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ABSTRACT

In finite-sum optimization problems, the sample orders for parameter updates can
significantly influence the convergence rate of optimization algorithms. While
numerous sample ordering techniques have been proposed in the context of
single-objective optimization, the problem of sample ordering in finite-sum multi-
objective optimization has not been thoroughly explored. To address this gap, we
propose a sample ordering method called JoGBa, which finds the sample orders
for multiple objectives by jointly performing online vector balancing on the gra-
dients of all objectives. Our theoretical analysis demonstrates that this approach
outperforms the standard baseline of random ordering and accelerates the conver-
gence rate for the MGDA algorithm. Empirical evaluation across various datasets
with different multi-objective optimization algorithms further demonstrates that
JoGBa can achieve faster convergence and superior final performance than other
data ordering strategies.

1 INTRODUCTION

Many well-known machine learning problems involve jointly optimizing multiple objectives in
model training. Examples include multi-task learning (Sener & Koltun| [2018)), meta-learning (Ye
et al., 2021), learning with fairness and safety constraints (Zafar et al., 2017) and multi-agent re-
inforcement learning (Moffaert & Nowé€, |2014). Mathematically, these problems share the same
formulation of minimizing a vector-valued loss function £ and can be defined as:

min  L(w) = [L1(w),..., Ly (w)]. (D)
weRd
Here, each loss function £,,(w),m = 1,..., M corresponds to a training objective and can be
expressed by L, (w) = 25:1 l(w, &), where each &, denotes a training sample and ¢, is

the per-sample loss. Solving problem (T)) is fundamentally different from common single-objective
optimization problems as different objectives may have conflicts with each other. A straight-forward
baseline is to optimize a weighted average of the multiple objectives, also known as static or unitary
weighting (Kurin et al.| [2022; [Xin et al.| 2022)). Its performance then largely depends on how to
choose the weights to balance different objectives, and may involve huge amount of tuning efforts.
A popular alternative is thus to dynamically weight gradients from different objectives to avoid
conflicts between them. Generally, these methods share the same procedure: first compute all the
gradients of each objective, then compute a set of weights for different objectives based on their
gradients. The model is then updated by the weighted sum of all gradients, while the weights can
dynamically change. The pioneering work of this approach is the multi-gradient descent algorithm
(MGDA) (Désidéri, [2012) and its stochastic variants (Liu & Vicente, |2021}; [Fernando et al., [2023;
Zhou et al.l 2022} (Chen et al.| 2024). Later works further improve upon MGDA by considering
the worst improvement among different objectives (Liu et al.| 2021; Ban & Ji, [2024), as well as
constructing a bargaining game between different objectives (Navon et al., [2022).

While many methods can be used to compute weights dynamically based on the loss gradients, an-
other less investigated issue for finite-sum multi-objective optimization is how we order different
samples to compute their gradients and solve the problem in (IJ). For single-objective optimization
in the finite-sum setting, many different methods have been proposed for obtaining an order for all
samples. Nevertheless, they exclusively focus on a single objective only. When we have multiple ob-
jectives, one simple approach to generalize existing sample ordering methods (Figure[I(a)) is to use
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the weighted average of all loss gradients as the sample “gradient”, and follow existing data order-
ing methods on the weighted gradient. However, the gradient weights may change drastically during
model update, which makes existing methods unstable and often does not improve the performance
over the simple baseline of random ordering. Another simple extension is to utilize existing sample
ordering algorithms for each objective separately, which leads to different orderings for different
objectives (Figure [I(b)). It overlooks possible conflicts between gradients from different samples,
thus can still yield limited improvement than random ordering.

Motivated by the above limitations, in this paper, we propose a novel sample ordering framework
for multi-objective optimization methods. As illustrated in Figure[I(c)| the proposed method jointly
provides the sample ordering for different objectives by solving an online vector balancing problem
with the gradients on each objective. The online vector balancing problem allows us to control the
maximum norm of total model update within one epoch, which can be proved to accelerate con-
vergence from theoretical analysis. Our theoretical results demonstrate that the proposed method
improves over the baseline of random ordering for finite-sum multi-objective optimization, with
smaller sample variance and faster convergence. Empirical results on different data sets with mul-
tiple objectives for learning demonstrate that the proposed method achieves faster convergence and
better final performance than the other data sampling methods.

Our contributions are summarized as follows:

* We propose a novel data ordering method that uses gradient balancing across different objectives
to accelerate convergence.

* We propose a novel theoretical framework to analyze multi-objective optimization with different
data ordering for each objective.

» Empirical results across different data sets for multi-task learning demonstrate the effectiveness
of our method.
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(a) Same ordering for all objec- (b) Data ordering on each objec- (c) Proposed method: joint data
tives. tive separately. ordering on all objectives.

Figure 1: Visualization of different data ordering approaches for multi-objective optimization.

2 RELATED WORKS

2.1 PERMUTATION-BASED SGD FOR FINITE-SUM OPTIMIZATION

Different with the online setting that assumes training samples are independently sampled from an
underlying distribution, permutation-based SGD proposes to first sort all training samples by an
order, and use these samples following this order. An example is random reshuffling (Ying et al.,
2017) and the related shuffle-once method (Bertsekas), 201 1;|Giirbiizbalaban et al.| [2019)), which first
generates random permutations for all training samples in each epoch, and then uses the training
samples in each iteration following this permutation. Theoretical analysis of random reshuffling
dates back to Recht & Ré¢[(2012). [Rajput et al.| (2021) introduces a variant of random reshuffling
that reverses the order in every two epochs, and theoretically demonstrates that this variant achieves
faster convergence for quadratic objectives.

Instead of using a random order, some other works (Lu et al., 2021} Mohtashami et al.| |2022; |Lu
et al.,[2022)) try to find sample orders better than randomly generated ones. These works are mostly
based on the herding problem (Welling, 2009), which minimizes the consecutive errors of stochas-
tic gradients. Theoretical analysis (Cha et al., [2023)) demonstrates that such ordering based on the
herding problem is asymptotically optimal. There are different methods to solve the herding prob-
lem. Mohtashami et al.| (2022)) evaluates gradients on all samples first and then solves the herding
problem to obtain the order for all samples before starting an epoch. [Lu et al.| (2021) uses stale gra-
dients from the previous epoch to estimate the gradient on each sample. |Lu et al.| (2022) proposes
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to solve the herding problem via online vector balancing, which removes the additional storage cost
in (Mohtashami et al., [2022; |Lu et al., 2021]).

Despite numerous works mentioned above, existing works on permutation-based SGD only focus
on single-objective optimization problems. While some simple extensions exist for training with
multiple objectives (e.g., by using the weighted gradient or ordering samples for each objective sep-
arately), these simple extensions do not always yield much improvements, as will be demonstrated
in our empirical results.

2.2 GRADIENT-BASED MULTI-OBJECTIVE OPTIMIZATION

To balance the optimization on different objectives, most existing algorithms use the weighted aver-
age of all objective gradients to update the model. There are different ways to compute the weights
for different objectives. Some works set such weights based on some heuristics. Examples include
prediction uncertainty (Kendall et al.l [2017), gradient norms (Chen et al., 2018)) or task difficulty
(Guo et all 2018). Another line of works propose to compute the objective weights from some
sub-problems on the objective gradients. The pioneering work is MGDA (Désidéri, |2012), which
computes the weights by avoiding conflicts across any objective. Stochastic variants of MGDA with
optimization convergence guarantees have been proposed in (Liu & Vicente,[2021;|Zhou et al., 2022
Fernando et al., 2023} |Chen et al., [2024). PCGrad (Yu et al.l [2020) proposes to project the gradi-
ents of tasks to the normal plane of the other tasks with conflicting gradients. CAGrad (Liu et al.,
2021)) searches for an update direction in a neighborhood of the average gradient that maximizes the
worst improvement of any task. Nash-MTL (Navon et al., 2022)) proposes to look for a fair gradient
direction based on a bargaining game between different objectives.

Convergence analysis for the deterministic MGDA algorithm dates back to (Fliege et al., [2019).
Later on, stochastic variants of MGDA are introduced (Liu & Vicente, 2021; [Zhou et al., 2022}
Fernando et al.l 2023} |Chen et al., [2024). However, the vanilla stochastic MGDA introduces a
biased estimate of the dynamic weight, which results in the biased estimate of update direction
during optimization. To address this issue, [Liu & Vicente| (2021]) proposes to increase the batch size
during optimization, and proves the convergence of stochastic MGDA with the Lipschitz continuity
assumption for the objective weights \* (w) with respect to the loss gradients VL (w). Nevertheless,
as first proved in (Zhou et al.l 2022, Proposition 2), this assumption does not hold in general. To
address this problem, momentum-based bias reduction algorithms (Zhou et al.,|2022; [Fernando et al.,
2023) were proposed to eliminate such unrealistic assumptions. The convergence of the MGDA
algorithm without the unrealistic Lipschitzness assumption is first established in (Chen et al., |2024)),
which propose to mitigate the bias in update direction via double sampling. Most existing works
focus on the convergence analysis under an online setting instead of the finite-sum setting, and
ignores the impact of sample orders in their theoretical analysis.

3 PROPOSED METHOD

3.1 MULTIPLE SAMPLE ORDERINGS FOR MULTIPLE OBJECTIVES

A simple extension of existing single-objective sample ordering methods to multi-objective opti-
mization is to use the weighted average of all loss gradients as the sample “gradient”, and follow
existing data ordering methods on the weighted gradient. When the objective weights do not change
with different samples, such an extension can be regarded as using the weighted objective as the only
objective in the existing methods. However, since the objective weights are constantly changing, us-
ing the same sample order cannot well tackle the possible conflicts between different objectives.

As such, we propose to use different sample orders for the different objectives. Specifically, for
a data set with K samples, we generate an order 7}" : {1,...,K} — {1,..., K} for the m-th
objective. To generate the order ;" in each epoch ¢, some simple examples are listed below:

1. Random: In each epoch ¢, the data sets are randomly shuffled to generate an ordering 7}" for
each objective.

2. FlipFlop: For each objective, create a new order ;i by reversing the previous 7", i.e.,
it (k) =" (K +1—k).
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3. Random FlipFlop, which performs Random on even epochs and FlipFlop on odd epochs.

3.2 SAMPLE ORDERING BY ONLINE VECTOR BALANCING

Despite the simple ordering methods introduced in Section [3.1] some recent works
[Mohtashami et al.l 2022} [Cu et all, [2022) propose to adaptively find a good order for all training
samples in each epoch for faster convergence. An example is GraB 2022)), which tries
to find a sample ordering 7 that minimizes the maximum norm of parameter update in each epoch,
ie., maxg [|[w® D~ w® |l With a single objective ¢; the model parameters are updated by
w1 = wk) — VY (w, &x(x)) at each iteration k in an epoch. This problem is then transformed
to the online vector balancing problem defined below:

Definition 3.1 (Online Vector Balancing (Spencer, |1977)). Given K vectors {z;}5 | € R?, arriv-
ing one at a time, the goal of online vector balancing is to assign a sign €, € {—1,+1} to each

vector upon receiving it so as to minimize max,,c1,... k3 || S €k Zk| oo

We then propose to generalize such problem to the setting of multiple objectives by replacing the
gradients on a single objective to those on multiple obejctives and jointly consider their influence to
model updates, as the model is also jointly updated on different objectives. The complete proce-

dure of the proposed method, called JoGBa (Joint Gradient Balancing), is shown in Algorithm [T}

M
m=1

Specifically, in the k-th iteration of epoch ¢, we compute the gradients {Vﬁm(wgk), Exm (k)

for all the M objectives on current model parameter wgk). The sample orders 7™ for each objective

is then determined based on the results from solving the balancing problem on the gradients from
different objectives, implemented by routine Balancing in step 11. While there exists different
ways to solve the online vector balancing problem and compute the gradient sign €, ., here we
follow GraB and use a greedy algorithm that works well in practice. As in Algorithm 2] we compare
the vector norms of ||S + g k.t || oo a0d ||S — @i k¢ || 0o, Where s+ gy, i+ corresponds to putting this
sample at the beginning and s — gy, 1., corresponds to putting this sample at the end. Then since
the online vector balancing problem in Definition [3.1]tries to minimize the norm of vector sum, we
choose the sample order that can lead to the smallest norm, as is indicated by the value of ¢, j ;.
The vector s is shared among different objectives to enable joint balancing across their correspond-
ing gradients. After the balancing routine is complete, we compute the objective weights A by any

multi-task learning algorithm (routine MTL) such as MGDA (Désidéri,[2012)) or Nash-MTL
2022). Then we update the mean v of all gradients and perform model update on wgk)

3.3 THEORETICAL ANALYSIS

In this section, we theoretically demonstrate how Algorithm [T] improves upon simple extensions
of sample ordering methods to multi-objective optimization. Since the convergence analysis of
multi-objective optimization is different from optimizing a single objective, we first introduce the
definition of Pareto stationary. Denote the gradients for all M objectives as V.L(w) € R¥*M  where
L(w) is defined as in , and define AM as the following set:

M
AMI{)\GRM:Z )\ml,)\mZO,VmLyM}
m=1

Analogous to the stationary and optimal solutions for a single objective, we define Pareto stationary
and Pareto optimal solutions for the multi-objective optimization problem min,,cge £(w):

Definition 3.2 (Pareto stationary and Pareto optimality). If there exists a convex combination of the
gradient vectors that equals to zero, i.e., there exists A € AM such that VL(w)A =0, thenw € R4
is Pareto stationary for L. If there isno w € R? and w # w* such that, for all £,,,(w) defined in
withm=1,..., M, L,,(w) < Ly, (w*), and foratleastam’ = 1,..., M, L (w) < Ly (w*),
then w™* is Pareto optimal for L.

By definition, at a Pareto stationary point, there is no common descent direction for all objectives.
A necessary and sufficient condition for w being Pareto stationary for smooth objectives is that
minyecanm |[VL(w)A|| = 0 (Tanabe et al) [2019), which corresponds to the stationary condition
[|VL,,(w)|| = 0 for a specific objective L,,. Then, similar to the gradient norm ||V L,,(w)|| for
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Algorithm 1 JoGBa: Joint Gradient Balancing for Multi-Objective Optimization.

1: Input: number of epochs 7', initialized order 71, initialized weight wo, stale mean vg = 0, step size a.
2: fort =0,...,7 — 1do {t is the number of epochs}

3: form=1,..., M do {m is the index on different objectives}
4: Initialize left index l,,, <— 1, right index 7, < K
5:  end for
6:  Initialize running average s <— 0, stale mean v¢41 < O.
7: for k = 1,..., K do {k is the number of iterations in each epoch, 77 (k), ..., (k) indicates the
sample index we select for each objective}
8: Sample data &1 z), - - -, &7 1y from data set D
9: for m = 1,..., M do {Compute the gradient on the m-th objective and updates its sample order
i1, for next epoch t + 1}
10: Compute gradient V{4, (wgk) ; &xm (k) and centered gradient gy, k.t < Vm (wgk); Enm (k) — Ve
11: Compute sign for the current gradient: €y, k¢  Balancing(s, gm,k,t)
12: if €.kt = +1 then
13: Update s and left index lin: 8 <= 8 + Gm k3 Tig1 (Im) < 70 (k)3 b <= I + 1.
14: else
15: Update s and right index 7,1 8 <= 8 — Gkt Tig1(Tm) <= 75 (K); T <= T — L.
16: end if
17: end for
18: Compute weights A from multi-task learning algorithms A\ = MTL({VZm(wim; fﬂgn(k))}ﬁf:l)
19: Update stale mean vyq1 < vi41 + % Zf\f:l me(wik);éﬂn(k))
20: Optimizer Step: w{* ™) « w{ — aX M ALV (w(k>'§ ™ (k))
+ + m=1"\m m t s Smy (k)
21:  end for
22:  Use the model parameter from last iteration as the initialization for next epoch ¢ + 1:w$r>1 — wEKH).
23: end for

Algorithm 2 Online greedy implementation of Balancing(s, gm k.t )-

1: Input: s,gm k. ¢-
20 €mpt = Lif |8+ gm i tllco < I8 — Gmok,t]|oo €ls€ €m pe = —1.
3: Return €, ¢

single-objective optimization, the quantity minycaa || VL(w)A|| can be used as a measure of Pareto
stationarity (Désidéri, |2012; [Fliege et al.,|2019; |Liu & Vicente, [2021} |[Fernando et al., 2023)).

Now we list several assumptions that are necessary to derive the theoretical results. These assump-
tions are all commonly used in previous theoretical analysis (Liu & Vicente, 2021; [Fernando et al.}
2023} Zhou et al.,2022; |Chen et al.,|2024) on the convergence of multi-objective optimization meth-
ods:

Assumption 3.3 (Lipschitzness of £,,,(w)’s and L(w)). For all m € {1,... M}, £,,(w,§) is f-
Lipschitz continuous for all training samples . Then £(w) is F-Lipschitz continuous in the Frobe-
nius norm with F' = /M f.

Assumption 3.4 (Lipschitz smoothness of £,,(w)’s and L(w)). The gradient V{(w,§) is f1-
Lipschitz continuous for all m € {1,..., M} for all £&. Then VL,,(w) is Fy-Lipschitz continuous
in the Frobenius norm with F}, = /M f;.

Assumption 3.5 (Bounded gradient variance for each objective). For any w and sample &, the m-th
loss function satisfies | V£, (w, &) — VL, (w)]|3 < o2, for some given a,,.

With the above assumptions, we have the following convergence result if we use the MGDA al-
gorithm (Désidéri, 2012} Sener & Koltun, [2018) to compute the objective weights A. Proof is in

Appendix
Theorem 3.6. Suppose Assumptions and hold. Define A = maxycam L(wo)\ —

ming,cra xeam L(w)A as the maximum difference between objective values at initialization andd

that at Pareto optimality. Consider the model parameters {wél)} generated by MGDA algorithm
with random sample ordering (superscript 1 indicates the model parameters at the beginning of each
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epoch). Set o = WAUQ)KT where 0% = max,, 02, with o2, defined in Assumption then,

2

= 2 1 52 o2 o
121&3{111111 ||V£( ))\2} < 2ZPAF? + )+ (1+1 g(T)).

AEAM KT T
t=0

Now to analyze the convergence rate of Algorithm [I]that uses online gradient balancing to determine
sample ordering for different objectives, we first need an additional assumption on the Balancing
subroutine, which is also used for gradient balancing with single objective in (Lu et al.| 2022]).

Assumption 3.7. (Balancing Bound) For the subroutine Balancing in Algorithm [T} denote its
input vectors as z1,...,2z, € R? which satisfy ||z;]la < 1,¥i = 1,...n. Suppose the subrou-
tine assigns each vector z; asigne; € {—1,+1}, then there exists a constant A > 0 such that

|28 €izilloo < Aforall k€ {1,...,n}.

From Definition solving the online vector balancing problem corresponds to minimizing A
in Assumption We also have the following Proposition that controls the maximum norm of
parameter updates in each epoch. Proof is in Appendix [C.3]

PropOSItlon 3.8. Under Assumptzon Hand .Algorlthmlsansﬁes let 'wt(l) loo < AF for
allk e {1,...,K} andt € {0,. -1}

Based on this Proposition, we can then prove the following convergence result.

Theorem 3.9. Set
« =min< ¢ A L
B 32K A202F2T " 26(K + A)(F + Fy) [

where 0? = max,, o2, with 02, defined in Assumption 3.5 n Under Assumptions |3.3] . H and .
Algorithm |Z| vields

T—-1
1 A2F2A2(F2 +02) o2 65A(F+F) S8AAF
=Y E| mi L N <11\/ — :
T ; Lrélf%f 17w, } K272 Tt T " ®T

Proof is in Appendix[C.2] Compared to random ordering in Theorem 3.6} note that the convergence
rate of Algorithm |I| has a different term O((KT)~2/3) on the right hand side, which improves
upon the O((KT)~'/?) term in Theorem As such, Algorithm can achieve faster convergence
than random ordering as is implemented in existing multi-objective optimization methods. We also
note that a smaller A leads to faster convergence, which demonstrates that solving the online vector
balancing problem (minimizing A) is indeed useful to find better orders on the training samples.
Furthermore, the naive extension of GraB (Lu et al., [2022)) that performs online vector balancing
for gradients of each objective separately can also be analyzed under the same framework with the
following Proposition.

Proposition 3.10. Under Assumption[3.3|and[3.7) suppose that the sample order 7" in Algorithm|]|

is separately generated for each objective, then we have Hw(k) wgl) loo < MAF forall k €
{1,...,K}andt € {0,..., T — 1}.

Proof is in Appendix [C.3}] Compared to the results in Proposition [3.8] the bound here is M times
larger if we apply gradient balancing separately on each objective. Recall that M is the total number
of objectives. Thus, the convergence can be much slower than that in Theorem [3.9]

4 EXPERIMENTS

In this section, we demonstrate the effectiveness of the proposed method for multi-objective opti-
mization. We consider the following baselines: (i) Random reshuffling (Random), which is used in
most existing implementations to randomly shuffle the whole data set in each epoch ¢, (ii) FlipFlop,
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which creates a new order 7,1 by reversing the previous order, i.e., 41 (k) = m (K 4+ 1 — k). (iii)
Random FlipFlop, the combination of random reshuffling and FlipFlop, and (iv) GraB (Lu et al.,
2022), which performs gradient balancing on the weighted gradient of all objectives, and the weight
is computed using the combined dynamic weighting algorithm.

While the proposed method is independent of the dynamic weighting algorithms, we combine it
with the following dynamic weighting algorithms: MGDA (Désidéril [2012; |[Liu & Vicente, 2021}
Zhou et al., 2022 [Fernando et al.,[2023), PCGrad (Yu et al., [2020), CAGrad (Liu et al.l [2021)), and
Nash-MTL (Navon et al., 2022). We select these methods as they generally have good empirical
performance, and the proposed method can also be easily combined with other dynamic weighting
algorithms.

We consider two data sets that are commonly used for multi-objective optimization in machine learn-
ing: (i) NYUv2 (Silberman et al.| 2012)), an indoor scene data set that involves three different tasks:
semantic segmentation, depth estimation, and surface normal prediction. (ii) QM9 (Ramakrishnan
et al.l |2014), which is a widely used benchmark for graph neural networks predicting 11 properties
of molecules. More details on the setup can be found in Appendix [A]

4.1 NYUvV2

Figure 2] compares the convergence curves of different ordering methods with the proposed method.
We can see that the influence of sample orders on the convergence rate is generally different for
different objectives. Both depth estimation and surface normal prediction tasks are more influenced
by different sample ordering methods, while such influence becomes less significant for the semantic
segmentation task. FlipFlop and GraB generally achieve worse performance than the other methods,
while the proposed method JoGBa is the only one that can consistently outperform existing baselines
with random ordering.
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Figure 2: Different training loss (objectives) for NYUv2 data with different data ordering methods.
Top row: loss on the semantic segmentation task (semantic loss). Middle row: loss on the depth
estimation task (depth loss). Bottom row: loss on the surface normal prediction task (normal loss).

Table [T compares the testing performance of different data ordering combined with different multi-
objective optimization methods. FlipFlop generally performs worse than the other methods as it
only reverses the sample ordering after each epoch. Random FlipFlop slightly improves upon the
standard random baseline. While GraB does not yield faster convergence rate in Figure 2] its testing
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Table 1: Test performance for three tasks: semantic segmentation, depth estimation, and surface
normal on NYUv2. Values are averages over 3 random seeds.

Segmentation Depth Surface Normal
- o
mloU1 Pix Acc+  AbsErr | Rel Err | Angle Distance | Within ¢° 1 Am% |
Mean Median 11.25 225 30
STL 38.30 63.76 0.6754  0.2780 25.01 19.21 30.14 57.20 69.15

MGDA (Random) 30.48 59.77 0.6020  0.2555 24.13  19.22 29.51 57.11 69.58 1.31
MGDA +FlipFlop 29.47 57.90 0.6270  0.2755 24.88 19.45 29.18 55.88 68.36 1.58
MGDA+Random FlipFlop 30.52 59.81 0.6018  0.2556 24.11  19.16 29.52  57.23 69.56 1.28
MGDA+GraB 30.74 59.92 0.6011 0.2524 24.12 19.11 29.54 57.35 69.76 1.25
MGDA+JoGBa 31.02 60.21 0.6008  0.2508 24.08 19.08 29.55 57.47 70.03 1.19
PCGrad (Random) 38.06 64.64 0.5550  0.2325 2741 2280 23.86 49.83 63.14 3.97
PCGrad+FlipFlop 37.74 64.63 0.5590  0.2285 26.84 22.19 23.96 49.30 62.94 3.89
PCGrad+Random FlipFlop 38.12 64.64 0.5570  0.2329 26.99  22.67 23.56 49.65 63.18 3.86
PCGrad+GraB 38.31 64.66 0.5552  0.2317 26.79  22.87 23.68 49.76 63.22 3.78
PCGrad+JoGBa 38.59 64.67 0.5545  0.2270 26.53  22.40 23.87 49.95 63.87 3.56
CAGrad (Random) 39.79 65.49 0.5486  0.2250 26.31  21.58 25.61 52.36 65.58 0.20
CAGrad+FlipFlop 39.42 65.55 0.5437  0.2219 25.79  21.75 25.97  52.17 65.34 0.27
CAGrad+Random FlipFlop 39.85 65.73 0.5467 0.2226 26.14  21.46 25.62  52.24 65.62 0.17
CAGrad+GraB 39.91 66.09 0.5428 0.2214 25.79 21.44 25.64 52.26 65.44 0.18
CAGrad+JoGBa 40.42 66.08 0.5410 0.2205 2552 21.50 26.04 5243  65.73 0.03
Nash-MTL (Random) 40.13 65.93 0.5261 0.2171 25.26  20.08 28.40 55.47 68.15 —4.04
Nash-MTL+FlipFlop 39.46 65.82 0.5313 0.2190 26.12  20.99 28.05 54.64 67.77 -3.88
Nash-MTL+Random FlipFlop  40.67 66.32 0.5184  0.2009 2534 19.73 28.54 5535 68.07 -4.16
Nash-MTL+GraB 40.84 66.51 0.5156 0.2087 25.26 19.45 28.62 5537 68.11 -4.19
Nash-MTL+JoGBa 41.13 66.71 0.5112 0.2009 25.11 19.19 28.77 55.28 68.18 -4.27

performance is comparable to Random FlipFlop. The proposed method JoGBa achieves the best
overall performance across different performance metrics for all three tasks.

42 QM9

Due to the large number of objectives in the QM9 data, here we only plot the average of all training
objectives, and the convergence curves are shown in Figure [3|for different sample ordering methods.
Compared to the NYUv2 data set, the effect of sample ordering becomes less significant for the
QMO data. Only GraB and JoGBa achieve slight improvements than other ordering methods.
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Figure 3: Training loss for QM9 data with different data ordering methods.

Table [2] compares the testing performance of different data ordering methods. Similar to the results
for NYUv2, FlipFlop generally performs worse as it only reverses the sample ordering after each
epoch. Random FlipFlop achieves comparable performance with the random ordering baseline, and
GraB slightly improves upon it. The proposed method JoGBa achieves the best overall performance.

4.3 COMPARISON ON TIME COSTS

Note that the proposed JoGBa has two key steps in each iteration: (i) sample ordering, where we
determine the order of this sample based on its gradients, and (ii) model updating, where we compute
the objective weights and update the model with the weighted gradients. Table [3]compares the time
costs of these two steps in each iteration for different multi-objective optimization algorithms on
NYUv2 and QM9 data. As can be seen, the time cost of sample ordering is almost negligible
compared to that of model update, and is generally the same for the same data set across different
multi-objective optimization algorithms. This is intuitive as sample ordering is not related to any
specific multi-objective optimization algorithm, and demonstrates that the proposed method does
not introduce much additional time cost.
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Table 2: Test performance on all property prediction tasks in QM9. Values are averaged over 3
random seeds.

I a  enomo eumo (R2) ZPVE Uy U H G o

MAE | Am% |
STL 0.067 0.181 60.57 53.91 0.502 4.53 58.8 64.2 63.8 66.2 0.072

MGDA (Random) 0.217 0368 126.8 104.6 3.22 569 8837 89.40 89.32 88.01 0.120 120.5
MGDA +FlipFlop 0.221 0371 1309 104.5 3.32 5.62 8831 89.45 89.71 88.84 0.124 1214
MGDA+Random FlipFlop  0.216 0.365 126.7 1032 3.19 5.65 88.34 89.27 88.74 87.34 0.115 118.9
MGDA+GraB 0.206 0343 120.8 1014 3.16 544 87.68 88.63 88.87 87.26 0.119 1184
MGDA+JoGBa 0.202 0332 117.3 992 3.12 537 87.48 88.37 88.80 87.04 0.116 116.7
PCGrad (Random) 0.106 0.293 75.85 88.33 3.94 9.15 11636 116.8 117.2 1145 0.110 125.7
PCGrad+FlipFlop 0.106 0.306 75.15 88.29 3.87 9.17 120.17 117.4 117.8 114.1 0.113 1263
PCGrad+Random FlipFlop  0.104 0.293 75.05 88.25 3.83 9.07 114.89 116.4 116.9 114.1 0.106 125.2
PCGrad+GraB 0.098 0.281 74.91 86.98 3.75 891 115.66 114.4 117.1 113.6 0.102 1242
PCGrad+JoGBa 0.098 0.271 74.43 8430 3.56 8.78 113.15 113.2 117.1 113.5 0.096 123.5
CAGrad (Random) 0.118 0321 83.51 94.81 3.21 6.93 113.99 114.3 1145 112.3 0.116 112.8
CAGrad+FlipFlop 0.115 0325 85.13 94.94 324 7.09 11432 1152 1149 113.1 0.117 113.1
CAGrad+Random FlipFlop 0.113 0.322 83.19 94.87 3.15 692 114.18 113.8 113.8 111.6 0.113 112.8
CAGrad+GraB 0.111 0.312 8249 9471 2.96 6.77 113.89 113.7 1104 111.8 0.108 112.1
CAGrad+JoGBa 0.110 0.304 82.38 94.49 292 649 11322 113.5 110.2 111.6 0.104 111.9

Nash-MTL (Random) 0.102 0.248 82.95 81.89 2.42 538 7450 75.02 75.10 74.16 0.093 62.0
Nash-MTL+FlipFlop 0.106 0.255 82.79 82.01 2.45 542 7452 75.07 75.13 74.27 0.096 62.2
Nash-MTL+Random FlipFlop 0.097 0.254 82.53 81.47 2.42 529 74.41 75.08 75.07 74.22 0.094 61.6
Nash-MTL+GraB 0.099 0.252 82.64 81.68 2.38 531 74.43 7494 75.05 74.13 0.091 61.7
Nash-MTL+JoGBa 0.094 0.231 82.24 80.73 2.29 524 7437 74.84 75.03 74.05 0.087 59.2

Table 3: Per-iteration CPU time cost (in seconds) of the two key steps in JoGBa combined with
different multi-objective optimization algorithms.

NYUv2 QM9
MGDA PCGrad CAGrad Nash-MTL | MGDA PCGrad CAGrad Nash-MTL

Model update 1.04 0.91 0.99 1.06 2.97 1.37 1.17 1.62
Sample ordering 0.02 0.03 0.03 0.03 0.06 0.05 0.04 0.05

Table 4: Test performance for three tasks on NYUv2 with different sample ordering methods for the
proposed multi-ordering framework. Values are averages over 3 random seeds.

Segmentation Depth Surface Normal
mloU 1 Pix Acct Abs Err | Rel Err | Angle Distance | Within ¢° 1 Am% |
Mean Median 11.25 225 30
MGDA+Random 30.48 59.77 0.6020  0.2555  24.13 19.22 29.51 57.11 69.58 1.31
MGDA+FlipFlop 29.47 57.90 0.6270  0.2755  24.88 19.45 29.18 55.88 68.36 1.58
MGDA+Random FlipFlop  30.52 59.81 0.6018  0.2556  24.11 19.16 29.52  57.23  69.56 1.28
MGDA+GraB 30.74 59.92 0.6011  0.2524  24.12 19.11 29.54 57.35 69.76 1.25
MGDA+JoGBa 31.02 60.21 0.6008  0.2508  24.08 19.08 29.55 57.47 70.03 1.19
PCGrad+Random 38.06 64.64 0.5550  0.2325 2741 22.80 23.86 49.83 63.14 3.97
PCGrad+FlipFlop 37.74 64.63 0.5590  0.2285  26.84 22.19 23.96 49.30 62.94 3.89
PCGrad+Random FlipFlop ~ 38.12 64.64 0.5570  0.2329  26.99 22.67 23.56 49.65 63.18 3.86
PCGrad+GraB 38.31 64.66 0.5552  0.2317  26.79  22.87 23.68 49.76 63.22 3.78
PCGrad+JoGBa 38.59 64.67 0.5545  0.2270  26.53  22.40 23.87 49.95 63.87 3.56
CAGrad+Random 39.79 65.49 0.5486  0.2250  26.31  21.58 25.61 52.36 65.58 0.20
CAGrad+FlipFlop 39.42 65.55 0.5437  0.2219  25.79 21.75 25.97  52.17 65.34 0.27
CAGrad+Random FlipFlop ~ 39.85 65.73 0.5467  0.2226  26.14 21.46 25.62 52.24  65.62 0.17
CAGrad+GraB 39.91 66.09 0.5428  0.2214  25.79 21.44 25.64 52.26 65.44 0.18
CAGrad+JoGBa 40.42 66.08 0.5410  0.2205 2552 21.50 26.04 5243 6573 0.03
Nash-MTL+Random 40.13 65.93 0.5261  0.2171 25.26  20.08 28.40 55.47 68.15 —4.04
Nash-MTL+FlipFlop 39.46 65.82 0.5313  0.2190 26.12  20.99 28.05 5464 6777 -3.88
Nash-MTL+Random FlipFlop  40.67 66.32 0.5184  0.2009 2534 1973 28.54 5535 68.07 -4.16
Nash-MTL+GraB 40.84 66.51 0.5156  0.2087 2526 1945 28.62 5537 68.11 -4.19
Nash-MTL+JoGBa 41.13 66.71 05112 0.2009 25.11 19.19 28.77 5528 68.18 -4.27

4.4 ABLATION STUDY

Despite using the balancing routine as in Algorithm[I] other data ordering methods may also be used
to obtain sample orders for different objectives instead of a shared order. We use the same NYUv2
data set and training setup as in Section [4.1] Besides the proposed Algorithm [T} we consider the
following sample ordering methods for comparison: (i) Random reshuffling (Random), (ii) FlipFlop,
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Figure 4: Different training loss (objectives) for NYUv2 data with different data ordering methods
for the proposed multi-ordering framework. Top row: loss on the semantic segmentation task (se-
mantic loss). Middle row: loss on the depth estimation task (depth loss). Bottom row: loss on the
surface normal prediction task (normal loss).

which creates the new order 7}"} | by reversing the previous order for each objective, i.e., 7}t | (k) =
7" (K + 1 — k). (iii) Random FlipFlop (Random FF), the combination of random reshuffling and
FlipFlop, and (iv) GraB (Lu et al., 2022), which applies GraB to all objectives separately.

Figure[dcompares the convergence curves of different sample ordering methods. Similar to Figure[2]
the influence of sample orders on the convergence rate is generally different for different objectives.
The surface normal prediction task is more influenced by different sample ordering methods than
other two tasks. FlipFlop and GraB generally achieves worse performance than other methods, while
JoGBa is the only one that can consistently outperforms existing baseline with random ordering.

Table [d] compares the testing performance of different data ordering combined with different multi-
objective optimization methods. FlipFlop generally performs worse than other methods as it only
reverse the sample ordering after each epoch. Both Random FlipFlop and GraB improve upon the
standard random baseline, but their performance is still worse than the proposed method JoGBa,
which demonstrate the effectiveness of joint sample ordering in multi-objective optimization.

5 CONCLUSION

In this paper, we propose a novel training framework for multi-objective optimization. The pro-
posed framework determines sample orders for each objective by performing online vector balanc-
ing with the gradients on different objectives. It can be seamlessly combined with any existing
multi-objective optimization methods. Our theoretical results demonstrate that the proposed method
improves upon the baseline of random ordering with faster convergence. Empirical results on dif-
ferent multi-objective optimization problems demonstrate that the proposed method achieves faster
convergence and better final performance than other data ordering methods.

10
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A EXPERIMENT DETAILS

All experiments are conducted on a server with an Intel Xeon Gold 6342 CPU and an NVIDIA
RTX A6000 GPU. We use the PyTorch version 1.10.1 with CUDA version 11.7. For experiments
on NYUv2 data set, we train a Multi-Task Attention Network (MTAN) following
previous works on multi-task learning (Yu et all, [2020}; [Navon et al.| [2022). We also follow the
training procedure from (Ciu et all, 2019; |Yu et al., 2020; [Navon et al., [2022). Each method is
trained for 200 epochs with the Adam optimizer (Kingma & Ba, 2015)). We set the learning rate
a = 1 x 10~% at the beginning of training, and reduce it to 5 x 10~ after 100 epochs. The batch
size is set to 2 for all methods.

For experiments on QM9 data set, we use the MPNN model proposed in (Gilmer et al.,2017). Each
method is trained for 300 epochs with the Adam optimizer (Kingma & Bal [2015) and we set the
learning rate = 1 x 10~* through the whole training process. The batch size is set to 120 for all
methods.

B COMPARISON OF DIFFERENT SAMPLE ORDERING APPROACHES

To better demonstrate the differences between the three approaches in Figure [T} here we introduce
the detailed procedures for the other two approaches. Algorithm [3]describes the procedure for the
approach in Figure [I(b)] (which orders the training samples for each objective separately). The key
difference is that we solve the online vector balancing problem for each objective separately, which
introduces separate s,, and v,, ;’s compared to the unified s and v; in JoGBa (Algorithm E[)

Algorithm 3 Multi-objective optimization with separate data ordering on each objective (Fig-
ure |1(b)].

1: Input: number of epochs T, initialized order 71, initialized weight wo, stale mean v,,,0 = O for all
objective m = 1, ..., M, step size a.

2: fort=0,...,7 —1do

3: form=1,...,Mdo

4: Initialize left index l,,, <— 1, right index 7, < K
5: end for
6.
7
8
9

Initialize running average s,, <— O for each objective m = 1,..., M, stale mean v, ++1 < O.
fork=1,...,Kdo
Sample data fﬂg(k), e ,fﬂ_fu(k) from data set D
form=1,...,M do
10: Compute gradient Vﬂm(wgk);fﬁn(m) and centered gradient gy, k,t < Vim (w§k>; Erm(k)) —
'Um,t
11: Compute sign for the current gradient: €,,, k.1 <— Balancing(Sm, gm.,k,¢)
12: if €,,,x,: = +1 then
13: Update s, and left index Ip,: Sim <= Sm + Gm ks Tig1 (Im) < 70 (k)3 L <= I + 1.
14: else
15: Update s, and right index 7, Sm <= Sm — Gm k.t Tog1(Pm) <= 78 (k); T = Tm — L.
16: end if
17: Update stale mean v, t41 < Um,t+1 + %Vﬂm(wgk);fﬂp(k))
18: end for
19: Compute weights A from multi-task learning algorithms A = MTL({VEm(wik); Enmn 1) b=1)
20: Optimizer Step: w(" ™ + w(™ — a XM X\ Vi (w; € 1)
21:  end for
22: wt_1~_)1 — ngH).
23: end for

Algorithm [] describes the procedure for the approach in Figure [[(a)] (which uses a shared sample
order for all objectives). In other words, we use the weighted average of all loss gradients as the
sample “gradient”, and follow existing data ordering methods on the weighted gradient. When the
objective weights do not change with different samples, such an extension can be regarded as using
the weighted objective as the only objective in the existing methods. However, using the same
sample order cannot well tackle the possible conflicts between different objectives.

13
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Algorithm 4 Multi-objective optimization with a shared data order (Figure|l(a)).

1: Input: number of epochs 7', initialized order 71, initialized weight wo, stale mean vg = 0, step size «.
2: fort=0,...,7T —1do

3 form=1,...,M do

4: Initialize left index l,,, < 1, right index 7, < K
5: end for
6.
7
8

Initialize running average s <— 0, stale mean v¢y1 < 0.
fork=1,...,Kdo

Sample data &-ﬂ.tl(k), . ,§7Tgw(k) from data set D

9: form=1,...,M do

10: Compute gradient Vém(wik) s &xm (k)

11: end for

12: Compute weights A from multi-task learning algorithms A = MTL({VKm(wEk); Ew{"(k))}%:l)
13: Compute centered aggreagated gradient gy, ¢ <— Zﬁf:l )\mV&n(wik); Exm(k)) — Ut
14: Compute sign for the current aggregated gradient: €+ <— Balancing(s, gr,t)

15: form=1,...,M do

16: if €,,+ = +1 then

17: Update s and left index l;,: 8 <— 8 + gr,es i1 (I ) <= 787 (k) U <= L + 1.
18: else

19: Update s and right index 7y,: 8 <= 8 — gre; Tip1 (Tm) < 70 (k)s T <= 7 — 1.
20: end if
21: end for
22: Update stale mean ve 41 ¢ Veq1 + & oo, A VL (wiF); Erm (k)
23: Optimizer Step: w " ™) + w* — o Ei\le A Vi (w*) Exm (k))
24:  end for ‘
25: 'wti)l — 'wEKH)
26: end for
C PROOFS

C.1 PROOF OF THEOREM [3.6]

Theorem[3.6] By the F-smoothness of £(w)\ for all A € AM | we have
F 9
L(wi )X — L(w) N <(VL(w)A, w1 — wy) + 7||wt+1 — wy| 3)

where w11 —wy = a VL(w) A}, s.t. \f € argminycan ||VL(w; )% For notation simplicity,
we define Q; = VL(w;), and Ay, = argminyeanm ||[VL(w;)A[|. Then we have:

F
L(wis1)A — Lw)A < — a(VL(we )\, QA ) + éafugtxgt 2. @)
The inner product term can be bounded as

—(Vﬁ(wt))\, Qt)‘zQJ :<V£(’U.It))\, V,C(’U.Jt))\: (’U.Jt) - Qt)\at> - <V£(’th))\7 V/J(wt))\: (’U.Jt)>

(5)
(@)
<(VL(w)X, VLwo)A] (wr) = QeAg,) — VL (we) A (we)]? (©)
SFVL(w)A; (wi) = QA || = VL (wi) Ay (wy)|* 9
() 5 1
S2F2(|Qr — VL(wy)|[2 — [VL(we) A (we)]|* ®)

where (a) follows from (18)) in Lemma|C.3] (b) follows from Lemma [C.4] Plugging (8) into (4),
taking expectations on both sides and rearranging yield

BV L) (w)l2] SEAlL () — LA+ 2F B lIQ — VL@ + L (F 4 0%)ad.

14
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For all t € [T, plugging in oy = «, and taking the telescope sum on both sides of the last inequality
yield

T
1 .
= S EAlVL(we); (@) ©
t=1
1
ga—T]EA[ﬁ(wt)—C(th)])\—k% ZEA 1Q: — VL(wy)||7] + (F2+a) (10)
< LBl LA+ 20} (= ZE 10~ Ve |F) + 22 4 02 1)
ST AL (W Wi+1 I A t— wy o).
By increasing the batch size during optimization with a batch size of O(t), it holds that
T T
1 9 1 o? _ o?(1+log(T))
— — < — — <
TZ;EA[H@ VL(w,)] ],T; -~ < - (12)

Plugging (12)) back into (TI)), its optimization error is given by:

Bal _min | IVE@OAR] <7 S EAllT£@0N (w0

te[T],xeAM

_0%(1 +1og(T)) n EalL(w) — L{wry1)]A n ﬂ(Fz +o%a

T aKT 2
o%(1 +1og(T)) A F, 9
—(F 1
< T +aKT+2( +0%)a (13)

where the last inequality uses the definition of A = maxycan L(wo)\ — ming,cpa yeam L(w)A.

Then setting o = 4/ W, we will have:

EA[ min an(wtmﬂg

2RA(F +0%) | (1 +log(T))

te[T], eAM KT T ’
which concludes our proof. O
C.2 PROOF TO THEOREM[3.9]
Proof. From Lemma|C.1]in Appendix @ we have
T—1
1 ; (D)2 < 2F12 W2 o2F(F?+02)
SRV S £ S M
On the other hand, from Lemma@ we obtain
T-1 T-1
Z A? <1200 K?0% + 64a% A%0°T + 480° K? Z max HVE(wt(k)))\Hio.
t=0 =0 F
Combining them together gives us,
1) 2 2A
T imi]% IVEC DA < 77
2 T-1
+ ?1 (120a2K202 +640°A%0°T + 480° K> > max |V L (w;
t=0
a?Fy(F? + o2
N +%
2A 12002 F2 K202
< 640 A*Ffo”
SQKT T oAt
48 2K2 2 T—1 2 (F2 2
+ — @ 1 ZmaXHV/: ))\H2 w

15
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Note that for any € R?, ||z||o < ||z||2, so the last term can by bounded by its £2-norm. Moving
it to the left side of the inequality gives us
1- 48a2K2 2 = 2A  12002F2K 25>
Z min, IVL(w )N <=+ T1 + 6402 A%Fio?
0[2F1 (F2 + 0'2)
—

Finally, we set the value of « as follows:

wemind §—o& 1 1
32K A?02F2T KF' 26(K + A)F [

and we finally obtain

9

T—1 SO A 5 5 )
! min [[VL(w{")A|? < Hi/A FEAY(F? +0%)  o®  G5A(F+F)  8AAR

T < \eAM K2T? T T KT
O

which concludes our proof.

C.3 TECHNICAL LEMMAS
Lemma C.1. In Algorithm[l} if « KF < 1 holds and Assumption3.3|and[3.4) hold, then
N a?F (F? + 02)'

2
1
w} )H 2

T Z HllIl (IVL( (1))/\||2 < — + 1 Z maXH (k) _

Proof. Note that the update can be written as
K M

k
wity =w - aZZAk,mwm(wﬁ );&T;:(t))
k=1m=1
By the Taylor Theorem, for allthe t =0,--- , T — 1,
Fy
Llwh)N <L )N+ (VLN wi)y —wiV) + 5 3 ity —wi|?
<L(w{")\ — aKE <w w)\ ZZMW ;£ﬂ¢<t>)>
k 1m=1
K F ’
«
1 Z Z )\z kvg ;gﬂi(t))
k 1m=1
=L(w)\ - 2| ve A2 - 25, L AV (w™; 2
=L(w; ") H (wi)A| — | ZZ ik ® )l
k 1m=1
2
?K?F |1 & &
+—||V£ KZZAsz Do)+ = E EZZ Ak VEi(w3 o, 1)
k=1m=1 k=1 i=1
aK
<L~ VLN + O VL] A——ZZMW Hin)l?
k=1m=1

042F1(F2 —|— 0'2)
2

16
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In the second step, we apply —(a,b) = —1 la|® - %Hb”2 +1lla- b||*,Va, b. In the third step, we
use the condition that anL < 1. Expanding the last term using Assumption [3.4] we get

K K M
IV L(w)A Z Z Aot Vi ( ;fa;n(k))HQ Z‘ %Zw(wt Z Z Am. etV
k 1m=1 k: m=1
K
ZHVE (wM)A — vz(wi’“))A‘f
k; )
<ge 2 F [ul? il
gFfAﬁ.

In the second step we apply the Jensen Inequality. Put it back, we obtain
a?Fy (F? + o?)
—2 .

Finally, summing from ¢ = 0 to 7" — 1, and considering the definition A = max,canm L(wp)\ —
ming,era yeam L(w)A, we will have:

LN < L) - Hvz () /\H + —Fl 272 4

T-1

2F2 k) 2 2F F2 2
T Z mm |V L(w (1)))\||2 — 4+ =L ZmaxH wgl)HooJr—a 1 5 to )
That completes our proof. O

Lemma C.2. In Algorithm([l} if the learning rate « fulfills

1 1
< mi -
@ = { 32nLo 16H Ly } ’

then the following inequalities hold:
Ap <2aHs + (8anLog + 4aH L) A1 + 2an||VL(wy)|| ., VE > 2

and,
AT < 8a”n?|[VL(w1)|[Z, +8a”n?e?,
and finally,
K K
Z A7 < 16a%n*¢? + 48a* H*¢* K + 48a°n? ZHVE(wk)HiO
k=1 k=1

Proof. Without the loss of generality, for all them € {2,--- ;n+ 1} andallthe k € {2,--- | K},

m—1
w™ =w, —a Yy Vf (U’z(f)% fﬂow))

t=1

—wp —a Z vy ( (1o t))),wg,c(t)>
~ Lok,
-a Z (Vf (wz(f);wok(t)) Vf( G (t)))
t=1

Now add and subtract

n

amzliZVf (w;(j,)ﬁwak,l(s)) —1) i (wk 1 Loy 1(75))’
t=1 s=1 t=1

17
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which gives

m—1
(0311 (ox ()
—a) (Vf (wz(f)%%km) —Vf< w <t>>)
t=1

We further add and subtract

alm—1) X
—_ Z VL(ws; s, (1)) = a(m —1)VL(wy)

K
k=1
to arrive at
(m) = (o7t (o (®) 1 (*)
wy = Wi — o Vf{w, Lor(t) | T va (wkfl;wﬁk—l(s))
t=1 s=1

n

-1
—a(m —1)VL(wy) + % (Vf (Wi %o, (1)) = Vf (wl(ctll; ﬁcokl(t)))

t=1

m—1

(o311 (o))
—a), (Vf (wz(f)§$ok<t>) Vf( R %m)))
t=1

We can now re-arrange, take norms on both sides and apply the triangle inequality,

m—1 n
(0 (o (1)) 1 ;
> (Vf< ‘R »%m)) =2 VS (w;(f_)l%ﬂfakl(s>)>
s=1

i =] <
o0

t=1 .
+a(m = 1[|VL(w)|
1
—i—% Z(Vf (wis o, 1)) — VS (wk 1?“’%71(0))
t=1 -
m—1
+al| (Vf (0 2nc0) - w( ) ”’“(t)»H L (14)
t=1 .

There are four different terms on the right hand side, we will apply the Assumption on the first
term, and Assumption @ on the last two terms. First, for the first term,

(o3t 0 (1) 5N .
Vf( k e ;wUk(t)) - Ezvf (w]({_)l;wgkfl(s))
Vf( (0, 1<ak(>>>;%(t) _va( <ok (k) x(,k_us))H

ol (o 1 s
et (o ) ()
s=1

W) _0)

Assumpnon@and@ Lo
St+o+—
i+ )3

s=1 oo

(051 (on (1))

2
<maxo,, + — (Hwk 1—w, H +Hwk_17wk 1” >
m n
s=1 oo

S maxo,, + 2L2Ak_1
m

18
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This implies if we denote

P (t))
Uy 1= VE( kk 11 ' Uk(t)> 772V£ wk 138y (s ))

We can now use assumption [3.7)to obtain a bound on the preﬁx sum

m—1 u
> - < A4,
— <+ 0+ 2L Ak .
that is,
m—1 n
o, o (t 1 s
Z <Vf ( k (o )))7w0k(t)> — gZVf (wl(c)l;il:gk_l(s))> < A(G+0; 4+ 2L2Ak1).
t=1 s=1 0o

Now we have a bound for the first term in Equation (T4), we proceed to bound the last two terms
where we apply Assumption [3.4] We can then rewrite Equation (T4) into,

m al m—1 -
|wi™ —w]|  <ad(c+oi+2L000) + alm = DIVL(w)] . + %) > e = wi®]|
t=1

m—1

toLe Y [wf)
t=1

Furthermore, applying the triangle inequality to the norms in the last two terms, we obtain

(ot (or(t))
— W

oo

Hwk 1 ’wkH = H’wg) — W1+ Wr—1 — 'wkntl H <2A_1
and similarly,
wl(f) — w,(:_’:ll(ak(t)))H = leg) — Wy + W, — Wh—1 + Wp—1 — w,(:kl l(ak(t)))H < Ap 42851

This gives us
|l = wi| <0+ o+ 2LoAk 1) + alm = DIVEwR) | + 20Loc(m = 1) Ak

+ aLoo(m —1)(2A5—1 + Ag)
<aA(s+ 0y + 2L A1) + a(m — 1) [|[VL(wy)|| o, + @Loc(m — 1)(4Ak—1 + Ay).
5)

Note that Equation (15) only holds with k € {2,--- , K} andm € {2,--- ,n+ 1}. We now discuss
the boundary cases. Note that the bound of Equatlon (T3) trivially holds w1th m = 1 for any k since
the left hand side becomes zero. On the other hand, when k& = 1, we have,

m—1

w%m) =w; — « Z Vf (wgt); wgl(t))
t=

m—1

n m—1
=w; — « %ZV}‘ wl,wgl —l—aZVf('wl $ oy (8 ) aZVf W1 Ty, t))
t=1

t=1 s=1

m—1
1
+a E VI (wi;xe,1)) — @ E -~ E Vi (wi;To,(s)
t=1 t=1 s=1

take norms and apply the triangle inequality, we obtain

Z va W15 Ly (s)
m—1

Z (Vf (w1325, (1)) Z wl;wol(s))>

t=1 s=1 00

<a(m - D|VL@w)ll. +a(m - 1)IaAs +a(m — 1)(s +07)
<an||VL(w1)| . +anleAi + an(s + o;). (16)

m—

Z (Vf (w§t);wol(t>) -V (wl;wal(s)))

(m)

o0

o

+«
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Now that we have the bounds for A, we next will sum them up. Taking a max over m on both side
in Equation (I5), this implies for all the & > 2,

A < OzH(C +0; +2LoAk_1) + aLoon(4Ak_1 + Ag) + om||V£(wk)||oo
as m — 1 < n. Considering the fact that aL..n < 1/2, we get
Ay <20Hs 4 0y + (8anLo + 4aH Lo) A1 + 20m ||V L(wh)|| -

This completes the proof of the first inequality in the lemma. Applying this recursively from any
k > 2to 2, this gives

Ay <(8anLos + 4aHLy) ' Ay + Y (8anLoe + 4aH Ly)' (2aH (s + ) + 2an| VL (wy)| o) -

i=1

Applying the learning rate conditions that 32anL., < 1 and 16aH Ly < 1, we obtain

k—1
1
as(3) A+ttt o)+ dan| VLG
Square on both sides,
1\ !
AZ <3 (4) A2 +480° H (s + 0y)? +48a2n2||V£('wk)||io.
We can apply the similar trick to Equation (T6) and get

A2 < 8a2n?||VL(wy)|%, + 8a?n?(s + ;).

This completes the proof of the second inequality in the lemma. Summing from & = 1 to K, we
will get

K K
S OAL=AT+D> A}
k=1 k=2

K k—1 K
1
=A% 4 372 E <4) + 4802 H?(s 4 0;)*(K — 1) + 48a*n? E |V L(wy)]|,

k=2 k=2
00 1 k K

<AT+3ATY (4) +4802H2 (s + 04)* (K — 1) + 48a°n? Y _[|VL(wy)|%,
k=1 k=2

K
<1602n?||VL(w))|%, + 1602n%(s + 0)2 + 4802 H?(s + 0:)2 (K — 1) 4 48a°n? ZIIVE(wk)IIiO

k=2
K
<16a*n?(s + 0;)? + 480’ H? (s + 0;)? K + 48a*n? ZHVﬁ(wk) ||iO
k=1
That completes the third inequality, and we have finished proving all three inequalities. O
Lemma C.3 ((Chen et al.,[2024)). Given Q € R*™*M  recall Ay, With p > 0 is defined as
Xoy,p € argmin[|QA[I” + p[[ A% (17)
AeAM
Then, for any A € AM it holds that
(@G0, QN) > 1QXG 17 = p, (18)
and [|QX = QXg ,|I” < QA" — QX5 II* + 2. (19)
Proof. By the first order optimality condition for equation , for any A € AM we have
<QTQ/\Z?,/J’ A= )‘22,/)> Z=p- 20)

20
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By rearranging the above inequality, we obtain

(@55, QN) 2 QX117 — p, 21)
which is precisely the first inequality in the claim. Furthermore, we can also have

IQA = QX ,II* = QAN + QG ,I* — 2(QAG ,, QA)
< QAP + QG 17 = 21QX, ,II* + 2p
= [QAIIP = IQAG,,II* + 2p,
which is the desired second inequality in the claim. Hence, the proof is complete. O

Lemma C.4 (Holder continuity of dg w.r.t. Q (Chen et al., 2024)). Forall Q,Q" € R¥*M  define
A* € argminyean |QA|?, and X € argminycau [|Q'N|%, and dg = QN*, djy = Q'\", then

||dQ_dQ’||2<4maX{ sup [|QA]l, sup Q’MI}' sup [[(Q — Q") (22)
AeAM AeAM AeAM

Proof. We can first rewrite ||dg — dg[|? = [|QN* — Q'A% as
QX — QN[I* =[|QN*[1* + QN[> — 2(QA", Q'\™)
=[QNI* = IQN|* + 2(Q'X, QN — Q%)
=[QN*[? = QN[ + 2(Q'N", QN = Q'\") +2(Q'\*, Q'\* — QX¥)

<0

where (Q'\*, Q' \* — Q'\*) < 0 by in Lemmal|C.3| Then it can be further bounded by

1A — @A12 € min QA2 — min [QAI2 + 21N @ — Q°]
T AeAM AEAM

= — max —[[QX* + max —[|Q"A|I” +2[Q'A\[|[(Q" — Q)\"||
AeAM AeEAM

()
< max ([|QA” — |Q'A?) + 2@ A[(Q" — @)X

T AeaM
(c)
< max [[(Q — Q) QA+ QA + 21l A (Q" = @)A"|
<dmax{ sup QA sup @A} - sup (@ Q)]
)\EAJW )\EAM )\GAJ\J
where (a) follows from Cauchy-Schwarz inequality; (b) follows from subadditivity of maximum
operator; (c) follows from triangle inequality. The proof is complete. O

C.4 PROOF ON THE CONVERGENCE RATE OF ALGORITHM [[]WITH RANDOM ORDERING

The following theorem studies the convergence rate of Algorithm [I] with random ordering.

R 24A 1 1 . 1.
Theorem C.5. Set o = min {1 / RETSK 57" VaKL’ ALTRAT0 } with random yields:

48 LAB?

T K 2’
% 2ok=10%

1 T-1
= S EIVL(w) <
t=0

To prove theorem [C.5} we first need the following lemma:

Lemma C.6. Suppose that Assumption holds. Then for iterates w; generated by Algorithm|I]
with stepsize o < ﬁ, we have

K

aK al3 ?L &
L(wyr) < L(wg) — 7”v£’(wt)”2 + =2V + — Zoi, (23)
k=1
2
where we define V; = Zszl Hwt — wt(k) H

21
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Proof. Recall that w1 = wy — ag, where g, = ngol V fr. (w?). Using L-smoothness of f, we
get

2

K
1 2K2
EL(wii1) <EL(w;) — aKE <V£(wk), % S velwsg,, (t))> + Z Ve(w; 1))

K
aK 5 an|| 1 )
=K — _ =
o) = SFIVE)IF - | 7 30 Ver(wl?)
K 2 K 2
1 a?n?L 1
et 3 vel)| + el vl )
k=1 k=1
K 2 K
aK 5 an 1 (t) a’L 5
<EL(wg) — THVﬁ(wk)H Tt VL(wg) — e ;Vﬁk(wk 0+ 5 ;‘71«
Then we note that:
K 2 s | X 2
Hv,c w) Z wi)| =| D VLrw) = 2 > VLr(w(™)
k: k=1 k=1
1« (||
SK;HVE;C(wt)—VEk(wt )H
K
1 2
SO At
k=1 o
L3
<22y
< KVH
which complete our proof. O

Lemma C.7. Suppose that Assumption[3.4 holds and that Algorithm [I)is used with a stepsize o <

2LK Then

E[Vi] < ®K?||V f(wy)|* + o* K*¢?, (24)
where V; is defined as V; = Zﬁil lw: — wt(k) 2.

Proof. Letus fix any k € [1, K — 1] and find an upper bound for E;||w¥ — w;||2. First, note that

k—1

wy = w; — aZV@(wi,fz).

=0

Therefore, by Young’s inequality, Jensen’s inequality and gradient Lipschitzness

Eelwf — wy?

2
+ 20{2Et

k—1
> (Ve(w}, &) = Ve(wy, &)
1=0
k—1
20°k Y By VE(w}, &) — Ve(wy, &) + 20°E,
1=0

k—1

Zw(wt,ﬁi)

1=0

20{2Et

IN

h— 2

Z (wt, ft

IN

k-1 2

2a2L2kZEt lwi — w|* + 20°E,
=0

IA

k—1
Z v (wtv Et)
=0
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Let us bound the second term. For any i we have E;[V{(wy, £!)] = VL(w,), so using (with vectors
V fro (@), V oy (22), ..y V fr,._, (1)) We obtain

2 k—

%Z Vl(wy, £) — VL(w;))

k(K — k)
K—1

,_.

k—1
S Vew, )| = KIVLw,)|? + KE,

=0

E¢

< k2HV£(wt)||2 (g—l—mkaxak)Q.

Combining the produced bounds yields

k—1
- k(K —k
Ellwf —wil® < 20° L2k Y Byllw) — wi|” + 20KV f (x0)|” + 2042%@ + maxoy)”

1=0
k(K —k
< 202 L2kE[VA] + 202K2 ||V f () ||* + 2(12%@ + max or)?,
whence
K-—1
Eillwf — w,|?
k=0

< PLPK(K — DE[V] + %aQ(K ~DKQ2K — D[V f(z)|* + %aQK(K +1)(s+ m}gxak)Q.

Since E[V;] appears in both sides of the equation, we rearrange and use that o« < by assumption,

which leads to

2LK

E[V)] < 51— a*Ln(n — D)E[V]
< gaz(n —Dn2n —1)||VL(w,)|* + éonn(n +1)o?

S n3HV£(wt)|| +a’n (§+maxak) .

Now we are ready to prove theorem [C.5}

Proof. Taking expectation in Lemmaand then using we have that forany ¢t € {0,1,...,T—
1},

(o) aK 0’L -
EfL(wi)] S Llw) = S VL) |+ al?EVil + 5= Y of

k=1
(24)

aK a2L K
= Llw) = (1= L K?)|[VL(w)|* + o LK (¢ + maxop)? + —— o

Let §; = L(w;) — L*. Adding —L* to both sides will give us:

K L&
E¢[6¢41] < 0 — %(1 — P L K?)||VL(wy)|]? + o* LK (s + mgxak)z + QT Zaﬁ

aK

2 K
< (1+a*AL*K?)6; — (1= QPL2K?)||VL(wy) || + o* L2 K2 (s + m]?xak)g Lok >

23
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Taking unconditional expectations in the last inequality and using that by assumption on v we have
1 —a?L?K? > 1, we get the estimate

K L&
E[641] < (1+ a3 AL2K2)E(5,) — aTIEJ[HVE(wt)||2] +aPL2K2 (s + max o) + “T Yot
=1
(25)
Then we have:

, 4(1+ a3AL2K?)T . al &
t:O{?}%_lE[HVE(wt)Hﬂ < T (L(wo) — L*) + 202 L2 K (s + max or)? + - kZ:l o
Using that 1 + 2 < exp(z) and that the stepsize « satisfies & < (AL2K?T)~1/3, we have

(1+ aBALQKQ)T < exp(aSALQKzT) <exp(l) <3.
Using this in the previous bound, we finally obtain
K
. 12(L(wp) — L) al
2 < 272 2 oL 2
t:OI:?.l,%’flE[”VE(wt)” 1< KT +2a°L K(g—|—mkaxak) + 5 ];Uk
O

D PLOTS OF GRADIENT NORMS

Figureshows the log-log plot of minycam HVE(w(T1 ) )A||? with respect to the number of epochs 7'
for different dynamic weighting methods on NYUv2 data set. Recall that Theorem [3.6|demonstrate
that the convergence rate is O(7~'/?) for random data ordering, and Theorem demonstrate
that the convergence rate O(T~2/3) for our method JoGBa. That should correspond to two lines
with slope —% and —% respectively on the log-log plot, as we have also plot these two lines in the
figures for better reference. We can see that empirical results on both random ordering and our
method JoGBa matches our theoretical results well, which also demonstrate that JoGBa achieves
faster convergence compared to the random ordering baseline.

0.0 0.0

-05 §-05
. = .
“10 £-10

“1s -15

-20 -2.0

25 -25

«  Baseline (Random) «  Baseline (Random)
JoGBa -3.0 JoGBa

-3.0{ — O(T'?) o -35{ — o)

o(r-23) 2 o(T-21)

« Baseline (Random) *  Baseline (Random)
JoGBa -3.0 JoGBa
5 3. 12 __ o
oT-12) 35 or-i2)
o(T-2R) 2 o(T-283)
—4.0 . -4.0
0 1 2 3 2 H 0 1 2 3 4 B [ 1 2 3 2 5 0 1 2 3 4 H
Iog of Epochs log of Epochs og of Epochs Iog of Epochs

of Weighted gradient norm

log of Weighted g

(a) MGDA. (b) CAGrad. (c) PCGrad. (d) Nash-MTL.

Figure 5: Log of weighted gradient norm minyeanm ||V£i(wt(1)))\||2 for NYUv2 data with different
data ordering methods.
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