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Abstract
We propose a novel LLM-based framework for reasoning
in discrete, game-theoretic tasks, illustrated with Tic-Tac-
Toe. The method integrates in-context learning with entropy-
guided chain-of-thought (CoT) reasoning and adaptive con-
text retrieval. The model dynamically adjusts both the num-
ber of retrieved examples and reasoning paths according to
token-level uncertainty: concise reasoning with minimal con-
text is used when uncertainty is low, whereas higher uncer-
tainty triggers expanded multi-path CoT exploration. Exper-
imental evaluation against a sub-optimal algorithmic oppo-
nent shows that entropy-aware adaptive reasoning substan-
tially improves decision quality, increasing the average game
outcome from −11.6% with the baseline LLM to +9.5%
with entropy-guided adaptive reasoning over 100 games (win
= +1, tie = 0, loss = -1), while maintaining a relatively
low number of LLM queries per game. Statistical valida-
tion confirms that the improvement is significant, and corre-
lation analysis reveals a negative association between token-
level entropy and move optimality. These findings demon-
strate that uncertainty-guided adaptive reasoning effectively
enhances LLM performance in sequential decision-making
environments.

1 Introduction
Large Language Models (LLMs) have recently shown im-
pressive capabilities across a wide range of reasoning and
knowledge-intensive tasks. They perform well in single-step
inference, language understanding, and few-shot generaliza-
tion. However, they still face notable challenges in struc-
tured, sequential decision-making problems, where each
move affects all future states and outcomes. In such settings,
effective reasoning requires not only local consistency but
also long-term planning and adaptive use of prior knowl-
edge.

In this work, we explore how to improve the performance
of LLMs in sequential reasoning environments by com-
bining two complementary mechanisms. First, we present
entropy-guided context retrieval, a method that dynami-
cally adjusts the number of retrieved examples based on the
model’s predictive uncertainty. When the model shows low
entropy (high confidence), it works with a compact and fo-
cused context; when uncertainty increases, it automatically
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retrieves semantically similar past states and their corre-
sponding optimal actions, extending its in-context knowl-
edge. Second, we introduce an adaptive chain-of-thought
(CoT) reasoning framework, where the model uses con-
cise, single-path reasoning when confident and branches
into multiple reasoning paths when token-level entropy in-
dicates uncertainty. Together, these mechanisms enable effi-
cient, uncertainty-aware reasoning, focusing computational
effort only when necessary.

We use Tic-Tac-Toe as a controlled and fully observable
testbed to evaluate our approach. Despite its simplicity, the
game captures key aspects of sequential decision-making
(state transitions, opponent modeling, and outcome opti-
mization) while allowing objective evaluation of move qual-
ity through the minimax algorithm. This setup supports a
rigorous and quantitative assessment of LLM reasoning and
provides statistical validation of the proposed methods.

The rest of this paper is organized as follows. Section 2 re-
views related research on reasoning with LLMs, in-context
learning, and uncertainty estimation. Section 3 defines the
game-theoretic setting and evaluation framework. Our pro-
posed approach, including entropy-guided context retrieval
and adaptive CoT reasoning, is presented in Section 4. Sec-
tion 5 describes the experimental setup, baselines, and met-
rics, followed by a detailed analysis of the results in Sec-
tion 6. Section 7 outlines current limitations and potential di-
rections for future research. Finally, Section 8 concludes the
paper, highlighting the broader impact of uncertainty-aware
reasoning for LLMs in sequential decision-making tasks.

2 Related Work
Prior works in the NLP research community has shown that
chain-of-thought prompting improves LLM performance on
complex reasoning tasks by exposing intermediate reason-
ing steps (Wei et al. 2023). In addition, frameworks such
as Tree-of-Thoughts implement branching over “thought”
states (i.e., multi-path reasoning (Zhou et al. 2024) and tree-
based CoT (Bi et al. 2025)) to perform deliberative search
with LLMs, demonstrating substantial performance gains in
non-trivial tasks (Yao et al. 2023).

However, evaluating CoT and related reasoning frame-
works remains an open challenge. Most of the methods fo-
cus on getting the answer, rather than evaluating the quality
of the reasoning method. Benchmarking studies (Golovneva



et al. 2023; Prasad et al. 2023; Jacovi et al. 2024) have
shown that CoT reasoning performance can vary widely
across tasks and domains, and that standardized evaluation
metrics are often insufficient to capture nuanced reasoning
quality. A recent survey (Lee and Hockenmaier 2025) em-
phasize that assessing CoT effectiveness in open-ended rea-
soning tasks is inconsistent due to the fragmented progress
over evaluation design and benchmark development. In our
setting, this limitation is mitigated, as each game state in
Tic-Tac-Toe has a well-defined optimal move due to the un-
derlying game theory. This allows us to quantitatively eval-
uate step-by-step reasoning quality by comparing model-
generated moves against the algorithmic optimal strategy
obtained algorithmically.

In line with that, retrieval-augmented generation methods
(RAG) (Lewis et al. 2021) have shown that giving exam-
ples at inference time improves knowledge-intensive tasks
and reduces the burden on the model’s internal parameters.
Finally, uncertainty-aware or entropy-guided reasoning ap-
proaches (Yao et al. 2023; Wang et al. 2023; Zhang et al.
2025; Jia, Cai, and Liu 2025), adaptively decide when to
expand the LLM reasoning depth or breadth (based on the
model’s uncertainty). Recent work also highlights the syn-
ergy between RAG and in-context learning (ICL), where the
strong inductive feature bias of ICL can be reduced by RAG,
injecting external information at inference time, providing
more relevant examples or facts (Min et al. 2022). As we
discussed before, evaluating only final answers in multi-step
reasoning often obscures the nuanced reasoning errors that
models make. For instance, GridPuzzle (Tyagi et al. 2024)
develops a dataset and evaluation framework to analyze rea-
soning chains in grid-based puzzles, identifying where mod-
els like GPT-4, Claude-3, and LLaMA-2 falter. Similarly,
the EIC (Error Identification and Correction) benchmark (Li
et al. 2024) evaluates mathematical reasoning by highlight-
ing error types and enabling models to correct mistakes with
targeted prompts. These works emphasize the importance of
truly measuring reasoning ability beyond overall accuracy.

Other methods, such as RCOT (Reversing Chain-of-
Thought) (Xue et al. 2023) and Verify-and-Edit (Zhao et al.
2023), focus on test-time correction by detecting inconsis-
tencies in the generated reasoning chains and guiding LLMs
to revise them. RCOT performs a backtracking approach by
reconstructing problems from solutions to find factual in-
consistencies, while Verify-and-Edit introduces knowledge-
aware editing to improve CoT reliability.

Classical game AI research has long relied on search
algorithms such as minimax (Russell and Norvig 2020)
and alpha-beta pruning (Knuth and Moore 1975). With
the advent of deep learning, systems like AlphaZero have
shown that integrating learned policy networks with plan-
ning can outperform pure search-based engines in complex
games like chess and Go (Silver et al. 2017). The Alympics
(“Olympics for Agents”), a simulation framework that uses
LLM agents to study game-theoretic interactions, offers a
methodology for constructing strategic games, defining eval-
uation criteria (Mao et al. 2024). It highlights issues of
strategic reasoning, adaptation, and how LLMs can simulate
human-like strategic interactions. By incorporating entropy-

based measures of uncertainty (Wang et al. 2023; Zhou et al.
2023), one can identify decisions where LLM agents are
less confident and adaptively expand reasoning paths, re-
duce hallucination, and improve efficiency by focusing com-
putation where uncertainty is high. Building on these in-
sights, our approach integrates retrieval-augmented prompt-
ing with entropy-guided chain-of-thought reasoning to sim-
ulate agentic decision-making in fully observable game
environments, enabling both rigorous evaluation and con-
trolled sub-optimality testing.

In our case, the game of Tic-Tac-Toe is simple enough that
a full minimax solution is feasible and provides the opti-
mal moves for all possible board states. Our work lies at the
intersection, we combined a learned vector representation
of game states with retrieval-augmented prompting and an
entropy-guided chain-of-thought strategy.

3 Problem Definition
We consider discrete, two-player, turn-based games, a stan-
dard framework in game theory for sequential decision-
making under perfect information. A game is defined by the
tuple (S,A, T,R), where:

• S denotes the set of possible game states (board configu-
rations),

• A(s) is the set of legal actions available in state s ∈ S,
• T : S × A → S represents the deterministic transition

function, and
• R : S ×A → R is the reward function.

We focus on Tic-Tac-Toe, a finite, zero-sum, perfect-
information game played on a 3 × 3 grid. Players alternate
placing their marker (X or O) on an empty cell. A player
wins by completing a horizontal, vertical, or diagonal line
of three markers, while a draw occurs if all cells are filled
without a winning configuration.

Formally, the state space is S = {s1, s2, . . . , s39}, and
for each state s, the action space is defined as A(s) =
{(i, j) | cell (i, j) is empty}. The game evolves according
to the transition function st+1 = T (st, at) at each turn t.

In our setting, the LLM acts as one of the players, com-
peting against a fixed suboptimal algorithmic opponent. Its
performance is evaluated based on the distribution of out-
comes (win, tie, and loss) across multiple games. During
play, the model can retrieve contextual information from a
limited database of board states and corresponding optimal
actions to inform its decisions.

4 Method
In this section, we present the proposed framework for
LLM-based decision-making in Tic-Tac-Toe. The approach
integrates two complementary components: entropy-guided
context retrieval and adaptive chain-of-thought reasoning,
designed to improve efficiency and robustness in sequential
reasoning tasks.

The overall architecture follows a game loop where the
LLM observes the current board state, generates a reasoning
trace, and selects the next action based on both its internal
confidence and retrieved contextual information. Although



developed and evaluated in the context of turn-based games,
the framework is general and can be extended to broader
sequential decision-making scenarios involving LLMs.

4.1 Game Loop
The match is initialized with an empty board B, where the
LLM plays as “X” and the algorithmic agent as “O”. The
starting player is selected randomly, and the game proceeds
as follows:

1. The algorithmic agent selects a move according to its pol-
icy and updates the board B.

2. A structured prompt is constructed for the LLM, includ-
ing the current board configuration, available moves, the
identity of the active player, and a set of retrieved exam-
ples with their corresponding optimal actions (see Sec-
tion 4.2).

3. The prompt is passed to LLM(xq, p,Rq), and the
model’s textual output is obtained.

4. The output is parsed to extract move coordinates. If the
move is invalid, the LLM is prompted to regenerate. If it
remains invalid, a random valid move is selected.

5. If a terminal state (win, loss, or tie) is reached, the game
ends; otherwise, the loop continues from step 1.

4.2 Board Representation and Context Retrieval
Following Tyagi et al. (Tyagi et al. 2024), we represent the
Tic-Tac-Toe board as a 3× 3 tensor

B ∈ {0, 1, 2}3×3, (1)

where 0 denotes an empty cell, 1 represents the marker “X”,
and 2 represents “O”. To facilitate LLM-based retrieval, we
flatten B into a vector

x = vec(B) ∈ R9 (2)

and encode it into a lower-dimensional latent representation
z ∈ Rd using an autoencoder:

z = fθ(x), (3)
x̂ = gϕ(z), (4)

where fθ : R9 → Rd is the encoder and gϕ : Rd → R9 is
the decoder. The reconstruction loss ensures that the latent
space preserves the essential information of the board:

Lrec(θ, ϕ) = ∥x− gϕ(fθ(x))∥2. (5)

To enable effective context retrieval, we further structure
the latent space using a contrastive learning objective. Given
a pair of boards (xi, xj) with associated optimal moves
(mi,mj), the contrastive loss encourages latent vectors of
boards with the same optimal move to be close, while push-
ing apart boards with different optimal moves:

Lcon =

{
∥fθ(xi)− fθ(xj)∥2, if mi = mj ,

max
(
0, τ − ∥fθ(xi)− fθ(xj)∥

)2
, if mi ̸= mj ,

(6)
where τ > 0 is a margin hyperparameter controlling the
minimum distance between latent representations of boards

with different optimal moves. This formulation ensures that
similar board states are grouped in the latent space according
to the optimal action, enabling efficient retrieval of relevant
past states for in-context reasoning.

The final training objective combines the reconstruction
and contrastive components:

L = Lrec + λLcon, (7)

where λ > 0 balances the contribution of the contrastive loss
relative to the reconstruction loss. Minimizing L results in
a latent space that simultaneously preserves board structure
and organizes states according to optimal moves, supporting
uncertainty-aware context retrieval for LLM reasoning.

Vector Database. A vector database is constructed as

D = {(zi,mi)}, (8)

where each entry consists of a latent embedding zi = fθ(xi)
paired with its corresponding optimal move mi. In prac-
tice, approximately 20% of all possible board states are
stored in D, selected uniformly at random, together with
their minimax-optimal moves.

At inference time, given a query board xq , we first com-
pute its embedding

zq = fθ(xq). (9)

The retrieval set Rq is then constructed by selecting the k
most similar examples from D according to cosine similar-
ity:

sim(zq, zi) =
zq · zi

∥zq∥ ∥zi∥
, (10)

Rq = Top-k{(xi,mi) ∈ D
∣∣ sim(zq, zi) largest}.

(11)

To adapt retrieval to the model’s uncertainty, we employ
an entropy-aware mechanism detailed in Section 4.3.

The retrieval size k is dynamically adjusted according to

k = min
(
kmax, ⌈k0 + α ·Hq⌉

)
, (12)

where k0 is the base number of examples, α > 0 is a scaling
factor, and kmax is a hard cap determined by the maximum
available context window of the LLM. Consequently, high-
entropy outputs trigger the retrieval of additional examples
to enrich the context, while low-entropy outputs limit the re-
trieval to a small set of nearest neighbors, preserving context
space for reasoning. In all cases, the size of the final LLM
context Cq is bounded by the token budget |Cq| ≤ Lmax,
where Lmax denotes the maximum number of tokens the
model can condition on.

Context Construction. The final context Cq provided to
the LLM consists of three components:

1. The current board configuration xq ,
2. The identity of the active player p ∈ {X,O}, and
3. The retrieved set Rq = {(xij ,mij )}kj=1, containing the

k most similar boards and their corresponding optimal
moves.



These elements are concatenated and formatted into a struc-
tured prompt, which is then passed as input to the LLM, see
Appendix A for an example of the prompt. This structured
context ensures that the model can leverage both the current
board state and relevant past experiences to make informed
decisions.

4.3 Adaptive Chain-of-Thought Reasoning
In our framework, chain-of-thought (CoT) reasoning is em-
ployed to model sequential decision-making in Tic-Tac-Toe.
Each CoT step corresponds to a game turn, and intermedi-
ate reasoning involves simulating both the current player’s
move and the opponent’s response. Formally, let st ∈ S de-
note the board state at turn t, and let the CoT generate a
sequence of state-action pairs:

CoT =
(
(s0, a0), (s1, a1), . . . , (sT , aT )

)
, (13)

where at ∈ A(st) is the move selected by the active player
or the opponent at step t, and T is the horizon until a terminal
state is reached.

Reasoning Modes. We define several CoT strategies with
increasing complexity:

• Direct output: the LLM outputs a single move at for the
current state st without simulating future steps. Mathe-
matically, the selected action is

at = arg max
a∈A(st)

PLLM(a | st, Ct), (14)

where Ct is the context provided to the LLM.
• Multi-CoT: the LLM generates n independent single-

path sequences CoT(j) from the current state until a ter-
minal state is reached. The final move is selected by a
majority vote over the first actions a(j)0 of each sequence:

at = mode{a(j)0 }nj=1. (15)

• Tree-based CoT: at each step, the LLM generates n can-
didate actions for the active player, and for each can-
didate, all possible responses of the opponent are sim-
ulated, forming a tree of depth d:

Tt = {(s(i)t+1, a
(i)
t+1)}

n·|A(st+1)|
i=1 . (16)

The evaluation function V : S → R (entropy based se-
lection) is used to select the top-k branches at each level:

Bt = Top-k{Tt | V (s
(i)
t+1) is maximal}. (17)

• Entropy-guided CoT: a hybrid approach in which mul-
tiple reasoning branches are generated only when the
LLM exhibits high uncertainty. Uncertainty is quantified
by the token-level entropy of the CoT output (see be-
low). Formally, for a reasoning step t, if Hstep

t > Hth,
the model generates nt parallel branches:

nt = min
(
n, |A(st)|

)
, (18)

where |A(st)| is the number of legal actions at st.

Token-level Entropy and Adaptive Branching. At each
reasoning step t, the LLM generates a sequence of tokens
{vt,k}Lt

k=1, each associated with a probability distribution
over the vocabulary {p(i)t,k}

|V |
i=1. The token-level entropy is

computed as

H token
t,k = −

|V |∑
i=1

p
(i)
t,k log p

(i)
t,k, (19)

and the average token entropy defines the step-level entropy:

Hstep
t =

1

Lt

Lt∑
k=1

H token
t,k . (20)

To adaptively determine the number of reasoning
branches, we define a set of ordered entropy thresholds

0 = H0 < H1 < · · · < Hm, (21)

where m is the number of threshold levels. Each thresh-
old Hj corresponds to a predefined number of branches nj ,
forming a mapping

Hstep
t ∈ [Hj , Hj+1) ⇒ nt = nj , j = 0, . . . ,m− 1.

(22)
In this way, higher step-level entropy triggers the genera-
tion of more reasoning branches, while low entropy results
in fewer branches, optimizing computational resources.

The actual number of branches is selected as

nt = min
(
nj , |A(st)|

)
, (23)

where |A(st)| is the number of legal actions at state st.
Once generated, each branch represents a candidate CoT

trajectory that is recursively expanded. To control the com-
putational cost, only the top-k branches are retained at each
step according to a scoring function S(CoT) based on the
average entropy of the tokens in the reasoning path:

Bt = Top-k{CoT branches at step t | S(CoT)}. (24)

This adaptive threshold mechanism allows the model to
selectively explore multiple reasoning paths only when the
uncertainty is high, providing a principled balance between
reasoning quality and computational efficiency. Future ex-
tensions may consider dynamically updating thresholds Hj

based on the distribution of entropies observed across previ-
ous steps, rather than using fixed values.

5 Experimental Setup
We evaluate the proposed LLM agent against a suboptimal
algorithmic opponent in Tic-Tac-Toe. Each game continues
until a win or a tie. The opponent employs a precomputed
Minimax table to rank all legal moves according to their op-
timality.

Let n denote the number of legal moves, and let ri ∈
{1, . . . , n} be the rank of move i (with ri = 1 corresponding
to the most optimal move, and ri = n to the least optimal).
Given a skill level α ∈ [0, 1] (set to α = 0.95 in our experi-
ments), the probability of selecting move i is defined as

P (i) =
max

(
0, 1− |ri − αn|/(n− 1)

)∑n
j=1 max

(
0, 1− |rj − αn|/(n− 1)

) . (25)



Table 1: Performance of the LLM agent against an algorithmic opponent using the LLaMA-7B model. Each cell shows the
average outcome per game S over 100 games and the rounded average number of LLM queries per game. Positive S values
indicate that the LLM agent won more games than it lost (e.g., +10 means 10% more wins than losses), and vice versa for
negative values.

No Additional
Context

Fixed-Size
Context

Entropy-Guided
Context

S [%] Queries S [%] Queries S [%] Queries

No CoT -11.6 3 -5.2 4 -2.8 4
Single CoT -8.2 13 -2.6 13 -0.1 15
Multi CoT -7.5 24 -1.2 26 +4.8 28
Tree-based CoT -2.7 165 +4.5 178 +9.8 188
Entropy-Guided CoT -4.1 48 +3.8 56 +9.5 48

This distribution peaks at the move corresponding to the
agent’s skill level and decays linearly toward both less opti-
mal and overly optimal moves, ensuring that the agent plays
moves consistent with its skill on average while introducing
controlled randomness. Since Tic-Tac-Toe is a solved game,
statistical validation of the strategy is unnecessary, as the
Minimax table provides a complete ranking of valid moves
for any board state.

The LLM employs parallel and tree-based chain-of-
thought (CoT) reasoning. In our experiments, we config-
ured n = 3 parallel CoT sequences, each allowing up to
3 branches per turn, and retain at most k = 10 top paths at
each step to control computational cost.

All experiments utilize the LLaMA-7B model (Touvron
et al. 2023a,b) to establish baseline performance. This model
was chosen to balance inference capability and computa-
tional resource requirements, as further discussed in Sec-
tion 7.

We report two primary metrics per configuration:
1. The average game outcome S over 100 games, expressed

as a percentage, with scores assigned as win = +1, tie =
0, and loss = -1.

2. The average number of LLM queries per game, includ-
ing additional calls required for multi-path reasoning, re-
computation due to invalid outputs, and context expan-
sion under high uncertainty.

For the first move of the game, due to board symmetry and
multiple equally optimal moves, entropy-based branching is
not applied and all equally optimal moves are considered
valid without adjustment.

Hyperparameters and Implementation Details. All ex-
periments employed the LLaMA-7B model (Touvron et al.
2023a) to establish baseline performance. For initial testing,
we used the smaller Gemma 3 270M model (Team et al.
2025) on a single NVIDIA GeForce RTX 4050 with 6 GB
VRAM and an Intel i7-12700H CPU with 16 GB RAM.
Final evaluations with LLaMA-7B (Touvron et al. 2023a)
were conducted on an NVIDIA GeForce RTX 4060 Ti with
16 GB VRAM, sufficient for inference-only tasks. The op-
erating system used was Ubuntu 24.04 LTS.

For next-move generation, LLM hyperparameters were
set to ensure deterministic and precise outputs: tempera-

ture = 0.1, top-p and top-k sampling disabled (top p=1.0,
top k=0), and beam search set to 2. The maximum number
of generated tokens per move was 10, covering all possi-
ble coordinate formats. Padding and end-of-sequence tokens
were assigned to the tokenizer’s eos token id.

A fixed random seed of 42 was used to ensure repro-
ducibility in selecting and ordering retrieval examples (see
Section 4.2). Each combination of context type and CoT
reasoning (3 context types × 5 CoT strategies = 15 config-
urations) was initially evaluated using the Gemma 3 model.
Final evaluations employed LLaMA-7B with 100 games per
configuration against the algorithmic opponent, measuring
both average game outcome S and the number of LLM
queries per game. Hyperparameters were selected based on
preliminary experiments to guarantee consistent generation
of valid move coordinates.

The implementation was developed in Python using the
transformers library for model and tokenizer manage-
ment, bitsandbytes for quantization, torch as the
main framework, and langchain to handle context re-
trieval and CoT reasoning.

6 Results and Discussion
Our results in Table 1 and Figure 1 show that both con-
text retrieval and chain-of-thought (CoT) reasoning sub-
stantially affect the LLM agent’s performance. Without ad-
ditional context, the agent performs poorly, with negative
average outcomes across all CoT strategies. Introducing a
fixed-size context improves performance for all strategies
by providing relevant examples that guide move selection.
Entropy-guided context retrieval further enhances outcomes
by dynamically adjusting the number of retrieved examples
based on predictive uncertainty, allowing the model to ac-
cess more relevant information when needed. For exam-
ple, using entropy-guided context without CoT improves
the outcome from −11.6% to −2.8%. Multi CoT gener-
ates multiple candidate reasoning paths, and tree-based CoT
explores a broader set of future states and opponent re-
sponses, achieving the highest performance (+9.8%) but
with a substantially higher number of queries (188 on av-
erage). Combining entropy-guided CoT with entropy-aware
context retrieval achieves nearly equivalent performance
(+9.5%) while requiring only 48 queries, roughly one-fourth



of the tree-based CoT cost. These results demonstrate that
adaptive context retrieval and selective multi-path reasoning
enable efficient, high-quality decision-making with signifi-
cantly reduced computational overhead.
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Figure 1: Comparison of retrieval-based in-context learning
methods with different CoT strategies, evaluated in terms of
average game outcome S and computational cost (number
of LLM queries). The plot highlights the performance–cost
trade-off and the resulting efficient frontier across methods.

Entropy as a Proxy for Uncertainty. Token-level entropy
has been recently used as a measure of model uncertainty in
discrete multi-step reasoning tasks (Zhang et al. 2025; Jia,
Cai, and Liu 2025; Zhou et al. 2023). It quantifies the uncer-
tainty of the predicted probability distribution over the next
token: low entropy indicates a concentrated distribution on
a few tokens, while high entropy corresponds to a more uni-
form distribution over multiple plausible tokens.

We evaluated the LLM on a random subset of 500 valid
board states, generating the next move without CoT or addi-
tional context and recording the token-level entropy of each
output, as defined in Equation 20. For each move, we com-
puted its ranking percentile relative to all valid moves in the
same state. Figure 2 shows the relationship between token-
level entropy and move optimality percentile.

High entropy arises primarily in two cases: (i) genuine
uncertainty about the next move (true positive), or (ii) mul-
tiple moves with similar optimality (false positive). False
positives are mostly observed in early-game states and are
mitigated by avoiding entropy-based branching on the first
move. In general, high entropy consistently indicates poten-
tially suboptimal choices.

To quantify this noisy relationship, we computed rank-
based correlations between entropy and move optimality
percentiles. Spearman correlation is ρ = −0.471, p < 10−3,
and Kendall Tau correlation is τ = −0.346, p < 10−3, both
statistically significant. These results confirm a consistent
negative trend: moves with higher entropy are more likely
to be suboptimal.

This analysis supports the use of token-level entropy as a
proxy for uncertainty in sequential decision-making tasks.
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Figure 2: Token-level entropy versus move optimality per-
centile. Top: boxplots grouped into three clusters (Subopti-
mal, Moderate, Near-Optimal), showing higher entropy for
less optimal moves. Bottom: scatter plot of individual moves
with a linear regression line, illustrating the negative re-
lationship between entropy and move optimality. Data are
based on 500 randomly selected board states.

Discussion on Zero-Shot Claim. The results support
the hypothesis that retrieval-augmented in-context learning
(RA-ICL) enables effective zero-shot reasoning in struc-
tured decision-making tasks such as Tic-Tac-Toe. Although
the retrieval encoder described in Section 4.2 was trained
in a self-supervised manner on domain data, the objective
of learning semantically consistent representations of board
states is task-agnostic and does not involve supervision on
optimal actions. Thus, the LLM is never fine-tuned for the
downstream task, and reasoning emerges purely from con-
textual conditioning provided by retrieval.

Unlike fine-tuning approaches, which modify model pa-
rameters, retrieval-augmented inference operates externally:
relevant examples are dynamically retrieved and injected
into the prompt based on latent similarity. This mechanism
aligns with large-scale architectures such as GPT-5 (OpenAI
2025) and Gemini 2.5 (Gemini Team, Google 2024), where
retrieval modules enable adaptive context composition ac-
cessing vast external knowledge bases (e.g., web documents,
code repositories, etc.) without model fine-tuning.

Empirically, the model exhibits context-driven reason-
ing that scales with the adaptivity of the retrieval process.
The entropy-guided mechanism allows selective context ex-
pansion only under high uncertainty, reducing unnecessary
computation while maintaining decision quality. Overall, the
proposed architecture satisfies the key zero-shot conditions:
no task-specific fine-tuning, self-supervised retrieval embed-
ding construction, and dynamic in-context adaptation driven
by model uncertainty.

These results indicate that retrieval-augmented chain-of-
thought reasoning constitutes a viable and scalable zero-shot
framework for structured problem-solving.



7 Limitations and Future Work
The proposed framework has several limitations that define
directions for future work.

First, all experiments were conducted on Tic-Tac-Toe, a
deterministic and fully observable game with a small state
and action space. This simplified setup allows controlled
evaluation but does not capture the challenges of larger or
stochastic environments. Extending the framework to more
complex games such as Connect Four or Go would test scal-
ability and robustness under higher-dimensional state repre-
sentations and longer reasoning sequences.

Second, the model used (LLaMA-7B (Touvron et al.
2023a)) has limited reasoning capacity. This helps isolate the
effects of adaptive chain-of-thought and context retrieval,
but stronger models (e.g., GPT-5 (OpenAI 2025), Gem-
ini 2.5 (Gemini Team, Google 2024)) may already han-
dle part of this reasoning intrinsically. Future work should
test whether entropy-guided mechanisms still offer benefits
when the base model is more capable.

Third, the use of token-level entropy assumes a direct
link between linguistic uncertainty and decision uncertainty.
While supported by correlation results, this assumption may
not hold in settings where uncertainty arises from ambiguity
rather than lack of knowledge. Alternative uncertainty esti-
mators, such as ensemble variance or mutual information,
could provide a more reliable signal.

Fourth, the retrieval database was generated from the full
game tree and may not generalize to domains with incom-
plete or biased data. Retrieval redundancy or conflict be-
tween examples could also affect the model’s reasoning con-
sistency.

Finally, the evaluation focused on quantitative perfor-
mance (win/loss and query count) without assessing logi-
cal soundness or interpretability of the reasoning traces. Ex-
tending analysis to partially observable tasks and studying
reasoning quality under uncertainty remain open directions.

Future work will address these limitations by scaling the
approach to larger games and more general decision-making
tasks, integrating improved uncertainty estimation, and eval-
uating reasoning behavior beyond accuracy-based metrics.

8 Conclusion
We introduced a framework for sequential decision-making
with large language models that combines entropy-guided
context retrieval with adaptive chain-of-thought reasoning.
By selectively expanding reasoning depth and contextual in-
formation under uncertainty, the method improves decision
quality while maintaining a low number of LLM queries. In
our experiments on Tic-Tac-Toe, this approach increased the
average game outcome from -11.6% to +9.5%, demonstrat-
ing that uncertainty-aware adaptation effectively enhances
model consistency and efficiency.

Although tested on a simple, fully observable game, the
framework is model-agnostic and generalizable to larger or
partially observable domains. Its core principle of dynami-
cally allocating reasoning effort based on uncertainty offers
a scalable method for integrating retrieval-augmented rea-
soning and adaptive CoT in more complex decision-making

or reasoning tasks where zero-shot performance remains
limited.

Future extensions will explore applying this mechanism
to domains with non-deterministic dynamics and incom-
plete information, where uncertainty-guided reasoning may
provide significant benefits in both performance and inter-
pretability.
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A LLM Input Prompt Example
The following example in Box A illustrates the structured
prompt provided to the LLM during gameplay. This prompt
includes retrieved examples with corresponding optimal
moves, the current board state, and the list of available po-
sitions, ensuring consistent input formatting and supporting
in-context reasoning.

We note that numerous variations in prompt design and
formatting are possible, and more extensive prompt en-
gineering could potentially improve performance. In our
experiments, we found that the simple coordinate format
(x, y) worked reliably, both for facilitating the LLM’s out-
put and for programmatically extracting moves from the
textual response. An alternative would have been a struc-
tured JSON format with separate fields for x and y, but this
was discarded after initial testing as the simpler format pro-
vided sufficient accuracy and consistency for our objectives.
Prompt optimization, while potentially beneficial, is outside
the scope of this work.

LLM Prompt Example

EXAMPLES OF BOARDS AND
CORRISPONDING OPTIMAL MOVES:

Example 1:
Board:
X | O | X
O | X | _
_ | _ | O
Optimal move: (2,2)

...

CURRENT GAME STATE:
You are playing Tic-Tac-Toe as X.
The opponent is O.
Current board (3x3, _ for empty):
O | _ | X
_ | X | O
_ | _ | _

Empty positions (x,y):
(0,1), (1,0), (2,0), (2,1), (2,2)

You are X.
Your next move in (x,y) format is:
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