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ABSTRACT

Understanding the internal geometry of neural network representations remains an
open challenge in deep learning research. Recent work has introduced a measure
of space folding that quantifies how convex regions in input space map to non-
convex, folded structures in activation space via straight-path induced walks of
binarized activation patterns. In this paper, this space folding measure is linked to
the classical Motzkin—Straus theorem through the graph Lagrangian of an interval
graph constructed from such walks. This connection expresses a discrete, path-
based geometric statistic as a continuous quadratic objective, suggesting that space
folding can be incorporated as a differentiable regularization term in gradient-
based training to guide networks toward more compact internal representations.

1 INTRODUCTION

Binarized activation patterns induce a discrete state space for a neural network, where each input
maps to a vertex of a binary hypercube and the Hamming distance measures how many neurons
change state. Recent work proposed space folding as a path-based statistic on this discrete space,
designed to quantify deviations from discrete convexity along straight input segments, which was re-
lated to a higher generalization capacity in downstream tasks (Lewandowski et al.| [2025a). Notably,
it was shown that higher aggregated space folding with the same performance of the networks (as
measured by, e.g., classification accuracy), was shown to empirically correlate with more compact
neural representations. Despite being easy to define, the resulting functional is piecewise-constant in
the underlying network parameters which hinders its use as an optimization criterion with gradient-
based methods (Lewandowski et al., [2025b). In this paper, we provide a graph-theoretic representa-
tion of space folding for straight-path-induced activation walks. Given a refined unit-flip walk I" in
{0,1}", we build an induced interval graph (i.e., a graph whose vertices correspond to intervals on
the real line and whose edges connect pairs of overlapping intervals) G* from mismatch blocks of
coordinates relative to the start pattern. The key observation is that the maximum Hamming distance
along the walk equals the maximum overlap of these mismatch intervals, which is exactly the clique
number w(G*). Using the Motzkin—Straus theorem (Motzkin & Straus, [1965)), we rewrite space
folding as an explicit transform of the graph Lagrangian A(G*). Our contributions are as follows.
(i) We construct an interval graph G* induced by mismatch blocks of a refined activation walk. (ii)
We algebraically link the space folding measure to the Motzkin—Straus Lagrangian. (iii) We give an
exact algorithm to compute w(G*) and hence A(G*) from the walk.

2 RELATED WORK

Activation Space of Neural Networks. The study of space partitions created by internal activa-
tion states of the model dates back to Makhoul et al.| (1989). While its definition is straightforward
for MLPs (Makhoul et al.,|[1991; Montufar et al., [2014), its study in larger models is more involved,
see e.g. Balestriero et al|(2024). The created partition has been used, among others, to gauge the
expressivity of neural networks: the finer the partition the more expressive the network (Montufar
et al.,2014;|Raghu et al., 2017 [Serra et al., 2018; [Hanin & Rolnick} 2019). This stems from the fact
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that each element of partition is a region where the behavior of the model is locally constant, akin
to the concept of a basis in algebra or analysis. A recently introduced space folding measure, op-
erating on binarized activations, is constructed to quantify deviations from convexity in the discrete
sense [Lewandowski et al.|(2025a; [2026)).

Graph Theory and Neural Networks. Graph theory provides a natural language for describing
pairwise relations and global invariants in structured systems. Graph Neural Networks (GNNs) have
emerged as a powerful framework for exploiting relational structure in data (Scarselli et al., 2009
Hamilton et al.l 2017} |Velickovi€ et al.l 2018} [Xu et al, [2019). From a different perspective, recent
work has linked fully connected ReLU networks to connectivity graphs whose nodes represent linear
regions and whose edges connect regions sharing a face (Gaines & Bi, 2026). Related preliminary
work defines a graph in which nodes correspond to activation-induced linear regions and edges
join regions that differ by a single neuron flip (Dhayalkar, [2025)). Our approach differs in that we
construct a graph from the temporal overlap of mismatch blocks, treating each block as a vertex.

3 PRELIMINARIES

Space Folding. For a model (e.g., a neural network) AV : X — Y consider two data points

X1,X2 € X in the (Euclidean) input space and the straight line between them, [x1,x3] := (1 —
t)x1 + txo, with intermediate points realized by varying the parameter ¢ € [0, 1]. To obtain a walk
through activation patterns, we map [x1,Xz] through N to a path I := {my,...,m,} € H" VN

in the (Hamming) activation space, where the intermediate activation patterns belong to a binary
hypercube, 7; € H, Vi. The space folding measure is defined (cf. Lewandowski et al.| (2025a;
2020)) as the ratio of two range measures 71,75 : I' — R subtracted from one, i.e.,

ri(I) max; dg (7, 71)
r2(l) Z?:_ll A (T3, Tig1)

where 71 (T') := max; dg (m;, m1) and ro(T') := Z?;ll dp (7, miy1) > 0 (more details in App..

X(F) =1 € [07 1]v (1

A Primer on Graph Theory. We now gather the necessary notions from graph theory. For a more
systematic overview, we refer the reader to manuscripts such as |Diestel| (2017). We start with a
definition of a clique and clique number.

Definition 3.1 (Clique Number). Let G = (V, E) be an undirected graph with vertex set V. =

{1,...,n} and edge set E C {{i,j}:1 < i< j<n}. Acliqueisa subset C CV such that every
distinct pair in C forms an edge. The clique number w(G) is the maximum size of a clique in G.

A large clique is a large set of vertices that can all co-occur under the adjacency relation given
by E. Computing the clique number w(G) is NP-complete for general graphs, and the Motzkin—
Straus objective motivates continuous optimization heuristics and relaxations for clique-like prob-
lems (Bomze, [1997).

Another classical notion in Graph Theory is the graph Lagrangian, which associates to a graph G
the quadratic form L optimized over the probability simplex A = {o > 0: >, z; = 1}.

Definition 3.2 (Graph Lagrangian). Ler A € {0,1}"*" be the adjacency matrix of G, i.e. A;; =1
if{i,j} € E and A;; = 0 otherwise. Put A;; = 0, and define the simplex

A = {xER":xi > 0 Vi, Zm, = 1}.
i=1

The graph Lagrangian of G is defined a A(G) := maxgenz' Ax.

The objective T Az is a (continuous) relaxation of clique structure, i.e., if 2 is supported on a set of
vertices that is nearly a clique, then many products z;x; contribute through edges {4, j} € E, which
was used by Motzkin and Straus to give a new proof of Turdn’s theorem (Motzkin & Straus, |1965).

'Some authors define \(G) := maxzea >_{ijyer Tit;. For undirected graphs, A(G) = 2 A(G).
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Theorem 3.3 (Motzkin-Straus). Let G be a simple undirected graph. Therﬂ

Moreover, the maximum is attained by taking x uniform on a maximum clique: if C C V is a clique
with |C| = w(G) and
o 1/w(G), i€,
‘70, i¢C,

thenx € Aandz' Ar =1 — 1/w(G).

Theorem [3.3|bridges a discrete invariant w(G) and a continuous optimization problem A(G). In the
next section, we build a graph from the unit interval graph in the discrete activation space and use it
to rewrite the space folding functional as an explicit function of A(G*).

4 GRAPH-LAGRANGIAN REPRESENTATION OF FOLDING

In this section we prove a graph Lagrangian equivalence of the space folding measure as defined in
Eq. (I). We start by showing that we can refine a path I" such that all flips that decrease 71 occur first
followed by the flips that increase it. We denote the refined path with I'. Such a refinement does not
affect the folding measure, which we phrase as Lemma4.1] (see App. [B|for its complete proof).

Lemma 4.1 (Refinement preserves ry and o). Let I' = (7,...,7,) C {0,1}" and refine each
transition m; — ;1 into a unit-flip subsequence by flipping each differing coordinate exactly once.
Fix the start pattern 71. For each transition, partition the flipped coordinates into

D; = {j : milj] # mlj] and w1 [j] = m )] (distance decreases)
I :={j : mi[j] = m1ly) and mi11[j] # m1[4]} (distance increases).

Define the refined walk r by ordering the flips within each transition so that all flips in D; occur first,
followed by all flips in I; (in any order). Then (i) max, . dg(m1,v) = max; dg (7, 7;) = r1(D),

and (ii) the number of unit flips in T equals 75(T"), hence x(T') = x(T') whenever r5(I") > 0.

We illustrate the idea of Lemma . T]in Example [d.1]

Example 4.1. Let m; = (0000), w2 = (1100), w3 = (0011) and consider the walk T’ = (w1, o, 73).
Then, dg (71, m2) = 2 = dpg(m1,73), hence r1(T') = 2, and ro(T") = dy (71, m2) +d g (72, 73) = 6.
A unit-flip refinement of wo — w3 that flips the increasing bits first is:

(1100) — (1110) — (1111) — (0111) — (0011).

Its distances to m, = (0000) are:
2—-53—->4—3—2,

so for the refined walk r1(T') = 4 # r1(T'). Instead, in Lemma 4.1\ we propose to refine the walk
as follows. For transition o — w3 w.r.t. initial m: bits 1,2 change 1 — 0 (distance decreases
w.r.t. m1), and bits 3,4 change 0 — 1 (distance increases w.r.t. w1 ). Flipping all decreases first, then
increases, yields:

(1100) — (0100) — (0000) — (0001) — (0011),

with distances:
2—-1—-0—1—2.

Therefore it holds that max, xdp(m1,v) = 2 = r1(I'), while the total number of unit flips is

unchanged, i.e., ro(T") = ro(T") = 6.

We are now ready to state and prove our main result.

*Under the alternative normalization, \(G) = 5(1 — 1/w(Q)).
37:]4] denotes the 5™ coordinate of ;, e.g., if 7; = (101) then m;[1] = 1,7m;[2] = 0, m[3] = 1.
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Theorem 4.2. Let I be a walk on {0, 1}~ and let T be the refined walk from Lemma of length
L = ro(T). Then there exists a graph G* such that

1
N=1-—-———
O = TRy
where A(G*) is the Motzkin-Straus graph Lagrangian.
Proof. We work with the refined unit-flip walk [ = (T1,...,7r+1). For each coordinate (neuron)
j € {1,..., N} define the mismatch as m,;(¢t) := 1{m[j] # m1[j]}, t € {1,...,L + 1}. By
definition of the Hamming distance, dp (71, 7:) = Zivzl m;(t).

Step 1: Each mismatch set is a finite union of disjoint blocks. Fix j. Let 1 < 751 < 72 <
-+ < 7jk,; < L be the (finite) set of times at which bit j flips between 7, and 7, 1. Between two
consecutive flip times, the value of bit j is constant, hence m; (t) is constant. Therefore the set

S;={te{l,....L+1}: m;(t) =1}

is a finite union of maximal disjoint integer intervals.

Step 2: Build an interval graph whose clique number equals maximum overlap. Create one
vertex for each maximal block in S; (this is the vertex-splitting step), across all j. Identify each
vertex with its time-interval (block). Define G* as the intersection graph of these intervals: two
vertices are adjacent iff their blocks overlap in time. For any time index ¢, each neuron j contributes
exactly one active block iff m;(t) = 1. Hence the number of interval-vertices covering ¢ equals

N
#{interval-vertices covering t} = Z m;(t) = du (71, m).
j=1
Because each vertex v corresponds to a (discrete) interval I, C {1,...,L + 1} on a line, G* is

an interval graph (Golumbicl [1980). Moreover, if {I, : v € C} is a finite family of intervals that
intersects pairwise (i.e., C' is a clique), then all intervals share a common intersection time. Indeed,
write each I, = [(,,r,]. Let { = max,cc ¥, and r = min,eco ry. If £ > 7, pick u with £, = ¢
and w with r,, = r; then I, N I, = (), contradicting pairwise intersection. Hence ¢ < r and any
t € [¢,r] belongs to every I, (we used here the so-called Helly property, see |Golumbic| (1980)).
Thus every clique corresponds to a set of intervals covering a common time ¢, and conversely all
intervals covering a fixed ¢ form a clique. Therefore,

w(G*) = max #{interval-vertices covering t} = max dp (71, 7).

By Lemma.1} max; dg (71, 7)) = r1(I'), and L = r3(T"). Consequently,

_,on@ _ w(@)

Step 3: Apply Motzkin-Straus. Let A* be the adjacency matrix of G* and define the graph
Lagrangian
A(G*) := maxz ' A*z, A:={x>0 1"z =1}.

TEA
By Motzkin-Straus, A(G*) = 1 — ﬁ & w(G¥) = #(G) Substituting this into Eq. (2) yields
) =1 :
S AT (e

O

We provide the algorithm and the analysis of its complexity in Appendix [C] We illustrate the idea of
the the proof of Theorem[4.2]in Example 4.2
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Table 1: Activation patterns 7; used in Example [4.2]

T T2 ™3 T4 s T i

(000) (100) (110) (010) (011) (001) (000)

Example 4.2. Ler N = 3 and consider the refined unit-flip path T = {my,...,m} as given in
Table[l} For each bit j € {1,2,3}, recall that m;(t) = 1{m[j] # m1[j]} fort =1,...,7. Then

my: 0,1,1,0,0,0,0; mo: 0,0,1,1,1,0,0; mgz: 0,0,0,0,1,1,0

Thus, the Hamming distances to the start satisfy dg (7w, 71) = 23:1 m;(t) = (0,1,2,1,2,1,0),
sory =maxydy(my,m) =210 =L =6,and x =1—1r1/ry = 2/3. Each m; has 1’s on a the
following positions: [2,3], [3,5], [5,6], in discrete intervals. The interval graph on these runs has
clique number w = 2, which equals r1, hence x =1 — w/L.

Remark 4.3. We remark that the construction introduced in Lemma may not be unique. Differ-
ent valid orderings could produce different graphs G*. By Theorem however, all such graphs
share the same clique number w(G*) and therefore the same Motzkin-Straus value A(G*), ensuring
that the stated equivalence for the space-folding measure holds regardless of the specific refinement
chosen. In this work we focus on one such construction that suffices to establish the stated equiva-
lence, and we leave a systematic study of how alternative refinements affect the induced graphs and
their properties for future work.

5 DISCUSSION

Our results provide a principled link between the discrete, path-based space folding measure and a
continuous quadratic objective given by the Motzkin—Straus graph Lagrangian, thereby suggesting
new ways to incorporate folding into gradient-based optimization. In particular, viewing folding
through A(G™*) opens the possibility of designing differentiable surrogates that approximate the
original measure and can be used as regularization terms during training, guiding networks to de-
velop more compact internal representations, in line with empirical evidence that increased folding
correlates with better generalization and more efficient representations (Lewandowski et al., 2025a;
2026). Beyond direct regularization, folding-based objectives could be employed for architecture
search (e.g., selecting models that exhibit desirable folding profiles), for monitoring training dy-
namics and detecting overfitting, or for probing robustness by comparing folding patterns along
adversarial versus natural input paths (Lewandowski et al., [2026).

6 CONCLUSIONS AND FUTURE WORK

Our analysis shows that the notion of space folding can be related to the Motzkin-Straus graph La-
grangian of an interval graph constructed from mismatch blocks, offering a potential bridge between
geometric and graph-theoretic descriptions of neural representations. This theoretical connection
not only interprets folding as maximum temporal overlap of activation mismatches but also equips it
with a closed-form continuous expression suitable for analysis and approximation. While the current
formulation assumes binarized activations and unit-flip refinements along linear input paths, it lays a
foundation for extensions to global folding statistics across multiple paths, potentially enabling new
tools for characterizing the complexity and compactness of neural representations at scale.
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A CONSTRUCTION OF THE SPACE FOLDING MEASURE

Consider a straight line connecting two input points X1, x» in the Euclidean input space. The inter-
mediate points are realized by varying the parameter ¢ in a convex combination (1 — ¢)x; + txa.
For a practical implementation, |[Lewandowski et al.|(2025a)) spaced the parameter ¢ equidistantly on
[0, 1], creating n segments. Equal spacing, though easy and fast to implement, frequently results in
suboptimal choice of the intermediate points. To obtain a walk through activation patterns, we map
the straight line [x1, X2] through a neural network N to a path T := (my,...,m,) € H™Y in the
Hamming activation space, where the intermediate activation patterns belong to a binary hypercube,
m; € HN foralli € {1,...,n}. We consider a change in the Hamming distance with respect to the
initial activation pattern 7 at each step ¢, A; := dg(m;+1,m) — dg (7, 1), and then look at the

maximum of the cumulative change maxy, Zle A; along T,

r1(T) :m?XZAj :mlaXdH(m,m). 3)

j=1
We further keep track of the total distance traveled on the hypercube when following the path,

n—1
T’Q(F) = ZdH(Wi;’]ri-&-l)- (4)
=1

For a measure of space flatness, we consider the ratio r1(I") /r2(T"). Equivalently, the space folding

measure results as
n—1

x(T):=1- miaXdH(m,m)/ Z dp (T3, Tig1)- 5)
i=1

The folding measure is lower and upper bounded, x € [0, 1] (Lewandowski et al.,[2025a).

B PROOF OF LEMMA [4.1]

Lemma B.1 (Refinement preserves r; and o). Let I' = (mq,...,m,) C {0,1}" and refine each
transition m; — ;41 into a unit-flip subsequence by flipping each differing coordinate exactly once.
Fix the start pattern 1. For each transition, partition the flipped coordinates into

D; :={j : m[j] £ mi[j] and mi1[j] = m1lj]} (distance decreases)
I :={j : mi[j] = m[y) and mi11[j] # m1[4]} (distance increases).

Define the refined walk T' by ordering the flips within each transition so that all flips in D; oc-
cur first (in any order), followed by all flips in I; (in any order). Then (i) max, p dg(m1,v) =

maxi<i<n dp(m,m) = r1(T'), and (ii) the number of unit flips in T' equals ro(T"), hence

x(I') = x(I") whenever r5(I") > 0.

Proof. Fix a transition m; — ;41 and let d := dy (w1, 7;). Each unit flip changes dg (7, ) by
exactly +1: flipping 5 € D, decreases the distance by 1, while flipping j € I; increases it by 1.
Let k| := |D;| and k4 := |I;|. Under the prescribed ordering, the distance profile along the refined
subpath is
d,d-1,...,d—k,d=k +1, ..., d—k + kit

The final value equals dg (71, m;41) = d — k| + k4. The maximum value attained on this subpath is
therefore max{dy (71, m;), dg (71, mi+1)} (all interior values lie between these). Taking the maxi-
mum over all transitions yields max,  dg (71, v) = max; dg (71, 7;) = r1(I'). Finally, refinement
does not change how many coordinates differ per transition: The refined subpath for m; — ;41
has exactly dg (m;, m;+1) unit flips, so summing over i gives |I'| — 1 = Z;:ll dy (i, miv1) =
T2 (F)

C CONSTRUCTION OF THE GRAPH LAGRANGIAN

In this section we provide an exact procedure (Algorithm(T) for construction of the graph Lagrangian
for a given refined path-walk.
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Algorithm 1 Exact computation of A(G*) from a refined unit-flip walk

Input: Refined unit-flip walk ' = (1, ..., 7r41) C {0,1}V
Output: w(G*), A(G*)
E ] > list of pairs (time, £1); duplicates allowed
s[1.N]«+0 > s[j] = 1 iff coordinate j currently mismatches 7y
a[l..N] < None > a[j] = start time of current mismatch block, if any
fort =2to L+ 1do
j + FLIPPEDINDEX(7¢_1, 7¢)
s[j] <=1 — s[j]
if s[j] = 1 then
alj] ¢
else
€ « £ U{(alj), +1), (t,~1)} > block [alj], ¢ — 1]
alj] + None
end if
: end for
: for j with s[j] = 1do > close blocks still open att = L + 1
: end for
: Sort £ by time; ties: (+1) before (—1)
e+ 0, w0
: for all (7, 6) in sorted £ do
c+c+0; w+ max(w,c)
: end for
AG) 12
: return w, A(G*)

PRI AR

DO DD = = = = = e = e e
PRYPRIDINRELND 20

> Motzkin—Straus

NN
W N

Complexity. Let L be the number of unit flips in the refined walk I" and let B denote the total
number of mismatch blocks (equivalently, the number of interval-vertices in G*). The algorithm
generates exactly 2B endpoint updates (one +1 at each block start and one —1 after each block
end). Constructing these updates takes O(L) time, assuming the flipped coordinate index can be
read in O(1) per step (as holds for a unit-flip walk); closing any blocks still open at the end costs an
additional O(N). Sorting the (at most) 2B endpoint updates costs O (B log B), and the subsequent
sweep that accumulates the overlap count costs O(B). The total running time is therefore 7' =
O((L + N) + Blog B). Since each unit flip can start or end at most one mismatch block, we have
B < L, hence
T =O(N+LlogL).

The memory usage is O(NN + B) for the per-coordinate state and the stored updates, i.e. O(N + L)
in the worst case.

Remark C.1 (Direct O(L) computation). For a refined unit-flip walk T, we compute r(T') =
maxy dy (71, 7¢) by a single scan: maintain dy = dy(7T1,7:) and update it by £1 at each flip,
then take max; dy. Hence x(I') = 1 — r1/ro is O(L). We use the interval-graph view to make
the maximum-overlap interpretation explicit and to support extensions where one obtains weighted
overlap graphs or, in higher-dimensions, intersection graphs that are generally no longer interval,
and thus relaxations via A(G) become useful.
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