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ABSTRACT

We introduce ORC-MANL, a new algorithm to prune spurious edges from nearest
neighbor graphs using a criterion based on Ollivier-Ricci curvature and estimated
metric distortion. Our motivation comes from manifold learning: we show that
when the data generating the nearest-neighbor graph consists of noisy samples
from a low-dimensional manifold, edges that shortcut through the ambient space
have more negative Ollivier-Ricci curvature than edges that lie along the data man-
ifold. We demonstrate that our method outperforms alternative pruning methods
and that it significantly improves performance on many downstream geometric
data analysis tasks that use nearest neighbor graphs as input. Specifically, we
evaluate on manifold learning, persistent homology, dimension estimation, and
others. We also show that ORC-MANL can be used to improve clustering and
manifold learning of single-cell RNA sequencing data. Finally, we provide em-
pirical convergence experiments that support our theoretical findings.

1 INTRODUCTION

The first step for almost all geometric data analysis tasks is to build a nearest neighbor graph. This
reflects faith in the manifold hypothesis—the belief that the data actually lies on a low-dimensional
submanifold of the ambient R”. In this setting, the nearest neighbor graph recovers the intrinsic
geometry of the data manifold, using the observation that small ambient distances lie along the
manifold whereas larger ones may not.

Unfortunately, building nearest neighbor graphs from noisy data typically results in inaccurate rep-
resentation of the metric structure of the underlying manifold. In this paper, we study edges in
nearest neighbor graphs that shortcut through the ambient space and bridge distant neighborhoods
of the underlying manifold. Such “shortcut edges” distort inferred distances and negatively impact
downstream algorithms that operate on the graphs.

We show that Ollivier-Ricci curvature (ORC), a measure of discrete curvature on graphs (Ollivier,
2007), can be used to effectively identify shortcut edges when the data consists of noisy samples
from a low dimensional submanifold. We also show that graph distances can be used to support the
identification of shortcut edges, allowing us to avoid accidentally catching “good” edges. Guided
by these results, we describe an algorithm, Ollivier-Ricci Curvature-based Manifold Learning and
recovery (ORC-MANL), to detect and prune shortcut edges.

ORC-MANL marks edges with extremely negative ORC as candidate shortcut edges. The algorithm
then constructs a thresholded graph with the candidates removed. We then use the thresholded graph
distance between the endpoints of all candidate edges to check—if the distance is large, the edge
was likely shortcutting the manifold through the ambient space. If the distance is small, the edge is
added back to the graph. We find that despite its simplicity, ORC-MANL is incredibly effective and
provides tangible performance improvement for downstream geometric data analysis algorithms for
a variety of synthetic and real datasets. Our code for ORC-MANL and all experiments are available
on GitHubf

;‘ZCOrrespondence: tls2160@columbia.edu, abigail.hickok@yale.edu, andrew.blumberg@columbia.edu
"Link to implementation: https://github.com/TristanSaidi/orcml!
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1.1 CONTRIBUTIONS

We introduce a general-purpose method, OR@NV, that uses discrete graph curvature to detect

and prune unwanted connectivity in nearest-neighbor graphs. Our method is theoretically justi ed,
and in practice signi cantly improves the performance of downstream tasks like manifold learn-
ing, persistent homology, and estimation of important geometric quantities like intrinsic dimension
and curvature. Furthermore we nd that ORCAML is effective on real world single-cell RNA
sequencing data: ORC-MIL pruning reveals clusters in PBMC data in accordance with ground
truth annotations and results in embeddings that better preserves communities of neuronal cells. Fi-
nally, we also include experiments to show that our theoretical convergence results are supported by
empirical experimentation.

1.2 RELATED WORK

Graph Pruning. Several graph pruning approaches have been proposed in the literature. Some
use density estimation as a heuristic for detecting unwanted edges and show results on noiseless
toy datasetd (Xia et al., 2008; Chao et al., 2007). Zemel & CarreirafiRerj2004) proposed an
approach that builds a minimum spanning tree of the original nearest neighbor graph; but this relies
on the assumption that shortcutting edges are longer than good edges, a phenomenon that does not
always hold. Another family of approaches attempt to adaptively tune the number-of-neighbors
parametelk of the nearest neighbor graph based on the local geometry of the data. Zhan et al.
(2009); Elhenawy et al. (2019) adopt similar approaches, looking at the linearity of neighborhoods
using PCA and pruning accordingly. These methods typically demonstrate a limited set of results
on noiseless data and provide little theoretical justi cation.

Ollivier-Ricci Curvature. Ollivier-Ricci curvature (ORC) was proposed as a measure of curvature
for nite metric spaces by Ollivier (2007), with follow-up results demonstrating theoretical and
empirical convergence to the underlying manifold Ricci curvature under mild assumptions (Ollivier,
2009; van der Hoorn et al., 2021). In the network geometry literature, ORC based approaches
have been effective for community detection, drawing connections to Ricci ow from Riemannian
geometry (Sia et al., 2019; Ni et al., 2019). Sia et al. (2019) prune edges with extremely negative
ORC and justify it using theory that argues that ORC detectamunities Our theoretical work
instead justi es the use of ORC for recovering correwnifold structure. A multitude of papers

have used ORC for clustering and modeling diffusion processes on graphs as well (Gosztolai &
Arnaudon, 2021; Tian et al., 2023). This work has led to applications for graph neural networks,
where ORC was used to prevent over-squashing and over-smoothing (Liu et al., 2023; Nguyen et al.,
2023), and improving encodings of local graph structure (Fesser & Weber, 2024).

2 BACKGROUND AND DEFINITIONS

2.1 DIFFERENTIAL AND RIEMANNIAN GEOMETRY

Manifolds. A manifold is a generalization of the notion of a surface—it is a topological space that
locally looks like Euclidean space. Concretely, a manifdidis anm-dimensional space such that

for every pointx 2 M there is a neighborhodd M such thatU is homeomorphic t&R™. At

every pointx 2 M one can attach mm-dimensional vector space called ttamgent spacédenoted

TxM ) that contains all directions in which a pathNh can tangentially pass through In a similar
manner, thenormal spaceat x (denotedNxM ) is a vector space containing all directions normal
toM atx. We will work with Riemannian manifolds, which are smooth manifolds endowed with
a Riemannian metric A Riemannian metric is an assignment of an inner product to each tangent
space that varies smoothly with respecxtd M . This metric allows one to make statements about
local similarity, angles, and distances. For a more detailed treatment of differential and Riemannian
geometry, we direct readers to Prasolov (2022) and Lee (2018).

GeodesicsIn this paper we are concerned with submanifditisof R® whose Riemannian metrics
are induced by the ambient Eq@e!idean metric. Recall that the length of a continuously differentiable

path :[a;b! RPisL( )= b K %t)k, dt. Thegeodesidistance between two pointsandy
in a submanifoldV of RP is simply the minimum length over all continuously differentiable paths
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connectingx andy. In this paper we consider the distance metkic(a;b) as the length of the
geodesic path througt connectingp2 M tob2 M .

Tubular Neighborhoods. The -tubular neighborhood Tul§M ) of a submanifoldM of RP is the
setfx 2 RP jd(M ;x) g, whered(M ; x) is the Euclidean distance betweemand the nearest
pointx®2 M . Intuitively, Tub (M) is a “fattened” submanifold dR® that envelopsv . We use
the tubular neighborhood as a model of the support of a noisy sampling distributioMovéth a
bounded level of isotropic noise.

Manifold Embedding Parameters. We will de ne
two manifold parameters that are central to the the-
oretical analysis that follows, adopted from Bernstein
et al. (2001). Theminimum radius of curvaturds
ro(M) = m where : R, ! RPis
a time-parameterized unit-speed geodesidin Intu-
itively, ro(M ) indicates the extent to which manifold
geodesics curl in the ambient Euclidean space. e
dimum branch separatiosg(M ) is the largest positive
number such thax;y 2 M , kx  yk, < so(M) im-
pliesdy (X;y) r o(M ). While in general people use
guantities like theeachandinjectivity radiusto describe manifold embeddings, these quantities are
intimately related to the ones described; we choose to stick to the described parameters for compat-
ibility with theorems invoked from prior work.

Figure 1: Visualization of the manifol
parametersy(M ) andsg(M ).

Proposition 1. Supposé is a compact submanifold &° without boundary and with a minimum
radius of curvature o(M ). Then TubM has a minimum radius of curvature of(M )

2.2 NEARESTNEIGHBOR GRAPHS AND UNWANTED CONNECTIVITY

Geometric machine learning approaches attempt to capture the underlying strucklirefrofm
noisy samplesX, typically beginning with the construction of a nearest neighbor graph. These
graphs use connectivity rules of two avorsradius, ok-nearest neighbok(NN) (Bernstein etal.,
2001). The -radius connectivity scheme asserts that for any two verticesdb, an edge exists
between them ika bk, . Thek-NN rule on the other hand asserts that the edge exists only
if bis one of thek nearest neighbors @f, or vice versa. While the-radius rule is more amenable

to theoretical analysis, tHeNN rule is used more often in practice. Unless otherwise speci ed, an
edge(x;y) in a neighbor graph is assigned the weight yks.

De nition 2.1. An edge(x;y) in a nearest neighbor graph of noisy samples frbvmis a
shortcut edge if

dv projy X;projy y > ( +1)ro(M)
whereprojy, () is the orthogonal projection ontM andro(M ) is the minimum radius of
curvature of\M .

One of the main corrupting phenomena in the construc-

tion of nearest neighbor graphs is the formatioslodrt-

cut edges edges that bridge distant neighborhoods of

the underlying manifoldV . Figure 2 depicts a simple

2-dimensional example of a shortcut edge, while De -

nition 2.1 provides a mathematical description of such

edges. Note that in Section 3 we state the assumption

that <r o(M ), which guarantees the uniqueness of the

projection map. Intuitively, a shortcut edge is one where a

large distance throughl is required to traverse betweerFigure 2: Visualization of a nearest
the endpoints, relative to the Euclidean distance betwagsighbor graph build from noisy sam-
the endpoints of the edge itself. While the de nition hasles from M . Desirable edges are
no explicit dependence okx  yk,, we make the as- shown in green, while the shortcut edge
sumption in Section 3 that the connectivity thresholdis shown in red.

(and thuskx  yk;) is smaller tharmo(M ).
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2.3 OQLLIVIER-RIccI CURVATURE

Ollivier-Ricci curvature (ORC) was proposed as a measure of curvature for discrete spaces (Ollivier,
2009) by leveraging the connection between optimal transport and Ricci curvature of Riemannian
manifolds. While there have been many subtle variations of ORC, we will describe a modi cation
to the most common one. Given an edggy) in a weighted grapl® with verticesV and edgeg,

de ne the neighborhoods of andy asN (x) := fv2 Vj(x;v) 2 E;v 6 xgandN (y) ;= fv 2
Vij(y;v) 2 E;v 6 yg. Further de ne , and y as uniform probability measures owér(x) nfyg

andN (y) nfxg, respectively. The ORC of the ed@e y), denoted (X;y), is de ned as

W( «; y)

de (x;y)
whereW ( x; y) is the 1-Wasserstein distance between the measyread  (regarded as mea-
sures orV), with respect to the weighted shortest-path metg¢ ; ). The weighted shortest-path

metricdg (X;y) simply represents the total weight of a weight-minimizing path fsota y through
G. Thel-Wasserstein distance is computed by solving the following optimal transport problem,

(xy):=1

X
W( x; y)= _inf de(a;b) (a;b
20 y)(a;b)zv v

where ( «; y) is the set of all measures ah  V with marginals 5 and . Intuitively, ORC
guanti es the local structure db: negative curvature implies that the edge is a “bottleneck”, while
positive curvature indicates the edge is present in a highly connected community.

In our setting, the vertices of the gra@hare points inRP , and edges connect poirts;y) such

thatkx  yky , Where is a user-chosen connectivity threshold. A common choice is to weight

the edges by the Euclidean distakee yk,, but we make a slight modi cation to this formulation.

In computing the ORC in the present paper we use unweighted edges; namely, all edges are snapped
to a weight ofl. This is a key aspect of our method, as it forces the ORC to re ect only the local
connectivity and makes it invariant to scale. This modi cation also restricts the ORC values to lie
between 2and+1, whereas with weighted graphs, the values are unbounded bebohe rest

of the paper, any reference to Ollivier-Ricci curvature is a reference to the formulation we have just
described.In all cases other than computing ORC, an eflge) is assigned the weighix  yk»,

as mentioned in Section 2.2.

Proposition 2. For any edgdx; y) in an unweighted graph, 2 (xy) 1L

3 METHOD AND THEORETICAL RESULTS

In this section we will describe ORC-ML, a novel algorithm for pruning nearest neighbor graphs
based on ORC and metric distortion. We will also describe the theoretical results that justify the
algorithm construction, the proofs of which are in Appendix A.4.

ORC-MANL (Algorithm 1) takes as input noisy sampl¥s from some underlying manifold, an
accompanying nearest neighbor graph= (V; E) of the data, and tolerances 2 [0;1]. The

method constructs a candidate €etf edges that have curvature more negative than a threshold just
larger than 1. We note that the exact expression for this threshold,+ 4(1 ), arises from
Lemma A.1. The expression simply captures the notion that shortcut edges tend to have ORC less
than some constant value neat, where = 1 results in a strict threshold of 1 and smaller

values introduce slack. Importantly, not every edge in the candidate set is necessarily a shortcut;
good edges can have extremely negative curvature as well. To combat this, the method proceeds by
constructing a thresholded gra@? = (V;E®% whereE® = E nC. Theweightedgraph distance
dso(X;y) is checked for every eddes;y) 2 C. If this distance exceeds the threshold derived in
Theorem 3.3, we can be con dent thig y) undesirably bridges distant neighborhooddvof(a
visualization for which is shown in Figure 13). The edge is therefore removed Gonif the
threshold is not exceeded, the edge is not removed. We would also like to emphasize that the
threshold arising from Theorem 3.3 is unaffected by feature scale, as it is equivalent to a bound on
deo(X; y)= . Finally, for a time complexity analysis of the ORCAWL algorithm we direct readers

to Appendix A.2.
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Algorithm 1 ORC-MANL

We provide three theoretical results

Require: G = (V;E) a nearest neighbor graph, that justify ORC-MANL. First, we
1.C fg . _show that when the data generating
2: for (x;y)inEdo . candidate selectionthe nearest neighbor graph consists
3 (x;y)  OllivierRicci(G; (x;y)) of noisy samples from an underlying
4 if (xy)  1+41 then . LemmaA.l manifold M , the ORC of shortcut-
5: C CI[f (xvy)g ting edges tends to be very negative.
6 EC EncC Second, we show that as one samples
7: G°  (V;E9 more points, every vertex has an in-
8: for (x;y) in C do . shortcut detection creasing number afion-shortcutting
o deo(X;y)  ShortestPatG® x;y) edggs with vsrypodsitive(r_])RC. L?]S(tzi'

i . ) (+Da ) we derive a bound on the graph dis-
10: it deo(x;y) > 2" 24 then . Theorem 3.3 tance (in the ORC thresholded graph
11: E  Enf(xy)g G9 between any vertices connected
12: return (V;E) by a shortcut edge 6.

We consider the setting wheké is a
compactm-dimensional smooth sub-
manifold of R® without boundary. Let Tub(M ) be the tubular neighborhood &4 , and as-
sume X Tub (M) consists ofn independent draws from the probability density function
Tub (M) ! R4,

< 1 k z proj zk% .
— 2 -
@)= Ze 2 i kz  projy zks

0; o.w.;

@

R
whereZ is a normalizing constant such that,, ™) (z)dV integrates to 1. We are given a con-

stant < 1, which controls the threshold we use when checking the weighted-graph distances of
candidate edges. For the rest of the paper, suppose that

1. (Support criterig: 2 < ,3n< so(M),3 <r o(M) o
2. ( -radius criterio): < min P (so(M) )2 2Z;2(ro(M) )p27f;r oM)

wheresy(M ) is the minimum branch separationMf andry(M ) is the minimum radius of curva-
ture ofM . Assumption 1 ensures that the orthogonal projeqgpiaj,, : Tub M! M  is unique,
while 2 allows us to use Bernstein et al. (2001) to make statements about geodesic distances.

Our rst theorem establishes that the ORC for shortcut edges converges to negative values in the
limit of vanishing noise . We note that so long as> 0and > 0, shortcut edges occur with
nonzero probability. Observe that, in combination with Proposition 2, this result indicates that the
ORC of shortcut edges tends to concentrate in the bottom third of the possible range of values.

Theorem 3.1(Ollivier-Ricci Curvature of Shortcut Edgespuppose thaX; is a point cloud
sampled from with parameters ; and ; andG; is its nearest-neighbor graph. Also suppose
thatM satis es the conditions above, angl! 0" and ;! 0* asi!1 .Thenas!1l ,
we have (X;y) 1 for all shortcut edge$x;y) in G; with probability approachind.

To be con dent that ORC can be effective at identifying potentially shortcutting edges, we would
also like to be sure that there exists a suf cient number of good (non-shortcut) edges with more
positive ORC. This motivates Theorem 3.2.

Theorem 3.2(Ollivier-Ricci Curvature of Non-Shortcut Edgesl)etk be a positive integer.
With high probability as the number of points! 1 |, every point has at least neighbors
that it is connected to by non-shortcut edges with ORC

Proofs of Theorem 3.1 and Theorem 3.2 can be found in Appendix A.4.1. These results allow us
to create a candidate set of shortcut edges by looking at the ORC of ed@esvVife then expect
that the graptG® = (V; E9, whereE°has all extremely negative-curvature edges removed, has no
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shortcut edges and a large number of good edges. It should therefore have a metric structure that is
more aligned with that of the underlying manifditl . With that said, we also expect the candidate

set to contain some non-shortcut edges, which we do not want to remové&irémthe last part of

our algorithm, we Iter our candidate set to identify edges that are most likely to be shortcuts. This
motivates our third theorem, which establishes that for vertices that were previously connégted in

by a shortcut edge, their weighted graph distand8iis large relative to.

Theorem 3.3(Filtered Graph Distance)Suppose thaX; is a point cloud sampled fromwith
parameters ; and ; andG; = (V;; E;) is its nearest neighbor graph. Also suppose tiat
satis es the conditions above ang ! 0" and ;! 0" asi ! 1 . De ne the subgraph
GP = (Vi; ED) where n o

E’= (xiyi)2E  (x;yi)> 1

Thenas !'1 we have

deo(x;y) > %91%

for all shortcut edges ir5; with probability approachindl, where 2 [0; 1] (eq.(34)) is a
random variable whose distribution is dependent\dnand ;.

Remark 1. The random variable is inversely related to the number and lengths of edges
that shortcut through TubM but do not satisfy the de nition of a shortcut edgeNh. We
expect that concentrates close th and experimentally we nd that =1 works well.

Theorem 3.3 arises from two results: (1) one can bound geodesic distances throulyh With
geodesic distances of paths throghwith similar endpoints, and (2) under reasonable conditions
one can relate the graph distances through a nearest neighbor graph built from data sampled from
Tub M to the geodesic distance through Tisb.

Figure 3 shows experimental support for Theorem 3.1 and
Theorem 3.2 on two synthetic manifolds averaged across
10 seeds. In accordance with Theorem 3.1 we nd that as
the noise parameterfalls, the ORC of shortcutting edges
falls commensurately. We see that it rapidly drops below
1 and asymptotes to the most negative possible value,
2. In accordance with Theorem 3.2 we nd that as we
sample more points each vertex has an increasing num-
ber of non-shortcut incident edges with positive ORC. For
more empirical support of the theory we provide an illus-
trative example in Figure 25 in Appendix A.5.8. We also
discuss the behavior of ORC-MMIL as a function of un- Figure 3: Empirical convergence re-
derlying manifold curvature in Appendix A.5.7. sults. The bottom row plots the percent

of nodes with at least incident edges

4 E that () are non-shortcutting and have
XPERIMENTS positive ORC.

Building nearest neighbor graphs as a data pre-processing step is ubiquitous in geometric data anal-
ysis. Therefore our method is well suited for evaluation on a broad range of algorithms that operate
on nearest neighbor graphs.

Our experiments are divided into two sections. Firstly, we evaluate ORG{Mon a variety of
synthetic manifolds for a broad array of benchmark geometric data analysis and machine learning
tasks. We also compare pruning accuracy to several benchmark methods presented previously in
the literature. We then show that ORCAML pruning reveals clusters aligned with ground truth
annotation for single-cell RNA sequencing (scRNAseq) data of peripheral blood mononuclear cells
(PBMCs). We also nd that ORC-MNL pruning improves downstream manifold learning em-
beddings of scRNAseq data of anterolateral motor cortex (ALM) brain cells in mice. Furthermore,
we include experiments in Appendix A.5.3 that suggest that OR&+Mis effective on MNIST

(Deng, 2012) and KMNIST (Clanuwat et al., 2018), and we add ablations for nearest neighbor graph
parametek and ORC-MANL parameters, in Appendix A.5.5.
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4,1 RESULTS SYNTHETIC DATA

For our synthetic manifolds, we have curated a list aind2-dimensional manifolds embedded in

R? andR3, respectively, that exhibit varying intrinsic and extrinsic curvature. THgmensional
manifolds include concentric circles, a mixture of Gaussians, twin moons, an S curvé; the
dimensional swiss roll, a Cassini oval (Cassini, 1693) and concentric parabola&-dithensional
manifolds include chained tori, concentric hyperboloids, an adjacent hyperboloid and paraboloid,
adjacent paraboloids and ti2edimensional swiss roll. Note that we include additional experi-
ments indicating the improved performance of spectral clustering with OR@E{Mpruning in
Appendix A.5.4. We also provide more experimental details regarding sampling and nearest neigh-
bor graph construction in Appendix A.3.

4.1.1 PFRUNING

Our rst experiment quanti es the ability of ORC-MNL to prune (and therefore classify) edges

of nearest neighbor graphs. We report classi cation accuracy-timensional manifolds in Ta-

ble 1 and2-dimensional manifolds in Table 4. In the tables, we also include performance for several
baseline graph pruning approaches. Algorithm descriptions for each baseline are provided in Ap-
pendix A.3.1. Accompanying visualizations for ORCAML pruning results are shown in Figure 4.

Table 1: Pruning performance of ORCAML vs. baselines. For each entry, the top and bottom
rows indicate the percentage of “good” edges and shortcut edges removed, respectively.

Concentric Concentric Hyperboloid

Tori Hyperboloids and Paraboloid Paraboloids Swiss Roll
0:0 0:0 0:0 0:0 0:0 0:0 0:0 0:0 0:0 0:0
ORC-MANL (ours) 100:0 0:0  99:1 26 89:4 21:3 100:0 0:0 100:0 0:0
ORC OnLY 15:7 0:3 13:1  0:2 18:1  0:3 18:0 0:3 14:8  0:2
100 :0 0:0 100:0 0:0 98:9 3:3 100:0 0:0 100 :0 0:0
X 2:8 0:0 0:4 0:1 0:4 01 0:5 0:0 0:4 0:1
BISECTION (Xia et al., 2008) 88 35 200 42  61:3 21:3  10:3 12:2  32:8 94
. - . 29:2 0:3 2:3  0:2 20:4 0:5 24:3 0:4 1:8 0:3
MST (Zemel & Carreira-Perfian, 2004; Chao et al., 2007, 89:6 3.7 91:6 1:3 58'5 10:8 66:2 17:2 100 :0  0:0
30:4 1:6 22:9 0:9 32:9 11 63:6 1:3 7:8 0:7
DENsITY (Chao etal., 2006) 16:8 80 10 13 0:6 1.9 8:9 7.4 2005 8.0
DISTANCE 22:0 0:4 9:2 0:5 18:9 0:4 34:7 0:5 2:3 0:2
88:8 5:6 61:1 8:7 73:8 18:2 26:5 13:7 40:0 9:8

We nd that ORC-MaNL vastly outperforms all baselines on a majority of the synthetic man-
ifolds. Our approach removes all shortcut edges in all but two examples, and removes no
shortcut edges across all examples. Unsurprisingly, we nd that ORCyQexhibits identi-

cal performance on shortcut edge removal, but typically removes artb&#@aof good edges

as well. BsecTION performs poorly on all manifolds except the moons and the S curve,
likely stemming from the fact that shortcut edges for those examples travel longer distances
and pass through lower density regions than shortcut edges for other synthetic manifolds.
This is also re ected in stronger performance by
DisTANCE on the moons and the S curve. MST
unsurprisingly performs well on examples where the
underlying manifoldV has a single connected com-
ponent (like the swiss roll and S curve) but con-
sistently struggles with most other examples. Fi-
nally, DENSITY and DSTANCE exhibit erratic per-
formance, at times being competitive with ORC-
MANL, and at times performing poorly. We attribute

this to the variability in the extent to which shortcut
edges (1) pass through low density regions, and (2)
have longer length relative to other graph edges. Fur-
thermore, these effects can be compounded by poor
kernel density estimates for theeRsITY baseline.

g;gl;rhes tef\gfeu erllzdag%r;rorf)rﬂﬁ?nrg Svt/i?r? |(g)k|1_\5)g\?v€ would like to underscore the fact that algorithm
MANL. Shortcut edges are highlighted red.

parameters for ORC-MNL are xed at = 0:8
and = 0:01acrossall manifolds and trials (and



	Introduction
	Contributions
	Related Work

	Background and Definitions
	Differential and Riemannian Geometry
	Nearest Neighbor Graphs and Unwanted Connectivity
	Ollivier-Ricci Curvature

	Method and Theoretical Results
	Experiments
	Results: Synthetic Data
	Pruning
	Manifold Learning
	Persistent Homology
	Geometric Descriptors

	Results: Real Data

	Conclusion
	Appendix
	Reproducibility Statement
	ORC-ManL Time Complexity
	Experimental Details
	Pruning
	Persistence Distances
	Intrinsic Dimension Estimation
	Scalar Curvature Estimation

	Proofs
	Theorems 3.1, 3.2 and 3.3
	Lemmata
	Propositions

	Additional Experiments
	Pruning
	Manifold Learning: t-SNE Embeddings
	Real Data: MNIST and KMNIST
	Clustering
	Parameter Ablations
	scRNAseq Real Data: UMAP and tSNE
	Manifold curvature
	Empirical convergence: the swiss roll



