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Abstract
Oversmoothing in Graph Neural Networks (GNNs) refers to the phenomenon
where increasing network depth leads to homogeneous node representations.
While previous work has established that Graph Convolutional Networks (GCNs)
exponentially lose expressive power, it remains controversial whether the graph
attention mechanism can mitigate oversmoothing. In this work, we provide a
definitive answer to this question, by viewing attention-based GNNs as nonlinear
time-varying dynamical systems and incorporating tools and techniques from the
theory of products of inhomogeneous matrices and the joint spectral radius. We
establish that, contrary to popular belief, the graph attention mechanism cannot
prevent oversmoothing and loses expressive power exponentially. The proposed
framework extends the existing results on oversmoothing for symmetric GCNs
to a significantly broader class of GNN models, including random walk GCNs,
Graph Attention Networks (GATs) and (graph) transformers. In particular, our
analysis accounts for asymmetric, state-dependent and time-varying aggregation
operators and a wide range of common nonlinear activation functions, such as
ReLU, LeakyReLU, GELU and SiLU.

1 Introduction

Graph neural networks (GNNs) have emerged as a powerful framework for learning with graph-
structured data [1–7]. Most GNN models follow the message-passing paradigm [8], where the
representation of each node is computed by recursively aggregating and transforming the representa-
tions of its neighboring nodes.

One notable drawback of repeated message-passing is oversmoothing, which refers to the phenomenon
that stacking message-passing GNN layers makes node representations of the same connected
component converge to the same vector [6, 9–14]. As a result, most GNNs used in practice remain
relatively shallow and often only have few layers [6, 7, 15]. On the theory side, while previous works
have shown that the symmetric Graph Convolution Networks (GCNs) with ReLU and LeakyReLU
nonlinearities exponentially lose expressive power, analyzing the oversmoothing phenomenon in
other types of GNNs is still an open question [10, 11]. In particular, the question of whether the
graph attention mechanism can prevent oversmoothing has not been settled yet. Motivated by the
capacity of graph attention to distinguish the importance of different edges in the graph, some works
claim that oversmoothing is alleviated in Graph Attention Networks (GATs), heuristically crediting
to GATs’ ability to learn adaptive node-wise aggregation operators via the attention mechanism [16].
On the other hand, it has been empirically observed that similar to the case of GCNs, oversmoothing
seems inevitable for attention-based GNNs such as GATs or (graph) transformers [14, 17].

In this work, we provide a definitive answer to this question — attention-based GNNs also lose
expressive power exponentially, albeit potentially at a slower exponential rate compared to GCNs.
Given that attention-based GNNs can be viewed as nonlinear time-varying dynamical systems, our
analysis is built on the theory of products of inhomogeneous matrices [18, 19] and the concept
of joint spectral radius [20], as these methods have been long proved effective in the analysis of
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time-inhomogeneous markov chains and ergodicity of dynamical systems [18, 19, 21]. Our approach
generalizes the existing results on oversmoothing for symmetric GCNs to a significantly broader
class of GNN models with asymmetric, state-dependent and time-varying aggregation operators
and nonlinear activation functions under general conditions. In particular, our analysis accounts for
asymmetric, state-dependent and time-varying aggregation operators and a wide range of common
nonlinearities such as ReLU, LeakyReLU, and even non-monotone ones like GELU and SiLU.

2 Problem Setup
2.1 Graph attention mechanism and attention-based GNNs

Let G be a graph with N nodes. Given node representation vectors Xi, Xj ∈ Rd, we use an attention
function Ψ : Rd′ ×Rd′ → R to compute a raw attention coefficient eij = Ψ(W⊤Xi,W

⊤Xj), W ∈
Rd×d′

that indicates the importance of node j’s features to node i. Then the graph structure is injected
into the mechanism by performing masked attention normalized using the softmax function, where for
each node i, we only compute its attention to its neighbors: Pij = softmaxj(eij) =

exp(eij)∑
k∈Ni

exp(eik)
.

The matrix P , where the ijth entry is Pij , is a row stochastic matrix. We refer to P as an aggregation
operator in message-passing.

The update rule of a single graph attentional layer can be written as X ′ = σ(PXW ) , where σ(·) is
a pointwise nonlinearity function, and the aggregation operator P is a function of XW . As a result,
the output of the tth graph attentional layers can be written as X(t+1) = σ(P (t)X(t)W (t)), where
X(0) = X ∈ RN×d is the input node features, W (t) ∈ Rd′×d′

for t ∈ N and W (0) ∈ Rd×d′
. For the

rest of this work, without loss of generality, we assume that d = d′.

2.2 Measure of Oversmoothing

We establish our results on oversmoothing for attention-based GNNs using the following node
similarity measure µ : RN×d → R≥0, satisfying the criteria proposed in Rusch et al. [14]: µ(X) :=

∥X−1γX∥F , where 1 ∈ RN is the all-one vector, γX = 1⊤X
N . In particular, µ(X) = 0 if and only

if all node representations converge to the same vector. Then oversmoothing with respect to µ is
defined as the layer-wise exponential convergence of the node-similarity measure µ to zero, i.e. for
t ∈ N, with constants C1, C2 > 0,

µ(X(t)) ≤ C1e
−C2t. (1)

We note that our analysis directly applies to any Lipschitz node similarity measure, including the
popular Dirichlet energy [11, 14].

2.3 Assumptions

We make the following assumptions (in fact, quite minimal) in deriving our results:
A1 The graph G is connected and has a self-loop at each node.
A2 The attention function Ψ(·, ·) is continuous.
A3 The sequence {∥

∏k
t=0 |W (t)|∥max}∞k=0 is bounded.

A4 The point-wise nonlinear activation function σ(·) satisfies 0 ≤ σ(x)
x ≤ 1 for x ̸= 0 and σ(0) = 0.

We note that all of these assumptions are either standard or quite general. The assumptions on the
GNN architecture A2 and A4 can be easily verified for commonly used GNN designs. For example,
the attention functions used in the GAT [7], GATv2 [22], and transformers [23] are specific cases
that all satisfy A2. As for A4, one way to satisfy it is to have σ be 1-Lipschitz and σ(x) ≤ 0 for
x < 0 and σ(x) ≥ 0 for x > 0. Then it is easy to verify that most of the commonly used nonlinear
activation functions such as ReLU, LeakyReLU, GELU, SiLU, ELU, tanh all satisfy A4.

3 Main Results
3.1 Common connectivity structure among aggregation operators across different layers

Through writing the ith column of X(t+1) as

X
(t+1)
·i =

∑
jt+1=i, (jt,...,j0)∈[d]t+1

(
t∏

k=0

W
(k)
jkjk+1

)
D

(t)
jt+1

P (t)...D
(0)
j1

P (0)X
(0)
j0

, (2)
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where D(t)
i is a diagonal matrix representing the effect of σ(·) to the ith column of P (t)X(t)W (t), we

can show the boundedness of the node representations’ trajectories X(t) for all t ≥ 0. We define D
to be the set of all possible diagonal matrices D(t)

i satisfying A4: D := {diag(d) : d ∈ RN ,0 ≤ew

d ≤ew 1} . Then we establish the following key lemma suggesting that the graph attention mechanism
cannot fundamentally change the connectivity pattern of the graph.
Lemma 1. Under A2-A4, there exists ϵ > 0 such that for all t ≥ 0 and for any nodes i, j that are
connected, we have P

(t)
ij ≥ ϵ.

We define the family of row-stochastic matrices satisfying Lemma 1 below.
Definition 1. Let ϵ > 0. We define PG,ϵ to be the set of row-stochastic matrices satisfying the
following conditions: 1. ϵ ≤ Pij ≤ 1, for i, j connected; 2. Pij = 0, for i, j not connected.

3.2 Ergodicity of infinite products of matrices

Ergodicity, in its most general form, deals with the long-term behavior of dynamical systems. The
oversmoothing phenomenon in GNNs defined in the sense of (1) concerns the convergence of all
rows of X(t) to a common vector at an exponential rate. To this end, we define ergodicity in our
analysis as the convergence of infinite matrix products to a rank-one matrix with identical rows.
Definition 2 (Ergodicity). Let B ∈ R(N−1)×N be the orthogonal projection onto the space or-
thogonal to span{1}. A sequence of matrices {M (n)}∞n=0 is ergodic if lim

t→∞
B
∏t

n=0 M
(n) = 0 .

We will take advantage of the following properties of the projection matrix B already established in
Blondel et al. [21]:1. B1 = 0; 2. ∥Bx∥2 = ∥x∥2 for x ∈ RN if x⊤1 = 0; 3. For M ∈ RN×N , there
exists a unique matrix M̃ ∈ R(N−1)×(N−1) such that BM = M̃B .

Let MG,ϵ := {DP : D ∈ D, P ∈ PG,ϵ} . Then any infinite product of matrices in MG,ϵ is ergodic.
Lemma 2. Any sequence {D(t)P (t)}∞t=0 in MG,ϵ is ergodic.

3.3 Joint spectral radius

Finally, we make use of the concept of the joint spectral radius for a set of matrices [20] and employ
it to deduce exponential convergence of node representations from our ergodicity result, Lemma 2.
Definition 3 (Joint Spectral Radius). For a collection of matrices M, the joint spectral radius
JSR(M) is defined to be

JSR(M) = lim sup
k→∞

sup
M1,M2,...,Mk∈M

∥M1M2...Mk∥
1
k ,

and it is independent of the norm used.

To analyze the convergence rate of products of matrices in MG,ϵ to a rank-one matrix with identical
rows, we investigate the dynamics induced by the matrices on the subspace orthogonal to span{1}.
More precisely, with the notion of ergodicity in Definition 2 and the goal of studying the convergence
rate of a matrix product BM1M2 . . .Mk where each Mi ∈ MG,ϵ, we use the third property of the
orthogonal projection B to write

BM1M2 . . .Mk = M̃1M̃2...M̃kB ,

where each M̃i is the unique matrix in R(N−1)×(N−1) that satisfies BMi = M̃iB. To analyze
products of such matrices M̃i, let us define M̃G,ϵ := {M̃ : BM = M̃B,M ∈ MG,ϵ}. We can use
the ergodictiy result developed in Lemma 2 to show that the joint spectral radius of M̃G,ϵ is strictly
less than 1.
Lemma 3. Let 0 < ϵ < 1. Under assumptions A1-A4, JSR(M̃G,ϵ) < 1.

It follows from the definition of the joint spectral radius that if JSR(M̃G,ϵ) < 1, for any
JSR(M̃G,ϵ) < q < 1, there exists a C for which

∥M̃1M̃2...M̃ky∥ ≤ Cqk∥y∥ (3)

for all y ∈ RN−1 and M̃1, M̃2, ..., M̃k ∈ M̃G,ϵ.
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3.4 Main Theorem

Applying (3) to the recursive expansion of X
(t+1)
·i in (2) using the 2-norm, we can prove the

exponential convergence of µ(X(t)) to zero for the similarity measure µ(·) defined in (1), which in
turn implies the convergence of node representations to a common representation at an exponential
rate. This completes the proof of the main result of this paper, which states that oversmoothing
defined in (1) is unavoidable for attention-based GNNs.
Theorem 1 (Oversmoothing happens exponentially in attention-based GNNs). Under assump-
tions A1-A4, JSR(M̃G,ϵ) < 1 and for any q satisfying JSR(M̃G,ϵ) < q < 1, there exists C1(q) > 0
such that

µ(X(t)) ≤ C1q
t ,∀t ≥ 0 ,

where µ(X) = ∥X − 11⊤X
N ∥F . As a result, node representations X(t) exponentially converge to the

same value as the model depth t → ∞.

3.5 Comparison with the GCN

Computing or approximating the joint spectral radius for a given set of matrices is known to be hard
in general [24], yet it is straightforward to lower bound JSR(M̃G,ϵ).

Proposition 1. Let λ be the second largest eigenvalue of D−1/2
deg AD

−1/2
deg . Then under assumptions

A1-A4, it holds that λ ≤ JSR(M̃G,ϵ).
A direct consequence of the above result is that the upper bound q on the convergence rate that we get
for graph attention in Theorem 1 is at least as large as λ. On the other hand, previous work has already
established that in the graph convolution case, the convergence rate of µ(X(t)) is O(λt) [10, 11]. It
is thus natural to expect attention-based GNNs to potentially have better expressive power at finite
depth than GCNs, even though they both inevitably suffer from oversmoothing. This is also evident
from the numerical experiments that we present in the next section.

4 Numerical Experiments
We validate our theoretical results on three real-world datasets: Cora, CiteSeer and PubMed [25]
with two attention-based GNN architectures (GAT [7] and random walk GCN (constant attention
function) [12, 13]) and five common nonlinearities. We ran each experiment 10 times. Figure 1
shows the evolution of µ(X(t)) in log-log scale on the largest connected component of each graph as
we forward pass the input X into a trained model. The solid curve is the average over 10 runs and the
band indicates one standard deviation around the average. We observe that oversmoothing happens
exponentially in both GCNs and GATs with the rates varying depending on the choice of activation
function. Notably, GCNs demonstrate faster rates of oversmoothing compared to GATs.

Figure 1: Evolution of µ(X(t)) (in log-log scale) on the largest connected component of three
benchmark datasets: Cora, Citeseer, and PubMed.
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A Basic Facts about Matrix Norms
In this section, we list some basic facts about matrix norms that will be helpful in comprehending the
subsequent proofs.

A.1 Matrix norms induced by vector norms

Suppose a vector norm ∥·∥α on Rn and a vector norm ∥·∥β on Rm are given. Any matrix M ∈ Rm×n

induces a linear operator from Rn to Rm with respect to the standard basis, and one defines the
corresponding induced norm or operator norm by

∥M∥α,β = sup

{
∥Mv∥β
∥v∥α

, v ∈ Rn, v ̸= 0

}
.

If the p-norm for vectors (1 ≤ p ≤ ∞) is used for both spaces Rn and Rm, then the corresponding
operator norm is

∥M∥p = sup
v ̸=0

∥Mv∥p
∥v∥p

.

The matrix 1-norm and ∞-norm can be computed by

∥M∥1 = max
1≤j

m∑
i=1

|Mij | ,

that is, the maximum absolute column sum of the matrix M ;

∥M∥∞ = max
1≤m

n∑
j=1

|Mij | ,

that is, the maximum absolute row sum of the matrix M .

Remark. In the special case of p = 2, the induced matrix norm ∥ · ∥2 is called the spectral norm,
and is equal to the largest singular value of the matrix.

For square matrices, we note that the name “spectral norm" does not imply the quantity is directly
related to the spectrum of a matrix, unless the matrix is symmetric.
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Example. We give the following example of a stochastic matrix P , whose spectral radius is 1, but
its spectral norm is greater than 1.

P =

[
0.9 0.1
0.25 0.75

]
∥P∥2 ≈ 1.0188

A.2 Matrix (p, q)-norms

The Frobenius norm of a matrix M ∈ Rm×n is defined as

∥M∥F =

√√√√ n∑
j=1

m∑
i=1

|Mij |2 ,

and it belongs to a family of entry-wise matrix norms: for 1 ≤ p, q ≤ ∞, the matrix (p, q)-norm is
defined as

∥M∥p,q =

 n∑
j=1

(
m∑
i=1

|Mij |p
)q/p

1/q

.

The special case p = q = 2 is the Frobenius norm ∥ · ∥F , and p = q = ∞ yields the max norm
∥ · ∥max.

A.3 Equivalence of norms

For any two matrix norms ∥ · ∥α and ∥ · ∥β , we have that for all matrices M ∈ Rm×n,
r∥M∥α ≤ ∥M∥β ≤ s∥M∥α

for some positive numbers r and s. In particular, the following inequality holds for the 2-norm ∥ · ∥2
and the ∞-norm ∥ · ∥∞:

1√
n
∥M∥∞ ≤ ∥M∥2 ≤

√
m∥M∥∞ .

B Proof of Lemma 1
We can use the formulation in (2) to show the boundedness of the node representations’ trajectories
X(t) for all t ∈ N≥0, which in turn implies the boundedness of the input to graph attention in each
layer, X(t)W (t).
Lemma 4. Under assumptions A3-A4, there exists C > 0 such that ∥X(t)∥max ≤ C for all t ∈ N≥0.

Proof of Lemma 4. According to the formulation (2):

X
(t+1)
·i =

∑
jt+1=i, (jt,...,j0)∈[d]t+1

(
t∏

k=0

W
(k)
jkjk+1

)
D

(t)
jt+1

P (t)...D
(0)
j1

P (0)X
(0)
j0

,

we thus obtain that

∥X(t+1)
·i ∥∞ =

∥∥∥∥∥∥
∑

jt+1=i ,(jt,...,j0)∈[d]t+1

(
t∏

k=0

W
(k)
jkjk+1

)
D

(t)
jt+1

P (t)...D
(0)
j1

P (0)X
(0)
j0

∥∥∥∥∥∥
∞

≤
∑

jt+1=i ,(jt,...,j0)∈[d]t+1

(
t∏

k=0

∣∣∣W (k)
jkjk+1

∣∣∣)∥∥∥D(t)
jt+1

P (t)...D
(0)
j1

P (0)
∥∥∥
∞

∥∥∥X(0)
j0

∥∥∥
∞

≤
∑

jt+1=i ,(jt,...,j0)∈[d]t+1

(
t∏

k=0

∣∣∣W (k)
jkjk+1

∣∣∣)∥∥∥X(0)
j0

∥∥∥
∞

≤ C0

 ∑
jt+1=i ,(jt,...,j0)∈[d]t+1

(
t∏

k=0

∣∣∣W (k)
jkjk+1

∣∣∣)


= C0∥(|W (0)|...|W (t)|)·i∥1 ,

7



Demystifying Oversmoothing in Attention-Based Graph Neural Networks

where C0 equals the maximal entry in |X(0)|.
The assumption A3 implies that there exists C ′ > 0 such that for all t ∈ N≥0 and i ∈ [d],

∥(|W (0)|...|W (t)|)·i∥1 ≤ C ′N .

Hence there exists C ′′ > 0 such that for all t ∈ N≥0 and i ∈ [d], we have

∥X(t)
·i ∥∞ ≤ C ′′ ,

proving the existence of C > 0 such that ∥X(t)∥max ≤ C for all t ∈ N≥0.

For a continuous Ψ(·, ·)1, the following lemma is a direct consequence of Lemma 4, suggesting that
the graph attention mechanism cannot fundamentally change the connectivity pattern of the graph.

C Proof of Lemma 2
C.1 Ergodicity of infinite products of matrices in PG,ϵ

In this section, we make use the existing results on the ergodicity of infinite products of inhomoge-
neous stochastic matrices [18, 19] to show that any sequence of matrices in PG,ϵ is ergodic.
Lemma 5. Fix ϵ > 0. Consider a sequence of matrices {P (t)}∞t=0 in PG,ϵ. That is, P (t) ∈ PG,ϵ for
all t ∈ N≥0. Then {P (t)}∞t=0 is ergodic.

Proof of Lemma 5. The following sufficient condition guarantees the ergodicity of the infinite prod-
ucts of row-stochastic matrices.

Lemma 6 (Corollary 5.1 [18]). Consider a sequence of row-stochastic matrices {S(t)}∞t=0. Let at
and bt be the smallest and largest entries in S(t), respectively. If

∑∞
t=0

at

bt
= ∞, then {S(t)}∞t=0 is

ergodic.

In order to make use of the above result, we first show that long products of P (t)’s from PG,ϵ will
eventually become strictly positive. For t0 ≤ t1, we denote

P (t1:t0) = P (t1) . . . P (t0) .

Lemma 7. Under the assumption A1, there exist T ∈ N and c > 0 such that for all t0 ≥ 0,

c ≤ P
(t0+T :t0)
ij ≤ 1 ,∀1 ≤ i, j ≤ N .

Proof of Lemma 7. Fix any T ∈ N≥0. Since ∥P (t)∥∞ ≤ 1 for any P (t) ∈ PG,ϵ, it follows that
∥P (t0+T :t0)∥∞ ≤ 1 and hence P

(t0+T :t0)
ij ≤ 1, for all 1 ≤ i, j ≤ N .

To show the lower bound, without loss of generality, we will show that there exist T ∈ N and c > 0
such that

P
(T :0)
ij ≥ c ,∀1 ≤ i, j ≤ N .

Since each P (t) has the same connectivity pattern as the original graph G, it follows from the
assumption A1 that there exists T ∈ N such that P (T :0) is a positive matrix, following a similar
argument as the one for Proposition 1.7 in [26]: For each pair of nodes i, j, since we assume that the
graph G is connected, there exists r(i, j) such that P (r(i,j):0)

ij > 0. on the other hand, since we also

assume each node has a self-loop, P (t:0)
ii > 0 for all t ≥ 0 and hence for t ≥ r(i, j),

P
(t:0)
ij ≥ P

(t−r(i,j))
ii P

(r(i,j):0)
ij > 0 .

1More generally, for Ψ(·, ·) that outputs bounded attention scores for bounded inputs.
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For t ≥ t(i) := max
j∈G

r(i, j), we have P
(t:0)
ij > 0 for all node j in G. Finally, if t ≥ T := max

i∈G
t(i),

then P
(t:0)
ij > 0 for all pairs of nodes i, j in G. Notice that P (T :0)

ij is a weighted sum of walks of

length T between nodes i and j, and hence P
(T :0)
ij > 0 if and only if there exists a walk of length

T between nodes i and j. Since for all t ∈ N≥0, P (t)
ij ≥ ϵ if (i, j) ∈ E(G), we conclude that

P
(T :0)
ij ≥ ϵT := c.

Given the sequence {P (t)}∞t=0, we use T ∈ N from Lemma 7 and define

P̄ (k) := P ((k+1)T :kT ) .

Then {P (t)}∞t=0 is ergodic if and only if {P̄ (k)}∞k=0 is ergodic. Notice that by Lemma 7, for all
k ∈ N≥0, there exists c > 0 such that c ≤ P̄

(k)
ij ≤ 1 ,∀1 ≤ i, j ≤ N . Then Lemma 5 is a direct

consequence of Lemma 6.

C.2 Notations and auxiliary results

Consider a sequence {D(t)P (t)}∞t=0 in MG,ϵ. For t0 ≤ t1, define

Qt0,t1 := D(t1)P (t1)...D(t0)P (t0)

and
δt = ∥D(t) − IN∥∞ ,

where IN denotes the N ×N identity matrix. It is also useful to define

Q̂t0,t1 :=P (t1)Qt0,t1−1

:=P (t1)D(t1−1)P (t1−1)...D(t0)P (t0).

We start by proving the following key lemma, which states that long products of matrices in MG,ϵ
eventually become a contraction in ∞-norm.
Lemma 8. There exist 0 < c < 1 and T ∈ N such that for all t0 ≤ t1,

∥Q̂t0,t1+T ∥∞ ≤ (1− cδt1)∥Q̂t0,t1∥∞ .

Proof of Lemma 8. First observe that for every T ≥ 0,

∥Q̂t0,t1+T ∥∞ ≤ ∥P (t1+T )D(t1+T−1)P (t1+T−1)...D(t1+1)P (t1+1)D(t1)∥∞∥Q̂t0,t1∥∞
≤ ∥P (t1+T )P (t1+T−1)...P (t1+1)D(t1)∥∞∥Q̂t0,t1∥∞ ,

where the second inequality is based on the following element-wise inequality:

P (t1+T )P (t1+T−1)...D(t1+1)P (t1+1) ≤ew P (t1+T )P (t1+T−1)...P (t1+1) .

By Lemma 7, there exist T ∈ N and 0 < c < 1 such that

(P (t1+T )...P (t1+1))ij ≥ c, ∀1 ≤ i, j ≤ N .

Since the matrix product P (t1+T )P (t1+T−1)...P (t1+1) is row-stochastic, multiplying it with the
diagonal matrix D(t1) from right decreases the row sums by at least c(1 − D

(t1)
min) = cδt1 , where

D
(t1)
min here denotes the smallest diagonal entry of the diagonal matrix D(t1). Hence,

∥P (t1+T )P (t1+T−1)...P (t1+1)D(t1)∥∞ ≤ 1− cδt1 .

Now define βk :=
∏k

t=0(1 − cδt) and let β := lim
k→∞

βk. Note that β is well-defined because the

partial product is non-increasing and bounded from below. Then we present the following result,
which is stated as Lemma 9 in the main paper and from which the ergodicity of any sequence in
MG,ϵ is an immediate result.
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Lemma 9. Let βk :=
∏k

t=0(1− cδt) and β := lim
k→∞

βk.

1. If β = 0, then lim
k→∞

Q0,k = 0 ;

2. If β > 0, then lim
k→∞

BQ0,k = 0 .

Proof of Lemma 9. We will prove the two cases separately.

[Case β = 0]. We will show that β = 0 implies lim
k→∞

∥Q̂0,k∥∞ = 0, and as a result,

lim
k→∞

∥Q0,k∥∞ = 0. For 0 ≤ j ≤ T − 1, let us define

βj :=

∞∏
k=0

(1− δj+kT ) .

Then by Lemma 8, we get that

lim
k→∞

∥Q̂0,kT ∥∞ ≤ βj∥Q̂0,j∥∞ .

By construction, β = ΠT−1
j=0 β

j . Hence, if β = 0 then βj0 = 0 for some 0 ≤ j0 ≤ T − 1, which
yields lim

k→∞
∥Q̂0,k∥∞ = 0. Consequently, lim

k→∞
∥Q0,k∥∞ = 0 implies that lim

k→∞
Q0,k = 0.

[Case β > 0]. First observe that if β > 0, then ∀0 < η < 1, there exist m ∈ N≥0 such that
∞∏

t=m

(1− cδt) > 1− η . (4)

Using 1− x ≤ e−x for all x ∈ R, we deduce
∞∏

t=m

e−cδt > 1− η .

It also follows from (4) that 1 − cδt > 1 − η, or equivalently δt <
η
c for t ≥ m. Choosing η < c

2

thus ensures that δt < 1
2 for t ≥ m. Putting this together with the fact that, there exists2 b > 0 such

that 1− x ≥ e−bx for all x ∈ [0, 1
2 ], we obtain

∞∏
t=m

(1− δt) ≥
∞∏

t=m

e−bδt > (1− η)
b
c := 1− η′ . (5)

Define the product of row-stochastic matrices P (M :m) := P (M) . . . P (m). It is easy to verify the
following element-wise inequality:(

M∏
t=m

(1− cδt)

)
P (M :m) ≤ew Qm,M ≤ew P (M :m) ,

which together with (5) leads to

(1− η′)P (M :m) ≤ew Qm,M ≤ew P (M :m) . (6)

Therefore,

∥BQm,M∥∞ = ∥B(Qm,M − P (M :m)) +BP (M :m)∥∞
≤ ∥B(Qm,M − P (M :m))∥∞ + ∥BP (M :m)∥∞
= ∥B(Qm,M − P (M :m))∥∞
≤ ∥B∥∞∥Qm,M − P (M :m)∥∞
≤ η′∥B∥∞
≤ η′

√
N ,

2Choose, e.g., b = 2 log 2.
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where the last inequality is due to the fact that ∥B∥2 = 1. By definition, Q0,M = Qm,MQ0,m−1,
and hence

∥BQ0,M∥∞ ≤ ∥BQm,M∥∞∥Q0,m−1∥∞ ≤ ∥BQm,M∥∞ ≤ η′
√
N . (7)

The above inequality (7) holds when taking M → ∞. Then taking η → 0 implies η′ → 0 and
together with (7), we conclude that

lim
M→∞

∥BQ0,M∥∞ = 0 ,

and therefore,
lim

M→∞
BQ0,M = 0 .

C.3 Proof of Lemma 2

Notice that both cases β = 0 and β > 0 in Lemma 9 imply the ergodicity of {D(t)P (t)}∞t=0. Hence
the statement is a direct corollary of Lemma 9.

D Proof of Lemma 3
In order to show that JSR(M̃G,ϵ) < 1, we start by making the following observation.
Lemma 10. A sequence {M (n)}∞n=0 is ergodic if and only if

∏t
n=0 M̃

(n) converges to the zero
matrix.

Proof of Lemma 10. For any t ∈ N≥0, it follows from the third property of the orthogonal projection
B (see, Page 6 of the main paper) that

B

t∏
n=0

M (n) =

t∏
n=0

M̃ (n)B .

Hence

{M (n)}∞n=0 is ergodic ⇐⇒ lim
t→∞

B

t∏
n=0

M (n) = 0

⇐⇒ lim
t→∞

t∏
n=0

M̃ (n)B = 0

⇐⇒ lim
t→∞

t∏
n=0

M̃ (n) = 0 .

Next, we utilize the following result, as a means to ensure a joint spectral radius strictly less than 1
for a bounded set of matrices.
Lemma 11 (Proposition 3.2 in [27]). For any bounded set of matrices M, JSR(M) < 1 if and only
if for any sequence {M (n)}∞n=0 in M,

∏t
n=0 M

(n) converges to the zero matrix.

Here, “bounded" means that there exists an upper bound on the norms of the matrices in the set. Note
that MG,ϵ is bounded because ∥DP∥∞ ≤ 1, DP ∈ MG,ϵ. To show that M̃G,ϵ is also bounded, let
M̃ ∈ M̃G,ϵ, then by definition, we have

M̃B = BM,M ∈ MG,ϵ ⇒ M̃ = BMBT ,

since BBT = IN−1. As a result,

∥M̃∥2 = ∥BMBT ∥2 ≤ ∥M∥2 ≤
√
N ,

where the first inequality is due to ∥B∥2 = ∥B⊤∥2 = 1, and the second ineuality follows from
∥M∥∞ ≤ 1.

Combining Lemma 2, Lemma 10 and Lemma 11, we conclude that JSR(M̃G,ϵ) < 1.
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E Proof of Theorem 1
Recall the formulation of X(t+1)

·i in (2):

X
(t+1)
·i = σ(P (t)(X(t)W (t))·i) =

∑
jt+1=i, (jt,...,j0)∈[d]t+1

(
t∏

k=0

W
(k)
jkjk+1

)
D

(t)
jt+1

P (t)...D
(0)
j1

P (0)X
(0)
j0

.

Then it follows that

∥BX
(t+1)
·i ∥2 =

∥∥∥∥∥∥
∑

jt+1=i, (jt,...,j0)∈[d]t+1

(
t∏

k=0

W
(k)
jkjk+1

)
BD

(t)
jt+1

P (t)...D
(0)
j1

P (0)X
(0)
j0

∥∥∥∥∥∥
2

≤
∑

jt+1=i, (jt,...,j0)∈[d]t+1

(
t∏

k=0

∣∣∣W (k)
jkjk+1

∣∣∣)∥∥∥BD
(t)
jt+1

P (t)...D
(0)
j1

P (0)X
(0)
j0

∥∥∥
2

=
∑

jt+1=i, (jt,...,j0)∈[d]t+1

(
t∏

k=0

∣∣∣W (k)
jkjk+1

∣∣∣)∥∥∥D̃(t)
jt+1

P̃ (t)...D̃
(0)
j1

P̃ (0)BX
(0)
j0

∥∥∥
2

≤
∑

jt+1=i, (jt,...,j0)∈[d]t+1

(
t∏

k=0

∣∣∣W (k)
jkjk+1

∣∣∣)Cqt+1
∥∥∥BX

(0)
j0

∥∥∥
2

≤ C ′qt+1

 ∑
jt+1=i, (jt,...,j0)∈[d]t+1

(
t∏

k=0

∣∣∣W (k)
jkjk+1

∣∣∣)


= C ′qt+1∥(|W (0)|...|W (t)|)·i∥1 ,

where C ′ = Cmax
j∈[d]

∥BX
(0)
j ∥2 and ∥ · ∥1 denotes the 1-norm. Specifically, the first inequality follows

from the triangle inequality, and the second inequality is due to the property of the joint spectral
radius in (3), where JSR(M̃G,ϵ) < q < 1.

Since ∥Bx∥2 = ∥x∥2 if x⊤1 = 0 for x ∈ RN , we also have that if X⊤1 = 0 for X ∈ RN×d, then

∥BX∥F = ∥X∥F ,

using which we obtain that

µ(X(t+1)) = ∥X(t+1) − 1γX(t+1)∥F = ∥BX(t+1)∥F =

√√√√ d∑
i=1

∥BX
(t+1)
·i ∥22

≤ C ′qt+1

√√√√ d∑
i=1

∥(|W (0)|...|W (t)|)·i∥21

≤ C ′qt+1

√√√√( d∑
i=1

∥|(W (0)|...|W (t)|)·i∥1

)2

= C ′qt+1∥|(W (0)|...|W (t)|∥1,1 ,

where ∥ · ∥1,1 denotes the matrix (1, 1)-norm (recall from Section A.2 that for a matrix M ∈ Rm×n,
we have ∥M∥1,1 =

∑m
i=1

∑n
j=1 |Mij |). The assumption A3 implies that there exists C ′′ such that

for all t ∈ N≥0,
∥(|W (0)|...|W (t)|)∥1,1 ≤ C ′′d2 .

Thus we conclude that there exists C1 such that for all t ∈ N≥0,

µ(X(t)) ≤ C1q
t .

12



Demystifying Oversmoothing in Attention-Based Graph Neural Networks

F Proof of Proposition 1

Since D−1
degA is similar to D

−1/2
deg AD

−1/2
deg , they have the same spectrum. For D−1

degA, the smallest
nonzero entry has value 1/dmax, where dmax is the maximum node degree in G. On the other hand,
it follows from the definition of PG,ϵ that

ϵdmax ≤ 1 .

Therefore, ϵ ≤ 1/dmax and thus D−1
degA ∈ PG,ϵ.

We proceed by proving the following result.
Lemma 12. For any M in M, the spectral radius of M denoted by ρ(M), satisfies

ρ(M) ≤ JSR(M) .

Proof of Lemma 12. Gelfand’s formula states that ρ(M) = lim
k→∞

∥Mk∥ 1
k , where the quantity is

independent of the norm used [28]. Then comparing with the definition of the joint spectral radius,
we can immediately conclude the statement.

Let B(D−1
degA) = P̃B. By definition, P̃ ∈ M̃G,ϵ since D−1

degA ∈ PG,ϵ as shown before the lemma.
Moreover, the spectrum of P̃ is the spectrum of D−1

degA after reducing the multiplicity of eigenvalue 1
by one. Under the assumption A1, the eigenvalue 1 of D−1

degA has multiplicity 1, and hence ρ(P̃ ) = λ,
where λ is the second largest eigenvalue of D−1

degA. Putting this together with Lemma 12, we conclude
that

λ ≤ JSR(M̃G,ϵ)

as desired.

G Numerical Experiments
Here we provide more details on the numerical experiments. All models were implemented with
PyTorch [29] and PyTorch Geometric [30].

Datasets. We used torch_geometric.datasets.planetoid provided in PyTorch Geometric
for all the three datasets: Cora, CiteSeer, and PubMed with their default training and test splits.

Model details.

• For GAT, we consider the architecture proposed in Veličković et al. [7] with each attentional
layer sharing the parameter a in LeakyReLU(a⊤[W⊤Xi||W⊤Xj ]), a ∈ R2d′

to compute the
attention scores.

• For GCN, we consider the standard random walk graph convolution D−1
degA. That is, the update

rule of each graph convolutional layer can be written as

X ′ = D−1
degAXW ,

where X and X ′ are the input and output node representations, respectively, and W is the shared
learnable weight matrix in the layer.

Compute. We trained all of our models on a Telsa V100 GPU.

Training details. In all experiments, we used the Adam optimizer using a learning rate of 0.00001
and 0.0005 weight decay and trained for 1000 epoch.

13


	1 Introduction
	2 Problem Setup
	2.1 Graph attention mechanism and attention-based GNNs
	2.2 Measure of Oversmoothing
	2.3 Assumptions

	3 Main Results
	3.1 Common connectivity structure among aggregation operators across different layers
	3.2 Ergodicity of infinite products of matrices
	3.3 Joint spectral radius
	3.4 Main Theorem
	3.5 Comparison with the GCN

	4 Numerical Experiments
	A Basic Facts about Matrix Norms
	A.1 Matrix norms induced by vector norms
	A.2 Matrix (p,q)-norms
	A.3 Equivalence of norms

	B Proof of Lemma 1
	C Proof of Lemma 2
	C.1 Ergodicity of infinite products of matrices in PG,
	C.2 Notations and auxiliary results
	C.3 Proof of Lemma 2

	D Proof of Lemma 3
	E Proof of Theorem 1
	F Proof of Proposition 1
	G Numerical Experiments

