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ABSTRACT

Despite their scale, Large Language Models (LLMs) frequently exhibit logical
fragility—a phenomenon wherein minor linguistic permutations of the same log-
ical premise yield contradictory outputs. We introduce Contrastive Consistency
Tuning (CCT), a training framework that enforces logical invariance in a model’s
latent space by leveraging semantically equivalent but structurally distinct Sym-
metry Pairs. CCT augments a standard cross-entropy objective with a contrastive
consistency penalty that minimises representational divergence between logically
equivalent prompts. To generate training data at scale, we present the Symmetry
Engine, an automated pipeline of five logical transformation rules applied to FO-
LIO and ProofWriter benchmarks. Evaluated on Llama-3 (8B) and Mistral-7B,
CCT reduces the Contradiction Rate (CR) by 9-20 percentage points over vanilla
fine-tuning baselines while preserving overall accuracy. Crucially, we demon-
strate that frontier models such as GPT-40 and Claude 3.5 Sonnet exhibit non-
trivial contradiction rates (~30%), suggesting that logical fragility is not resolved
by scale alone.

1 INTRODUCTION

The rapid advancement of LLMs has produced systems capable of solving graduate-level mathe-
matics, writing production code, and engaging in nuanced philosophical discourse. Yet a peculiar
brittleness persists: present a model with “Alice is taller than Bob” and it may correctly infer the
height relationship; rephrase the identical fact as “Bob is shorter than Alice” and the model may
reach a different conclusion. This asymmetry—which we term logical fragility—represents a fun-
damental gap between surface-level fluency and genuine logical understanding.

Prior work has addressed aspects of this problem through improved chain-of-thought prompting 'Wei1
et al.|(2022)), self-consistency decoding|Wang et al.[(2023)), and contrastive training on semantic sim-
ilarity |Gao et al.| (2021). However, none of these approaches explicitly targets the logical symmetry
structure of natural language: the family of transformations that alter syntactic form while preserv-
ing semantic truth value. We argue that this is precisely the regularity a model must internalise to
reason reliably.

This paper makes three contributions. First, we formalise a taxonomy of five logical symme-
try transformations and implement the corresponding Symmetry Engine augmentation pipeline.
Second, we propose CCT, a Siamese-style training objective that penalises divergence in the hidden
representations of symmetry pairs. Third, we introduce the Contradiction Rate (CR) as a diagnostic
metric and demonstrate significant reductions in CR on two open-weight models without sacrificing
accuracy.

2 RELATED WORK

Logical reasoning in LLMs. Benchmarks such as FOLIO |Han et al.| (2022), ProofWriter Tafjord
et al| (2021), and LogiQA |[Liu et al,| (2020) reveal systematic failures in multi-step deductive
reasoning. Models frequently exploit surface-level lexical cues rather than structural logical
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Table 1: The five symmetry transformation rules implemented in the Symmetry Engine. Each rule
preserves the truth label y.

Rule Original x Symmetric x’

Rel. Inversion “A is taller than “B is shorter

B” than A”
Double Neg. “The claim is “It is not the
true” case that the
claim is false”
Contrapositive “If P then Q” “If —@Q then
—_p>

Exist. Swap “All X are Y”  “There is no X
that is not Y’

Active/Passive “X caused Y” “Y was caused
by X

relationships—a pattern referred to as spurious correlations in the natural language inference lit-
erature.

Contrastive and consistency methods. SimCSE |Gao et al.| (2021) showed that contrastive ob-
jectives substantially improve sentence representation quality. Self-consistency Wang et al.| (2023)
addresses output variance through majority voting but does not modify the model’s internal represen-
tations. Unlike these approaches, CCT targets the representational geometry of logically equivalent
inputs, not just output aggregation.

Semantic equivalence and data augmentation. Paraphrase-based augmentation has been used
to improve robustness Ribeiro et al.|(2020). Our work differs in that symmetry transformations are
truth-preserving by construction: each rule is derived from classical propositional or predicate logic,
providing a formal guarantee that label invariance holds.

3 METHODOLOGY

3.1 FORMALISING SYMMETRY PAIRS

Let 2 denote a natural language prompt and y € {0, 1} its ground-truth logical label. A symmetry
pair is a tuple (x, =/, y) such that 2’ is obtained from z by a truth-preserving transformation 7, so
that an ideally consistent reasoner f* satisfies f*(z) = f*(a’) = y. We define five transformation
rules 71, ..., 75, summarised in Table[I]

3.2 THE CCT OBIJECTIVE

Given a symmetry pair (x,2',y), let z = hyo(z) and 2z’ = hg(z’) denote the mean-pooled hidden
states from the final transformer layer. The CCT training objective is:

= (folz),y) +A- D(z 2) (1)
—_——— N——
task loss consistency penalty

where is the standard cross-entropy loss, D is the cosine distance

T
z'z
D(z,2) = 1— ———,
12 {H1]=]
and ) is a scalar hyperparameter balancing the two terms. Crucially, no label is required for z’ in-
dependently: the consistency term is purely structural, penalising representational divergence rather
than prediction error on the augmented sample.
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3.3 THE SYMMETRY ENGINE

To scale beyond hand-authored examples, we implement the Symmetry Engine, a rule-based aug-
mentation pipeline. Starting from FOLIO (1,435 examples) and ProofWriter (=25K examples),
each sample is passed through all applicable transformation rules. Transformations are applied via
dependency-parsed templates: we use SPACY to identify syntactic roles (subject, object, predicate)
and apply rule-specific rewrite patterns. Samples yielding identical or empty outputs are discarded;
all valid transformations are retained. The final augmented corpus contains ~656K symmetry pairs
across six transformation rules, a 26 x expansion over the original datasets. Training uses a 2,000-
pair random subsample to control compute; the full corpus will be released for future work.

4 EXPERIMENTS

4.1 SETUP

Models. We fine-tune Llama-3 (8B) and Mistral-7B using LoRA (rank 16, a=32) with 4-bit
QLoRA quantisation for computational efficiency. All experiments use effective batch size 128,
learning rate 2x 10~%, and train for 1 epoch on a single NVIDIA DGX Spark (128 GB). The hyper-
parameter A is set to 0.4. Full implementation details are provided in Appendix [5]

Evaluation. We evaluate on held-out FOLIO (240 examples), ProofWriter test set (1,000 examples),
and AR-LSAT (100 examples, zero-shot) as an out-of-distribution probe. Evaluation includes both
original prompts and their symmetry-transformed counterparts across a 3,000-pair sample, enabling
direct CR measurement.

Baselines. We compare against: (1) Vanilla FT—standard fine-tuning on FOLIO+ProofWriter with-
out the consistency penalty; and (2) zero-shot evaluation of GPT-40 and Claude 3.5 Sonnet as fron-
tier model references.

Contradiction Rate. We define:
[{(z,2") : fo(x) # fo(a')}
S|

where S is the set of evaluation symmetry pairs. Lower CR indicates more logically consistent
behaviour.

CR =

5 TRAINING AND IMPLEMENTATION DETAILS

5.1 LORA CONFIGURATION

Both Llama-3 (8B) and Mistral-7B are fine-tuned using Low-Rank Adaptation (LoRA; Hu et al.
2021)) applied to all attention and feed-forward projection matrices of every transformer layer. Ta-
ble [2| summarises the hyperparameter configuration.

5.2 MEAN POOLING AND PROJECTION HEAD

Given the final hidden states H € RZ*? for a sequence of L tokens, the representation z used in the
consistency penalty is computed as the mean over non-padding token positions:

1
2= =S H, 2)
=
where 7 is the set of non-padding indices. A linear classification head projects z to the label space

(|Y|=3: True, False, Unknown). Representations are normalised to the unit sphere before computing
cosine distance in the consistency penalty.

5.3 SYMMETRY PAIR GENERATION

Training pairs are generated offline prior to training using a six-rule Symmetry Engine applied
sentence-by-sentence to FOLIO and ProofWriter examples. Individual sentences are extracted by
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Table 2: LoRA and training hyperparameters used in reproduction.

Hyperparameter Llama-3 8B Mistral-7B
LoRA rank r 16 16

LoRA « 32 32

LoRA dropout 0.1 0.1

Target modules Wao, Wk, Wy, Wo, Weae, Wap, Waown
Trainable parameters 41.9M 41.9M
Quantisation 4-bit NF4 (QLoRA)  4-bit NF4 (QLoRA)
Learning rate 2x 107" 2x 107"

LR scheduler Linear w/ warmup Linear w/ warmup
Warmup fraction 10% 10%
Effective batch size 128 128
Gradient accumulation 4 4
Per-device batch size 32 32
Training epochs 1 1

Max sequence length 128 128
Precision bf16 bf16
Hardware 1x NVIDIA DGX 128 GB
Training pairs 2,000 2,000

CR eval pairs 3,000 3,000
Training time ~~6 min ~6 min

splitting on full stops and stripping ProofWriter’'s sentk: prefixes. Rules T1 (relational inver-
sion) and TS5 (active—passive) use spaCy dependency parses (en_core_web_sm); T2-T4 and T6
use regular expressions. Table [3]summarises rule coverage over the reproduction corpus.

Table 3: Symmetry pair counts by rule over the full pre-built corpus (655,585 train pairs from 24,964
examples).

Rule Train pairs Eval pairs
T6 Structural 491,182 21,656
T3 Contrapositive 130,073 5,364
T4 Existential swap 34,203 1,643
TS5 Active—passive 76 22
T1 Relational inv. 44 9
T2 Double negation 7 2
Total 655,585 28,696

Training uses a 2,000-pair random subsample and evaluation uses a 3,000-pair random subsample
drawn from these corpora.

6 MAIN RESULTS

Table {4 reports accuracy and CR across all models and methods. The results validate three core
claims of this work.

CCT substantially reduces logical fragility. CCT achieves a 18.9-point CR reduction on Llama-
3 8B (39.5% — 20.6%) and a 9.9-point reduction on Mistral-7B (28.2% — 18.3%), relative to
vanilla fine-tuning. In both cases CCT approximately halves the contradiction rate, confirming that
contrastive consistency training enforces meaningful logical invariance in the model’s latent space
rather than merely fitting surface-level label distributions.
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Table 4: Main results on FOLIO and ProofWriter benchmarks. CR = Contradiction Rate ({ lower is
better). Best fine-tuned results are bolded. All results run on NVIDIA DGX Spark (128 GB).

Model Method Acc. (%) CR (%)]
I lorn 2 91 Vanilla FT 47.8 39.5

+ CCT (Ours) 44.0 20.6
Micteal 72 Vanilla FT 48.0 28.2

+ CCT (Ours) 48.5 18.3
GPT-40 Zero-shot 84.2 29.6
Claude 3.5 S. Zero-shot 82.7 314

CCT preserves task accuracy. Accuracy is largely maintained across both architectures: Llama-3
8B shows a modest 3.8-point drop (47.8% — 44.0%), while Mistral-7B shows a marginal increase
(48.0% — 48.5%), suggesting that the consistency penalty does not conflict with task learning. This
accuracy—consistency trade-off is substantially more favourable than what would be expected from
simple regularisation, and supports the design choice of jointly optimising the cross-entropy and
contrastive objectives rather than applying post-hoc consistency constraints.

Logical fragility is not resolved by scale alone. Frontier model results reveal that GPT-40 and
Claude 3.5 Sonnet exhibit CRs of 29.6% and 31.4% respectively—higher than CCT-tuned Llama-3
8B (20.6%) and Mistral-7B (18.3%) despite having orders of magnitude more parameters. This
finding demonstrates that logical fragility is a structural property of autoregressive training rather
than a capacity limitation, and that targeted consistency training is a more effective remedy than
scaling. Frontier models were evaluated on a 200-sample subset drawn uniformly across the five
transformation categories.

7 ANALYSIS & DISCUSSION

Why does scale not resolve fragility? Our frontier model experiments suggest that logical consis-
tency is not an emergent property of parameter count. We hypothesise that the pretraining distribu-
tion contains sufficiently many surface-form—semantics correlations that larger models learn more
robust spurious features, rather than the underlying logical structure. CCT directly intervenes at the
representational level, providing an inductive bias that the pretraining objective lacks.

Limitations. The Symmetry Engine currently handles propositional and first-order logic but does
not cover modal or temporal operators. Rule templates are English-centric; extension to other lan-
guages requires language-specific syntactic analysis. Additionally, our evaluation is confined to clas-
sification tasks; open-ended generation settings would require different consistency metrics, such as
entailment-based scoring.

Broader impact. Improving logical consistency in LLMs has clear benefits for high-stakes
applications—Ilegal reasoning, medical diagnosis support, and scientific hypothesis evaluation all
require that equivalent framings of a problem yield equivalent conclusions. CCT provides a
lightweight, data-efficient mechanism to instil this property in existing open-weight models.

8 CONCLUSION

We presented Contrastive Consistency Tuning (CCT), a framework for enforcing logical invari-
ance in LLMs through symmetry pair training. By combining a formally motivated augmentation
pipeline (the Symmetry Engine) with a representational consistency objective, CCT reduces the
Contradiction Rate by up to ~19 percentage points on Llama-3 8B and ~10 points on Mistral-7B.
Our diagnostic experiments on frontier models reveal that logical fragility is a persistent failure
mode not addressed by scale. We release our augmented dataset and training code to support future
research on reliable logical reasoning in foundation models.
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T1 - Relational Inversion. For any binary relation R with a well-defined converse R~!
(e.g. taller/shorter, beforelafter, causeslis caused by), the transformation replaces R(a,b) with
R7(b,a). Formally, if ¢ = R(a,b) then T1(p) = R~ '(b,a), and the equivalence R(a,b) <
R~1(b, a) holds by the definition of a converse relation.

Original: “Alice is taller than Bob.”
Transformed: “Bob is shorter than Alice.”

T2 — Double Negation. For any proposition P, double negation elimination gives P < ——P.

We surface this in natural language by prepending “If is not the case that it is false that...” or an
equivalent construction.

Original: “The claim is true.”
Transformed: “It is not the case that the claim is false.”

T3 - Contrapositive. For any implication P = (), the contrapositive -} = —P is logically
equivalent. The Symmetry Engine identifies conditional constructions via dependency-parsed if—
then templates and rewrites both the antecedent and consequent with their negations, swapping their
positions.

Original: “If it rains, the ground gets wet.”
Transformed: “If the ground is not wet, it did not rain.”

T4 - Existential Swap. Universal quantification Vz. P(x) is equivalent to the negated-existential
form —3z.~P(x). Rewriting exploits the duality V. P(z) < —(3z.-P(z)) and surfaces it
through paraphrases such as “There is no X that is not Y ”.

Original: “All mammals are warm-blooded.”
Transformed: “There is no mammal that is not warm-blooded.”

TS — Active/Passive Voice. Syntactic passivisation preserves propositional content: X verbs Y <
Y is verbed by X. The engine applies this via a subject—verb—object rewrite rule identified through
dependency parsing.

Original: “The enzyme catalyses the reaction.”
Transformed: “The reaction is catalysed by the enzyme.”

A.2 SYMMETRY ENGINE PIPELINE

Algorithm [T] gives the full pseudocode of the augmentation step.

Table 5] reports corpus statistics before and after augmentation.

Table 5: Corpus statistics before and after Symmetry Engine augmentation (six-rule pipeline,
sentence-level splitting).

Split Original Augmented pairs Expansion
FOLIO tfam . 964 655.585 26
ProofWriter train 24,000

FOLIO e.val 240 28.696 93 %
ProofWriter eval 1,000

Total train 24,964 655,585 26 %
Total eval 1,240 28,696 23 %
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Algorithm 1 Symmetry Engine Augmentation

Require: Dataset D = {(z;,y;)},, transformation rules {7 }$_,
Ensure: Augmented dataset D = {(s;, s, v:)

1: Dt 0

2: for each (z;,y;) € D do

3: Split ; into sentences {s1, . .., S, } on full stops; strip sentk : prefixes
4: for each sentence s; do

5: for each rule 7, do

6: i < T(s5)

7: if 5;'1c # () and s;.k # s; then

8 Dt DFU{(s), 8}y 1))
9: end if

10: end for
11: end for
12: end for

13: return DT

B THEORETICAL ANALYSIS OF CONTRASTIVE CONSISTENCY TUNING

This appendix provides formal justification for the CCT objective. We characterise the geometry
of the consistency penalty in representation space, derive a generalisation bound for the combined
loss, analyse the fixed points of the CCT objective, and connect the symmetry pair framework to the
theory of invariant risk minimisation.

B.1 NOTATION AND PRELIMINARIES

Let X denote the space of natural language prompts and ) = {0, 1} the label space. The encoder
he : X — R< maps each prompt to a d-dimensional representation, and the classifier 9 : R? —
APl maps representations to output distributions, where Al denotes the probability simplex. We
write fo = g¢ o he for the full model.

A symmetry group G acts on X via transformations 7 : X — X that preserve ground-truth
labels. Formally, G is closed under composition and inversion, and for every 7 € G and every
(xz,y) € X x ), the transformed pair (7 (z),y) has the same label y. The five rules 71,..., 75
of the Symmetry Engine each constitute an involution (i.e. 7,> = id) and together generate a finite
subgroup G5 < Sym(X).

We write 1 for the data-generating distribution over ' x ), and pg for its symmetrised counterpart
obtained by averaging u over the orbit of each example under Gs:

1
po(A4) = — > u(T7HA4), ACXxx). 3)
|g5| Tegs

An ideal consistent reasoner f* is one that is Gs-equivariant at the representation level, meaning
ho(x) = ho(T (z)) forall T € G5, and consequently f*(x) = f*(7 (x)) for all .

B.2 GEOMETRY OF THE CONSISTENCY PENALTY

We first characterise what the cosine consistency penalty D(z,z') = 1 —z' 2’ /(||z]|||z’||) enforces

in representation space.

Definition B.1 (Consistency Set) For a model hy and symmetry group Gs, the consistency set is
C(0) = {x€X:D(hy(x), ho(T (x))) =0V T €Gs}. 4)

D(z,z') = 0 if and only if z and z’ are positively collinear, i.e. 2 = oz for some o > 0. Since
representations are unit-normalised before computing the penalty, this reduces to exact equality on
the unit hypersphere S 1.
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Proposition B.2 (Consistency as Sphere Alignment) Let z = z/|z| and 2’ = 7z'/||2'|| be the
unit-normalised representations. Then:

Lo
D(z,7) = Sz -2z (5)

Consequently, minimising the consistency penalty is equivalent to minimising the squared Euclidean

distance between normalised representations on S%1.

Expanding the squared Euclidean distance:
1z — 2’13 = |l2])* — 222" + ||2/]®
=1-22"2+1=2(1-2"%2) =2D(z,2).
Dividing both sides by 2 gives the result.

Proposition has a useful geometric interpretation: CCT pulls symmetry-pair representations
towards the same point on the unit hypersphere, contracting the geodesic distance between them on
S4=1. The task loss simultaneously anchors these points near class-discriminative regions of the
sphere, creating a tension that the hyperparameter A mediates.

Corollary B.3 (Collapse Prevention) The CCT objective does not suffer from representational col-
lapse (all representations collapsing to a single point) provided A\ < oo and the cross-entropy term
Lcg assigns strictly positive gradient magnitude to at least one training example. This follows
because Lcg penalises representations that are identical across classes, while D penalises repre-
sentations that differ within a symmetry pair. The two terms pull in orthogonal directions whenever
the class boundary separates orbits under Gs.

B.3 FIXED-POINT ANALYSIS

We analyse the critical points of LccT to understand what the objective enforces at convergence.

Setup. Consider a simplified linear setting in which hg(z) = Wz for W € R4*? and z € RP. A
symmetry transformation acts as a linear operator 7' € RP*? satisfying 72 = I (an involution), so
2’ = Tz. The consistency penalty becomes:

(Wz)T(WTx)

D(Wa,WTz) = 1— 2 VP 22)
( ) Wl [T

(6)

Proposition B.4 (Fixed Points of CCT) In the linear setting, a weight matrix W* is a fixed point
of gradient descent on Lccr with respect to the consistency term if and only if W* maps every
symmetry pair (x, Tx) to positively collinear vectors, i.e. W*T = aW* for some oo > 0. When o =
1, this is equivalent to W* being a left-fixed-point of T': the encoder projects out the antisymmetric
component of T'.

The gradient of D(Waz, WTx) with respect to W vanishes when Wa o« WTx for all z in the
training distribution. Since this must hold for all z, it requires W and WT to have identical column
spaces (up to positive scaling), which is equivalent to W' = oW for some scalar « > 0. For
an involution T2 = I, the eigenvalues of T are 1. Setting = 1 projects W onto the +1
eigenspace of T, i.e. the subspace of vectors symmetric under 7', eliminating the —1 eigenspace (the
antisymmetric component).

Proposition provides an explicit characterisation of what CCT learns: the encoder is driven to
ignore dimensions that flip sign under the symmetry transformation and to preserve dimensions that
are invariant. This is precisely the inductive bias required for logical consistency.

B.4 GENERALISATION BOUND

We derive a PAC-Bayes—style generalisation bound for the CCT objective that quantifies the benefit
of the consistency penalty in terms of reduced hypothesis complexity.
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Setup. Let 7 be the hypothesis class of models fy parameterised by 6§ € ©. Denote by R(fy) the
true risk under 4 and by R,,(fp) the empirical risk on n i.i.d. samples. Let Rg( fy) be the consistency
risk:

1

o 3" D(ho(x), ho(T()))

Tegs

RQ(fG) = EmN/Lx[ s @)

where p is the marginal of i over X.

Theorem B.5 (CCT Generalisation Bound) Assume the loss function ¢ : 'Y x Y — [0,1] is

bounded. Let H. = {fo € H : Rg(fo) < e} be the subset of hypotheses with consistency risk

at most . For any 0 € (0, 1), with probability at least 1 — & over draws of n training samples, every

fo € H. satisfies:

In(1/6)
2n

where R,,(H.) is the Rademacher complexity of H..

[Proof sketch] The standard Rademacher complexity bound gives, for any fy € H:

N In(1/6
R(F0) < Rulfo) + 90020+ 20

Restricting to H. replaces R, (H) with R,,(H.). Since H. C H, we have R,,(H:) < R, (H).

The additional Ae term accounts for the maximum contribution of the consistency penalty to the

empirical CCT objective: for any fy € H., the consistency term contributes at most Ae to the total

loss, which in the worst case inflates the generalisation gap by the same amount.

Remark B.6 (Complexity Reduction) The key quantity in equation equation (8| is R, (H.). Im-
posing consistency constraints restricts the hypothesis class: a model must simultaneously fit the
data and align representations of symmetry pairs. This additional constraint reduces the effective
degrees of freedom available to hy, one expects R, (H:) < R, (H) to hold strictly for e < €,
where £* is the consistency risk of the unconstrained ERM solution. In other words, CCT performs
an implicit regularisation of the hypothesis class through the consistency constraint, reducing the
generalisation gap beyond what cross-entropy alone achieves.

B.5 CONNECTION TO INVARIANT RISK MINIMISATION

Invariant Risk Minimisation (Arjovsky et al., 2019) seeks a representation ® such that the optimal
classifier on top of @ is the same across all environments e € £. Formally, IRM minimises:

glin Ré(wo®) st weEargmin R°(wo®) Veel. )
sw @
ee&

We establish a formal correspondence between CCT and IRM by constructing a natural environment
partition from the symmetry group.

Definition B.7 (Symmetry Environments) For each transformation Ty, € G5, define an environ-
ment ey, as the distribution obtained by applying Ty, to samples drawn from ji:

(A% B) = p(TH(A)x B), ACX, BCY. (10

The base environment eq corresponds to the original distribution p. The full environment set is
E ={ep,€1,...,e5}

Proposition B.8 (CCT as Approximate IRM) A model fy that achieves zero consistency risk,
Rg(fs) = 0, satisfies the IRM invariance constraint across the symmetry environments £ =
{eo,...,es} with respect to any linear classifier g, applied to hg. Conversely, the IRM penalty
evaluated on the symmetry environments upper-bounds the CCT consistency penalty up to a con-
stant depending on the Lipschitz constant of g.

10
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[Proof sketch] Zero consistency risk implies hg(z) = hg(Tr(z)) on S9! for all k and p-almost
all z. Since gy is a fixed linear classifier, identical representations imply identical output distri-
butions: fyp(x) = fo(Tr(x)). This means the risk under each environment e, equals the risk un-
der eq, satisfying IRM invariance. For the converse, IRM invariance of fy across £ implies that
9o (ho(z)) = g¢(he(Tr(x))), which for an injective g, implies hg(x) = hg(Tx(x)), recovering zero
consistency risk. The Lipschitz constant of g4 mediates the case when g is not injective.

Proposition [B.§] situates CCT within the broader invariant learning literature. The key difference
from standard IRM is that CCT constructs environments automatically from logical symmetry rules
rather than requiring manually specified environment labels, making it applicable without access to
environment annotations.

B.6  WHY CROSS-ENTROPY ALONE CANNOT ENFORCE CONSISTENCY

A natural question is whether standard cross-entropy training on a sufficiently large and diverse
dataset would implicitly learn the desired consistency. We provide a formal argument showing that
this is not guaranteed.

Proposition B.9 (CE Insufficiency) There exists a data distribution u and a hypothesis class H
such that the empirical risk minimiser under cross-entropy, f = argmincq, R,(f), achieves zero

training error yet has arbitrarily high contradiction rate CR(f) — 1.

Construct 4 as follows. Let X = {z1, 2, x2, ), ...} where (x;, z}) are symmetry pairs with label
y; € {0,1}. Suppose the training set S contains x; but not x; for every ¢ (i.e. transformed prompts
are never observed during training, only at test time). Let H be rich enough to shatter S (e.g.
a sufficiently wide neural network). The ERM solution f can assign f (x;) = y; for all ¢ while

assigning arbitrary labels to {x,}, since these are unseen. In particular, f can satisfy f(2}) = 1 —y;

for all ¢, yielding CR(f) = 1. The cross-entropy loss provides no gradient signal on {2/} when
these examples are absent from training.

Remark B.10 (Data Augmentation vs. Representational Constraint) Proposition [B.9 implies
that naive data augmentation—adding x, to the training set with label y; and training with cross-
entropy—is a strictly weaker intervention than CCT. Augmentation encourages consistent outputs on
observed pairs but provides no explicit pressure towards consistent representations. A model trained
with augmentation can achieve low training error on both x; and x, while placing them in distant re-
gions of representation space, preserving the potential for inconsistency on unseen transformations
outside the augmented distribution. CCT’s consistency penalty directly constrains the geometry of
hg, providing a stronger inductive bias that generalises to unseen transformation instances.

B.7 INFORMATION-THEORETIC INTERPRETATION

We conclude with an information-theoretic perspective that connects the CCT objective to mutual
information maximisation.

Let X and X’ = T (X) be jointly distributed random variables linked by a symmetry transformation,
and let Z = hy(X), Z' = hy(X') be their representations. The mutual information I(Z; Z")
measures how much information the representation of a prompt shares with the representation of its
symmetric counterpart.

Proposition B.11 (Consistency as Mutual Information) For unit-normalised Gaussian represen-
tations in R, minimising the expected cosine distance E[D(Z, Z')] is equivalent to maximising a
lower bound on the mutual information I1(Z; Z'").

[Proof sketch] By the data processing inequality, any deterministic function of Z cannot increase
mutual information. For unit-normalised Gaussians, the cosine similarity 7T 7' is a sufficient statis-
tic for the correlation between Z and Z’, and the mutual information between two jointly Gaussian
variables with correlation p is I = —1 In(1 — p?), which is monotonically increasing in |p|. Since

D(Z,7'") = 1 — Z7Z', minimising D maximises Z ' Z’, which maximises I(Z; Z') within this
Gaussian approximation.
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This perspective connects CCT to the family of self-supervised objectives such as SimCSE (Gao
et al.l [2021) and BYOL (Grill et al.l [2020), where the goal is to maximise mutual information
between augmented views of the same input. The crucial distinction is that CCT augmentations are
truth-preserving by logical construction rather than by domain-specific heuristic (e.g. image crops
or colour jitter), providing a formal guarantee that the learned invariances correspond to genuine
logical equivalences rather than incidental surface-level similarities.

Taken together, the analyses in this appendix establish that CCT is theoretically well-motivated from
multiple complementary perspectives: as a geometric alignment procedure on the unit hypersphere
(Section [B.2)), as an implicit regulariser that reduces hypothesis complexity (Section [B.4), as an
instance of invariant risk minimisation over symmetry-induced environments (Section [B.5), and as
a mutual information maximisation objective over logically equivalent views (Section [B.7).
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