ satisfies the assumptions of Theorem D.5 with c1,1 = 1 ̸= 0 = c1,−1, hence the cases (a) or
respectively (c) apply.
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Suppose C(d, ν1) = 0, then we obtain µk ∼ 0 and hence only finitely many µk are nonzero. Following
Appendix A in Bietti and Bach (2021), κ̃ can be expressed as

κ̃(t) =

∞∑
l=0

µlNd,lPl(t) ,

where the Pl are Legendre polynomials of degree l for the dimension d+1. Hence, κ̃ would be a polynomial,
contradicting the definition κ̃(t) = (1− t)ν1 .

• Since we assumed kκ,d to be a (positive semi-definite) kernel, we cannot have negative eigenvalues, hence
(c1,1 + c1,−1)C(d, ν1) > 0 or respectively (c1,1 − c1,−1)C(d, ν1) > 0 follows in the cases (a) and (c).

• The notation ∼ from Theorem D.5 allows a finite number of µl to be zero. However, as there are infinitely
many both even and odd indices for which µl is strictly positive, Lemma D.6 shows that µl > 0 holds for
all l ∈ N0.

D.4 Eigenvalue decay

Some preliminary constructions useful for both the NNGP and the NTK kernel are first established here, stressing
the perspective of layerwise computation in the neural network.

We will study κNNGP
L , κNTK

L : [−1, 1] → R as compositions of functions which break the kernels given by depth
L down to a “composition” of kernels of depth 1.

Recall the recursive form of the NNGP-kernel on the sphere given in Lemma A.5 and the dual activation function
φ̂ in Definition A.4.

Notation 7 (NNGP- and NTK related terms). Recursively define the functions gl, Gl, Hl : [−1, 1] → [−1, 1] by

αl := κNNGP
l,φ (1),

g1(t) :=
σ2
bσ

2
i + σ2

wt

α1
,

gl(t) :=
σ2
bσ

2
i + σ2

wφ·√αl−1̂
(t)

αl
,

Gl(t) := gl ◦ · · · ◦ g1(t),
H1(t) := σ2

b + σ2
wt,

Hl(t) := σ2
b (1− σ2

i ) + αlGl(t) + σ2
wφ

′
·√αl−1̂

(Gl−1(t))Hl−1(t) . ◀

By the recursive formulation of κNNGP
l , κNTK

l in Lemma A.5 we observe for all t ∈ [−1, 1]

αlGl(t) = κNNGP
l (t),

Hl(t) = κNTK
l (t) .

Lemma D.8. Under the assumptions of Lemma A.5, we have for any l ≥ 1

max
t∈[−1,1]

|gl(t)| = gl(1) = 1 .

Furthermore,

Gl[−1, 1) ⊂ (−1, 1)

holds for all l ≥ 1 when σ2
bσ

2
i > 0, and for all l ≥ 2 when φ is neither even nor odd.

Proof. Follows from the definition of gl and Lemma C.3.

Lemma D.9 (Behavior at 1). Let the activation function φ fulfill Assumption 4 and let m := inf{k ∈ N0 |
φ(k)(0+) ̸= φ(k)(0−)} be its smoothness, see Definition 6. Let l ≥ 2.
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1. Let m = 0. Then we have for t ↘ 0

gl(1− t) = 1−
(
clt

1/2 +Q0,1/2(t)
)
,

Gl(1− t) = 1−
(
Clt

21−l

+Q0,21−l(t)
)
,

for constants cl, Cl > 0.
2. Let m ∈ N≥1. Then we have for t ↘ 0

gl(1− t) = 1−
(
blt+ (−1)mclt

m+1/2 +Q1,m+1/2(t)
)
,

Gl(1− t) = 1−
(
Blt+ (−1)mClt

m+1/2 +Q1,m+1/2(t)
)
,

Hl(1− t) = Al −
(
(−1)m+1Dlt

m−1/2 +Q0,m−1/2(t)
)

for constants bl = g′l(1), cl, Al, Bl, Cl, Dl, > 0. Furthermore, we have for l ≥ 3 the recursive relation Cl ≥
g′l(1)Cl−1.

3. Let m = ∞. Then we have for any τ ∈ {±1}, q ∈ R and t ↘ 0

gl(τ(1− t)) = Q−1,q(t),

Gl(τ(1− t)) = Q−1,q(t),

Hl(τ(1− t)) = Q−1,q(t).

Proof.

1. The formula for gl follows from Theorem A.8 and Lemma D.8. We obtain the formula for Gl via induction,
where in the base case for l = 1 by definition G1(1− t) = 1− c1t with c1 > 0 holds. For l = 2 we have

G2(1− t) = g2(G1(1− t)) = g2(1− (1−G1(1− t))) = 1− c2c
1/2
1 t1/2 +Q0,1/2(c1t)

as claimed. For l ≥ 3, note that the identities Q0,22−l(t) = Q22−l,22−l(t) and Q0,1/2(t) = Q1/2,1/2(t) hold by
Definition A.1. From Proposition B.2 (e,f) we obtain

Gl(1− t) = gl(Gl−1(1− t)) = gl(1− (1−Gl−1(1− t)))

= 1− cl

(
Cl−1t

22−l

+Q22−l,22−l(t)
)1/2

+Q1/2,1/2

(
Cl−1t

22−l

+Q22−l,22−l(t)
)

= 1−
(
Clt

21−l

+Q21−l,21−l(t)
)

and the claim follows from the identity Q21−l,21−l(t) = Q0,21−l(t).
2. Define β := m+ 1/2. From Theorem A.8 we obtain

gl(1− t) = (−1)m+1clt
β +Q−1,β(t)

with cl > 0. Lemma D.8 shows gl(0) = 1 and furthermore we observe

φ·√αl−1̂

′
(1) = Eu∼N (0,αl−1)[φ

′(u)2] > 0

as φ is not constant, since 1 ≤ m < ∞. From Lemma D.8 and using bl := g′l(1) > 0, it follows that

gl(1− t) = 1−
(
blt+ (−1)mclt

m+1/2 +Q1,m+1/2(t)
)
.

Note that for the NNGP term Gl we have to argue more carefully to obtain the strictly positive factor
Bl > 0 for the linear term, while this is not required for the NTK term Hl where we can rely on the more
precisely calculated NNGP term. We show the formula for Gl via induction. For l = 2 it follows directly
from G2 = g2 ◦ g1 using g1(1− t) = 1− c1t. In the induction step, let l ≥ 3 and define

Ḡl−1(t) := 1−Gl−1(t) = Bl−1t+ (−1)mCl−1t
β +Q1,β(t) .
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We rewrite

Gl(1− t) = gl(Gl−1(1− t)) = gl(1− Ḡl−1(t))

= 1−
(
blḠl−1(t) + (−1)mcl

(
Ḡl−1(t)

)β
+Q1,β

(
Ḡl−1(t)

))
and investigate the single summands. The linear summand straightforwardly yields

blḠl−1(t) = blBl−1t+ (−1)mblCl−1t
β +Q1,β(t).

The power summand can be handled with Proposition B.2 (e), where we write Ḡl−1 = blBl−1t+Q1,1(t) and
consequently we have

(Ḡl−1(t))
β = (blBl−1)

βtβ +Qβ,β(t)

= (blBl−1)
βtβ +Q1,β(t) .

In order to calculate Q1,β(Ḡl−1(t)) we decompose Q1,β(t) = p(t) + q(t), where p(t) is a polynomial with
integer powers greater than 1 and q(t) ∈ Qβ,β(t). Using Proposition B.2 (d) we have, as p(0) = p′(0) = 0
holds,

p(ḠL−1(t)) = p(Bl−1t+ (−1)mCl−1t
β +Q1,β(t)) = Q1,β(t) .

Proposition B.2 (f) yields q(t) = Qβ,β(t) = Q1,β(t) and we obtain Q1,β

(
Ḡl−1(t)

)
= Q1,β(t). Altogether, we

see that

Gl(1− t) = 1−
(
blBl−1t+ (−1)m(blCl−1(blBl−1)

β)tβ +Q1,β(t)
)

holds as desired, and furthermore we have

Cl := blCl−1(blBl−1)
β ≥ blCl−1 = g′l(1)Cl−1 .

We move on to calculate Hl for l ≥ 2. An elementary argument yields κNTK(1) > 0 as a consequence of
σw > 0, hence we have Al > 0 for all l ≥ 2. Again, the induction is based on the recursive construction
in Notation 7, where we handle the term arising from φ′

·√αl̂
using Theorem A.8. Since φ′ has smoothness

m− 1 we obtain

g′l(1− t) = φ′
·√αl̂

(1− t) = al(−1)mtβ−1 +Q−1,β−1(t)

for some al > 0. For l = 2, the claimed form of Hl now follows straightforwardly. For the induction step,
assume l ≥ 3. Then we have

φ′
·√αl−1̂

(Gl−1(1− t)) = c̄l + al(−1)m
(
Ḡl−1(t)

)β−1
+Q0,β−1

(
Ḡl−1(t)

)
where c̄l ≥ 0 holds since we have φ′

·√αl−1̂
(Gl−1(1− 0)) = φ′

·√αl−1̂
(1) ≥ 0. A similar argument as above

shows

Q−1,β−1

(
Ḡl−1(t)

)
= Q−1,β−1(t),(

Ḡl−1(t)
)β−1

= Bβ−1
l−1 tβ−1 +Q−1,β−1(t) .

We define D̄l := alB
β−1
l−1 and conclude

φ′
·√αl−1̂

(Gl−1(1− t))Hl−1(1− t)

=
(
c̄l + (−1)mD̄lt

β−1 +Q0,β−1(t)
)(
Al−1 −

(
(−1)m+1Dl−1t

β−1 +Q0,β−1(t)
))

= Al −
(
(−1)m+1Dlt

β−1 +Q0,β−1(t)
)
,

where Dl > 0, and the claim follows.
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3. Choose a natural number m ≥ q − 1/2 and apply Theorem A.8 to obtain

gl(τ(1− t)) = Q−1,m+1/2(t) = Q−1,q(t).

Using Proposition B.2 c), we obtain the claim by induction.

Theorem D.10. Let the assumptions of Lemma A.5 be satisfied. Choose a number of layers L ≥ 2 and a parity
r ∈ {0, 1} of the eigenvalues to be analyzed. Define φ[0] := φeven and φ[1] := φodd.

(NNGP) Define the simplified activation φ̃ by

φ̃ :=

{
φ[r] , if σ2

bσ
2
i = 0 and (L = 2 or φ is even or odd)

φ , otherwise,

and let s := smoothness(φ̃). Note that in all cases, the kernels kNNGP
L and kNTK

L refer to the original
activation φ, while the smoothness parameter s is determined by the simplified activation φ̃.

(1.1) If s = 0, then µ2t+r,d(k
NNGP
L ) = Θ∀t

(
(2t+ r + 1)−d−22−L

)
.

(1.2) If 1 ≤ s < ∞, then µ2t+r,d(k
NNGP
L ) = Θ∀t

(
(2t+ r + 1)−d−2s−1

)
.

(1.3) If s = ∞ and φ̃ is not a polynomial, then µ2t+r,d(k
NNGP
L ) > 0 for all t and µ2t+r,d(k

NNGP
L ) = o∀t((2t+

r + 1)−q) for all q > 0.
(1.4) If φ̃ is a polynomial, refer to the polynomial case below.

(NTK) Define the simplified activation φ̃ by

φ̃ :=

{
φ[r] , if σ2

b = 0 and (L = 2 or φ is even or odd)
φ , otherwise,

and let s := smoothness(φ̃).
(2.1) If 1 ≤ s < ∞, then µ2t+r,d(k

NTK
L ) = Θ∀t

(
(2t+ r + 1)−d−2s+1

)
.

(2.2) If s = ∞ and φ̃ is not a polynomial, then µ2t+r,d(k
NTK
L ) > 0 for all t and µ2t+r,d(k

NTK
L ) < o∀t((2t +

r + 1)−q) for all q > 0.
(2.3) If φ̃ is a polynomial, refer to the polynomial case below.

Polynomial case:

(3.1) Let the activation φ̃(t) =
∑

i≥0 λit
i be a nonzero polynomial. Define the even/odd degree of φ̃ as the degree

of φ̃(t) + φ̃(−t) or of φ̃(t) − φ̃(−t). For the NNGP, define σ := σ2
bσ

2
i and for the NTK define σ := σ2

b

respectively.
Define Neven, Nodd according to the following table. By degHer

ev (φ̃) ,degHer
od (φ̃) we denote the even/odd degree,

see Definition D.11, of φ̃ displayed in the Hermite basis, which is possible as φ fulfills Assumption 4.

Neven Nodd

σ2 > 0, degHer
ev (φ̃) > degHer

od (φ̃) degHer
ev (φ̃)L−1 degHer

ev (φ̃)L−1 − 1

σ2 > 0, degHer
ev (φ̃) < degHer

od (φ̃) degHer
od (φ̃)L−1 − 1 degHer

od (φ̃)L−1

σ2 = 0, degHer
ev (φ̃) > degHer

od (φ̃) degHer
ev (φ̃)L−1 degHer

ev (φ̃)L−1 − degHer
ev (φ̃) + degHer

od (φ̃)

σ2 = 0, degHer
ev (φ̃) < degHer

od (φ̃) degHer
od (φ̃)L−1 − degHer

od (φ̃) + degHer
ev (φ̃) degHer

od (φ̃)L−1

Then,

µ2t+r,d(k
NNGP
L /kNTK

L ) > 0 if and only if

{
2t+ r ≤ Neven , r even,
2t+ r ≤ Nodd , r odd.

(3.2) If φ̃ = 0, then µ2t+r,d(k
NNGP
L ) > 0 if and only if 2t + r = 0 and σ2

bσ
2
i > 0, and µ2t+r,d(k

NTK
L ) > 0 if and

only if 2t+ r = 0 and σ2
b > 0.

The definition of φ̃ may look complicated. However, in contrast to φ, it prevents that c1,1 = −(−1)rc1,−1 in
Theorem A.3, which then would not provide an exact decay rate.

Proof. For a bounded radial kernel k(x, y) := κ(⟨x, y⟩) on Sd we define keven(x, y) := κeven(⟨x, y⟩), kodd(x, y) :=
κodd(⟨x, y⟩). The spherical harmonics of degree l are even if l is even and odd if l is odd. Hence, we obtain

µ2t,d(k) = µ2t,d(keven),
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µ2t+1,d(k) = µ2t+1,d(kodd)

for all t ∈ N0. For the NNGP- and NTK-kernel, Proposition D.4 shows that in the cases where φ̃ ̸= φ holds we
have

κNNGP
L,φeven

=
(
κNNGP
L,φ

)
even,

κNTK
L,φeven

=
(
κNTK
L,φ

)
even,

κNNGP
L,φodd

=
(
κNNGP
L,φ

)
odd,

κNTK
L,φodd

=
(
κNTK
L,φ

)
odd,

hence we conclude

µ2t+r

(
kNNGP
L,φ̃

)
= µ2t+r

(
kNNGP
L,φ

)
,

µ2t+r

(
kNTK
L,φ̃

)
= µ2t+r

(
kNTK
L,φ

)
,

and it suffices to investigate the kernels induced by φ̃. In the following, gl, Gl and Hl from Notation 7 refer to
the functions induced by the activation function φ̃.

NNGP:

(1.1) Lemma D.9 yields

GL(1− t) = CL,+t
21−L

+Q−1,21−L(t)

for t ↘ 0, where |CL,+| > 0. By Theorem A.3, it suffices to show

GL(−(1− t)) = CL,−t
21−L

+Q−1,21−L(t), (D.8)

CL,− ̸=

{
−CL,+ , if r = 0

CL+ , if r = 1 .

(a) Suppose σ2
i σ

2
b > 0. By Lemma D.8 we have g1([−1, 1)) ⊂ (−1, 1) and Gl([−1, 1)) ⊂ (−1, 1) for l ≥ 2. As

g1 is a polynomial, g1(−(1− t)) = Q−1,21−L(t) holds. By Lemma C.3 (d) we have gl|(−1,1) ∈ C∞((−1, 1))
for all l ≥ 2, which allows leveraging Proposition B.2 (d) to obtain Gl(−(1− t)) = gl(Gl−1(−(1− t))) =
Q−1,21−L(t) and Eq. (D.8) follows.

(b) Suppose σ2
bσ

2
i = 0, φ̃ be neither even nor odd and L ≥ 3. Then, g1(t) = t and G2(t) = φ̂(t)/φ̂(1) hold

and from Theorem A.8 we obtain

G2(−(1− t)) = C2,−t
1/2 +Q−1,1/2(t).

Lemma D.8 yields Gl([−1, 1)) ⊂ (−1, 1) for l ≥ 2 and we furthermore have gl|(−1,1) ∈ C∞(−1, 1) by
Lemma C.3 (d). Recursively applying Proposition B.2 (d) now yields

GL(−(1− t)) = gL (GL−1(−(1− t))) = Ct1/2 +Q−1,1/2(t) = Q−1,21−L(t)

and we have Eq. (D.8).
(c) Let σ2

bσ
2
i = 0 and let φ̃ be odd. Then, r = 1 follows by construction. Proposition D.4 shows that Gl is

odd for all l ∈ N and we obtain

GL(−(1− t)) = −GL(1− t) = −
(
CL,+t

21−L

+Q−1,21−L(t)
)

follows. As desired, we have CL,+ ̸= CL,− = −CL,+.
(d) The case σ2

bσ
2
i = 0 and φ̃ even is not possible since even activation functions φ̃ cannot have smoothness

s = 0.
(1.2) Define β := s+ 1/2. Lemma D.9 yields

GL(1− t) = CL,+t
β +Q−1,β(t)

for t ↘ 0, where |CL,+| > 0. By Theorem A.3 it suffices to show

GL(−(1− t)) = CL,−t
β +Q−1,β(t) , (D.9)

CL,− ̸=

{
−CL,+ , if r = 0

CL+ , if r = 1 .
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(a) Let σ2
bσ

2
i > 0. By Lemma D.8 we have g1([−1, 1)) ⊂ (−1, 1) and Gi([−1, 1)) ⊂ (−1, 1) for i ≥ 2. As g1 is

a polynomial, g1(−(1− t)) = Q−1,β(t) holds. Lemma C.3 (d) shows gi|(−1,1) ∈ C∞((−1, 1)) for all i ≥ 2
which allows leveraging Proposition B.2 (d) to obtain GL(−(1− t)) = gL(GL−1(−(1− t))) = Q−1,β(t) by
induction. Eq. (D.9) follows.

(b) Let σ2
bσ

2
i = 0, φ̃ be neither even nor odd and L ≥ 3, that is, φ̃ = φ. Then, g1(t) = t and G2(t) = φ̂(t)/φ̂(1)

hold and from Theorem A.8 we obtain

G2(1− t) = C2,+t
β +Q−1,β(t),

G2(−(1− t)) = C2,−t
β +Q−1,β(t),

where |C2,+| = |C2,−| ≠ 0. Recursively applying Lemma D.9 furthermore yields

|CL,+| ≥ g′L(1) · . . . · g′3(1) · |C2,+|.

Lemma D.8 yields Gl([−1, 1)) ⊂ (−1, 1) for l ≥ 2 and we have gl|(−1,1) ∈ C∞(−1, 1) by Lemma C.3.
Iteratively applying Proposition B.2 (d) yields

GL(−(1− t)) = g′L(GL−1(−1)) · . . . · g′3(G2(−1)) · C2,−t
β +Q−1,β(t).

Note that we have g′l(t) = φ′
·√αl−1

(t)̂/αl and by Lemma C.3 (c) we have

|g′l(t)| < |g′l(1)|

for all t ∈ (−1, 1). Altogether we conclude

GL(1− t) = CL,+t
β +Q−1,β(t),

GL(−(1− t)) = CL,−t
β +Q−1,β(t),

where |CL,+| > |CL,−| holds and we obtain Eq. (D.9).
(c) Let σ2

bσ
2
i = 0 and let φ̃ be odd, so we have r = 1. By Proposition D.4, Gl is odd for all l ∈ N and

GL(−(1− t)) = −GL(1− t) = −
(
CL,+t

β +Q−1,β(t)
)

follows. We obtain Eq. (D.9) as CL,+ ̸= CL,− = −CL,+ holds.
(d) In the case σ2

bσ
2
i = 0 and φ̃ even Proposition D.4 yields Gl even and we argue as in (c).

(1.3) For q > 0 choose q̃ > 0, q̃ ̸∈ Z such that −d− 2q̃ ≤ −q. By Lemma D.9 we have for τ ∈ {1,−1}:

GL(τ(1− t)) = Q−1,q̃(t)

and Theorem A.8 yields µ2t+r,d(k
NNGP
L ) = o∀t((2t+ r + 1)−d−2q̃) = o∀t((2t+ r + 1)−q).

We proceed to show that all Eigenvalues µ2t+1,d(k
NNGP
L ) are strictly positive. As φ̃ is not a polynomial, its

Hermite series representation has infinitely many nonzero coefficients; that is, we have degHer (φ̃) = ∞. See
Appendix D.5 for more details. We apply Lemma D.13.
Assume even parity r = 0. In the case degev (φ̃) = ∞, the claim follows directly. In the case degev (φ̃) <
degod (φ̃) = ∞, we note that φ̃ = φ follows and investigate sub-cases. If σ2

bσ
2
i > 0, then Lemma D.13 directly

yields degev (Gl) = ∞ as desired. If σ2
bσ

2
i = 0 holds, then the definition of φ̃ implies that degev (φ̃) ≥ 0 and

L ≥ 3 hold, and again the claim follows directly from Lemma D.13. The case of odd parity r = 1 is proven
analogously.

NTK:

The argumentation for the NTK-kernel is more technical as for the NNGP-kernel, as by Notation 7 Hl follows
the recursion

H1(t) = σ2
b + σ2

wt ,

Hl(t) = σ2
b (1− σ2

i ) + αlGl(t) + σ2
wφ

′
·√αl−1̂

(Gl−1(t))Hl−1(t) , l ≥ 2 , (D.10)

which involves more terms in a complicated fashion.



David Holzmüller∗, Max David Schölpple∗

(2.1) Define γ := s− 1/2. Lemma D.9 yields

HL(1− t) = CL,+t
γ +Q−1,γ(t)

for t ↘ 0, where |CL,+| > 0. By Theorem A.3 we need to show

HL(−(1− t)) = CL,−t
γ +Q−1,γ(t) , (D.11)

CL,− ̸=

{
−CL,+ , if r = 0

CL+ , if r = 1 .

In case (1.2) we saw for the NNGP-kernel that

Gl(τ(1− t)) = cl,τ t
γ+1 +Q−1,γ+1(t) = Q−1,γ(t) (D.12)

holds for τ = ±1, l ≥ 1. Hence, it suffices to show

σ2
wφ

′
·√αL−1̂

(GL−1(−(1− t)))HL−1(−(1− t)) = CL,−t
γ +Q−1,γ(t) , (D.13)

CL,− ̸=

{
−CL,+ , if r = 0

CL+ , if r = 1 .

in order to obtain Eq. (D.11).
(a) Let σ2

b > 0. This is the most difficult sub-case. Without loss of generality assume σ2
w = 1.

When analyzing Hl(τ(1− t)), Eq. (D.10) the constants Cl,τ of tγ stem from the summand

φ′
·√αl−1̂

(Gl−1(τ(1− t)))Hl−1(τ(1− t)) = Cl,τ t
γ +Q−1,γ(t) (D.14)

as the other summands in Eq. (D.10) are in Q−1,γ(t) by Eq. (D.12).
We show by induction in l ≥ 2 that the following statements hold:
• sgnCl,+ = (−1)s+1,
• |Cl,+| > |Cl,−|.

The first point is a technical tool for the induction, ensuring that the coefficients of tγ for τ = 1 suffer
no annihilation because of different signs of its summands: The coefficients of tγ are the sum of the
product of the tγ-coefficient of one factor with the constant coefficient of the other factor in Eq. (D.14).
The second point then proves this sub-case of the theorem.
By Theorem A.8 we have

φ′
·√αl̂

(τ(1− t)) = (−τ)s+1dlt
γ +Q−1,γ(t) , (D.15)

where dl > 0, and furthermore φ′
·√αl̂

(·) is smooth on (−1, 1) by Lemma C.3 (d).
For the induction base l = 2 we have G1(τ(1− t)) = τ(1− t), H1(τ(1− t)) = σ2

b + τ − τt which yields

φ′
·√α1̂

(G1(τ(1− t)))H1(τ(1− t)) = ((−τ)s+1d2t
γ +Q−1,γ(t))(σ

2
b + τ − τt)

= (−τ)s+1d2(σ
2
b + τ)tγ +Q−1,γ(t) ,

i.e. C2,+ = (−1)s+1d2(σ
2
b + 1) and C2,− = d2(σ

2
b − 1) and the claim holds for l = 2 since σ2

b > 0.
For the induction step, let the claim hold for l ≥ 2. First we show the auxiliary statement

Hr(1) > |Hr(t)| , t ∈ [−1, 1), r ∈ N , (D.16)

which is in the spirit of Lemma D.8, by induction in r ≥ 1. In the base case r = 1, we have H1(t) = σ2
b+t

and the claim holds. In the induction step, let the claim hold for r ≥ 1. We use Notation 7 and obtain

Hr+1(t) = σ2
b + φ·√αr̂

(Gr(t)) + φ′
·√αr̂

(Gr(t))Hr(t) .

Now, for any t ∈ [−1, 1] we have Gr(1) = 1, Gr(t) ∈ [−1, 1] by Lemma D.8 and by Lemma C.3 we
obtain

φ·√αr̂
(1) ≥

∣∣φ·√αr̂
(t)
∣∣
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φ′
·√αr̂

(1) ≥
∣∣∣φ′

·√αr̂
(t)
∣∣∣ (D.17)

and Eq. (D.16) follows.
By a Taylor expansion we have

Gl(τ(1− t)) = Gl(τ)− τtG′
l(τ) +Q1,γ(t) (D.18)

as Gl(τ(1− t)) = Q−1,γ(t) by Eq. (D.12) and furthermore Gl(t) ∈ [−1, 1], Gl(1) = 1 by Lemma D.8.
For τ = 1 we have by Eq. (D.18) and Eq. (D.15)

φ′
·√αl̂

(Gl(1− t)) = (−1)s+1dlG
′
l(1)t

γ +Q−1,γ(t) .

φ′
·√αl̂

(Gl(1− t))Hl(1− t) =
(
(−1)s+1dlG

′
l(1)Hl(1) + φ′

·√αl̂
(Gl(1))Cl,+

)︸ ︷︷ ︸
=Cl+1,+

tγ +Q−1,γ(t)

where furthermore

G′
l(1) ≥ |G′

l(t)| G′
l(1) > 0 (D.19)

hold for all t ∈ [−1, 1] by Lemma C.3 and Notation 7. We observe that sgnCl,+ = (−1)s+1 holds as
claimed, that is, Cl+1,+ suffers no annihilation from different signs of its summands.
For τ = −1 the possible cases are Gl(−1) ∈ (−1, 1), for which we obtain φ′

·√αl̂
(Gl(−(1−t))) = Q−1,γ(t)

by Proposition B.2 (d) and Eq. (D.12), and |Gl(−1)| = 1, for which we obtain

φ′
·√αl̂

(Gl(−(1− t))) = ãl,τdlG
′
l(−1)tγ +Q−1,γ(t) ,

ãl,τ = ±1 and |G′
l(−1)| ≤ G′

l(1) by Eq. (D.19). Hence, we have∣∣∣φ′
·√αl̂

(Gl(−(1− t)))
∣∣∣ = al,−t

γ +Q−1,γ(t)

|al,−| ≤ |dlG′
l(1)| (D.20)

This yields

φ′
·√αl̂

(Gl(−(1− t)))Hl(−(1− t)) =
(
al,−Hl(−1) + φ′

·√αl̂
(Gl(−1))Cl,−

)︸ ︷︷ ︸
=Cl+1,−

tγ +Q−1,γ(t)

and comparing the coefficients Cl+1,+ and Cl+1,− we finally obtain

|Cl+1,+| = |dlG′
l(1)Hl(1)|+

∣∣∣φ′
·√αl̂

(Gl(1))Cl,+

∣∣∣
> |al,−Hl(−1)|+

∣∣∣φ′
·√αl̂

(Gl(−1))Cl,−

∣∣∣
≥ |Cl+1,−|

using Eq. (D.16) and Eq. (D.20) to compare the first summand and the induction hypothesis and
Eq. (D.17) for the second summand.

(b) Suppose σ2
b = 0, φ̃ neither even nor odd and L ≥ 3, that is φ̃ = φ.

Without loss of generality assume σ2
w = 1 for simpler notation. We show |C2,+| ≥ |C2,−|, for l ≥ 3 we

show that |Cl−1,+| ≥ |Cl−1,−| implies |Cl,+| > |Cl,−|. That yields Eq. (D.11). Furthermore we show
that sgn(Cl,+) = (−1)s holds, which is required for the corresponding recursion.
As G1(t) = t, we have for τ = ±1 by Theorem A.8

φ′
·√αl−1̂

(G1(τ(1− t))) = (−τ)sC2t
γ +Q−1,γ(t) , t ↘ 0 ,
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where C2 > 0. Now, since we have H1(τ(1− t)) = τ(1− t) we obtain from Eq. (D.10)

H2(τ(1− t)) = τ(−τ)sC2t
γ +Q−1,γ(t)

and the claim holds for l = 2. Now, we take a close look at Cl,+ for l ≥ 3. Recalling Gl(1 − t) =
Gl−1(0)− tG′

l−1(1) +Q1,γ(t) from the considerations done for the NNGP above, we see that for

Hl(1− t) = σ2
b (1− σ2

i ) + αlGl(t) + φ′
·√αl−1̂

(Gl−1(1− t))Hl−1(1− t)

the terms contributing to the coefficient of tγ only stem from the product of φ′
·√αl−1̂

(Gl−1(1− t)) and
Hl−1(1− t) and by Theorem A.8 we have

φ′
·√αl−1̂

(Gl−1(1− t)) = (−1)sG′
l−1(1)clt

γ + φ′
·√αl−1̂

(1) +Q0,γ(t)

for a constant cl > 0. As G′
l−1(1) > 0 by Lemma D.8, the sign of the coefficient is (−1)s. Together with

Hl−1(1− t) = Hl−1(1) + Cl−1,+t
γ +Q0,γ(t)

we obtain

φ′
·√αl−1̂

(Gl−1(1− t))Hl−1(1− t)

=
(
(−1)sG′

l−1(1)clt
γ + φ′

·√αl−1̂
(1) +Q0,γ(t)

)
· (Hl−1(1) + Cl−1,+t

γ +Q0,γ(t))

=
(
(−1)sG′

l−1(1)clHl−1(1) + φ′
·√αl−1̂

(1)Cl−1,+

)
︸ ︷︷ ︸

=Cl,+

tγ +Q−1,γ(t) .

We observe that as G′
l−1(1), cl, Hl−1(1), φ

′
·√αl−1̂

(1) > 0 holds we indeed have sgn(Cl,+) = (−1)s and
observe

|Cl,+| > φ′
·√αl−1̂

(1)|Cl−1,+| . (D.21)

Investigating Cl,− we note that as Gl−1([−1, 1)) ⊆ (−1, 1) holds by Lemma D.8, Lemma C.3 (d) yields
φ′
·√αl−1̂

|(−1,1) ∈ C∞((−1, 1)) and by Proposition B.2 (e) we have

φ′
·√αl−1̂

(Gl−1(−(1− t))) = φ′
·√αl−1̂

(Gl−1(−1)) +Q0,γ(t) ,

since Gl−1(−(1− t)) = Q−1,γ(t) holds. As before, coefficients of tγ can only stem from the product of
φ′
·√αl−1̂

(Gl−1(−(1− t))) and Hl−1(−(1− t)) and where we have

φ′
·√αl−1̂

(Gl−1(−(1− t)))Hl−1(−(1− t))

=
(
φ′
·√αl−1̂

(Gl−1(−1)) +Q0,γ(t)
)
· (Hl−1(1) + Cl−1,−t

γ +Q0,γ(t))

= φ′
·√αl−1̂

(Gl−1(−1))Cl−1,−︸ ︷︷ ︸
=Cl,−

tγ +Q−1,γ(t) .

Lemma C.3 (c) yields

φ′
·√αl−1̂

(Gl−1(−1)) < φ′
·√αl−1̂

(Gl−1(1))

as Gl−1(−1) ∈ (−1, 1) and we obtain from Eq. (D.21) as desired

|Cl,−| =
∣∣∣φ′

·√αl−1̂
(Gl−1(−1))Cl−1,−

∣∣∣ < ∣∣∣φ′
·√αl−1̂

(Gl−1(1))Cl−1,+

∣∣∣
< |Cl,+| .
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(c) Let σ2
b = 0 and let φ̃ be odd, so we have r = 1. By Proposition D.4 Hl is odd for all l ∈ N and

HL(−(1− t)) = −HL(1− t) = −(CL,+t
γ +Q−1,γ(t))

follows. We obtain Eq. (D.11) as CL,+ ̸= CL,− = −CL,+ holds.
(d) In the case σ2

b = 0 and φ̃ even Proposition D.4 yields HL even and we argue as above.
(2.2), (2.3) The arguments work just as in the NNGP cases (1.3) or respectively (1.4).

Polynomial case:

(3.1) This is the statement of Lemma D.13.
(3.2) Elementary.

Finally, we are able to prove Theorem 9.

Proof of Theorem 9. Lemma D.2 yields the convergence of the NNGP- and NTK-kernels. Theorem D.10 com-
bined with Lemma 2 and a case distinction then yields the claim. The sub-cases i) and ii) are straightforward,
in the sub-cases iii) we use Theorem D.10 with the parity r = 0 to obtain the eigenvalues of even index and
Theorem D.10 with the parity r = 1 to obtain the eigenvalues of odd index, and then combine these results to
obtain Eqs. (1) and (2), where we use that the spherical harmonics of even/odd degree are even/odd.

D.5 A close look at the even/odd degree of Gl and Hl

In this subsection we develop the methods required to deal with smooth activations in Theorem 9, where the only
difficulty not covered by Theorem A.3 is investigating which eigenvalues of the NNGP-kernel and NTK-kernel
are strictly positive.
Definition D.11. Let p(t) =

∑
n≥0 λnt

n, q(t) =
∑

n≥0 ηnt
n be power series which converge on an interval

I ⊂ R. We define the degree of p as deg (p) := sup ({n ∈ N0 | λn ̸= 0} ∪ {−∞}) ∈ N0 ∪ {−∞,∞} and the
even/odd degree of p as

degev (p) := deg (t 7→ p(t) + p(−t)) ,

degod (p) := deg (t 7→ p(t)− p(−t))

and say

p =deg q

if and only if degev (p) = degev (q) and degod (p) = degod (q). That is to say, we compare only the highest
even/odd degrees for this notion of equality.

Let f ∈ L2(N (0, 1)) be a function. Then f equals its convergent Hermite representation t 7→
∑

n≥0 an(f)hn(t) al-
most everywhere, and we define degHer (f) ,degHer

ev (f) ,degHer
od (f) and f =Her

deg g based on the Hermite coefficients
(an)n≥0 analogously to the above definitions.

Furthermore we also use the notation f =Pow,Her
deg g to denote that the even/odd degree of f and g coincide when

f is a power series and and g is displayed in the Hermite basis. ◀

Note that degev (p) = −∞ if p is odd and respectively degod (p) = −∞ if p is even, resembling the common
convention for the degree of polynomials.
Lemma D.12 (Odd/even degree of power series with non-negative coefficients). Let f, g, f̃ , g̃ be power series
with non-negative coefficients converging on an interval I, such that the products and compositions below are
absolutely convergent on Ī. We use the conventions ∞−∞ := −∞, 0 · ∞ := 0, a ∨ b := max{a, b}.
1. (a) The sum g + f fulfills

degev (g + f) = degev (g) ∨ degev (f) ,

degod (g + f) = degod (g) ∨ degod (f) .

(b) The product g · f fulfills

degev (g · f) = (degev (g) + degev (f)) ∨ (degod (g) + degod (f)) ,

degod (g · f) = (degev (g) + degod (f)) ∨ (degod (g) + degev (f)) .
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(c) Let f ̸= 0. The composition g ◦ f fulfills

degev (g ◦ f) = (degev (g) degev (f)) ∨ (degev (g) degod (f))

∨ (degod (g) degev (f)) ∨ ((degod (g)− 1) degod (f) + degev (f))

degod (g ◦ f) = (degod (g) degod (f)) ∨ ((degod (g)− 1) degev (f) + degod (f))

∨ ((degev (g)− 1) degod (f) + degev (f))

∨ ((degev (g)− 1) degev (f) + degod (f)) .

2. Let f̃ =deg f, g̃ =deg g. Then we have

g + f =deg g̃ + f̃ ,

g · f =deg g̃ · f̃ ,

g ◦ f =deg g̃ ◦ f̃ .

Proof. 1. The requirement that f, g have nonzero coefficients is crucial as it prevents the elimination of coeffi-
cients.

We only prove the even-statement in iii) as this is the most difficult statement. The other claims are similar but
easier to prove.

As a consequence of the absolute convergence we observe that g ◦ f = limn→∞ gn ◦ fn and degev (g ◦ f) =
limn→∞ degev (gn ◦ fn) ,degod (g ◦ f) = limn→∞ degod (gn ◦ fn) holds, where fn(t) =

∑n
i=0 λit

i, gn(t) =∑n
j=0 µjt

j . Hence, we can assume without loss of generality that deg f, deg g < ∞ holds and obtain

g ◦ f(t) =
∑
i≥0

µi

(∑
j≥0

λjt
j
)i

=
∑
i≥0

µi

( ∑
j1,...,ji≥0

λj1 · . . . · λjit
j1+···+ji

)
=
∑
i≥0

∑
j1,...,ji≥0

µiλj1 · . . . · λjit
j1+···+ji .

We note that all occurring coefficients are non-negative, as they are products of the non-negative coefficients
λj , µi. In the above expressions, there are multiple summands contributing to a power tr, however, the coefficient
of tr in the power series g ◦ f is nonzero if and only if any of the summands µiλj1 · . . . · λji with j1 + · · ·+ ji = r
is nonzero. Define

I(f) := {i ∈ N0 | λi ̸= 0} ∪ {−∞},
I(g) := {i ∈ N0 | µi ̸= 0} ∪ {−∞}

and it is immediately clear that the coefficient µiλj1 · . . . ·λji is nonzero if and only if i ∈ I(g)\{−∞}, j1, . . . , ji ∈
I(f) \ {−∞} . The reason we add {−∞} to I(f), I(g) is that it allows dealing with cases such as f = 0 or f odd
in a simple manner. In order to investigate degev (g ◦ f) we stepwise simplify:

degev (g ◦ f) = max
i∈I(g)

max
j1,...,ji∈I(f)
j1+···+ji even

j1 + · · ·+ ji

= max
i∈I(g)

max
ĩ≤i

ĩ even

(i− ĩ) degev (f) + ĩ degod (f) (D.22)

= max
{

max
ĩ≤degev(g)

ĩ even

(degev (g)− ĩ) degev (f) + ĩ degod (f) , (D.23)

max
ĩ≤degod(g)

ĩ even

(degod (g)− ĩ) degev (f) + ĩdegod (f)
}

= max
{
max{ degev (g) degev (f) ,degev (g) degod (f)}, (D.24)

max{ degod (g) degev (f) ,degev (f) + (degod (g)− 1) degod (f)}
}
.

Here, Eq. (D.22) is obtained by observing

j1 + · · ·+ ji ≤ degev (f) + j2 + · · ·+ ji , if j1 is even or respectively
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j1 + · · ·+ ji ≤ degod (f) + j2 + · · ·+ ji , if j1 is odd ,

where the sum on the right hand side remains even. Similarly, Eq. (D.23) follows by observing for m ∈ N0 the
inequality

(i− ĩ) degev (f) + ĩ degod (f) ≤ max
{
(2m+ i− (2m+ ĩ)) degev (f) + (2m+ ĩ) degod (f) ,

(2m+ i− ĩ) degev (f) + ĩ degod (f)
}

as by assumption degev (f) ≥ 0 or degod (f) ≥ 1 hold. Finally, Eq. (D.24) follows by observing that extremal
behavior in Eq. (D.23) is obtained by the highest or the lowest valid ĩ. The equation for degod (g ◦ f) follows
analogously.

2. Follows from 1.

In the following lemma, we investigate the even/odd degree of κNNGP
L and κNTK

L and then deploy Lemma D.6 to
characterize which eigenvalues of kNNGP

L , kNTK
L are strictly positive.

Lemma D.13. Let the activation function φ fulfill Assumption 4 and let L ≥ 2. We use the conventions ∞0 := 1
and ∞−∞ := −∞. Then, the nonzero eigenvalues of the NNGP-kernel kNNGP

L and the NTK-kernel kNTK
L defined

in Notation 7 fulfill

µ2k+r,d(k
NNGP
L ) > 0 if and only if

{
2k + r ≤ degev (GL) , r = 0,

2k + r ≤ degod (GL) , r = 1,

µ2k+r,d(k
NTK
L ) > 0 if and only if

{
2k + r ≤ degev (HL) , r = 0,

2k + r ≤ degod (HL) , r = 1 .

For the NNGP-term GL define σ2 := σ2
i σ

2
b , and for the NTK-term HL define σ2 := σ2

b . That is, the relevant row
of the table is different for GL or respectively for HL in the case σ2

i = 0, σ2
b > 0.

The even/odd degree of GL or respectively HL is given by

degev (GL) , degev (HL) degod (GL) , degod (HL)

σ2 > 0, degHer
ev (φ) > degHer

od (φ) degHer
ev (φ)L−1 degHer

ev (φ)L−1 − 1

σ2 > 0, degHer
ev (φ) < degHer

od (φ) degHer
od (φ)L−1 − 1 degHer

od (φ)L−1

σ2 = 0, degHer
ev (φ) > degHer

od (φ) degHer
ev (φ)L−1 degHer

ev (φ)
(
degHer

ev (φ)L−2 − 1
)
+ degHer

od (φ)

σ2 = 0, degHer
ev (φ) < degHer

od (φ) degHer
od (φ)

(
degHer

od (φ)L−2 − 1
)
+ degHer

ev (φ) degHer
od (φ)L−1

Proof. Let κ : [−1, 1] → R, κ(t) =
∑

j≥0 λit
j be a power series. Let k be the corresponding radial kernel on

Sd given by k(x, y) := κ(⟨x, y⟩) and let (µi)i≥0 be the decreasing series of eigenvalues of k counted by algebraic
multiplicity.

Reduction to polynomial degrees of κ: We show that the largest even/odd index i corresponding to a
nonzero eigenvalue µi ̸= 0 of k is the same as the largest even/odd index j corresponding to a nonzero coefficient
λj of the power series representation of κ. By convention, if there are infinitely many such indices, we say that
the largest one equals ∞ and we say that the largest even/odd nonzero index equals −∞ if all corresponding
eigenvalues or respectively coefficients are equal to zero.

• Hubbert et al. (2015) show that the eigenvalues µi have the same sign as the Legendre coefficients bk(κ)
obtained by displaying κ by Legendre polynomials, which form an orthonormal basis of L2([−1, 1]).

• The bases of the Legendre polynomials (pi)i≥0, the Hermite polynomials (hi)i≥0 and the monomials (t 7→
ti)i≥0 share the properties that the i-th element is a polynomial of degree i and is it even/odd if i is even/odd.
Hence, when we can display κ as a sum in those bases, the largest even/odd index i of nonzero coefficients
coincide.

• Hence, we see that indeed the largest even/odd index of a nonzero eigenvalue of k corresponds to the largest
even/odd index of a nonzero coefficient of the power series representation of κ.

Hence, in order to obtain the largest even/odd index of a nonzero eigenvalue of kNNGP
L or respectively kNTK

L it
suffices to determine the largest even/odd index of the nonzero coefficients of the power series representation of
GL or respectively HL. Given a nonzero eigenvalue with even/odd index, Lemma D.6 shows that all eigenvalues
with smaller even/odd index are strictly positive and we can conclude the claim. Hence, all that remains is to
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show that GL and HL can be represented as a power series and that the even/odd degrees of Gl and Hl are as
the table claims.

Simplifying Notation: By Assumption 4 we have φ ∈ L2(N (0, 1)), enabling us to display φ in the Hermite
basis as φ(t) =

∑
i≥0 ηihi(t). Eq. (A.2) shows

φ̂(t) =
∑
i≥0

η2i t
i . (D.25)

Essentially, we obtain for any α > 0

φ·
√
α̂ =deg φ̂ =Pow,Her

deg φ, φ′
·
√
α̂
=deg φ′̂ =Pow,Her

deg φ′ .

This observation allows us to work with φ̂ or respectively φ′̂ instead of the rescaled versions occurring in Gl and
Hl, simplifying the notation. By Eq. (D.25) all coefficients of the power series of φ·

√
α̂, φ

′
·
√
α̂

are non-negative
and hence the coefficients of the power series Gl, Hl are non-negative as well, enabling the use of Lemma D.12
in the following.

Calculating Gl: We directly obtain

deg (Gl) = deg (gl ◦ · · · ◦ g1) = deg (φ̂)
l−1

, l ≥ 2,

g1(t) =deg t+ σ2
bσ

2
i ,

gl(t) =deg φ̂(t) + σ2
bσ

2
i , l ≥ 2 .

If degev (φ̂) = degod (φ̂) holds, then degev (φ̂) = degod (φ̂) = ∞ follows and the claim is trivial.

Assume degev (φ̂) > degod (φ̂). We show the claim for degod (Gl) by induction in l ≥ 2 and directly obtain the
induction base

degod (G2) =

{
degev (φ̂)− 1 , if σ2

bσ
2
i > 0 ,

degod (φ̂) , if σ2
bσ

2
i > 0 .

In the induction step, we have by Lemma D.12

degod (Gl+1) = ((degev (φ̂)− 1) · degev (Gl) + degod (Gl)) ∨ ((degev (φ̂)− 1) degod (Gl) + degev (Gl))

∨ (degod (φ̂) degod (Gl)) ∨ ((degod (φ̂)− 1) degev (Gl) + degod (Gl))

= (degev (φ̂)− 1) degev (Gl) + degod (Gl)

and the claim follows. The case degod (φ̂) > degev (φ̂) is handled analogously.

Calculating Hl:

If degev (φ̂) = degod (φ̂) holds, then degev (φ̂) = degod (φ̂) = ∞ follows and the claim is simple.

By definition we have H1(t) =deg t+ σ2
b . For l ≥ 2 we simplify Hl(t) as

Hl(t) := σ2
b (1− σ2

i ) + αlGl(t) + σ2
w(φ

′)·√αl−1̂
(Gl−1(t))Hl−1(t)

=deg σ2
b (1− σ2

i ) + σ2
bσ

2
i + σ2

w

(
φ̂ ◦Gl−1(t) + (φ′)·√αl−1̂

(Gl−1(t))Hl−1(t)
)

=deg Gl(t) + φ̂
′
(Gl−1(t))Hl−1(t) + σ2

b .

A simple induction yields

deg (Hl) = deg (Gl) = deg (φ̂)
l−1

and it remains to calculate degev (Hl) for degod (φ̂) > degev (φ̂) and degod (Hl) for degev (φ̂) > degod (φ̂).

While we usually have
∣∣degev

(
φ̂
′)− degod

(
φ̂
′)∣∣ = 1, we need some case work to cover the case where one of the

degrees is −∞.
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Case 1: σ2
b > 0. If degev (φ̂) = degod (φ̂) holds, then degev (φ̂) = degod (φ̂) = ∞ follows and the claim is trivial.

Assume degev (φ̂) > degod (φ̂). We show that degod (Hl) = degev (φ̂)− 1 holds for all l ≥ 2. For l = 2 we obtain
straightforwardly

degod (H2) = degev (φ̂)− 1.

By induction we obtain

degod (Hl+1) ≥ degod
(
(φ̂

′ ◦Gl) ·Hl

)
≥ degev

(
φ̂
′ ◦Gl

)
+ degod (Hl) = (degev (φ̂)− 1) degev (φ̂)

l−1
+ degev (φ̂)

l−1 − 1

= degev (φ̂)
l − 1,

and as we have deg (Hl+1) = degev (φ̂)
l, the claim follows. The case degod (φ̂) > degev (φ̂) works analogously.

Case 2: σ2
b = 0. Assume

degod (φ̂) > degev (φ̂) .

Case 2.1: degod (φ̂) = ∞. We want to show

degev (HL) =

{
∞ , if degev (φ̂) > −∞ ,

−∞ , if degev (φ̂) = −∞ .

In the case degev (φ̂) > −∞, we have since σ2
b = 0

degev (HL) = degev (GL) ∨
(
degev

(
(φ̂

′ ◦GL−1) ·HL

))
≥ degev (Gl+1) = ∞

by the previous case. In the case degev (φ̂) = −∞, HL is odd by Proposition D.4 and hence we have degev (HL) =
−∞ as desired.

Case 2.2: degod (φ̂) < ∞. We show the claim by induction in l. For l = 2 we straightforwardly obtain

degev (H2) = degev (φ̂) .

In the induction step, let l ≥ 3 and let degev (Hl) = degod (φ̂) (degod (φ̂)
l−2 − 1) + degev (φ̂) hold as claimed.

Since σ2
b = 0, we have

degev (Hl+1) = degev (Gl+1) ∨
(
degev

(
(φ̂

′ ◦Gl) ·Hl

))
=
(
degod (φ̂)

(
degod (φ̂)

l−1 − 1
)
+ degev (φ̂)

)
∨
(
degev

(
φ̂
′ ◦Gl

)
+ degev (Hl)

)
∨
(
degod

(
φ̂
′ ◦Gl

)
+ degod (Hl)

)
.

Now we show that the first term is the largest one in order to obtain the claim. Firstly, we bound the second
term as

degev
(
φ̂
′ ◦Gl

)
+ degev (Hl) ≤ deg

(
φ̂
′ ◦Gl

)
+ degev (Hl)

= (deg (φ̂)− 1) · deg (Gl) + degev (Hl)

= (deg (φ̂)− 1) · deg (φ̂)l−1
+ deg (φ̂)

(
deg (φ̂)

l−2 − 1
)
+ degev (φ̂)

= deg (φ̂)
(
deg (φ̂)

l−1 − 1
)
+ degev (φ̂) .

In order to bound the third term, we recall degod
(
H l
)
= degod (φ̂)

l−1, hence we need to show degod
(
φ̂
′ ◦Gl

)
≤

degod (φ̂)
l − degod (φ̂)

l−1
+ degev (φ̂) − degod (φ̂). If degod (φ̂) = 1 we can see φ̂

′ ≡ c, c ∈ R and obtain
degod (φ̂ ◦Gl) = −∞. Assume degod (φ̂) ≥ 3. In the following we use

degod
(
φ̂
′) ≤ degod (φ̂)− 2 < degod (φ̂)− 1 = degev

(
φ̂
′)

.
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Lemma D.12 (c) allows unrolling degod
(
φ̂
′ ◦Gl

)
as

degod
(
φ̂
′ ◦Gl

)
=
(
degod

(
φ̂
′) · degod (Gl)

)
∨
(
(degod

(
φ̂
′)− 1) · degev (Gl) + degod (Gl)

)
∨
(
(degev

(
φ̂
′)− 1) · degod (Gl) + degev (Gl)

)
∨
(
(degev

(
φ̂
′)− 1) · degev (Gl) + degod (Gl)

)
≤ (degod (φ̂)− 2) degod (φ̂)

l−1

∨ (degod (φ̂)− 3)
(
degod (φ̂)

l−1
+ degev (φ̂)− degod (φ̂)

)
+ degod (φ̂)

l−1

∨ (degod (φ̂)− 2) degod (φ̂)
l−1

+ degod (φ̂)
l−1

+ degev (φ̂)− degod (φ̂)

∨ (degod (φ̂)− 2)
(
degod (φ̂)

l−1
+ degev (φ̂)− degod (φ̂)

)
+ degod (φ̂)

l−1

≤ degod (φ̂)
l − degod (φ̂)

l−1
+ degev (φ̂)− degod (φ̂) .

The case deg (φ̂) = degev (φ̂) > degod (φ̂) is handled analogously.

E POLYNOMIAL BOUNDEDNESS OF DERIVATIVES

Here, we prove Proposition 5. Specifically, we want to find a sufficient criterion for C∞-functions f such that
all of their derivatives f (k) are polynomially bounded. To this end, we leverage that typical activation functions
use symbolic expressions whose derivatives can be expressed using the same set of symbols, e.g. tanh′(x) =
1 − tanh(x)2. Our goal is to find a set of “base functions” whose derivatives use the same base functions and
which are polynomially bounded. We then exploit that the class of polynomially bounded functions is closed
under addition, multiplication and composition and therefore also contains the derivatives of the “base functions”.
Higher-order derivatives are then easily treated using induction. We first formally define the relevant function
classes:
Definition E.1. Let I ⊆ R be an interval. For m ∈ N0, let

S(m)(I) := {f ∈ Cm(I) | ∀0 ≤ k ≤ m ∃a, b, q > 0 ∀x ∈ I : |f (k)(x)| ≤ a|x|q + b} .

We note that the class S(∞)(I) from Definition 3 satisfies S(∞)(I) =
⋂∞

m=0 S(m)(I). ◀

Now, we formally define some “base functions”:
Definition E.2. Define sigmoid, softplus,RBF : R → R by

sigmoid(x) := (1 + e−x)−1

softplus(x) := log(1 + e−x)

RBF(x) := e−x2

.

Moreover, let Φ be the CDF of the normal distribution N (0, 1). ◀

Lemma E.3. Let I ⊆ R be an interval and let m ∈ N0 ∪ {∞}. Then,

(a) If m ≥ 1, then S(m) = {f ∈ C1(I) | f ∈ S(0)(I) and f ′ ∈ S(m−1)}(I).
(b) S(m)(I) is closed under addition, multiplication and composition of functions.
(c) S(m)(I) contains all polynomials.
(d) S(m)(I) contains sigmoid, tanh, softplus, sin, cos,RBF and Φ.

Proof. We prove the statements for m ∈ N0, the case m = ∞ easily follows.

(a) This statement is straightforward.
(b) For addition, the statement is trivial. Now, let f, g ∈ S(m). Choose constants C1, C2, q such that

|f(x)|, |g(x)| ≤ C1 + C2|x|q. Then, |f(x)g(x)| = O(|x|2q) and |f(g(x))| ≤ C1 + C2|g(x)|q ≤ C1 + C2|C1 +
C2|x|q|q = O(|x|q2). This shows f · g, f ◦ g ∈ S(0). If m = 0, we are done. Otherwise, we obtain

(f + g)′ = f ′ + g′ ∈ S(m−1)t
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(f · g)′ = f ′ · g + f · g′ ∈ S(m−1)

(f ◦ g)′ = (f ′ ◦ g) · g′ ∈ S(m−1)

since S(m−1) is closed under addition, multiplication and composition by the induction hypothesis. By (b),
we have shown that f · g, f ◦ g ∈ S(m).

(c) This is trivial.
(d) It is not hard to see that all of the mentioned functions are in S(0). For the induction step, we assume that

all of the mentioned functions are in S(m−1). Since all of these functions are C∞ functions, their derivatives
are in Cm−1(R). Moreover, by inspecting the derivatives and using the previously proven facts as well as
the induction hypothesis, it is easy to see that the derivatives are in S(m−1)(R):

sigmoid′(x) = sigmoid(x) · (1− sigmoid(x)) = sigmoid(x) · (x0 + (−x0) · sigmoid(x))

tanh′(x) = 1− tanh(x) · tanh(x)
softplus′(x) = sigmoid(x)

sin′(x) = cos(x)

cos′(x) = − sin(x)

RBF′(x) = 2x · RBF(x)

Φ′(x) =
1√
2π

e−x2/2 =
1√
2π

RBF(2−1/2 · x) .

Hence, by (b), we have shown that the functions are in S(m).

Proposition 5 (All common activation function satisfy Assumption 4).

(a) If f is constructed by addition, multiplication, and composition of polynomials, sigmoid, tanh, softplus, sin,
cos, RBF and Φ, then f ∈ S(∞)(R). Moreover, the functions g(x) = exp(ax) are in S(∞)((−∞, 0]) for every
a ≥ 0.

(b) Assumption 4 is satisfied for all activation functions from Table 1. It is also satisfied for all ϕ ∈ S(∞)(R).

Proof.

(a) It follows from elementary calculations that the functions f(x) = exp(ax) are in S(∞)((−∞, 0]) for all a ≥ 0.
For the other functions, this follows from Lemma E.3.

(b) This follows directly from (a).

F SMOOTHNESS OF GP SAMPLE PATHS

To prove Theorem 14, we need the following result, which is a variant of Thm. 7.4 of Lukić and Beder (2001):

Theorem F.1 (Theorem 1.2 in Steinwart 2024). Let H1, H2 be Hilbert spaces on a set T and let X be a centered
Gaussian process with covariance kernel k such that H1 is the RKHS of k. Then the following statements hold
true:

a) If H1 ↪→ H2 and furthermore this embedding is a Hilbert-Schmidt operator, then there exists a version Y of
X with P(Y ∈ H2) = 1.

b) Otherwise, for all versions Y of X we have P(Y ∈ H2) = 0.

Now, we can prove Theorem 14:

Theorem 14. Let k be a dot-product kernel on Sd whose RKHS is equivalent to a Sobolev space Hd+α(Sd),
α > 0. Let X be a Gaussian process on Sd with zero mean and covariance kernel k.

i) For any ε ≥ 0 we have P (Y ∈ Hd/2+α+ε(Sd)) = 0 for any version Y of X.
ii) For any 0 < ε < α, there exists a version Y of X with P

(
Y ∈ Hd/2+α−ε

)
= 1.

Proof. We will apply Theorem F.1 with

H1 := Hd+α(Sd) , and H2 := Hd/2+α+ε(Sd) ,
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where ε ∈ (−α,∞).

Here we first note that in the case ε > d/2 we have Hd+α(Sd) ̸↪→ Hd/2+α+ε(Sd) and hence ii) of Theorem F.1
gives i) of Theorem 14 for such ε.

It thus remains to consider ε ∈ (−α, d/2). Since in this case the embedding Hd+α(Sd) ↪→ Hd/2+α+ε(Sd) exists,
Theorem F.1 shows that we need to investigate whether this embedding is a Hilbert-Schmidt operator. To this
end we apply Brauchart and Dick (2013) where it is shown that the Sobolev space Hr(Sd) is given by

Hr(Sd) := {f ∈ L2(Sd) | ∥f∥Hr(Sd) < ∞},

∥f∥Hr(Sd) :=

∞∑
l=0

Nl,d∑
i=1

λl,rf̂l,i

for a sequence λl,r = Θ∀l(1 + l)2r, where f̂l,i denotes the Laplace-Fourier coefficients given by

f̂l,i :=

∫
Sd

f(x)Yl,i(x) dµSd(x) .

Furthermore Nl,d = Θ∀l((l + 1)d−1) holds. Hence, (λ−1/2
l,r Yl,i)l≥0,1≤i≤Nl,d

forms an ONB of Hr(Sd) that diag-
onalizes the embedding operator. The Hilbert-Schmidt norm of the embedding Hd+α(Sd) ↪→ Hd/2+α+ε(Sd) is
now straightforwardly given, cf. Birman and Solomjak (1987, Chapter 11.3), by

∥∥∥Hd+α(Sd) ↪→ Hd/2+α+ε(Sd)
∥∥∥

HS
=

∞∑
l=0

Nl,d∑
i=1

λl,d/2+α+ε

λl,d+α
. (F.1)

The asymptotics of λl,s and Nl,d yield

Nl,d∑
i=1

λl,d/2+α+ε

λl,d+α
= Θ∀l(l + 1)d−1Θ∀l(l + 1)d+2α+2ε

Θ∀l(l + 1)2d+2α
= Θ∀l(l + 1)2ε−1

and consequently, we see that (F.1) is finite if and only if ε < 0. This shows ii) as well as i) in the remaining
case 0 ≤ ε ≤ d/2.

G ACTIVATION QUADRATURE

Here, we derive a way to numerically approximate the dual activation for activations f that are smooth everywhere
except possibly at zero. The dual activation involve an integral with the term f(x)f(y), and in order to use
Gauss-Legendre quadrature, we need to decompose the integration domain into regions where f(x)f(y) is smooth.
Our construction is based on separate quadratures for the four quadrants x, y ≥ 0, x,−y ≥ 0, −x, y ≥ 0, and
−x,−y ≥ 0.

Let f : R → R and let ρ ∈ [−1, 1]. Moreover, let X,Y ∼ N (0, 1) be independent and let σx :=
√

1+ρ
2 , σy :=

√
1−ρ
2 .

Define the (centered) random variables

U := σxX + σyY

V := σxX − σyY

Then,

E[U2] = σ2
x + σ2

y = 1

E[UV ] = σ2
x − σ2

y = ρ

E[V 2] = σ2
x + σ2

y = 1 .

Hence, we have (
U
V

)
∼ N

((
0
0

)
,

(
1 ρ
ρ 1

))
.
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We then want to compute

f̂(ρ) = E[f(U, V )] = E[f(σxX + σyY, σxX − σyY )] .

We approximate the integral over a quadrant using the standard normal pdf ϕ as

g(ρ) :=

∫
(0,∞)2

f(u, v) dPU,V (u, v)

=

∫ ∞

0

∫ σx
σy

x

−σx
σy

x

f(σxx+ σyy, σxx− σyy)ϕ(x)ϕ(y) dy dx

≈
∫ cσy

0

∫ σx
σy

x

−σx
σy

x

f(σxx+ σyy, σxx− σyy)ϕ(x)ϕ(y) dy dx

+

∫ c(σy+1)

cσy

∫ cσx

−cσx

f(σxx+ σyy, σxx− σyy)ϕ(x)ϕ(y) dy dx

=: A+B

The restricted integration domains in the second integral B should not cause a large error since ϕ(x)ϕ(y) is small
for x ≥ c(σy +1) ≥ c and also for x ≥ cσy, |y| ≥ cσx since either σy or σx are ≥ 1√

2
. We can now further simplify

A using the substitutions x =: cσyx
′, y =: σx

σy
xy′ = cσxx

′y′:

A =

∫ 1

0

∫ 1

−1

cσy · cσxx
′ · f(cσxσyx

′(1 + y′), cσxσyx
′(1− y′))ϕ(cσyx

′)ϕ(cσxx
′y′) dy′ dx′ .

Now, we simplify B using the substitutions x =: cσy + cx′′ and y =: cσxy
′′:

B =

∫ 1

0

∫ 1

−1

c · cσx · f(cσxσy(1 + y′′) + cσxx
′′, cσxσy(1− y′′) + cσxx

′′)

· ϕ(cσy + cx′′)ϕ(cσxy
′′) dy′′ dx′′ .

Both integrals can be approximated using Gauss-Legendre quadrature along both axes.

For the plots in Figure 1 and Figure 2, we use c = 12 and a 50 × 50 grid of Gauss-Legendre points for each
2D integral. To compute the eigenvalues from the NTK, we use the Gegenbauer quadrature implementation
from Bordelon et al. (2020) with 1000 quadrature points. We provide code for reproducing the figures at
https://github.com/dholzmueller/beyond_relu.

https://github.com/dholzmueller/beyond_relu
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