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ABSTRACT

To understand the complexity of the dynamic of learning in Differentiable games,
we decompose the game into components where the dynamic is well understood.
One of the possible tools is Helmholtz’s theorem, which can decompose a vector
field into a potential and a harmonic component. This has been shown to be effec-
tive in finite and normal-form games. However, applying Helmholtz’s theorem by
connecting it with the Hodge theorem on R™ (which is the strategy space of the
Differentiable game) is non-trivial due to the non-compactness of R™. Bridging
the dynamic-strategic disconnect through Hodge/Helmoltz’s theorem in Differen-
tiable games is then left as an open problem in |Letcher et al.[(2019). In this work,
we provide two decompositions of Differentiable games to answer this question:
the first as an exact Potential part, a near Solenoidal part, and a non-strategic part;
the second as a near Potential part, an exact Solenoidal part, and a non-strategic
part. We show that Potential games coincide with potential games proposed by
Monderer & Shapley|(1996), where the gradient descent dynamic can successfully
find the Nash equilibrium. For the Solenoidal game, we show that the individual
gradient field is divergence-free, in which case the gradient descent dynamic may
either be divergent or recurrent.

1 INTRODUCTION

One of the most fundamental questions in game-theoretic learning is whether an uncoupled learning
dynamic can ultimately achieve a stable equilibrium through repeated interactions among players.
Specifically, in which games and under what conditions can players reach a stable state using learn-
ing algorithms such as gradient descent? This issue has gained significant attention, particularly as
many advancements in machine learning have relied on gradient descent to optimize the parameters
of neural networks, with objective functions that model non-cooperative games. Popular examples
include adversarially generative networks|Goodfellow et al.| (2020), federated learning|Kairouz et al.
(2021); Donahue & Kleinberg| (2021)), multi-agent reinforcement learning [Littman| (1994)); Lowe
et al. (2017), and any machine learning algorithm trained in an adversarial way.

A notable result by [Hart & Mas-Colell| (2003} |2006) presents a negative finding, demonstrating that
no uncoupled learning dynamics can converge to a Nash equilibrium in all games from any initial
condition. This raises the critical question of which games a learning process can successfully
converge to a Nash equilibrium and which games it cannot.

In the case where the game is finite, or if the game is a normal-form game, this question can be
partially answered by decomposing the game through Helmholtz’s theorem. When the number of
strategies for each player is finite, or when the strategies considered are on a probability simplex,
Candogan et al.|(2010); |Legacci et al.[(2024) showed that a game can be decomposed into a potential
game and a harmonic game. This decomposition categorizes finite games along a spectrum, rang-
ing from players with fully aligned interests (represented by games containing only the potential
component) to players with entirely conflicting interests (represented by games containing only the
harmonic component). In potential games, where there exists a potential function to quantify how
individual strategy changes affect collective utility, players can thus descent along the direction of
the gradient of their utility functions, which is equivalent to collectively minimizing the potential
function, to reach the Nash equilibrium. In normal form games, the harmonic game is shown to be
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incompressible, hence implying that common learning dynamics, such as the exponential weight,
can lead to Poincaré recurrence Legacci et al.|(2024).

In Differentiable games, where the strategies are assumed to be in R™, applying Helmholtz’s the-
orem becomes non-straightforward. Different from the normal form games, where the utilities are
multilinear and the strategies are naturally in a compact set, the utility of Differentiable games can
be much more complicated. Specifically, Helmholtz’s theorem operates in R?, where the curl of the
gradient field is still a vector field, which means naively applying Helmholtz’s theorem only gives
a decomposition in R3. When n > 4, the curl of the gradient field is no longer a vector field, and
one then needs to leverage the Hodge Theorem to perform the decomposition on a manifold. Con-
necting and applying Hodge/Helmholtz decomposition on the manifolds is yet to be investigated.
A direct sum decomposition, like those in finite games and normal-form games, remains open in
Differentiable games [Letcher et al.[(2019).

1.1 RELATED WORKS

In finite games, where the number of strategies is finite for each player, |(Candogan et al.| (2011)
introduced a method to decompose a given game into a potential and harmonic component. This
decomposition maps finite games into a spectrum of players having fully aligned interests (games
with only the potential component), to players having completely conflicting interests (games with
only the harmonic component). Follow-up works then develop different variants of decompositions
for the finite games|Cheng et al.| (2016)); Wang et al.|(2017); L1 et al.| (2019); Abdou et al.| (2022).

This decomposition framework is then extended to normal form games [Legacci et al.| (2024),
where classic no-regret algorithms such as exponential weights are known to be possibly chaotic
Palaiopanos et al.| (2017)); Mertikopoulos et al.| (2018)); |Vlatakis-Gkaragkounis et al.[(2019). Based
on the decomposition of normal form games, [Legacci et al.,| (2024) provided a principled way to
identify cycling behaviors of exponential weights.

In Differentiable games, |Letcher et al.|(2019) identified two classes of games based on the symmetric
and skew-symmetric parts of the game’s Jacobian matrix. The games with the symmetric Jacobian
matrix are identified to be potential games, while games with skew-symmetric Jacobian matrix are
named Hamiltonian games, which are closely related to harmonic games. However, this is different
from the direct sum decomposition results in finite and normal-form games. Specifically, given a
game with individual gradient field g, it is impossible in general to find a potential game g, and
a Hamiltonian game gp such that ¢ = g, + gp,. Classic gradient descent methods are known to
be convergent for potential games, but they can be non-convergent for Hamiltonian games. They
thus introduced symplectic gradient adjustment to find stable fixed points in Differentiable games.
They also remarked that connecting the differential-geometric Hodge/Helmholtz decomposition in
Differentiable games is left as an open problem.

1.2 DIFFERENTIABLE GAMES

We consider a Differentiable game with M players. Each player ¢ has utility {u; : R” — R}?il
and can play a strategy w; € R™ to maximize its utility. We denote the joint strategy as w =
(wi,...,wpn) € R™ where Zﬁl n; = n. We also let w_; be the joint strategy of all players except
for player . To denote the individual components of w, we write w = (w1, ...,war) = (T1,...,Tp).

1.3 OUR CONTRIBUTIONS

We identified two different inner products on the space of Differentiable games, which allows us
to apply the Helmholtz decomposition on the vector field space of the utility gradient. Similar to
the decomposition of the finite games, we decompose the Differentiable games into three parts,
which enjoy different dynamic properties. However, different from the case of finite games, the
Differentiable games cannot be decomposed straightforwardly into a potential part and a harmonic
part. This is due to the fact that the harmonic component is isomorphic to the de Rham cohomology
of the manifold, which is zero when the differential k-form is with £ = 1 and the manifold is R".
Instead, we identify a Solenoidal part of the Differentiable games, which are similar to a harmonic
game in many ways, such as the challenges it imposes on dynamical systems induced by gradient
descent.
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Our two decompositions provide different interpretations of the space of Differentiable games. In
the first decomposition, the game is decomposed into an exact Potential part, a near Solenoidal part,
and a non-strategic part. We show that the exact Potential part of the game is an exact potential game,
and the Solenoidal part poses similar challenges to learning algorithms. Specifically, the standard
gradient descent dynamic can exhibit non-convergent behaviors on the Solenoidal game. To relate
the Solenoidal games and the Hamiltonian games, we show that a Hamiltonian game has to be a
Solenoidal game, but not vice versa. In the second decomposition, the game is decomposed into a
near Potential part, an exact Solenoidal part, and a non-strategic part. We show that the Solenoidal
part of the game is flat on any local Nash equilibrium, which imposes significant challenges to first
and second-order local Nash equilibrium finding algorithms.

2  MAIN RESULTS

2.1 OVERVIEW OF RESULTS

Before we present the technical results, we first provide an overview of our main result. In this work,
we provide two decomposition methods for Differentiable games. In the first decomposition, the
game can be decomposed into an exact Potential game and a near Solenoidal game. In the second
decomposition, the game can be decomposed into a near Potential game and an exact Solenoidal
game. We show that the Potential game coincides with the canonical notion of potential game,
where there exists a potential function to quantify how individual strategy changes affect collective
utility.

In physics, the Helmholtz decomposition theorem states that in R3, a vector field can be decomposed
into an irrotational (curl-free) component and a solenoidal (divergence-free) component, known as
the scalar potential and vector potential, respectively. Our decomposition directly applies to the
simultaneous gradient field of the game, extending to the space R™ (not limited to R?). In this
context, the irrotational field corresponds to the electric field, while the solenoidal field corresponds
to the magnetic field. We remark that in finite games, since every game’s pairwise comparison
function lies in the kernel of the curl operator (as shown in |(Candogan et al.| (2011)), the solenoidal
component does not exist.

The two decompositions can be summarized by the following informal claim.

Theorem 2.1 (Informal statement combining Theorem [2.3] and Theorem [E.1). The simultaneous
gradient Du = (Vi u1,...,Vy,,un) can be decomposed as Du = Xp + Xs = X5 + Xs,
where P is the class of exact Potential games, S is the class of exact Solenoidal games, P is the
class of near Potential games and S is the class of near Solenoidal games.

Remark 2.1 (Naming of the components). The name Solenoidal game is given after the fact that a
solenoid generates a magnetic field, which is a divergence-free field. This agrees with the charac-
terization of Solenoidal games which induces divergence-free individual gradient field. We believe
that a more proper name is “vector potential games” by the above physics inspiration. However, as
the term potential game” is well-established in game theory, we retain “potential” for the scalar
potential while renaming the vector potential as the Solenoidal games.

For the Solenoidal game, we show that the vector field of the gradient is divergence-free. As an
implication of that, algorithms based on the gradient descent dynamic may be hard to converge.
Specifically, we show that without a specific initialization requirement, the gradient descent dynamic
can drift to infinity, in which case the orbits are not bounded, or the induced trajectory may be
chaotic. In this case, while it is possible to pick a good initialization point, there is no principle
on how to pick such a point in general. This thus provides insights into the difficulty of learning
Differentiable games, as we describe in the below claim.

Theorem 2.2 (Informal statement combining Theorem [2.6| and Theorem [E.2). When a game is in
S and the utility function has compact support, the gradient descent dynamic is Poincaré recurrent.
When a game is in S, and the orbits are bounded, the gradient descent dynamic is Poincaré recur-
rent. When the dynamic is Poincaré recurrent, for almost every initialization, the induced trajectory
x(t) returns arbitrarily close to the initial point infinitely often.
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Therefore, our decomposition is not merely a direct sum decomposition in the inner product sense;
rather, the two types of games obtained through this decomposition exhibit fundamentally different
behaviors from a dynamical systems perspective.

2.2 NOTATIONS AND BACKGROUND
Let L. .(R™) denote the set of locally integrable functions on R™. Let C*°(R") denote the space
of infinitely differential functions f : R™ — R. We let the subscript ¢ denote all the compactly
supported functions, i.e. C2°(R™) denotes the space of compactly supported, infinitely differential
functions on R™.

In the context of infinite-dimensional normed linear spaces, Hilbert spaces possess a direct sum
decomposition related to the inner product. Therefore, to ensure that our considered spaces are
Hilbert spaces (which are complete inner product spaces), we need to use the concept of weak
derivatives.

Definition 2.1 (Weak der1vat1ve Evans| (1998)). Suppose u,v € L (R") and « is a multiindex.
We say that v is the o'-weak partial derivative of u, written D®u = v, provided fR" uD*pdx =

—1)lel [o, voda for all g € C(R™).

When the derivative of f exists, it is equivalent to the weak derivative. The introduction of weak
derivatives is solely to guarantee the completeness of our inner product space. To get an intuitive
understanding of the weak derivative, we use the following example as an illustration.

Definition 2.2 (Sobolev Space, |[Evans| (1998)). The Sobolev space H k(R") consists of all locally
summable functions f : R" — R such that for each multiindex o with a < k, D®u exists in the
weak sense and belongs to L*(R™). Moreover, if f € H*(R™), we define its norm to be || f|| g =

1/2
(Zagk Jan |D"‘f|2d:1:) , where D* f is the ath-weak partial derivative of f.

2.3 DECOMPOSITION OF DIFFERENTIABLE GAMES

We follow a similar decomposition roadmap to that of finite games and normal form games |Can-
dogan et al.|(2011); Legacci et al.| (2024). However, different from Differentiable games, the utility
functions of normal-form games are multilinear and the strategy space is compact, which makes
it significantly easier to decompose. To complete our decomposition, we provide a description of
the gradient vector field of the utility function, which is with a newly introduced inner product and
norms.

To begin with, we first introduce three spaces, Cy, C, C2, and operators dq, ds. The domains and

codomains of d; and dy are summarized as, C ﬂ) & ﬁ C5. We then provide a decomposition of
C1, which captures the description of the gradient vector field of the game, based on the Helmholtz
decomposition.

We define the spaces Cy, C1, Cs as follows. We also define the operator that maps between Cjy and
(4 as dq, and the one between C; and Cs as ds.

Definition 2.3. The Hilbert space C is defined as Cy = C'*® (IR”)H'”H2 which is the closure of the
space CM(R") with norm || - || 2. The inner product is defined as (f,g), = [pn f( x)dx +

n 1/2
>ie1 Jun aml 83: Ldx+300 12; 1 Jrn amiafmj 830 ax dx. The norm is th"’s 1 £llo = [(f, f>0] 2,

To ensure a simpler notation, we use x; to denote the integrals and derivatives with respect to the
i-th component of the joint strategy. We remark that % is the weak derivative with respect to f on
each component of possible joint strategies w.

Definition 2.4. The Hilbert space C is deﬁned asCy = {X = (f1,.... fa) | fi € H*(R™)}. The

inner product is defined as (X,Y), = >, fR” figide + >0, E; L fRn afl . ggJ dx. The
norm is thus X1, = [(X, X)l]l/z. The operator dy : Cy — CY is defined asfollows. For f € Cy,
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Definition 2.5. The Hilbert space Cs is defined as Cy = {]: ‘ (Fij = {fij vy Jfij €

0 27
L?(R"),Vi,j € [n]} The inner product is defined as (F,G), = >_,_; [an fij - gijdz. The
norm is thus ||F|, = [(F, .7-'>2]1/2. The operator dy : C1 — Cy is defined as follows. For
o 4 % 1< j

X = (f17"~,fn), (dQX)” — {(;axj

i>7.

We now connect these definitions to the class of Differentiable games. We first consider Differen-
tiable games with a class of utility function u € C}¥, where C} = {u = (uy,...,upn) | u; €
CoNC>=(R™), Vi}. We then define the operator D, such that D,,u = (0,...,Vy, Um,...),Du=

Z%:l Dpu= (Ve t1,. .., Vo Unr)-

Theorem 2.3. C; can be decomposed as Cy = ker(ds) & ker(dy)*. Then Du = Xp + X5, where
Xp € ker(ds), X € ker(da)™.

To obtain this theorem, we first show that the gradient vector field is in C';. Then we show that d is
a bounded linear operator, which is guaranteed by leveraging the inner products defined on Cjy, C;.
The proofs are deferred to the appendix.

Now we can define the following classes of subgames, which can be interpreted as the space of
Potential games, near Solenoidal games, and non-strategic games.

P={ueC} | Du#0,Dué€ ker(ds)} U{0},
S= {ueC}"| Du#0,Du€ker(da)*}U{0}, N ={ueC}|Du=0}.
It is easy to see that the intersection between any two classes is 0.

We first discuss the games that differ by only a non-strategic subgame. Then, we discuss the games
with no near Solenoidal parts or no Potential parts in detail.

As implied by its name, the non-strategic games are a class of subgames that do not affect the set of
equilibria. Formally, we define the strategic equivalence of Differentiable games.

Definition 2.6. Let G and G' be two different Differentiable games that only differ in the utility
functions. Let {u}M, be the utility functions of G and {u'}M, be the utility functions of G'. G
and G' are said to be strategically equivalent, if for any i € [M], u;(w},w_;) — u;(w;,w—;) =
uh(whw_;) — u}(ws, w_;), for any strategy w;, wi, w_;.

Strategically equivalent games have the same payoff comparisons per player, and hence have the
same set of Nash equilibria. The non-strategic set of N helps characterize strategically equivalent
games through the following lemma.

Lemma 2.1. Two Differentiable games are strategically equivalent if their difference is a non-
Strategic game.

Proof. The proof is identical to that of (Candogan et al.[(2011)); Legacci et al.| (2024) and hence we
omit it here. O

2.4 THE POTENTIAL GAME

One of the most popular solution concepts in multi-agent settings is Nash equilibrium, which origi-
nates from game theory to describe the behaviors of rational, selfish players|Roughgarden| (2010)). It
characterizes a stable state between the players, where no individual has any incentive to unilaterally
deviate from their chosen strategy. It is worth noting that the computational complexity of finding
a Nash equilibrium in a general game is known to be PPAD-Hard [Chen et al.| (2009); |Daskalakis
(2013). Nonetheless, it has been established that the computation of a Nash equilibrium becomes
more feasible in specific game contexts, such as potential gamesMonderer & Shapley|(1996)), where
a potential function is available to quantify how individual strategy changes affect collective utility.
A long line of works has developed efficient algorithms that can converge to Nash equilibrium in
potential games |Cominetti et al.|(2010); [Chen & Lu| (2016); [Heliou et al.[(2017); |Cui et al.| (2022);
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Potential Game Example

Utility Contours Gradient Field Utilities and Potential over Time
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Figure 1: In this two-player potential game, the utility functions are given by u; (z,y) = — | z||* +
a7y —||z||* for player 1 and us (2, y) = — 5 ||ly[|>+27y—||y||* for player 2, where z, y € R?. These
utilities are derived from the potential function P(z,y) = —X(||z]|* + [ly||*) + 12Ty — L (||l=||* +

lly||*). The unique Nash equilibrium is at (0, 0).

Panageas et al.|(2023)); /Anagnostides et al.|(2022). The formal definition of a potential game is given
as follow.

Definition 2.7 (Monderer & Shapley| (1996))). A game is a potential game if there is a single poten-
tial function ¢ : R™ — R and positive numbers {c; > 0}?i1 such that ¢ (W), w_;) — ¢ (W' w_;) =
a; (u; (Whw—;) — u; (W w_y)), for all i and all Wi, W w_;.

We now show that if a game is a Potential game (without a Solenoidal part), then it has a utility
function classified in P & N and is an exact potential game.

Lemma 22. If u € P @ N, then the Jacobian matrix J(w) =

2 2 2
Zwlul VW127W2u1 o vgl,wnul
vwz,wl U2 vw2u2 T sz,wnUQ . . . .
is symmetric, and w is an exact potential
2 2 2
gamVeWM wr UM Vi o, UM Vi, unr

Proof. We first show that dy¢ = Du (Lemmal[B.3)), then it is easy to see that the Jacobian matrix is
symmetric. Then by Lemma 2 and Corollary 3 of |Letcher et al.| (2019), we have the equivalence to
an exact potential game. O

While it is long known that the gradient descent dynamic is convergent in Potential games, we
provide the Figure [T of the gradient descent dynamic to contrast with the dynamic in Solenoidal
games (which is discussed in the next section).

2.5 THE NEAR SOLENOIDAL GAME

Now we turn our attention to the near Solenoidal game, which is a game with a divergence-free
gradient field. We took the name Solenoidal from physics, where it refers to a field that is divergence-

free. The divergence of X = (g1,...,gn) is defined as div(X) = Y | gfw

Lemma 2.3. Foru € S ® N, and each u; € C°(R™),Vi € [M], then div(Du) = 0.

Proof. The result follows from the definition of S , N, and Lemma O

We refer to the class of games with divergence-free individual gradient vector fields as Solenoidal
games. However, we formally term the games in S & A as near Solenoidal games, as we have
Lemma under the assumption that each u; € C2°(R™). In the general case, when each u;
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Two-Player Game: uy (X, y) =Xy, Uy(X,y) = —xy — X3y
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Figure 2: The dynamics of gradient descent, changes of utility over time and gradient vector field of
the game presented in Example 2.1]

does not have compact support, we only have the guarantee of div(Du) + Z;’ %(D“) 0.

Note that when u is compactly supported, i.e. each u; is compactly supported, then we can have
div(Du) = 0, which represents an exact Solenoidal game. In Section we introduce a different
decomposition scheme that gives an exact Solenoidal game.

While the learning dynamics are well understood in Potential games, their behaviors remain unclear
in Solenoidal games. We consider the dynamical system defined by ascending according to the
direction of the gradients, i.e.

i=Du. (1)

We first provide an example where gradient descent dynamics is orbiting in a game with zero diver-
gence of the gradient vector field.

Example 2.1. Consider a two-player game where player 1 plays strategy x € R and player 2 plays
strategy y € R. The utility functions are given as ui(z,y) = xy,us(z,y) = —xy — 23y, One
can check that the gradient is Du = (y, T ) and diV(Du) = 0. Moreover, the orbits of the

gradient descent are solutions to the curves %- —|— “— + ” = ¢2, where ¢ is a constant.

Figure[2]visually illustrates the orbiting behaviors of gradient descent in a two-player game described
Example 2.1}

To investigate the behavior of this dynamic system described above. We start with some definitions
of flows on R™. We refer to |Lee & Lee| (2012) for a general theory and [Legacci et al.[ (2024)
(Appendix A) for a more comprehensive introduction.

Consider a smooth vector field X on R", a smooth global integral curve of X is a smooth curve
x : R — R”™ such that z(t) = X (x(¢)), Vvt € R. If a smooth global integral = with starting point
y exists, then it is the unique maximal solution of 2(0) = y,&(t) = X (x(¢)). A smooth global
flow on R™ is a smooth map 6 : R x R™ — R"™ such that Vt,s € R and z € R", §(0,2) = x and
0(t,0(s,x)) = O(t + s,x). Fix some ¢ € R, the orbit map 6; : R — R™ is 0;(x) = 6(t, z). Fix
x € R, the curve #” : R — R™ denotes 0 (t) = 0(t, z).

For any open set i/ C R™ and t € R, U, is defined to be image of U/ under the orbit map 6., i.e.
Uy = Ht(l/{) = {(9,5(1‘) T e Z/{} CR™.

Theorem 2.4 (Euclidean Liouville’s theorem). Given a smooth vector field X in R™ and an open
setUd C R", 4 5 vol(Uy) = fu div(X)dz, Vt € R such that the flow of X is defined.

We say a map ¢ : R™ — R™ is volume preserving if vol(i{) = vol(¢Ud), VU C R™. An impor-
tant implication of Liouville’s theorem is that orbit maps of vector fields with zero divergence are
volume-preserving.

Corollary 2.1. If a vector field X in R™ has div(X) = 0, then vol(U;) = vol(U), YU C R™, V¢t €
R such that the flow of X is defined
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To discuss the behaviors of the dynamical system defined in X, we maintain the following assump-
tion of the dynamical system. We first remark that this assumption is required from an ergodic theory
perspective Bekka & Mayer| (2000), and then provide an example to illustrate the necessity of it.

Lemma 2.4. If Du is compactly supported on ), then Assumption is satisfied.

Given a measure space (€2, i), we say that (€2, ) is finite if ©(2) < oo, and that a map ¢ : Q@ — Q
is measure preserving if pu(¢U) = p(U) for all measurable subsets U C €.

Theorem 2.5 (Poincaré - Measure setting Bekka & Mayer| (2000)). Let (2, i) be a finite measure
space, and let ¢ : Q — ) be a measure preserving mapping. Let U be a measurable subset
of Q. Then almost every point x € U is infinitely recurrent with respect to U, that is, the set
{n € N: ¢"x € U} is infinite.

Under our assumption, we obtain the following Lemma.

Lemma 2.5. Let (2, u) be a Lebesgue measure space. Then, under Assumption 0; is measure-
preserving.

Theorem 2.6. If a game is near Solenoidal, i.e. Du € S ® N, and . is compactly supported on <),
i.e. each w; is compactly supported, i € [M)], then the system defined in Equation is a poincaré
recurrent. Specifically, for almost every initialization x(0) € , the induced trajectory x(t) returns
arbitrarily close to x(0) infinitely often.

Proof. 1f w has compact support and u € S @ N, so does Du. Then Du satisfies Assumption
By Lemma[2.3]and Theorem [2.4] 2.5] the statement follows. O

2.6 CONNECTION TO HARMONIC AND HAMILTONIAN GAMES

To illustrate the relationship between the Solenoidal games and the Hamiltonian gamesLetcher et al.
(2019)), we first provide an example of a Solenoidal game that is not Hamiltonian.

Example 2.2 (Solenoidal games may not be Hamiltonian). Consider a two-player game where
player 1 plays strategy x € R and player 2 plays strategy y € R. The utility functions are given as

ur(x,y) = 2%, uz(x,y) = —y>. In this case, the gradient field is Du = (2x,—2y) and therefore

div(Du) = 0, so the game is a Solenoidal game. However, the Jacobian matrix ((2) _02> is not

skew-symmetric and is therefore not Hamiltonian.

However, we provide the following lemma to show that Hamiltonian games are Solenoidal games.

Lemma 2.6. A Hamiltonian game is a Solenoidal game.

Proof. 1If a game with utility v is Hamiltonian, then the diagonal of the Jacobian matrix is 0. This
implies div(Du) = 0 by the definition of divergence. O

For a finite game, through Helmholtz decomposition, it can be decomposed into a potential part,
which is the same as our Potential part, and a harmonic part. In Differentiable games, however,
the harmonic part does not exist, as the harmonic part is ker(A;) = ker(ds) N ker(dj) = 0, as
im(dy) = ker(dz). This is because of the fact that the harmonic component is isomorphic to the de
Rham cohomology of the manifold, which is zero when the differential k-form is with £ = 1 and the
manifold is R™. Despite the absence of harmonic games, the Solenoidal game of the Differentiable
games exhibits properties similar to those of harmonic games, such as the divergence-free gradient
vector field. In fact, this is the key property that leads to the chaotic behavior of learning algorithms
in harmonic games.

2.7 ALTERNATIVE DECOMPOSITION

In the remarks following Lemma [2.3] we mentioned that the decomposition presented so far only
yields a direct sum decomposition of an exact Potential game and a near Solenoidal game. To
bridge the gap between near and exact Solenoidal games, we operated under the assumption that
the utility function is compactly supported to show the non-convergent behaviors in the Solenoidal
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game. In this section, we discuss an alternative decomposition, which gives a decomposition of a
near Potential game and an exact Solenoidal game. To obtain this decomposition, we would define
a slightly different C'1. Due to the space limit, We defer the specific definition to the appendix.

As we decompose to an exact Solenoidal game, we can show the non-convergent behaviors in the
Solenoidal game without additional assumptions. Beyond the recurrence, the Nash equilibrium
point is also nonconvex and nonconcave in exact Solenoidal games. Hence, this property shows new
insights into the challenges of finding Nash equilibrium in Differentiable games with second-order
optimization methods. One can choose either one, out of our two decompositions, according to their
specific game.

..
voo
i
-
voo

,
-
o

.
-

Figure 3: The strategies =,y € R%, = (z1,22),y = (y1,y2) in a spectrum of games by in-
terpolating scalar and Solenoidal games. The utility functions for the Potential game are U; =
—((@1=y1)?+ (22 —y2)?) = 0.2(aF +23) , Uz = —((w1 —y1)? + (w2 —y2)?) = 0.2(yf +y3), while
the utility for the Solenoidal games are U1 = x1y2 —22y1Us = — (192 —22y1) —0.1(22y2 +23y2).

3 INTERPOLATION OF SCALAR AND SOLENOIDAL GAMES

Our decomposition method can interpolate the Differentiable games on a spectrum, where the exact
scalar and Solenoidal games are at the two ends. In most of the applications, the Differentiable game
considered is a mixture of the two games. While it is hard to obtain theoretical guarantees of the
learning dynamics for the games in the middle of the spectrum, we provide the following figure to
show the behaviors of gradient descent on the interpolations of scalar and Solenoidal games through
simulation. The utility of the interpolated game is a convex combination of the scalar and Solenoidal
game, u = yugp + (1 — 7)uyp, where ugp is the utility function of a Potential game and uyp is the
utility function of a Solenoidal game. The parameter ~ varies from 0 to 1, allowing for a smooth
transition between the two types of games.

4 CONCLUSION AND FUTURE WORKS

In this work, we have provided two decompositions of Differentiable games through the
Hodge/Helmholtz decomposition. In summary, we decompose a Differentiable game into a Po-
tential game and a Solenoidal game. We showed that the Potential game is an exact potential game
introduced by Monderer & Shapley|(1996)), where the gradient descent dynamic can effectively find
the Nash equilibrium. For the Solenoidal game, we showed that the individual gradient field is
divergence-free, which means that the gradient descent dynamic may either diverge or exhibit recur-
rent behavior. Technically, we introduced the Sobolev space to ensure that the gradient vector field
is a Hilbert space, thereby achieving a direct sum decomposition of the simultaneous gradient field
levels in Differentiable games.
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A PROOF FOR THEOREM 2.3

We first show that the gradient vector fields are in C}.
Lemma A.1. For any m € [M], we have Du € C4, i.e. (Du),, € H*(R"™).

Proof. As u,, € Cy, by the definition of the inner product, we have

Jinl = [ Tl dx+Z/
Y [

;0T
i=1 j=1 818J

8um

ox;

< 0.

2
22 Um

|| 702, < oo. Hence Du € Cf. O

Therefore,

aurn
Ox;

L2 L2

To obtain a decomposition of C, it remains to show that ds is a bounded linear operator, which is
guaranteed by leveraging the inner products defined on Cj, C'.

Lemma A.2. ds is a bounded linear operator.

Proof. By the definition of ds, it is clearly linear. To show that it is bounded, we need to show
that there exists some constant ¢ such that ||d2X||2 < ¢||X||1. Using the inequality of (a — b)?
2a2 + 2b%, we have

0fi , 0f; ?
2 J
laaxiz =3 [ 2 0 s
1<J
5fz |8 2
< -
s4||X||1,

where the last inequality is by noticing the second term of the definition of || - ||;. Taking the square
root of both sides shows that d5 is bounded.

Theorem 2.3. C} can be decomposed as Cy = ker(ds) @ ker(da)*. Then Du = Xp + X, where
X’p S ker(dg), XS € ker(dQ)J‘.

Proof. As dy is bounded, we have ker(ds) = ker(ds). Then, we obtain the result by noticing
C; = ker(ds) @ ker(dy)*. By Lemma , we can decompose Du as described. O

B PROOF FOR LEMMA 2.2]

Lemma B.1. If X € ker(dz), we say it is closed; if X € im(dy), we say it is exact. Then, every
exact X is closed, i.e. dad; = 0.

Proof. By the definition of d;, we have d; f = (%, cee (% ) Then applying ds yields
o f o0 f

(dodif)ij = =0.

893] x; 0Tz

Lemma B.2 (Poincaré Lemma). In R"™, every smooth closed 1-form is exact with n > 1.
Lemma B.3. [fu € P ® N, then there exist some ¢ € C°°(R™), such that dy¢ = Du.

Proof. By the definition of P, NV, we have Du € ker(dy) and is therefore closed. Since u € C,
Du is also smooth. Thus by the application of Lemma|[B.2]and Lemma[B.1] we have the result. [

12
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Two-Player Game with Linear Gradients: Vu; = (y, 0), Vu, = (0, x)
Utility Contours Gradient Field
tory

Averaged Utilities over Time
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Figure 4: The dynamics of gradient descent, changes of utility over time, and gradient vector field
of a two-player game with utility gradients Du = (y, 2). We plotted the trajectory that started from
a set of initial points. We can see that the volume of the set remains unchanged throughout the
trajectory.

C BOUNDED ORBIT ASSUMPTION

Assumption C.1 (Bounded orbit). There exists a compact set Q such that for any xq € €, 0;(xo) €
Q,vt>0.

We now explain the necessity and implications of this assumption. Consider the case that there
exists some ¢ such that 0, (z¢) ¢ €2, then we consider a set 1, @ C Q4, 2vol(Q) < vol(2,),
0, (zg) € Q. If there exists some to > t1, O, (x9) ¢ Q1. Then we consider some set o,
Q1 C Qs, 2v0l(21) < vol(2s), O:, (o) € Qa. By repeatedly applying this argument, we can see
that the trajectory (t) induced by x can go to infinity, and the dynamical system can be considered
divergent.

Without this assumption, a simple game where the trajectory of gradient descent goes to infinity is a
two-player game with Du = (y, ). We visually illustrate the dynamic in this game in Figure El

D PROOF FOR THE NEAR SOLENOIDAL GAME

Lemma D.1. If X € (ker(da))*, X = (g1, ..., 9n) and each g; € H3(R") := O Ry 1,
then div(X) = 0 almost everywhere.

Proof. Forany f € H?(R™), we have dad; f = 0, then d; f € ker(dz). Hence, by the definition of
inner products on C7, we have

0= <d1f7 >
9gi
:Z/ gzdaH—ZZ/ ox; 6:1: ax»dx
" =1 j=1 " J ¢ J
_ 891 829@’
=1 j=1
af odiv(X)
= — f le +Z/n axj 7](1{1;
As div(X) € H2(R"), substituting it with f, we have div(X) = 0 almost everywhere. O

Lemma 2.4. If Du is compactly supported on S, then Assumption|[C.1)is satisfied.

13
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Proof. Suppose that the claim does not hold, then there exists an € 2, t; > 0, 217 = 6%(t1) =
0y, (z) & €, where € is a compact set. Let ¢ = sup{t | 0*(t) € Q,t < t1}, & = 67(t). Since
6@ (t) is continuous, we have & € . By the mean value theorem, there exists a to € (t,t1) such
that Du(67(t2)) = %(tg) = 7= # 0. By the definition of t, 0%(t2) € Q. Then we have
Du(6*(t2)) = 0, which indicates that the claim holds by proof by contradiction. O
Lemma 2.5. Let (Q, 1) be a Lebesgue measure space. Then, under Assumption 0; is measure-

preserving.

Proof. By Assumption YU € Q,U; = U; N = U;. Then, by Theorem,u(Z;{t) =ud). O

E ALTERNATIVE DECOMPOSITION

Definition E.1. The Hilbert space C is defined as Cy = {X =(f1,..., fa) | fi € LQ(R”)}. The
inner product is defined as (X,Y), = 37", [on fi - gsdx. The norm is thus | X ||, = [(X, X)q]M2

We then define the operator that maps between Cjy and C‘l as cil.
Definition E.2. The operator di : Cy — C, is defined as follows. For f € Co, dif =
(ﬁ of )

dw1’ """ Oxy )

In this decomposition, we drop the condition that the utility has to be compactly supported. Instead,

we assume that each w,,, is in the following class of C, where CM = {u = (uy, ..., unr) | u; €
Co, Vil

Equipped with these results, we show the second decomposition.

Theorem E.1. C; can be decomposed as C, = im(cil) &) im(azl)l. Then Du = X5 + Xs, where
Xp € im(dy), and Xs € im(dy)*.

Proof. The result follows immediately from the decomposition of C; and Lemma O

Now we can define the following classes of subgames, which can be interpreted as the space of the
near Potential games, the exact Solenoidal games, and non-strategic games.

P= {ueCN’é” | Du;«éO,Dueim(czl)}U{O},
S = {ueéé” | Du;éo,pueim(dl)L}u{O},
N = {ue G} |ueker(D)} .

We say the games in P & N are near potential games, as we can only find an e-potential function.
Specifically, we have the following corollary for the near potential games.

Corollary E.1. Ifu € P&N, then for any € > 0, there exist some ¢ € Cy, such that Hdlqb—Dqu <
€.

The learning dynamics of finite near potential games have been extensively investigated in|Candogan
et al.| (2010; 2013ajb). While it is unclear whether the results on the finite near potential game can
be immediately extended to differential near potential games, it is reasonable to conjecture that they
might behave similarly to that of an exact potential game. We leave it as future work to investigate
the dynamics of differential near potential games.

For the exact Solenoidal game, we show that the divergence of the gradient field is exactly zero.

As one might expect, the dynamical system (1)) by gradients ascending exhibits similar behavior in
Solenoidal games as is in near Solenoidal games. Namely, by the divergence-free result, it is either
poincaré recurrent or divergent. Notice that, though, in Solenoidal games it no longer requires a
compactly supported utility function.

14
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Theorem E.2. If a game is a Solenoidal game, i.e. Du € S & N, and Assumption is satisfied,
Equation is a poincaré recurrent. Specifically, for almost every initialization x(0) € Q, the
induced trajectory xz(t) returns arbitrarily close to x(0) infinitely often.

Proof. By Lemma|F2]and Theorem [2.4] [2.5] we have the result. O

Beyond the recurrence, the Nash equilibrium point is also nonconvex and nonconcave in exact
Solenoidal games. Hence, this property shows new insights into the challenges of finding Nash
equilibrium in Differentiable games with second-order optimization methods.

Lemma E.1. [fdiv(Du) = 0, and p is a local Nash equilibrium in U, i.e. Uy (p) > tm (¢, p~™),
Vm, ¢™ € U, then g;z,ﬁ:’i (p)=0.

Proof. By the definition, we have div(Du) = M _ S % =0, and each g:%(p) <Oasp
is a local Nash equilibrium. Therefore each ggf};’; must be 0. O

F PROOF FOR ALTERNATIVE DECOMPOSITION
Lemma F.1. For any m € [M], Du € Cy and (Du),, € L*(R™).
Proof. The proof is similar to that of [A.T| which we omit here. O

Lemma F2. If X € im(dy)*, X = (g1,...,9n), and g; € H'(R") for each i, then div(X) = 0
almost everywhere.

Proof. Forany f € C°(R"),as X € im(d;)*, (d,f,X), = 0. Then

0= - gid
; R (9£CZ g v

-y (- )

i=1

= — [ f-div(X)dz.
Rﬂ,

By Lemma|[F.3] we have div(X) = 0 almost everywhere. O

Lemma F.3. Forany f € C¥ (R"), g € L*(R"), if [, f(x)g(x)dz = 0, then g(x) = 0 almost
everywhere.

Proof. By Corollary 4.2 of Book 2 in Brezis| (2011), C° (R") is dense in L? (R™). There exists
gk € CZ° (R") such that ||gy — gl|;2(gn) — 0. Therefore S 9x(z)g(x)dz = 0, and

/n g9(z) - g(x)dx — / gx(2) - g(z)da

< [ lo=gl-lolds
R'n,
k—o0

< llgr — 9||L2(Rn) Mgllz2(rm) S50,
As

[ la@Pds =t [ gulalgtards =0,

n k—oo Jpn

we have g(x) = 0 almost everywhere. O
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