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Abstract

Training convolutional neural networks at scale demands substantial memory, largely due
to storing intermediate activations for backpropagation. Existing approaches—such as
checkpointing, invertible architectures, or gradient approximation methods like randomized
automatic differentiation—either incur significant computational overhead, impose archi-
tectural constraints, or require non-trivial codebase modifications. We propose XConv, a
drop-in replacement for standard convolutional layers that addresses all three limitations: it
preserves standard backpropagation, imposes no architectural constraints, and integrates
seamlessly into existing codebases. XConv exploits the algebraic structure of convolutional
layer gradients, storing highly compressed activations and approximating weight gradients via
multi-channel randomized trace estimation. We establish convergence guarantees and derive
error bounds for the proposed estimator, showing that the variance of the resulting gradient
errors is comparable to that of stochastic gradient descent. Empirically, XConv achieves
performance comparable to exact gradient methods across classification, generative modeling,
super-resolution, inpainting, and segmentation—with gaps that narrow as the number of
probing vectors increases—while reducing memory usage by a factor of two or more and
remaining computationally competitive with optimized convolution implementations.

1 Introduction

While transformer-based architectures have achieved remarkable success across numerous domains, their
quadratic computational complexity with respect to sequence length poses significant scalability chal-
lenges (Vaswani et al., 2017; Tay et al., 2022). This has renewed interest in convolutional architectures (Younesi
et al., 2024), with recent works demonstrating that carefully designed convolutional neural networks (CNNs)
can match or exceed transformer performance in certain settings (Mao et al., 2021; Liu et al., 2022; Cui
et al., 2023b;a; Woo et al., 2023; Wang et al., 2023; Liu et al., 2023; Hou et al., 2024; Ding et al., 2024). As
such, convolutional layers continue to form a key component of current neural network designs (Ronneberger
et al., 2015; Ding et al., 2022; Liu et al., 2022; Wang et al., 2024; Ma et al., 2024b). However, scaling up
CNNs remains challenging due to two primary factors: (i) while the computational demands during forward
evaluation are relatively modest, significant computational resources are needed during training (Griewank
& Walther, 2000; Ronneberger et al., 2015; Chen et al., 2016); (ii) training requires storing intermediate
activations for backpropagation, creating a memory bottleneck that becomes particularly acute when scaling
to higher-dimensional data. While several recent works have addressed the computational complexity of CNN
training through architectural innovations (Howard et al., 2017; Liu et al., 2022; Chen et al., 2023a;b; Vasu
et al., 2023), the memory bottleneck associated with storing activations remains a critical challenge.

Existing methods for addressing this memory bottleneck include checkpointing approaches (Griewank &
Walther, 2000; Chen et al., 2016; Beaumont et al., 2019; Shah et al., 2021; Feng & Huang, 2021; He &
Yu, 2023; Korthikanti et al., 2023; Beaumont et al., 2024; Hong et al., 2025), which recompute activations
during the backward pass, yielding exact gradients but incurring significant computational overhead and
requiring careful integration with automatic differentiation to ensure correct gradient flow; invertible network
architectures (Gomez et al., 2017; Haber & Ruthotto, 2017; Jacobsen et al., 2018; Hascoet et al., 2023;
Ulidowski, 2023; Orozco et al., 2024; Zhang & Zhang, 2024; Zhao et al., 2024a), which enable activations
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to be recovered from outputs but impose strict architectural constraints that limit representation power;
and approximation methods that compute unbiased gradient estimates via techniques such as randomized
automatic differentiation (RAD) (Oktay et al., 2021) which intervenes in the computational graph, zeroth-order
methods (Malladi et al., 2023) that bypass backpropagation entirely by perturbing parameters, approximate
backpropagation (Yang et al., 2024b) which modifies the backward pass with shared approximations, or
direct feedback alignment (DFA) (Nøkland, 2016; Han & Yoo, 2019; Wang et al., 2019; Nøkland & Eidnes,
2019; Launay et al., 2020; Frenkel et al., 2021; Refinetti et al., 2021; Nakajima et al., 2024; Yang et al.,
2024a) which bypasses the backward pass by routing error signals through fixed random matrices directly to
each layer. Collectively, each family of methods trades one constraint for another: checkpointing sacrifices
computation for exact gradients, invertible architectures sacrifice design flexibility, and approximation-based
approaches require non-trivial codebase modifications, specialized framework support, or changes to the
training pipeline. A method that reduces memory while preserving standard backpropagation, imposing no
architectural constraints, and integrating seamlessly into existing codebases remains an open challenge.

Our work is based on the premise that exact computations are often not needed—a viewpoint advocated in
the field of randomized linear algebra (Tropp et al., 2019; Martinsson & Tropp, 2020), and more recently in
parametric machine learning (Oktay et al., 2021), where it has been argued that spending computational
resources on exact gradients is unnecessary when stochastic optimization is used. A similar argument was
used earlier in the context of parameter estimation with partial differential equation constraints (Haber et al.,
2012; Aravkin et al., 2012; van Leeuwen & Herrmann, 2014). Building on this premise, we propose XConv, a
memory-efficient training approach for convolutional layers that addresses all three limitations simultaneously.
XConv preserves standard backpropagation—unlike DFA or zeroth-order methods—imposes no architectural
constraints—unlike invertible networks—and requires no changes to the computational graph or training
pipeline—unlike RAD or checkpointing. This is achieved by exploiting the specific algebraic structure of
convolutional layer gradients: we store highly compressed versions of layer activations and approximate weight
gradients using multi-channel randomized trace estimation, enabling XConv to serve as a drop-in replacement
for standard 2D and 3D convolutional layers in any existing architecture while remaining computationally
competitive with optimized convolution implementations.

By means of relatively straightforward algebraic manipulations, we write the gradient with respect to a
convolution weight in terms of the trace of a matrix formed from the outer product of the convolutional layer
input and the backpropagated residual, combined with a shift operation. Next, we approximate this trace
with an unbiased randomized trace estimation technique (Hutchinson, 1989; Avron & Toledo, 2011; Roosta-
Khorasani & Ascher, 2015; Martinsson & Tropp, 2020; Meyer et al., 2021) for which we prove convergence
and derive theoretical error bounds by extending recent theoretical results (Cortinovis & Kressner, 2022). We
show that exact convolution gradients are not strictly necessary: randomized gradient estimates yield noise
comparable in scale to stochastic optimization noise while reducing memory consumption, with accuracy that
improves systematically with the number of probing vectors.

Contributions. The main contributions of this work are:

• We propose XConv, a drop-in replacement for standard convolutional layers that approximates
gradients via multi-channel randomized trace estimation, enabling memory reduction with minimal
implementation overhead.

• We establish convergence guarantees and derive theoretical error bounds for the proposed estimator,
extending existing results to non-symmetric matrices.

• We empirically demonstrate that XConv achieves performance comparable to exact gradient methods
across classification, generative modeling, super-resolution, inpainting, and segmentation, with
accuracy that improves systematically with the number of probing vectors, while meaningfully
reducing memory consumption.

Outline. Section 2 reformulates the gradient of convolution layers as a trace and establishes convergence
guarantees for its randomized approximation. Section 3 presents the XConv algorithm and describes how it

2



Under review as submission to TMLR

integrates into existing architectures as a drop-in replacement. Section 4 evaluates gradient fidelity, memory
savings, and downstream task performance across a range of architectures and applications.

2 Theory

We cast the action of convolutional layers into a framework that exposes the underlying linear algebra,
allowing gradients with respect to convolution weights to be identified as traces of a matrix. These traces can
then be approximated by randomized trace estimation (Avron & Toledo, 2011), which greatly reduces the
memory footprint with competitive computational overhead. We derive expressions for the single-channel
case, prove convergence and error bounds by extending existing results to non-symmetric matrices, and then
generalize to multi-channel convolutions. The multi-channel case calls for a new type of sparse probing to
minimize crosstalk between channels, for which we also derive accuracy bounds.

Single channel case Let us start by writing the action of a single channel convolutional layer as follows

Y = WX ∈ RN×B , where W =
nw∑
i=1

wiTk(i), (1)

and N, B, nw are the number of pixels, batch size, and number of convolution weights (K2 for a K by K
kernel), respectively. For the ith weight wi, the convolutions themselves correspond to applying a circular
shift with offset k(i), denoted by Tk(i), followed by multiplication with the weight. Given this expression for
the action of a single-channel convolutional layer, expressions for the gradient with respect to weights can
easily be derived by using the chain rule and standard linear algebra manipulations (Petersen & Pedersen,
2008)—i.e., we have

∂

∂wi
f(WX) = tr

((
∂f(WX)

∂W

)⊤
∂W
∂wi

)
= tr

((
δYX⊤)⊤ T⊤

k(i)

)
= tr

(
XδY⊤T−k(i)

)
, i = 1, . . . , nw.

(2)

This expression for the gradient with respect to the convolution weights corresponds to computing the
trace—i.e., the sum of the diagonal elements denoted by tr(A) =

∑
i Aii, of the outer product between the

residual collected in δY and the layer’s input X, after applying the shift. The latter corresponds to a right
circular shift along the columns.

Computing estimates for the trace through the action of matrices—i.e., without access to entries of the diagonal,
is common practice in the emerging field of randomized linear algebra (Tropp et al., 2019; Martinsson &
Tropp, 2020). Going back to the seminal work by Hutchinson (Hutchinson, 1989; Meyer et al., 2021), unbiased
matrix-free estimates for the trace of a matrix exist involving probing with random vectors zj , j = 1, . . . , r,
with r the number of probing vectors and E(zjz⊤

j ) = I with I the identity matrix. Under this assumption,
unbiased randomized trace estimates can be derived from

tr(A) = tr
(
AE

[
zz⊤]) = E

[
z⊤Az

]
≈ 1

r

r∑
j=1

[
zj⊤Azj

]
. (3)

By combining equation 2 with the above unbiased estimator for the trace, we arrive at the following
approximation for the gradient with respect to the convolution weights:

δwi ≈ 1
r

r∑
j=1

(
z⊤
j X
) (

δY⊤T−k(i)zj
)

, i = 1, . . . , nw. (4)

From this expression the memory savings during the forward pass are obvious since X = Z⊤X, where
X ∈ Rr×B with r ≪ N . However, convergence rate guarantees were only established under the additional
assumption that A is positive semi-definite (PSD, Kaperick (2019)). While the outer product XδY⊤T−k(i)
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we aim to probe here is not necessarily PSD, improving upon recent results by Cortinovis & Kressner (2022),
we show that the condition of PSD can be relaxed to asymmetric matrices by a symmetrization procedure that
does not change the trace. More precisely, we show in the following proposition that the gradient estimator
in equation 4 is unbiased and converges to the true gradient as r → ∞ with a rate of about r−1/2 (for details
of the proof, we refer to the Appendix A.2).
Proposition 1. Let A ∈ RN×N be a square matrix and let the probing vectors be i.i.d. Gaussian with 0
mean and unit variance. Then for any small number δ > 0, with probability 1 − δ, we have∣∣∣∣∣1r

r∑
i=1

[
z⊤
i Azi

]
− tr (A)

∣∣∣∣∣ ≤ 4∥A∥2

r
log 2

δ
+ 2∥A∥F√

r
log1/2 2

δ
.

Imposing a small probability of failure δ means the log 2
δ term in the upper bound is large, which implies that

neither term in the upper bound is dominating for all the r values. Depending on which term is dominant, the
range of r can be divided into two regimes, the small r regime and the large r regime. In the small r regime,
the first term dominates, and the error decays as 1/r. In the large r regime, the second term dominates and
the error decays as 1/

√
r. The phase transition happens when r is about 4∥A∥2

2/∥A∥2
F log(2/δ) ≡ 4

ρ log(2/δ),
where ρ ≡ ∥A∥2

F /∥A∥2
2 is known as the effective rank, which reflects the rate of decay of the singular values

of A. We see that as r increases, the larger the effective rank is, the earlier the phase transition occurs, after
which the decay rate of the error will slow down. Before discussing details of the proposed algorithm, let us
first extend the above randomized trace estimator to multi-channel convolutions.

Multi-channel case In general, convolutional layers involve several input and output channels. In that
case, the output of the mth channel can be written as

Ym =
Cin∑
n=1

Wn,mXn, where Wn,m =
nw∑
i=1

wn,m
i Tk(i) (5)

for n = 1, . . . , Cin, m = 1, . . . , Cout with Cin, Cout the number of input and output channels and wn,m
i the

ith weight between the nth input and mth output channel. In this multi-channel case, the gradients consist of
the single channel gradient for each input/output channel pair, i.e., δwn,m

i = tr(Xn(δYm)⊤T−k(i)).

While randomized trace estimation can in principle be applied to each input/output channel pair independently,
we propose to treat all channels simultaneously to further improve computational performance and memory
use. Let the outer product of the (n, m)th input/output channel be An,m, i.e., An,m = (Xn(δYm)⊤T−k(i))⊤,
computing δwn,m

i means estimating tr(An,m). To save memory, instead of probing each An,m, we probe the
stacked matrix

A =

 A1,1 · · · A1,Cin

...
...

ACout,1 · · · ACout,Cin


by r length Cin × N probing vectors stored in Z ∈ RNCin×r, and estimate each tr(Am,n) via the following
estimators

Gm,n(A) := 1
r

r∑
j=1

z⊤
n,j (Azj)m , (6)

where (·)m extracts the mth block from the input vector. That is to say, we simply stack the input and
residual, yielding matrices of size (N × Cin) × B and (N × Cout) × B whose outer product XδY⊤ (i.e., A⊤

of the A in equation 6) is no longer necessarily square. To estimate the trace of each N × N sub-block, in
equation 6, we (i) probe the full outer product from the right with r probing vectors zj of length (N × Cin);
(ii) reshape the resulting matrix into a tensor of size (N, Cout, B) while the probing matrix is shaped into a
tensor of size (N, Cin, B) (i.e., separate each block of Azj), and (iii) probe each individual block again from
the left. This leads to the desired gradient collected in a Cin × Cout matrix. We refer to Figure 1a, which
illustrates this multi-channel randomized trace estimation. After (i), we only need to save X = Z⊤X in
memory rather than X that leads to a memory reduction by a factor of NCin

r .
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Unfortunately, the improved memory use and computational performance boost of the above multi-channel
probing reduces the accuracy of the randomized trace estimation because of crosstalk amongst the channels.
Since this crosstalk is random, the induced error can be reduced by increasing the number of probing vectors
r, but this will go at the expense of more memory use and increased computation. To avoid this unwanted
overhead, we introduce a new type of random probing vectors that minimizes the crosstalk by again imposing
E(zz⊤) = I but now on the multi-channel probing vectors that consist of multiple blocks corresponding to
the number of input/output channels.

Explicitly, we draw each zn,j , the nth block of the jth probing vector, according to

zn,j ∼

{
N (0, IN ) with probability pn

0 with probability 1 − pn
. (7)

For different values of (n, j), the zn,j ’s are drawn independently with a predefined probability pn of generating
a nonzero block. Compared to conventional (Gaussian) probing vectors (see Figure 1b top left), these
multi-channel probing vectors contain sparse non-zero blocks (see Figure 1b top right), which reduces the
crosstalk (juxtapose with second row of Figure 1b). It can be shown that crosstalk becomes less when pn ↓ 0
and r → ∞.

Given probing vectors drawn from equation 7, we have to modify the scaling factor of the multi-channel
randomized trace estimator equation 6 to ensure it is unbiased,

G̃n,m(A) := 1
nnz(Zn)

r∑
j=1

z⊤
n,j (Azj)m , (8)

where nnz(Zn) is the number of non-zero columns in block n. We prove the following convergence result for
this estimator (the proof can be found in Appendix A.2).
Theorem 1 (Succinct version). Let p = min

n
pn, r be the number of probing vectors. For any small number

δ > 0, with probability at least 1 − δ − 3Cine−rp2/2, we have for any n = 1, . . . , Cin and m = 1, . . . , Cout,

∣∣∣G̃n,m(A) − tr(An,m)
∣∣∣ ≤ c ·

1√
p

n
∥An,m∥F +

Cin∑
j=1,j ̸=n

√
pj

pn
∥An,j∥F

√
r

log1/2 CoutCin

δ
,

where c is an absolute constant and Cin and Cout are the numbers of input and output channels.

Theorem 1 provides convergence guarantee for our special multi-channel simultaneous probing procedure.
Similar to Proposition 1, Theorem 1 in its original form (supplementary material) also has a two-phase
behaviour. So the discussion under Proposition 1 applies here. For simplification of presentation, we only
presented the bound for the large r regime in this succinct version. Still, we can see that the error bound for
estimating tr(An,m) not only depends on the norm of the current block An,m, but also other blocks in that
row, which is expected since we simultaneously probe the entire row instead of each block individually for
memory efficiency. Admittedly, due to technical difficulties, we cannot theoretically show that decreasing the
sampling probability p decreases the error. Nevertheless, we observe better performance in the numerical
experiments.

3 Stochastic optimization with multi-channel randomized trace estimation

Given the expressions for approximate gradient calculations and bounds on their error, we now present the
XConv algorithm and demonstrate its use as a drop-in replacement in existing convolutional architectures.

3.1 Low-memory stochastic backpropagation

The key point of the randomized trace estimator in Equation equation 8 is that it allows for on-the-fly
compression of the state variables during the forward pass. For a single convolutional layer Y = conv(X, w)
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(a) Multi-channel randomized trace estimation. The
three steps of the algorithm estimate the trace of a
sub-block of the outer product.

(b) Probing matrices and corresponding approxima-
tion of the identity for Cin = 16, Cout = 16, r = 64,
and N = 256. The orthogonalization step by zeroing
out blocks (compare plots in top row) leads to a near
block diagonal approximation of the identity with
much less crosstalk between the different channels
(compare plots in second row).

Figure 1: Multi-channel probing illustration and effect of orthogonalization. (a) Schematic of the three-step
trace estimation procedure for a single sub-block. (b) Probing matrices Z and their Gram matrices Z⊤Z
before (left) and after (right) block orthogonalization, showing reduced cross-channel interference.

with input X and convolution weights w, our approximation involves three simple steps, namely (1) probing
of the state variable X = Z⊤X, (2) matrix-free formation of the outer product L = XδY⊤, and (3)
approximation of the gradient via δwi = 1

r tr(LT−k(i)Z), i = 1, . . . , nw. These three steps lead to substantial
memory reductions even for a relatively small image of size 32 × 32 (N = 1024 pixels) and Cin = 16. In
that case, our approach leads to a memory reduction by a factor of NCin

r = 214−γ for r = 2γ . For γ = 7 this
leads to roughly 100× memory saving. Because the probing vectors are generated on the fly, we only need to
allocate memory for X during the forward pass as long as we also store the state s of the random generator.
During backpropagation, we initialize the state, generate the probing vectors, followed by applying a shift
and product by L. These steps are summarized in Algorithm 1. This simple algorithm provides a highly
compressed estimate of the true gradient with respect to its weights.

Algorithm 1 Low-memory approximate gradient convolutional layer. The random seed s and random
probing matrix Z are independently redrawn for each layer and training iteration.
Forward pass:
1. Forward convolution Y = conv(X, w)
2. Draw a new random seed s and probing matrix Z[s]
3. Compute and save X = Z⊤[s]X ∈ Rr×B

4. Store X, s
Backward pass:
1. Load random seed s and probed forward X
2. Redraw probing matrix Z[s] from s
3. Compute backward probe L = XδY⊤

4. Compute gradient δwi = 1
r tr(LT−k(i)Z[s])
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(a) Directly instantiating XConv layers.

class Net(nn.Module):
def __init__(self):

super(Net, self).__init__()
self.conv1 = Xconv2D(

1, 32, 3, 32, 1, padding=1
)

self.conv2 = Xconv2D(
32, 64, 3, 32, 1, padding=1

)
self.dropout1 = nn.Dropout(0.25)
self.dropout2 = nn.Dropout(0.5)
self.fc2 = nn.Linear(128, 10)

(b) Converting an existing model in-place.

from pyxconv.utils import convert_net

model = nn.Sequential(
nn.Conv2d(3, 64, 3, padding=1),
nn.BatchNorm2d(64),
nn.ReLU()

)

convert_net(
model,
ps=256,
xmode="independent"

)

Figure 2: XConv can be integrated either by directly instantiating XConv layers (left) or by converting
existing convolutional models using a single API call (right).

3.2 Ease of Integration

Figure 2 illustrates the ease of integrating XConv: it implements Algorithm 1 internally but fully encapsulates
the complexity within the layer abstraction. We also provide an adaptive version that selectively disables
XConv in deep layers with small spatial extent, where activation storage is inexpensive.

4 Experiments

We now systematically analyze the consequences of replacing standard convolutional layers with XConv
on gradient fidelity, memory consumption, and computational overhead. We first perform a layer-by-layer
analysis of gradient deviation, then introduce Average Gradient Error (AGE) as a global diagnostic metric
to quantify aggregate gradient fidelity across entire models. We then relate these findings to peak memory
usage and wall-clock benchmarks, enabling a comprehensive evaluation of the accuracy–memory–compute
trade-offs induced by XConv.

4.1 Minibatch versus randomized trace estimation errors

Simply stated, stochastic optimization involves gradients that contain random errors known as gradient noise.
As long as this noise is not too large and independent for different gradient calculations, algorithms such as
stochastic gradient descent, where gradients are computed for randomly drawn minibatches, converge under
certain conditions. In addition, the presence of gradient noise helps the algorithm to avoid bad local minima,
which arguably leads to better generalization of the trained network (Neelakantan et al., 2015; Huang et al.,
2020). Therefore, as long as the batch size is not too large, one can expect the trained network to perform
well.

We argue that the same applies to stochastic optimization with gradients approximated by (multi-channel)
randomized trace estimation as long as the errors behave similarly. In a setting where memory comes at a
premium this means that we can expect training to be successful for gradient noise with similar variability.
To this end, we conduct an experiment where the variability of 5 × 5 × Cin × Cout convolution weights is
calculated for the true gradient for different randomly drawn minibatches of size B = 128. We do this for a
randomly initialized image classification network designed for the CIFAR-10 dataset (for network details, see
Table 5 in Appendix A.5).

For comparison, approximate gradients are also calculated for randomized trace estimates obtained by probing
independently (“Indep.” in blue), multi-channel (“Multi” in orange), and multi-channel with orthogonalization
(“Multi-Ortho” in green). The batch sizes are for a fixed number of probing vectors of r = 2048 selected such
that the total memory use is the same as for the true gradient calculations. From the plots in Figure 3a, we
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(a) Randomized trace estimation of the gradient of
our randomly initialized CNN for the CIFAR-10
dataset. While gradient noise is present, its mag-
nitude is reduced by the orthogonalization when
weights are small.

(b) Standard deviation of the gradients w.r.t. the
weights for each of the four convolutional layers
in the neural network. The standard deviation is
computed over 40 mini-batches randomly drawn
from the CIFAR-10 dataset.

Figure 3: Gradient analysis on CIFAR-10. (a) Per-weight gradient estimates for four convolutional layers
under different probing strategies. (b) Standard deviation of gradients across 40 mini-batches for varying
batch sizes and probing vectors r.

observe that as expected the independent probing is close to the true gradient followed by the more memory
efficient multi-channel probing with and without orthogonalization. While all approximate gradients are
within the 99% confidence interval, the orthogonalization has a big effect when the gradients are small (see
conv3).

To better understand the interplay between batch size B ∈ {64, 128, 256, 1024} and probing vectors
r ∈ {64, 256, 512}, we estimate the standard deviation from 40 randomly drawn minibatches. As expected,
the standard deviations increase for smaller batch size and fewer probing vectors. However, since XConv’s
smaller memory footprint allows for larger batch sizes, the variability can be controlled within a given memory
budget. Figure 3b shows that the standard deviation reduces with increasing batch size, mirroring the
behaviour of stochastic gradient descent. This confirms that the approximation noise introduced by XConv
does not dominate mini-batch noise, reaffirming that exact gradient computations are unnecessary for stable
training.

4.2 Average Gradient Error

Comparing approximate and exact gradients in deep networks is nontrivial: gradients vary across layers, scales,
and architectures, and per-layer discrepancies do not directly reflect the cumulative effect on optimization.
To enable architecture-level comparison, we introduce a global diagnostic metric—Average Gradient Error
(AGE)—that quantifies the aggregate deviation between gradients estimated by standard convolution and
randomized trace estimation across an entire model. AGE measures the magnitude of gradient noise induced
by approximation and stochasticity, aggregated across mini-batches, and is intended as a diagnostic of gradient
fidelity rather than a predictor of generalization.

Let D = {(xi, yi)}Ki=1 denote a dataset of K samples, ℓ(fθ(xi), yi) a per-example loss, and L(θ) =
1
K

∑K
i=1 ℓ(fθ(xi), yi) the empirical risk with full gradient g(θ) = ∇θL(θ). We partition D into M = ⌊K/B⌋

mini-batches {Bb}Mb=1 of size B, each yielding a mini-batch gradient g(b)(θ) = 1
B

∑
i∈Bb

∇θℓ(fθ(xi), yi) so that
g(θ) = 1

M

∑M
b=1 g(b)(θ). The Average Gradient Error is then defined as

AGE(θ) = 1
M

M∑
b=1

∥∥∥g(θ) − g(b)(θ)
∥∥∥2

2
. (9)
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(a) Probing vector r=16 (b) Probing vector r=128

Figure 4: Average gradient error vs. image dimension for SqueezeNet. Results are shown for probing
vectors r ∈ {16, 128} over 10 runs. Bold numbers indicate the maximum batch-size that fits in memory for
each method (blue: standard convolution, red: XConv ) under a fixed 16 GB memory budget. Across all
probing-vector settings, XConv consistently permits larger batch sizes than standard convolution. The AGE
is higher for XConv, but the gap reduces progressively with increasing image dimension N , becoming small
at N = 1024 for probing vector r = 128.

For the randomized trace estimation, the mini-batch gradient given by g(b) contains the stochastic mini-batch
and approximation noise. For both the standard convolution and randomized trace estimation cases, AGE
is measured relative to the same reference full-gradient g(θ). We use AGE to compare gradient fidelity
across models and approximation strategies, isolating the contribution of randomized trace estimation from
stochastic mini-batch noise.

4.2.1 SqueezeNet

We begin our analysis with SqueezeNet (Iandola et al., 2016), a lightweight convolutional architecture designed
to achieve competitive accuracy with significantly fewer parameters. SqueezeNet constitutes a challenging test
case for XConv: its reduced spatial aggregation limits natural averaging effects that can otherwise mitigate
stochastic gradient noise, potentially amplifying the impact of gradient approximation.

We evaluate AGE across probing vectors r ∈ {16, 32, 64, 128} and image dimensions N ∈ {128, 256, 512, 1024}.
Results for r ∈ {16, 128} are reported in Figure 4, with additional probing vector configurations provided in
Appendix A.3. Under a fixed 16 GB memory budget, XConv consistently permits larger batch sizes than
standard convolution across the evaluated probing-vector configurations, reflecting its lower peak memory
footprint. For example, at r = 16 and image dimension N = 1024, XConv supports approximately 1.6×
larger batch sizes than standard convolution (46 vs. 29), with similar or greater gains at lower resolutions.

Despite the compact architecture and limited spatial smoothing, we observe a consistent reduction in AGE as
both the probing vectors r and image dimension N increase. In particular, the AGE gap between XConv and
standard convolution decreases monotonically with increasing image resolution, becoming small at the largest
tested scale (N = 1024) for r = 128. These results indicate that even in parameter-efficient architectures,
gradient deviations introduced by XConv diminish systematically with increased probing capacity and spatial
resolution.

4.2.2 U-Net

We continue our analysis on U-Net (Ronneberger et al., 2015), a convolutional encoder–decoder architecture
with skip-connections that has become a core building block in score-based diffusion models. Its deep
hierarchical structure and large intermediate activations make it a particularly challenging and practically
relevant setting for evaluating XConv.
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(a) Probing vector r=16 (b) Probing vector r=128

Figure 5: Average gradient error vs. image dimension for U-Net. Results are shown for probing vectors (a)
r = 16 and (b) r = 128, over 10 runs. Numbers at each data point indicate the maximum batch size that fits
in memory for each method (blue: standard convolution, red: XConv) under a fixed memory budget. XConv
increases AGE relative to Conv, but remains within one order of magnitude across all image dimensions. The
gap narrows as r increases, indicating that approximation noise can be controlled by adjusting the number of
probing vectors.

(a) Probing vector r=32 (b) Probing vector r=256

Figure 6: Average gradient error vs. image dimension for VanillaNet. Results are shown for probing vectors
r ∈ {32, 256} over 10 runs. Numbers at each data point indicate the maximum batch size that fits in memory
for each method (blue: standard convolution, red: Adaptive XConv) under a fixed memory budget. Due to
adaptive selection of approximate layers, the AGE gap relative to Conv does not follow a monotonic trend
with increasing r.

Figure 5 reports the AGE for image dimensions N = {64, 128, 256, 512} and probing vectors r = {16, 128}.
Additional probing vector configurations can be found in Appendix A.3. Across all resolutions, XConv
increases AGE relative to exact convolutional gradients; however, the increase remains bounded within a
single order of magnitude.

AGE decreases systematically with an increasing number of probing vectors r. In contrast to lightweight
architectures such as SqueezeNet, U-Net’s extensive skip connections and large activations lead to higher
gradient approximation error, though the error remains bounded and decreases with r. This behavior
suggests that XConv can maintain adequate gradient fidelity even in deep, memory-intensive encoder–decoder
architectures.
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Figure 7: Layer-by-layer memory usage for a single gradient step. Standard convolution (blue) and XConv
(orange) are compared for SqueezeNet 1.1, SqueezeNet 1.0, ResNet-18, and ResNet-50 (left to right) at a
fixed input size. Memory savings of 2× or more are achievable depending on the ratio of convolutional to
non-convolutional layers.

4.2.3 VanillaNet

We complete our analysis on VanillaNet (Chen et al., 2023a), a minimalistic architecture with shallow feature
maps and small activation footprints. Since aggressive gradient approximation is neither necessary nor
uniformly beneficial in such lightweight networks, we employ an adaptive variant of XConv that selectively
applies approximation to layers with the largest activation footprints.

We evaluate AGE across probing vectors r ∈ {16, 32, 128, 256} and image dimensions N ∈ {64, 128, 256, 512}.
Results for r = 32 and r = 256 are shown in Figure 6 with additional results provided in Appendix A.3.

Unlike the previous settings, AGE does not exhibit a strictly monotonic dependence on r. This behavior is
expected: increasing the number of probing vectors reduces estimator variance only in layers where XConv is
active, while layers computed with exact gradients contribute no approximation error.

This highlights a key design principle: gradient approximation need not be applied uniformly. In lightweight
networks, selectively approximating only the most memory-intensive layers suffices, while preserving exact
gradients elsewhere stabilizes optimization. This stands in contrast to deeper architectures, where increasing
r consistently improves gradient fidelity across the network.

4.3 Overall effective memory savings

Gradient fidelity alone does not determine practical utility—XConv must also translate into meaningful
end-to-end memory savings. We compare peak memory consumption between otherwise identical models
differing only in whether standard convolutional layers are replaced with XConv.

Approximate gradient calculations with multi-channel randomized trace estimation can lead to significant
memory savings within convolutional layers. Because these layers operate in conjunction with other network
layers such as ReLU and batchnorms, the overall effective memory savings depend on the ratio of pure
convolutional and other layers and on the interaction between them. This is especially important for layers
such as ReLU, which rely on the next layer to store the state variable during backpropagation. Unfortunately,
that approach no longer works because our low-memory convolutional layer does not store the state variable.
However, this situation can be remedied easily by only keeping track of the signs (Oktay et al., 2021).

To assess the effective memory savings of multi-channel trace estimation, we include in Figure 7 layer-by-layer
comparisons of memory usage for different versions of the popular SqueezeNet (Iandola et al., 2016) and
ResNet (He et al., 2016). The memory use for the conventional implementation is plotted in blue and our
implementation in orange. The results indicate that memory savings by a factor of two or more are achievable,
which can allow for larger batch sizes or increases in the width/depth of the network. As expected, the
savings depend on the ratio of CNN versus other layers.
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(a) Image Dimension N=512 (b) Image Dimension N=1024

Figure 8: Peak memory curves for SqueezeNet. The horizontal dashed line denotes the true gradient’s memory
consumption. For image dimension N ∈ {512, 1024}, peak memory for the true gradient is infeasible to
compute for several batch sizes. Overall, peak memory usage increases with the number of probing vectors,
and under a fixed memory budget, randomized trace estimation supports larger batch sizes.

(a) Image Dimension N=128 (b) Image Dimension N=256

Figure 9: Peak memory curves for U-Net. The horizontal dashed line denotes the true gradient’s memory
consumption. Overall, peak memory usage increases with the number of probing vectors, and under a fixed
memory budget, randomized trace estimation supports larger batch sizes.

We extend this memory analysis to entire architectures: SqueezeNet, U-Net and VanillaNet. Peak memory is
the limiting factor for feasible batch size and image resolution during training and therefore serves as the
primary metric of interest.

Figure 8 reports the peak memory consumption of SqueezeNet across varying batch sizes and probing vectors
at a fixed image resolution of N = 512 and N = 1024. The corresponding results for lower image resolutions
are provided in Figure 24 in the appendix. In these settings, XConv enables training regimes—either higher
batch sizes or higher spatial resolutions—that would otherwise be infeasible under standard convolution due
to memory constraints.

Results for U-Net at image resolutions N ∈ {128, 256} are shown in Figure 9. Results for lower resolutions
can be found in Figure 24. Despite U-Net’s extensive skip connections and deep encoder–decoder structure,
XConv reduces peak memory consumption across the tested probing vectors and batch sizes.

Finally, Figure 10 presents results for VanillaNet. Owing to its shallow architecture and heterogeneous layer-
wise memory profile, we employ an adaptive variant of XConv that selectively applies approximation to layers.
As a result, peak memory does not vary monotonically with the number of probing vectors. Nevertheless,
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(a) Image Dimension N=256 (b) Image Dimension N=512

Figure 10: Peak memory curves for VanillaNet. The horizontal dashed line denotes the true gradient’s
memory consumption. Overall, peak memory usage increases with the number of probing vectors. Due to
selective application of randomized trace estimation, the memory does not exhibit a monotonic dependence
on probing vectors r.

across a broad range of probing budgets, XConv remains a memory-efficient alternative, confirming that
selective approximation can yield meaningful savings.

4.4 Wall-clock benchmarks

Ideally, reducing the memory footprint during training should not come at the expense of significant
computational overhead. To ensure this is indeed the case, we implemented the multi-channel randomized
trace estimation optimized for CPUs in Julia (Bezanson et al., 2017) and for GPUs in PyTorch (Paszke et al.,
2019). Implementation details and benchmarks are included in Appendix A.4.

Our benchmarking experiments show competitive performance on both CPUs, against NNLib (Innes et al.,
2018; Innes, 2018), and GPUs, against optimized CUDA implementations. On CPUs, we observe speedups of
up to 10× over the standard im2col (Chellapilla et al., 2006) implementation for large images and large batch
sizes, provided the number of probing vectors remains relatively small. On GPUs, we remain competitive
with CuDNN kernels (Chetlur et al., 2014) and occasionally outperform them, though there is room for
further optimization. In all cases, there is a slight decrease in computational throughput when the number
of channels increases. Overall, approximate gradient calculations with multi-channel randomized trace
estimation substitute expensive convolutions between the input and output channels with a relatively simple
combination of matrix-free actions of the outer product on random probing vectors on the right and dense
linear matrix operations on the left (cf. equation 8 and Algorithm 1).

The wall-clock benchmark results along with the hardware description can be found in Figures 11 and 12.

4.5 Quantitative performance of XConv

Having quantified XConv’s memory savings and gradient fidelity, we now evaluate whether these approxi-
mations meaningfully affect end-to-end model performance. We study classification, generative modeling,
inpainting, super-resolution, and segmentation to determine whether the impact is consistent across funda-
mentally different learning objectives.

4.5.1 Classification

MNIST dataset We design a simple neural network and evaluate classification performance on the MNIST
dataset, varying the batch size B and the number of probing vectors r. Implementations in both Julia and
Python are evaluated.
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B=32 B=32

B=64 B=64

Figure 11: CPU benchmark on an Intel(R) Xeon(R) CPU E3-1270 v6 @ 3.80GHz node. The left column
contains the runtimes for 4 channels and the right column for 32 channels. For large images and batch sizes,
our implementation achieves speedups of up to 10×.

B=128 B=256

Figure 12: GPU benchmark on a Tesla K80 (Azure NC6 instance) for a single gradient for varying batch
sizes B, image sizes N and number of channels Cin = Cout. For larger scale problems we perform as well, if
not better, than state-of-the-art CuDNN kernels. Additional GPU benchmarks for smaller batch sizes can be
found in Figure 22.

We use the network architectures (detailed in Table 3 and 4 of Appendix A.5 for Julia and PyTorch, with
training parameters listed in Appendix A.6) for varying batch sizes B ∈ {64, 128, 256} and number of
probing vectors r ∈ {2, 16, 64, 256}. The network test accuracies for the Julia implementation, where the
default convolutional layer implementation is replaced by XConv.jl, are listed in Table 1 for the default
implementation and for our implementation where gradients of the convolutional layers are replaced by our
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Table 1: Test accuracy for varying batch sizes B and number of probing vectors r on the MNIST dataset.

B = 64 B = 128 B = 256

True 0.9905 0.9898 0.9901
r = 2 0.9625 0.9692 0.9745
r = 16 0.9753 0.9803 0.9823
r = 64 0.9777 0.9723 0.9782
r = 256 0.9718 0.9706 0.9791

approximations. The results show that our low-memory implementation remains competitive even for a small
number of probing vectors, yielding a memory saving of about 2.5×. We note that accuracy does not increase
monotonically with r; the small fluctuations across probing vector settings are within the range of training
stochasticity and do not indicate systematic degradation.

We obtained the results listed in Table 1 with the ADAM (Kingma & Ba, 2015) optimization algorithm. To
further test robustness, we also train with stochastic line searches (SLS, Vaswani et al. (2019)), which set
learning rate parameters automatically at the cost of an extra gradient calculation. The full accuracy-vs.-epoch
curves (Figure 25 in Appendix A.9) confirm that the induced randomness does not adversely affect the line
searches: XConv achieves competitive accuracy for r ≥ 16 across all batch sizes B ∈ {64, . . . , 2048}, yielding
a 2.5× memory reduction.

CIFAR-10 dataset We now compare standard stochastic gradient descent with approximate gradient
methods based on multi-channel randomized trace estimation on the CIFAR-10 dataset.

To ensure a fair comparison, we fix the memory usage between the regular gradient, and the approximate
gradients obtained by probing independently ("Indep." in green with r = 32), multi-channel ("Multi." in
orange with r = 256), and multi-channel with orthogonalization ("Multi-Ortho" in red with r = 256). The
batch size for the approximate gradient examples is increased from B = 128 to B = 256 to reflect the smaller
memory footprint. Results for the training/testing loss and accuracy are included in Figure 13. The following
observations can be made from these plots. First, there is a clear gap between the training/testing loss for
the true and approximate gradients. This gap is also present in the training/testing accuracy, albeit relatively
small. However, doubling the batch size effectively halves the training runtime.

4.5.2 Generative modeling

While supervised classification provides a controlled setting to assess discriminative performance, generative
modeling via diffusion places greater emphasis on optimization dynamics and is therefore more sensitive to
gradient approximation. In this section, we evaluate whether the approximate gradients induced by XConv
alter the generative performance of U-Net-based diffusion models.

We consider a U-Net-based diffusion model trained on the MNIST dataset and evaluate the performance
under varying numbers of probing vectors r ∈ {32, 64, 128, 256}. All experiments use a fixed batch size of 768,
a learning rate of 10−3, and are trained for 200 epochs.

Training and validation loss curves (Appendix A.10, Figure 26) confirm that, despite approximation error in
gradient computation, XConv-based models exhibit training dynamics that closely track those of the exact
convolution baseline across all tested probing vectors.

The qualitative generation results are shown in Figure 14. Across all probing vectors, XConv-based models
produce samples that are visually similar to those generated by the standard convolutional baseline.

These qualitative findings are consistent with the quantitative Fréchet Inception Distance (FID) results,
reported in Figure 15. For a large number of probing vectors (r = 256), XConv achieves FID scores close
to those of standard convolution. Notably, these results hold despite AGE increasing by up to an order of
magnitude (Figure 20), suggesting that U-Net-based diffusion models can tolerate moderate levels of gradient
approximation error, particularly when the number of probing vectors is sufficiently large.
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Figure 13: CIFAR-10 training with equivalent memory budget comparing standard convolution (B=128)
to XConv with independent probing (r=32, green), multi-channel (r=256, orange), and multi-channel
orthogonalized probing (r=256, red) at B=256. Top row: training and test loss. Bottom row: training and
test accuracy after 100 epochs.

standard r = 32 r = 64 r = 128 r = 256

Figure 14: Generated samples from the standard network and XConv. Generated samples remain visually
consistent across varying probing vectors r.

These experiments suggest that U-Net-based diffusion models can accommodate moderate gradient approxi-
mation while largely preserving convergence and sample quality, provided the number of probing vectors is
sufficiently large.

4.5.3 Super-resolution and inpainting

To evaluate performance on inverse problems, we adopt the Deep Image Prior (DIP) framework (Ulyanov
et al., 2018), which leverages the inductive bias of convolutional networks to recover structure from corrupted
observations without external training data. DIP thus provides a direct test of whether XConv preserves this
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Figure 15: Fréchet Inception Distance (FID; lower is better) across three runs for the U-Net diffusion model
on MNIST. Dashed lines denote FID scores of the standard convolution baseline. At r = 256, XConv achieves
FID comparable to standard convolution.

Original Image Low-Res Image DIP DIP (r = 256)

Figure 16: Qualitative super-resolution results comparing Conv and XConv. The reconstructions obtained
with XConv are visually similar to those of standard DIP.

implicit regularization for super-resolution and inpainting. Figure 23a in the appendix illustrates the tradeoff
between reconstruction quality and peak memory consumption for DIP-based super-resolution. We observe
that r = 256 represents a favorable operating point: it substantially improves reconstruction quality over
smaller r, while still maintaining a clear memory advantage over exact convolution. As expected, increasing
r improves reconstruction fidelity at the cost of higher memory usage, revealing a clear accuracy–memory
tradeoff.

Based on this tradeoff, we select r = 256 for subsequent experiments. For XConv-based experiments, we
reduce the learning rate to 3×10−4 to improve optimization stability under stochastic gradient approximation;
no additional task-specific hyperparameter tuning is performed. Qualitative super-resolution results on the
Set5 dataset Bevilacqua et al. (2012), shown in Figure 16, indicate that replacing convolution layers with
XConv yields visually comparable reconstructions.
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Original Image Corrupted Image DIP DIP (r = 256)

Figure 17: Qualitative inpainting results comparing Conv and XConv. XConv achieves visually similar
inpainting results to convolution.

Figure 23b in the appendix reports peak memory usage for the inpainting task. Across a broad range of
probing vectors (r ≤ 512), XConv consistently requires less memory than standard convolution. Using the
same probing vectors (r = 256), qualitative inpainting results in Figure 17 further suggest that XConv
produces visually similar reconstructions without introducing obvious artifacts. Together, these results
indicate that the implicit regularization exploited by DIP is largely retained under approximate gradient
computation, while offering reductions in memory consumption.

4.5.4 Segmentation

We evaluate gland segmentation (GlaS dataset (Sirinukunwattana et al., 2017), 165 histological images
at 256 × 256 resolution) using TriConvUNeXt (Ma et al., 2024a), a lightweight model combining dilated
and deformable convolutions. Dense pixel-wise prediction is highly sensitive to gradient quality, making
segmentation a stringent test for XConv. All standard convolution layers are replaced with XConv while
keeping all other hyperparameters fixed.

Figure 18b reports the peak memory usage as a function of the number of probing vectors r at a fixed
image resolution, while Figure 18a reports the corresponding average gradient error (AGE). Increasing the
number of probing vectors r consistently reduces both the magnitude and variance of AGE, but leads to
rapidly increasing memory consumption beyond moderate probing vector budgets. Notably, the marginal
improvement in gradient fidelity diminishes for r > 1024, while memory usage continues to grow sharply.

Based on this tradeoff, we select r = 1024 for segmentation experiments as it provides a favorable compromise
with feasible memory overhead. Quantitative results in Table 2 show that XConv achieves segmentation
performance close to standard convolution, with Dice similarity coefficient (DICE) and accuracy (ACC)
differing by less than 1%. Qualitative predictions in Figure 19 are consistent with these quantitative findings.

These results suggest that, even for dense prediction tasks at high spatial resolution, XConv can maintain
adequate optimization fidelity while reducing memory requirements.
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(a) AGE vs. probing vectors (r) (b) Peak memory vs. probing vectors (r).

(c) Train (left) and validation (right) loss curves

Figure 18: AGE (top-left), peak memory consumption (top-right), and train-validation loss curves of the
TriConvUNeXt model. The horizontal dashed line in both top graphs denotes standard convolution. Increasing
the number of probing vectors r reduces AGE while increasing memory consumption. The train-validation
loss curves show that XConv follows similar training dynamics as standard convolution.

Probing Vector (r) DICE ACC
standard convolution 0.905 0.904

1024 0.900 0.898

Table 2: Quantitative segmentation results on the GlaS dataset with TriConvUNeXt. DICE measures
the overlap between the ground-truth and predicted segmentation masks; higher values indicate better
performance. Results comparing standard convolution to XConv with probing vectors (r = 1024). Despite
approximate gradients, XConv achieves segmentation accuracy within 1% of Conv, consistent with the
qualitative results in Figure 19.

5 Related work

The memory pressure of backpropagation has motivated several lines of work. Checkpointing ap-
proaches (Griewank & Walther, 2000; Beaumont et al., 2019; Korthikanti et al., 2023) recompute activations
during the backward pass, yielding exact gradients at the cost of additional computation. Invertible neural
networks (Haber & Ruthotto, 2017; Jacobsen et al., 2018; Hascoet et al., 2023; Orozco et al., 2024) recover
activations from outputs but impose architectural constraints that may limit expressiveness. Approximate
arithmetic (Gupta et al., 2015; Xi et al., 2023) and memory-efficient optimizers (Zhao et al., 2024b) reduce
memory through lower numerical precision or projected gradient updates, while local learning methods (Saiku-
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Figure 19: Qualitative segmentation results on the GlaS dataset comparing standard convolution and
XConv. Each row corresponds to a different test image, while columns show the original image, ground-truth
segmentation map, convolution, and XConv (r=1024) predictions. At a sufficiently large number of probing
vectors, XConv produces segmentations that are visually similar to those obtained with standard convolution.

mar & Varghese, 2024) break inter-layer dependencies but require non-trivial architectural modifications.
Direct feedback alignment (Nøkland, 2016; Han & Yoo, 2019; Frenkel et al., 2021) replaces backpropagated
gradients with random projections. Randomized linear algebra techniques (Avron & Toledo, 2011; Martinsson
& Tropp, 2020; Meyer et al., 2021) provide unbiased gradient approximations—a desirable property for
stochastic optimization (Neelakantan et al., 2015). Among these, randomized automatic differentiation
(RAD) (Oktay et al., 2021) is closest to our work but requires intervention in the computational graph. In
contrast, XConv exploits the specific algebraic structure of convolutional layer gradients, enabling a simpler
approach that acts as a drop-in replacement for 2D and 3D convolutional layers in existing frameworks.

6 Conclusion and future work

We introduced XConv, a memory-efficient convolutional layer that approximates gradients via multi-channel
randomized trace estimation. By storing only compressed activations, XConv reduces the memory footprint
while remaining computationally competitive with standard implementations. The approach comes with
convergence guarantees and error bounds, and our experiments show that networks trained with XConv achieve
performance close to exact gradient methods across diverse tasks, with accuracy that improves systematically
as the number of probing vectors increases. The degree of memory savings and accuracy depends on the
architecture and task, with typical memory reductions of 2× or more. These properties, combined with
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recent architectural innovations that reduce computational complexity (Howard et al., 2017; Liu et al., 2022;
Chen et al., 2023a;b) and advances in specialized photonic hardware for randomized probing (Saade et al.,
2016), open directions for scaling CNNs to higher-dimensional data such as video representation learning and
other 3D applications. More broadly, the principle of approximating weight gradients via randomized trace
estimation is not limited to convolutions—extending this approach to attention layers, where the memory
footprint of stored activations is similarly prohibitive, is a promising direction for future work.

Declaration of AI usage. Claude (Anthropic) was used to improve the academic tone and technical
clarity of the writing, correct grammatical errors and enhance readability, and ensure consistent formatting
of bibliographic entries. All scientific content, including methodology, theoretical results, and experimental
design, was produced entirely by the authors.
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A Appendix

A.1 Implementation and code availability

Our probing algorithm is implemented both in Julia, using LinearAlgebra.BLAS on CPU and CUDA.CUBLAS
on GPU for the linear algebra computations, and in PyTorch using standard linear algebra utilities. The
Julia interface is designed so that preexisting networks can be reused as we are overloading rrule (see
ChainRulesCore.jl) to switch easily between the conventional true gradient (NNlib.jl) and ours. The
PyTorch implementation defines a new layer that can be swapped for the conventional convolutional layer,
torch.nn.Conv2d or torch.nn.Conv3d, in any network using the convert_net utility function. Both
implementations support 2D and 3D convolutions, making XConv readily applicable to volumetric data such
as medical imaging and video.

The software and examples will be made available under an MIT license upon publication.

A.2 Proofs of Proposition 1 and Theorem 1

For a square matrix A, let G(A) be the trace estimator:

G(A) = 1
r

r∑
j=1

z⊤
j Azj

where zj ∼ N (0, IN ) are i.i.d. Gaussian vectors. We now prove the proposition and theorem stated in
Section 2.

A.2.1 Proof of Proposition 1

We restate Proposition 1 here.
Proposition 2. Let A ∈ RN×N be a square matrix. Then for any small number δ > 0, with probability 1 − δ,

|G(A) − tr(A)| ≤
(

4∥A∥2

r
log 2

δ
+ 2∥A∥F√

r
log1/2 2

δ

)
.

The proof uses the following result on trace estimation of symmetric matrices.
Lemma 2 (Theorem 5 of Cortinovis & Kressner (2022)). Let B ∈ RN×N be symmetric. Then

P (|G(B) − tr(B)| ≥ ϵ) ≤ 2 exp
(

− rϵ2

4∥B∥2
F + 4ϵ∥B∥2

)
for all ϵ > 0.

Proof of Proposition 2. For a symmetric matrix B, Lemma 2 immediately implies that for any small number
δ > 0, with probability 1 − δ,

|G(B) − tr(B)| ≤ 4∥B∥2

r
log 2

δ
+ 2∥B∥F√

r
log1/2 2

δ
.

Now for our asymmetric A, let B = A+A⊤

2 . Then G(A) = G(B), tr(A) = tr(B), ∥B∥2 ≤ ∥A∥2, and
∥B∥F ≤ ∥A∥F , then the proposition follows.

A.2.2 Preparation lemmas for Theorem 1

Lemma 3. Let A ∈ RN×N be a square matrix, zj , xj ∼ N (0, IN ) be random Gaussian vectors for j = 1, . . . , r,
and all the xj and zj are independent of each other. Then for any δ > 0, with probability 1 − δ,∣∣∣∣∣∣1r

r∑
j=1

z⊤
j Axj

∣∣∣∣∣∣ ≤ c

(
∥A∥2

r
log 2

δ
+ ∥A∥F√

r
log1/2 2

δ

)
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where c is some absolute constant independent of r.

Proof of Lemma 3. Set T := 1
r

r∑
j=1

z⊤
j Axj . For each summand, we have

z⊤
j Axj = z⊤

j USV⊤xj = z̃⊤
j Sx̃j =

∑
t

stz̃j [t]x̃j [t] ≡
∑
t

stfj,t, (10)

where the first equality used the singular value decomposition A = USV⊤, in the second equality, we defined
z̃j = U⊤zj and x̃j = V⊤xj , which are still Gaussian. In the third equality, we used st to denote the tth

diagonal entry of S and z̃j [t] and x̃j [t] to denote the tth entry of z̃j and x̃j , respectively. In the last equality,
we defined fj,t := z̃j [t]x̃j [t]. Since zj and xj are i.i.d., so are fj,t. And since fj,t are products of independent
sub-Gaussian random variables, they obey the sub-exponential distribution, i.e.,

∥fj,t∥ψ1 ≤ ∥z̃j [t]∥ψ2∥x̃j [t]∥ψ2 = c2,

where ∥ · ∥ψ1 denotes the sub-exponential norm and ∥ · ∥ψ2 the sub-Gaussian norm. We also used the property
that there is a constant c, such that for any σ, a Gaussian variable a ∼ N (0, σ2) has a sub-Gaussian norm
∥a∥ψ2 ≤ cσ, and this property is applied on z̃j [t] and x̃j [t] who are both N (0, 1) variables due to the rotation
invariance of Gaussian vectors.

Applying the Bernstein inequality Vershynin (2018) to T = 1
r

∑
j,t stfj,t, we obtain

P (|T | ≥ t̃) ≤ e
−c′ min{ rt̃2

4∥A∥2
F

,4 rt̃
∥A∥2

}
,

where c′ is some absolute constant. Letting δ be the right-hand-side probability, the above implies

P

(
|T | ≥ c

(
∥A∥2

r
log 2

δ
+ ∥A∥F√

r
log1/2 2

δ

))
≤ δ,

with some constant c. Then the lemma is proved.

Lemma 4. Let A ∈ RN×N be a square matrix, zj , xj ∼ N (0, IN ) be random Gaussian vectors for j = 1, . . . , r,
and all the xj’s and zj’s are independent of each other. Let yj be the random vector that equals xj with
probability p and equals 0 with probability 1 − p. Then for any δ > 0 with probability over 1 − δ − 2e−rp2/2,∣∣∣∣∣∣1r

r∑
j=1

z⊤
j Ayj

∣∣∣∣∣∣ ≤ c

(
∥A∥2

r
log 2

δ
+

√
p∥A∥F√

r
log1/2 2

δ

)
,

where c is some absolute constant independent of r.

Proof. The proof is very similar to that of Lemma 3. Set T := 1
r

r∑
j=1

z⊤
j Ayj . Let gj = 1{yj ̸=0} be the indicator

function of whether yj is non-zero. Then clearly yj = xjgj . For each summand, we have

z⊤
j Ayj = z⊤

j USV⊤xjgj = z̃⊤
j Sx̃jgj =

∑
t

stz̃j [t]x̃j [t]gj ≡ gj
∑
t

stfj,t, (11)

where in the first equality, we used the singular value decomposition, A = USV⊤, and in the second equality,
we defined z̃j = U⊤zj and x̃j = V⊤xj . In the third equality, we used st to denote the tth diagonal entry
of S with z̃j [t] and x̃j [t] denoting the tth entry of z̃j and x̃j , respectively. In the last equality, we defined
fj,t := z̃j [t]x̃j [t]. From Lemma 3, fj,t follow sub-exponential distributions, i.e., ∥fj,t∥ψ1 ≤ c2.
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Conditional on gj , applying the Bernstein inequality to T̃ := 1∑
j

1{gj ̸=0}

∑
j,t stfj,tgj , we obtain

P (|T̃ | ≥ t̃) ≤ e
−c′ min

{
t̃2
∑

i
1{gi ̸=0}

4∥A∥2
F

,4
t̃
∑

j
1{gj ̸=0}

∥A∥2

}
.

Letting δ be the right-hand-side probability, the above implies

P

|T̃ | ≥ c

 ∥A∥2∑
j 1{gj ̸=0}

log 2
δ

+ ∥A∥F√∑
j 1{gj ̸=0}

log1/2 2
δ

 ≤ δ.

Since
∑
j 1{gj ̸=0} ∼ B(r, p), we then have with probability at least 1 − 2e−rp2/2, 3rp/2 ≥

∑
j 1{gj ̸=0} ≥ rp/2.

Plugging this estimate into the above, we have

P

(
|T̃ | ≥ c

(
∥A∥2

pr
log 2

δ
+ ∥A∥F√

pr
log1/2 2

δ

))
≤ δ.

Then, with this bound of |T̃ |, we have

|T | =

∣∣∣∣∣∣1r
r∑
j=1

z⊤
j Ayj

∣∣∣∣∣∣ =
∣∣∣∣
∑
j 1{gj ̸=0}

r
T̃

∣∣∣∣ ≤ c

(
∥A∥2

r
log 2

δ
+

√
p∥A∥F√

r
log1/2 2

δ

)
,

which is the statement of this lemma.

A.2.3 Multi-channel result: Proof of Theorem 1

Index convention. In this proof, Gm,n denotes the estimator for tr(Am,n), with the first superscript
indexing output channels and the second indexing input channels. In the main text (Theorem 1, succinct
version), the superscript order is reversed: G̃n,m with the first index for input channels and the second for
output channels. The two conventions are equivalent up to relabeling.

For simplicity, we assume the number of input and output channels are the same and both equal to C. Let

A =

A1,1 · · · A1,C

...
...

AC,1 · · · AC,C


the goal is to estimate tr(Am,n), for m, n = 1, . . . , C.

Let Z ∈ RNC×r be the “orthogonalized” matrix of r probing vectors. We further denote by zn,· the nth row
block of Z, which is the block containing the ((n − 1)N + 1)th to the (nN)th rows of Z. We also denote by
zj ∈ RNC , j = 1, . . . , r the jth column of Z (i.e., the jth probing vector), and by zn,j the nth block of zj . For
any n = 1, . . . , C, j = 1, . . . , r, we define zn,j as

zn,j ∼

{
N (0, IN ), with probability pn

0, with probability 1 − pn
. (12)

For different values of (n, j), zn,j are independent of each other. Here pn is a predefined probability for
randomly generating each nonzero block.

With these probing vectors, we define the following estimator for tr(Am,n)

Gm,n(A) := 1
nnz(zn,·)

r∑
j=1

z⊤
n,j(Azj)m,

where nnz(zn,·) is the number of nonzeros columns of zn,·, which is also a random variable.
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Theorem 1. Let p = min
n

pn, r be the number of probing vectors. For any small number δ > 0, with

probability at least 1 − δ − 3Ce−rp2/2, we have for any n, m = 1, . . . , C,

|Gm,n(A) − tr(Am,n)| ≤ c


C∑
k=1

∥Am,k∥2

pnr
log C2

δ
+

1√
p

n
∥Am,n∥F +

C∑
j=1,j ̸=n

√
pj

pn
∥Am,j∥F

√
r

log1/2 C2

δ

 ,

where c is an absolute constant and C is the number of channels. For sufficiently large number of probing
vectors, the above bound reduces to

|Gm,n(A) − tr(Am,n)| ≤ c ·

1√
p

n
∥Am,n∥F +

C∑
j=1,j ̸=n

√
pj

pn
∥Am,j∥F

√
r

log1/2 C2

δ
.

Proof. First we show the estimator is unbiased. For simplicity of notation, let gn,l = 1{zn,l ̸=0} be the random
variable that indicates whether zn,l is non-zero. By definition, conditional on gn,l = 1, zn,l is Gaussian,
and this Gaussian distribution is independent of gn,l. Also

∑
l gn,l ∼ B(r, pn) is Binomial distribution with

probability pn. Then the estimator can be written as

Gm,n(A) := 1∑
l gn,l

r∑
l=1

z⊤
n,l(Azl)mgn,l.

Taking the expectation, we have

E(Gm,n(A)) = Eg

[
EZ|g

(
1∑
l gn,l

r∑
l=1

z⊤
n,l(Azl)mgn,l

)]

= Eg

[
1∑
l gn,l

EZ|g

(
r∑
l=1

C∑
k=1

z⊤
n,lAm,kzk,lgn,l

)]

= Eg

[
1∑
l gn,l

r∑
l=1

C∑
k=1

EZ|g
(
tr(Am,kzk,lz⊤

n,l)gn,l
)]

= Eg

[
1∑
l gn,l

r∑
l=1

C∑
k=1

tr(Am,kEZ|g(zk,lz⊤
n,l))gn,l

]

= Eg

[
1∑
l gn,l

r∑
l=1

tr(Am,n)gn,l

]
= tr(Am,n),

where the second to last equality used EZ|g(zn,lz⊤
n,l) = gn,lIN and EZ|g(zk,lz⊤

n,l) = 0 for k ̸= n. Then we
estimate the large deviation,

Gm,n(A) − tr(Am,n) = 1∑
l gn,l

r∑
l=1

C∑
k=1

z⊤
n,lAm,kzk,lgn,l − tr(Am,n)

= 1∑
l gn,l

r∑
l=1

z⊤
n,lAm,nzn,lgn,l − tr(Am,n) +

C∑
k=1,k ̸=n

(
1∑
l gn,l

r∑
l=1

z⊤
n,lAm,kzk,lgn,l

)
.

The first term is bounded by Proposition 2, and the second term is bounded by Lemma 4. Explicitly,
∑
l gn,l

is the number of probing vectors we are using in probing Gm,n(A), so conditional on gn,l, Proposition 2 yields
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an upper bound on the first term in the above right hand side, with probability 1 − δ′

∣∣∣∣∣ 1∑
l gn,l

r∑
l=1

z⊤
n,lAm,nzn,lgn,l − tr(Am,n)

∣∣∣∣∣ ≤ 4∥Am,n∥2∑
l gn,l

log 2
δ′ + 2∥Am,n∥F√∑

l gn,l
log1/2 2

δ′ . (13)

By Lemma 4, the bound on the second term is, with probability 1 − δ′ − 2Ce−rp2/2,∣∣∣∣∣∣
C∑

k=1,k ̸=n

(
1∑
l gn,l

r∑
l=1

z⊤
n,lAm,kzk,lgn,l

)∣∣∣∣∣∣ ≤
C∑

k=1,k ̸=n

∣∣∣∣∣ 1∑
l gn,l

r∑
l=1

z⊤
n,lAm,kzk,lgn,l

∣∣∣∣∣
≤ c

C∑
k=1,k ̸=n

(
∥Am,k∥2∑

l gn,l
log 2

δ′ +
√

pk∥Am,k∥F√∑
l gn,l

log1/2 2
δ′

)
. (14)

Since
∑
l gn,l ∼ B(r, pn), so with probability at least 1 − Ce−rp2

n/2, we have
∑
l gn,l > pnr/2. Combining this,

equation 13, and equation 14 gives

|Gm,n(A) − tr(Am,n)| ≤ c


C∑
k=1

∥Am,k∥2

pnr
log 2

δ′ +

1√
p

n
∥Am,n∥F +

C∑
k=1,k ̸=n

√
pk

pn
∥Am,k∥F

√
r

log1/2 2
δ′

 .

For sufficiently large r, the second term is dominant and the bound reduces to

|Gm,n(A) − tr(Am,n)| ≤ c′
1√
p

n
∥Am,n∥F +

∑C
k=1,k ̸=n

√
pk

pn
∥Am,k∥F

√
r

log1/2 1
δ′ .

So far the result is for a given pair of m, n. By the union bound of probability, the probability of failure for
any m, n is δ = δ′C2. Then with probability at least 1 − δ − 3Ce−rp2/2, we have

|Gm,n(A) − tr(Am,n)| ≤ c ·
1√
p

n
∥Am,n∥F +

∑C
k=1,k ̸=n

√
pk

pn
∥Am,k∥F

√
r

log1/2 C2

δ
.

A.3 Average Gradient Error

We report the additional AGE results for different models here.

A.4 Computational Overhead

A.5 Model Architectures

We describe here the network architectures used in our experiments. The architectures used in the MNIST
experiments are standard architectures inspired by existing networks for this dataset. The CIFAR-10
architecture is intentionally chosen to be mostly convolutional and obtained from Oktay et al. (2021).

A.6 Training parameters

We now detail the training hyperparameters for the results presented in Section 4.
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(a) SqueezeNet (Probing vector r=16) (b) SqueezeNet (Probing vector r=128)

(c) U-Net (Probing vector r=32) (d) U-Net (Probing vector r=64)

(e) VanillaNet (Probing vector r=64) (f) VanillaNet (Probing vector r=128)

Figure 20: Additional AGE results across different models. SqueezeNet (top), U-Net (middle), and VanillaNet
(bottom).

A.6.1 MNIST with Julia

• NVIDIA Quadro P1000 GPU
• 20 epochs
• Adam with initial learning rate of 0.003
• MNIST dataset for varying batch size B and number of probing vectors r

• Julia implementation

A.6.2 MNIST with PyTorch

• NVIDIA Tesla K80 (Azure NC24 4xK80, one K80 per case) GPU
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B=4 B=4

B=8 B=8

B=16 B=16

Figure 21: CPU benchmark on an Intel(R) Xeon(R) CPU E3-1270 v6 @ 3.80GHz node. The left column
contains the runtimes for 4 channels and the right column for 32 channels. For batch sizes: B = 4 to 16.

• 50 epochs
• Stochastic Line Search (SLS (Vaswani et al., 2019)) with initial learning rate of 1.0 and default SLS

parameters
• MNIST dataset for varying batch size and number of probing vectors
• PyTorch implementation

A.6.3 CIFAR-10 with PyTorch

• NVIDIA Tesla K80 (Azure NC6) GPU
• 100 epochs
• Stochastic Gradient Descent optimizer
• Initial learning rate of 0.001 with cosine annealing scheduler. When using probing, the learning rate

is scaled by a factor of 1.5.
• CIFAR-10 dataset
• PyTorch implementation
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B=32 B=64

Figure 22: GPU benchmark on a Tesla K80 (Azure NC6 instance) for a single gradient for smaller batch
sizes B = 32 and B = 64, with varying image sizes N and number of channels Cin = Cout. Results for larger
batch sizes (B = 128, 256) are shown in Figure 12.

Table 3: MNIST network and sizes for training with our Julia implementation for a batch size B.

Layer kernel size Input size (Cin × Nx × Ny) Output size (Cout × Nx × Ny)
Conv2d (3, 3) B×1×28×28 B×16×28×28
ReLU – B×16×28×28 B×16×28×28

MaxPool (2, 2) B×16×28×28 B×16×14×14
Conv2d (3, 3) B×16×14×14 B×32×14×14
ReLU – B×32×14×14 B×32×14×14

MaxPool (2, 2) B×32×14×14 B×32×7×7
Conv2d (3, 3) B×32×7×7 B×32×7×7
ReLU – B×32×7×7 B×32×7×7

MaxPool (2, 2) B×32×7×7 B×32×3×3
Flatten – B×32×3×3 B×288
Dense – B×288 B×10

A.7 DIP Super-Resolution and Inpainting

A.8 Peak Memory Curves

We present additional peak memory consumption results for different models across image resolutions (N)
and varying numbers of probing vectors (r).

A.9 MNIST Classification with SLS

Figure 25 shows the full MNIST test accuracy curves when training with the Stochastic Line Search optimizer
across a range of batch sizes and probing vectors.
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Table 4: MNIST network and sizes for training with PyTorch on the MNIST dataset for a batch size B.

Layer kernel size Input size (Cin × Nx × Ny) Output size (Cout × Nx × Ny)
Conv2d (3, 3) B×1×28×28 B×32×28×28
ReLU – B×32×28×28 B×32×28×28

Conv2d (3, 3) B×32×28×28 B×64×28×28
ReLU – B×64×28×28 B×64×28×28

MaxPool (2, 2) B×64×28×28 B×64×14×14
Dropout – B×64×14×14 B×64×14×14
Flatten – B×64×14×14 B×12544
Dense – B×12544 B×128
ReLU – B×128 B×128

Dropout – B×128 B×128
Dense – B×128 B×10

Log Softmax – B×10 B×10

Table 5: CIFAR-10 network and sizes for training with PyTorch on the CIFAR-10 dataset for a batch size B.

Layer kernel size Input size (Cin × Nx × Ny) Output size (Cout × Nx × Ny)
Conv2d (5, 5) B×3×32×32 B×16×32×32
ReLU – B×16×32×32 B×16×32×32

Conv2d (5, 5) B×16×32×32 B×32×32×32
ReLU – B×32×32×32 B×32×32×32

AvgPool (2, 2) B×32×32×32 B×32×16×16
Conv2d (5, 5) B×32×16×16 B×32×16×16
ReLU – B×32×16×16 B×32×16×16

Conv2d (5, 5) B×32×16×16 B×32×16×16
ReLU – B×32×16×16 B×32×16×16

AvgPool (2, 2) B×32×16×16 B×32×8×8
Flatten – B×32×8×8 B×2048
Dense – B×2048 B×10

Log Softmax – B×10 B×10

A.10 U-Net Generative Modeling

The training and validation U-Net loss curves for probing vectors r ∈ {32, 64, 128, 256} are shown in Figure 26.
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(a) Peak signal-to-noise ratio (PSNR) vs. peak mem-
ory tradeoff for DIP (super-resolution) on Set5.

(b) DIP inpainting peak memory consumption as a
function of the number of probing vectors r.

Figure 23: DIP peak memory results on super-resolution and inpainting. The horizontal dashed line indicates
the memory consumption of exact convolution. PSNR measures the quality of the reconstructed signal
relative to the original; higher values indicate better reconstruction. In both super-resolution (left) and
inpainting (right), XConv attains memory savings.
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(a) SqueezeNet (Image Dimension N = 32 × 32) (b) SqueezeNet (Image Dimension N = 64 × 64)

(c) SqueezeNet (Image Dimension N = 128 × 128) (d) SqueezeNet (Image Dimension N = 256 × 256)

(e) U-Net (Image Dimension N = 28 × 28) (f) U-Net (Image Dimension N = 64 × 64)

(g) VanillaNet (Image Dimension N = 64 × 64) (h) VanillaNet (Image Dimension N = 128 × 128)

Figure 24: Additional peak memory curves across different models. SqueezeNet (top), U-Net (middle), and
VanillaNet (bottom).
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Figure 25: MNIST test accuracy vs. epoch for varying batch sizes B ∈ {64, . . . , 2048} and probing vectors
r ∈ {16, . . . , 256}, trained with the Stochastic Line Search algorithm (SLS, Vaswani et al. (2019)). XConv
converges to competitive accuracy for r ≥ 16 across all batch sizes.

37



Under review as submission to TMLR

r = 32 r = 32

r = 64 r = 64

r = 128 r = 128

r = 256 r = 256

Figure 26: U-Net training (left) and validation (right) loss curves comparing standard convolution and XConv
across probing vectors r ∈ {32, 64, 128, 256}. While XConv exhibits noisier optimization dynamics during
training, its validation loss closely matches standard convolution and converges to a comparable scale as r
increases.
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