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Abstract

Chain-of-thought (CoT) reasoning enables
large language models (LLMs) to break down
complex problems into explainable interme-
diate steps, significantly enhancing model
transparency and performance in reasoning
tasks. However, conventional CoT meth-
ods rely on heuristic sampling without struc-
tured modelling of reasoning transitions, con-
straining their ability to explore and dis-
cover diverse and effective reasoning trajec-
tories. In this work, we introduce CTRLS,
a framework that formulates CoT reason-
ing as a Markov decision process (MDP)
with latent state transitions, enabling ex-
plainable and state-aware exploration via dis-
tributional reinforcement learning. By mod-
elling reasoning actions as explicit probabil-
ity distributions in latent space, our approach
explicitly models epistemic uncertainty, fa-
cilitating robust exploration of the reason-
ing space. Enabled by our formulation, we
propose an on-policy reinforcement learning
scheme to iteratively refine latent transitions
without fine-tuning of the underlying LLM.
Theoretical analyses provide evidence lower
bounds (ELBO), theoretically grounding our
transition-aware modelling of latent reason-
ing dynamics.

1 INTRODUCTION

Chain-of-thought (CoT) reasoning has emerged as an
effective paradigm for enabling large language models
(LLMs) to tackle complex tasks by decomposing them
into structured, interpretable intermediate reasoning

Proceedings of the 29th International Conference on Arti-
ficial Intelligence and Statistics (AISTATS) 2026, Tangier,
Morocco. PMLR: Volume 300. Copyright 2026 by the au-
thor(s). * Equal Contribution

steps (Wei et al., 2022; Kojima et al., 2022; Wu et al.,
2024). However, conventional CoT prompting lacks
transition-aware modelling, such that each step is gen-
erated autoregressively without capturing the underly-
ing dynamics of reasoning transitions, limiting explain-
able exploration and diversity Yu et al. (2025); Zhang
et al. (2025b); Gan et al. (2025); Hou et al. (2023), in
reasoning trajectories (Wei et al., 2022; Kveton et al.,
2025; Xia et al., 2025). On the other end, struc-
tured reasoning frameworks (e.g., Toolchain* (Zhuang
et al.), program synthesis (Zhang et al., 2023), knowl-
edge graph (Wu et al., 2025a)) enforce rigid interme-
diate steps via API calls or logic traces, offering struc-
tural control but sacrificing flexibility and semantic
adaptability (Kojima et al., 2022; Wu et al., 2025a).

To illustrate the limitations of conventional CoT
prompting, Figure 1 contrasts standard autoregressive
reasoning with our transition-aware framework. On
the left, traditional CoT unfolds step-by-step without
modelling transitions between reasoning steps, often
leading to premature commitment and limited trajec-
tory diversity. In contrast, our method models rea-
soning as a stochastic trajectory over latent states,
enabling explicit transition modelling and exploration
of alternative reasoning paths. This comparison high-
lights the potential of transition-aware CoT to uncover
more effective and diverse reasoning strategies.

To bridge the extremes, we propose transition-aware
CoT reasoning CTRLS, a novel perspective that frames
reasoning as structured trajectories within a latent
state space. Each reasoning step corresponds to a
continuous latent semantic state, with transitions dy-
namically learned via a latent-state MDP formulation.
This modelling explicitly captures reasoning regulari-
ties and semantic relationships between intermediate
steps, supporting explainable exploration.

Modelling transition-aware CoT reasoning presents
fundamental challenges: (i) the need to infer latent
semantic states that capture the progression of reason-
ing steps, despite the lack of explicit supervision; (ii)
learning stable and generalizable transition dynamics
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John has five more roommates than twice as many as Bob. If Bob has 10 roommates, how many roommates does John have?
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Figure 1: Illustration of the difference between conventional CoT prompting and CTRLS.

across these latent states; and (iii) adapting LLMs to
generate coherent reasoning steps conditioned on these
latent abstractions. To address these challenges holis-
tically, we propose a unified variational model that
jointly learns a latent encoder, a transition policy,
and a reasoning adapter for the LLM, optimized un-
der a single evidence lower bound (ELBO) objec-
tive. This structured design enables semantic ground-
ing and modular reasoning, and naturally supports
distributional reinforcement learning (Bellemare et al.,
2017; Dabney et al., 2018; Wu et al., 2022) by treat-
ing reasoning actions as stochastic policies over latent
states. To ensure robust exploration and avoid de-
generate trajectories, CTRLS incorporates on-policy
optimization with entropy regularization and epsilon-
greedy sampling. Overall, our framework provides a
principled and tractable foundation for controllable,
structured, and adaptive CoT reasoning. We summa-
rize our contributions as follows:

• We introduce a latent-space MDP formulation for
explicit modelling of chain-of-thought transitions.

• We propose a distributional reinforcement learn-
ing method tailored for robust and explainable ex-
ploration in CoT generation.

• We theoretically derive finite-sample evidence
lower bounds (ELBO) as the learning objective
of CTRLS pre-training.

• We demonstrate empirical improvements in rea-
soning accuracy, diversity, and exploration effi-
ciency, and showcase enhanced explainability on
standard benchmarks.

2 RELATED WORK

Chain-of-Thought Reasoning. Chain-of-Thought
(CoT) prompting improves large language models
(LLMs) by encouraging intermediate reasoning steps
before producing final answers (Wei et al., 2022;
Chu et al., 2023; Wu et al., 2024; Wang et al.,
2026). To enhance reasoning quality, prior works in-
troduce self-evaluation (Ling et al., 2023; Shinn et al.,
2023) or integrate external knowledge (Zhao et al.,
2023). Coconut (Hao et al., 2024) explores reason-
ing in continuous latent space to bypass token-level
constraints. In contrast, we focus on controllabil-
ity and interpretability via structured latent transi-
tions in language space. Beyond linear CoT, recent
work explores structured reasoning, including Tree-
of-Thought (ToT) (Yao et al., 2023) and Chain-of-
Preference Optimization (CPO) (Zhang et al., 2024),
which guide CoT using preferred ToT trajectories.
Building on these insights, we model reasoning as tran-
sitions over a latent state space, enabling structured
step-wise guidance without explicit search.

Reinforcement Learning for LLM Reasoning.
Reinforcement learning (RL) has been widely used to
enhance the reasoning abilities of large language mod-
els (LLMs), particularly via Reinforcement Learning
from Human Feedback (RLHF) (Ouyang et al., 2022;
Bai et al., 2022) and Direct Preference Optimization
(DPO) (Rafailov et al., 2023; Li et al., 2025a; Wu et al.,
2025b; Huang et al., 2025c,b), which learns reward
models from human preferences and optimizes LLMs
using policy gradient methods such as PPO. While
effective for preference alignment, RL-based reason-
ing faces challenges from sparse and delayed rewards.
To address this, recent works introduce outcome-based
rewards (Cobbe et al., 2021b; Uesato et al., 2022) or
process-based feedback on intermediate steps (Light-
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man et al., 2023; Choudhury, 2025), sometimes lever-
aging verifiers (Su et al., 2025; Mroueh, 2025; Yue
et al., 2025; Mundada et al., 2026; ?) (RLVR) dis-
tilled from GPT-4 (Zhang et al., 2024) and off-policy
evaluation (Huang et al., 2025a). In contrast, we di-
rectly model reasoning dynamics in a latent state space
and fine-tune transition behaviours using policy gradi-
ents, without relying on external reward models. This
enables scalable and interpretable optimization of rea-
soning trajectories in a self-contained framework.

3 PRELIMINARY

3.1 Chain-of-thought Reasoning

Chain-of-thought (CoT) reasoning sequentially gen-
erates step-by-step intermediate reasoning toward
solving complex tasks by large language models
(LLMs) (Wei et al., 2022; Kojima et al., 2022). Given
an initial prompt or query x0, the LLM policy µ , iter-
atively generates reasoning steps x = (x1, x2, . . . , xT ),
culminating in a final answer prediction y. Each rea-
soning step xt consists of sequentially sampled tokens
conditioned on all previously generated tokens:

xt ∼ µ(·|x0, x<t), y ∼ µ(·|x0, x), (1)

where x0 is the input query or prompt (Wei et al., 2022;
Wu et al., 2025a; Li et al., 2025b). This autoregressive
nature of CoT reasoning presents inherent challenges
for controllable generation, as decisions at each step
significantly impact subsequent reasoning trajectories.
Instead of explicitly modelling this sequential token
generation process, we consider reasoning via latent
state-transition, where we assume a latent state en-
coded by an thought abstraction model St = ρϕ(x<t)
and a state transition process pθ(St+1|St).

Latent spaces offer a path to more explainable decision
making. We take a task-driven view in which inter-
mediate steps are semantically meaningful and form
transparent trajectories. Following Yu et al. (2025);
Zhang et al. (2025b); Gan et al. (2025); Hou et al.
(2023) on steps to human rationale alignment, we fur-
ther focus on transition dynamics among latent rea-
soning states. Explicitly modeling these transitions
makes the process explainable and aligns with our for-
mulation of state-based reasoning and controllable ex-
ploration (detailed in Section 3.3).

3.2 Distributional Reinforcement Learning

Distributional Reinforcement Learning (DRL) explic-
itly models uncertainty by representing actions as
probability distributions rather than deterministic or
discrete selections (Bellemare et al., 2017; Dabney

et al., 2018). Specifically, we parametrise the policy
πθ to output Dirichlet distributions over potential next
reasoning step in CoTs, which naturally express uncer-
tainty and enable richer exploratory behaviour (Chou
et al., 2017). Given state st, action distributions at
are drawn as:

at ∼ πθ(·|st), at ∈ ∆(A). (2)

This formulation inherently captures the uncertainty
of stochastic actions over the transition probability dis-
tribution of a chain of thoughts. The distributional
Bellman operator explicitly incorporates uncertainty
into state transitions:

T Z(st, at)
D
= R(st, at) + γZ(st+1, at+1),

at+1 ∼ πθ(·|st+1)
(3)

where
D
= denotes distributional equality and Z(s, a) is

the return distribution from state-action pairs. Thus,
we could enable efficient exploration over CoT tran-
sition distribution, essential for improved controllabil-
ity and explainability in downstream tasks (Haarnoja
et al., 2018; Lillicrap et al., 2015).

3.3 Formulation: Transition-aware
Chain-of-Thought as an MDP

We cast the chain-of-thought (CoT) decoding process
into the standard Markov Decision Process (MDP)
framework (Bai et al., 2025; Zhang et al., 2025a; Wu
et al., 2025a), defined by the tuple (S,A, P,R, γ). This
allows us to leverage reinforcement learning algorithms
to optimise reasoning trajectories in LLMs.

State and Transition Dynamics At each time step
t, the agent observes a latent reasoning state st ∈ S
that captures the semantic context of the prompt and
all previously generated reasoning steps. Formally, we
obtain st ∼ ρϕ(· | x0, x<t) via a stochastic abstraction
model ρϕ : X<t → ∆(S), where X is the space of
initial prompts and the sequence of reasoning prefixes
(detailed in Section 4.2). Here, x0 is the input query
or prompt and x<t = (x1, . . . , xt−1) are the previously
generated reasoning segments. We model latent state
evolution with a learned transition matrix P (st+1 |
st, at). This kernel encapsulates how one reasoning
segment influences subsequent latent abstractions and
can be trained jointly with the policy.

Distributional Action Sampling Our formulation
distinctly leverages a distributional perspective for ac-
tion sampling within the action space A, which en-
compasses distributions over admissible reasoning seg-
ments rather than discrete or deterministic selections.
At each latent reasoning state st, the policy πθ ex-
plicitly outputs a probability distribution, capturing
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the inherent epistemic uncertainty in selecting reason-
ing segments. This distributional approach facilitates
richer exploratory behaviour by enabling the policy to
represent a spectrum of plausible reasoning steps, each
sampled according to a learned Dirichlet distribution:

at ∼ πθ(· | st), at ∈ ∆(A), xt ∼ Pω(· | at, x<t),

where ∆(A) denotes the simplex representing the
space of action distributions. Here, θ parametrises a
policy network designed to output Dirichlet parame-
ters, thus explicitly modelling uncertainty and provid-
ing principled exploration strategies in the CoT action
space. Pω denotes the adapted LLM with adapted
parameters introduced in the backbone LLM µ for
action-conditioned generation, which is explained in
detail in Section 4.3.

Trajectory-level Reward Aligning with the for-
mulation of LLMs, the quality of the CoT τ =
(x1, . . . , xT ) is evaluated by the final answer y. Let y⋆

denote the ground-truth answer associated with the
query x0. The episodic reward is therefore binary
R(τ, x0) = 1{y = y∗}. Our learning objective is to
maximise the expected terminal accuracy under the
controllable policy

J(θ) = Eτ∼πθ(·|x0)

[
R(τ, x0)

]
, (4)

where R(τ) is sparse and unbiased, corresponding to
the accuracy reported in the evaluation.

4 CTRLS: CHAIN-OF-THOUGHT
REASONING VIA LATENT
STATE TRANSITION

Modeling transition-aware CoT reasoning presents
unique challenges: it requires learning latent state
representations to capture the semantic progression
of reasoning steps, modeling transitions that reflect
meaningful and generalizable reasoning dynamics, and
conditioning the backbone LLM to generate coherent
next steps guided by these latent states. To address
these, CTRLS adopts a unified variational framework
and an MDP perspective, implementing three core
components: (i) a stochastic encoder that abstracts
reasoning into latent states via an inference model
(Section 4.2), (ii) a state-conditioned UNet that injects
latent guidance into token representations and mod-
els transitions through a policy network (Section 4.3),
and (iii) a two-phase alignment and fine-tuning scheme
that combines online pre-training with on-policy re-
inforcement learning (Section 4.4) (illustrated in Fig-
ure 2). This structure supports transition-aware rea-
soning by optimizing a unified ELBO objective, explic-
itly modeling uncertainty for principled exploration
and controllable, structured generation.

4.1 Mathematical Assumptions

Assumption 5.1 First-order Markov Assump-
tion: The latent reasoning states follow a first-order
Markov process. That is, the transition probability
depends only on the previous latent state:

Pθ(zt | x<t, z<t) = Pθ(st | st−1)

This assumption simplifies the transition dynamics
and is justified by the fact that each latent state en-
codes the full reasoning prefix.

Assumption 5.2 Autoregressive Factorization of
the Variational Posterior: The variational poste-
rior over latent states is factorized autoregressively to
align with the left-to-right generation of LLMs:

Qϕ(z1:T | x1:T ) =

T∏
t=1

Qϕ(zt | x≤t)

This ensures consistency between the inference model
and the sequential nature of language generation.

4.2 Latent State Encoding

Based on our MDP formulation in Section 3.3, we
introduce a variational approximation Qϕ(z1:T |x1:T ),
parametrised by ϕ, encoding the prompt x0 and rea-
soning steps x<t into latent state representations.

Definition 4.1 Inference Model via Variational
Posterior We introduce a variational approximation
Qϕ(z1:T | x1:T ). Consistent with the sequential nature
of the data, it factorises autoregressively:

Qϕ(z1:T | x1:T ) =

T∏
t=1

Qϕ

(
zt | x≤t

)
.

For each time step t, the conditional model Qϕ

(
zt |

x≤t

)
outputs a probability distribution over the N

possible values of zt. It can be instantiated by a
Gaussian-mixture posterior, a linear classifier, or a
multilayer perceptron (MLP) applied to the hidden
representation produced by an encoder.

The autoregressive factorization mirrors the temporal
ordering of the observations, enabling the posterior at
step t to depend only on the current and past inputs
x≤t. By sampling zt rather than deterministically en-
coding it, the model captures both semantic content
and epistemic uncertainty, reflecting variability in how
the system “thinks” before emitting each step.

To instantiate this, we follow (Kveton et al., 2025) to
extract token representation Et ∈ Rnt×d and compute
the Gram matrix Gt = E⊤

t Et. Then, to capture the
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Phase 1: Offline CTRLS Pretraining
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Figure 2: An overview of the proposed two-phase alignment and fine-tuning scheme.

reasoning semantics, we perform spectrum decompo-
sition and take the flattened most informative top k
eigenspaces as the representation,

et :=
[√

λ1 · q1; . . . ;
√
λk · qk

]
∈ Rkd, (5)

where qk are the corresponding eigenvectors. We ap-
ply k-means clustering to all such et and each rea-
soning state st−1 ∼ ρϕ(· | x<t) is then assigned as
the probability distribution corresponding to cluster-
ing centroids {γj}Kj=1, such that zt =

∑K
j=1 st,j · γj .

This continuous relaxation Qϕ enables structured rea-
soning over the latent state space and supports subse-
quent transition modelling.

4.3 State-aware Chain-of-thought Alignment

Definition 4.2 State-aware Generative Model
Let {(xt, zt)}Tt=1 denote a sequence of observed vari-
ables x1:T ∈ X T and latent states z1:T ∈ ZT . For
parameters ω (emission) and θ (transition), the joint
distribution factorises autoregressively as

Pω,θ(x1:T , z1:T ) =

T∏
t=1

Pω,θ

(
xt, zt | x<t, z<t

)
,

where each factor decomposes into a transition term
and an emission term

Pω,θ

(
xt, zt | x<t, z<t

)
= Pθ

(
zt | x<t, z<t

)
Pω

(
xt | x<t, z≤t

)
.

(6)

The transition model Pθ places a prior on the next
latent state; it may depend on past observations but is
often simplified by the first-order Markov assumption
Pθ(zt | zt−1). The emission model Pω generates the
current observation conditioned on the complete latent
trajectory up to time t. Together, Pθ and Pω fully
specify the stochastic process underlying the data.

Transition Model Pθ To model the conditional la-
tent transition, we first encode the previous reasoning

steps into a latent state distribution st−1 ∼ ρϕ(· | x<t),
as described in Section 4.2. Given that the latent
representation zt is deterministically constructed via
zt =

∑K
j=1 st,jγj (see Section 4.2), the transition prob-

ability naturally reduces from transitions between la-
tent states zt to transitions between their underly-
ing distributions st. Specifically, applying the Markov
property, we have

Pθ(zt | x<t, z<t) = Pθ(st | s<t) = Pθ(st | st−1), (7)

where the first equality leverages the deterministic re-
lationship between zt and st, and the second equality
explicitly invokes the Markov assumption (Wu et al.,
2022; Eysenbach et al., 2020).

Generation Modelling Pω To enable state-aware
LLM generation, we design a transformation module
that reshapes each token’s last hidden state represen-
tation Et,i ∈ Rd conditioned on a step-wise latent rea-

soning state st ∈ Rd′
based on MDP transition. Specif-

ically, according to the Markov property

E′
t,i = Fωu

([Fωd
(Et,i); zt]) , i = 1, 2, · · · , nt

Pω(xt | z<t, x<t) = Pω(xt | zt−1, x<t)

= µ(xt | [E′
1,i<n1

; · · · ;E′
t−1,i<nt−1

], ω),

(8)

where ω = [ωd;ωu] is a U-Net module that encodes to-
ken representation Et,i into a low-rank latent, projects
and fuses zt via a bottleneck interaction, and decodes
the result back to dimension d. This conditional en-
coder allows the model to dynamically adjust token
representations in sync with the evolving state, with
only O(r(d+ d′)) additional parameters.

Thus, the one-step inference of state-conditional gen-
eration in (6) is realised as

Pω,θ (xt, zt | x<t, z<t)

= Pω(xt | z<t, x<t) Pθ(zt | x<t, z<t)

= µ(xt | Ht−1, ω) Pθ(st | st−1) , (9)

Ht−1 :=
[
E′

1, i<n1
; · · · ; E′

t−1, i<nt−1

]
. (10)
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where such factorization makes clear how latent dy-
namics and token sampling interlock. Then we for-
mally introduce the evidence lower bound (ELBO) of
the proposed variational model as the objective for
model pre-training.

Theorem 4.3 (Evidence Lower-Bound)
Consider a latent-state generative model with
joint density Pω,θ(x1:T , z1:T ) =

∏T
t=1 Pω

(
xt |

x<t, z≤t

)
Pθ

(
zt | x<t, z<t

)
, and let Qϕ(z1:T | x1:T ) =∏T

t=1 Qϕ

(
zt | x≤t

)
be any variational distribution.

Then, for the learnable parameters ω, θ, ϕ, the
marginal log-likelihood of the observations admits the
lower bound (detailed derivations in Appendix A)

L(ω, θ, ϕ) =
T∑

t=1

EQϕ(z≤t|x≤t)[logPω(xt | x<t, z≤t)]

−
T∑

t=1

EQϕ(z<t|x≤t−1)

[
KL

(
Qϕ(zt | x≤t) ∥

Pθ(zt | x<t, z<t)
)]

(11)

Equality holds if and only if Qϕ(z1:T | x1:T ) =
Pθ(z1:T | x1:T ), i.e. when the variational posterior
matches the true posterior. Maximising L therefore
constitutes a tractable surrogate objective whose opti-
misation w.r.t ω, θ, ϕ simultaneously (i) maximises the
data likelihood and (ii) minimises the posterior gap.

Theorem 5.3 shows that the ELBO provides a
tractable way to align latent transitions with reasoning
steps. In practice, this means our pretraining objective
is not only theoretically sound but also effective: as
seen on GSM8K and MATH, optimizing under this ob-
jective leads to higher exploration accuracy and fewer
spurious steps (detailed later in Section 5.2). Based
on the derived ELBO, we propose an offline CTRLS
pre-training method in Algorithm 1.

4.4 On-Policy Chain-of-thought
Reinforcement Learning

After offline pre-training, we further enable on-policy
reinforcement learning that optimises only the state-
transition model Pθ through trajectories generated
by the current policy. At each decision step t, we
sample an action distribution at ∼ πθ(· | st) con-
ditioned on the current latent state st, and subse-
quently generate the reasoning segment xt through the
state-conditioned LLM generation Pω. Iteratively re-
peating this process yields complete trajectories τ =
(st, at, st+1)

T
t=1 ending with a final predicted answer y.

Trajectory-level Reward and Bellman Function
We evaluate each trajectory τ based on the correct-
ness of its final answer y against the ground truth y∗,

providing a binary episodic reward:

R(τ, x0) = 1{y = y∗}. (12)

We adopt the distributional Bellman operator (3) to
model uncertainty explicitly in state transitions and
returns.

Exploration via Epsilon-Greedy To effectively
balance exploration and exploitation, we imple-
ment epsilon-greedy exploration. Specifically, the
exploration-enabled action distribution is obtained by
mixing the learned Dirichlet distribution with a uni-
form distribution over actions:

π̃θ(a|st) = (1− ϵ)πθ(a|st) + ϵUniform(A), (13)

where ϵ ∈ [0, 1] controls the exploration-exploitation
trade-off. With probability ϵ, actions are thus sampled
uniformly from the action simplex, promoting explo-
ration of diverse reasoning segments, while with prob-
ability 1−ϵ, actions follow the learned Dirichlet distri-
bution, ensuring exploitation of promising behaviours.

Entropy Regularization To further encourage ro-
bust exploration and prevent premature convergence
to suboptimal solutions, we employ entropy regular-
ization. By adding an entropy-based penalty to the
learning objective, the policy maintains diversity in
the action distributions, effectively exploring the full
action space and discovering potentially more reward-
ing trajectories. The entropy term is defined as:

H(πθ(st)) = −
∑
a∈A

πθ(a|st) log πθ(a|st). (14)

Overall Learning Objective and Policy Gradi-
ent Integrating trajectory rewards and exploration
strategies, our reinforcement learning objective max-
imises expected trajectory rewards augmented with
entropy-based exploration:

J(θ) = Eτ∼πθ(·|x0)

[
R(τ, x0) + α

T∑
t=1

H(πθ(st))
]
, (15)

where α controls the strength of entropy regulariza-
tion. Using the REINFORCE estimator, the gradient
of this objective with respect to policy parameters θ is
computed as:

∇θJ(θ) = Eτ∼πθ

[(
R(τ) + α

T∑
t=1

H(πθ(st))
)

×
T∑

t=1

∇θ log πθ(at | st)
]
.

(16)

This gradient formulation aligns with accuracy-based
evaluation metrics in CoT benchmarks, guiding the op-
timization of the distributional state-transition model.
We further illustrate the on-policy reinforcement
learning process in Algorithm 2.
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5 EXPERIMENTS

5.1 Experimental Setup

We conduct experiments on two instruction-tuned
language models, LLaMA-3.2-3B-Instruct (Grattafiori
et al., 2024) and Qwen2.5-3B-Instruct (Team, 2024).
Both models serve as the backbone for integrating our
framework without modifying any pretrained weights.
We evaluate on two math reasoning benchmarks,
GSM8K (Cobbe et al., 2021a) and MATH (Hendrycks
et al., 2021), which might require step-by-step CoT
generation to solve arithmetic and competition-level
mathematics problems, respectively. Implementation
details are in Appendix F.

5.2 State Transition-aware Exploration

To assess the controllability of our pre-trained,
transition-aware chain-of-thought generator, we com-
pare CTRLS against the corresponding base mod-
els (LlaMA3.2 and Qwen2.5). In Table 1, we re-
port results for two generation temperatures, η ∈
{0.5, 0.7}, and an ϵ-greedy exploration strategy with
ϵ ∈ {0.1, 0.3, 0.5}. For each test question and each
(η, ϵ) configuration, we sample 20 reasoning trajecto-
ries from both the base model and CTRLS. We mea-
sure exploration accuracy (pass@20) as the frac-
tion of questions for which the correct answer appears
in at least one of the 20 samples, and success rate
(Succ.) as the proportion of samples that yield a valid
final answer after chain-of-thought generation.

Based on the observations in Table 1, CTRLS con-
sistently outperforms its backbone counterparts in
both exploration accuracy and success rate across all
datasets. Although performance varies with the choice
of ϵ, CTRLS surpasses purely temperature-based sam-
pling in every setting, confirming that explicit state-
transition guidance yields more effective exploratory
behaviour. Such effective control over latent space ex-
ploration is consistent with the theoretical guarantees
established in Theorem 4.3. The more informative tra-
jectories produced by CTRLS provide a stronger learn-
ing signal for subsequent reinforcement learning, accel-
erating policy improvement in later training stages.

5.3 Impact of Exploration Configurations

In Table 2, we experiment on different exploration con-
figurations and study the effects for on-policy rein-
forcement learning. Entropy regularisation. We
observe that raising the entropy weight from H=0 to
H=0.01 consistently broadens the search space. For
LLaMA-3.2, this translates into a modest but steady
gain on both datasets, while Qwen2.5 shows an even

clearer trend, where H=0.01 delivers the best accu-
racy on both datasets, with a minor loss in success
rate. These results confirm that a small amount of
entropy pressure prevents premature convergence to
high-probability but sub-optimal transitions.

ϵ-greedy sampling. Injecting stochastic jumps at
every step also fosters diversity, but the magnitude of
ϵ matters. For LLaMA-3.2, a mild setting (ϵ=0.1)
yields the highest overall gains, while a larger pertur-
bation (ϵ=0.3) instead hurts both accuracy and solu-
tion validity, echoing the classic explore–exploit trade-
off. Qwen2.5 is more robust for both ϵ values, yet
excessive randomisation still reduces the success rate
on the harder MATH dataset.

Question: For how many positive integers n is n2 −
3n+ 2 a prime number?

Base (Qwen2.5)

Final: 2

Steps:
1. First, we factorize n2 − 3n + 2. This can be written as (n −

1)(n − 2).
2. For (n − 1)(n − 2) to be a prime number, one of the factors

must be 1 and the other must be the prime number itself.
3. Therefore, for (n − 1)(n − 2) to be prime, either n − 1 = 1 or

n − 2 = 1 must hold true.
4. (Wrong conclusion) Thus, there are two values of n that satisfy

the condition: n = 2 and n = 3.

CTRLS (Qwen2.5)

Final: 1

Steps:
1. (Same factorization) First, we factorize n2 − 3n+ 2. This can

be written as (n − 1)(n − 2).
2. (Same condition) For (n−1)(n−2) to be a prime number, one

of the factors must be equal to 1 because a prime number has
exactly two distinct positive divisors: 1 and itself.

3. (Same derivation) Therefore, either n − 1 = 1 or n − 2 = 1..
4. (Self-reflection) However, we need to check if these values sat-

isfy the condition that (n−1)(n−2) is indeed a prime number.
5. (reduce wrong answer) When n = 2, (n − 1)(n − 2) = (2 −

1)(2 − 2) = 1 · 0 = 0, which is not a prime number.
6. (Correct conclusion) Thus, there is only one value of n that

satisfies the condition, namely n = 3.

Figure 3: Qualitative comparison. CTRLS cor-
rectly verifies candidate solutions and filters out in-
valid cases, while the baseline fails to check whether
the resulting value is truly prime.

5.4 Case Study

Self-reflection One notable advantage of our
transition-based reasoning is its ability to perform self-
reflection. As illustrated in Figure 3, both the baseline
and CTRLS derive the correct candidate values for n
such that n2 − 3n+ 2 is prime. However, the baseline
prematurely outputs both values as correct without
verifying whether the resulting expression is actually
a prime number. In contrast, CTRLS continues rea-
soning by explicitly validating the primality condition
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Table 1: Comparison of exploration accuracy and success rate of CTRLS and the base models.

Generation Temperature Exploration
LlaMA3.2 Qwen2.5

GSM8K MATH GSM8K MATH

pass@20 Succ. pass@20 Succ. pass@20 Succ. pass@20 Succ.

η = 0.5

Base 72.5 95.0 50.0 90.0 87.5 100.0 65.0 65.0
ϵ = 0.1 77.5 100.0 47.5 95.0 90.0 100.0 57.5 60.0
ϵ = 0.3 75.0 100.0 60.0 95.0 87.5 100.0 62.5 52.5
ϵ = 0.5 82.5 100.0 52.5 90.0 87.5 100.0 65.0 75.0

η = 0.7

Base 77.5 100.0 47.5 97.5 80.0 100.0 72.5 67.5
ϵ = 0.1 77.5 100.0 50.0 97.5 85.0 97.5 62.5 65.0
ϵ = 0.3 70.0 100.0 60.0 97.5 82.5 97.5 62.5 67.5
ϵ = 0.5 85.0 100.0 47.5 90.0 80.0 97.5 77.5 67.5

Table 2: RL performance under entropy regularization (left block) and ϵ-greedy exploration (right block).

Model Entropy
GSM8K MATH

ϵ-Greedy
GSM8K MATH

pass@20 Succ. pass@20 Succ. pass@20 Succ. pass@20 Succ.

LlaMA3.2
Base 55.6 80.0 41.0 71.8 Base 55.6 80.0 41.0 71.8
H = 0.0 57.6 80.8 42.8 72.2 ϵ = 0.1 57.4 80.4 43.0 73.4
H = 0.01 56.8 79.6 42.6 74.0 ϵ = 0.3 55.8 79.4 42.0 71.2

Qwen2.5
Base 64.2 91.8 22.6 33.8 Base 64.2 91.8 22.6 33.8
H = 0.0 65.8 89.6 22.8 33.4 ϵ = 0.1 66.2 89.8 22.2 32.2
H = 0.01 66.4 90.2 23.6 34.6 ϵ = 0.3 66.0 90.2 23.4 34.2

Table 3: GPT-4 rubric scores (0–10) on GSM8K with
Qwen. Averaged over 100 samples per setting. We
evaluate on four different aspects: (S)elf-reflection,
(A)lgebra, (C)oherence, (H)allucination.

Setting S A C H↓ Overall

Base 7.62 8.44 8.23 8.51 8.05
ϵ = 0.0, H = 0.0 7.82 8.83 8.43 8.66 8.34
ϵ = 0.1, H = 0.0 7.74 8.65 8.33 8.51 8.17
ϵ = 0.1, H = 0.01 7.73 8.54 8.35 8.55 8.16
ϵ = 0.3, H = 0.0 7.80 8.77 8.45 8.68 8.30
ϵ = 0.3, H = 0.01 7.72 8.73 8.37 8.60 8.20

for each candidate. It correctly identifies n = 2 as in-
valid, as (2−1)(2−2) = 1 ·0 = 0, which is not a prime.
This self-reflective validation step leads to the correct
final answer. Such state-aware step transitions, which
is semantically grounded on explainable states, help
avoid early commitment to incorrect conclusions.

Corrected algebra errors and reduced halluci-
nated steps CTRLS enhances symbolic reasoning
by reducing common algebraic mistakes—such as mis-
applied formulas and incorrect substitutions—as well
as suppressing spurious steps that lack logical ground-
ing. It preserves variable relationships across steps,
avoids unnecessary formalisms, and maintains align-
ment with the problem’s structure. Representative ex-
amples are provided in Appendix D.

LLM-as-a-judge evaluation. To complement

accuracy-based metrics, we additionally include a
GPT-4 based rubric evaluation. For each configu-
ration, we randomly sample 100 model outputs on
GSM8K and let GPT-4 score them on a 1–10 scale
across five criteria: self-reflection, algebra correct-
ness, logical coherence, reduction of hallucinated steps,
and overall quality. Table 3 summarises the aver-
aged results for Qwen; detailed prompts and evalu-
ation pipeline are deferred to Appendix E.

6 CONCLUSION

We presented CTRLS, a principled framework for
transition-aware chain-of-thought reasoning that casts
step-wise generation as a latent-state Markov de-
cision process. By modelling reasoning dynamics
through distributional policies and optimizing latent
transitions via reinforcement learning, CTRLS enables
structured, interpretable, and controllable CoT gen-
eration. Our experiments demonstrate that CTRLS
consistently improves reasoning accuracy, exploration
efficiency, and robustness across math benchmarks,
and further showcases explainability. Beyond perfor-
mance, qualitative analyses highlight its ability to re-
cover from symbolic errors, suppress spurious reason-
ing, and engage in self-reflective correction. We be-
lieve CTRLS offers a foundation for more systematic
and verifiable reasoning in large language models.
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A Evidence Lower Bound (ELBO) Derivation

We aim to maximize the log-likelihood logPω,θ(x1:T ). Since direct maximization is intractable due to the
summation over z1:T , we maximize the Evidence Lower Bound (ELBO), L(ω, θ, ϕ).

Starting from the definition of the log-likelihood and introducing the variational distribution Qϕ(z1:T |x1:T ):

logPω,θ(x1:T ) = log
∑
z1:T

Pω,θ(x1:T , z1:T )

= log
∑
z1:T

Qϕ(z1:T |x1:T )
Pω,θ(x1:T , z1:T )

Qϕ(z1:T |x1:T )

≥
∑
z1:T

Qϕ(z1:T |x1:T ) log
Pω,θ(x1:T , z1:T )

Qϕ(z1:T |x1:T )
(Jensen’s Inequality)

= EQϕ(z1:T |x1:T )

[
log

Pω,θ(x1:T , z1:T )

Qϕ(z1:T |x1:T )

]
=: L(ω, θ, ϕ)

Now, we expand the ELBO using the factorizations of P and Q:

L(ω, θ, ϕ) = EQϕ(z1:T |x1:T ) [logPω,θ(x1:T , z1:T )− logQϕ(z1:T |x1:T )]

= EQϕ(z1:T |x1:T )

[
T∑

t=1

logPω,θ(xt, zt|x<t, z<t)−
T∑

t=1

logQϕ(zt|x≤t)

]

= EQϕ(z1:T |x1:T )

[
T∑

t=1

(logPω(xt|x<t, z≤t) + logPθ(zt|x<t, z<t)− logQϕ(zt|x≤t))

]

=

T∑
t=1

EQϕ(z1:T |x1:T ) [logPω(xt|x<t, z≤t) + logPθ(zt|x<t, z<t)− logQϕ(zt|x≤t)]

For the term at index t, the expectation only needs to be taken over z≤t, as the terms do not depend on
z>t. Let Qϕ(z≤t|x1:T ) denote the marginal distribution of z≤t under Qϕ(z1:T |x1:T ). With our factorization

Qϕ(z1:T |x1:T ) =
∏T

i=1 Qϕ(zi|x≤i), the distribution Qϕ(z≤t|x1:T ) simplifies to
∏t

i=1 Qϕ(zi|x≤i). We use the
shorthand Qϕ(z≤t|x≤t) as in the outline, representing this product distribution.

L(ω, θ, ϕ) =
T∑

t=1

EQϕ(z≤t|x≤t) [logPω(xt|x<t, z≤t) + logPθ(zt|x<t, z<t)− logQϕ(zt|x≤t)]

=

T∑
t=1

(
EQϕ(z≤t|x≤t) [logPω(xt|x<t, z≤t)] + EQϕ(z≤t|x≤t) [logPθ(zt|x<t, z<t)− logQϕ(zt|x≤t)]

)
Now consider the second expectation term. We can rewrite the expectation over z≤t as an expectation over z<t

followed by an expectation over zt: EQϕ(z≤t|x≤t)[·] = EQϕ(z<t|x≤t−1)

[
EQϕ(zt|x≤t)[·]

]
.

EQϕ(z≤t|x≤t) [logPθ(zt|x<t, z<t)− logQϕ(zt|x≤t)]

= EQϕ(z<t|x≤t−1)

[∑
zt

Qϕ(zt|x≤t) (logPθ(zt|x<t, z<t)− logQϕ(zt|x≤t))

]

= EQϕ(z<t|x≤t−1)

[
−
∑
zt

Qϕ(zt|x≤t) log
Qϕ(zt|x≤t)

Pθ(zt|x<t, z<t)

]
= −EQϕ(z<t|x≤t−1) [KL (Qϕ(zt|x≤t) ∥ Pθ(zt|x<t, z<t))]

Substituting this back into the ELBO expression:

L(ω, θ, ϕ) =
T∑

t=1

(
EQϕ(z≤t|x≤t) [logPω(xt|x<t, z≤t)]− EQϕ(z<t|x≤t−1) [KL (Qϕ(zt|x≤t) ∥ Pθ(zt|x<t, z<t))]

)



CTRLS: Chain-of-Thought Reasoning via Latent State Transition

This is the final form of the ELBO. It consists of two main terms summed over time:

1. Expected Reconstruction Log-Likelihood: The expectation of the log-probability of the observed data
xt given the history and the inferred latent states z≤t.

2. Expected KL Divergence: The negative KL divergence between the approximate posterior Qϕ(zt|x≤t)
and the latent prior/transition model Pθ(zt|x<t, z<t), averaged over the inferred previous latent states z<t. This
term acts as a regularizer, encouraging the approximate posterior to stay close to the prior.

Maximizing this ELBO with respect to ω, θ, and ϕ trains the model. The expectations are typically approximated
using samples from Qϕ.

B Algorithm of CTRLS Pre-training

Algorithm 1 outlines the pre-training procedure of CTRLS. The model is trained to align step-wise reasoning
with latent state transitions using supervised CoT trajectories and associated state embeddings.

Algorithm 1: Offline CTRLS Pretraining

Input: Dataset D; pretrained LLM Pω; number of clusters K
Output: CTRLS generator Pω; transition model Pθ; inference model Qϕ

1 for each (x, c1:T ) ∈ D do
2 for each step ct do
3 Et ← token embeddings from Pω;

4 Gt ← E⊤
t Et ; // Gram matrix

5 et ← spectrum features of Gt ; // Eq. (5)
6 Save et;

7 Cluster {et} to obtain centroids {γ1, ..., γK};
8 Compute soft assignments {st} for all steps ; // State distributions
9 Define Qϕ as the combination of spectral encoder and soft assignment mechanism ;

10 Optimize Pθ to fit transition pairs (st−1 → st) via KL ; // Eq. (11)
11 for each (x, c1:T ) ∈ D do
12 for each step ct do

13 zt ←
∑K

j=1 st,j · γj ;

14 Inject zt into token representations ; // Eq. (8)

15 Update Pω to minimize supervised loss

16 return Pω, Pθ, Qϕ

C Algorithm of CTRLS for On-policy Reinforcement Learning

Algorithm 2 details the on-policy reinforcement learning phase. The model fine-tunes its transition policy using
trajectory-level rewards and sampled state dynamics to improve reasoning performance.

C.1 On-policy Reinforcement Learning

Building on the exploration scheme, we fine-tune both backbones on GSM8K and MATH with on-policy RL under
four settings: (i) ϵ-greedy only, (ii) entropy regularisation only, (iii) both techniques, and (iv) no exploration
(baseline). Figure 4a shows the on-policy learning curves. For LlaMA3.2, entropy regularization is crucial, as
the policy collapses to a few high-probability actions and training stalls when it is disabled. CTRLS improves in
the early phase (i.e., first 500 steps) without entropy regularisation, but its performance subsequently degrades
as action diversity in the transition distribution diminishes.

In addition, we observe that entropy regularization prevents this collapse, and combining it with ϵ-greedy sam-
pling yields the fastest and most stable gains, confirming that the two mechanisms are complementary and that
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Algorithm 2: On-Policy RL Fine-tuning for CTRLS

Input: Pretrained generator Pω; transition model Pθ; inference model Qϕ; centroids {γ1, ..., γK};
training dataset D; number of steps T

Output: Fine-tuned transition model Pθ

1 for each (x, y∗) ∈ D do
2 s0 ← Qϕ(x) ; // Initial latent state from prompt
3 Set x0 ← x; trajectory τ ← ∅;
4 for t = 1 to T do
5 zt ←

∑
j st,j · γj ; // Weighted latent vector

6 Inject zt into token embeddings via Eq. (8) ;
7 Sample xt ∼ Pω(· | x<t, z≤t) ; // State-aware generation
8 Append (st, xt) to trajectory τ ;
9 if stopping criterion met (e.g., EOS token) then

10 break

11 Sample st+1 ∼ ϵ-Greedy(Pθ(· | st)) ; // Latent transition (soft dist.)

12 Compute answer ŷ from full x1:T ;
13 Set reward R = 1{ŷ = y∗} ;
14 Compute policy gradient with entropy bonus ;
15 Update Pθ using optimizer ;

16 return Pθ
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Figure 4: On-policy learning curves for CTRLS with LlaMA3.2 and Qwen2.5.
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CTRLS benefits most when both are employed. We observe a similar trend for Qwen2.5 backbone model in Fig-
ure 4b, while CTRLS achieves more robust on-policy learning improvement even without entropy regularization.

In Figure 5, we further present the on-policy learning of both LlaMA3.2 and Qwen2.5 models of CTRLS on
MATH dataset. As discussed in Section C.1, the ϵ-greedy exploration and entropy regularization enhance the
learning robustness on LlaMA3.2 based CTRLS. However, we also observe learning degeneration on MATH
dataset for Qwen2.5 model. Such problem is derived from the sensitivity of exploration instability discussed in
Section 5.3.
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Figure 5: On-policy reinforcement learning curves for LlaMA3.2 and Qwen2.5 on MATH dataset.

D Case Study

We provide qualitative examples to support the findings discussed in Section 5.4. The Figure 6 illustrates how
CTRLS corrects an algebraic substitution error made by the baseline. The Figure 7 shows how CTRLS avoids
hallucinated symbolic steps and follows a simpler, task-grounded reasoning path.

E GPT-as-judge Evaluation Details

We implement an automated evaluation pipeline to quantify qualitative aspects of reasoning. The pipeline is
based on the following steps:

1. Sampling. For each experiment configuration, we subsample 100 solutions from the model outputs.

2. Prompt construction. Each solution is converted into a structured prompt containing: the original
question, the ground-truth answer, the step-by-step reasoning, and the model’s final answer.

3. GPT-4 evaluation. We query GPT-4 (temperature 0.1) with instructions to respond strictly in JSON
format. The model assigns scores (1–10) for the following criteria:

• Self-reflection and validation

• Correctness of algebra

• Logical coherence

• Reduction of hallucinated steps

• Overall quality

4. Post-processing. We parse the JSON output, compute averages, and report aggregate results. When
parsing fails (e.g., malformed JSON), we apply simple regex extraction or fall back to default values.
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Question: Let a1, a2, a3, . . . be an arithmetic sequence. If a4
a2

= 3, what is a5
a3

?

Base (LlaMA3.2)

Final: 4

Steps:
1. In an arithmetic sequence, the difference between consecutive terms is constant. Let’s denote this common difference as d.

2. We can express a4 as a2 + 2d and a5 as a3 + 2d. Given that
a4
a2

= 3, we can write this as
a2+2d

a2
= 3.

3. (Wrong derivation) Solving for d, we get 2d = 3a2, which simplifies to d = 3
2a2. Now, we can express a5 as a3 + 2d = a3 + 2

(
3
2a2

)
=

a3 + 3a2.

4. (Wrong conclusion) Therefore, the ratio
a5
a3

is equal to
a3+3a2

a3
= 1 +

3a2
a3

= 1 + 3 = 4.

CTRLS (LlaMA3.2)

Final: 2

Steps:
1. (Same setup) In an arithmetic sequence, the difference between consecutive terms is constant. Let’s denote this common difference as

d.
2. (Same derivation) We can express a4 as a2 + 2d and a5 as a3 + 2d. Given that

a4
a2

= 3, we can write this as
a2+2d

a2
= 3.

3. (Correct derivation) Solving for d, we get 2d = 2a2, which simplifies to d = a2. Now, we can express a5 as a3 + 2a2 and a3 as a2 + a2,
which simplifies to a3 = 2a2.

4. (Correct conclusion) Substituting these expressions into
a5
a3

, we get
a3+2a2
a2+a2

=
2a2+2a2

2a2
=

4a2
2a2

= 2.

Figure 6: Qualitative comparison. CTRLS corrects a symbolic substitution error made by the baseline in an
arithmetic reasoning task, resulting in a more accurate final answer.

F Implementation Details

We follow the prompt design in (Wei et al., 2022) to guide step-wise CoT generation. For each question, we
sample multiple CoT trajectories and retain only those yielding the correct final answer. The filtered set forms the
training data for CTRLS pretraining. Token embeddings are projected into spectrum embeddings, clustered into
K=64 latent states, and used to estimate the transition matrix. To encourage diverse reasoning paths, sampling
with temperature and top-k filtering is applied during generation. The entire process takes approximately 2
hours on two A6000 GPUs.



CTRLS: Chain-of-Thought Reasoning via Latent State Transition

Question: For how many real values of x is
√

63−
√
x an integer?

Base (LlaMA3.2)

Final: 4

Steps:

1. We start by letting n =
√

63 −
√
x, which implies that n2 = 63−

√
x. This further simplifies to

√
x = 63−n2, and squaring both sides

gives us x = (63 − n2)2.
2. (Hallucinated step) We can rewrite this equation as n2 + m2 = 63, which is a form of Pell’s equation.
3. (Misled solution) This gives us the possible values of n as 3, 9, 15, and 21, and the corresponding values of m as 6, 0,−6, and −12,

respectively.

4. (Wrong conclusion) Therefore, there are 4 possible values of x for which
√

63 −
√
x is an integer.

CTRLS (LlaMA3.2)

Final: 8

Steps:

1. (Same setup) We start by letting n =
√

63 −
√
x, which implies that n2 = 63 −

√
x. This further simplifies to

√
x = 63 − n2, and

squaring both sides gives us x = (63 − n2)2.
2. (Correct step) The perfect squares less than or equal to 63 are 0, 1, 4, 9, 16, 25, 36, 49.

3. (Correct conclusion) Therefore, the number of real values of x for which
√

63 −
√
x is an integer is equal to the number of perfect

squares less than or equal to 63, which is 8.

Figure 7: Qualitative comparison. CTRLS avoids hallucinated symbolic reasoning and correctly counts the
number of valid values based on integer square analysis, while the baseline follows an incorrect symbolic path.
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