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Abstract

Despite being massively overparameterized, deep neural networks exhibit a remarkable abil-
ity to generalize well to unseen data. Existing generalization bounds fail to explain this
phenomenon, often becoming vacuous due to their strong dependence on network depth
and width. To address this, we introduce novel nonvacuous generalization bounds for deep
networks, offering tighter estimates of their Rademacher complexity by introducing a new
analysis of covering number, which exhibits much milder depth dependence. Our bounds
grow at a much slower rate of O(y/Dpr), with network depth D, width p, and weights of
rank r, compared to previous works that scale at a rate O(+/D3pr). Moreover, under certain
plausible assumptions on the width of the network, we establish bounds that grow at a sub-
logarithmic rate of O(y/Tog D) with depth. This novel bound is much tighter and represents
a substantial improvement over prior bounds that scale at a polynomial rate with depth.
We provide rigorous empirical validation, demonstrating that our bounds offer consistently
tighter estimates compared to the state-of-the-art results. Thus, our bounds offer improved
insight into the excellent generalization capabilities of deep overparameterized networks.

1 Introduction

Deep learning models have achieved remarkable success in many domains, including computer vision, Natural
Language Processing, and so on. Yet, a fundamental theoretical puzzle remains: Why do over-parameterized
deep networks, with many more parameters than training data, still generalize well to unseen data (Zhang
et al.l |2021))7 Providing a theoretical justification for this generalization puzzle has remained elusive.

Generalization bounds are a powerful tool for assessing the generalization performance of deep neural net-
works. Traditional learning theory offers bounds, such as those based on the VC dimension (Vapnik &
Chervonenkis|, 2015|) that are derived from the principle of uniform convergence (Nagarajan & Kolter, 2021]).
However, these bounds typically grow in proportion to the number of parameters in the network. For massive
neural networks, these bounds become vacuous and cannot truly capture the generalization gap. Thus, these
bounds are of little use in explaining the good generalization behavior of very large networks because of their
explicit dependence on the size of these networks.

To address these limitations, researchers have explored alternative measures, such as the norm of the network
weights (Neyshabur et all 2015) and the classifier margin (Bartlett et al., |2017)), to provide tighter bounds
that are nonvacuous, more conservative, and correlate better with the generalization gap compared to those
based on traditional methods.

Although bounds based on these measures have demonstrated a significant improvement, a new challenge has
emerged: even these tighter bounds scale poorly with increasing depth and width of the network, whereas
empirical observation suggests that the generalization gap of a network is almost independent of its width
and grows slowly with its depth. For instance, |Neyshabur et al.| (2015)) defines bounds, based on weight
norms, that grow exponentially with the depth D of the network (at a rate O(2”)) and are thus vacuous,
despite being tighter than traditional bounds based on the VC dimension. Similarly, Bartlett et al.| (2017)
and [Neyshabur et al.[(2018]) suggest bounds that grow at a fast polynomial rate O(1/D3pr) with the network
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dimensions, where D denotes depth, p the maximum number of hidden units in any layer, and r denotes the
rank of the weight matrices, even in special cases of bounded norms in each layer. However, these bounds
still grow at a faster rate with the depth of the network, which might lead to loose bounds.

To address their shortcomings, we propose novel generalization bounds that exhibit a significantly milder
dependence on the network dimensions. Our bounds grow only at a rate O(y/Dpr), and in the special case
of a bounded width of the network, the dependence becomes even more conservative, growing only sub-
logarithmically with depth at a rate O(v/log D) and having an overall growth rate of O(pr 4+ /log(Dpr)).
Thus, our bounds are much tighter, nonvacuous, growing at a slower pace with increasing network depth, and
thus provide a better theoretical explanation for the good generalization performance of over-parameterized
deep networks.

To provide a detailed derivation of the bounds and show that it captures the generalization gap well, we
have organized the paper as follows. In Section 2, we present related works that attempted to provide
nonvacuous generalization bounds for deep networks to provide context for our work. In Section 3, we
provide a rigorous derivation of our generalization bounds, starting with the general condition and then
proving it for the special case. We then compare our bounds with related bounds on the generalization
gap of deep networks. In Section 4, we experimentally evaluate our bounds and show that they are tighter
than the related bounds suggested previously. In Section 5, we provide a detailed discussion of the empirical
comparison of the different bounds evaluated on networks with different depths. Finally, we conclude in
Section 6 while suggesting interesting directions for future research in Section 7.

In general, our work makes the following contributions:

o We propose a novel generalization bound that is nonvacuous and has a better dependence on the
network dimensions (depth and width) than previously suggested bounds. This marks a step forward
in obtaining tighter bounds that scale well with the network size.

o Under certain realistic and practical assumptions, we provide bounds that scale only sub-
logarithmically with a rate O(y/log D) with depth D for a fixed maximum width p, which is slower
than the prior works that scale at a rate of at least O(v/D). Crucially, our assumptions are more
broadly applicable and more plausible than the restrictive ones made in works such as (Golowich
et al., [2018).

e Through extensive experiments, we provide empirical evidence demonstrating the tightness of our
bound and its superior dependence on depth. By demonstrating the significantly lower values yielded
by our bound over networks of increasing depth compared to competitive baselines, we confirm that
our nonvacuous bounds are much tighter and scale better with depth, providing a superior alternative
to the prior bounds.

1.1 Preliminaries

This section defines key concepts related to DNNs, loss functions, and generalization bounds. The key terms
defined here will be essential for the subsequent analysis.

Given an input z, we denote the output of a D layer neural network as f(z) = fu, (fw,_; (--fw, (x))), where
Wy, Wq_1, .., w; denote the weights of this network in layers d,d — 1,...,1. The output of any intermediate
layer d is given as fy,(ya—1) = c(Waya—1), where o(.) is the activation function that, in our case, is the
ReLU activation (Agarap| 2019) and y, denotes the output of the dy, layer.

We denote loss functions as g(f(z),y) where the first argument specifies the network output corresponding
to the input x, and the second specifies the target y. We then denote a class of loss functions defined over
the function class Fp representing D-layer neural networks as

g(]:D) = {g(f(w=$i)>yi) tweW, (wi,y;) € (X,y)} (1)

where W specifies the set representing all plausible values of the network weights and X',) denote the
sets of possible inputs and their corresponding observations, respectively. Given a set of m inputs
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(z1,11), (x2,Y2), --(Tm, Ym), the generalization error of a classifier f is the difference between its true (or
expected) risk and its empirical risk on this subset of size m and can be written as:

Plarg maa(f(r)s) £ 3]~ - > 9(7(x1), 91 2)
' i=1

Let us take the task of classification as an example to elucidate this concept further. Specifically, we consider
the multiclass classification with ¢ classes. Consider a particular bounded form of the loss function g(.), i.e.,
the margin — loss or ramp — risk. For a given input x with the correct class y € {1,2,..,c}, let us define

my? = fy(z) — m;gx fi(x). We can then define the class of margin loss functions with a margin v as:
ity

G(Fp) ={9y(f(w,x),y) : Vo € X,Vy € Y,Vf € Fp,Yw € W} (3)
where
0, my? >y
9y(f(2),y) = {1— 72, 0<my! <vy (4)
1, mi? <0

Thus, the margin-loss being 1 indicates an incorrect prediction, while it is 0 when the model output for the
correct class is greater than that of all other classes by the margin . Otherwise, if the output corresponding
to the correct class is greater than that of the maximum of other classes by a value <+, this loss goes down
from 1 towards 0 as this difference reaches ~.

After defining these crucial concepts, we now define some important terms for understanding generalization
bounds. The empirical Rademacher complexity (Bartlett & Mendelson, [2002)) R,,(G,(Fp)) for a sample set
of size n over a function class Fp is described as

n

Rl (Fp) = B [sup |~ eig(f(wi), i) (5)

e€l=1L+1" feFp N —

where € is a vector that contains -1 or +1 with equal probability. This quantity determines the richness and
complexity of a function class on data drawn from a distribution (X,)) and is related to the complexity of
the network. Intuitively, the Rademachar complexity determines the network’s ability to fit random labels
for a given dataset. The more complex a function class is, the greater will be its potential to fit random
samples with noise. This quantity will play a crucial role in the derivation of our generalization bounds.

Next, we introduce the concept of covering number which will be useful in the analysis of the generalization
of deep networks and is connected to the Rademacher complexity defined above. The covering number
N(F,e,||.|F) of a function class F output by a neural network is defined as the number of balls of radius e,
in the ||.||p norm, that can tightly cover the space of functions F.

To understand it more intuitively, imagine a space of all functions that your neural network can represent
(with a possible set W of weights) and suppose you want to approximate any function with up to € precision.
To achieve this, you start placing balls of radius € in this space so that each function overlaps with at least
one ball. The number of balls placed to achieve this is the covering number N (F,e¢, ||.||r) for the given
function space.

Bartlett et al| (2017) connects the generalization gap to the Rademachar complexity as follows: Given a
function class representing D-layer neural networks Fp, a sample set S of size n, margin loss function g.,
and a real number § € [0, 1], we have, with probability > 1 — 4, that the generalization error is bounded with
respect to the Rademacher complexity via the following inequality:

Blargmar(f(2):) # 4] € =3 02(f (1), 1) + 29%,(G, (Fo) + 3y L) (6)
! i=1

n
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The generalization bound of a predictor can also be derived using the PAC-Bayesian framework (McAllester),
2003)), which takes into account the full posterior distribution over the weights of the neural network to derive
upper bounds on generalization error. According to this framework, we first define a prior distribution of
the weights w denoted as P that encodes our prior beliefs about the network and is independent of training
data. Now, suppose a predictor fy (not necessarily a neural network) with trained weights w that is drawn
from a posterior distribution ) and depend on the training data. Then, according to the PAC-Bayesian
framework, with a probability > 1 — § over a random draw of the training data of size m, we have

w||P) + In(2m/9)

m—1

BIL()] < EE () + /52 @)
where L(fw) is the actual or expected risk and E( fw) is the empirical risk over the dataset. Thus, the
PAC-Bayesian framework bounds the generalization error using the KL divergence between the posterior
distributions @ of the trained weights and the prior weights P. Thus, the more divergent the distribution
of the trained weights and the prior weights, the higher the generalization gap. The bounds derived using
the PAC-Bayesian principles have also been connected to the sharpness of the network and the empirical
observation that predictors with flat minima in the weight space often generalize well (Keskar et al., |2017)).
This is because on flat minima the set of solutions w is more uniformly distributed in a large volume around
the prior distribution P and thus the KL term in equation (7) is smaller. Hence, small perturbations of the
weights do not lead to a large change in empirical loss, predictor output fyw, and the KL term. Hence, in
such cases, a perturbation analysis of the predictor by introducing small random noise to obtain fy 1, and
observing its effect on the change in the predictor output (|fw+u — fw|) would allow us to draw generalization
bounds. We will use this perturbation technique to derive our generalization bound in the general case.

1.2 Notations

Now we state some important notations that would be regularly used in the mathematical expressions below.
We will usually use D, p, and r to denote the depth, maximum width, and the rank of the weight matrices of
a neural network. Given a matrix Wy, which represents the weights of the dy;, layer of a neural network, we
denote its spectral norm as Bg 2 or ||Wy||2, the Frobenius norm as By p or [|[Wyl|F, and Bga—1 or |[Wyll2,1

denotes the 2,1-norm of the dy, layer, which is described mathematically as |[Wll21 = D i /Z;_”:l WZQJ

This is just the sum of the l; norm of each row of the matrix Wj,. For a given neural network, Jy, will
denote the Jacobian of the dyy, layer, B{%; denotes an upper bound on the Jacobian norm of the first d layers
with respect to the input and B{gc denotes the Jacobian upper bound of the full network excluding the dy,
layer. Generally, Bgf;c denotes the upper bound on the Jacobian of the sub-network starting at the iy, layer
and ending at the d;;. Furthermore, v denotes the classifier margin. R will denote the Lo norm of the input
matrices | X |2, i.e., R = || X|l2 = />iey [|@ill3- p1,p2, .., pp denotes the Lipschitz constant of the respective
layers in a D-layer neural network and N (F,e¢,||.||,) denotes the covering number of the function class F
learnable by the neural network. This covering number determines the number of balls of size € required to
cover the whole class of neural network functions represented by F, with the distance measured in the |.||,

norm.

2 Related Works

2.1 Nonvacuous generalization bounds for deep networks

Traditional generalization bounds for neural networks, such as those based on the VC dimension (Vapnik &
Chervonenkis|, [2015]) scale linearly with the number of network parameters. Although theoretically grounded
in statistical learning theory, these bounds are vacuous for overparameterized neural networks, thus providing
little insight into the generalization performance of deep networks. A recent line of work has attempted to
address this limitation by proposing nonvacuous generalization bounds that are some functions of the norm
of the weights (Bartlett et al., [2017; |Neyshabur et al.,2018;[2015) and the classifier margin. Unlike traditional
bounds, these methods offer more favorable scaling and better estimation of the generalization gap.
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Early works in this direction (Neyshabur et al., 2015) proposed bounds that are explicitly based on the , 4
norm of the network weights. In this approach, the [, norm of the weights incoming to each hidden unit is
first computed, which is then followed by a [, norm of the resulting vector. While this bound is a notable
improvement over those based on the VC dimension, it still suffers from a critical limitation. This bound

b B
scales exponentially with the depth of the network (scaling at a rate 0(21;[#), where D is the depth),
which does not align well with empirical observations according to which the generalization gap grows slowly
and often improves with depth (Nakkiran et al., [2020)).

One of the seminal works that addressed the fast scaling of the previous bounds with depth is the one
proposed by Bartlett et al|(2017)). This bound leverages the concept of covering number for neural networks
to derive nonvacuous bounds that are proportional to the l5 3 norm of the ratio of the Frobenius norm to
the spectral norm of the weights across the layers to provide tighter generalization estimates.

2/3 .
[1:, Bazlog p (infH)s «
yvm = Bj/?’

/ D3
However, their bound grows at a rate of at least O( %p ") (assuming that the ratio of spectral norm to

D Baal
the margin Hd:liijogp stays bounded by a constant) which is proportional to the square root of the cube

of the network depth. Although their bounds showed an improved growth rate with network dimensions
compared to (Neyshabur et all|2015)), it still did not result in bounds with a tighter dependence on depth.

Neyshabur et al.[(2018) later proposed a tighter bound that is based on PAC-Bayesian principles (McAllester,
2003) and is proportional to the sum of the ratio of the squares of the Frobenius norm to the spectral norm
across all layers multiplied by D?p.

D By log(D " B3
Hd_ 7d\,/ﬁg( D) D2p<Zde,F> 9)

d=1 d,2

/D3
Despite being an improvement over the previous bound, this bound still grows at the rate % due to

the extra D?p term, and thus scales at the same rate as the previous bound, since the sum of the ratio of
the Frobenius norm to the spectral norm scales as O(D). Due to the fast growth rate of these bounds with
network depth, which contradicts empirical findings, these bounds cannot provide an accurate estimate of
the generalization gap, especially for very deep networks.

The fast growth rates of the previous bounds present a significant challenge in providing tight and nonva-
cuous estimates of the generalization gap of the network. This can be a significant hurdle in providing an
estimate that is closer to the actual generalization gap of very deep networks, as these bounds grow very
fast with network depths, while empirical observation suggests that the generalization error grows more
slowly with depth (slower than a polynomial rate), and even adding depth under certain conditions improves
generalization (Nakkiran et al., [2020; [Advani & Saxel 2017]).

To address the limitations of previous bounds and provide better depth scaling, Li et al.| (2019) provided

. \/ * ne . . .
a tighter bound that scales as O(%)7 where C)¢; is a term that is proportional to the square

root depth of the network and its Jacobian. Thus, their bound scale as O(y/ Dpr * log(cv/D)), where c is

a constant, which is tighter compared to the previous bounds. A more recent attempt at obtaining size-
independent bounds was made in (Golowich et all [2018), where the authors propose a bound which is
proportional to the logarithm of the ratio of the product of the Frobenius norm of the layer weights and its

lower bound I" < HdD:1 By p:
D D
B 1 B, D
11 LE pind ——1/log M7 = (10)
= m r m
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However, their bounds only hold in a very stringent condition where the Frobenius norms of the weights in
each layer d are upper-bounded by some constant By, r, while their product is lower-bounded by I'. Moreover,
they used the product of the Frobenius norm of the layers, instead of the tighter spectral norm used by prior
bounds, which can lead to terms that scale exponentially with depth (O(r?)) in the worst case, resulting in
loose bounds. Lastly, their bound is independent only in the case where the first term in the min operation

D
B
(\/ L_log M) is sufficiently smaller than the second term /D /m, which is more rarely satisfied due

g m
to an almost exponential growth of By r with depth.

Compared to previous work, we propose bounds that exhibit a significantly better dependence on network

dimensions (both depth and width). Our bounds scale as O(~ Dp "), and thus have a better depth scaling

v
than all the previous bounds, including (Li et al. [2019) which scaled as O(4/ %"Q(D)).

Moreover, under certain practical assumptions on the width of network layers, our bounds achieve a remark-

og(D)

vm
a significantly tighter and realistic estimate of the generalization gap of deeper neural networks with many
more layers, addressing a major limitation of previous work and aligning well with the empirical observation.

able sub-logarithmic scaling with depth at a rate ( V! ) for a constant maximum width p. This provides

3 An improved generalization bound with better size dependence

This section presents our novel generalization bounds and provides rigorous mathematical derivations for
them. We begin by establishing our bound in the general case without any restrictions on the network
norm or its size by using the PAC-Bayesian principles (McAllester, |2003)) via a perturbation bound on the
network weights. We then demonstrate that under certain practical constraints on the width of the network
layers, a tighter generalization bound can be obtained using a covering number argument that bounds the
Rademacher complexity of the network. This tighter bound scales only sub-logarithmically with the depth
D of the network and has a tighter dependence on both depth and width.

In deriving the growth rates for the bounds, we assume that the spectral norm |[W;||2 of each individual
layer is equal to 1 (i.e., [|[W;|l2 = 1), which will prevent the product of spectral norms from growing with
depth. This is a common assumption used in different papers, including (Li et al., 2019; [Neyshabur et al.
2018), when deriving growth rates of generalization bounds. Moreover, we exclude the factor \/In(Dp) that
appears in our first bound derived in Theorem 2 when evaluating the growth rates of this bound and is also
common with the bound in (Neyshabur et al., [2018)).

3.1 The bound in the general case

To derive this bound, we first introduce the following PAC-Bayesian bound based on the upper bound on
the KL divergence between the distribution of the trained weights and the weights drawn from a prior
distribution P across all the D layers, which will serve as a key component in our analysis.

Lemma 1. (Neyshabur et al., |2018) Let fo(z) : X — RF be any neural network with parameters w and
P be a prior distribution on its weights that is independent of the training data. Then for any ~,0 >
0, with probability > 1 — § over training set of size m, for any w and any random perturbation u s.t.
]P)u[mazme)(|fw+u(x) - fw(x)| < %] > %7 we have

Plarg max f(x); # y] < %ng(f(xi%yi) + 4\/KL((W +u)||P) (11)
' i=1

m—1

where v denotes the margin of the network, P denotes the prior distribution of weights, K L(Q||P) denotes
the KL divergence between the distributions @ and P, g,(.) denotes the margin loss function.

This KL bound serves as an essential component for bounding the complexity of the network and is based on
the notion of sharpness of the network or the sensitivity of the empirical risk to small weight perturbation,
which will be useful in deriving our generalization bounds.
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To derive our bounds, we deviate from previous work (Neyshabur et al., |2018) by replacing the prior dis-
tribution P with a Normal distribution A (Wy, 0?), with its mean representing the weights at initialization
Wi,, to obtain tighter bounds. This choice was informed by the empirical observation that the weights of
the neural network tend to remain closer to their initialization throughout the training phase and is also
theoretically explained in (Nagarajan & Kolter, 2019). Based on this, we propose our novel margin-based

generalization bounds in the theorem below.

Theorem 2. Let us assume a D-layer meural network with weights in each layer given by
Wi, Wa, . Wi, .., Wp and these weights during initialization are given as Wy, Wa,, Wa,, .., W;,,.Wp,. If
(z1,11), (X2,Y2), (X3,Y3)s «ovvy (Tmy Ym) are drawn iid from a distribution, then with probability at least 1 — 9,
assuming the prior distribution P on weights is a normal distribution with mean 0, for any R, p, D, the true
error rate is bounded by :

) L W D) o Wil + 2+ Dp(2In(D) — 1) + In(Dm)/5
Plarg mazf(x); # y] < R(f) +

m

(12)

Furthermore, if we instead assume that the prior distribution of weights in each layer is a Normal distribution
with mean W, , then assuming the same conditions as before, with probability > 1 — 9, the true error rate is
bounded by

D 2pin
B [Ly IWlPIn(eD) D IWiWiglle | p 4 ppoin(D) — 1) + In(Dm)/8

A e WA
Plarg maz f(x); # y] < R(f)+ ” S
(13)
where v denotes the margin of the network, R(f) = m™* S I f(wi)y, < ma f(xi); + ] is the empirical
I7Yi

risk and R = max||z||s.
T

The full derivation of this theorem is described in the Appendix. The above theorem states our generalization
bounds for the general condition. The first equation (12) of our theorem scales with the Frobenius norm
of the network weights, whereas the second equation (13) depends on the distance of the weights from the
initialization. Since the weights travel a small distance from their initialization, as observed empirically, we
will demonstrate that (13) provides a tighter bound on the generalization error than (12). Note that our
PAC-Bayesian bound grows with the order O(y/Dpr), (assuming ||W;||2 satisfies ||[W;|l2 = 1 for all the layers
1) which is much tighter than the bound proposed in (Bartlett et al. 2017)) which is based on the following
upper bound on the Rademacher complexity of the network:

R (Fp) (%)znf<4a / Vin N(F, e, |- ||oo)> < & [ pIWillaln(ln2i0) (Z(HW%B))B

a>0 yn |W; HQ/ 3
(14)
where inequality (i) is a minor variant of the Dudley integral entropy (Bartlett et al., [2017) bound on the
Rademacher complexity, and this overall bound grows at a rate O(y/D3pr) under the same assumptions
on spectral norms of layers. Moreover, incorporating the distance of the weights from initialization in our
measures leads to tighter bounds that align well with the empirical observation suggesting that the weights
stay consistently closer to their initialization throughout training (Nagarajan & Kolter, [2019).

i=1

3.2 A tighter bound with logarithmic depth dependency

Now, we derive our bound for the special case where we assume that the number of hidden units in any layer
is bounded by p but is sufficiently large (p > 512, which is a common upper bound in many overparameterized
deep networks). Under this assumption, we will use Jensen’s inequality to obtain a tighter bound, which
only scales sub-logarithmically with depth D.
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To derive this bound, we leverage the following Dudley entropy integral bound from statistical learning
theory that bounds the Rademacher complexity (Liao, 2020) R, (F) of a function class F using the covering
number:

R (F) <inf| 48+ —= Viog N(F e, Ly(F)) (15)
550 vm Jg
where N (F, ¢, Lo(F)) denotes the e-covering of the neural network function class F with respect to the
metric Lo(F) in the function class F and m is the sample set size. Now, based on the assumptions that
our network is of finite width p, we derive an upper bound on the Rademacher complexity in the following
theorem.

Theorem 3. Let us assume a D-layer neural network, with at most p hidden units in any layer, which is
sufficiently large. We assume that the weights in each layer have a maximum rank of r and are denoted by
Wi, W, . W;, .., Wp.

Let S = (x1,y1), (x2,¥2), (X3,Y3),s ey (T, Ym) be a set of m training examples drawn iid from a distribution.
Let Fp denote the function class of all such neural networks. Then, with probability at least 1 — § over a
random draw of the set S, the Rademacher complexity of the margin loss function class G over the network
function class Fp is bounded as

D
. 6 [Wille
R (Gy(Fp)) = BiFGR| 16v2pr + — = |log( 2Dpr+ )  ————) —log v 16
(9(Fp)) = Bi'p ( vm ( ;IIWM\/?) "

where v is the network margin, R = mg:z:Hng, and BI%, denotes the upper bound on the Jacobian of the

entire network.

The detailed proof of this theorem is relegated to the Appendix.

To derive the growth rate of this bound, we first assume that ||W;||2 = 1 for all 7. In addition, we utilize
the fact that the spectral norm bounds the Frobenius norm via the inequality |[W;||r < /r||W;|l2. This
holds since the Frobenius norm is the sum of singular values ||W||r = /> ._, 07 and the spectral norm is
the largest singular value oq. Hence, [|W{|p = />i_, 02 < /Y5, 07 < \/ro} = /ro1 = /7|W|2 Thus,
using the inequality |W;||r < +/7||W;||2 where r is the rank of W;, we get

[Wil|
<Vr (17)
[Will2

Thus, the individual terms within the summation in the log in Theorem 3 scale at the rate O(2Dpr +
D\/7/\/2) = O(2Dpr + D+/r/2), hence the value of the summation within the log in (16) can grow at a
maximum rate of O(Dpr) and the overall Rademachar complexity term derived in this theorem scales at a
rate O(pr ++/log Dpr) = O(pr + +/log D + log pr) with depth D, maximum width p and rank r. Thus, our
bound scales only sub-logarithmically with respect to depth D.

Since, we assume that V;||W;||2 = 1, the term B{,‘ZDC becomes equal to 1 and the generalization bound should

grow at a rate O(pr++/log D + log pr) < O(pr++/log D++/log pr)) with respect to the network dimensions.
Hence, on the basis of this observation, our proposed bound should grow only sub-logarithmically with depth
D for a fixed maximum width p at a rate O(y/log D). Now, substituting (16) into the following generalization
bound (Bartlett et al., |2017)) based on the Rademacher complexity

Plarg max(f(x):) # v:)] < R(f) + 2R, (F) +3 in(1/9)

(18)

n

we finally get our refined generalization bound.
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Table 1: Comparison of existing norm-based generalization bounds with our results for neural networks of
depth D, p hidden units in each layer, and weight matrices of rank r. By p, B4, and Bg2—1 denote the
IWallF, [Wallz, |Wa— |l2 denotes the lower bound on product of Frobenius
norm (Golowich et al.| 2018)). We also derive each bound under the constrain ||[Wy|l2 = 1 for all the layers
d=1,2,..,D which makes the common factor H?:l Bgo=1.

capacity Original results [Wall2 =1
bound
D ~
(Neyshabur (’)(2 H b, F) (’)(2::"/%/2)
et al.l [2015])
D ° 2/3 3/2 ~ 3pr
(Bartlett O(W( L B;g,gl) ) ooy
et al.l 2017
) HD BysR D B2 _ E
(Neyshabur otz et D2yl | TF log(Dp)) O(y/2z)
et al., [2018) 3
: D  Bar [V log7 5 —r d T Sar vrPD
(Golowich (9( gy = mm{ A/ }) (’)( f‘f)
et al), 2018) ! " e
ae Bja,c VDm/r mazgBg y
: Biiq v/ Der loQ( e STV ) ) > ( \/Dpr+log(D)
(Li et all (9( ) (’)<7>
2010) YVm YVm
D
Our bound O( 4= 2 QR\/Zd 1 32 plog(DP)) (9( Y 5%)
~\V 1 D)+l Is
(Our . l;ou(r;)d O(Hle By (W \/log 2Dpr + 30 BBd 7) —|—p7”> (9(% +pr)
specialize

Theorem 4. Let’s assume a D-layer neural network, with a maximum of p hidden units across all layers,
which is sufficiently large (p > 512), weights in each layer given by Wi, Wa, .. W, ... Wp and having a
mazimum rankr. If (x1,y1), (T2, y2), (T3,Y3), ..., (Tn, Yn) is a sample S of size n drawn iid from a distribution
and assuming that the norm of each hidden unit’s weight is bounded above by 1, then with probability at least
1— 46, over random draw of S, the generalization error is bounded as

P[arg?mx( (z)i) #yl < (f)+0( aac(llﬁ|2 <2D +Z |W”‘|\F[> +Cpr) + ln(i/é)) (19)

Zn (argmaz; f(x:) j#yi)

i1 - is the empirical risk and | X||2 =

where v denotes the classifier margin, R(f) =

2 will2-

This states our bound in the specialized case. Note that our bound is tighter than Bartlett et al.|(2017) as
well as the more recent bound |Li et al.| (2019)) for large depth, and scales only sub-logarithmically with depth.
We now provide an empirical comparison of the growth rate and the tightness of our bounds compared to
the other related bounds.

4 Experimental Evaluation

We evaluated and compared our generalization bound against the ones proposed in [Bartlett et al.| (2017));
Neyshabur et al.| (2018); |Li et al.| (2019)and |Golowich et al.| (2018) on the VGG-16 network and its deeper
variants (VGG-19, VGG-21, and VGG-26) along with the ResNet-18 and 34 models (He et all |2015]) on
the CIFAR-10 dataset (Krizhevskyl, 2009). VGG-21 and VGG-26 models are extensions of VGG-19, where
VGG-21 had one more convolutional layer in the last two blocks, each consisting of 512 filter layers. Similarly,
VGG-26 was an extension of VGG-19 and had 3 more layers in the last two convolutional blocks with 512
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filter layers in each block, and 1 more convolutional layer in the third block consisting of 256 filter layers.
Furthermore, we also derived the bounds for the Residual networks, on the more complex CIFAR-100 and
Tiny Imagenet dataset (Le & Yang) |2015|) to validate the generalizability of our bound to more diverse and
large scale datasets.

IIX12

In evaluating these bounds, we assumed that the common factor iy Was the same and equal to 1 for a

specific network across all bounds. Moreover, their growth rate is determined by assuming ||WWy||2 = 1 which
factors out the common term related to the product of spectral norms. Furthermore, since we compare
the bounds on models with the same architecture, and the bound in Theorem 3 is specifically derived to
demonstrate a tighter depth dependency, we ignore the terms that depend solely on width or the rank of
the matrix (i.e., the pr term in (19)). We evaluated the following bounds after training the networks on the
different datasets to assess their tightness and overall performance:

D D [Will3%
o TLZ; IWillay/>oi2y AR Bound 1la (ours, General-Theorem 2)

. Hil ||Wi2\/2£1 %, Bound 1b (ours, Initialization based-Theorem 2)
illa

. Hi’;l ||Wi2\/log <2Dpr + Zi’il ”uvﬁllf@), Bound 1c (ours, specialized-Theorem 4)

. Hil APE: w/kZil n;, Bound 2 (Tighter bound proposed in (Li et al.; |2019)))

2731 3
. Hil ||W12\/(231 ::Z”Zfd) , Bound 3 (spectrally normalized margin bound of (Bartlett et al.,
tii2
2017))
. Hil IW:ll2 DQp(ZiZl “llvv‘:;lh%), Bound 4 (PAC-Bayesian bound proposed in (Neyshabur et al.,
ill2
2018)))

D
. HZI Wil * min{log(w)7 VD} ~ Hil |[W;|| VD, Bound 5 (size-independent bound of
(Golowich et al.l [2018))

In our first set of experiments conducted on the CIFAR-10 dataset using VGG and ResNets of different
depths, we initialized the weights of the networks using Glorot-uniform initialization (Glorot & Bengio,
2010). During training, we constrained the filters to be of unit norm in all the models, following |Li et al.
(2019). We trained the network for 60 epochs with the SGD optimizer with 0.9 momentum and an initial
learning rate of 0.01, which was decayed by half after the first 20 epochs, followed by the same decay of
0.5 every 10 epochs thereafter. The values of the different bounds for the different models for this set of
experiments are compared in Table 2.

After an evaluation of the bounds for networks of different depths, we found that our bound in the general
case (Bound 1a) was of order 107 for the VGG-16 network, whereas bounds 3 and 4 were of order 102,
respectively, while Bound 5 (Golowich et al., [2018)) was of order 107 which was extremely loose due to its
dependence on product of Frobenius norm across layers instead of the spectral norm. Furthermore, our
bound based on the distance from initialization (Bound 1b) of the weights was even tighter than our general
Bound la on the same network. This bound was tighter than even the recently proposed bound by |Li et al.
(2019) for the same network, despite the latter’s more favorable size dependence. This demonstrates that
the distance of weights from initialization can provide a tighter characterization of the generalization gap
compared to regular norms. In addition, our sub-logarithmic bound (Bound 1lc) was even tighter and was
of the order 105, which was smaller by a factor of almost 10?> compared to that of bounds 3 and 4.

Similarly, on a VGG-21 network, our general bound (Bound 1a) was of order 10°, while Bounds 3 and 4
were of order 10'°, and Bound 5 was of order 10%4. Moreover, on the same network, our Bound 1b was again

10
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only 40% of that of Bound la, and our special bound (Bound 1c) was of the order of 107 and was smaller
than bounds 3 and 4 by an order of 10? and Bound 2 by an order of 10. Similar trends were observed in the
VGG-26 network where our bounds were consistently tighter and outperformed the other bounds, providing
considerably tighter generalization estimates.

Thus, our general bound (Bound 1a) was consistently smaller by a factor of 10 compared to Bounds 3 and 4,
on all variants of the VGG network. Moreover, our bound with the distance from initialization term (Bound
1b) was smaller than the value of our general bound (Bound la) and was about 100 times smaller than
bounds 3 and 4 on most VGG network architectures. Most critically, our bounds were smaller than both,
the size-independent results derived by |Golowich et al.| (2018) (Bound 5) and the recently obtained tighter
bounds in [Li et al.| (2019) (Bound 2) by a factor of almost 10.

Similar trends were observed in the case of ResNet-18 and ResNet-34 models trained on the CIFAR-10
dataset with unit-norm constraint. On the ResNet-18 model, our initialization-based bound (1b) (~ 107)
was smaller by a factor of 100 from that of the bounds 3 and 4 (~ 10%) as can be observed from Table 2.
Furthermore, our bound (1c) was even lower by a factor of 100 (~ 10°) compared to our general bound (1a),
and by a factor of 10? compared to bounds 3 and 4. Although the recently proposed bound 2 by (Li et al.,
2019) is tighter than our general bound (1a), it is greater than our specialized bound with logarithmic depth
dependence (1c) by a factor of 100. Similar observations were made in the case of Resnet-34 model as well.
These results demonstrate the superiority and tightness of our bounds for more general architectures such
as the ResNet.

In our second set of experiments, whose results are shown in Table 3, we evaluated and compared the
different bounds on the models with different architectures on more diverse datasets, such as Tiny-imagenet
and CIFAR-100, which contain hundreds of different categories. In this set of experiments, we do not apply
any constraint on the norm of the networks as done the first set.

From the Table 3, we can again observe that our general bound (la) was smaller than bounds 3,4, and 5,
and the initialization-based variant of it (1b) was even smaller on all the datasets. Our specialized bound
(1c) was again the tightest and was a factor of 103 smaller than the bounds 3 and 4, and was significantly
smaller than the bound 5. Although bound 2 was in some cases tighter than our general bound (la), it
was looser than our specialized bound (1c) by a factor of 10 — 100. These observations demonstrate the
wide applicability and generalizability of our bounds to more diverse architectures, general training settings
without constraints, and real-world datasets.

The general variant of our bound (1a) is tighter than the bounds 3 and 4 because the term inside the square
root depends solely on the sum of the ratio of the Ly ; norm and the spectral norm of the weights in each
layer, which grows only linearly as O(D) with an increasing number of layers. On the other hand, in Bound
3, the same term, being a cube of the sum of the ratio of the two weight norms, grows at a faster rate of
O(D?), which is proportional to the cube of the depth of the network. Similarly, the term in Bound 4 has a
factor D2p multiplied to this sum of norm-ratios term, and thus grows with a rate O(D) x D?*p = O(D3p),
which is much larger than the rate at which our bound grows.

The results of these experiments confirm that our bounds are tighter than the current state-of-art norm-
based generalization bounds for deep networks. Furthermore, our bound (1c) is even tighter and has better
dependence on network dimensions, growing sub-logarithmically with depth. Furthermore, our bound based
on the distance of network weights from their initialization is always tighter in magnitude compared to the
vanilla bound based on the Frobenius norm of the weights. This observation provides empirical evidence
that the network weight travels only a small distance from initialization in overparameterized deep networks,
and this traversed distance determines the generalization gap.

5 Discussion

In this section, we critically examine and compare the tightness of our proposed generalization bounds
against the related bounds discussed above based on the observed empirical results. As shown in Tables 2
and 3, Bounds 3 and 4 were several orders of magnitude larger (10-100 times) than our proposed general
bound (Bound 1a) for all the networks, and the difference was even more pronounced for our specialized

11
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Figure 1: Figure illustrating the values of the generalization bounds on a logarithmic scale for VGG-style
networks of different depths (VGG-16 (subfigure a), VGG-19 (subfigure b), and VGG-21 (subfigure c))
(Bartlett et al.,[2017) is much larger and loose for this network and is several orders larger than our bounds.
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Table 2: Comparison of different generalization bounds with our nonvacuous bounds on VGG and ResNets
with different depths and normalized weight matrices. Our specialized bound in the finite width case (Bound
1c) is the tightest of all bounds and is several order smaller than the previous bounds (Bounds 3 and 4).(Lecun
et al.l [1998])

Model | Bound Bound Bound Bound | Bound 3 Bound 4 Bound
1a 1b lc 2 5

VGG- | 1.1x107 | 46x10% | 1.34 x | 45 x | 1x 108 1.5x10% [ 41 x
16 108 107 1017
VGG- | 45%x107 | 6.3x107 | 45 x | 244 x | 5.8x10% | 8 x 108 3.68 x
19 106 107 102!
VGG- | 1.3x10° | 5.1x10% | 1.53 x | 7.1 x | 1.89x10%° | 2.6 x10%° | 1.9 x
21 107 108 10%4
VGG- | 29x10° | 1.6x10° | 71  x | 1.1 x | 9.4 x 10" | 3.6 x 10! | 9.17 x
26 107 1010 1030
Resnet-| 1.2x10% [ 5x 107 | 499 x | 23 x | 1.4x 109 [25x10° | 3.0 x
18 108 107 1023
Resnet-| 1.1  x | 3.6x10° | 3.2 x | 467 x | 2.5 x 10! | 4.2x 10" | 3.3 X
34 1010 108 10° 104t

Table 3: Comparison of different generalization bounds with our bounds on VGG and Residual networks
without any norm constraint on diverse image datasets. Our bound (1c) is again the tightest of all bounds
and is several order smaller than the previous bounds (Bounds 2, 3 and 4).(Lecun et al.| [1998)

Dataset Model Bound Bound Bound Bound | Bound 3 Bound 4 Bound
la 1b Ic 2 5
CIFAR- | VGG-19 [ 92 x [83 x[33 x40 x| 1.11x10** 169 x | 9.66 x
10 1022 1022 10%! 1021 1024 1030
CIFAR- | ResNet- | 1.60 x | 145 x | 436 x | 1.55 x | 3.19x10%0 | 4.8 x10%° | 2.7 x
100 34 1039 1039 1037 1039 10°8
Tiny Im- | ResNet- | 1.24 x [ 1.82 x [ 54 x | 1.8 x | 2.15x10™ | 3.6 x 10'* | 1.07 x
agenet 18 1013 1012 10! 1013 10%°

bound (Bound 1c), which was almost 103 ~ 10* times smaller than these bounds. These observations align
well with our theoretical predictions, according to which these bounds scale at a larger rate of O(y/D3pr)
than our Bounds la and 1lc that scale at rates of (O(v/Dpr)) and (O(v/log Dpr)) respectively assuming that
the spectral norm of weights in each layer is bounded by 1.

Surprisingly, our bounds demonstrated considerably tighter estimates, even when compared to the size-
independent bounds (Bound 5) proposed by |Golowich et al. (2018). We conjecture that this was due to
the explicit dependence of this bound on the product of the Frobenius weight norm across all layers, which
can grow exponentially faster than the product of spectral norm used in the other bounds (including ours).
This is because the Frobenius norm is always larger than the spectral norm, since the Frobenius norm is
proportional to the sum of the squares of all the singular values of the matrix, while the spectral norm is
only dependent on the largest singular value. Moreover, for a layer d with p hidden units, the ratio of the
Frobenius norm to the spectral norm satisfies the following:

Wiy [Sio2 _ [ro?
— < _— = <
Wale ~\ o7 S\ o2 TVISVP
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Figure 2: Figure illustrating the values of the different generalization bounds on a logarithmic scale as well
as the generalization gap (difference between test and train loss) across different epochs for a VGG-21 model.
Our proposed bound with the norm constraint on hidden units is the tightest bound and has the lowest value
compared to the other bounds across all the epochs. On the other hand, Bound 3 (Bartlett et al.l [2017) is
much larger and loose for this network and is several orders larger than our bounds.

where r denotes the rank of the weight matrix which is always less than p. Thus, for a network with D layers,
the ratio of the product of the two norms can grow exponentially according to the following inequality:

[y [Wallr _

D 20
0, Wl = V7 20)

This fundamental difference in norm choice explains the faster growth rate of this bound with depth. Thus,
this analysis leads us to posit that this bound’s size independence relies upon the strong and often unrealistic
assumption that the Frobenius norm of each layer be a very small quantity below 1, otherwise it risks an
exponential increase with depth at a rate r”, where r>1. This assumption is too restrictive and often may
not hold in practical scenarios. In contrast, the tighter version of our bound (1c) is derived under a more
relaxed and empirically plausible assumption: that the maximum width of any layer is finite and bounded,
which holds well in practical scenarios. Thus, without applying any strong constraints on the norm of neural
networks, we derive tighter bounds with sub-logarithmic depth dependence for overparameterized networks

14
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Figure 3: Figure illustrating the growth of different bounds with depth of a VGG-21 network. The horizontal
axis in this figure corresponds to the depth, and the vertical axis represent the corresponding bound values
in logarithmic scale.

than the more stringent constraint that is placed on the Frobenius norm of each layer placed in Bound 5
((Golowich et al., [2018))) which may not hold in practice.

Furthermore, we observed that incorporating the distance of the weights from their initialization into the
bounds always leads to tighter bounds compared to those that simply rely on the weight norm. This can be
confirmed from Table 2, where we observe that the Bound 1b, which includes the distance from initialization
term, was always smaller and less than half of the bound value in the general case (Bound 1a) for several
networks of different depths.

More critically, our empirical analysis reveals that our bounds were much tighter than even the recently
proposed bounds by [Li et al| (2019) (Bound 2) that used a term that explicitly depends on the network
dimensions (1/Dpr), whereas our bounds are mostly dependent on the network norms. As observed in
Table 2, our Bound 1b and 1c were smaller than this bound in most cases, verifying their tighter estimates
empirically. This demonstrates that our bounds involving distance from initialization term (Bound 1b) and
our specialized bound (1c) increase at a rate that is much slower than the square root of the number of
network parameters. Furthermore, our specialized bounds for the norm-constrained case (Bound 1c) are
almost 10-100 times smaller than Bound 2 for networks of all sizes, highlighting the much tighter estimates
provided by our bounds.

The results of these experiments suggest that although the works in |Golowich et al| (2018) and |Li et al.
(2019) (Bounds 5 and 2) attempted to provide bounds that were almost size-independent or scaled more
favorably with network dimension, our experimental observations suggest that their bounds are either still
loose or are predicated on the assumptions of a constrained Frobenius norm in each layer, which are often
larger compared to the spectral norm or the Ly ; norm used in our bounds. On the other hand, our bounds
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Figure 4: In the subfigure (a), we demonstrate the tight scaling behavior of our norm-constrained bound
(1c) with respect to our other bounds across different layers of depths d of a VGG-21 network. From the
figure, we can see that our bound lc grows at a smaller rate than O(log d) and much slower than our other
bounds as well as O(v/d). In subfigure (b), we can observe that the Bound 5 (Golowich et al., [2018), which
was purported to be size independent, grew at a much faster rate than our other bounds demonstrating its
poor scaling.

not only provide more favorable scaling, but also provide much tighter estimates in the bounded norm case.
Furthermore, when deriving our logarithmic bounds, we do not impose any bounds on the weight norms of
the weights in individual layers, which is significantly less restrictive and more realistic than the stringent
constraint on the norm of the entire layer imposed in (Golowich et al., |2018]|) to derive their bounds.

6 Conclusion

In this work, novel nonvacuous generalization bounds demonstrating better dependence on network dimen-
sions (width as well as depth) were introduced.

To provide a motivation for our bounds, we began by outlining the shortcomings of traditional complexity
bounds, such as those based on VC dimension and the principle of uniform convergence, which often yield
vacuous bounds for deep over-parameterized networks. We then proceeded to provide an overview of prior
nonvacuous bounds that attempted to overcome these shortcomings. These bounds were functions of the
network norms and their margin. We discussed their strengths while also underscoring a significant limitation:

\/ D3pr

their poor scaling with network dimensions either in the form O( T ) or O(rP). We then introduced our

bounds that provided significantly tighter estimates with better dependence on network dimensions (scaling
with a rate of O(y/Dpr)). Moreover, under specific justifiable assumptions regarding the network width, our

\/log D

bounds achieved a remarkable sub-logarithmic scaling of (O( N ) with depth for a fixed maximum width

p and maximum rank 7.
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The theoretical rigor of our work is supported by extensive mathematical proofs of our bounds for both
the general and the special cases. Empirical validation on VGG and ResNets of different depths on diverse
datasets demonstrated the significantly tighter estimates and better depth scaling provided by our bounds
compared to the competitive nonvacuous bounds.

Our rigorous theoretical framework, combined with compelling experimental evidence, established the supe-
riority of our bounds compared to the previous ones and also demonstrates the tighter depth as well as width
dependence of our bounds compared to the previous work. Thus, our work provides novel theoretical insights
into the remarkable generalization capabilities of very deep networks, especially in the over-parameterized
regime. Our findings contribute to a deeper understanding of the reason behind the superior generalization
performance of deep neural networks, despite their immense complexity.

7 Future directions

Our current work provides a robust foundation for a deeper understanding of generalization in deep networks,
yet it also opens several avenues for future research to derive even tighter bounds that may provide a more
precise estimate of network generalization.

One critical direction is the incorporation of the role of implicit regularization provided by Stochastic Gradi-
ent Descent (SGD). Although our derived bounds exclude the effect of this crucial component, many works
have demonstrated that SGD indeed plays a vital role in biasing the trained network towards lower com-
plexity solutions (Smith et al.l |2021; |Arora et al.l|2019)). It would be an interesting direction to analyse the
effects of this optimization algorithm in greater detail and to include its impact on the generalization bound
for the deep networks.

Furthermore, as shown in (Zhang et all |2021)) data plays an important role in determining how well the
trained network will generalize to unseen data. As (Zhang et al., [2021) has shown that deep networks have
sufficient capacity to fit even random data, but a network trained on such data will obviously generalize very
poorly, the data distribution thus plays a significant role in determining the generalization property of the
deep networks. It would be thus an important direction to explore the impact of the data distribution on the
generalization bounds of the neural networks. Thus, in future works, we would like to extend our bounds to
address these challenges and incorporate the role of the training algorithm and the data distribution in the
derivation of more tighter and improved generalization bounds.
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A Appendix

A.1 Additional Lemmas

In this section of the appendix, we will derive some additional lemmas which will be useful in deriving our
generalization bound in the special norm-constrained case.

Lemma Al. Assume (€1, €a,...,€p) are given along with a set of matrices Wy, Wa, .., W;, .., Wp for a D layer
neural network that lie within By X By X .. X Bp where B; are classes in RP with variable p. and ||W;||2 < ¢;.
Then the hypothesis class representing the neural network outputs (Fp = {Zw : W € By xBa x By x..xBp})
has the covering bound.

D
N(Fp,b L) =]] = suwp N({WiZi,Wl,WQ..,Wi_l(-) : Wi € Bi}, e, H-||> (21)

1 W1, Wa,. \ Wi

1=

Proof. To prove this theorem, we will use the bound derived in (Bartlett et al., [2017)) to achieve a tighter
bound. We will break down the task of calculating the covering number for the i;; layer into a product of
the covering number for the previous layer (i — 1) and the cover for the weights of the iy, layer. We will
proceed with the proof inductively.

o Firstly, let’s consider the covering bound for the first layer defined by the class F; = {W1 X : W; €
B} and denote it by Ny = N (Fy, €1, |.]2)

e Assuming that the lemma holds for all layers up to i, for each function F' in the function class F;
in layer 4, define H;41(F') with an €41 cover of {Wit1Zw, w,..w,_,..w; : Wit1 € Bi11}, construct a
cover for the function of ¢ + 1 the layer individually defined as

[Hit1(F)] < sup N{Wis1 2w, w,,.ow; : Wit € Bivi} €iv, [l llp) == Nigr - (22)
(W1, Wa,W3,..,W;)

Now, using above, taking a union bound over function in F;, we can define the cover for the (i+ 1),
layer as follows

Fip1 = FgfiHiJrl (23)
i+1

| Fit1] < |Fil * [Higa] < |Fil * Nigar < Nipa N | Fima| < H N; (24)
j=1

Thus, this shows that the covering number of the whole network can be decomposed into the product of the
covering number of the different layers.
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Lemma A2. Given a neural network with D layers with a mazimum of p hidden units in any layer. The
covering number of the i, layer with a rank r of its weight matriz is given by

2 L N 2pr
(4220

€;

(25)

where L., is the Lipschitz constant of the iy, layer, b; bounds the Frobenuius norm of weights of the i), layer
|Will7, and €; denotes the radius of the cover element used in the iy, layer.

Proof of the lemma

Let us assume that the output of the 4, layer of the neural network with at most p hidden units is given by
fH(w, x), where f*(.) belongs to the function space f; € F. Then, the metric in this function space is given
as

Ly = sup || fi(z) = fa(@)llz < sup || f(wl, @) — f(wh, 2)ll2 < Lu, ] — whl2 (26)

with Lipschitz constant L,,, and the weights in each layer are bounded as ||[W?*||2.1 < b;. We can now bound
the difference of function output in (26) for row-wise changes in weight vectors and sum it across all rows to
get the following inequality:

J’(Wélx)(Wflx — lez)
’ i i i o' (Waez)(Wirx — Wiyz)
Ly = sup |fi(z) = fs(@)ll2 < supllo(Wiz) — o(W3z)ll2 < sup : (27)

J/(Wépl’)(Wfpl‘ - WQP‘T) 2

Assuming that the activation function o has a Lipschitz constant p, then the derivative ¢’ is upper bounded
by p and the above can be simplified as follows:

P(Wflx - Wﬁﬁ)
p(Wisz — Wiyx)
sup .

. , (@) , .
< supl|p(Wy = W3)alla < sup pl|W} — Wsllaz[l2
T T

p(lepI - WQZp‘r) 2

(i) . . , 4 : .
< plWE; = Wallp * supllzlls < p[Wi = Wal[pR < pR[WY; — Wyl (28)

where inequality (7) in the above expression is obtained by using the inequality ||AB]|2 < ||All2||B]l2, in-

equality (i) is obtained using that fact that the Frobenious norm is an upper bound on the spectral norm
Az < ||A|lF, and R = supl||z||2. Assuming that the layer-wise Lipschitz constant is defined as L,,,=pR ,
xr

we get: 4 ' , , 4 '
Ly < pR|W} = Willp < pR[W{ + (=W3)|lr < pR([|[W{||F + [W3|F) < Lu, *2b; (29)

Now, since we know the maximum value that can be achieved by the layer-wise metric Ly, the problem of
finding the covering number for the function space can be transferred to finding that of finding the covering
number for the weight space W that satisfies the bound ||W*||r < b;.

From (Vershyninl [2018)), we know that the e-covering number of a set A € RP with diameter D, is bounded
P P
by (1+422)" = (14 22)",

To understand this intuitively, imagine a sphere with a diameter of side D4 in p dimensions, hence its

volume will be %(D 4/2)P. Considering balls of radius e have a volume %GP , the total number
of such balls required to cover this larger sphere would be (Deiﬁ)p = (24)» = (£)P. However this is not

an upper bound, because the radius of the larger sphere might not be an integer multiple of the smaller
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Sphere of Radius r packed with smaller spheres of
radius €

Radius r

Volume of larger Volume of smaller
Sphere = 4/3x ~ spheres = 4/37ed

Covering Number = 4/3x 2/ 4137’ = (r/€)3

Figure 5: Figure illustrating the concept of covering number in a three dimensional functional space. Con-
sidering the larger sphere to be the space of all possible functions, we want to pack it with small spheres
such that every function is at most at a distance of € from one of those spheres. Since the volume of the
large sphere is %71'7"3 and the volume of smaller sphere = 4/37e3, the number of such spheres required would
be (£)3

one and the value might become fractional which is not possible. Hence, to overcome this problem, we
extend the radius of larger sphere to r 4+ ¢/2 and pack it with non-overlapping spheres of size ¢/2. Defining
a sphere with radius = as B(x), the number of small spheres required to cover this extended sphere is

vol(B(r + €/2)) /vol(B(r + €/2)) = (rj/#)d = (1+ 22)?, which is the required upper bound.

For our weight space W € RP*? with a rank of r, the diameter is bounded as D4 = sup |Wi — Wi||lr =
Wi Wi

Wi Wi Wi

the triangle inequality. Hence, the upper bound on the e-covering number over the weight space W in layer

.. . D pd 2b, pd 2b; Deyy . . . . .
i is given by (1 + TA) = (1 + T) or (1 + T’) where D,y is the effective dimensionality.

) ) (@) . ) .
sup |[Wi+ (—WH|r < sup |Wilr + |Willr < 2sup||W{||r = 2 * b;, where (i) is obtained by applying
up up Wi

For a weight matrix with rank r, input dimension d and p hidden units, the effective dimensionality is D,y
= r(p+d —r). This is because any such matrix can be decomposed as W = UVT, where U is a matrix
of dimension p x r and V is a matrix of dimension d X r, and both are of full rank with total effective
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dimensionality = pr + dr. Moreover, this decomposition is not unique, since we can multiply an invertible
matrix A of rank r x r to obtain W = (UA™)(AVT), all of which lead to the same decomposition. Thus,
we will need to subtract 72 from the effective dimensionality. Hence, the net effective dimensionality is Dy s
= pr+dr—n12

2% r(p+d—r) (i) 2% 2pr—r?
Incorporating D.jy = r(p + d — r), this bound can be written as (1 + 6—1) < (1+ 6—’) .
(Here, inequality (#i¢) is derived using the facts that the network has a uniform width and the maximum no
of hidden units = d < p.

Using the result for e—covering on the weight space, we can now translate this result to the function space
f € F as follows. Let us consider a set C' = {W;,Ws,..Wx} to be an € — cover of the weight space. For
each function f!(W,x) in the function space, we can consider a center function f*(W.,,x) with weights W,
belonging to the cover C such that Ly(f(W;x), f(We;2)) < Ly, |W — Well2,1 < Lu,€, which is the smallest
distance of a function to the nearest central function. Now, to make a §-cover in the function space, we need
Ly,e <6,0r € <§/Ly,. Thus, to get a d; cover in the function space, we will need a corresponding cover in
weight space with e = ¢;/Lyw,. Substituting this value of € in our covering bound for the weight space, we
get:

0
L,

N(F, 0, Lg) =N, -

2b.; 2pr—r? 2L. b: 2pr—r? (4) L. b:\ 2pr
() (e 2y (4 2
21) < ( + 5L + 5, + 5, (30)

Here, inequality (¢) holds because the term inside the bracket is larger than 1 (b; being a norm, §; being a
radius, and L,,, being the Lipschitz constant are all greater than 1). Replacing the variable ¢; with ¢; in the
above inequality, we finally complete the proof of Lemma A2.

Furthermore, we will use the following lemma to bound the Lipschitz constant (L,,,) of the i, layer of the
network:

Lemma A3. Given a neural network fuw (.) whose Jacobian up to the dyy, layer is uniformly upper bounded
by B and the mazimum input norm is bounded by maz ||x||2 < R then the Lipschitz constant of the dy,
. x

layer output with respect to the dy, layer weights wq can be upper-bounded as

L, < piBI% R (31)

Proof of the Lemma

Given the function representing the neural network with L layers as fuw, (fw,_, (..fw,.-(fw, (2))..)..). We
can derive the Lipschitz constant of the output of d; layer with respect to its weights by considering the
change in the loss function for the different configurations of the weights in layer d:

sup || fw, (- (fw (2))-) = fwar (- (Fa (2))-) |2

Wa1,Waz

(%)
< sup | fwa (Pa-1l[Wa-1ll2pa—2(|[Wa—2|l2...p1[|W1]| X)
Wa1,Waz

— fwWar (Pa—-1[[Wa-1l2pa—2(|Wa-2l|2-..p1 [[W1[| X)]|2
(i)

< sup ||paWai(pa-1l|Wa-1ll2pa—2l|Wa—z2ll2---p1 [Wil]) —paWaa(pa—1l|Wa-1ll2pa—2[|Wa-2|l2.--p1[[W1]) || X ||2

Wa1,Waz
(iid)
< sup (paWarllJa—1Ja—2--J1ll — paWazll Ja—1Ja—2--Jil[2) [ X |2
Wa1,Waz
SWSU‘I; (paWar — paWaz) || Ja—1Ja—2--J1l[2| X |2 < (pa(War — Wa2))||Ja—1Ja—2--J1|l2]| X ||2
dls d2

< sup paBlY L ||War — Wazll2l| X |l2 = Lw, [War — Waell2 - (32)

dl,
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Here, (7) is obtained by decomposing the function of the d — 15, layer into the Lipschitz constant of the prior
layers fu, , = 04—1(Wi—104-2(..)..c1(Wix + b)) = pa—1|Wa-1ll2pd—2|Wa-2]|2..p1||W1]|2 The inequality (i7)
is derived from (i) by factoring out the common term || X||2 and using the fact that ||fwd1( ) = fwg(@)]2 <
1

lpa(War Tlicay pil Wit lla=Waa TLi gy pelWisrll2) X2 < palWar =Wasla|| X lla TLizg_y £¢|Wi-1l2, where
pa+1 is the Lipschitz constant for the dy, layer. Inequality (i4) is obtained by replacing the Lipscitz constant
of each layer pq||Wyl|2 with the layer-wise Jacobian Jy. Comparing the value of L,,, in the the last step of
the above derivation with its left hand side, we get the Lipschitz constant of the dyj, layer weights as follows

Ly, = PdB{?dc;lR (33)

where, B{fldc_l is the uniform upper bound of the Jacobian of the output of dy, layer with respect to its
weights, and we substitute max| X||2 = R. This completes the proof of our lemma.
x

A.2 Further important proofs

We now provide the proofs of the important lemmas and theorems stated earlier in the paper.

A.2.1 Proof of our initialization-based PAC-Bayesian bound (Theorem 2)

To prove this theorem, we will first evaluate an upper bound on the maximum allowable perturbation U; on
each layer such that it does not change the empirical risk and the function output by a specified threshold
proportional to . Using this threshold, we will calculate the K L(w + u|/P) term, which we substitute in
Lemma 1 to obtain the final Theorem.

Let us assume f = (]_[ii1 W)}/, Since the ReLU activation function is homogenous, we can consider
the normalized weights W = SW,/||W;||2 and the resulting output of the network fw = fw. Moreover, the
expected and empirical loss will be the same in both cases. It can also be verified that the product of spectral

norms remains same for both the weight, i.e., HZ1 IWille = Hi’il ||I/IN/Z||2 and that “llvv[‘/;ll‘lf = ||‘|KVV[\/3‘||‘F. Thus, it
K ill2
is sufficient to prove this theorem for normalized weights for which the spectral norm is uniform across the

layers and is equal to ||W;]|2 = /5 and the result will then hold in the general case.

Now, let us consider the prior distribution on weights P to be N (Wg,0%I) to derive the equation (13)
from Theorem 2, where Wqo = [Wy,, Wa,, .., Wi, .., Wp,] denotes the weights at initialization. Then from
Lemma 2 in (Neyshabur et al., |2018) since the perturbations in each layer follows a normal distribution

and satisfy ||U;]l2 < 1/d||W;||2, the variance of U; should be 1/d times that of W;. Hence, we can specify
the distribution of U; as N (0, %I), so that the distribution of each layer is W; + U; ~ N (W, ‘2—221) and in
general w +u ~ N(w, ;2 ). Since the prior cannot depend on the learned weights W, we will assign o
to be proportional to a term ﬁ We will select thls B from a predetermined grid such that for each weight
configuration, we will have a [ satisfying |3 — B| <3 L 3. This choice allows us to derive PAC-Bayesian bounds
for different values of 3, such that each 3 is close to one of the ﬂ. Subsequently, taking a union bound over
the possible values of 8 will allow us to derive our specified bound.

Since u ~ N(0, %ZI ), using Tropp’s inequality (Tropp, [2011]) on the matrix U;, we obtain the following bound
on its spectral norm.

2 —(Dt)2
Py, a0z /03 [|Uill2 > 1] < 2pe77/P* = 2pe e (34)
Taking a union bound over the layers, we obtain
+2 _(pt)?
Py, (0,02 02 [maz||Uill2 > ] < 2pDere /0 = 2pDe 17 (35)

Now, for this inequality to be satisfied with probability > %
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—(Dt)?
2pDe r® < 1/2 (36)
—(Dt)?
= In(2pDe »* ) <In(1/2) (37)
(Dt)?
= In(2pD) — e <In(1/2) (38)
242
In(4pD
= In(4pD) < e (39)
In(4pD
s Jivpz(p) (40)

Hence, whp, the perturbations in each layer ||U;||2 are bounded by Uivplg@pm . Plugging this spectral norm
bound into Lemma 2 of (Neyshabur et al., |2018]), we obtain

Ui _
gl (@) — (@) < o3’ 3 U0 = gt 37 U, (4)
Y (gpiplVPntirD) 173(479 D) (42)

= eRpB%0\/pin(4pD) < 7/4 (43)

. . . . ¥
Hence, to satisfy the last inequality, we can choose o = NN TT0)] Join (D)

Now, using the above information and the fact that the formula for the KL divergence between two normal
distributions which is given by

KLN (w,%), N (wp, %)) = 5 + tr(35;1) — k + In(552) (Dziugaite & Roy, 2017) , where k is the

overall dimensionality, ¥, and ¥ are the covariance matrices of the prior and posterior, respectively.

We can now evaluate the KL term in Lemma 1 as follows:

KL(w + ul|P) = KL\ (w, %)7N(W0, a?))

|w — wol? o%/D?x I o’l
= t -D In(——
o2 + ’I“( o2] ) p+ n(%z_[)

g

D
|wi _Wi0|2 p 2
= ;(72 T T In(D*))) — Dp

462 R2324—2p1n(4pD) 2
< B pln(4pD) Z W, — W%H% < O(% — Dp + 2Dpin(D))

72 P
0 (w‘wi@(zxw) i i - Wallk | 2 py 4 ampin D)>
0 <R2 112, ||V:;||%pm<4pD> é |Wi”;V ?éou% + 2 ppy menw))
<0 (RZ [T, |v?2||%pln<4pD> i IIWiHW V|‘|f I = + Dp(2In(D) ~ 1))
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Hence, for any f such that |B -8l < % for weights W;,i = 1,2.., D, and weights at initialization W, ,i =
1,2.., D with probability > 1 — ¢, substituting the above value of K L(w + u|/P) into Lemma 1, we obtain

b 2pln _TA:
. L, W EpinGeD) 50 IWWlle 4 2 4 Dp(2in(D) — 1) + In(Dm) /5
Plarg max f(x); # y] < R(f)+ —*

i m

(44)
This proves equation (13). To obtain the proof of (12), we can just change the distribution of the prior to
be P ~ N(0,0?) and obtain the KL divergence term

KL(w +ul|P) = KL (W, 753), N (0,0%)) (45)
w2 0?/D?x 1 oI
= oz Ty ) = Drin()) (46)

Subsequently, following the same steps as in the proof of the previous equation, we obtain the generalization
error bound

. P LLL W 00D) o0 IV 4 4 Dp(2In(D) 1) + In(Dim) /6
Plarg mazx f(x); # y] < R(f) +

m

(47)
which also proves equation (12), completing the proof of the whole Theorem.

A.2.2 Proof of Theorem 3

To prove this theorem, we utilize the following upper bound relating the Rademacher complexity of the
margin loss function, with respect to the network’s weights, to its covering number (Liaoj |2020]):

R (G (Fp)) = inf | 48 + = o V109 NG, e, Lo(9)) (48)
n\vy D 550 \/» g vy €y L2

where N'(G,, €, L2(S)) denotes the e-covering of the margin loss function class G, with respect to the metric
Ly(S), Fp denotes the function class represented by a D layer neural network, B = sup |g(f,z)| and
feF

T
9+(fw(2),y) € G denotes the margin loss function for input = with corresponding label y, induced by the
network with parameters w.

Now, given a network of depth D, we can break down the entire network covering number N (G, €, La(S))
into a product of the covering number of the individual layers as follows (Bartlett et al.| [2017)).

1 D
N(F.e,Lo(8)) = = [[ N Wi, x|Wr, Wa, . Wi_1) : W; € W}, ||.I]) (49)
i=1

i

N(g’YaevLQ(S)) =

—
=

2=
4

where equality (i) is obtained by taking into account the fact that the Lipschitz constant of the margin loss
over the function class F is 1/, W; denotes the weights of the layer i, f;(x) denotes the output of the iy,
layer, VW denotes the set of all possible values for the weights of different layers.

Now, supposing the cover radius for the functions in layer i is given by ¢;, the error tolerance at layer
i is €;. Thus, since the overall network output can be represented as the function of the i;, layer as
fo(fp—1(..fi(.)..)), the error propagated to the final layer is

D
fo(fp-1(-€)-) = polWoll2pp-1|Wp-1ll2.ci = [] pjs;*e (50)
j=i+1
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Thus, to ensure that the covering bound of the whole network is ¢, it should be equal to the error tolerance
. . D
stated in the equation above. Thus, € = ]_[J-:Z.+1 pjSj * €, Or

€ €

€; — D = Tac (51)
Hj:iJrl PjS;j Bgﬂ:D

where Bgﬁ:d denotes an upper bound on the Jacobian of the sub-network from the i, to the dg, layer.

Now, we use the covering number bound for the individual layers as described above and substitute it into
the product of covering bounds in equation (50) to get the covering bound for the whole network:

D
1 2b; Lw7
N(GyveiLa(s)) = - [T (1+ 2222) ™ (52)
v i=1
Substituting e; into the above equation, we get
14 20; Ly, B\ 207
e (53)
i=1

Furthermore, substituting L,,, = szl %° | R from Lemma A3, we get the overall covering number as

D jac jac
1 20, B15C  pi B o\ 2
N(Gy, €, La(S)) = log S I | (1 + 1: lep +1,D) (54)

i=1

Substituting the above into equation (49), we obtain the Rademacher complexity for the full network:

A 12 B/2 D 2sz{asz1BZ]_ichR 2pr

Rn(Gy(Fp)) = infsso <4ﬁ + — v /. log };[1 (1 + . ) de (55)
D jac
12 2()1[)13\z R 2pr
<i = RS U
< infsso <4B+ T BI2y 19 ];[1 (1+ 5 ) de (56)
Substituting 8 = 4B7% Rpry/2, we get
D jac
~ . 6B 1 21)1 ZB\Z R 2pr

R,.(G,(Fp)) = 16V2RBISpr + —= | log — 1+ —— ) de 57
(G:(Fp)) {rr+ 7 100 3 1L O+ g7 s) (57)

Moreover,

B = SlH)g(fx)KM
B T\ =

feF,x 0
< WwaUwa oGS (@)-ll2 1 Iwa fwa s G- S (2)-) 2
Y Y
< Wwadwa s Cfn @)z _ W Twa s Iwa T [[2]| X2
Y Y
< B{SR

gl

where B{ag denotes the uniform upper bound on the Jacobian of the network from the 14; to the Dy, layer.
After this substitution, many of the terms are canceled, and we obtain:
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. . 6B 1sz R 2pr
R (G- (Fp)) = 16V2RB ““pr + — , | lo I+ — —lo 58
(9(Fp)) (pr+ —= | log g( Ty f) gy (3

N 6 2pr
= M,(G,(Fp)) = BI*SR(16V2pr + —=, | log — ) —logny 59
(@:(Fo) = Bl R( yV/m H< ||VV||22p7“f> %9

Where (59) is obtained from (58) by substituting B = B{%R/ ~ and decomposing the Jacobian of the entire
network as BJ%S = BI% | p;|W; ||QBH_1 .p and canceling the common terms.

Hence, utilizing the inequality ||W;||r < /7||W;||2 the second terms inside the brackets in the log (i.e., o f)

in the above equation would be of order O(y/7/(2pr x v/2)) &= O(1/(py/7 *2V/2)) < 7.5 << 1 for sufficiently
large p and decrease further below 1 with increasing width of the weight matrices. For instance, for p = 512
and supposing a full rank matrix, rank r = p = 512, this term would be 1/(1024%/2 * 512) = 3.0x107° << 1
and is approximately closer to zero.

Now, since the second term inside the product term in the log in equation (59) would be much smaller than
1 for large enough p, we would be able to employ the inequality

iff Viwi <<l,z;=0
D D
=1 i=1

D D
= log(H(l +x;)) < log( Z (1+2))
=1

i=1

which is a special form of Jensen’s inequality. Hence, using this inequality in the above equation, we can
convert the product into sums, and can simplify equation (59) as follows:

2pr
(6,0 = B {163+ oo T (14 e )™ )
< BjaCR(16\/§pr + 6 log zD:Qpr(l + L) — log 7)
- vVm i=1 HVVi”ZQp?”\/§

< BJ%R (16fpr+7 |19 2(229 + ||W7|2\f) log 7)

Substituting the value of b, = ||W;||r, the proof of the Theorem is completed.

27



	Introduction
	Preliminaries
	Notations

	Related Works
	Nonvacuous generalization bounds for deep networks

	An improved generalization bound with better size dependence
	The bound in the general case
	A tighter bound with logarithmic depth dependency

	Experimental Evaluation
	Discussion
	Conclusion
	Future directions
	Appendix
	Additional Lemmas
	Further important proofs
	Proof of our initialization-based PAC-Bayesian bound (Theorem 2)
	Proof of Theorem 3



