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Abstract

Adam [13] is the de facto optimizer in deep learning, yet its theoretical understanding remains
limited. Prior analyses show that Adam favors solutions aligned with ¢.,-geometry, but these results
are restricted to the full-batch regime. In this work, we study the implicit bias of incremental Adam
(using one sample per step) for logistic regression on linearly separable data, and show that its
bias can deviate from the full-batch behavior. As an extreme example, we construct datasets on
which incremental Adam provably converges to the ¢5-max-margin classifier, in contrast to the
{o-max-margin bias of full-batch Adam. For general datasets, we characterize its bias using a proxy
algorithm for the S — 1 limit. This proxy maximizes a data-adaptive Mahalanobis-norm margin,
whose associated covariance matrix is determined by a data-dependent dual fixed-point formulation.
We further present concrete datasets where this bias reduces to the standard ¢5- and ¢,-max-margin
classifiers. As a counterpoint, we prove that Signum [4] converges to the {.,-max-margin classifier
for any batch size. Overall, our results highlight that the implicit bias of Adam crucially depends on
both the batching scheme and the dataset, while Signum remains invariant.

1. Introduction

The implicit bias of optimization algorithms plays a crucial role in training deep neural networks [27].
Even without explicit regularization, these algorithms steer learning toward solutions with specific
structural properties. In over-parameterized models, where the training data can be perfectly classified
and many global minima exist, the implicit bias dictates which solutions are selected. Understanding
this phenomenon has become central to explaining why over-parameterized models often generalize
well despite their ability to fit arbitrary labels [35].

Among modern optimization algorithms, Adam [13] is one of the most widely used, making its
implicit bias particularly important to understand. Zhang et al. [34] show that, unlike GD, full-batch
Adam converges in direction to the maximum ¢,-margin solution. This behavior is closely related
to sign gradient descent (SignGD), which can be interpreted as steepest descent in the £o,-norm
and is also known to converge to the maximum ¢,.-margin solution [7, 8]. Xie et al. [31] further
attribute Adam’s empirical success in language model training to its ability to exploit the favorable
£so-geometry of the loss landscape.

Yet, prior work on implicit bias in linear classification has almost exclusively focused on the
full-batch setting. In contrast, modern training relies on stochastic mini-batches, a regime where
theoretical understanding remains limited. Notably, Nacson et al. [19] show that SGD preserves the
same {2-max-margin bias as GD, suggesting that mini-batching may not alter an optimizer’s implicit
bias. But does this extend to adaptive methods such as Adam?

Does Adam’s characteristic £o-bias persist under the mini-batch setting?
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Figure 1: Mini-batch Adam loses the /..-max-margin bias of full-batch Adam. Cosine similarity between the weight
vector and the ¢>-max-margin (left) and ¢..-max-margin (right) solutions in a linear classification task on 10 data points
drawn from the 50-dimensional standard Gaussian. Full-batch Adam with (81, 82) = (0.9,0.95) converges to the
{~-max-margin solution, whereas mini-batch variants with batch size 1 converge to the different direction (see Section 4
for the detailed characterization). See Appendix E for experimental details.

Perhaps surprisingly, we find that the answer is no. Our experiments (Figure 1) illustrate
that when trained on Gaussian data, full-batch Adam converges to the {,,-max-margin direction,
whereas mini-batch Adam variants with batch size 1 converge to the different direction, which is
even closer to the />-max-margin solution. To explain this phenomenon, we develop a theoretical
framework for analyzing the implicit bias of mini-batch Adam, focusing on the batch size 1 case as a
representative contrast to the full-batch regime. To the best of our knowledge, this work provides the
first theoretical evidence that Adam’s implicit bias is fundamentally altered in the mini-batch setting.
Our contributions are summarized as follows:

* We analyze incremental Adam, which processes one sample per step in a cyclic order. Despite
its momentum-based updates, we show that its epoch-wise dynamics can be approximated by a
recurrence depending only on the current iterate (see Section 2).

* We demonstrate a sharp contrast between full-batch and mini-batch Adam using a family of
structured datasets, Scaled Rademacher (SR) data. On SR data, we prove that incremental Adam
converges to the £2-max-margin solution, while full-batch Adam converges to the £..-max-margin
solution (see Section 3).

* For general dataset, we introduce a uniform-averaging proxy that characterizes the limiting
behavior of incremental Adam as 2 — 1. We identify its convergence direction as the solution of
a data-adaptive margin-maximization problem, induced by a Mahalanobis norm whose covariance
matrix determined by a data-dependent dual fixed-point equation (see Section 4).

* We show that Signum (SignSGD with momentum; Bernstein et al. [4]) can provably retain
{o-bias under the mini-batch regime, in constrast to Adam (see Section 5).

2. How Can We Approximate Without-Replacement Adam?

Notations. For a vector v, let v[k] denote its k-th entry, vy its value at time step ¢, and v Lv, Nets
unless stated otherwise. For a matrix M, let M[i, j] denote its (4, j)-th entry. We use AV~ to
denote the probability simplex in R™V. Let [N] = {0,1,---, N — 1} denote the set of the first N
non-negative integers. For a PSD matrix M, define the Mahalanobis norm as |x||p £ Vx " Mx.
For vectors, v/, (-)2, and * operations are applied entry-wise unless stated otherwise. Given two
functions f(t), g(t), we denote f(t) = O(g(t)) if there exist C,T > 0 such that ¢t > T implies
|f(t)] < Clg(t)|. For two vectors v and w, we denote v o< w if v = ¢- w for a positive scalar ¢ > 0.
Let r = a mod b denote the remainder when dividing a by b, i.e., 0 < r < b.

Algorithms. We focus on incremental Adam (Inc—-Adam), which processes mini-batch gradients
sequentially from indices O to N — 1 in each epoch. Studying Inc—Adam provides a tractable way
to understand the implicit bias of mini-batch Adam: our experiments show that its iterates converge
in directions closely aligned with mini-batch Adam of batch size 1 under both with-replacement and
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random-reshuffling sampling. Sharing the same mini-batch accumulation mechanism, Inc-Adam
serves as a faithful surrogate for theoretical analysis. Pseudocodes for Inc—Adam and full-batch
deterministic Adam (Det-Adam) are given in Algorithms 1 and 2 in Appendix A.

Stability Constant .  In practice, we often consider an additional e term for numerical stability and
update with w1 = wy — 14 \/% In fact, when investigating the asymptotic behavior of Adam,
the stability constant significantly affects the converging direction, since vi — 0 ast — oo and €
dominates v;. Wang et al. [29] investigate RMSprop and Adam with the stability constant, yielding
their directional convergence to £2-max-margin solution. More recent approaches, however, point
out that analyzing Adam without the stability constant is more suitable for describing its intrinsic

behavior [7, 30, 34]. We adopt this view and consider the version of Adam without .

Problem Settings. We primarily focus on binary linear classification tasks. To be specific, training
data are given by {(x;, yi) }ic[n], Where x; € RY, y; € {—1,+1}. We aim to find a linear classifier
w which minimizes the loss £(w) = + >ieiny Lyi(w, xi)) = > ~y Li(w), where £ : R — R
is a surrogate loss for classification accuracy and £;(w) = ¢(y;(w, ng) denotes the loss value on
the i-th data point. Without loss of generality, we assume y; = +1, since we can newly define
X; = y;X;. In this paper, we consider two loss functions ¢ € {{exp, liog }, Where lexp(2) = exp(—2)
and {oe(2) = log(1 +e7%).

Assumption 1 (Separable data) There exists w € R? such that w'x; > 0, Vi € [N].
Assumption 2 x;[k] # 0 forall i € [N], k € [d].

Assumption 3 (Learning rate schedule) The sequence of learning rates, {n;}?2,, satisfies

(a) {n:}:2, is decreasing int, > ;2 n: = 00, and limy_,oc 1 = 0.

(b) Forall B € (0,1),c1 > 0, there exist t1 € Ny, ca > 0 such that Y0 _, B7 (e Dl — 1) <

cone for all t > .

Assumption 1 guarantees linear separability of the data. Assumption 2 holds with probability 1 if the
data is sampled from a continuous distribution. Assumption 3 originates from Zhang et al. [34] and
it takes a crucial role to bound the error from the movement of weights. We note that a polynomial
decaying learning rate schedule n; = (¢ + 2)~%, a € (0, 1] satisfies Assumption 3, which is proved
by Lemma C.1 in Zhang et al. [34].

The dependence of the Adam update on the full gradient history makes its asymptotic analysis
largely intractable. We address this challenge with the following propositions, which show that
the epoch-wise updates of Inc—Adam and the updates of Det —Adam can be approximated by a
function that depends only on the current iterate. Detailed proofs are deferred to Appendix F.
Proposition 1 Let {w;}{°, be the iterates of Det ~Adamwith 31 < [o. Then, under Assumptions 2

1/2
and 3, if limy_ o % = 0, then the update of k-th coordinate wy1[k] — wy[k] can be

represented by
wip1lk] — wilk] = —n (sign(VL(w)[k]) + &) , (D
for some limy_, o €, = 0.

Proposition 2 Let {w;}7°, be the iterates of Inc-Adamwith 31 < [5. Then, under Assumptions 2

and 3, the epoch-wise update W? 1 wl

» can be represented by

Sy i VL (w))
Wi = w2 = —nn | Cine(B1, B2) Z JelN] 1@ = ’
i€[N] \/Eje[N} By ™V Lj(wP)?

+ €|, ()
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where 89 = BN, g0 — g0TIN G (81, 82) = 2B \J T s afunction of By, o
and lim,_,~ €, = 0. If we take n; = (t + 2)~* for some a € ( ] then €, = O(r=%?),

Discrepancy between Det—Adam and Inc—-Adam. Propositions 1 and 2 reveal a fundamental
discrepancy between the behavior of Det —Adam and one of ITnc—Adam. Proposition 1 demonstrates
that Det —Adam can be approximated by SignGD, which has been reported by previous works [3, 40].
Note that the condition is not satisfied when V £(w)[k] decays at a rate on the order of ntl / 2E(wt),
which often calls for a more detailed analysis (see Zhang et al. [34, Lemma 6.2]). Such an analysis
establishes that Det —Adam asymptotically finds an /,,-max-margin solution, a property that holds
regardless of the choice of momentum hyperparameters satisfying 51 < s [34].

In stark contrast, our epoch-wise analysis illustrates that Inc—-Adam’s updates more closely
follow a weighted, preconditioned GD. This makes its behavior highly dependent on both the
momentum parameters and the current iterate. The discrepancy originates from the use of mini-batch
gradients; the preconditioner tracks the sum of squared mini-batch gradients, which diverges from the
squared full-batch gradient. This discrepancy results in the highly complex dynamics of Inc-Adam,
which are investigated in subsequent sections.

3. Warmup: Structured Data

Eliminating Coordinate-Adaptivity. To highlight the fundamental discrepancy between Det —Adam
and Inc-Adam, we construct a scenario that completely nullifies the coordinate-wise adaptivity of
Inc-Adam’s preconditioner by introducing the following family of structured datasets.

Definition 3 We define Scaled Rademacher (SR) data as a set of vectors {Xi}ie[ N) which satisfy
|x;[k]| = |x:[l]], VK, € [d], for each i € [N]. We also assume that SR data satisfies Assumptions 1
and 2, unless otherwise specified.

Corollary 4 Consider Inc—-Adam iterates {w;};°, on SR data. Then, under Assumptions 2 and 3,

the epoch-wise update w? 1 w0 can be approximated by weighted normalized GD, i.e.,

Wy —1N Z ” e VLW t e | 3)

€[N ]
where lim, o €, = 0 and c¢; < a;(r) < cg for some positive constants c1, cy only depending on

B, Ba. (i bicin I = (¢ +2)~ for some a € (0, 1], then e, [loc = O(—/?).

Theorem 5 Consider Inc—Adam iterates {w}3°, with $1 < (B2 on SR data under Assumptions 1
t0 3. If (a) L(w¢) — 0ast — oo and (b) ny = (t + 2)~* for a € (2/3, 1], then it satisfies

A

= Wy,

lim
t—o0 HWtHQ

where Wy, denotes the (unique) {2-max-margin solution of SR data {Xi}ie[ NJ-

The analysis in Theorem 5 relies on Corollary 4, which ensures that the weights a;(r) are bounded
by two positive constants, ¢; and c. This condition is crucial to prevent any individual data from
having a vanishing contribution, which could cause the Inc-Adam iterates to deviate from the
f5-max-margin direction. Furthermore, the controlled learning rate schedule is key to bounding the
€, term in our analysis. For a detailed proof and empirical verifications, see Appendices D and G.

4
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4. Generalization: AdamProxy

Uniform-Averaging Proxy. A key challenge in characterizing the limiting predictor of Inc—-Adam
for a general datasets is that its approximated update (Proposition 2) is difficult to analyze directly.
To address this, we study a simpler uniform-averaging proxy, derived in Proposition 18 under the
limit B2 — 1. This approximation is well-motivated, as 3 is typically chosen close to 1 in practice.
Definition 6 We define AdamProxy update as

VL(w
6; = Prx(wy) £ (we) , Wip1 = Wi — 10y 4)

VI, VLi(w)?

Proposition 7 (Loss convergence) Under Assumptions I and 2, there exists a positive constant
n > 0 depending only on the dataset {Xi}le , such that if the learning rate schedule satisfies
n < nand Zt oMt = 00, then AdamProxy lterates minimize the loss, i.e., limy_, o, L(w;) = 0.

To characterize the convergence direction of AdamProxy, we further assume that the weights
{w}72, and the updates {d; }$°, converge in direction.

Assumption 4 We assume that: (a) learning rates {Wt}t o satisfy the conditions in Proposition 7,
(b) Alimy_, o HW H =W, and (c) Ilim;_ Hng

Lemma 8 Under Assumption 4, there exists ¢ = (co,--- ,cn—1) € ANT such that the limit
direction W of AdamProxy satisfies

; Ci Xy
W o ZZG[N] (5)

A/ Zie[N] cix}

and c; = 0 fori ¢ S, where S = arg RN W | x; is the index set of support vectors of W.

Prior research on the implicit bias of optimizers has predominantly focused on characterizing the
convergence direction through the formulation of a corresponding optimization problem. For example,
the solution to the £,-max-margin problem (max ., cpd %Hwa7 subjecttow 'x; — 1 >0, Vi € [N])
describes the implicit bias of the steepest descent algorithm with respect to the £,-norm in linear
classification tasks [8]. However, Equation (5) does not correspond to the KKT conditions of a
conventional optimization problem. To address this, we introduce a novel framework to describe
the convergence direction, based on a parametric optimization problem combined with fixed-point
analysis between dual variables.

Definition 9 Given c € AN~ we define a parametric optimization problem Pjgqy(c) as

1
Pigam(c) : min waH%/I(C) subjectto w'x; —1>0, Vi € [N], (6)
weRd 2

where M(c) = diag( Zje[N] c?x?) € R4, We define p(c) as the set of global optimizers of
Pugam(c) and d(c) as the set of corresponding dual solutions. Let S(w) = {i € [N] | w'x; = 1}
denote the index set for the support vectors for any w € X (c).

Assumption 5 (Linear Independence Constraint Qualification) For any ¢ € ANl and w €
p(c), the set of support vectors {Xi}iES(w) is linearly independent.
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Theorem 10 Under Assumptions 1 and 5, Pagam(c) admits unique primal and dual solutions, so
that p(c) and d(c) can be regarded as vector-valued functions. Moreover, under Assumptions 1, 2, 4
and 5, the following hold:

(a) p: AN=1 — R% is continuous.

(b) d: AN"1 R]ZVO\{O} is continuous. Consequently, the map T(c) =
(c) The map T : AN~1 — AN=1 admits at least one fixed point.

(d) There exists c* € {c € AN~1:T(c) = c} such that the convergence direction W of AdamP roxy

is proportional to p(c*).

d(c)

COIR is continuous.

Theorem 10 describes how structural properties of the data shape the limit direction of AdamProxy.
Proofs and further discussions are deferred to Appendices D and H.

5. Signum can Retain /. -bias under Stochastic Regime

In the previous section, we showed that Adam loses its /,-max-margin bias under mini-batch updates,
drifting toward data-dependent solutions. This motivates the search for a SignGD-type algorithm
that preserves /,-geometry even in the mini-batch regime. We prove that Signum [4] satisfies
this property: with momentum close to 1, its iterates converge to the /,.-max-margin direction for
arbitrary mini-batch sizes. Proofs and further discussions are deferred to Appendices D and L.
Theorem 11 Let 6 > 0. Then there exists € > 0 such that the iterates {w;}?, of Inc-Signum
(Algorithm 4) with batch size b and momentum 3 € (1 — €, 1), under Assumptions 1 and 3, satisfy

: T
min,;c [N] X, Wi

lim inf > Yoo — 0, @)

t=moo [[Wiloo
where

Yoo £ max minw'x;, D 2 max 1% |1,
[wlloo <1 4€[N] i€[N]
and )
€= ————~——min{d =1 ifb< N, e=1 ifb=N.
2D - H (& -1) ok o f

6. Discussion and Future Work

We studied the convergence directions of Adam and Signum for logistic regression on linearly
separable data in the mini-batch regime. Unlike full-batch Adam, which always converges to the
{~o-max-margin solution, mini-batch Adam exhibits data-dependent behavior, revealing a richer
implicit bias, while Signum consistently preserves the ¢,,-max-margin bias across all batch sizes.
Toward understanding the Adam-SGD gap. Empirical evidence shows that Adam’s advan-
tage over SGD is most pronounced in large-batch training, while the gap diminishes with smaller
batches [14, 18, 24]. Our results suggest a possible explanation: the /,-adaptivity of Adam, proposed
as the source of its advantage [31], may vanish in the mini-batch regime. An important direction for
future work is to investigate whether this loss of /,-adaptivity extends beyond linear models and
how it interacts with practical large-scale training.

Limitations. Our analysis for general dataset relies on the asymptotic regime 82 — 1 and on
incremental Adam as a tractable surrogate. Extending the framework to finite 5o, larger batch sizes,
and common sampling schemes (e.g., random reshuffling) would make the theory more complete.
See Appendix C for further discussion. Relaxing technical assumptions and developing tools that
apply under broader conditions also remain important directions.
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Appendix A. Pseudocodes

Algorithm 1 Det-Adam

Hyperparams: Learning rate schedule {nt}f:_ol, momentum parameters 31, 32 € [0, 1)
Input: Initial weight wo, dataset {x; };c[n]

1: Initialize momentumm_; =v_; =0

2: fort=20,1,2,...,T —1do

3: gt < Vﬁ(wt)

4 my < pimy_g + (1 - fr)g:

5 vi < Baviog + (1 — Ba2)g?

6:  Wip1 ¢ Wi — nt\r/%

7: return wr

Algorithm 2 Inc-Adam

Hyperparams: Learning rate schedule {7;}~ ', momentum parameters 31, 2 € [0, 1)
Input: Initial weight wo, dataset {x; };c[n]

1: Initialize momentumm_; =v_; =0

2: fort=0,1,2,..., 7 —1do

33 g+ VL, (wy), iy =tmod N
4 my < fimyg + (1 - fr)g:

5: Vi < BQVt_l + (1 — Bg)gtz

6:  Wig] & Wy — Ut\r/l%

7: return wp

Algorithm 3 Fixed-Point Iteration

Input: Dataset {x; };c|]. initialization ¢y € AN threshold ey > 0
1: repeat
Solve Pagam(co) : min 3 ||w||n(c,) subject to w'x; — 1 > 0,Vi € [N]
w < Primal( Padam )
C1 < Dual(PAdam)
6+ [ler — coll2
Cp < Cq
7: until § < ey
8: return w

AN AN S ol
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Algorithm 4 Tnc-Signum

Hyperparams: Learning rate schedule {77,5}3:01, momentum parameter 5 € [0, 1), batch size b
Input: Initial weight wy, dataset {x; };c[n]

1: Initialize momentum m_; = 0

2: fort=20,1,2,...,T —1do

3 By {(t-b+i) (mod N)}oz}

4 g+ VLp, (W) = %zieBt O (w)x;)x;

50 my < Bmy_1 + (1 - B)g:

6: Wiyl < Wy — 1 sign(my)

7: return wr

Appendix B. Related Works

Understanding Adam. Adam [13] and its variant AdamW [17] are standard optimizers for large-
scale models, particularly in domains like language modeling where SGD often falls short. A
significant body of research seeks to explain this empirical success. One line focuses on convergence
guarantees. The influential work of Reddi et al. [22] demonstrates Adam’s failure to converge on
certain convex problems, which motivates numerous studies establishing its convergence under
various practical conditions [1, 5, 9, 12, 16, 38]. Another line investigates why Adam outperforms
SGD, attributing its success to robustness against heavy-tailed gradient noise [36], better adaptation
to ill-conditioned landscapes [11, 21], and effectiveness in contexts of heavy-tailed class imbalance or
gradient/Hessian heterogeneity [15, 25, 39]. Ahn et al. [2] further observe that this performance gap
arises even in shallow linear Transformers. Recent works investigate how the choice of momentum
hyperparameters [20] and the rotation operation [37] affect the performance of Adam.

Implicit Bias and Connection to /..-Geometry. Recent work increasingly examines Adam’s
implicit bias and its connection to ¢,-geometry. This link is motivated by Adam’s similarity to
SignGD [3, 4], which performs normalized steepest descent under the £.,-norm. Kunstner et al. [14]
show that the performance gap between Adam and SGD increases with batch size, while SignGD
achieves performance similar to Adam in the full-batch regime, supporting this connection. Zhang
et al. [34] prove that Adam without a stability constant converges to the {.,-max-margin solution in
separable linear classification, later extended to multi-class classification by Fan et al. [7]. Tsilivis
et al. [26] investigate implicit bias of steepest descent in homogeneous neural networks, supporting
that SignGD describes a typical dynamics of Adam. Complementing these results, Xie and Li [30]
show that AdamW implicitly solves an £,,-norm-constrained optimization problem, connecting its
dynamics to the Frank-Wolfe algorithm. Exploiting this {,,-geometry is argued to be a key factor
in Adam’s advantage over SGD, particularly for language model training [31]. Vasudeva et al. [28]
examine how Adam and GD show different implicit biases when training two-layer ReLU networks,
describing Adam’s richer and more diverse decision boundary.

Appendix C. Further Discussion
C.1. Effect of Hyperparameters on Mini-batch Adam

The scope of our analysis does not fully encompass the effects of batch sizes and momentum
hyperparameters on the limit direction of mini-batch Adam. To motivate further investigation, this

14
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section presents preliminary empirical evidence that shows the sensitivity of the limit direction to
these choices.

Effect of Batch Size. To investigate the effect of batch size on the limiting behavior of mini-batch
Adam, we run incremental Adam on the Gaussian data with N = 10, d = 50, varying batch sizes
among 1, 2, 5, and 10. Figure 2 shows that as the batch size increases, the cosine similarity between
the iterate and /,.-max-margin solution increases. This result suggests that the choice of batch size
does affect the limiting behavior of mini-batch Adam, wherein larger batch sizes yield dynamics
that converge towards those of the full-batch regime. A formal characterization of this dependency
presents a compelling direction for future research.

Cosine Similarity with £,-Max-Margin Solution Cosine Similarity with £.-Max-Margin Solution
1.0
AraadMAMMU i —————
20.9
F o —
2 e E T e —
‘€£0.8
=
[}
£0.7
3 =~ Full-batch Adam s+ Full-batch Adam
© Incremental Adam (batch size 5) Incremental Adam (batch size 5)
0.6 —#— Incremental Adam (batch size 2) —#— |ncremental Adam (batch size 2)
-4 |ncremental Adam (batch size 1) —4— |ncremental Adam (batch size 1)
05763 10° 10° 10° 10° 107 105 10°
Iterations Iterations

Figure 2: The choice of batch size influences the limit direction of mini-batch Adam. We train
on the same Gaussian data (N = 10,d = 50) as in Figure 1 and plot the cosine similarity of the
weight vector with the £2-max-margin solution (left) and the /,-max-margin solution (right), varying
batch sizes in {1, 2,5, 10}. As the choice of batch size becomes closer to 10 (full-batch), the limit
direction aligns closer to /,,-max-margin solution.

Effect of Momentum Hyperparameters. Theorem 10 characterizes the limit direction of AdamProxy,
which approximates mini-batch Adam with a batch size of one in the high-3s regime. We investigate
how this approximation fails in the different choice of momentum hyperparameters. Revisiting

the Gaussian data with N = 10,d = 50, we run mini-batch Adam with a batch size of 1 (in-
cluding Inc-Adam) using LR schedule n; = O(¢t~%%), varying the momentum hyperparameters
(81, B2) € {(0.1,0.95), (0.5,0.95), (0.9,0.95), (0.1,0.1), (0.1,0.5), (0.1,0.9) }.

The first experiment investigates the influence of 8; by varying 5; € {0.1,0.5,0.9} while
maintaining a high choice of S5 = 0.95. The results, presented in Figure 3, demonstrate that 51 does
not affect the convergence direction. This finding validates Proposition 18, which posits that our
AdamProxy framework accurately models the high-5> regime, regardless of the choice of ;.

Conversely, the choice of 52 shows to be critical. We sweep 32 € {0.1,0.5,0.9} while main-
taining 57 = 0.1 and plot the cosine similarities in Figure 4. The results illustrate that for choices
of B2 € {0.1,0.5}, the trajectory of mini-batch Adam deviates from the fixed-point solution of
Theorem 10. It indicates that the high-/2 condition is crucial for the approximation via AdamProxy
and characterizing the limit direction of mini-batch Adam in the low-/» regime remains an important
future direction.
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Cosine Similarity, (81, 82) =(0.9,0.95) Cosine Similarity, (81, 82) =(0.5,0.95) Cosine Similarity, (81, 82) =(0.1,0.95)
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Figure 3: 31 does not affect the convergence direction of mini-batch Adam for large 3>. We train
on the same Gaussian data as in Figure 1, varying 51 € {0.9,0.5,0.1} with fixed f2 = 0.95, and
plot the cosine similarity between the weight vector and the fixed-point solution (Algorithm 3). All
mini-batch Adam variants with batch size 1 consistently converge to the fixed-point solution.

Cosine Similarity, (81, B2) =(0.1,0.9) Cosine Similarity, (81, B2) =(0.1,0.5) Cosine Similarity, (81, 82) =(0.1,0.1)
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Figure 4: (3, affects the convergence direction of mini-batch Adam. We train on the same Gaussian
data as in Figure 1, varying 82 € {0.9,0.5,0.1} with fixed 5; = 0.1, and plot the cosine similarity
between the weight vector and the fixed-point solution (Algorithm 3). Mini-batch Adam variants
with batch size 1 deviate increasingly from the fixed-point solution as 35 decreases.

C.2. Can We Directly Analyze Inc—Adam for General 35?

As empirically demonstrated in Appendix C.1, the selection of 39 alters the limiting behavior of
Inc-Adam. This observation motivates an inquiry into whether our fixed-point formulation can
be directly generalized to accommodate general choices of (3, based on a more general proxy
algorithm. We proceed by outlining the technical challenges that prevent such a direct application of
our framework, even under a stronger assumption on 3; and the behavior of w,..

Let {w;} be the Inc—Adam iterates with 8; = 0. For simplicity, we only consider the epoch-
wise update and denote w,. = w2, 1, = Cin.(0, B2)7,v as an abuse of notation. By Proposition 2,
w, can be written by

(1>

> VLi(w,)
i€[N] \/Zje[N} BN L(w)?
(&)

o +é€r

Wril — Wy = — 10y

for some €, — 0. Note that (#) replaces AdamProxy in Section 4, incorporating the rich behavior
induced by a general 5. Then, we provide a preliminary characterization of the limit direction of
Inc-Adam as follows.

Lemma 12 Suppose that (a) L(w,) — 0 and (b) w, = ||w,|2W + p(r) for some W with
3lim,_, p(r). Then, under Assumptions 1 and 2, there exists ¢ = (cg,--- ,cn—1) € AN™L such
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that the limit direction W of Inc—-Adam with 81 = 0 satisfies

~ CiXj

woo 3 , ®)
i€[N] \/Zje[m BYe c; 32

and c¢; = 0 fori ¢ S, where S = arg min; ey W | x; is the index set of support vectors of W.

We recall that the fixed-point formulation in Theorem 10 arises from constructing an optimization
problem whose KKT conditions are given by Equation (5) fixing the ¢;’s in the denominator; the con-
vergence direction is then characterized when the dual solutions of the KKT conditions coincide with
the ¢;’s in the denominator. Therefore, to establish an analogous fixed-point type Characterization we
should construct an optimization problem whose solution is given by w* = > . €[N \/E 5 (Z = e

JE[N]

with dual variables d; > 0 satisfying that d; = 0 for j € S = arg minie[ N W sz.
However, this cannot be formulated via KKT conditions of an optimization problem. The
index set S indicates support vectors with respect to x;, while our dual variables are multiplied

\/Z X RN = X;(c). A notable direction for future work is to generalize the proposed
JE[N] G%;
methodology for arbitrary values of (3.

Appendix D. Additional Results in Sections 3 to 5

Experiments in Section 3. To verify our theoretical results, we run mini-batch Adam (with
batch size 1) on SR dataset xo = (1,1,1,1), x; = (2,2,2,—-2), xo = (3,3,—-3,—3), and x3 =
(4, —4,4, —4), varying the momentum hyperparameters (1, 52) € {(0.1,0.1), (0.5,0.5), (0.9,0.95)}.
Figure 5 demonstrates that its limiting behavior toward ¢5-max-margin solution consistently holds on
the broad choices of (81, f2).

Case Studies of Section 4. We illustrate how structural properties of the data shape the limit direc-
tion of AdamP roxy through three case studies. These examples demonstrate that both AdamProxy
and Inc—-Adam converge to directions that are intrinsically data-dependent.

Example 1 (Revisiting SR data) For SR data {X;};c|n], the matrix M(c) reduces to a scaled
identity for every ¢ € AN~Y. Hence, the parametric optimization problem Pyguy(c) narrows down
to the standard SVM formulation

1
min §HWH% subjectto w'x; —1>0, Vi € [N].

Therefore, Theorem 10 implies that AdamProxy converges to the {o-max-margin solution. This
finding is consistent with Theorem 5, which establishes the directional convergence of ITnc—Adam
on SR data. Together, these results indicate that the structural property of SR data that eliminates
coordinate adaptivity persists in the limit By — 1.

Example 2 (Revisiting Gaussian data) We next validate the fixed-point characterization in The-
orem 10 using the Gaussian dataset from Figure 1. The theoretical limit direction is given by the
fixed point of 'T' defined in Theorem 10, which we compute via the iteration in Algorithm 3. As
shown in Figure 6, both AdamProxy and mini-batch Adam variants with batch size 1 converge to
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Figure 5: Mini-batch Adam converges to the/;-max-margin solution for SR data. We train
on SR dataset xog = (1,1,1,1), x3 = (2,2,2,-2), xo = (3,3,—3,-3), and x3 = (4, —4,4, —4),
varying the momentum hyperparameters as (a) (51, f2) = (0.1,0.1), (b) (81, B2) = (0.5,0.5), (c)
(81, B2) = (0.9,0.95). In all tested configurations, the family of mini-batch Adam algorithms with
batch size 1 converge to the {5 max-margin solution, which deviate significantly from the £, bias of
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the predicted solution, confirming the fixed-point formulation and the effectiveness of Algorithm 3.
Furthermore, this demonstrates that, depending on the dataset, the limit direction of mini-batch
Adam may differ from both the conventional {s- and {-max-margin solutions.

Example 3 (Shifted-diagonal data) Consider N = d and {x;};cjq C R? with x; = w;e; +
52]-# e;j for some 6 > 0and 0 < xg < --- < x4_1. Then, the {,-max-margin problem

min%”w”io subjectto w'x; > 1, Vi € [N]

has the solution We, = (m, e ,m) € R% Notice that c* = (1,0,---,0) € A4!
is a fixed point of T in Theorem 10, and Wo, = p(c*); detailed calculations are deferred to
Appendix H. Consequently, the {.-max-margin solution serves a candidate for the convergence
direction of AdamProxy as predicted by Theorem 10. To verify this, we run AdamProxy and
mini-batch Adam variants with batch size 1 on shifted-diagonal data given by xo = (1,0,9,9),
x1 = (0,2,6,0), xa = (6,0,4,6), and x3 = (0,9,9,8) with 6 = 0.1. As shown in Figure 7, all
mini-batch Adam variants converge to the {-max-margin solution, consistent with the theoretical
prediction.

Experiments in Section 5. Revisiting the Gaussian data under n = 10, d = 50, we run determinis-
tic Signum and Tnc—Signum on the same data in Figures 1 and 6 with LR schedule i, = O(t~9-)
and § = 0.995. Recall that under this dataset, mini-batch Adam including Inc—-Adam deviates from
£+ solution and converges to the fixed-point solution, while Det —Adam finds favorable ¢, solution.
However, Figure 8 shows that Inc—Signum maintains ¢, bias of its deterministic counterpart.

Theorem 11 demonstrates that Tnc—Signum maintains its bias to ¢,,-max-margin solution,
while the momentum hyperparameter S should be close enough to 1 depending on the choice of
batch size; the gap between 3 and 1 should decrease as batch size b decreases. To investigate this
dependency, we run Inc—-Signum on the same Gaussian data as in Figure 1, varying batch size
b e {1,2,5,10} and the momentum hyperparameter 5 € {0.5,0.9,0.95,0.99}. Figure 9 shows that
to maintain the /,.-bias, the choice of 5 should be closer to 1 as the batch size decreases.
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Figure 6: Mini-batch Adam converges to the fixed-point solution on Gaussian data. We train on
the same Gaussian data as in Figure 1 and plot the cosine similarity of the weight vector with the
£5-max-margin solution (left) and the fixed-point solution (right). The results show that variants of
mini-batch Adam with batch size 1 converge to the fixed-point solution obtained by Algorithm 3,
consistent with our theoretical prediction (Theorem 10).
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Figure 7: Mini-batch Adam converges to the /.,-max-margin solution on a shifted-diagonal
dataset. We train on the dataset xo = (1,0,0,0), x1 = (4,2,6,6), x2 = (0,0,4,9), and x3 =
(6,0,0,8) with § = 0.1. Variants of mini-batch Adam with batch size 1 converge to the /,,-max-
margin direction.
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Figure 8: Mini-batch Signum converges to the /,,-max-margin solution. We train on the same
Gaussian data (N = 10, d = 50) as in Figure 1, using full-batch Signum and incremental Signum
with 8 = 0.99, for batch sizes b € {5, 2, 1}. Across all batch sizes, incremental Signum consistently
converges to the {.,-max-margin solution, in sharp contrast to incremental Adam.

20



(@)

(b)

(c)

(d)

Figure 9: Effect of Batch Size on Inc-Signum. We run Inc—-Signum on the same Gaussian data
(N = 10,d = 50) as in Figure 1 and plot the cosine similarity of the weight vector with the £2-max-
margin solution (left) and the {,-max-margin solution (right), varying batch size b € {1,2,5,10}
and the momentum hyperparameter (a) 5 = 0.5, (b) 8 = 0.9, (¢c) 8 = 0.95, (d) 5 = 0.99. As
the batch size decreases, we should choose 3 closer to 1 to maintain the limit direction toward
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Appendix E. Experimental Details

This section provides details for the experiments presented in the main text and appendix.

We generate synthetic separable data as follows:

* Gaussian data (Figures 1, 2 to 4, 6, 8 and 9): Samples are drawn from the standard Gaussian
distribution N (0, 7). We set the dimension d = 50 and sample N = 10 points, ensuring a
positive margin so that the data is linearly separable.

* Scaled Rademacher (SR) data (Figure 5): We use x9 = (1,1,1,1), x3 = (2,2,2,—2),
x = (3,3,—-3,-3), and x3 = (4, —4,4, —4).

* Shifted-diagonal data (Figure 7): We use xo = (1,4,6,0), x1 = (4,2,6,0), x2 = (9,9,4,0),
and x3 = (9,9, 6,8) with 6 = 0.1.

We minimize the exponential loss using various algorithms. Momentum hyperparameters are
(81, B2) = (0.9,0.95) for Adam and 5 = 0.99 for Signum unless specified otherwise. For Adam
and Signum variants, we use a learning rate schedule 7, = 7o(t + 2) ™ with ny = 0.1 and a = 0.8,
following our theoretical analysis. Gradient descent uses a fixed learning rate 7, = ng = 0.1.
Margins with respect to different norms are computed using CVXPY [6].

The fixed-point solution (Theorem 10) is obtained via fixed-point iteration (Algorithm 3) for
Figures 3, 4 and 6. We initialize cp = (1/N,...,1/N) € AN—L set the threshold e, = 108, and
converge to the fixed-point solution within 20 iterations in all settings.

Appendix F. Missing Proofs in Section 2

In this section, we provide the omitted proofs in Section 2, which describes asymptotic behaviors of
Det-Adam and Inc-Adam. We first introduce Lemma 13 originated from Zou et al. [40, Lemma
A.2], which gives a coordinate-wise upper bound of updates of both Det -Adam and Inc—-Adam.
Then, we prove Propositions 1 and 2 by approximating two momentum terms.

Notation. In this section, we introduce the proxy function G : R — R defined as

G(w) := —% Z (w'xy).

1€[N]

Lemma 13 (Lemma A.2 in Zou et al. [40]) Assume ﬁ% < By and let o = % Then,
1

for both Det -Adam and Inc-Adam iterates, my[k| < a\/vy[k] for all k € [d].

Proof Following the proof of Zou et al. [40, Lemma A.2], we can easily show that the given upper
bound holds for both Det ~Adam and Inc-Adam. We prove the case of Inc—Adam, while it
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naturally extends to Det —~Adam. By Cauchy-Schwartz inequality, we get

mg[k]| = D BT (1= BV L, (Wer)[F]]

7=0

< Z BTI(1 = B)IVL;,_, (wWi_r)[K]|

7=0
t P gra-p)?)”
< (;) B3 (1 —B2>‘v£itr(wt—7')[k”2> (2;) 55(1 —5;) > (CS inequality)
< ay/vi[k].
The last inequality is from
BF(1—-61)2 _ (1-p1) <5%)7_ Ba(1—51)*
Z 3(1— B2) = 1— B9 TZ:% o _(1—ﬁ2)(ﬁ2—5%)_a’

where the infinite sum is bounded from 37 < Bs. |

T=

F.1. Proof of Proposition 1

Proposition 1 Let {Wt} be the iterates of Det —Adamwith 51 < (9. Then, under Assumptions 2

and 3, if limy_,s ﬁ = 0, then the update of k-th coordinate wy1[k] — w[k] can be

represented by
Wi [k] — wilk] = =i (sign(VL(wi)[k]) + &), e))
for some limy_, o, € = 0.
Proof We recall Lemma 6.1 in Zhang et al. [34], stating that
}mt kKl —(1- t+1)V£(Wt)[kH < emmG(Wy),

'\/ Vt \/ ;Jrl ‘V,C Wt < cv\/ﬁg(wt)

forall ¢ > ¢; and k € [d]. Based on these results, we can rewrite m?[k] and /vg[k] as

my[k] = (1= B VL(W)[K] + em(1)G(we),

Vvilk] = 5TV L(w) K| + ey (G (W),
where e (t) = O(n¢), ey (t) = O(/7¢). Note that ggwtg < 1 from Lemma 26 and Zj:; -3 <
s T E 5 | S |%‘+}9 2 | for positive numbers €1, €2, b. Therefore, if lim;_ o, ﬁ
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0, then we get

[k] Lo sign (V.L(wy)[k])
\/ Vt / 6t+1 ¢
€m(1)G(Wi) 1= ev ()G (wi)

4 sign (V.L(wy)[k]) -

<
1- Bt vL(wy)k]| |y/1— 85t 1— B3 VL (wy)[K]]

~~

—0 bounded —0

— 0.

From £, B} — 0, we get wyi1[k] — wi[k] = —ny \r/n% my (sign (VL(wy)[k]) + € ) for some

lim; o €, = 0. n

F.2. Proof of Proposition 2

To prove Proposition 2, we start by characterizing the first and second momentum terms my, v in
Inc—-Adam, which track the exponential moving averages of the historical mini-batch gradients
and square gradients. As mentioned before, a key technical challenge of analyzing Adam is its
dependency in the full gradient history. The following lemma approximates momentum terms with
respect to a function of the first iterate in each epoch w’, which is crucial for our epoch-wise analysis.

Lemma 14 Under Assumptions 2 and 3, there exists t1 only depending on (31, B2 and the dataset,
such that

mefk] — 8§ BT LWk < em (1) ma [ V., w2 ]

_mvjew] JeN]
s 1_/8 S,
vilk - 522 S BIVL (WP < e (1) mas V25w wO) k]|,

JE[N]

for all r, s satisfying TN + s > t1 and k € [d], where

em(t) £ (1= B1)e NP1 ey + (2NPIN — 1) 4 GFT,

Ev(t) L 3(1 _ ﬁQ)GQaNDnTNCént +3(620NDTITN _ )+18t+1’

D = max;e(n %1, and ca, ¢y are constants only depend on B, B2, and the dataset.
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Proof Consider ¢ = rN + s and the gradient at time ¢ is sampled from data w1th index s in 7-th
epoch. Then we can decompose the error between m7[k] and - 1- ’8 N D jelN] 61 *:3) VL;(w?)[k] as

t
<> BT =B1)VL,  (Wir) 231 1= p1)VL;,_. (wi)[K]]
7=0

(A): error from movement of weights

+1D B = B)VL;,_ (Wi 2511—61 Li,_, (W)[K]

7=0

(B): error between wy and w0

HZBll—Bl Li_, (w))[K] CIvL (wi)[k]]

JG (V]

(C): error from infinite-sum approximation
Note that

t
A) <Y BT = Bl (wirxi, ) — 0w i, )|, [K]]

7=0

—Zﬂl

()
< (1—61)n61ax|vc wy)] |Zgr DYy et 1)

7=0

gl(wt Txlt 7')

( tTXZt T)

1 1€ (wy i, )i, [K]

(%)

IN

1- VL;(wi)lk
(1= Br)eam max [V L5 (we) K]

(k)
< (1- 51)eaND"TNC277t max |VL; (Wg)[k”
JE[N]

for some ¢ > 0 and ¢ > ¢;. Here, () is from Lemma 28 and

plwe—wir)Txiy |1 < Iwe=wirlloollxi,_o I _ | « paD Xy
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Also, (*%) is from Assumption 3, and (k) is from

Vﬁ'(Wt)[’f]'
VL < max [V.L; (W2 K] - ;
}"233‘]' (W) [K]| —]Helﬁ?]' i (wy)[F]| e | VL (wO) k]
U T
= max |VL;(w D[K]| - max ! (WtTX])
FEIN] JENT |0/ (W) X;)
< paNDnpy VL k
<e ]Helaa\f;(]’ ]( r)[ ”7

where the last inequality is from Lemma 28 and
' (wi x;)

EI(WOTXJ)

< max €| Wi— w x]| < eOéNDﬁrN

max <
JE[N]

JE[N]

Also, observe that
¢
- T
B) <> BT =B (W) xi,_,) — (W) xi,_)|[xi,_, [K]

7=0
gl(wt Xlt 7‘)

—Zml—ﬁl o)

(*)
<(1- 51);2%\}7(] ‘Vﬁj(wg)[k” aNDn.N _ 2131

.
= 110w, xi, )i, [K]]

(%)
< (eaNDnrN _ )max ‘Vﬁ ( )[k]‘v
JE[N]

where (*) is from Lemma 28 and
K/ (W;rxith)

& < elwemw) x| < elwewhllollxi,_ It < paNDney _ g
0wl x;, ) N B
T Lt—1

-1

and (xx) is from ZtT:o BT < ﬁ
Furthermore,

(€)= T(1=B)VL;, . (w 2511—61 Li, . (w))[K]

< Z BI(1 = B1) VL, (wp)[K]]
T=t+1

< gi+l (0 '
< B i (VL (WK

Therefore, we can conclude that
Z BV L (w0 k]|

1 JE[N]
g(Q—&MWMW@m+WWMW—)+ﬁ“ﬁmﬂVﬁ()ML

|m;

Lem ()
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Similarly,
valk] - 5 2N BIVL (WO K
2 jelN]
t
=1 Y25 B)VL (w12 ST VL ()
7=0 52 Jje N]

t
<[> B5(1 = B2)VLi, (Wi ) 252 L= B2)VLi,_, (wi) k)|
7=0

(D): error from movement of weights

t
1) 851~ B2) VL, ( Zﬁz 1= Bo)VL, ., (w))[kP|
T7=0

(E): error between wy and w?

t
137 B30 - Bo)V L, (WO — 1‘ﬁ2 2N BT L (w0
7=0 2 JE[N]

~~

(F): error from infinite-sum approximation

Observe that

(1—ﬁz)max\VL w ) [K]|? 257 2Dy et 1))
=0

()
< 3(1 — Ba)chym max [VLj(wy)[K]|?,
JE[N]

(ko)
< 3(1 = o) NN gy max |V L (wy) k]
JEIN]
for some ¢, > 0 and ¢ > t/. Here, (x) is from Lemma 29 and

ool )\
El(thxith)

< 3(AWemWR) i 1) < 3(20P Tt her 1)),

27



IMPLICIT BIAS OF PER-SAMPLE ADAM ON SEPARABLE DATA

() is from Assumption 3, and (#xx*) can be derived similarly. Also, we get

t
. T
E) <> B5(1— Bl (w) xi,_ )2 — (WD x4, )?[Ixi,_, [K]]?
7=0

< B(eQaNDUrN _ )m%\}f{ |V£ ( )[k”27

(F) = 262 1*,82)V[,“ 7— 7‘ Zﬁ2 1_ﬂ2 Li,_ 7—( )[k]2
7=0

< 3 B3 8) VL (wOIR|
T=t+1
< 05! muac [ V.5 (w) K]

which can also be derived similarly to the previous part. Therefore, we can conclude that

W) k)]

JE[N]
< (301- @)eza“nmc’gm +3(VPIN 1) 4 5) max [V, () K

2ev(t)

Notice that €y, (t) and ey (t) defined in Lemma 14 converge to 0 as ¢ — oo, implying that
each coordinate of two momentum terms can be effectively approximated by a weighted sum of
mini-batch gradients and gradient squares, which emphasizes the discrepancy with Det —~Adam and
Inc-Adam. We also mention that the bound depends on max e[y |V.L;(wy)[k]|, which converges
to 0 as £(w?) — 0. Such approaches provide tight bounds, which enables the asymptotic analysis of
Inc-Adam.

Proposition 2 Let {w,}{°, be the iterates of Inc—Adamwith 31 < (2. Then, under Assumptions 2

and 3, the epoch-wise update w" 1 w0 can be represented by
Zje[N] By’]) VL;(wy)

W1(3+1 - WS = —rN Cinc(ﬁl; B2) Z i) +e€ |, )
i€[N] \/Zje[N] By NV Li(wi)?
where Bgi’j) = 5§i_j)%N, éi’j) = BS DRN , Cine(B1, P2) = N 11 % is a function of b1, Bo,

and lim, . €, = 0. If we take 1, = (t + 2)~* for some a € ( ] then €, = O(r *a/2),

Proof Since both v[k] and % e BT L (wO)[k]? are positive and [a2 — b?| = |a —

b||a + b > |a — b|? holds for two positive numbers a and b, Lemma 14 implies that

'v -5 ?\/Zﬁﬂw (WK < /e (1) maas [V (wD) 1]
2\ jelv ©
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Therefore, we can rewrite m?[k] and /vE[k] as

s o 1 _/81 (s, / 0
m; [k a7 ]Ez[;v B L (W) [K] + €(2) %%‘Vﬁj(wr)[k”a

@ )
1— -
Vil = [ [ AV )+ v/ max [V () ]
] J

= — AN
1-5 je[N

(b) (c2)

ater  a

b+eo b <

€1
b+e2

a ., _€2
b btes

_l’_

for some error terms €}, (), €., (¢) such that |}, (¢)| < em(t), |€, (t)] < ey (t). Note that

< ‘%‘ % €2 ! for positive numbers €1, €2, b. Thus, we can conclude that

@) (e2)) 9)

(b) (b)

since

Now consider the epoch-wise update. From above results, we get

N S
0 r
Wr—i—l[k]
?% ¢ﬁ
N, 51y T B VE W
- - rN+S inc ) -
i Ve 579 L5 (w0) k)2

+ €rN+s [k] ’

10)

for some €; — 0. Since lim;_,, 7 = 0, the difference between 7, x4 for different s € [V]
converges to 0, which proves the claim.
Next, we consider the case 7 = (¢ + 2)~“ for some a € (0, 1]. Then it is clear that

Gm(t) — (1 . Bl)eaNDmNCQHt + (eaNDr]TN . )+ Bt+1 (t—a)
ev(t) = 3(1 — By) N PN cypy + 3(e** VPN — 1) + I = O(t77),
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where D = maxe |y ||x;[1. Therefore, from Equation (9), we get

S e BV L (W) K]

—~— — Cinc(B1, ) , = O™,
vi[A Ve B VL (W)
which implies €;[k] = O(t~%/?) in Equation (10). Note that
= e B VL (W) K]
Z Nry+s | Cine(B1, B2) JEN L ) . +€rN+s k]
= Ve 5709 (wh) [£]2

A

£p(s)

- NrN+s — NlrN rN+s
= NN ) §) + ———=p(s) + €nslk
Uis 4 p( ) NN p( ) N T +s[ ]

2€ N slk]

Furthermore,

NN — N(r+1)N N - 1
—_——=1—-(1+ =0
NN < rIN + 2) ™),

from Lemma 32. Since p(s) is upper bounded by a constant from CS inequality, we get €/, ,[k] =
O(r~*/?), which ends the proof. |

Appendix G. Missing Proofs in Section 3

In this section, we provide the omitted proofs in Section 3. We first introduce the proof of Corollary 4
describing how SR datasets eliminate coordinate-adaptivity of Inc—-Adam. Then, we review previous
literature on the limit direction of weighted GD and prove Theorem 5.

G.1. Proof of Corollary 4

Corollary 4 Consider Inc—Adam iterates {Wt}?io on SR data. Then, under Assumptions 2 and 3,

the epoch-wise update wg 11— w0 can be approximated by weighted normalized GD, i.e.,

Wi —nN Zuw VLi(w)) + e |, 3)

1€[N] HQ

where lim,_,o, €, = 0 and ¢1 < a;(r) < cg for some positive constants ¢y, co only depending on
Bi, Ba, {XiYien)- If e = (t+2)77 for some a € (0,1], then ||€,||oc = O(r~%/2).
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Proof Given SR data {x; };c[n}, let z; = |x;[0]|. Notice that

S e BV L (W) S e BV L (WD)
Z ij) N (i) 9.2
e\ S B IVL W2 e S A1 (Wl x0)) 22

B a]
=2 > (”; QVCA“ﬂ)
720 /i B0 (w2, ) 22

,B(i’j)
=2 (Z L )vz-<w8>
Wit )

0
J€[N] \i€[N] \/ZZG[N]Bé) ((w?

_ BT LWz VL (w?)
=2 (Z - ) IVLWO)[l2

j€[N] \i€[N] \/ e 8510 (w0, x1)) 2

a;(r)

Therefore, it is enough to show that a;(r) is bounded. Note that
IVL(wD) |2 1 e 1w, X)) xi2
(r) <
o i (R x)Pap 3 [T [P (w8 P
Vd X 0wl xi) |z VAN

<

) |
S S P\ Jo

To find lower bound of a;(r), we use Assumption 1. Take v € R? such that ||v|]2 = 1 and
v'x; > 0,Vi € [N]. Let v £ min;e[n) v x; > 0. Note that

() TVL) = 1 S0 (W) v x> S (w0

l€[N] l€[N]
and by CS inequality,

IVLwW) 2 = || = vI2[IVLW) 2 > (—v, VL(w,)) > % Yo leUw )l an

l€[N]
Therefore, we can conclude that
B 7 2 PR DD VI [ )
j\r) = 1 = TP
 Sie 1w, 30) 27 /Ste 1w )2
. v8r !
maxe[N] 1
N—-1

where (x) is from Equation (11). Now we can take ¢; = m;:ilim and ¢y = \/7 only depending
on f31, B2, {xi}. u
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G.2. Proof of Theorem 5

Related Work. We now turn to the proof of Theorem 5, building upon the foundational work of Ji
et al. [10], who characterized the convergence direction of GD via its regularization path. Subsequent
research has extended this characterization to weighted GD, which optimizes the weighted empirical
risk Loy (W) = 351w ¢i(t)¢ (wTx;). Xu et al. [32] proved that weighted GD converges to £-max-
margin direction on the same linear classification task when the weights are fixed during training.
This condition was later relaxed by Zhai et al. [33], who demonstrated that the same convergence
guarantee holds provided the weights converge to a limit, i.e., 3lim; o q(t) = q.

Our setting, however, introduces distinct technical challenges. First, the weights are bounded but
not guaranteed to converge. The most relevant existing result is Theorem 7 in Zhai et al. [33], which
establishes the same limit direction but requires the stronger combined assumptions of lower-bounded
weights, loss convergence, and directional convergence of the iterates. A further complication in
our analysis is an additional error term, €, in Corollary 4, which must be carefully controlled. Our
fine-grained analysis overcomes these issues by extending the methodology of Ji et al. [10], enabling
us to manage the error term under the sole, weaker assumption of loss convergence.

Definition 15 Givena = (a1,--- ,ayn) € RY, we define a-weighted loss as L*(w) = > icin] @ili(w).

We denote the regularized solution as w*(B) £ arg miny |, <p £4(W).

By introducing a-weighted loss, we can regard weighted GD as vanilla GD with respect to
weighted loss. To follow the line of Ji et al. [10], we show that the regularization path converges in
direction to />-max-margin solution, regardless of the choice of the weight vector a if it is bounded
by two positive constants, and such convergence is uniform; we can take sufficiently large B to be
close the £5 solution for any a € [cy, ca]V

Lemma 16 (Adaptation of Proposition 10 in Ji et al. [10]) Let G = arg max|y|,<; min;en){(v,X;)
be the (unique) {o-max-margin solution and ci,co be two positive constants. Then, for any
a € e, o],

s

a
lim (B) =u.
B—oo

Furthermore, given € > 0, there exists M (cy,ca, €, N) > 0 only depending on c1, ca, €, N such that
B > M implies H%SB) — 1| < eforany a € [c1, co)V

Proof We first have to show the uniqueness of /5-max-margin solution. This proof was introduced
by Ji et al. [10, Proposition 10], but we provide it for completeness. Suppose that there exist two
distinct unit vectors u; and us such that both of them achieve the max-margin 4. Take uz = %
as a middle point of u; and us. Then we get

1
T T T N
u3 X; = i(u1 X; + Uy X;) > 7,

for all i € [N], which implies that min;e[y] ug x; > 4. Since u; # uy, we get |[us|| < 1, implying

that ﬁ achieves a larger margin than 4. This makes a contradiction.
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Now we prove the main claim. Let ¥ = min;¢[y) (0, x;) be the margin of u. Then, it satisfies

clﬁ(irél[iNn}(W“(B),xﬁ) < LUYw(B)) < L(Bu) < Ncal(BY). (12)

For £ = lexp, we get min;c ) (W*(B),x;) > By — log ]\2‘132, which implies

Xi) >4 — = log ~2. (13)

Since f>-max-margin solution is unique, w éB) converges to G. Note that the lower bound in

Equation (13) does not depend on @ € [c1, c2]™. Therefore, the choice of M in Lemma 16 only
depends on ¢y, c2, €, N.
For ¢ = {10, Equation (12) implies that {(min;c|n)(W*(B),x;)) < NC—‘I:QZ(B%. Notice that

NC—? > 1 and min;en)(W*(B),x;) > 0, B4 > 0 hold for sufficiently large B from Lemma 27.
From Lemma 30, we get

VAL Nc
A\% (B),X7,> Z ;Y_ %10g(2 C12 B 1)

2B
Following the proof of the previous part, we can easily show that the statement also holds in this
case. |

Lemma 17 (Adaptation of Lemma 9 in Ji et al. [10]) Ler o, c1,co > 0 be given. Then, there
exists p(a) > 0 such that |[w|s > p(a) = L2((1+ a)||w]|j20) < L2(w) for any a € [c1, ca]V

Proof Let G be the ¢2-max-margin solution and 4 = max;c|n] (@, %;) be its margin. From the
uniform convergence in Lemma 16, we can choose p(«) large enough so that

“(lwll2)

w R
Iwllz > p(a) = H —dl| <as,

2

(we(l[wll2), xi) = (w([lwll2) = [[Wl[20, x3) + ([ w20, %)
aF[[wllz + (lwll2a, %)

(1 + a)fwl[2(a, x;).

IN A

This implies that
LY+ a)llwllon) < L2(W([wll2)) < L5(w),

for any a € [c1, co]V. [ |

Theorem 5 Consider Inc—Adam iterates {w;};°, with $1 < (B2 on SR data under Assumptions 1
to3. If (a) L(wy) — 0ast — oo and (b) e = (t + 2)~® for a € (2/3, 1], then it satisfies

Wi R

lim Wiy,

t—o00 ||WtH2 -

where Wy, denotes the (unique) {2-max-margin solution of SR data {Xi}ie[ N)-
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Proof From Corollary 4, we can rewrite the update as

wg — w? R\ — a;(r Vﬁi(w? — N NEr
o Pz 2 V4O

—_ "N gpalr) (w0 _
WL, & (W) = e,

where ¢ < a;(r) < ¢y for some positive constants ¢y, co and lim, o, €, = 0.

€

0
First, we show that lim,_, . H\:‘;VW = wy,. Let € > 0 be given. Then, we can take o = 1=,

so that p%a = 1 — €. Since ||w¢||2 — oo, we can choose 7 such that t > roN = ||wy|la >
max{p(«), 1}, where p(«) is given by Lemma 17. Then for any r > rg, we get

(VL (w)), W, = (1+ a) [w)ll28) > L9(w)) = L2((1 + a) [ w;][28) >0,
which implies
(VLA WD), w0) > (14 a)[wl]2(VL (WD), ).

Therefore, we get

<W2+1 - WB? ﬁ>

— (— N7 (W0), @) + (—n e, D)

VLW 2
1 IrN ~
— VL) (W), wO) + (—nener, T
T+ a)wls IVl Vo W)W (e )
_ 1 0 0 .0 1 0 N
- (1 _’_a)HWQH <W7'+1 Wrawr> + (1 _’_a)ng‘|2<nTNcawr> +< 77rN€r;U->
1 Lo 2 Ly o2 1, 0 0 2) . W?
= —||lw — —|w.l]|5 — =||lw — W + (— €, 00— —
(1+04)HW9H2 (2H 7“+1”2 2” THZ 2H r+1 7“”2 < TirN€r (1+Q)HW7QH2>
1 1 1 1
> eyt (a0 = 5w = 3w = whI ) — 20yl
. o . 0 R 0
where the last inequality is from (n,ne€,, 0 — MOBVW> < nevll€rll2 Hu — #ﬂw?” ‘2 <
20N || €r[2-
Note that
sIw2 113 — 5 lw?l3
+1ll2 2
e 2 el = eyl
'
Furthermore,
= — T T
2(1+ a)[[wll2 2 2\ IVL(wO) I3
S C3T_2a7
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a2y o VLSO )2
e[| = O(r=*/2), and Nozmmia-

for some c3 > 0 and sufficiently large r, since g,y = O(r~%),
is upper bounded from

2
V.0 (w0) |2 () <C2\/amaxie[N} Ti Y ie[N] |£'(<W97Xl>)|) c3dN? (maxe(y) i)

< =
VL(wO 2 = 2 2 )
IVEGwol (3 Sietm 14w, ) E

with 7 = min;ey)(Wy,, X;) > 0. Note that (%) is from

R .1 v
VLW = IWe, FIVLWDIE = (We, 2 Y LW xa)x)® > | 5 D 1 (w)xi))|

i€[N] i€[N]
Therefore, we get
oo Wl = wRlle &~ - .
(wy — wp, i) > —" ’1 +c’x ll > ess 2 =2y navlealz
s=70 s=70
o0 oo 3
> (1= )([wll2 = lwpy[l2) — (Z sy 048‘2“>,
s=r0 s=ro
=c5<00

since ||€,]| = O(r~%?) and a € (2/3,1]. As aresult, we can conclude that

( W, i) > (L= (w2 — [[wpyll2) + {wpy, @) + e

lw2ll™ " w2 ’
which implies
0
lim inf kil ,a) > 1—e

r=oo |wil2

0
Since we choose € > 0 arbitrarily, we get lim,_, ”V‘:ﬁ = Wy,.
T

2

. . wi: . wl  wi
Second, we claim that lim;_, o m = Wy, . It suffices to show that lim,_, H 7“W9ﬂ‘2 7”“,7;”2
0 for all s € [N]. Note that
W,Q_W;f < WQ_WQ wg_w;f
0 s — 0 s + s s
w2l [lwillzfly = [HIw2ll2 Iwill2fly w2 Iwill2 ]l
[willz = [Iw2llz | [Iw — w22
w2 w2
S +x,0
SQM%,
w2
which ends the proof. |
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Appendix H. Missing Proofs in Section 4
H.1. Proof of Proposition 18

Proposition 18 Let {w;}7°, be the iterates of Inc—Adam with 1 < (2. Then, under Assump-

0 0

tions 2 and 3, the epoch-wise update w,., | — w,. can be expressed as

_ BN 0
w9+1 - qu = ~rN ( 1]. ,6822 \/ Xﬁ(wr) + €, (T)> )
a izt VLi(w)?

where limsup,._, . ||€3,(7)||oc < €(B2) and limg, 1 €(f2) =0

Proof Note that

5~ Zaew VLD _ Dy (Sietm VL (W) H)
i€[N] \/Zje[N] VL;(w)[k]? \/Zje[N] VL;(w)[k]?
_L-BY VLW

IR

Furthermore,
S e BUVVE WK e B VL (W) K]
Vs BSVL W k2 e VL (W)
e APVE DN ||y T B VL () [
Ve AL (w0) K2 e VE (WD) k2

(i) 1
@ (1_ v 5“) <2 (m)(l_ V 51)’

JEN] Pa JE[N] B2

IN

£e(Ba)

where limg, 1 €(2) = 0. Substituting to Equation (2), we get

L gy VW)
LS vk

—rN ( proxy 62 VE( )[k] + €3y (T)[k]> )
VN, VL (wl) k)2

w1 [k = wilk] = —n,n (C’inc(/@hﬁz) + €, () [k})

where Cproxy (f2) = \/ hmsupr_m ll€s, (1) |loo < Ne(52), and limg, 1 €(fB2) = [
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H.2. Proof of Proposition 7

To prove Proposition 7, we begin with identifying AdamProxy as normalized steepest descent with
respect to an energy norm, where the inducing matrix depends on the current iterate and the dataset.
The following lemma shows that the matrix is always non-degenerate; the energy norm is bounded
above and below with respect to £2-norm multiplied by two constants only depending on the dataset.
This result takes a crucial role to make the convergence guarantee of AdamProxy.

Lemma 19 Consider AdamP roxy iterates {w} under Assumptions 1 and 2. Then, it satisfies
(a) Prx(w) = argmin (VL(w),v), where P(w) = diag (\/ZiG[N] Vﬁi(W)Q) and P(w) =

[Ivllpw)=1

. 0
FEIE 1y (W)
(b) There exist positive constants c1, ca depending only on the dataset {X; }ic(n) such that c1[|v||2 <

IVlpw) < callvilaforall v, w € R%

Proof
(a) Note that Prx(w) = —P(w)~'VL(w) = argmin, (VL(w),v) + %||v||2f,(

malizing by ||V£(w)||%_l(w), we get Prx(w) = argmin (VL(w), V)

. Therefore, nor-
w)

Ivilp@wy=1
(b) It is enough to show that every element of P(w) is bounded for some ¢y, co > 0. For simplicity,
we denote |€/(WTX1')| = T, miniE[N],je[d] |X1[j]| = B1 > 0 and max;ec([N],jeld) |XZ[]” = By >
0.
Note that

1
P(w)[k, k] = Z Tizxi[kp X D __VLwW)[i]2
i€[N] Il 5 g il
1
2
2 Bl\/§ X Xiein riB2)?
ie[N] > jeld) NoommeT

_B L T 1 B
_Bg d(zz‘e[N]”)z_Nd B3’

Letv € Res.t. ||vl]2 = 1and v'x; > 0,Vi € [N] (since {x;} is linearly separable). Let
min,e v'x; = v > 0. Then, we get v VL(w) = > ieN] rvix; > Y2 ieqn) Ti» Which
2>

2
implies [[v][3, VL3, 1 = (v, VEW)? 2 22 (S i)
Note that [|v[|E = > (Zie[N} r7%[5]]? - VUF) < dBay /Y e 77 To wrap up, we

get

N2

IVLW) 1B -1 > :
(w) dBy |/

2 Zie[N] 7

and therefore,
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2w T xilk]?
PO =S 2wE

D ielN 7”@'2 2
<[> a2 N 4By
(w)-1 (€[] v (Zie[N] ri) v
As a result, we can conclude that

B? dB?
IV S Ve < T2V v w e R

B? dB2
and take c; = ﬁ and ¢y = 722
2

Proposition 7 (Loss convergence) Under Assumptions 1 and 2, there exists a positive constant
n > 0 depending only on the dataset {Xi}iE[N]’ such that if the learning rate schedule satisfies
e < mand,° o = 00, then AdamP roxy iterates minimize the loss, i.e., lim;_,o, L(wy) = 0.

Proof First, we start with the descent lemma for AdamP roxy, following the standard techniques in
the analysis of normalized steepest descent.

Let D = supycga max;e[N] HXZ prl(w). Notice that D < ¢y max;e[N] HXZ HQ < 00 by
Lemma 19. Also, we define

w = max min vTxi
||V||P(w)§1Z€[N]

be the || - || p (w)-max-margin. Also notice that 5 £ sup,,cga yw < 00, since

max  min VTX < max min VTXZ
IVllp (w)<1i€[N] [vilo< 16[1\7]

for any w € R% by Lemma 19. Then, we get

2
ﬁ(Wt_H) = ﬁ(Wt) + T]t<V£(Wt), PI‘X(Wt)> + % PI‘X(Wt)Tv2£(Wt + B(WH—I — Wt)) PI‘X(Wt)

(%) n? D?
< L(wi) =l VLW [p-1(wy + 75— supiG(we), G(weir }
() 2D26770D
< L(wi) = el VLW [[p-1(wy) + 79(%)
(k) 2D2enOD
<) = (= T ) IV £

< L(wi) = TIVL@) b1 o)

for n; < _DQenoD £ 1. Note that (%) is from
Prxc(wy) V2L (w) Prx(wr) — % S ¢ (w) (Prx(w) Tx:)?
1€[N]
1
< 2 W)l Prx(w) |5 i} < D*G(w),
1€[N]
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where the last inequality is from Lemma 26, and (), (xx) are also from Lemma 26. Telescoping
this inequality, we get

T
1
5 > VLW p-1wi) < L(Wio) = L(wr) < L(wi,),

t=to

which implies Y 3%, m:[|VL(W¢)[|p-1(w,) < 0c. Since S 1, Mt = 00, we getliminf; oo [VL(Wt)[|p-1

0. From Lemma 19, we get liminf;_, [|[VL(w;)||2 = 0, also implying liminf; ., £L(w;) = 0.
Since £(wy;) is monotonically decreasing, we get £L(w;) — 0. [ |

H.3. Proof of Lemma 8

Intuition. Before we provide a rigorous proof of Lemma 8, we first demonstrate its intuitive
explanation motivated by Soudry et al. [23]. For simplicity, assume ¢ = /{cy, and let w; =
g(t)W + p(t) where g(t) = |wi|a — oo, p(t) € R?, and g(lt)p(t) — 0. Then, the mini-batch
gradient can be represented by

VLi(w) = —exp(—w ' x;)%x; = — exp(—g(t)W ' x;) exp(—p(t) " x;)x;.

As g(t) — oo, the coefficient exponentially decays to 0. It implies that only terms with the smallest

w x; will contribute to the update of AdamProxy. Therefore, the limit direction W will be

described by \/z% where ¢; is the contribution of the i-th sample to the update and it vanishes
ZE[N] X
fori ¢ S where S = arg min ¢y W x;.
Building upon this intuition, we first establish the following technical lemma, characterizing
limit points of a sequence in a form of AdamProxy.
Lemma 20 Let (a(t))i>0 be a sequence of real vectors in RY and {x;}ics C R? be the dataset
Z ics %i (t)xi .
o PP >
S satisfies ||bg||2 >

C > 0forallt > 0. Then every limit point of”ll)oﬁ is positively proportional to %for

with nonzero entries for an index set S C [N]. Suppose that by =

some ¢ € AN~ satisfying c¢; = 0 fori ¢ S.
Proof Define a function F' : AlSI=1 5 R? a
> ics dixi

F(d) = .
ZzGS d12 z2

Since {x;}ics has nonzero entries, F' is continuous. Let A = {d € AlSI=1 . |IF(d)|2 > C}.

Since F is continuous, A is a closed subset of AlSI=1, Furthermore, since ||&;||2 > C for all t > 0,

{a(t)}i>0 € A.
Now let & be a limit point of s 6 ” . Define a function G : A C AlSI=1 5 R? a5

Dics diXi
dix; 2.2
ZES 22 5 Z’LES dz )
V ZGS dz 1
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Notice that G is continuous on A and & = lim;_,o. G (a(t)). Since A is bounded and closed, Bolzano-
Weierstrass Theorem tells us that there exists a subsequence a(t,,) such that 31im,,_,, a(t,) = c €
A. Therefore, we get

6 = lim G(a(t,)) = G(lim a(t,)) = G(c).

n—oo n—oo

Hence, the limit point 4 is proportional to m . Then we regard ¢ € AN—1 by taking ¢; = 0
fori ¢ S. [
Lemma 8 Under Assumption 4, there exists ¢ = (co,--+ ,cN—1) € AN=Y such that the limit
direction W of AdamProxy satisfies
- CiX;
W ZZE[N] 124 (5)

A/ ZiE[N] cix}

and ¢; = 0 fori ¢ S, where S = arg min; ey W | X; is the index set of support vectors of W.

Proof We start with the case of £ = lexp. First step is to characterize 3, the limit direction of ;. To
begin with, we introduce some new notations.
- From Assumption 4, let w; = g(t)W + p(t) where g(t) = ||w¢|l2 — oo, p(t) € R, and
sPt) = 0.
- Let v = min;(x;, W), % = (x;, W),5 = min;gg(x;, W). Then it satisfies S = {i € [N] :
(x;, W) = v}. Here, note that 5 > v > 0.
- Let a(t) € RN be a;(t) = exp(—p(t) 'x;).
- Let By = max; ||x;|2, B1 = min;e|n je[q [%:[j]] > 0, and By = max;en) je(q Xil7]-
Since ||p(t)||/g(t) — 0 and 7,7 > 0, there exist ¢, , t, > 0 such that

p(t)'xi < |p(t)llaBo < e1vg(t), ¥t > te,, Vi € [N],
p(t)x; > —[lp(t)[|l2Bo > —ea¥g(t), Vt > tey, Vi € [N],

for all €1, €2 > 0. Then, we can decompose dominant and residual terms in the update rule.

3 ies exp(—79(t)) exp(—p(t) Tx)x; L, 3 sese exp(—Tig(t)) exp(—p(t) x)x;
@ZG[N exp(~2%ig (1)) exp(~2p(t) Txi)x? [ Siciw exp(~27ig(1)) exp(~2p(t) Tx)x?
2.d(t) +r(b).

To investigate the limit direction of d;, we first show that d(¢) dominates r(¢), i.e., lim;_, oo ||||;((?)““22 =

0. Let M; = diag <\/216[N] exp(—27;9(t)) exp(—2p(t) Tx;)x > Notice that

Mol d(E)[l2 > (MW, d(t)) =7 exp(—yg(t)) exp(—p(t) " xi).
€S

40



IMPLICIT BIAS OF PER-SAMPLE ADAM ON SEPARABLE DATA

Since the diagonals of M, are upper bounded by B> \/ Zie[ ~ €xp(—2%ig(1)) exp(—2p(t) Tx;), we
get

1)y > Y 2ies P91 exp(—p(t) 'xi)

By /S e xp(=27i9()) exp(=2p(t) Txi)

Also, notice that

r(t)]]2 < By Y icsexp(—vg(t)) exp(—p(t) Tx;) |
B \/ 2iern) (=279 (1)) exp(=2p(t) Txi)

From the following inequalities
> " exp(—g(t) exp(—p(t) "x;) > exp(—vg(t)) exp(—e17g(t))
€S
= exp(—(1 + e1)yg(1)),

> exp(—7ig(t) exp(—p(t) 'xi) < N exp(—79(1)) exp(eavg(t))
€St

= Nexp(—(1 — e2)79(t)),
we conclude that

Ie®)ll2 _ Bf Yiestexp(—g(t)) exp(—p(t) "x:)
Id@)ll2  ¥B1 Yiegexp(—vg(t)) exp(—p(t) Tx;)

NB2 1
—— (7 - t)) =0
< g, oP(=3(7 = 7)9®)
. .. . d(t) . .. . Zie[N] CiXj
Next, we claim that every limit point of Taons 1 positively proportional to —===——— for some
ie[N] G X5

c=(co, -+ ,cn_1) € AN"!satisfying ¢; = 0 for i ¢ S. Notice that

T
Qo] - Sies P 'Vg( ) exp(—p(t) xi)xilK

VZiein) xp(=27ig (1)) exp(—2p(t) Txi)x3 k]
_ Dics &xP(—19(t)) exp(=p(t) " xi)xi[k]
\/Zies exp(—279(t)) exp(—2p(t) "x;)x7 [k] + 37, o0 exp(—27%:g(t)) exp(—2p(t) Tx;)x} [K]
Dies exp(—9(t)) exp(—p(t) " xi)xi k] 1

e exp(—279(1)) exp(—2p(t) Txi)x2[k] | [} | Sieso SP(270(0) exp(—20(0) Txi)x?lk
\/ = L+ > ies exp(—27g(t)) exp(—2p(t) Tx;) %2 K]

Sics exp(=y9(t) exp(=p(t) "xi)x; Sicsexp(—p(t) Tx;)x;

L tb f— S — S S

Dt = S s oxp(299(0) o (200 x)xE | v/ Soies D20 T x)xE e
% st exp(=2(0) exp(~2p() x|

D ics exp(—2vg(t)) exp(—2p(t) Tx;)x7[k]
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every limit point of % is represented by a limit point of ﬁ. Notice that b, is an update
of AdamProxy under the dataset {x;};cs, which implies ||b||2 is lower bounded by a positive
constant from Lemma 19. Therefore, Lemma 20 proves the claim.

Hence, we can characterize d as

.6 o dt) +r@)
=1 =1 —
t50c [0z oo [[d(t) + 1 (D)
= lim d(t) + lim r(t)
r +r(t

= lim

for some ¢ € AN~ satisfying ¢; = 0 fori ¢ S.
Second step is to connect the limiting behavior of §, to the limit direction W using Stolz-Cesaro
theorem. From the first step, we can represent

where h(t) = ||¢||2 and ( 5O o(t) — 0. Notice that w; — wq = zz;%) nsh(s)(8 + o (t)). Since
5+ ﬁa( ) is bounded, we get Zi;%) nsh(s) — oo. Then we take

wtw—z% 6+ ()

h(s)
by = Z nsh(s)
s=0

Then, {b;};°, is strictly monotone and diverging. Also, lim;_, % = §. Then, by Stolz-Cesaro
theorem, we get

This implies w; = b;8 + 7(t) where b( ) 5 0. Also notice that w; = g(t)w + p(t). Dividing by

g(t), we get

e b (5 T
W=t T A (‘” by >

Since ¢5 norm is continuous, we get

. . b - T(t
ety L

be

= l1m
9 t—o00 g(t)

)

which implies w = 4.
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Then we move on to the case of ¢ = {},,. This kind of extension is possible since the logistic loss
has a similar tail behavior of the exponential loss, following the line of Soudry et al. [23]. We adopt
the same notation with previous part, and we decompose dominant and residual terms as follows:

Sies [0 (vg(t) + p(t) Txi)|xi L et |0 (Gig(t) + plt )T xq)[x;
@16 w1EGig () + pOTx)PxE S i € (ig(t) + p(6) T x?
2.d(t) +r(2).

i
Notice that lim,_,so || @iogiz))‘l = lim, oo H% = 1. Therefore, the limit behavior of d(¢) and r(¢) is

identical to the previous £ = fey, case. This implies the same proof also holds for the logistic loss,
which ends the proof. |

H.4. Proof of Theorem 10

Theorem 10 Under Assumptions 1 and 5, Pagam(c) admits unique primal and dual solutions, so

that p(c) and d(c) can be regarded as vector-valued functions. Moreover, under Assumptions 1, 2, 4

and 5, the following hold:

(a) p: AN = R9 is continuous.

(b) d : AN=Y — RY\{0} is continuous. Consequently, the map T (c) = ”51((:))”1

(c) The map T : AN=T s AN gdmits at least one fixed point.

(d) There exists c* € {c € AN~1: T(c) = c} such that the convergence direction W of AdamP roxy
is proportional to p(c*).

is continuous.

Proof We first show that Pagam(c) has a unique solution and p(c) can be identified as a vector-valued

function. Since M(c) is positive definite for every ¢ € AN—1, %HWHM(C) is strictly convex. Since

the feasible set is convex, there exists a unique optimal solution of Pagam(c) and we can redefine

p(c) as a vector-valued function.

Since the inequality constraints are linear, Pagam(c) satisfies Slater’s condition, which implies
that there exists a dual solution. From Assumption 5, such dual solution is unique.

(a) Let f(w,c) = 5 HW||M be the objective function of Pagam(c) and F = {w € R : wx;,—1 >
0,Vi € [N]} be the feas1ble set. It is clear that such f is continuous on w and c. Let¢ € AN~!
and assume p is not continuous on €. Then there exists {c;} C AN=1 such that limj, . ¢ = C
but ||p(ck) — p(c)||2 > € for some € > 0. We denote wj, = p(cy) and w = p(c).

First, construct {uy } C F such that limy_,~, ux = w. Then we get a natural relationship between
w;. and uy, as

1 + 1 +

ka M(ck)wk < iuk M(ck)uk.

Second, consider the case when {wy, } is bounded. Then we can take a subsequence wy,, — Wy.

Since {wy, } C F and F is closed, we get wy € F. Also, since f is continuous, f(wy, ,ck, ) —

f(wyg, €). Therefore,

f(wkrmckn) < f(V_V,Ck") —_— f(w[)a ) < f( )

n—oo
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which implies wo = w. This makes a contradiction to ||p(ci) — p(€)||2 = ||wr — W][2 > €.
Lastly, consider the case when {wy} is not bounded. By taking a subsequence, we can assume
that ||wy||2 — oo without loss of generality. Define v, = W Since vy, is bounded, we can
take a convergent subsequence and consider limy_,, v = v without loss of generality. Then,

T
WMCkaSUMCkukijCka§< M(cy, .

Since f is continuous and {uy} is bounded, we get

1
—v 'M(C)v = f(v,¢) = lim f(vj,cp) = lim =v; M(cy)vy
k—o0 k—oo 2

-
1
< limsup — <uk> M(cg) <uk> =0
koo 2 \[IWell Wl

Note that M(€) is positive definite and v "M(¢)v = 0 implies ¥ = 0, which makes a contra-
diction.

Let cg € AN~! be given and take w* = p(cg). From KKT conditions of Pagam(co), the dual
solution d(cp) is given by

ZdCQ

eS(w*)

and such d;(co) > 0 is uniquely determined since {x; };c5(w+) is a set of linearly independent
vectors by Assumption 5.

Now we claim that d(c) is continuous at ¢ = co. Notice that min;g¢ gy w*'x; > 1. Since
p is continuous at cg, there exists § > 0 such that p(c)'x; — 1 > 0 fori ¢ S(w*) and
c € AN 1 Bs(co). Therefore, S(p(c)) C S(w*) onc € AN=1 N Bs(co).

Let X be a matrix whose columns are the support vectors of w*. On ¢ € AV~ N Bs(cy), KKT
conditions tells us that

Z di(c)x; Z di( Xd(c)

i€S(p(c)) ieS(w*)
(%) 7
< d(c) = (XT’imXT) "M(c)p(c),

where (x) is from S(p(c)) C S(w*) and (*x) is from the linear independence of columns of X.
Notice that M(c) and w*(c) are contmuous on ¢ = cg, which implies that d(c) is continuous on
C = Cp.

Since at least one of the dual solutions is strictly positive, d is a continuous map from AV~ to

RY,\{0}. This implies that 7" is continuous, since d — ﬁ is continuous on R>0\{O}
= i€[N

Since AV~ is a nonempty convex compact subset of R”, there exists a fixed point of T by
Brouwer fixed-point theorem.

N
From Lemma 8, there exists ¢* € AN~! such that w o % with ¢f = 0 fori ¢ S
Zz 16: X
ZiES kcz Xi

where S’ = arg min; ey w x;. Then we take W = =2 - for some k > 0. We claim that

ZZGS G X
such c* becomes a fixed point of 7" and W o p(c*).
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Consider the optimization problem Pagam(c*) and its unique primal solution w* = p(c*). Notice

that min; ¢y w ' x; = v > 0 since AdamProxy minimizes the loss. Therefore, w* = %W and

d;(c*) = ? satisfy the following KKT conditions

M(C*)W* = Z diXi,di > 0,

1€S*

w*'x; —1>0,Vi e [N],
where S* = {i € [N] : w*"x; — 1 = 0} is the index set of support vectors of w*. This implies
that 7'(c*) = ¢* and w = yw* o« w* = p(c*), which proves the claim.

|

Appendix I. Missing Proofs in Section 5

Related Work. Our proof of Theorem 11 builds on standard techniques from the analysis of the
implicit bias of normalized steepest descent on linearly separable data [7, 8, 34]. The most closely
related result is due to Fan et al. [7], who showed that full-batch Signum converges in direction
to the maximum /,-margin solution. Theorem 11 extends this result to the mini-batch setting,
establishing that the mini-batch variant of Inc—Signum (Algorithm 4) also converges in direction
to the maximum {.,-margin solution, provided the momentum parameter is chosen sufficiently close
to 1.

Technical Contribution. The key technical contribution enabling the mini-batch analysis is
Lemma 22. Importantly, requiring momentum parameter 5 close to 1 is not merely a techni-
cal convenience but intrinsic to the mini-batch setting (b < ), as formalized in Lemma 22 and
supported empirically in Figure 9 of Appendix D.

Implicit Bias of SignSGD. We note that as an extreme case, Inc—Signum with § = 0 and batch
size 1 (i.e., SignSGD) has a simple implicit bias: its iterates converge in direction to Zie[ N] sign(x;),
which corresponds to neither the £s- nor the £,,-max-margin solution.

Notation. We introduce additional notation to analyze Inc-Signum (Algorithm 4) with arbitrary
mini-batch size b. Let B; C [N] denote the set of indices in the mini-batch sampled at iteration ¢.
The corresponding mini-batch loss £, (w) is defined as

wa X;)-

€8

Lolw ’ t|

We define the maximum normalized /.-margin as

Yoo £ max min WTX1 > 0,
[Wlloo <1 i€[N]

and again introduce the proxy G : R — R defined as

z——ZEIW X;).

1€[N]
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As before, we consider ¢ to be either the logistic loss ,¢(2) = log(1 + exp(—2z)) or the exponential
loss lexpp(2) = exp(—z). Finally, let D be an upper bound on the ¢;-norm of the data, i.e., |x;|[1 < D
forall i € [N].

Lemma 21 (Descent inequality) Inc-Signum iterates {w;} satisfy
L(wiy1) < L(wi) = ne(VL(wi), Ap) + CuanpG(wy), A := sign(my),
where Cyg = %DzenoD.

Proof By Taylor’s theorem,
L(wit1) = LWy —niAy) = L(w) — m(VL(W), Ag) + U?ATV2 (W — (neAe) Ay,

for some ¢ € (0, 1). Note that for any w € RY,

1
A V2L(W)A; = ¥ S (w ) (A %) < — Z 0w x) || A |xil|2 < DG (w),

1€[N] €[N]

where we used G(w) > + > ielN] ¢"(w'x;) from Lemma 26. Then,

L(wiy1) < L(wi) = ni(VL(W), Ag) + 77 IN V2L(Wy — S A
< L(wi) = ne(VL(Wy), Ag) + 77t FD*G(wy — (e Ay)
< L(wi) = ne(VL(Wy), Ag) + 57715217267“1)9(“’)7

where we used G(w’) < ePIIW' =Wl G (w) for all w, w’ from Lemma 26. Finally, choosing C :=
%D26”0D , we obtain the desired inequality. |

Lemma 22 (EMA misalignment) We denote e; := m; — V L(wy). Suppose that 3 € (%, 1).
Then, there exists tog € N such that for all t > t,

ledls = lmy — VL(we) |1 < [(1 = B)DE (5 — 1) + Cume + Co8Y] G(wy)
where C1,Co > 0 are constants determined by 3, N, b, and D.

Proof The momentum my; can be written as:

t

Zﬁ g -=01-8)> B VL (Wi ),

7=0

and the full-batch gradient V£(w;) can be written as:

VL(w;) = BTV L(we) + (1= )Y BTVL(wy),
7=0
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Consequently, the misalignment e, = m; — V.L(w;) can be decomposed as:

t
Z VﬁBt - Wt T) V‘CBtf-r(Wt))

=0

Z (VLs, . (W) — VL(W,))

ﬂtJerﬁ( )
and thus
t
ledly = ||[(1=8)_ B (VLs,_.(Wi—r) — VLp,_.(Wy))
=0 1
é&)

1

= B) Y BT (VLE, . (Wi) — VL(W))
=0

2 (B)
+ ||V LW -

£(0

We upper bound each term separately.
First, the term (A) represents the misalignment by the weight movement, which can be bounded

as:

ZﬁT VﬁBt T(Wt T) V‘CBtf-r(Wt))

— ) Z BTIVLs, (W) = VL, (Wi

ZBT
ZﬁT S 1w ) — £ (w x,)]

ZEBt T

(A) =
1

T

Z (€' (w_rxi) = (W] x;))x;

ZEBt T

gl (w;r Txl) 1
o (w/]x;)

ZBT > 1w xi)

= ZEBt T

1_
(1-pB)DN G(w) ZBTZ

U

O (wl_x;) B '
Y

=0 i€B_+

g/(wt X;)

| /\
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where we used NG(w) = — > in ¢/ (W xi) = e in 1€/(W ' x3)| > maxe(n) [¢(w 7 x;)] in the
last inequality. For all i € [N],

gl(w;r—TXi)

P < elwi—wi—r)Txi| _ ¢ < elwi=wirllollxill _ 1 < D2t 1.
W, X;
t Xi

—1

By Assumption 3, there exists {9 € N and constant ¢; > 0 determined by 8 and D such that
Zizo BT (eP 2ot 1) < ¢y for all t > ty. Then, for all ¢ > ¢y, we have

t
g(wt) Z ﬁTb(eD Do Mgt _ 1)
7=0
t
- (1 o B)DNQ(Wt) ZﬁTeDZ:’:l —r’ 1
7=0
< (1 - ﬂ)DNClﬂtg(wt)

() < 10PN

Second, the term (B) represents the misalignment by mini-batch updates. Denote the number of
mini-batches in a single epoch as m := £'. Since B, = {(t-b+1i) (mod N) b= note that B; = B;

if and only if i = j (mod m). Now, the term (B) can be upper bounded as

B)=[(1=8)>_ B (VLs,  (wi) = VL(W))

=0

1

t m
— (1 — 5) 7;057 VEBFT (Wt) — ’;LJ; Vﬁgj (Wt)

1

m t
“la-ny 5 LS| VL, (w)

Jj=1 \7<t: (t—7)=j (mod m) 7=0 1

1 t
< (1- B)m- max = L3767 max Vs, (W)l
J€m] 7<t: (t—7)=j (mod m) mio 3€lm]
t
< (1 - B)Dm>G(w,) - max 3 - L3 g,
7€lm] 7<t: (t—7)=j (mod m) m =0

where the last inequality holds since

N
1 1
ax |VLg, (w)|1 = 7 max | Y O(w'xi)xi| <> [¢(w'x;)|-D
jE[m] b je[m] s, b “

1

for all w € R%,
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It remains to upper bound max ¢y, ‘ngt: (t—r)=j (mod m) BT — 1 St _, B7|. Fix arbitrary
J € [m]. Note that

t
<15>( ﬁT;Z@T)
7<t:(t—7)=j (mod m) =0

| ¢

<= -5 S
7=0

1L L1
=(1-/> ™ —1-5) >

k=0 k=0

1 m—1 1 t
(mﬁmk > BT> —1=-f_ > 7
7=0

<a-pprinl e 3 g (0-5) - - 5m)
(;) (1—B)p— 4+ L;J—lﬁmk (m — 1)2(1 —B)?
k=0
<A-HF "+ (m = )1 = )*
T e L
m—1

where the inequalities () and (%) hold since (1 — €)™ < 1 — me + %62 <1 - Zeforall
0 < e < — and choose € = 1-p.

m—1
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Similarly, we have

uﬁ)L;EZH 3 W)
7=0 )

7<t:(t—7)=j (mod m

1-B)— > B —(1-8
T:mLt:rnlJ k=0

La—gm - g
1 m mfl-
- - (-8

mi (M —1)(1 — B)?

1
<A=B8= Y. B+ >, B
mT:t—m+2 k=0
LﬂJfl
1o e S m
_ 7615 +2(1 B 1)+ 6 k
m
k=0
15 -1
1 —m m— kS
< =g —- g 4+ B
m
k=0
1
< — t—m+2 1— m—1 .

m—1

<=8+ T(l - B).

Combining the bounds, we get

B) < (1 — B)Dm(B™™m +m — 1)G(wy).

Finally,

(C) = BV L(wy)llL < 87 DG (wy).

Therefore, we conclude

lells < [(1 = B)Dm(m — 1) + Cune + C28°] G(wr)

where C1, Cy > 0 are constants determined by 3, m, and D.

N-b

Corollary 23 Suppose that 5 € (=2,1). Then, there exists tg € N such that for all t > t,

Inc—-Signum iterates {w} satisfy

L(wis1) < L(wy) — ne(1e0 — 2(1 — B)DE(

N

b

— 1) — (201 + Cu)n — 2C28")G(wy),

where Cg, C1, Cy > 0 are constants in Lemmas 21 and 22.
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Proof By Lemma 26, we get

(VL(W), Ar) = (my, Ar) — (e, Ay)
> [[mefly — [led][1[|At]loo
= (IVL(we)llr = lledllr) — lledlls
= IVL(w)ll1 — 2[led]lx
2 Yoo (W) — 2[|ex|1-

Now using Lemma 21 and Lemma 22, we conclude

L(wii1) < L(wi) = ne(VL(WL), Ar) + CnpG(wy)
< LwWy) — (Yo G(We) — 2lecl1) + CuniG(wy)
< L(w) = (Yoo —2(1 = B)DF(F = 1) = (2C1 + C)my — 2C28M)G (wy),

which ends the proof. n
Proposition 24 (Loss convergence) Suppose that § € (1 — 40 2 1) ifb < Nand B € (0,1) if
b= N, where Cy := D& (5 — 1). Then, L(w;) — 0ast — oo.

Proof Note that 8 € (NT_I’, 1) since Yoo = MaX|y|., <1 MiNie[n] w'x; < D. By Corollary 23,
there exists £y € N such that for all £ > tg,

Nt(Yoo — 2Co(1 = B) — (2C1 + C)ne — 2025t)g(wt) < L(wi) — L(Wey1).

Since 7, 8¢ — 0 as t — oo, there exists ¢ > ¢ such that for all ¢ > ¢,

(2C1 + Crr)n + 208" < 72‘3
Then,
%o > mG(we) < mi(Yeo—2Co(1-B)—(2C1+Cr ) —2C8")G Z L(wy)—L(Wit1) < 0.

t=tq t=t1 t=t1

Thus, Zfito mG(wy) < oo and since ), 4, Mt = 00, this implies G(w;) — 0 and therefore
L(w:) - 0ast — oo. [ |

Proposition 25 (Unnormalized margin lower bound) Suppose that § € (1 — Zg 1) ifb< N

and B € (0,1) if b = N, where Cy := D%(% — 1). Then, there exists ts € N such that for all
>t

g(W ) 2 2C2770
(2C1 + Cy
%)y 5

L

t—1
min W' xi < (700 = 2C0(1 = B) D 0
1€ T=tg

where Cy := D%(% — 1) and Cy,Cy,Cy > 0 are constants in Lemmas 21 and 22.
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Proof By Proposition 24, there exists time step t; € N such that £(w;) < 101%2 for all t > t. Then,
E(w;rxi) < %ﬁ(wt) <log2 < 1, and thus min,c | wz—xi > 0 for all ¢ > t5. Then, for all ¢t > ¢,

NE(W )
T T T t
1 1 () —W i < —
eXp( ZHI[{ND] W, X; ) ZID[E},\}T(] exp( W, X ) 1 gn[é}\}ﬁ Og( + Xp( X )) 1

)

for logistic loss, and exp(— miney; W, x;) < NL(wy) < Nf) g’;t) for exponential loss.
Using Corollary 23 and G(w) < £(w) from Lemma 26, we get

G(wi_1)

L(wi) < L(wi1) (1 = (oo =260 = B)m-r 7y

+ (20, + Cy)n? | + QCQBt_lntl)

G(wy_ _
< L(wi_1)exp <—(%o —2CH(1 — mm_lﬁngii + (2C) + Cg)nt | + 2C,58¢ 177t—1>
t—1 t—1
< L(wy,) exp ( (Voo — 2CH(1 — ,C + (2C1 + Ch) Z ny + 203 Z BT 777>
T=tg T=ls T=ts
log 2 — G(w, ) n? + 2C'2770
< — — — .
S e ( (Yoo — 2CH(1 B))th: 777£<WT> (2C1 + Ch) th: e
Thus, we get
NL(w
exp(— zrél[bvn] W:XZ) < log(;Qt)
t—1
g(w, 2C
< exp (—(’yoo —2CH(1—-0)) Z UTEEW ; (2C1 + Cp) Z 2y _27750> ’
T=ts T T=ts
which gives the desired inequality. |

Theorem 11 Let 6 > 0. Then there exists € > 0 such that the iterates {w;}?, of Inc-Signum
(Algorithm 4) with batch size b and momentum 3 € (1 — €, 1), under Assumptions 1 and 3, satisfy

: T
min;e[N] X; Wi

lim inf > Yoo — 0, @)

t—o0 [Wtllo
where

Yoo £ max min w'x;, D2 max 1% ]1,
[[Wlloo <1 i€[N] €[N
and 1
€= ————————min{4d, L= ifb <N, e=1 ifb=N
2D - H (& —1) o o f

Proof Let Cy := D (4 — 1) so that € := mln{QC .16, Hif b < Nande:=1if b = N. Note that

Co=0if b= N. Suppose that 3 € (1 — €, 1).
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Let £y be a time step that satisfy Corollary 23. By Proposition 24, there exists t* > tg such that
(201 + Cg)m + 20,8t < 2 and L(w;) < logQ for all t > ¢*. Then, for each t > t*, we get

% >1- NE(Wt) > 1. By Corollary 23, for allt > t*,

G(wi_1)

T 4 (20 + C)n? | + 20,601 _>
L(wi_1) (2¢4 H)Mi1 28" i1

Liwy) < L(wis) (1 — (oo — 2C0(1 = B))es
< L(wi_q) (1 — 2%07715—1 + é%ont—1>

1
< L(wy_1)exp <—8%o77t1>

t—1
o550

T=t*
t—1
log 2
< ]%[ exp (_'ygo Z 777) .
T=t*
Consequently, by Lemma 26, we have
-1
g(wt) Nﬁ(wt> Yoo .
>1—-—>2>1- ——
L) = 5 Zl-ewp| - ;ﬁnf :

for all ¢t > ¢*.
Finally, using Proposition 25, we get
minie[ N] WtT X;

Yoo — 200(1 - B) -

Wil
Yoo

*_ _ Yoo t—1
(Yoo —2Co(1 = 3)) (HWOH + Zi:ol Nr + Ztrzt* nre 8 &r=t* TIT) + (2C1 + Cq) Zr = 777 + 20220
<

t—1
HWOH +ZT 07"
t*—1 t _ Yoo .
Zt 1

=0 7]’7’

Therefore, we conclude
o .
mine (v Wy X;

[Willoo

> Yoo —2C0(1 = B) >v—6.

liminf; o

Appendix J. Missing Proofs in Appendices C and D

J.1. Detailed Calculations of Example 3

Consider N = d and {x;};c[q C R where x; = z;€; + 6> € forsome 0 < dand 0 <z <
- < xg—1. Loo-max-margin problem is given by

min ||w||o subject to w'x; > 1,Vi € [N].
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(For the convenience of calculation, we use the objective ||w]| rather than 1||w||%..) Its KKT
conditions are given by

8”WHOO > Z /\ixi,

1E€[N]
Z )\i(WTXZ’ — 1) = 0,
i E[N]

\i>0, w'x;—1>0,Vie[N].

Note that w* = (x0+(¢1171)67 cee xo+(ii—1)5) € R%and \* = (m, 0,---,0) € R? satisfy the
KKT conditions since
1
Owloe|  =ATTs = 3 Nixi,
wW=w xo + (d — 1)5 ie[V]
d—1)6
Z A (w* xl—l)—A*($0+(d 1)5—1)207
1€[N] o + ( B )
A >0,w'Tx; —1>0,Vi € [N].
Now we show that ¢* = (1,0,---,0) € A%!is a fixed point of T in Theorem 10 and

w* = p(c*). Note that for k = m > 0, it satisfies

M(c")w" = diag(wo.0,-- . O)w' =kxo =k Y ¢ix;
1€[N]

Z c(w*x; —1) =0,

1€[N]

¢ >0,w*'x; —1>0,Vi € [N],
which implies 7'(c¢*) = ¢* and w* = p(c*).

J.2. Proof of Lemma 12

Lemma 12 Suppose that (a) L(w;) — 0 and (b) w, = ||w,|2W + p(r) for some W with
3lim,_, p(r). Then, under Assumptions 1 and 2, there exists ¢ = (co,--- ,cn_1) € AN ™! such
that the limit direction W of Inc—-Adam with 31 = 0 satisfies
woo Y G : ®)
, (4,3) 2,2
i€[N] ZjE[N] Ba CXj

and c; = 0 fori ¢ S, where S = arg min;c [y w ' x; is the index set of support vectors of W.

Proof We start with the case of £ = {eyp. First step is to characterize 5, the limit of d,.. Notice that (b)
is a strictly stronger assumption than Assumption 4 and it simplifies the analysis, while maintaining
the intuition that the terms of support vectors dominate the update direction. Let lim, _,~, p(7) = p.
We recall previous notations as y = min; (x;, W), ¥; = (X;, W), 7 = min;¢g(x;, W). Then it satisfies
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S={ie[N]: (x;,w) =+}and 7 >~ > 0. We can decompose dominant and residual terms in
the update rule as follows.

5oy exp(—9(r)) exp(~p(r) xi)x
1 /S B exp(—23;9(r)) exp(~2p(r) Tx; )2
'y eXp(—’%g( ) exp(—p(r) "xi)x; re
25t /e A8 exp(~27;9(r) exp(~2p(r) Tx;)x2
= exp(—p(r) " x;)x;
5 /e ) exp(=2(3; — 1)g(r) exp(—2p(r) x;)x
Ly exp(—(7; —1)g(r)) exp(—p(r) "xi)x; Le
et /e 57 exp(—2(3; — 1)g(r)) expl—20(r) Tx;)x2
2d(r) +r(r) + e
Since 4; > v and g(r) — oo, r(r) converges to 0. Therefore, we get
6 2 lim §, = lim d(r) = ILHI Z exp.(._p(r)TXi)Xi
TR TS S e A exp(-20() T )

Z exp( ﬁTXi)Xz‘
icS \/desﬁz ) exp(— 2p7x;)x5
CiX;

-3
/e S

for some ¢ € AN~ satisfying ¢; = 0 for i ¢ S. Using the same technique based on Stolz-Cesaro
theorem, we can also deduce that w = 4. Since we can extend this result to ¢ = {}o, following the
proof of Lemma 8, the statement is proved. |

Appendix K. Technical Lemmas
K.1. Proxy Function

Lemma 26 (Proxy function) The proxy function G satisfy the following properties: for any given
weights w,w' € R% and any norm || - ||,

(a) v 9(w) < [[VL(W) |« < DG(W), where D = max;en) [|Xil|x and ). = max|y|<; mine|y) w'x;
is the || - ||-normalized max margin,
(b) 1- 25" < Zo <1,

(c) G(W) = § Diepn ' (W '),
(d) G(w') < eBIW'=vIG(w), where D = max;c ||«

Proof This lemma (or a similar variant) is proved in Zhang et al. [34] and Fan et al. [7]. Below, we
provide a proof for completeness.
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(a) First, by duality we get

VL(w)||+ = max (g, —VL(w >max—— E’w Xi)g X;
Il = s (T > o =y 3 LT

> G(w) max min g'x;

lgll<1ie[N]
=Yg (W)
Second, we can obtain the lower bound as
1 1
VL)l =11 = D W xi)x < N > Cwx)lxill < DG(w).
1€[N] 1€[N]
(b) For exponential loss, g( %) — 1. For logistic loss, the lower bound 7 g(w) ) >1- M follows

from Zhang et al. [34, Lemma C.7]. The upper bound follows from the elementary inequality
~liog(?) = Li%p_(zl) <log(1 + exp(—2)) = liog(2) forall z € R.
(c) For exponential loss, the equality holds. For logistic loss, the elementary inequality élog( z) =

1?:’(&)(_)2) > a f;‘f}g(_zg))Q = {1, (z) for all 2 € R, which results in

:——Zﬁ/w X;) ZNZEH(W X;).

i€[N] 1€[N]

(d) First, for exponential loss, —((, (') = —exp(z — 2"){,(2) < —exp(|2’ — 2|)ley(2), and for

ex 1
exg((z)):lgiog( ) < —exp(]2' — z|)¢ 1Og( z) hold for any z, 2’ € R. By

logistic loss, —£},,(2') =
duality, we get

_% Z O(w'x;) = Z O(wx; + (W —w)'x;)
ZE[N] ZE N]
1
< - 2 L) exp(l(w - w) i)
1E€[N]
1
< -5 Z Z’(wai)eXp(HW, — wi||Ix;||«)
1E[N]
1
< - Z '(w'x;) exp(D||w' —w]))
1E€[N]

= eDIIW’—WIlg(W).

K.2. Properties of Loss Functions

Lemma 27 (Lemma C.4in Zhang et al. [34]) For { € {loyp, Lig}, either G(w) < % or L(w) <
10g2 implies w'x; > 0 forall i € [N].
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Lemma 28 (Lemma C.5 in Zhang et al. [34]) For { € {{oy,, l1og} and any 21, 2o € R, we have

6/(21) _ 1 < elzl—ZQ‘ . 1
U (z2) B
Lemma 29 (Lemma C.6 in Zhang et al. [34]) For { € {{oy,, l1og} and any 2y, 2, 23, 24 € R, we

have

Lemma 30 Fora > 1and z1,20 > 0, if {ipg(21) < aling(22), then z1 > zo —log(2* — 1).
Proof Note that
log(1+e *) <alog(l+e ) = e < (1+e )" —1,

and define f(z) = (Hx% Since f is an increasing function on the interval (0, 1), we get
Supge(o,1) f(#) = f(1) = 2% — 1. This implies (1 + z)? — 1 < (2% — 1)z forz € (0,1). Since
21,29 > 0, it satisfies e7**, e7*2 € (0, 1). Therefore, we get

e <(14+e ) —1<(2%—1)e 2.

By taking the natural logarithm of both sides, we get the desired inequality. |

K.3. Auxiliary Results

Lemma 31 (Lemma C.1 in Zhang et al. [34]) The learning rate n, = (t + 2)~% with a € (0,1]
satisfies Assumption 3.

Lemma 32 (Bernoulli’s Inequality)
(a) Ifr > 1and x > —1, then (1 4+ x)" > 1+ ra.
(b) If0<r<landx > —1, then (1 + )" <1+ rz.

Lemma 33 (Stolz-Cesaro Theorem) Let (ay,),>1 and (by)n>1 be the two sequences of real num-
bers. Assume that (by)n>1 is strictly monotone and divergent sequence and the following limit
exists:

I an41 — Gn I

n—00 b1 — by B
Then it satisfies that

. anp
lim — =1[.
n—oo n

Lemma 34 (Brouwer Fixed-point Theorem) Every continuous function from a nonempty convex
compact subset of R? to itself has a fixed point.
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