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Abstract

Learning the underlying dynamics of single cells from snapshot data has gained
increasing attention in scientific and machine learning research. The destructive
measurement technique and cell proliferation/death result in unpaired and unbal-
anced data between snapshots, making the learning of the underlying dynamics
challenging. In this paper, we propose joint Velocity-Growth Flow Matching
(VGFM), a novel paradigm that jointly learns state transition and mass growth
of single-cell populations via flow matching. VGFM builds an ideal single-cell
dynamics containing velocity of state and growth of mass, driven by a presented
two-period dynamic understanding of the static semi-relaxed optimal transport,
a mathematical tool that seeks the coupling between unpaired and unbalanced
data. To enable practical usage, we approximate the ideal dynamics using neural
networks, forming our joint velocity and growth matching framework. A dis-
tribution fitting loss is also employed in VGFM to further improve the fitting
performance for snapshot data. Extensive experimental results on both synthetic
and real datasets demonstrate that VGFM can capture the underlying biological
dynamics accounting for mass and state variations over time, outperforming ex-
isting approaches for single-cell dynamics modeling. Our code is available at
https://github.com/DongyiWang-66/VGFM.

1 Introduction

Inferring the latent dynamics of complex systems from sparse and noisy data is a fundamental
challenge in science and engineering. In many domains, e.g., stock markets [1], climate systems [2],
and biological processes [3—11], continuous trajectories are rarely fully observed by sensors. Instead,
cross-sectional snapshot data collected at discrete time points are commonly provided. This challenge
is especially important in single-cell RNA sequencing [12—16], where destructive sampling yields
unpaired population-level snapshots across time without having the tracked individual cell fates.
Furthermore, due to the mass changes during cellular development or response processes, observed
data often exhibits mass unbalancedness across time, violating mass conservation. Consequently,
reconstructing the time-evolving, unnormalized density function from limited samples has become an
important research problem and attracted increasing attention [14, 15, 17].

Deep learning-based models for dynamics inference have demonstrated great potential [3, 7, 18—
29]. These models typically employ ordinary or stochastic differential equations (ODEs or SDEs)
parameterized by neural networks to approximate the velocity field governing density evolution.
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One class of methods, based on simulation [3, 18, 19, 23, 24, 26, 30-32], generates synthetic
trajectories by feeding initial data through neural networks and solving ODEs or SDEs numerically,
and compares simulated results with observations for loss computation. However, these simulation-
based methods rely heavily on numerical solvers during training, which significantly increases
computational cost. In high-dimensional settings, the enlarged search space further exacerbates
instability, hindering scalability and convergence. Another line of research focuses on simulation-free
approaches [22, 29, 33—43], where the velocity field is trained efficiently by constructing conditional
probability paths without trajectory simulation, yielding better efficiency and stability in training
compared with simulation approaches.

Nevertheless, the simulation-free approaches mentioned above rely solely on the velocity field
v, ignoring the unbalancedness of observed data, which can result in incorrect reconstruction of
underlying dynamics or unsatisfying generation performance [26, 37, 42]. Distributional imbalance
is a common phenomenon in single-cell dynamics, where cellular proliferation and death occur, thus
necessitating the introduction of a growth term ¢ to allow for mass increasing or decreasing. To
address this, [44, 45] proposed to jointly learn velocity v and growth g by minimizing the Wasserstein-
Fisher-Rao (WFR) metric [46, 47]. However, it mathematically enforces v = Vg, which lacks clear
mechanistic justification in biological systems. Other WFR-inspired approaches [23, 26] design
separate neural networks for v and g and prioritize fitting the distributions. However, these methods
require heavy simulation during training, limiting their scalability to high dimensions.

In this paper, we propose joint Velocity- Mass Veloity matching Growih matching
Growth Flow Matching (VGFM), a novel e (x, ) — B (x)|[2 pr 190D -G
approach for single-cell dynamics model-
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dynamic understanding that enables mass
growth and state transition accomplished
in two time periods, respectively. Based
on this dynamic understanding, we build
a joint transition and growth dynamics, in-
heriting the optimal properties of semi-relaxed optimal transport. We then approximate the velocity
and growth in the built dynamics using neural networks with finite samples, yielding a joint velocity
and growth flow matching framework. To further improve fitting performance for the single-cell
snapshots, we employ a distribution fitting loss based on the Wasserstein distance. Thanks to the joint
velocity and growth flow matching, our approach enjoys more stable training and better scalability
to high dimensions, compared with simulation-based approaches. Extensive experiments on both
synthetic and real single-cell datasets are conducted to evaluate our proposed approach. Experimental
results demonstrate accurate dynamics reconstruction and superior performance achieved by VGFM
over recent baselines.

Figure 1: The goal of this paper is to learn a joint state
transition (controlled by vy (x, t)) and mass growth (con-
trolled by g,,(x, t)) dynamics for single-cell evolution.

2 Background and Related Works

This section revisits optimal transport, and reviews the flow-matching-based methods for single-cell
and unbalancedness-aware distribution learning methods, which are mostly related to this paper.

Optimal transport. Optimal transport, a tool for transforming one distribution into another at
minimal cost [48], has gained remarkable prominence in recent years across fields such as image
processing [49-54] and bioinformatics [18, 21, 22, 26, 41]. Given two distributions py and p; on
domain () satisfying fQ po(x)dz = fQ p1(x) dz, the optimal transport [48] aims to find a joint
distribution of py and p;, named coupling, such that the transport cost is minimized, formulated as

2State transition describes changes in gene expression in a cell.
3Mass growth means mass increasing or decreasing.



the following optimization problem:

min / c(x0,x1) dm(x0,%1), s.t. U(po,p1) = {m > 0: PYm =po, Pyr=p1}, (D
7€U (po,p1) J 2

where ¢ is the cost function. For a map T, we define Tiupo(x) = [, T (xr)=x PO (X ")dx'. Let

P'(xg,x1) = x; for i = 0,1, then we have P#7r X;) fQ (x0,%1)dx; fori = 0,1. When

c(x0,x1) = ||xo — x1/|?, by Brenier’s theorem [55], the optimal coupling can be expressed as
7 = (Id, T*) 4po, where T is called the Monge map.

Flow matching for learning single cell dynamics. Flow matching [33-35] is a simulation-free
approach where the velocity field is trained efficiently by constructing conditional probability paths
without trajectory simulation. Building on this foundation, further improvements have been achieved
by incorporating optimal transport guidance [22, 36], considering unbalancedness [37], accounting
for manifold structures [38], and approximating Schrodinger bridge via flow and score matching [41],
all of which has been applied to model single-cell dynamics [22, 37, 38, 41]. Different from these
methods, our method explicitly models the simultaneous matching of both the velocity field and the
growth function, driven from our developed ideal joint state transition and mass growth dynamics,
which does not require the construction of conditional probability paths like the above approaches.

Unbalancedness-aware distribution learning methods. Data imbalance is prevalent across a
variety of domains, such as image synthesis and protein generation, motivating the development of
flow matching models that account for unbalanced distributions [37, 42, 56]. However, these methods
often do not model growth functions, which are essential in single-cell contexts. In the single-cell
domain, several approaches have been proposed to model growth dynamics [5, 23, 44, 45, 57], yet
they either fail to leverage the informative variations in cell abundance observable from snapshot data
[44, 45], or rely heavily on computationally expensive simulations [5, 23, 57], limiting their scalability
and efficiency. Differently, our method explicitly learns the growth function from observed snapshot
data, yielding better performance for single cells than these methods as shown in experiments.

3 Method

Given the snapshot population of single cells, this paper aims to build the dynamic trajectory of
single cells. Considering the unbalancedness between snapshot populations due to the undergo cell
proliferation or death, we aim to build a model that can transform between unbalanced distributions
by jointly learning a velocity field for controlling state transition and a growth function for controlling
mass variation. Towards this goal, we propose joint Velocity-Growth Flow Matching (VGFM) based
on semi-relaxed optimal transport to learn the dynamics of single cells. As illustrated in Fig. 2, we
first present a decoupled understanding of state transition and mass growth for unbalanced dynamics
based on semi-relaxed optimal transport (Figs. 2 (a), (b)), upon which we build a dynamic process
between unbalanced distributions (Fig. 2 (c) ). Finally, we propose the velocity and growth flow
matching using the built dynamic process to learn the velocity and growth with samples (Fig. 2 (d)).
Next, we first describe the unbalanced dynamics of single-cell data, and then discuss the details of
each component of our method.

3.1 Unbalanced Dynamics of Single Cell

Given two adjacent snapshots of populations/distributions denoted as py and py, if the system is
balanced, the dynamics p;(t € [0, 1]) between pg and p; can be generated by ODE d(;;* = ve(x¢)
such that xy ~ pp and x; ~ p;. Corresponding to this ODE, p, is governed by continuity equation
Opr = —V - (prvr). However, in biological systems, cells can proliferate and die. Such behaviors can
be captured by a time-dependent weight w;(x;) associated with the state transition, whose evolution

is controlled by a growth function g, simulating cell proliferation or death processes:

{ i @)

dlogwi(xe) Iogéutf(xf) = ge(x¢)-

Under this formulation, the unbalanced distribution dynamics p, is generated jointly by the position
x; and the weight w;(x;). Specifically, w;(x;) models the variation of p; against py, i.e., w;(x;) =
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Figure 2: Illustration of our proposed VGFM, consisting of the velocity and growth flow matching
deduced by the dynamic reformulation of the semi-relaxed optimal transport.
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p(x¢) /Dt (x¢) for pe(x¢) # 0. Corresponding to Eq. (2), p; is governed by
Ope = =V - (peve) + gipe- 3)

3.2 Building Unlabalnced Dynamics Based on Semi-Relaxed Optimal Transport

Though Eqgs. (2) or (3) provide a formulation of unbalanced dynamics between py and p;, the
equations admit a wide range of admissible dynamics. We next seek the dynamics based on semi-
relaxed optimal transport. Specifically, given the semi-relaxed optimal transport

min Joor () 2 / c(xo,x1) dn(x0,x1) + KL(Py7|po) ~subjectto Phm=pi,  (4)
™ 02

between two unbalanced distributions py and p;, we will first present a dynamic understanding of
Eq. (4) that decouples the state transition and mass growth into different periods. Based on this
dynamic understanding, we will build a reasonable unbalanced dynamics between pg and p;, which
naturally drives our velocity and growth matching to learn the dynamics with samples (see Sect. 3.3).

Dynamic understanding of semi-relaxed optimal transport. As mentioned above, the solution
of the semi-relaxed optimal transport allows both state transition and mass variation/growth. From
a dynamic perspective, we understand the transport as a two-period dynamic process, in which we
perform mass growth in the first period and state transition in the second period. Note that such an
understanding is not practical in applications, but it provides a decoupled modeling of state transition
and mass growth, which promotes a reasonable and friendly-to-matching unbalanced dynamics
modeling, driving our flow matching algorithm for learning velocity and growth, as we will make
clear later. More concretely, given A € (0, 1), we perform mass growth controlled by g; for t € [0, ]
through O;p; = g;p; with initial and ending distributions of po and p) respectively. For ¢ € (A, 1],
the state transition controlled by v; through d;p; = —V - (psv;) is performed with initial and ending
distributions of py and p;, respectively. We then define the following two-period transport model:

1
Tulong) 2 (1) / / Pl () |Pdtdx + H(vrsgrope)s (5

min
(vt,9¢)€CA(Po,p1

where H (v¢, g, p) = fQ po(X)(efoA gt(x)dt(fo)\ g¢(x)dt—1)+1)dz, Cx(po,p1) = {(ve, 9¢) : O =
gtpt,t € [0,A];0pe = =V - (prvr),t € (A, 1]}, and py and p; are the given distributions. The
following proposition shows the relation between the semi-relaxed optimal transport model in Eq. (4)
and the two-period transport model in Eq. (5).

Proposition 1. Assume c(xg,x1) = ||xo — x1||? and if we enforce P4 and py to share the

p #

same support for admissible solution  to problem (4), then we have min, Jso (7) = min,, g4, jt)f;c

v, Gt ), VA € (0, 1). Moreover, for any A € (0, 1), given the optimal transport plan 7* to problem (4),
g y 8 D portp p

let py, = ngr*, then * can be expressed as 7 = (Id, T*) 4 p3 where T* is the Monge map between

py and pi. Meanwhile, there exist a g/ such that py = po(x)efoA 9t and a v{ given by
vf (X + %(T*(x) - x)) =T ff)/\fx, satisfying (v, g;) € argmin,, 4, j{l\)t (ve, gt)-




The proof is provided in the Appendix A.2. Proposition | indicates that problems (4) and (5) share
the same optimal objective function value. Meanwhile, the optimal objective function value of the
two-period transport problem (5) is independent of A. Moreover, vy, g; can be constructed using 7*.

Building unbalanced dynamics. Although we have identified a scheme in which pg evolves into
p1 through a two-period process governed separately by v; and g; respectively, this decoupling does
not align with the behavior observed in biological systems, where transport and growth typically
occur simultaneously. To address this, we next build an unbalanced dynamics based on the dynamic
understanding discussed above that allows velocity and growth to jointly drive the state transition
and mass growth while ensuring consistency with the target distribution. Specifically, given vy
(t € (A 1)), gt (t € [0, A]) of the two-period process, we define the joint velocity ¢; and growth g; by

U(x) = (1 = A) - va—xyea(x),

_ _ (6)
Gu(x) = A+ g (V71 ()
where ¢ € [0, 1], and 13, is the flow generated by 0, i.e., V3 1 (x0) = X0 + f(]t Us(x)ds.

Theorem 1. Given the initial distribution pg, denote the ending distribution of the two-period
dynamics
Khpe = gipe, t € [0, A, Oypr = =V - (pyvr), t € (A, 1], (7N

as p1, and denote the ending distribution of the joint dynamics starting from pg
Oipr = =V - (Pe0¢) + GiePe,  t €1[0,1],  Po = po, 3
as p1, then it holds that p1 = ps.

The proof is detailed in Appendix A.3. Theorem | indicates that given the same initial distribution
at t = 0, the two-period and the joint dynamics yield the same distribution at ¢ = 1. Since v, g;
are defined on [0, 1], the joint dynamics is more practical in applications, e.g., biological systems.
Meanwhile, if vy, g; is defined as in Proposition 1, v;, g; will inherit the optimality properties of the
semi-relaxed optimal transport, benefitting our flow matching algorithm, as shown in Sect.

3.3 Velocity and Growth Flow Matching

Since the optimal growth function g; in Proposition | is required to evolve pg to P%ﬁ*, satisfying the
marginal constraint pg exp ( fo)\ g ds) = PO#’/T*, possible choice for g; is not unique. For simplicity

. . . . log P4, 7" (x)—1
and ease of implementation, we choose a time-independent form: g; (x) = o8 % (x/\) oep O(x),

which minimizes the L?-norm energy functional of g and can be explained by the Malthusian growth
model [58], i.e., the exponential growth model (see Appendix A.4). By plugging the expression of v}
and consists with from Proposition | and g; into Eq. (6), we obtain

O (V5,6(%0)) = T (x0) — %0,  §e(V5,4(%0)) = 10gPS¢7F*(X0) —log po(x0), where xq ~ po. (9)

In practice, only finite samples of pg and p; can be accessed. We then aim to learn neural networks
vg(X,t), g (X, t) to approximate 0;(x), §:(x) by velocity and growth flow matching as

min B B |10/, (20). 1) = 1 (15,0 (x0)) | + |9 (5.0 (x0),8) = (W o)) P| . 10)

that can generalize to new samples. We first estimate 7* and 7™ using samples. Given samples
{x6}i=, of po and {x4}7-, of p1, We seek the optimal transport plan 777! & 7 (xo, x1) by solving
the entropy-regularized semi-relaxed transport problem using Sinkhorn-based algorithm [59, 60] as

707 = arg m>iIOlZCij7Tij + eH(m) + 7KL(71,,||1,), subjectto 7' 1, = 1,,, (11)
T
T4y

where ¢;; = |x} — x]||2, 1, is the all-one vector, H(r) denotes the negative entropy of T,
and € and 7 are hyperparameters. With 7971, T can be estimated using barycentric mapping

T*(xh) =~ 77 > ; mo; 'x] where N* = 3 70!, In implementation, for each xj, we sample j
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accurate as € — 0. Therefore, 15 +(x}) ~ Xo +t(x —x})) £ x, fort € [0,1], and Eq. (10) becomes

Lyvarm(0,w) ZZWOHl [

=1 j5=1

from (1,2, --- ,m) with probability — , and approximate T (x}) ~ x{. This approximation is

vo(x¢,t) — (x] — x |2 J

) ‘2 + |gw(xtat) - log([ﬂ-OHllm]i)

12)
where [-]; is the i-th element. The last term in Eq. (12) is because po(x4) = 1, fori = 1,--- ;n. In
experiments, Lyvgrm can be implemented using mini-batch samples. Specifically, we sample (4, j)
from 7%~ and ¢ from U (0, 1), then calculate the loss in square brackets. To improve robustness, we
add a Gaussian noise to x; in experiments.

3.4 Training Process

Our ultimate goal is to generate data close to the real data distribution. The current learned ve-
locity field of flow matching is the expectation of the conditional velocity field, i.e.,vg(x,t) =
Ezl(w,t)v9(xa t|z). In practice, since we use limited samples to learn the velocity field v, each nu-
merical integration step introduces an approximation error, which can be accumulated during the
numerical ODE solving process, resulting in a deviation from the true trajectory [61]. To address
this bias, we employ distribution fitting loss besides the flow matching loss in Eq. (12), to improve
performance further. Next, we introduce the distribution fitting loss and our training algorithm.

To achieve better performance, we incorporate the Wasserstein distance between generated samples
and observed samples as part of the loss function. Specifically, let X; = {x}} lN:tl fort =0,1,--- ,T—
1 denote the observed samples at different time points, and denote p(X;) = Z ‘1 0xi. We define

i=1 Y%}
Guy REXT — RAUTI as the trajectory mapping function parameterized by the neural network vg,
which takes a given starting point as the initial condition and outputs particle coordinates at time
indices 7 according to ODE dynamics, where 7 denotes a set of time steps. Given an initial set
Xo, the model ¢,,, predicts particle positions at future time points in 7. Speciﬁcally, the predicted
samples are computed by applying the neural ODE to X, over the time indices {1, - —1}ie.,
Xy, oo, Xpy = o, (X, {1, - — 1}). Similarly, we define ¢4, as the particle welght mapping
funct10n parameterized by the neural network g,,, which takes the initial weight of particle ¢ as input
and outputs the corresponding weight values at 7 under ODE dynamics. For simplicity of notation,
we use w(x) forx € X, to denote the weight generated by ¢, corresponding to the particles in set

X which is generated by ¢,,, . The distribution fitting loss is defined as the Wasserstein distance as

1

T-1 1 .
Lor(0,w) = 1| 7 th =~ o Pwltt) |,
or(0,w) ;W <th(X) PR (X)) (13)

where pg, () = > xex, W(X)0x, Wi is the 1-Wasserstein distance with Euclidean norm.

Total loss and algorithm. Note that the matching loss can be easily generalized to multi-time
snapshots by employing Eq. (12) among two consecutive snapshots p; and p;;;. Combined with
distribution fitting loss in Eq. (13), we obtain the final loss

ﬁ(@,w) = »CVGFM(ea w) + ,COT(G,OJ) (14)

During training, we employ a parameter scheduling scheme in which we initially use Lygrm as a
warm-up stage, before enabling both loss terms for joint training. This design provides a notable
advantage: after the warm-up stage, vy and g,, are well-initialized through conditional matching,
which facilitates convergence when switching to WW;-based training. The detailed algorithm is
presented in Algorithm |. For further details on the warm-up procedure and parameter scheduling,
please refer to Appendix

4 Experiments

We evaluate VGFM on synthetic and real datasets, and compare it with state-of-the-art approaches,
including methods that account for distributional unbalancedness [23, 26, 57] as well as those that
assume mass conservation [22, 38, 41]. Our code will be released online.



Algorithm 1: Training algorithm of joint velocity-growth flow matching

Input: Observed data Ay, . . ., X7_1; warm-up epochs M;; training epochs My
QOutput: Trained velocity field vy and growth function g,

Compute transport plans 7'+ fort = 0,...,T — 2;

for : = 1to M5 do

forto =0toT — 2 do
Sample a batch (i, j) ~ 7

Sample ¢ ~ U(0,1) + to, and x; ~ N (tx] + (1 — t)x, 021);
2
|+ [, ) = log (71 1,0]5)

to—to+1.
B

Ee[ﬁ—i—va(xt,t)—(x{ —xp) 2;
if 1 > M, then
L Xig+1 < Qv (Xig to + 1), Wigt1(Xeg41) = P, (X, to +1);

L+—L+W (ﬁp(%oﬂ), mz)w(ftoﬂ));

| UI)date 0,w using L

Synthetic datasets. Inspired by [23, 26], we adopt the Simulation Gene dataset that applies a
three-gene regulatory network to produce a quiescent region and an area exhibiting both transition
and growth that can be observed. We also use Dyngen [62] to simulate a scRNA-seq dataset from a
dynamic cellular process, which exhibits pronounced branching unbalancedness, with significantly
different cell abundances across divergent lineages. Following the experiment setup of [31], we
use PHATE [63] to reduce its dimensions to 5. Additionally, inspired by [26] that employs a high-
dimensional Gaussian mixture model [64] to evaluate the scalability of models, we adopt a more
challenging setting: 1000-dimensional Gaussian mixtures.

Real-world dataset. We conduct experiments on three real-world datasets, Embryoid Body (EB) [65],
CITE-seq (CITE) [66] and Pancreas [67], preprocessed following the procedures in [18, 22, 37]. EB
and CITE dataset are evaluated under both 5- and 50-dimensional PCA projections, while Pancreas
dataset is evaluated under 2000 highly variable gene space to assess VGFM’s scalability on real-world
data. Specifically, the EB (5D), CITE (5D), and CITE (50D) configurations are assessed using a
hold-out strategy, same as [38], in which an intermediate time point is excluded during training. The
model is then used to predict the distribution at the hold-out time, and we compute the VV; distance
between the predicted and true distributions at that time point. The EB (50D) setting is further used
for comparison against [26] and ablation study, evaluated using both JV; and the Relative Mass
Error (RME) (see below). In the Pancreas dataset, in addition to WW; and RME, we also present the
mean—variance trends between generated and real gene expressions and analyze the interpretability
of the learned growth function g.

Evaluation metrics. We follow [26] to use VW, to measure the distance between the predicted cell
distribution and the true cell distribution. Additionally, to assess the accuracy of the growth function
J., we normalize the total mass at time O to 1, and denote the relative mass at time ¢ w.r.¢ time 0
as my, i.e., my = %—; The predicted relative mass at time ¢ based on the evolution induced by g,,

is denoted as 1y = > .y W(X)/No, where D . _ v 1(X) is the predicted total mass at time ¢. We
) . [y —m

define the relative mass error, denoted as RME, i.e., RME = =

Implementation details. We employ a 3-layer (5-layer for dimensions greater than 50) MLP with
256 hidden units and LeakyReLU activation to parameterize both the velocity field vy and the growth
function g,,. Optimization is performed using the Adam optimizer with a learning rate of 10~ at
warm-up stage and 10~ after applying distribution fitting loss. A warm-up stage of 500 iterations
for synthetic datasets and 5000 iterations for real-world dataset is applied (only matching loss in
Eq. (12) ), after which the distribution fitting loss Lot defined in Eq. (13) is applied for an additional
30 training epochs. We will discuss the strategy to set € and 7 in the Appendix

4.1 Results and Analysis

Ability to reconstruct cellular dynamics. As shown in Tab. |, our model achieves lowest mean W,
and RME on synthetic datasets, outperforming both unbalancedness-aware methods [23, 26, 57] and
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Figure 3: (a) Predicted dynamics with trajectories of VGFM on Simulation Gene. (b) Predicted
and (c) true growth rates on Simulation Gene. Note that for Simulation Gene, the true growth rates
could be accessed. (d), (e) and (f) respectively compare predicted relative mass by UDSB, TIGON,
DeepRUOT, and VFGM, and observed relative mass from data, on three datasets. Note that in (f), on
50D dataset, the mass predicted by TIGON deviates significantly from the observed trend, because of
its difficulty in handling high-dimensional data as discussed in their paper [23].

Table 1: Mean W; and RME over all time on synthetic datasets. *OT-CFM and OT-MFM do not
model the growth function, thus, RME is not computed. “N/C” means “not converge”.

Method Simulation Gene (2D) Dyngen (5D) Gaussian (1000D)
Wh RME Wy RME Wi RME
OT-CFM* [22] 0.302 — 3.926 — 10.126 —
OT-MFM* [38] 0.311 — 3.976 — 11.008 —
UDSB [57] 0.665 0.192 1.914 0.658 N/C N/C
TIGON [23] 0.099 0.065 1.029 0.542 N/C N/C
DeepRUOT [26] 0.068 0.016 0.474 0.199 N/C N/C
VGFM 0.046 0.006 0.420 0.053 3.010 0.037

unbalancedness-ignoring methods [22, 38], which demonstrate the ability of VGFM to model cellular
dynamics for data and mass fitting. We also visualize the learned trajectory and growth function on
the Simulation Gene dataset in Figs. 3 (a-c). Figs. 3 (a-c) show that VGFM not only reconstructs
accurate trajectories but also produces faithful predictions of spatially varying growth rates.

Scalability and mass-matching performance compared with existing unbalanced models. While
existing SOTA approaches of UDSB [57], TIGON [23] and DeepRUOT [26] incorporate unbalanced
modeling, these models either introduce biologically implausible transitions [57] (as discussed in
[26]) or face difficulties in scaling to high-dimensions [23, 26, 57]. As a result, these methods do not
perform well or converge on the 1000-dimensional Gaussian dataset, as in Tab. |. In contrast, VGFM
integrates flow matching based on unbalanced transport, allowing it to scale more effectively to
high-dimensional datasets. Our method more accurately recovers the ground-truth dynamics defined
in [26] and achieves superior mass-matching accuracy, as shown in Tab. | and Figs. 3 (d-f).

Hold-one-out results on real-world datasets. Table 2 compares hold-one-out results of different
methods on EB (5D) and CITE (5D and 50D) datasets. It can be observed that VGFM outperforms
most existing approaches in terms of W; distance. We attribute this to the integration of complemen-
tary strengths from both flow matching and simulation-based (Neural ODE) frameworks. On the one
hand, flow matching provides a robust initialization for learning the velocity field and growth rate,



which helps maintain training stability after incorporating the distribution fitting loss Lo, leading to
better performance than purely simulation-based models, as also shown in Fig. 4. On the other hand,
since the flow matching objective serves only as an upper bound on the true Wasserstein distance [68],
the introduction of Lot allows direct optimization of the distribution fitting loss, further enhancing
model performance. Moreover, by explicitly modeling cell growth through a time-varying weight
function, our framework generalizes beyond the conventional setting where Wasserstein distance is
computed between unweighted discrete measures, thereby offering greater flexibility in evaluation
and enabling more possible transport solutions.

Pancreas dataset under 2000-dimensional gene space. To further explore the scalability of VGFM,
we applied our model and compared methods explicitly modeling g:(x) [23, 26] to the Pancreas
dataset with 2000 highly variable genes. We first observed that VGFM is the only method showing a
steadily decreasing training loss, both for Ly grm and Lo, as shown in Fig. . Next, following
[69], we calculated the means and variances of the real and generated gene at day 15.5 and plotted
the corresponding mean-variance trend and histograms. The results show that the generated samples
closely follow the real data, as shown in Fig. . Finally, we analyzed the learned g¢,,(z,t) and
found that our model successfully reconstructs the unbalanced pattern and identifies key genes without
being given any prior knowledge of the cell types. The results are reported in Fig. , and
. For more details, please refer to Appendix

Ablation study on loss terms. To assess the contribution of each loss component in our framework,
we perform an ablation study on the EB dataset

with unwhitened 50-dimensional PCA features. Ta- Lable 2: Mean hold-one-out results on EB and
ble 3 reports the performance across four time points. CITE datasets over hold-out times.

VGFM in general achieves the lowest W, and RME
values (excluding time 1) compared with VGFM  Method EB CITE
(w/o LoT) and VGFM (w/o Ly grwm), demonstrat- 5D 5D 50D

ing the effectiveness of both our joint velocity-
growth matching loss and distribution fitting loss. OT-CFM [22] 0.790  0.882  38.756

Notably, by removing Lygpy, both Wi and RME ~ SF M [41] 0.793  0.920 38.524
increase by a significant margin, implying the im- UDSB [57] 1.206  2.023 44.168
portance of our velocity and growth matching to ~ OT-MFM [38] 0713 0.724  36.394
our framework. Consistent with our motivation in DeepRUOT [26] 0.774 0.845  38.681
Sect. 3.4, adding in distribution fitting loss Lop re- Y OFM 0.676 0.745 37.386

sults in lower WW; and RME, improved fitting ability
to observed distributions.

000

(a) Predicted dynamics (w/o LoT) (b) Predicted dynamics (c) Predicted growth rate

Figure 4: Visualization of predicted dynamics by (a) VFGM (w/o LoT) and (b) VGFM, and growth
rate by (c) VFGM, on EB (5D) dataset, where the hold-out time is the first intermediate timepoint.

Comparison on computational efficiency. We compare the computational cost of our method
and the SOTA method DeepRUOT [26] in Tab. 3. For fair comparison, all methods in Tab. 3 adopt
the same networks 5-layer MLP with 256 hidden units, and are trained on the same GPU until
convergence. As shown in Table 3, our full model requires slightly more training time than the
variant using only Lygrum, due to the training with additional distribution fitting loss. However,
it still achieves faster convergence compared with simulation-based methods of DeepRUOT [26]
and the ablation variant without £ygpym. This demonstrates the critical role of the loss Ly ary for
facilitating training convergence.



To make Lot a fully differentiable component in our training pipeline, we also employed the
Sinkhorn divergence [70] to replace W; as the distribution fitting loss Lo, forming a variant of
VGFM denoted as VGFM(*) in Tab. 3. It can be observed that using the Sinkhorn divergence leads to
a further improvement in the accuracy of dynamics reconstruction, while reducing the computational
cost for distribution fitting. For more details, please refer to Appendix

Table 3: Ablation study on EB (50D) dataset. For comparison, we also report the results of the SOTA
approach DeepRUOT [26] in this table.

11 2 t3 14
Wi RME W RME Wi RME W, RME

DeepRUOT [26] 8.169 0.416 9.041 0415 9348 0.119 9.808 0.296 90 (mins)
VGFM (w/o LoT) 8915 0.020 10.590 0.098 10.915 0.067 11.635 0.088 6 (mins)
VGFM (w/o Lycerm) 8.644  0.650 10.167 0.710 11.052 0.823 11.530 0.862 62 (mins)
VGFM 7951 0.089 8.747 0.042 9.244 0.019 9.620 0.044 13 (mins)
VGFM (*) 7.902 0.018 8767 0.013 9.063 0.083 9.507 0.096 9 (mins)

Method Training time

5 Conclusion, Limitation, and Future Work

The paper proposes the joint Velocity-Growth Flow Matching (VGFM) method that jointly learns
state transition and mass growth of single-cell populations via flow matching. VGFM designs an
ideal dynamics containing a velocity field and a growth function, driven by our presented two-period
dynamic understanding of the static semi-relaxed optimal transport model. Approximating the ideal
dynamics using neural networks yields the velocity-growth joint flow matching framework.

Although our approach achieves better scalability and training efficiency compared to simulation-
based methods, it is not entirely simulation-free due to the incorporation of the distribution fitting loss
LoT. Moreover, since the learned growth rate relies on the observed cell counts at each time point, it
may inadvertently capture effects that are not solely attributable to biological growth. Future work
could address them by integrating biological priors into the learning process of the growth function g,
and by exploring fully simulation-free alternatives that can achieve comparable performance.
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Outline of Appendix

The appendix is organized into three main parts.

Appendix A presents the theoretical foundations. We begin by reviewing the Brenier—Benamou
theorem [71], followed by detailed proofs of Proposition | and Theorem | that are stated in the main
text, as well as the justification for our choice of the reparameterized growth function g in Eq. (9).

Appendix B focuses on experiments. We first describe our general implementation setup, including
the strategy for selecting the hyperparameters in Eq. (11). Next, we provide detailed settings,
visualizations and analysis for each experiment.

Appendix C discusses the broader impacts of our work.

A Proofs

A.1 Background: Brenier-Benamou Formulation

We first recall the dynamic formulation of balanced optimal transport, which is known as Brenier-
Benamou formula [71]. In this paper, we assume p, and p; are absolutely continuous w.rt. Lebesgue
measure, which is omitted for convenience of description.

Theorem A-2 (Brenier-Benamou formula). Given two probability measures po, p1 € P2(2), it holds
that

1
W3(po,p1) = inf {/ / [ve(x)||°pe(x) dxdt|Ospr = =V - (Pevr), Pr—o = Po, Pr—1 = pl}
v LJo Ja

bt
(A-15)
and the optimal vy (x) can be expressed by Monge map between py and p;. i.e.,

ve(x + 1T (x) = %)) = T"(x) — X, X~ po (A-16)

A.2  Proof of Proposition

For the convenience of reading, here we restate Proposition | in the main text as Proposition

Proposition A-2. Assume c(xg,%1) = ||xo — x1|? and if we enforce PO#’/T and py to share
the same support for admissible solution w to problem (4), then we have min, Jsot(m) =
min,, g, Ty (ve, g¢), YA € (0,1). Moreover, for any X € (0,1), given the optimal transport plan
™ to problem (4), let py = P%gr*, then © can be expressed as 7 = (I1d, T*) 4 p} where T* is the

Monge map between p} and p,. Meanwhile, there exist a g; such that p5 = po(x)efoA 9: ()t and g

v{ given by
X t—X . T (x) —x
v <x+ T (1) - x)> = % (A-17)

satisfying (vf, g;) € argmin,, g4, «7{1\>t (vt, gt )
Proof. Recall that when c(xg,x1) = ||xg — X1]|?, problems (4) and (5) are respectively

1717021101 Tsot () £ /Qz Ix0 — x1]|* dm(x0,%1) + KL(Py7|[po) subjectto Plm=p,
and

(v g0) 2 (1)) / A p(30) [0 (0|2 dtdz + H(vr, g1, 1),

min «7t)fn
(vt,9¢)€CA(Po,P1)

where H(v¢, gt, pt) = fgpo(x)(‘efUA gt(x)dt(fo/\ ge(x)dt—1)+1)dz, Cx(po, p1) = {(vt, 9¢) = Oepr =
gipe,t € [0, A];Oipe = =V - (prve), t € (A, 1]}

(1) We first prove min, Jso(7) > min,, 4, *7t>f>t (vt, ge)-
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Let 7* be the optimal solution to problem (4). For any A € (0,1), define py = P?yr*, and let

wy(x) = 22 ((33 . Define the growth as
d
alogwt(x) = gi(x),t € [0, A].
This implies the continuity equation d;p; = g¢:p: for t € [0,A], and hence we have

po(x) exp ([ gu(x)dt) = PYr*.

By Brenier’s theorem [60], we have 7* = (Id, T")4px, where T (x) is the Monge map from p) to
p1. Define

gt(x) _ logpA(X) KIOgPO(X)’ ’Ut(X + Q(T*(X) _ X)) — %))\_X (A-18)

Plugging into the dynamic objective and using the definition of KL-divergence:

KLl = [ 0 (25 (10209 1) 1) ax.

we obtain
A
Tipe (v, 9t) =/ po(x) (efﬂ 9 (x)dt (/ gr(x)dt — 1) + 1) dx + (1— A)/ 1T (x) — x||*pa(x)dx
Q 0 Q

—KL(palpo) + / 0 — x| 2dn* (x0, 1)
02

:\7sot (7(*)

Thus, Jeot (%) = Tihe(Ves g¢) = ming, g, Tone (01, 91)-

(2) To show the reverse inequality min, Jso¢(7) < min,, g, jt’l\)t(vt, g+), we assume the contrary
that min, Juo¢(7) > min,, g, jti‘)t (vt, g¢). Let (v, g7) be an optimal solution to problem (5), and

define R
Pa(x) 1= po(x) exp </0 gf(x)dt) ,

Since the second-stage evolution py, for t € (), 1], is governed solely by the velocity field v; and
does not involve mass creation or destruction, both p, and p; have the same total mass. Thus, the
Monge map T* from Py to p, under quadratic cost is well-defined. Then, by the Benamou—Brenier
formulation [71, 72], we have

. t— X\ =, _T*(x)—x
v (x + —(T"(x) —x)) = 1o

and the corresponding coupling 7* := (Id, T*) 4P satisfies

Jsot (T7) =KL(pallpo) + /2 30 — 3127 (%0, %1)
Q

A
= x) [ el 9t GOt S (x)dt — X — v (%) |*pa(x)dx
—/onu( d(/ g (x)dt 1>+1>d e A)/Qnt()nm )d

:¥7ti\)t (UZ ) g:) = gnglfl \7t§)t (Uta gt) < Il'lrin t7sot (77)
which leads to the contradiction.
Combining (1) and (2), we have Jeot (1) = T3, (v, 97).-

Given 7*, we construct g; , v} as in Eq. ( ). According to the proof of (1), we have j{;\)t (vf,g7)

Tsot (%) = miny, g, tjt);\)t (ve, 9¢)-

(|
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A.3 Proof and Empirical Evidence of Theorem

For the convenience of reading, here we restate Theorem | in the main text as Theorem

Theorem A-3. Gvien the initial distribution py, denote the ending distribution of the two-period
dynamics

Khpe = gipe, t € [0,A]; Oypr = =V - (pyvr), t € (A, 1], (A-19)
as p1, and denote the ending distribution of the joint dynamics starting from pg
atﬁt =-V- (ﬁt’at) + gtﬁh te [07 1]7 p~0 = Po, (A—20)

as p1, then it holds that py = ps.

Proof. Given xq ~ pg, consider the two systems below.

System I (original two-period transport dynamics):

dXt
ks v(x¢) - Tia (1), (A-21)

—logwy(x¢) = ge(x¢) - Ljo,\ (1),

dt
where w; is the time-dependent weight function and I, is the indicator function, for any function
f, IMteQ,
T -
1. Ta(®) {0, Otherwise.
System II (joint dynamics defined via reparameterization (6)):
dx .
—t= Ut (Xt)v
¢ (A-22)

N log wy(x¢) = ge(x¢),

with w; being the time-dependent weight under joint dynamics. We first recall the definition
(%) = (1 = A) - va—nea(x),G:(x) = X - gxe (wﬁ_%(x)) To prove Theorem 1, it suffices

to show that given the same initialization xg, wo(Xo), the final state of system I (x;, w1 (x1)) and II
(X1, W1 (X1)) are identical, i.e., X1 = x; and Wy (X1) = w1 (x1).
1
5(1 = Xy +/ ’[)t(X) dt
0

1
= X0 + / U(l,A)t+>\(X) . (1 — )\) dt
0

x0+/:vs(x) ds (lets=(1—-XNt+A)

= X1.
Meanwhile,

logwl(xl) = IOg w)\(X)\) = log’LU)\(Xo)

A
:logwo(xo)+/0 gs(x0) ds
1
—logun(xo) + [ A-guxa)dt (lert = 5
1 t
—loguo(xa) + [ Agu(@riG)de (x=x0+ [ B.(x)ds
0 0

1
= log wo(xg) + / ge(x) dt
0
= IOg 7]]1 (5(1)

Hence, the final state and mass at ¢ = 1 under both systems coincide. Applying the above analysis to
all xg ~ pg completes the proof. O
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Empirical evidence of Theorem 1. We provide the following example as an evidence to Theorem

. Set pg = N(2,0.5), vi(x) = 2t, gi(x) = —log(x + 1) + ¢, using Eq.(6), we have 9;(x) =
(1 = Nva-neax), Ge(x) = Agae(¥;51(x)) = Agar(x — (1 = At + A)2 + A?). By setting
A = 0.4 and using numerical solvers to solve the corresponding continuity equation, we validate our
correctness of our theorem. As shown in Fig. , the two dynamics ended in the same distribution.

— b

0.2 02 0.2
0.1 0.1 0.1

0 1 2 3 4 5 0 1 2 3 4 5 0 1 i 2 3 4 5
(a) Dynamics governed by v¢, g; (b) Dynamics governed by Vi, §¢ () p1.p1
(A=0.4)

Figure A-5: Empirical evidence of Theorem |.(a) Original two-period transport dynamics. (b) Joint
dynamics defined via reparameterization 6. (c¢) The two dynamics ended in the same distribution.

A.4 Motivation for time-independent growth function g; according to Eq. (©)

Minimization of L? energy potential. We aim to prove the following statement: Given a function
wy(x) whose logarithmic derivative satisfies < log w;(x) = g;(x) and the boundary condition

log wy (x) — log wo(x) = /0 g:(x) dt,

then among all functions ¢;(x) satisfying this constraint, the one minimizing the energy functional

e | / o0 drax

is the constant function fol g:(x)dx = log w1 (x) — log wo(x). To show this, we apply the method of
Lagrange multipliers. Introduce a multiplier A(x) and consider the Lagrangian

L(g:) = /Q(/O (9¢(x)? + A(x) ge(x)) dt — A(x) (log wi (x) — log wo(x)))dx.

Taking the first variation of £ with respect to g;(x) yields the optimality condition

g—;t(x) =2¢:(x)+ A(x) =0 = g(x) = —@.

This shows that the optimal g;(x) is constant with respect to time. Plugging this into the constraint
gives g(x) = log wy (x) — log wp(x). Hence, the constant function g;(x) is the unique minimizer of
the energy functional under the given constraint.

Explanation from the Malthusian growth model [58], i.e., the exponential growth model. The
Malthusian growth model is % = gp:, where p, is the population size and g is a constant growth

rate. Our model on the growth % = g:p; is consistent with the above Malthusian growth model. In

these models, g is treated as a constant based on the assumption that the resources are abundant and
the environment is stable, causing growth rates to remain relatively stable over time. In the context
of scRNA-seq experiments, these conditions are typically satisfied because cells are often cultured
or sampled under controlled laboratory conditions, where nutrient supply, temperature, and other
environmental factors are maintained at constant levels. Thus, choosing this form is biologically
reasonable, especially when there is no prior knowledge about the growth rate.
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(a) Simulation Gene data (b) Dygen data (c) Gaussian data
Figure A-6: Fixing €, we plot the transport cost as a function of 7. (a) In Simulation Gene, the curve

flattens around 7 = 5; (b) In Dyngen, the transport cost also stabilizes near 7 = 5.

B Experimental Details

The model architecture has been described in Sect. 4. We next detail the strategy for selecting
the hyperparameters € and 7 in Eq. (1 1), as well as provide a comprehensive description of each
experiment. All experiments are performed on a single-core CPU without GPU acceleration, and all
visualizations are based on projections onto the first two dimensions of the high-dimensional data.

B.1 Determine the Entropy Regularization Parameter ¢ and Relaxation Coefficient 7

Our algorithm involves solving a static semi-relaxed optimal transport problem (1 1), which includes
two critical hyperparameters € and 7. These parameters play a pivotal role in the behavior and stability
of the model. On one hand, if € is too small, it may lead to numerical instability; if it is too large, it
can cause incorrect cross-branch matching in unbalanced data scenarios. To select €, we first set 7 to
a moderately large value, such as 7 = 50, and then perform a grid search over increasing values of
e starting from 0 until numerical stability is achieved. The choice of 7 is even more crucial. When
T is too small, the KL divergence term between P;;w and pg receives a weak penalty. As a result,
the transport mass becomes overly concentrated around points close to pi, leading to highly uneven
marginals 71,, in the discrete setting. This causes instability in the learning of the growth function g
and may result in erroneous modeling. Conversely, as 7 — 400, Eq. (1 1) reduces to a balanced OT
problem, which contradicts the unbalanced nature of our formulation. To determine a suitable value
for 7, we fix the previously selected small € and gradually increase 7 while observing the variation
in )" 7;;¢;;. This curve typically exhibits an increasing-then-flattening trend. Similar to the “elbow
metho” used in clustering to select the optimal number of clusters, we identify the region where the
curve becomes stable and choose 7 accordingly, as illustrated in Fig.

On the simulation gene dataset, we fix ¢ = 0.001 and evaluate the model with different values of
T € {5,10, 15,20}, all of which lie within the identified stable region. The corresponding model
performance metrics are summarized in Tab. . We observe that the models trained with 7 in this
range are stable, validating the effectiveness of our hyperparameter selection strategy.

Table A-4: Fix e = 0.001, change different 7 on simulation gene data, we present the Wasserstein-1
distance of each timepoint.

Models b ta ts ta

Wy RME Wi RME Wy RME Wi RME
VEGM (1t =5) 0.046 0.007 0.062 0.001 0.053 0.003 0.063 0.003
VEGM (r = 10) 0.041 0.005 0.053 0.005 0.038 0.007 0.040 0.008
VFGM (7t =15) 0.045 0.003 0.056 0.003 0.046 0.005 0.052 0.004
VEGM (r = 20) 0.043 0.007 0.057 0.004 0.045 0.007 0.058 0.011
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B.2 Simulation of Gene Data

Following the setup of [26], the dynamics of the simulated gene regulatory network are governed by
the following system of differential equations:

dx o X7+
! = 2 L 2 6 2 - 51X1 +7]1£t7
dﬁ 1+a1X1 +’)/2X2 +73X3—|—/8
dX2 a2X22 +6
- 59X + ks, A-23
dt 1+’)/1X12 +Oé2X22 +73X32+/8 242 772615 ( )
dX3 Oéng

= — 03X
dt 1+O[3X§ 3 3+773§ta

where X (t) denotes the expression level of gene i at time ¢. Genes X; and X5 mutually inhibit
each other while self-activating, forming a toggle-switch regulatory motif. An external signal 3
independently activates both X; and X5, whereas X3 inhibits the expression of both X; and X5.

The parameters «; and y; determine the strengths of self-activation and inhibition, respectively. The
d; terms denote degradation rates, and 7);&; represents additive Gaussian noise with intensity 7;. The
cell division rate is positively correlated with X5 expression and is calculated as

_ 042X22
I 14 x3

%.

At each cell division event, daughter cells inherit gene expression values (X7, Xo, X3) from the
parent, subject to small perturbations 73/ (0, 1) per gene. Post-division, cells evolve independently
according to the same stochastic dynamics.

Initial Conditions and Simulation Setup. Initial expression states are sampled from two normal
distributions: A ([2, 0.2, 0],0.01) and N/ ([0, 0, 2], 0.01). At every step, negative values are clipped to
zero. Gene expression data is recorded at time points ¢ € {0, 8,16, 24, 32}.

By setting 7 = 10 and € = 0.003 according to our selection scheme described in Appendix and
illustrated in Fig. (a). Our model achieve the best performance in terms of (weighted) WW; and
relative mass error as shown in Tab.

Table A-5: Simulation parameters on gene regulatory network [26].

Parameter  Value Description

a 0.5 Strength of self-activation for X

Y1 0.5 Inhibition of X5 by X3

o) 1 Strength of self-activation for Xo

Y2 1 Inhibition of X; by X5

as 1 Strength of self-activation for X3

Y3 10 Half-saturation constant for inhibition
61 0.4 Degradation rate for X3

02 04 Degradation rate for X5

03 0.4 Degradation rate for X3

m 0.05 Noise intensity for X;

M2 0.05 Noise intensity for Xo

3 0.05 Noise intensity for X3

Nd 0.014 Noise for perturbation during cell division
15} 1 External activation signal

dt 1 Simulation time step

Time Points {0, 8,16,24,32} Observation time points

Growth rate correlation analysis.

To validate the accuracy of our growth rate modeling and learning, we perform correlation analysis
between the predicted growth rates and the ground truth. We utilize this dataset, which is generated
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from the prescribed dynamical systems (Eq. ( ). Since the ground truth growth rates can be
computed analytically, we conduct correlation analysis on out-of-distribution (OOD) time points—
excluded from the training data—to assess the generalization capability of VGFM. The results are
summarized in Table

Table A-6: Correlation analysis on four OOD time points for Simulation Gene Data
OOD Time Point Pearson Correlation Coefficient

to.s 0.980
ti5 0.992
tas 0.995
3.5 0.996

The growth rates predicted by our VGFM exhibit strong correlation with the ground truth values.

Uncertainty quantification. Although our current model is deterministic, we incorporate dropout
into the velocity and growth networks to quantify predictive uncertainty. During inference, we
compute the average variance for each dimension of velocity and growth across all data points,
considering different branches (0 denotes the quiescent region i.e., the lower left corner of Fig.
while 1 denotes the region where exhibits mass variation and state transition) and time points. We
conduct the experiment with a dropout rate of 0.1, performing 5 stochastic forward passes through
the velocity and growth networks for all data points. The results are presented in Table

Table A-7: Uncertainty estimation of predicted velocity (2-dimensional) and growth on Simulation

Gene Data. var,, and var,, represent the average variance of the first and second velocity dimensions,

respectively, while var,, denotes the variance of growth. All variance values are scaled by 1073.
Branch Time var,, (x1077) vary, (x107%) varg (x1079)

0 0 0.1080 0.1000 0.0550
0 1 0.0770 0.0600 0.0660
0 2 0.0660 0.0670 0.1100
0 3 0.0850 0.0820 0.1910
0 4 0.1220 0.1370 0.3500
1 0 2.9320 6.5010 0.2510
1 1 3.0230 4.2870 0.3060
1 2 2.0410 1.9780 0.5590
1 3 0.9530 0.9760 0.7660
1 4 0.2800 0.3100 1.1680

We analyze the uncertainty patterns from both spatial and temporal perspectives:

For spatial analysis, cells in branch 0 exhibit minimal movement with little variation in state and
counts. Correspondingly, the variances of v;, v2, and g in this branch are consistently small, indicating
low predictive uncertainty. In contrast, branch 1 demonstrates substantially larger variances, reflecting
higher uncertainty in predictions.

For temporal analysis, The Simulation Gene Data features significant state transitions and quantity
changes during initial phases, with diminishing magnitudes over time. The variance patterns of vy,
vg, and g accurately capture this temporal evolution, validating our uncertainty estimation approach.
Specifically, for branch 1, the of v decrease monotonically over time, aligning with the reduced
dynamics in later stages.

Effect of sampling bias. In cellular dynamics reconstruction, it is conventionally assumed that
observed datasets accurately capture the temporal evolution of the true cell distribution. Consequently,
the observed cell counts should align with the biological processes of cell proliferation and death.
Evaluating the robustness of VGFM when trained on biased observational data holds significant
practical relevance.

To generate non-uniform or subsampled data, we resample the original dataset with perturbed branch
ratios. Specifically, for each time point ¢, we randomly sample a perturbation factor a; ~ N(0, 02).
Given an original branch ratio of s; : (1 —s;), the resampled ratio becomes (s; — |a¢|) : (1—s¢+]at|),
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where o quantifies the bias level. We train our model on the resampled data and evaluate its
performance on the original dataset to assess VGFM’s robustness.

Table A-8: Performance evaluation (W;/RME metrics) on Simulation Gene Data with varying
sampling bias levels, averaged over three random seeds.

Bias Factor o t1 to t3 ta
0 (unbiased)  0.041/0.007 0.053/0.005 0.038/0.007 0.040/0.008
0.1 0.074/0.035 0.094/0.051 0.075/0.063 0.077/0.032
0.2 0.085/0.059 0.113/0.073 0.134/0.062 0.123/0.125

B.3 Dyngen Data

Dyngen is a multi-modal simulation engine for studying dynamic cellular processes at single-cell
resolution [62]. We follow the setup of [31], which simulates gene expression time-series data that
mimics cell proliferation processes, including branching and temporal progression. In the analyzed
instance of the dyngen dataset, the samples span five discrete time points, labeled from O to 4,
capturing the temporal evolution of the cell population.

We use PHATE [63] to reduce its dimensions to 5, the same as [31]. Starting from time point 0,
cells can be divided into two branches based on the sign of the second PHATE coordinate (x5).
Quantitative analysis reveals a pronounced branch imbalance: for instance, at time point 4, 88 cells
belong to one branch while 213 belong to the other, which poses a great challenge to the models
that do not consider unbalancedness, resulting in cross-branch inference. Throughout this study, we
assume that the temporal change in cell counts within each branch is entirely governed by a growth
function, without contributions from migration or observational noise.

By setting 7 = 5 and € = 0.03 according to our selection scheme described in Appendix and
illustrated in Fig. (b). Our model successfully avoids cross-branch reconstructions in trajectory
modeling, as illustrated in Fig. . This leads to generated samples that remain well-aligned with
the underlying manifold. In terms of growth rate estimation, our model also accurately captures the
rapid expansion observed in the branch below between time point 3 and time point 4, where the
number of observed cells increases dramatically from 25 to 213, indicating the highest growth rate in
the system.

- B Y
Moy
%M ' o ”/ I
(a) Predicted dynamics (b) Predicted growth rate

Figure A-7: Predicted dynamics and growth rates by VGFM on Dyngen data.

B.4 Gausssian 1000D Data

DeepRUOT [26] employs a high-dimensional Gaussian mixture distribution (100D) [64] to evaluate
the scalability of models. In this work, we adopt an even more challenging setting by testing scalability
at 1000 dimensions. Following the setup of [26], for the initial distribution, we generated 400 samples
from the Gaussian located lower in the (z1, z2) plane, and 100 samples from the Gaussian positioned
higher. For the final distribution, we generated 1,000 samples from the upper Gaussian, and 200
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samples each from the two lower Gaussians, and assume cells in the upper region exhibit proliferation
without transport [26]. We observe that simulation-based methods [26] encounter training instability
in the 1000-dimensional setting and flow matching-based methods fail to learn a reliable velocity field
due to the unbalancedness of data, as shown in Tab. 1. (Some works incorporating unbalancedness
[37, 42] may as well reconstruct correct velocity field but fail to construct growth rate). In contrast,
By setting 7 = 5 and € = 0.03 according to our selection scheme described in Appendix B.1 and
illustrated in Fig. A-6 (c). Our method remains effective even in high-dimensional regimes for both
velocity and growth field learning.

Normalized predicted growth rate

.
-
00
o
10

—
(a) Predicted dynamics (b) Predicted growth rate

Figure A-8: Predicted dynamics and growth rates by VGFM on Gaussian 1000D data.

B.5 Additional Experiment: Mouse Hematopoiesis Data

We also validate our algorithm on the mouse hematopoiesis data previously analyzed in [23, 26,
73]. This dataset leverages lineage tracing to track differentiation trajectories. After applying
batch correction to integrate data across multiple experiments, the cells were embedded into a two-
dimensional force-directed layout (SPRING plot). The resulting visualization reveals a pronounced
bifurcation, where early progenitor cells diverge into two distinct differentiation lineages.

Gene X;
Normalized predicted growth rate

017

(a) Predicted dynamics (b) Predicted growth rate

Figure A-9: Predicted dynamics and growth rates by VGFM on mouse hematopoiesis data.

Our model effectively captures the underlying branching structure in the data, and the predicted
growth rates align well with those reported in [26], as well as with established biological priors and
are consistent with known biological lineage patterns. Following the evaluation protocol of [26],
we also compute the Wasserstein-1 distance as a quantitative metric. Under this evaluation, by
setting 7 = 20 and € = 0.005 according to our selection scheme described in Appendix B.1, we
train the model with a warm-up stage of 200 iterations. After that, the distribution fitting loss Lot
is introduced for an additional 100 training epochs. Our method achieves superior performance,
demonstrating improved trajectory inference. In addition, we evaluate the RME (Relative Mass Error)
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metric introduced in this paper. The results indicate that our model significantly outperforms the other
baselines in terms of mass-matching reconstruction accuracy, as shown in Tab. and Fig.

Table A-9: W, and RME over all time on mouse hematopoiesis data. Part of the results were adopted
from [26].

Models h t2
W, RME W; RME
SF?M [41] 0.167 — 0.190 —
uAM[44] 0.745 — 0.777 —
UDSB [57] 0.388 0.159 0.128 0.249
TIGON [23] 0.314 0.124 0.342 0.177
DeepRUOT [26] 0.145 0.140 0.132 0.202
VGFM 0.115 0.043 0.094 0.019
5<
—— UDSB
Tigon
g“‘ —— DeepRuot
S | — VGFM
v 34 A Oberserved Mass
2
)
[0}
o 2
1<

Figure A-10: Comparison of predicted relative mass (UDSB, TIGON, DeepRUOT, VFGM) with
observed values from mouse hematopoiesis data.

B.6 EB Data

Extensive experiments on the Embryoid Body (EB) [65] dataset with varying PCA dimensions are
conducted in Sect. 4. We preprocess this dataset first by normalizing EB (5D) and leaving EB (50D)
unnormalized. The proposed VFGM demonstrates strong performance in both cellular dynamics
reconstruction and growth prediction, as illustrated in Fig. . Specifically, we set the parameters
as € = 0.01, 7 = 5 and normalize the cost matrix to ensure numerical stability when computing the
semi-relaxed optimal transport plans (Eq. (11)).

Big batch strategy for large-scale datasets. When the number of observed data points is large,
computing the transport plan between two consecutive time points using Eq. (1 1) becomes compu-
tationally inefficient. To address this, we adopt a Big-Batch Strategy. Specifically, we partition the
data at each time point into n subsets, referred to as Big Batches. For each of the n Big Batches, we
precompute and store the transport plans between adjacent time points. During training, we randomly
select one Big Batch and sample smaller mini-batches from it based on the precomputed transport
plan for model optimization. In real-world datasets, we set n = 5, while in synthetic datasets above
we do not apply this strategy, i.e., n = 1, as the sample size is relatively smaller. The mini-batch size
is set to 256 for all experiments, except for Dyngen, where we use a smaller batch size of 60 due to
its limited number of samples.

Comparison with sinkhorn divergence as distribution fitting loss £Lor. We compute the distri-
bution fitting loss W; in Sect. using EMD distance by pot library, following MIOFlow [31]
and DeepRUQT [26]. Particularly, we compute the OT using the pot library, using the function
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pot.emd (). This function solves for 7 using a network flow algorithm, which is not compatible
with PyTorch’s automatic differentiation. However, the gradients of the cost function ¢ can still be
backpropagated.

We replace the EMD distance with Sinkhorn divergence [70], which is fully differentiable and
enjoys many favorable properties, using CUDA/C++ based geomloss library. Tab. verified the
effectiveness of Sinkhorn divergence for the distribution fitting loss.

Slnkhorn dlvergence between distributions py and p; is defined as Se(po,p1) = We(po,p1) —
W (po,p1) — W (p1,p1), where We(pg, p1) is the entropy-regularized optimal transport distance
(Smkhorn d1stance) and e > 0 is the entropy regularization parameter.

Table A-10: Comparison of EMD and sinkhorn divergence (with different entropic regularization
parameters) on EB 50D dataset with metrics (WW,./RME at each timepoint).

LoT t1 to ts tq Training time(min)
EMD 7.951/0.039 8.747/0.042 9.244/0.019  9.620/0.044 13
Sc(e =0.001) 7.902/0.018 8.767/0.013 9.063/0.083 9.507/0.096 9
Se(e =0.002) 7.904/0.032 8.791/0.033 9.111/0.104 9.523/0.120 9
Sc(e =0.005) 7.917/0.048 8.768/0.062 9.086/0.137 9.518/0.151 9
Se(e=0.01)  7.904/0.035 8.801/0.038 9.102/0.113 9.511/0.127 9
Se(e = O 05)  7.908/0.036 8.787/0.045 9.080/0.120  9.512/0.129 9
Se(e=0.1) 7.916/0.030 8.773/0.022 9.111/0.091 9.591/0.108 9

It can be found that the sinkhorn divergence achieves further improvement on the accuracy of
dynamics reconstruction, and costs less time for computing the distribution fitting loss.

9000

(a) Predicted dynamics (b) Predicted growth rate

Figure A-11: Predicted dynamics and predicted growth rates by VGFM on 5D EB data with timepoint
1 held out.

We also examine whether the distribution fitting loss might lead to overfitting on the given population
snapshots. In the hold-one-out experiments (Tab. 2), we relabel the timestamps of the four timepoints
as 0, 1, 2, 3, and 4. Following the protocol in [38], we evaluate the model by holding out one
intermediate timepoint at a time (i.e., 1, 2, and 3) and report the average Wasserstein-1 distance.
While hold-one-out experiments have already validated the superiority of VFGM over other methods,
we further analyze the loss curves of both the distribution fitting loss and the W, distance on a
hold-out distribution (e.g., the distribution at time 1) that is not seen during training (Fig. ).
The results show that the VW, distance on the hold-out distribution decreases during the optimization
of Lo, indicating the absence of overfitting and demonstrating the generalization ability of the
distribution fitting loss in modeling unseen distributions.
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Figure A-12: Loss curves of the training loss after incorporating Lo (blue) and the W; distance on
a hold-out distribution at timepoint 1 (red) on 5D EB data.

B.7 CITE Data

CITE-seq (Cellular Indexing of Transcriptomes and Epitopes by Sequencing) [66] is an advanced
technique that enables the simultaneous profiling of transcriptomes and surface protein expression
at the single-cell level through the use of antibody-derived tags. In this study, we utilize only the
gene expression matrix from the CITE-seq dataset, and preprocess the data by normalizing CITE
(5D) and leaving CITE (50D) unnormalized. The experimental settings for the CITE dataset are
consistent with those used in the EB data experiments, employing PCA with 5 and 50 dimensions,
and hyperparameters set as ¢ = 0.01, 7 = 5. We relabel the timestamps of the four timepoints as 0,
1, 2, and 3. Following the protocol in [38], we evaluate the model by holding out one intermediate
timepoint at a time (i.e., 1 and 2) and report the average Wasserstein-1 distance.

To assess the model’s capability to capture state trajectories (Fig. A-13 (a)) and predict mass growth
(Fig. A-13 (b)), the distribution at time point 1 is held out. Additionally, the distribution at time point
2 is held out to evaluate the performance of the Lot (Fig. A-14). The strong performance observed
in the visualizations substantiates the potential of the proposed VGFM framework.

iormalized predicted growth rate

N

(a) Predicted dynamics (b) Predicted growth rate

Figure A-13: Predicted dynamics and predicted growth rates by VGFM on 5D CITE Data with
timepoint 1 held out.

26



Predicted dynamics (w/o LoT)
@y, at hold-out timepoint: 38.130 ® ), at hold-out timepoint: 36.462

Predicted dynamics

Figure A-14: Visualization of predicted dynamics by (a) VFGM (w/o LoT) and (b) VGFM on CITE
(50D) dataset, where the hold-out time is the second intermediate timepoint.

B.8 Pancreas Data Analysis

To further explore the scalability of VGFM, we applied our model and compared methods explicitly
modeling g;(z) [23, 26] to the Pancreas dataset [67] comprising measurements of the developing
mouse pancreas. We select cells at day 14.5 and 15.5 and relabel them as 0, 1 and select 2000 highly
variable genes. As shown in [37], we assume the following cell type transitions are exclusively
correct (denoted by —), i.e., there is no descending cell type (or set of cell types) other than the given
one. We partition all considered cell type transitions into three branches.

Endocrine branch (ED) transitions.

* Fev+ Alpha (FA) — Alpha (A)

¢ Fev+ Beta (FB) — Beta (B)

* Fev+ Delta (FD) — Delta (D)

* Fev+ Epsilon (FE) — Epsilon (E)
c A=A

*B—B

*D—D

*E—E

Ngn3 EP transitions.

* Ngn3 high early (NE) — ED
* Ngn3 high late (NL) — ED

Non-endocrine branch (NEB) transitions.

¢ Ductal (DU) — DU

* Tip (T) — Acinar (AC)

* AC — AC
We observed that VGFM is the only method showing a steadily decreasing training loss, both for
Lvcrm and Lor. We report Wi and RME as shown in Tab.
This indicates that both loss terms are still effective in high-dimensional real-world data.

Analysis on mean and variance. We calculated the means and variances of the real and generated
gene at day 15.5 and plotted the corresponding mean-variance trend (Fig. (a), (b)) and
histograms (Fig. (c), (d)). The results show that the generated samples closely follow the
mean—variance trend of the real data, especially by incorporating Lo.
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Figure A-15: mean-variance trend ((a), (b)) and histograms ((c), (d)) of real and generated gene data.
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Interpretable learned growth function. We highlight that our main contribution lies in modeling
and training the growth function g;(x), with VGFM in the flow matching framework, to leverage
snapshot mass change for learning g,,(x, t). During training, the growth loss rapidly converges to a
negligible value, much faster than the velocity loss. To further investigate g,,(x, t), We first calculate
growth rate of each cell at the initial time point (day 14.5) and visualize them in Fig. A-16. At this
time, the proliferation observed during this developmental stage mainly originates from Acinar and
Ductal cells. Remarkably, our model successfully recapitulates this pattern without being given any
prior knowledge of the cell types, demonstrating its ability to infer biologically meaningful dynamics
directly from the data.

Normalized growth rate of each cell at day 14.5 on Pancreas dataset.
Acinar and Ductal cells are known to have high growth rate at this time.
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Figure A-16: Normalized growth rate of each cell at time point O (day 14.5).

We also demonstrate that the learned g, (x, t) not only successfully recapitulates the relative growth
rates of different cell types without any prior information about cell identities, but also that the
branch-wise mass obtained from numerical integration of the ODE closely matches the total branch
mass at time point 1.

Mass (relative to total mass at day 14.5)
of 3 different branches (EB, Ngn3 EP, NEB).
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Figure A-17: Relative mass of different branches

we then follow [23], for each time ¢, compute the element-wise absolute value ‘%‘ in the
gene space for every cell, and average across cells to quantify each gene’s contribution to growth
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dynamics. From our analysis of g,,(z,t), We have identified Pnliprp1, Clps, and Ctrb1, as shown
in Fig. A-18. These genes are well-known markers of Acinar cells and are highly expressed in the
exocrine pancreas. Notably, as shown above, cells from the non-endocrine branch, particularly Acinar
and Ductal cells, are much more abundant at later stages due to their high proliferation rates. This
alignment between the learned growth-driving genes and known biological processes indicates that
VGFM captures growth dynamics in a biologically interpretable manner, successfully linking the
latent growth function to meaningful cell-type—specific proliferation patterns.

Key Genes Contribution at Time Point
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Figure A-18: Key genes identified by g,,(z, t) at time 0 (a) and 1 (b).

C Broader Impacts

Our method provides a scalable and efficient framework for modeling cellular dynamics, enabling
trajectory reconstruction and growth rate inference in high-dimensional single-cell datasets. In
biomedical and clinical settings, such capabilities can facilitate a deeper understanding of devel-
opmental processes, disease progression, and response to treatment at a single-cell resolution. For
example, modeling differentiation trajectories and proliferation patterns of stem or immune cells
could inform therapeutic strategies in cancer, regenerative medicine, and immunotherapy.

However, the proposed method is inherently data-driven and relies on statistical patterns learned from
observational data. As such, it may produce biologically implausible trajectories or growth behaviors
that conflict with known biological priors, especially when the training data is noisy, biased, or
incomplete. This could potentially lead to misleading interpretations or incorrect clinical hypotheses
if not carefully validated by domain experts. Therefore, we emphasize that any downstream medical
conclusions drawn from the model’s output should be interpreted with caution and in conjunction
with biological prior knowledge and experimental validation.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: Please see Sect.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: We provide the full set of assumptions and a complete (and correct) proof for
each theoretical result.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The paper fully discloses all the information needed to reproduce the main
experimental results of the paper.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: Our code is available at https://github.com/DongyiWang-66/VGFM.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

 Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: The paper specifies all the training and test details necessary to understand the
results.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

 The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:

Justification: The current version of the paper does not report error bars or statistical
significance metrics.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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8.

10.

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: The paper provide sufficient information on the computer resources needed to
reproduce the experiments.

Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer:[Yes]

Justification: The research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: Please see Appendix
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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12.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: The creators or original owners of assets used in the paper are properly credited
and the license and terms of use are explicitly mentioned and properly respected.

Guidelines:

* The answer NA means that the paper does not use existing assets.
 The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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14.

15.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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