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ABSTRACT

Self-consistency boosts inference-time performance by sampling multiple reason-
ing traces in parallel and voting. However, in constrained domains like math and
code, this strategy is compute-inefficient because it samples with replacement,
repeatedly generating the same early prefixes. We show that this can be fully
replaced by a deterministic enumeration of completions. While enumerating ex-
ponentially many completions would become infeasible for standard samplers,
we show that, when the search space is truncated to tokens above a probability
threshold, partial enumeration of the most likely or the most diverse branches is
significantly more efficient. We propose e-Leaf Enumeration (ELE), a determin-
istic tree-search method that imposes a strict non-repetition condition, covering
the search space more optimally than via sampling. ELE naturally enables prefix
reuse by caching shared prefixes across branches, reducing redundant computation.
Empirically, at equal token budgets, ELE explores more distinct completions than
self-consistency, which translates into consistent improvements in math, coding
and general reasoning tasks through efficient parallel reasoning.

1 INTRODUCTION

Parallel test-time computation has emerged as  Self-consistency Jew
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accuracy gains. However, naive stochastic sam-
pling, while parallel, is compute-inefficient. For
domains like math and code where problems
are solved by narrow sets of solutions, similar
reasoning steps are repeatedly generated (

Total tokens generated: 64

Figure 1: e-leaf enumeration (ELE) avoids re-
computing the same prefixes, and explores the
’ : , ; ’ ). generation space systematically. See

shows this redundancy. For code generation, 20% of prefixes repeat across generations
( ). Thus, in the corresponding tree structure, early branches are repeatedly traversed, while
the number of possible continuations grows exponentially with each token requiring efficient search.

Search methods such as beam search ( , ; s ) make this tree structure
explicit and control the traversed range with their number of branches (beams). However, beam search
leads to degenerate repetitions ( , ), quality deterioration
( , ; s ), and reduced diversity ( s ).
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Figure 2: Left: Branching variations of ELE with ¢ = 0.1. PROBFIRST: most likely branches are
explored as 1.y, L3, Lo, ... DIVFIRST: earliest branches are explored as ., /.., Ls, L. Branch
L5 < € is not explored. Colors distinguish sampling rollouts. Right: Early stopping for ELE.
Ilustration uses n = 3 repeated tokens as early stopping condition. When the middle branch is
generated, early stopping halts generation due to the tokens “so B has” being repeated. See

In this work, we argue that effective tree-based generation for modern LLMs requires two ingredients:
a principled way to fruncate the exponentially large tree of possible completions, and a good heuristic
for partial exploration under limited compute. Since the full decoding tree is intractable, it can be
reduced by truncating the next-token distribution. Truncated samplers such as top-k and nucleus sam-

pling ( , ) are widely used to stabilize generation, and are further
motivated by the observatlon that extremely low-probability tokens are often correlated with epistemic
errors ( , ). A particularly effective truncation strategy is e-sampling ( , ),

which keeps only tokens whose probability exceed a threshold €. Like other truncated sampling
strategies, e-sampling is learning-free, easy to implement, and adds no extra compute overhead.

Motivated by these observations, we propose c-Leaf Enumeration (ELE), an alternative to (sampled)
self-consistency that minimizes repetitions via tree search. ELE enumerates distinct leaves in the
e-sampling generation tree by choosing deterministically which tokens to explore instead of sampling
from the vocabulary probability distribution. The output is a set of diverse reasoning chains that
never generate duplicate traces. shows the search tree of ELE as compared to self-
consistency. Note that ELE expands a much larger fraction of the tree (5 leaves), resulting in a diverse
set of answers. This makes ELE a natural replacement for self-consistency in settings where repeated
sampling is wasteful, such as in code synthesis and tightly specified math problems. Since ELE
expands a shared tree, it never re-generates the same prefix, but computes each prefix once, caches it,
and then reuses it for all descendant branches leading to explicit prefix reuse. Therefore, ELE lowers
the number of generated tokens for the same number of sequences compared to self-consistency.

In this paper, we introduce the proposed ELE (see ), and evaluate the algorithm on mathe-
matical reasoning, code generation, and commonsense reasoning tasks. Empirically, at equal token
budgets, ELE explores more distinct completions than self-consistency, which translates into up to
5% higher accuracy. It also generates fewer new tokens for similar performance. This results in
reduced inference time especially in memory-constrained conditions (see ). ELE utilizes
prefix caching in vVLLM ( , ) and SGLang ( , ) and demonstrates how
the tree structure of ELE translates into speed benefits, especially under memory constraints.

2 DEFINING e-LEAF ENUMERATION

e-sampling ( , ) defines a straightforward truncation sampling strategy. At each
generation step, only tokens whose probability exceeds a fixed threshold e can be sampled. Let
pt(- | X<¢) denote the next-token distribution of the model at step ¢ given prefix x . over vocabulary
V. e-sampling restricts the next-token distribution by only considering tokens in the active set
Ac(xct) ={v €V :p(v | xct) > e}, where e € (0, 1]. If the active set is empty due to all tokens
being too low in probability (A, (x;) = 0) e-sampling chooses the token with largest probability
g(X<t) == argmax,, p:(u | X<¢). More specifically, e-sampling samples the truncated distribution

v = g(x<t)] if |Ac(x<t)] <1,
€ = . 5 1
el e = P X g )i )| 2 2 W

where 1 denotes the indicator function and the normalization constant is given by
Ze(x<t) = ZUGAg(xd) pe(v | x<¢). For a sequence x1.7 € VT, the e-sampling probability Q. is

the product of the conditional probabilities of , Qe(x1.7) = Hthl qe(x¢ | X<t).
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Figure 3: Left: ELE outperforms c-sampled self-consistency with far fewer new tokens generated
(average over k£ = 32). e-sampling generates many more tokens for similar performance as compared
to ELE. ¢ is colored according to its value. Right: Higher ¢ results in much lower runtime for
ELE than c-sampling at £ = 32. The time benefit is the most significant at small batch sizes and
high . Higher ¢ enables more prefix reuse and larger runtime benefits. See for details.

( ) show that low probability tokens (with p;(v | x<;) < €) correlate with large epistemic
uncertainty, i.e., errors that stems from the lack of knowledge in the model. e-sampling and other
truncated samplers effectively improve performance by removing those tokens from consideration.

e-Leaf Enumeration is our proposed tree-based sampling algorithm operating on the tree defined by
the truncated e-sampling distribution (=: e-pruned tree). Nodes in the tree x . are prefixes with active
sets |Az(x<¢)| > 1, and edges follow the next-token distribution g. (- | x<;). ELE replaces sampling
from ¢, with a deterministic expansion at a chosen node. It follows three steps: (1) From a prompt,
ELE generates a greedy sequence x;.7 to an end-of-sequence token (EOS), while keeping track of
active sets along the path. (2) ELE decides on the next branching location ¢ of the tree and picks an
alternative token v from the active set at that position. (3) The alternative token is appended to the pre-
fix x;.;—1 ov. Then, ELE produces a greedy generation from that point until an EOS token is reached.
Step (2) and Step (3) are repeated until there are no remaining active sets with size > 1 or until a
maximum of k leaf nodes are created. ELE returns a set of distinct leaves and corresponding weights.

Expanding a node. A node x.; is expanded depending on the size of its active set. Branching
case |Ac(x<¢)| > 1: One child is created for each token in the active set with prefix x; o v, path
probability Q. (x<;ov), and edge weight q. (v | X<¢). Non-branching case | A.(x<¢)| < 1: One child
is created from v = g(x<) with prefix x; o v, path probability Q. (x<; o v), and edge weight 1.0.

For any prefix x, its path probability is the product of edge weights on its unique root-to-leaf path.
If the number of leaves, k, is arbitrarily large, the support of e-sampling and ELE is the same (see

) which can be practically infeasible to explore the full e-pruned tree, depending on the
size of . We define coverage in to quantify how much of the tree has been explored.

Definition 2.1 (Coverage). Let £ be the set of all leaves in an e-pruned tree. Let £ be the set of
leaves returned by ELE, and let Q. (x) for x € L be their corresponding weights. We define the

coverage m of L as the sum over all leaves in the three m (L) = >, 7 Q= (x).

If all leaf probabilities were known, the maximizer of m would be the set of the k distinct highest-
probability leaves. In practice, £ is exponentially large, and leaf probabilities are only available in
expanded regions of the tree; unexpanded regions remain unknown. Note that the expected coverage
of e-sampling leads to diminishing returns for an increasing k due to duplicate leaves ( ).

In contrast, ELE deterministically expands unexplored branches of the same e-pruned tree to avoid
generating duplicate leaves. For the same leaf budget k£, ELE allocates more compute towards
uncovering new probability mass. Therefore, ELE acts as a compute-budgeted procedure to order the
exploration of the tree in a way that maximizes coverage (see ). We can contrast different
local strategies to deterministically enumerate the branches and select the order of nodes to explore.

Branching with PROBFIRST. PROBFIRST expands the branch that carries the largest probability
mass seen so far. shows the generation in order. With ¢ = (0.1, PROBFIRST first
generates branch 1, greedily. Then, it explores branch L3 and branch .. When branch 5 emerges,
it falls below the threshold so it is pruned. Next, /., is deterministic under e-sampling at that node.
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Table 1: ELE outperforms all other methods. Performance (maj@k and pass@k) of various
methods on GSMS8K ( ), Humaneval ( , ), and MMLU-Pro (

, ) with the Qwen2.5-0. 5B Instruct ( , ) model with temperature 7 = 1 and
€ = 0.05 unless otherwise stated. Values are blank when the method is not applicable to the metric.

Method GSM8K Humaneval MMLU-Pro

maj@2 maj@4 maj@8 pass@2  pass@4  pass@8 maj@2 maj@4 maj@8
Self-consistency (7 = 1) 19.26 25.32 31.61 18.29 26.22 33.54 13.61 15.15 16.24
Self-consistency (7 = 0.6) 29.57 36.24 41.32 31.10 42.07 48.17 16.15 16.43 17.84
Self-consistency (e-sampling) ~ 26.84 33.51 40.94 32.93 39.63 47.56 14.89 16.07 17.20
Beam search 35.10 36.47 36.92 31.10 29.88 32.93 15.49 15.29 15.01
Diverse beam search - 36.47 41.39 - 32.32 33.54 - 16.20 16.58
DeepConf 21.68 26.91 33.36 - - - 14.41 15.58 16.76
Self-certainty 20.09 25.32 32.22 - - - 14.51 15.92 14.68
ELE-DIVFIRST 35.41 4041 44.35 39.02 46.34 51.22 16.46 16.96 17.84
ELE-PROBFIRST 34.57 40.64 44.05 38.41 45.12 52.44 16.64 17.37 17.97

Branching with DIVFIRST. DIVFIRST encourage diversity early on by selecting the smallest token
position. This forces early divergence near the root. In , fist, branch L is generated
greedily. Then, at the first branching point, |, is created and /5 is rejected. The next earliest branch
points is at L3, and then at /.,. We also compare other branching rules in

Early stopping. Completions can differ at the branching token but still lead to the same greedy
suffix a few steps later ( , ). To avoid repeatedly generating the same continuation,
we early-stop after the branch point once such a merge is detected ( ). This rule only
skips redundant suffix decoding; it does not affect branching prefixes or leaf-weight computation.
Early stopping substantially increases coverage without introducing wasted rollouts ( ).

3 EXPERIMENTS

We run experiments with the Qwen ( , ) and Llama ( , ) model

families. We test mathematical reasoning with GSM8K ( , ), code generation with

HumanEval ( , ), and general reasoning with MMLU-Pro ( , ). We

compare ELE and its variations to other state-of-the-art parallel reasoning strategies such as DeepConf

( R ), Self-Certainty ( , ), beam search ( s ; s
), and diverse beam search ( s ). Also, refer to and

shows maj@¥k for Qwen2.5-0.5B-Instruct where k € {2, 4, 8} denotes the number of leaves
for ELE. The same k is used as beam size for beam search, and to indicate completed solutions for
other methods. On GSM8K, ELE-DIVFIRST outperforms e-sampling with ~ 8%, ~ 7%, and =~ 3%
for k = 2,4, 8, respectively. On Humaneval, ELE-DIVFIRST improves by > 6%. For MMLU-Pro,
the improvements are smaller and ELE-DIVFIRST improves over e-sampling by ~ 1%. (Diverse)
Beam search does not result in consistent performance improvements as larger beams and more
compute is used. This shows its limited effectiveness as a breadth-first, per-step tree search algorithm.

ELE matches accuracy with fewer tokens and 1.1 2: Diversity and coverage comparison be-
improves accuracy for fixed token budget. (ccn methods at ¢ = 0.3 and k = 8 showing
shows that ELE reaches compara- ¢ ELE-DIVFIRST has higher diversity whereas

ble majority-voting and pass@¥k accuracy with E[ E.PROBFIRST has higher coverage.
far fewer tokens than e-sampling. For ~ 34%,

e-sampled self-consistency with ¢ = 0.45 . -
needsr; 150 tokens while E31/LE-DIVFIRST uses Coverage Diversity pass@8 _maj@8
< 20 new tokens on average per question (per &-sampling 0.157 0.6588 5292 37.00
sequence). Larger € increases prefix reuse by ELE-DivFiRsT 0228 0.6692 55.65 37.91
branching later (see also ). For small ELE-PROBFIRST 0.296  0.6454 52.08  38.44

¢, ELE plateaus whereas e-sampling degrades.
With a fixed token budget, prefix reuse lets ELE run more sequences and thus improve majority
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Figure 4: Higher diversity does not necessarily lead to better majority-voted performance. (a)
e-sampling shows the largest diversity for ¢ < 0.3. DIVFIRST has larger diversity than PROBFIRST.
(b) Relative accuracy improvement (%, pass@8) of ELE variations compared to e-sampling largest at
low €. Pass@k reflects diversity does not necessarily lead to better maj@k performance as seen in (c)
ELE has the highest maj@8 performance overall. See

voting (see in ), yielding the largest gains at low budgets. The performance
saturates as the budget grows but ELE remains better than e-sampling.

Diversity does not generally improve accuracy. shows that for £ < 0.3, e-sampling
yields much higher 10-gram diversity which does not improve maj@ k performance (

and ). Despite lower diversity, ELE outperforms the baseline. This suggests n-gram
diversity to be a surface-level proxy which is only weakly aligned with correctness: it can change
wording without increasing the probability mass on correct solutions.

ELE covers a larger part of the c-pruned search tree. DIVFIRST branches early to increase
diversity and it achieves the highest n-gram diversity and pass@8 in (also showing diversity).
PROBFIRST prioritizes high-probability branches and, therefore, covers the largest (immediate) mass
of the search tree (see where PROBFIRST consistently has higher coverage than DIVFIRST).

Both variations achieve substantially larger coverage than e-sampling. A key reason is that e-
sampling shares its compute budget across i.i.d. trajectories with replacement, thus, many samples
repeat. Contrary, ELE allocates a per-sequence budget of k to distinct trajectories and, thus, explores

more of the tree (see ). Early-stopping increases coverage further, especially for small
e ( ) with negligible added token overhead (see in ).
ELE improves runtimes and cache hit rates. shows that ELE runs faster than

e-sampling on SGLang, with largest gains at small batch sizes € {1, 2} where the baseline cannot
effectively exploit parallelization in the generation of all traces. At high €, ELE often traverses the full
tree before the k-leaf budget is exhausted. Additionally, ELE achieves a higher cache hit rate because
answer prefixes can be reused. In contrast, baseline e-sampling can only reuse k& — 1 of all k& question
prompts. All answer tokens have to be generated. Further results are provided in

4 DISCUSSION AND CONCLUSION

ELE as a general recipe for truncated sampling. Although we instantiate ELE with e-truncation, the
underlying idea is more general. Whenever a decoding policy induces a truncated vocabulary at each
step, generation corresponds to traversing a pruned tree, and we can apply repetition-free leaf enumer-
ation. This includes truncation schemes ( , ), locally-typical sampling ( ,

), and entropy-based truncation ( , ). Viewed this way, ELE is best seen as a gen-
eral enumeration rule to reduce redundancy and increase distinct coverage under a fixed leaf budget.

Branch structure as a training signal. The tree view also enables training-time uses for methods
that treat self-consistency as a reward ( , ). Instead of assigning reward only to full
sequences, ELE exposes explicit branch points with prefix probabilities and leaf outcomes, allowing
finer-grained credit assignment which might be beneficial in settings where full rollouts are expensive.

Conclusion. ELE treats decoding as exploring a pruned tree with coverage as the objective. By deter-
ministically enumerating distinct leaves and making prefix sharing explicit, ELE results in broader cov-
erage of plausible continuations and yields practical gains on inference engines leading to faster run-
time under memory constraints. We hope this perspective encourages future work on tree-based meth-
ods for decoding making coverage and prefix reuse explicit and enabling better allocation of compute.
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A RELATED WORK

Our work targets a specific inefficiency in test-time scaling for constrained reasoning: repeated
sampling produces many duplicate prefixes and often re-discovers the same high-probability traces.
ELE addresses this by (i) enumerating distinct leaves in a truncated sampling tree and (ii) exploiting
prefix reuse across branches.

Test-time ensembling and self-consistency. Self-consistency aggregates multiple reasoning traces to
improve accuracy, typically via majority voting on extracted answers ( , ). Follow-up
work extends aggregation beyond simple answer extraction to free-form settmgs e.g., by letting an
LLM compare, synthesize, or select among sampled traces ( , ;
, ). Orthogonally, several methods reweight traces using conﬁdence or selectlon
criteria (e.g., self-certainty, filtering) to improve best-of- IV style inference ( , ; ,
). In contrast, ELE focuses on making the sampling stage itself non-redundant, guaranteelng a

set of distinct answer traces.

Reducing redundancy in aggregation. A line of work reduces compute by stopping early or pruning
unpromising traces. Early-stopping self-consistency terminates sampling once answers stabilize (

, ), and adaptive-consistency allocates variable budgets across prompts/samples (

, ). Path-based strategy reuses partial computation by expanding from promising prefixes,
improving latency while maintaining accuracy ( , ). ELE is complementary with a
different mechanism: rather than adapting the number of i.i.d. samples, it deterministically enumerates
previously unexplored branches of the same truncated tree. This also connects to broader work on
sampling sequences without replacement that aim to avoid duplicates while preserving distributional
guarantees ( , ; s ).

Search-based decoding. Beam search ( , ; s ) makes the decoding
tree explicit but suffers from degeneration and low dlversny, diverse beam search addresses this
by adding diversity-promoting terms ( , ). Other approaches explicitly promote
beam diversity, e.g., via arithmetic coding style constructions ( , ). ELE differs
from per-step breadth-first search. It traverses the e-pruned tree in a depth-first-like manner (greedy
completions) and allocates a leaf budget to distinct trajectories, which is particularly well-matched
to self-consistency-style voting in constrained domains.

Tree-based structures. Tree-of-thought style inference explores multiple reasoning paths with
self-evaluation ( , ). However, it requires repeated model prompting for each branch.
Entro-duction uses entropy/varentropy-style signals to balance computation and exploration in multi-
step reasoning ( , ), and ¢-decoding uses simulated foresight paths for globally
informed step selection but also requires expensive extra computation ( , ). ELE is
cheaper by using only next-token probabilities and spends compute primarily on full leaf completions
rather than partial rollouts plus re-ranking.

Efficiency via prefix reuse and decoding systems. Efficient implementations for multi-branch
decodmg leverage shared preﬁxes and specialized kernels or KV-cache data structures ( ,

, ). Trie-based decoding for beam search similarly shares
KV cache across beams W1th common prefixes ( , ). ELE directly relates to these
system optimizations because its exploration is explicitly tree-structured, which reuses the longest
available prefix.
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B DATASETS AND PARAMETERS

MMLU-Pro ( , ) metrics are weighted by the number of questions in each category.

All plotted diagrams and tables use Qwen2.5-0.5B-Instruct unless stated otherwise. All experiments
are run on B200 or H100 GPUs using vLLM. The default benchmark for diagrams is GSM8K unless
stated otherwise.

uses k£ = 32. The number of new tokens generated is summed over the full dataset,
and averaged per question per k. Since at high ¢, ELE does not need to use the full 32-sequences
budget to explore the tree fully, its averaged number of new tokens is low.

uses € = 0.3 and a fixed token budget for each question. For each question, sequences
are generated one by one (not in parallel) until all tokens are used up.
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C ABLATIONS OF THE PROPOSED ALGORITHM

C.1 SEARCH ALGORITHMS

In addition to DIVFIRST and PROBFIRST, which we discussed in the main body, we test three
additional search algorithms

* RANDBRANCH chooses branching points by sampling from the distribution defined by the
PROBFIRST weights. We define a categorical distribution proportional to the probability
mass under e-sampling and sample it to get the next branching point. This is no longer
deterministic, unlike PROBFIRST.

* GLOBALPROB chooses branches that have the highest global edge weight. Instead of
choosing branches that have the highest global path weight so far (from accumulated edge
probabilities), it chooses to explore the alternative token that has the highest probability
among all the branches explored so far.

* DFS is Depth-First-Search that starts with greedy generation, but deepest branches are
explored first. This prioritizes late branching.

shows that these alternative methods perform worse than the methods in the main paper.

Table 3: Adding an early-stopping condition to ELE baselines generally improves performance.
Alternative branching algorithms DFS and GLOBALPROB yield worse performance.

Method GSMSK Humaneval
maj@2 maj@4 maj@8 pass@2 pass@4 pass@8
ELE-DIVFIRST 35.41 40.41 44.35 39.02 46.34 51.22
wi/o early stopping 34.95 40.49 45.11 39.02 46.34 50.61
ELE-PROBFIRST 34.57 40.64 44.05 38.41 45.12 52.44
w/o early stopping 34.27 39.95 43.29 38.41 45.12 51.22
ELE-RANDBRANCH 34.72 39.27 44.43 34.76 46.34 53.05
w/o early stopping 33.97 39.04 42.68 35.98 42.68 48.78
ELE-DFS 33.81 33.81 34.12 31.10 31.71 31.71
ELE-GLOBALPROB 33.97 34.72 35.25 34.76 37.8 40.24
C.2 EARLY STOPPING
We also provide an ablation that removes the early stopping condition. shows that adding

early stopping generally results in better performance as it adds 1. more coverage 2. more diversity
with minimal cost of additional tokens. When using early stopping, we treat a terminated sibling
branch as a covered leaf mass (not a completed leaf) because it deterministically merges into an
already-generated suffix. In plots, ‘total coverage’ includes completed leaves + early-stopped covered
mass.

In , we find that the early-stopping condition helps us achieve more coverage, especially
when € is small. By assuming that identical continuations other than the first branch token will result
in the same sequence, we do not spend more tokens on them, but still count their probabilities as
covered. This helps the model to achieve better performance by not wasting more tokens on identical
continuations, with minimal additional ”wasted” tokens.

As shows, the percentage of wasted tokens is around 1% of the total number of generated
tokens, which adds minimal compute overhead. As n increases, the early-stopping condition is
triggered less, resulting in fewer wasted tokens. The best n is around 10-15 and we use n = 10 in
the main paper.

12
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Figure 5: The x-axis shows n, the number of repeated token generated from a branch point, after
which this branch will be terminated. As n increases, the early-stopping condition is triggered less
frequently, resulting in fewer wasted tokens.
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Figure 6: Total coverage includes the mass covered by completed leaves and early-stopped branches.
Coverage of early-stopped branches only measures the coverage of branches that do not reach EOS
but are stopped early due to overlap in their last 10-gram with previous branches.

C.3 ANSWER AGGREGATION METHODS

Since we can obtain per-sequence probabilities during generation, we can aggregate answers by
weighting them according to sequence-wise probabilities. However, we find that this method does not
result in systematic improvement in performance, compared to weighting all final answers equally, as
seen in Table 4.

Table 4: Weighing final answers by their leaf probabilities do not result in systematic increase in
performance.

Probability weighted = Equally weighted
Qwen2.5-0.5B-Instruct

DI1VFIRST 0.4170 0.4435
PROBFIRST 0.4177 0.4405
RANDBRANCH 0.4109 0.4443
Qwen2.5-7B-Instruct

DIVFIRST 0.8878 0.8992
PROBFIRST 0.8916 0.8886
RANDBRANCH 0.8908 0.8893
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D MORE CONTEXT ON e-LEAF ENUMERATION

shows that the expected coverage of e-sampling leads to diminishing returns when
increasing k, while the motivation of ELE is to explore more new probability mass.
shows that our greedy choice is locally optimal and minimizes computational cost.
shows an extension to

D.1 EXPECTED COVERAGE OF e-SAMPLING

Let £ denote the set of all leaves in the e-pruned tree and let ¢(x) = Q.(x) for x € L. Let
x| ... x(*) ~ ¢ be the k leaves produced by e-sampling, and let Sy, = {x), ... x(*)} be the
set of unique leaves.

Proposition D.1 (Expected coverage of e-sampling). The expected coverage of e-sampling after k
samples is

E[m(Sk)] =Y a(x) (1 - (1-q(x))"). ()
xeL
The expected marginal gain is
E [m(Sk41) —m(Sk)] = Y a(x)*(1 - q(x)", ()
xeL

which is non-increasing in k.

Proof. LetY;,j € {1,...,k} be the distinct leaves € Sy. Then,

E[m(S)] =E | Y q(y) “
LYESk
—E | awiiy € Si} )
yeﬁ
= Z E[1{y € Sk}] (6)
yeLl
= a(y)P(y € Si) )
yeL
=> )1 —P(y ¢ Sk)) ®)
yeL
=D a) A= P(Vj € (L. K} : Y #)) ©)
yeL
k
=>4 | 1-[IPY; #w) (10)
yeL j=1
=> aly) (1— (1 —qw)"). (11)
yeL
The marginal gain follows by the difference of two of the terms. O

Therefore, while E [m(Sy)] is increasing in k, E [m(Sk4+1) — m(Sk)] is decreasing. This shows
diminishing returns for the expected coverage of € sampling. Intuitively, this shows that the “waste” of
e-sampling comes from duplicate leaves since e-sampling samples full leaves i.i.d. with replacement.

Connection to ELE. In contrast, ELE deterministically expands previously unexplored branches of
the same e-pruned tree which largely avoids generating duplicate leaves. Thus, for the same leaf
budget k, ELE can allocate more compute towards uncovering new probability mass.

14
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D.2 SUPPORT OF GREEDY SAMPLING AND ELE

Remark D.2 (If the number of leaves, k, is arbitrarily large, the support of e-sampling and ELE is the
same). Note that if we explore all branches in the c-pruned tree, we enumerate all possible sequences
x of e-sampling with Q- (x) > 0. Thus, their support is the same.

D.3 GREEDY SAMPLING IS LOCALLY OPTIMAL AND COMPUTE OPTIMAL

After picking an alternative token at a branch point, we always complete the sequence greedily. For
a prefix x and a horizon 7', its best continuation is V*(x,T') = max,; eyr logp(x}.r | x), with
Bellman optimality recursion ( , )

Ve T) = max flogp(v|x) + V" (xov, T~ 1) (12)

where V*(x,0) = 0. Greedy sampling replaces the term V*(x o v, T — 1) by 0.

Remark D.3 (Local and compute optimality of greedy sampling). Greedy sampling v = g(x<¢)
chooses, by definition, the maximum next-token probability p(v | x<;) > p(v' | x<)Vv' € V, and it
generates a sample in T forward passes.

D.4 IMPLEMENTATION OF ELE

In this section, we discuss leaf aggregation rules and the practical implementation of ELE in inference
engines.

Leaf Aggregation Rules. Regardless of the expansion rules defined in , each generated
leaf x € £ comes with its exact e-sampling probability Q.(x). This provides us with sequence
probabilities for weighted aggregation of all leaves without any additional model calls. However,
in contrast to ( ), we find that equally weighting each answer is practically more
robust—we ablate this in

We highlight that ELE always expands prefixes which do not need to be recomputed. ELE explores
multiple leaves, i.e., full generations, that share long prefixes, which allows convenient key-value
(KV) reuse. At any branching point, the child leaf reuses all tokens up to the divergence point and
continues decoding from there. This is in contrast to standard self-consistency that runs all sequences
independently and in parallel, where shared prefixes are generated repeatedly.

vLLM ( , ) uses automatic prefix caching (APC), reusing cached KV blocks from
prior requests when needed. This lets any new request skip computing shared prefixes if they have
been cached before.

SGLang ( , ) is built around KV cache reuse across multiple generation calls that is
explicitly optimized for tree-based generations, using RadixAttention, which stores KV caches in a
radix tree keyed by token prefixes.

ELE benefits directly from these inference engines by avoiding recomputing shared prefixes. While
vLLM provides a lightweight implicit reuse path, SGLang has a native tree structure with an explicit
reuse path that aligns closely with the structure of our branching algorithm. All of the implementation
details can be found in our code'. We verify the performance on each of the inference engines in

D.5 EVALUATION METRICS

In this section, we define the metrics used to evaluate our experimental results in

Coverage. We define coverage m (L) € [0,1] in over a set of leaves £ quantifying
how much of the e-pruned tree ELE has explored.

'We will release our code upon publication of the paper.

15



Published at Latent & Implicit Thinking Workshop @ ICLR 2026

N-gram diversity. The n-gram diversity of a string s is defined as the fraction of unique n-grams

among all n-grams in s ( s ). Specifically,
Distinct-n(s) = [unique(n-grams(s)) (13)
|n-grams(s)| ’

In this paper, we use n = 10 for 10-gram diversity and early stopping condition.

Cache hit rate. We measure cache reuse over the flattened tree of the k enumerated leaves. Each
leaf corresponds to one generation stream, and we concatenate all streams to obtain a single measure
Lga,t that includes all repeated prompt and generated tokens. We report two cache hit rates:

* Actual cache hit rate is the total number of cached tokens reported by SGLang (via
cached_tokens) over the total flat length: %

* Theoretical cache hit rate is the maximum number of tokens that could be reused given the
enumerated tree structure, i.e., the length of the longest prefix of a leaf that matches any previously

generated leaf (including the prompt): %
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E ADDITIONAL RESULTS

E.1 ACCURACY, NUMBER OF NEW TOKENS GENERATED, TOKEN BUDGET

In this section we give more context on our proposed method. As an extension to Figure 3 (left)
which only shows when k& = 32, we additionally provide results for when k£ = 8. Similarly, ELE
uses fewer tokens for the same accuracy.

0.45
0.50 9=, e-sampling (k = 32)
0.48 | —— ELE-DIVFIRST (k = 32) 0.40
e-sampling (k = 8) 0.35
0.46 9 —— ELE-DIVFIRST (k = 8)
0.30
5\ 0.44 — 7
< 0.25
‘é 0.42 ,: W
o \ 0.20
< 0.40 ¥
H 0.15
0.38 - |
0.36 . — 0.10
.36 1
7~ 1 0.05
0.34 +
T T T T T 0.01

1000 2000 3000 4000 5000
Number of new tokens generated

Figure 7: ELE outperforms c-sampling with far fewer new tokens generated. Number of
new tokens is counted on average for each question. ¢ is marked with colors indicating its value.
e-sampling generates many more tokens to achieve a similar performance as ELE. See Section 3.

As discussed in the main text, for a fixed token budget ELE achieves a higher accuracy and generates
more sequences as compared to e-sampling. See Figure 8.

=== c-sampling
.38 =| wem= ELE-DIVFIRST

Accuracy
Number of sequences k

256 512 1924 2048 4096
Token budget

Figure 8: For a fixed token budget, ELE achieves a higher accuracy and generates more
sequences compared to c-sampling.
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E.2 ELE COVERAGE OVER &

Figure 9 shows that ELE has higher coverage than e-sampling over all €. Additionally, we find that
ELE-PROBFIRST outperforms ELE-DIVFIRST in coverage. This is due to the fact that the former is

designed to explore the highest probability branches, and, thus, covers the largest mass of the search
tree.

100 3
I
o
o0
£ 1072 o
5}
>
o
Q
-3 4
10 PR == = c-sampling
/’ === ELE-DIVFIRST
7 ELE-PROBFIRST
10-4 4

T T T T T T T T T
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40

€

Figure 9: ELE has higher coverage overall. Coverage m (see Definition 2.1) plotted against ¢ at
k = 8. For small &, m is much larger for ELE than e-sampling. See Section 3.

E.3 DIVERSITY

As discussed in Section 1, we investigate redundancy among generations (see Figure 1) by looking at
the repetition rate among prefixes. In Figure 10 we find that for code generation, 20% of all prefix
tokens are repeated across generated traces. Thinking of generated sequences in terms of a tree
structure, this means that early branches are repeatedly traversed.

Nk = 8 solution traces
EEE £k = 32 solution traces

Repetition rate (%)

Mathematical reasoning (GSM8K) Code generation (Humaneval)

Dataset

Figure 10: The repetition rate of prefix tokens increases as more sequences are sampled for
e-sampling. For mathematical reasoning, the rate nearly doubles from =~ 2% to ~ 4%. For code
generation, the rate moves from ~ 11% to ~ 17%. See Section 1.
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E.4 INFERENCE SPEED

In the main body, we discussed the inference speed benefit of using SGLang, which can output the
cached token count for each generation request. However, vLLM does not output such data, so we
cannot directly measure its cache retrieval rate. We can still see that there is some speed benefit from
using ELE at high ¢ thresholds.

e L ——.

we= = c-sampling 150 o e T

20 A = ELE-DIVFIRST 0.45 4

100

10 o 0.40

Accuracy

50 o

Runtime (minutes)

0.35

New tokens generated

T T T T T T T T T T
0.0 0.1 0.2 0.3 0.4 0.0 0.1 0.2 0.3 0.4

€ € [

Figure 11: Inference time and performance are measured using VLLM. At higher ¢, inference time
is shorter than the baseline. The performance boost is also more obvious since far fewer tokens are
generated.

E.5 CACHE HIT RATE WITH SGLANG

Figure 12 details the cache hit rate for DIVFIRST and e-sampling. We find that ELE allows a higher
cache rate because answer prefixes can be reused. In contrast, baseline e-sampling can only reuse
k — 1 of all k question prompts. All answer tokens have to be generated. Further, the actual cache hit
rate (solid) is very close to the theoretical cache hit rate (dashed) as SGLang effectively retrieves the
relevant KV cache from memory.

m= r c-sampling
=== ELE-DIVFIRST
me== Theoretical cache hit rate

0.86 4
0-84 e Actual cache hit rate

0.82 4

0.80 1

Cache hit rate (CHR)
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Figure 12: Cache rate is larger for ELE than e-sampling. SGLang retrieves prefix cache efficiently
such that the actual cache hit rate is close to the theoretical one. Tested using SGLang with k = 8.
See Section 3 for additional details.
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E.6 RESULTS FOR OTHER MODELS

shows results for Qwen2.5-7B-Instruct, shows results for Qwen2.5-14B-Instruct,
shows results for Llama3.2-1B-Instruct, and shows results for Llama3.2-3B-Instruct.

Table 5: Performance (maj@k and pass @k) of various methods on GSM8K, Humaneval and MMLU-
Pro with the Qwen2.5-7B-Instruct model.

GSM8K Humaneval MMLU-Pro
Method
maj@2 maj@4 maj@8 pass@2 pass@4 pass@8 maj@2 maj@4 maj@8
Self-consistency 78.77 86.05 89.16 64.02 7744 8598 4579 4843  51.75
e-sampling 8143 87.87 8992 7256 81.10 8841 46.19 4831 51.89
ELE-DIVFIRST 8491 8848 89.92 8110 86.59 8780 46.89 4890 50.71

ELE-PROBFIRST 84.15 8795 88.86 79.88 8476 8720 46.88 4872  50.62
ELE-RANDBRANCH 83.78 87.11 88.78 76.83 8354 8841 46.70 4872  50.69

Table 6: Performance (maj@k and pass@k) of various methods on GSM8K, Humaneval and MMLU-
Pro with the Qwen2.5-14B-Instruct model.

GSM8K Humaneval MMLU-Pro
Method
maj@2 maj@4 maj@8 pass@2 pass@4 pass@8 maj@2 maj@4 maj@y
Self-consistency 88.48 9151 9249 67.68 78.05 8841 5201 5550 58.39
e-sampling 89.23 9136 9272 73.17 8354 8841 5294 5648 58.56
ELE-DIVFIRST 90.60 91.51 9234 7622 8598 8841 5466 5640 58.18

ELE-PROBFIRST 90.07 9143 9219 7683 8598 89.02 5433 5638 58.30
ELE-RANDBRANCH 8992 9151 9242 78.66 8476 88.41 54.88 56.52 58.29

Table 7: Performance (maj@k and pass @k) of various methods on GSM8K, Humaneval and MMLU-
Pro with the Llama3.2-1B-Instruct.

GSM8K Humaneval MMLU-Pro
Method
maj@2 maj@4 maj@8 pass@2 pass@4 pass@8 maj@2 maj@4 maj@8
Self-consistency 1850 24.64 32,60 2500 3720 4695 1373 16.71  19.02
e-sampling 2775 3389 3995 3780 4878 5488 1887 20.69 21.82
ELE-DIVFIRST 31.39 3465 3685 31.71 39.63 4695 1976 21.23 22.15

ELE-PROBFIRST 33.21 36.01 38.06 4146 5244 59.76 19.61 21.13 2295
ELE-RANDBRANCH 33.13  34.80 3844 4329 48.17 5732 1975 2090 2197
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Table 8: Performance (maj@k and pass @k) of various methods on GSM8K, Humaneval and MMLU-
Pro with the Llama3.2-3B-Instruct model.

GSMSK Humaneval MMLU-Pro
Method
maj@2 maj@4 maj@8 pass@2 pass@4 pass@8 maj@2 maj@4 maj@y
Self-consistency 4329 5436 6558 4634 5793  70.12 2488 29.31 33.04
e-sampling 58.38 6233 69.14 5549 6446 7561 3098 3537 37.36
ELE-DIVFIRST 62.62 6740 69.52 5549 6524 7195 33.19 3565 37.23

ELE-PROBFIRST 6444 6892 71.65 59.15 6951 78.66 33.18 3588 37.53
ELE-RANDBRANCH 64.52 68.31 72.33 57.93 65.24 73.17 33.22 35.60 37.49
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E.7 DEEP THINK WITH CONFIDENCE (DEEPCONF) ( s )

DeepConf ( , ) is a test-time method that filters out reasoning traces of low quality when
doing inference or after inference. We only investigate the offline version of DeepConf.

( ) defines the token confidence as the negative average log-probability of the top-n
tokens at a given position ¢

1 & on )
Ci=——> log PI”°(j), (14)
j=1

where n denotes the number of tokens considered and P;Op returns the probabilities of top tokens
ordered decreasingly at position ¢. The average trace confidence is simply defined as the mean over
all token confidences.

Additionally, DeepConf introduces group confidence for groups of tokens, bottom 10% group confi-
dence, lowest group confidence, and tail confidence. For voting, DeepConf introduces confidence-
weighted majority voting that weights each answer by its confidence, and confidence filtering that
filters the top-p% of traces.

In our experiments, we set the group size to 64 tokens (as opposed to 2048 for the original work) as we
are working with reasoning problems that require fewer tokens. We experiment with p € {10, 25}%.

shows results for all DeepConf experiments ( , ) on GSMB8K ( , )
with Qwen2.5-0.5B-Instruct. shows results for all DeepConf experiments ( s )on

MMLU-Pro ( , ) with Qwen2.5-0.5B-Instruct. We include the best results achieved
in .
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Table 9: Results for DeepConf (Fu et al., 2025) on GSM8K (Cobbe et al., 2021) with Qwen2.5-0.5B-
Instruct. See Appendix E.7 for details.

Method 2 4 8

Mean Confidence

Weighted 0.2002 0.2578 0.3298
Top Percent Weighted (10%) 0.1948 0.2532 0.2616
Top Percent Weighted (25%) 0.2153 0.2199 0.2570
Top Percent (10%) 0.2115 0.2343 0.2509
Top Percent (25%) 0.2055 0.2153 0.2464

Tail Mean Conf (64 Tokens)

Weighted 0.2085 0.2472 0.3222
Top Percent Weighted (10%) 0.2002 0.2199 0.2350
Top Percent Weighted (25%) 0.2032 0.2077 0.2456
Top Percent (10%) 0.1941 0.2146 0.2358
Top Percent (25%) 0.1903 0.2161 0.2525
Tail Mean Conf (10%)
Weighted 0.1782 0.2252 0.3086
Top Percent Weighted (10%) 0.1865 0.2077 0.1971
Top Percent Weighted (25%) 0.1676 0.1956 0.2055
Top Percent (10%) 0.1638 0.1850 0.2077
Top Percent (25%) 0.1804 0.1933 0.2039

Min Sliding Mean Conf (64 Tokens)

Weighted 0.1895 0.2563 0.3283
Top Percent Weighted (10%) 0.1873 0.2252 0.2464
Top Percent Weighted (25%) 0.2092 0.2199 0.2418
Top Percent (10%) 0.1842 0.2206 0.2593
Top Percent (25%) 0.2077 0.2244 0.2214

Bottom Sliding Mean Conf (10%, 64 Tokens)

Weighted 0.2077 0.2631 0.3336
Top Percent Weighted (10%) 0.1979 0.2206 0.2661
Top Percent Weighted (25%) 0.1774 0.2183 0.2487
Top Percent (10%) 0.1979 0.2237 0.2449
Top Percent (25%) 0.1676 0.2183 0.2441

Bottom Sliding Mean Conf (50%, 64 Tokens)

Weighted 0.1895 0.2691 0.3139
Top Percent Weighted (10%) 0.1918 0.2206 0.2578
Top Percent Weighted (25%) 0.2168 0.2290 0.2638
Top Percent (10%) 0.1850 0.2115 0.2623
Top Percent (25%) — 0.2199 0.2631
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Table 10: Results for DeepConf (Fu et al., 2025) on MMLU-Pro (Wang et al., 2024¢) with Qwen2.5-
0.5B-Instruct. See Appendix E.7 for additional information.

Method 2 4 8

Mean Confidence

Weighted 0.1406 0.1558 0.1607
Top Percent Weighted (10%) 0.1371 0.1451 0.1544
Top Percent Weighted (25%) 0.1363 0.1524 0.1439
Top Percent (10%) 0.1433 0.1493 0.1471
Top Percent (25%) 0.1419 0.1439 0.1503

Tail Mean Conf (64 Tokens)

Weighted 0.1381 0.1518 0.1635
Top Percent Weighted (10%) 0.1362 — 0.1478
Top Percent Weighted (25%) 0.1410 0.1468 0.1516
Top Percent (10%) 0.1409 0.1435 0.1479
Top Percent (25%) 0.1388 0.1464 0.1470
Tail Mean Conf (10%)
Weighted 0.1410 0.1503 0.1600
Top Percent Weighted (10%) 0.1377 0.1434 0.1410
Top Percent Weighted (25%) 0.1385 0.1376 0.1446
Top Percent (10%) 0.1341 0.1420 0.1497
Top Percent (25%) 0.1394 0.1385 0.1444

Min Sliding Mean Conf (64 Tokens)

Weighted 0.1401 0.1497 0.1676
Top Percent Weighted (10%) 0.1418 0.1470 0.1469
Top Percent Weighted (25%) 0.1347 0.1465 0.1456
Top Percent (10%) 0.1411 0.1478 0.1499
Top Percent (25%) 0.1418 0.1457 0.1470

Bottom Sliding Mean Conf (10%, 64 Tokens)

Weighted 0.1395 0.1547 0.1618
Top Percent Weighted (10%) 0.1389 0.1432 0.1490
Top Percent Weighted (25%) 0.1375 0.1463 0.1490
Top Percent (10%) 0.1426 0.1462 0.1495
Top Percent (25%) 0.1394 0.1418 0.1476

Bottom Sliding Mean Conf (50%, 64 Tokens)

Weighted 0.1441 0.1501 0.1646
Top Percent Weighted (10%) 0.1419 0.1523 0.1526
Top Percent Weighted (25%) 0.1390 0.1467 0.1489
Top Percent (10%) 0.1365 0.1439 0.1511
Top Percent (25%) 0.1391 0.1462 0.1461
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E.8 SELF-CERTAINTY ( , )

Self-certainty ( s ) is a method for response evaluation and selection. More specifically,
it is a metric that takes the probability distribution of the LLM into account to estimate response
quality without additional compute. The general idea is that a larger self-certainty also corresponds
to an improved response accuracy. Self-certainty is defined as the point-wise Kullback-Leibler
( . ) divergence between a uniform distribution and the next-token distribution,
averaged over the sequence length,

T V
1
Self-Certainty (x1.7) VT ZZIOg (Vp(v | x<t)), (15)

t=1v=1

where V' = |V| is the size of the vocabulary.

( ) also identifies that score-based voting methods suffer from sensitivity to score
scaling. Therefore, they propose an approach inspired by Borda-counts. First, they rank [V outputs of
models by confidence, obtaining a ranking (r1, 7o, ..., 7). Then, they assign votes to these ranked
outputs using the formula

v(r)=(N —r+1)?, (16)
where r is the rank of the output and p is the voting power.
shows results for all self-certainty experiments on GSM8K ( , ) with
Qwen2.5-0.5B-Instruct. shows results for all self-certainty experiments on MMLU-Pro
( , ) with Qwen?2.5-0.5B-Instruct.
Table 11: Results for self-certainty ( s ) on GSMSK ( s ) with Qwen2.5-
0.5B-Instruct. arg max, p = 0.0 denotes the case without voting and choosing the arg max sequence
for self-certainty. See for additional information.
Voting power p arg max,p = p=0.1 p=20.3 p=20.5 p=0.7 p=20.9
0.0
Voting k = 2 20.09 19.94 19.94 20.02 19.94 19.94
Voting k = 4 23.81 25.09 24.87 24.41 24.64 25.32
Voting k = 8 28.73 29.80 32.22 31.01 30.17 31.54
Table 12: Results for self-certainty ( , ) on MMLU-Pro ( , ) with
Qwen2.5-0.5B-Instruct. arg max, p = 0.0 denotes the case without voting and choosing the arg max
sequence for self-certainty. See for additional information.
Voting power p arg max,p = p=0.1 p=20.3 p=20.5 p=0.7 p=20.9
0.0
Voting k = 2 14.42 14.26 14.21 14.11 14.45 14.51
Voting k = 4 15.13 15.40 15.92 15.90 15.10 15.91
Voting k = 8 13.48 14.25 14.66 14.68 14.28 14.14
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