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ABSTRACT

Random projections (RP) offer an effective approach to reducing computational
and storage costs while preserving the geometric structure of the data. However, ex-
isting studies primarily focus on the optimal generalization performance of specific
kernel-regularized algorithms with RP in the well-specified setting under restrictive
conditions. In this paper, we provide a comprehensive and improved analysis of the
generalization performance of RP-based spectral algorithms under general condi-
tions, without increasing computational complexity. By leveraging the embedding
property of the RKHS and a refined analysis of the operator similarity, we establish
optimal learning rates in Sobolev norms that match the minimax lower bounds up
to logarithmic factors. For both randomized sketches and Nystrom sub-sampling
(uniform or leverage-based), we show that the projection dimension needed for
optimality is proportional to the average or maximal effective dimension, yielding
a significant reduction in computational cost while maintaining the statistical ef-
ficiency. Our results do not rely on the uniform boundedness assumption on the
target function and hold for a broad range of source conditions, i.e., s > o — 1/,
where s, 3, and « denote the smoothness index, capacity index, and the embedding
index, respectively. In the benign case when o = 1/, the optimality holds for all
s € (0, 27] with 7 denoting the quantification index. Experimental results confirm
our theoretical findings and demonstrate the practical effectiveness of RP.

1 INTRODUCTION

In statistical learning theory, the primary objective is to learn a function that approximates the under-
lying relationship between input and output variables based on a finite set of training data (Vapnik,
1999bja). Kernel methods, a class of nonparametric learning algorithms, have gained significant
attention due to their ability to capture complex data structures and their strong generalization perfor-
mance (Wahba, |1990; Scholkopf & Smolal 2002). These methods operate in a reproducing kernel
Hilbert space (RKHS) associated with a positive definite kernel function K (-,). To address the
ill-posedness of such learning problems, regularization techniques are commonly employed, leading
to the development of various kernel-regularized algorithms, or spectral algorithms (Engl et al., |1996).
Popular examples include Tikhonov regularization, also known as kernel ridge regression (KRR)
(Smale & Zhou, [2007; |Caponnetto & De Vito, 2007), spectral cut-off (Blanchard et al., 2007; |Dicker
et al.,[2017), gradient methods (Yao et al., 2007 Lin & Rosasco||2016). Despite their solid theoretical
guarantees, these algorithms often suffer substantial computational costs for large-scale datasets. For
instance, KRR typically requires O(n?3) time and O(n?) space complexity, where n is the number
of training samples. To mitigate this issue, various accelerating techniques have been developed,
including distributed algorithms (Zhang et al., 2015} |Guo et al.,2017), random features (Rahimi &
Recht, [2007; Rudi & Rosasco, [2017), randomized sketches (Yang et al., 2017; [Zhang & Liao, [2019),
and Nystrom sub-sampling (Williams & Seeger}, | 2001; Kumar et al.| |[2012).

Random projections (RP), including randomized sketches and Nystrom sub-sampling as special cases,
have emerged as powerful techniques for dimensionality reduction that enable efficient computation,
while preserving the geometric structure of data (Vempalal 2005). The core idea of RP is to estimate
the regression function within a suitably chosen random subspace of the RKHS, thereby yielding
spectral algorithms with RP. Specifically, we consider a projection dimension m < n and construct
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a random subspace F = span{Kwij }ity, where {i1,...,im} C {1,...,n} are randomly selected
indices from the input set {x; }? ;. Performing the spectral algorithm within this subspace F yields
the Nystrom sub-sampling method. More generally, we may consider a random matrix G € R™*"
and define the random subspace as F = span{}_"_, G;;Ky;,i = 1,...,m}, which leads to the
randomized sketching method. By choosing m < n, we can typically achieve substantial reductions

in the time and space complexity of spectral algorithms while maintaining their statistical efficiency.
(Williams & Seeger, [2001; |[Kumar et al., [2012; Mahoney et al., 2011).

Theoretical analysis of the generalization properties for kernel methods with specific random pro-
jection methods has been extensively studied in the literature. In the fixed design, where the inputs
{x;}"_, are deterministic, Yang et al.[{(2017) studied KRR with randomized sketches and established
optimal learning rates in the worst case where the target function f, lies in the RKHS. Similarly,
sharp generalization error bounds in expectation for the Nystrom sub-sampling method were derived
in[Bach| (2013); |Alaoui & Mahoney| (2015). In the random design setting, where the inputs {x; }?"_;
are drawn i.i.d. from an unknown distribution, [Rudi et al.| (2015); Myleiko et al.| (2019) focused
on KRR and general spectral algorithms with Nystrom sub-sampling, and established source and
capacity dependent learning rates in high probability. However, these results are limited to the
well-specified case where f,, lies in the RKHS (s € [1, 27] with s denoting the smoothness index
and 7 denoting the quantification index), and the generalization error is measured via the Lf) norm.
The most closely related work is [Lin & Cevher|(2020a), which studied the spectral algorithms with
random projections in the mis-specified setting where f, may not lie in the RKHS. They derived
optimal learning rates in various norms when s > 1 — 1/3 (8 € [1, 00) with 3 denoting the capacity
index), thus covering part of the mis-specified setting (s € (0, 1)). However, their analysis relies
on restrictive assumptions, such as the Holder-type source condition and f, is uniformly bounded,
which may not hold in practice. Till now, whether optimal learning rates of the spectral algorithms
with random projections can be achieved in the mis-specified setting when s < 1 — 1/ remains an
open question.

In this paper, we provide a comprehensive and improved analysis of the generalization performance
for the spectral algorithms with random projections (SARP) in the mis-specified setting under general
conditions, without increasing computational complexity. The following are the main contributions
of this paper:

General conditions. Our analysis relies on five key assumptions: (i) Bernstein condition on the
noise and does not require the uniformly boundedness assumption on f, (Assumption; (ii) capacity
condition (Assumptions [2] and [5) and embedding condition (Assumption [3)); (iii) the regression
function f, follows a general source condition (Assumption , where the Holder source condition is
a special case. Compared to those in the literature of spectral algorithms with RP (Yang et al.l 2017}
Rudi et al. 2015} |Lin & Cevher, 2020a), our assumptions are more general or easier to satisfy in
practice.

Comprehensive and improved learning rates. Under these more general assumptions, we first
establish the minimax lower bounds in Sobolev norms for all s € (0, 27] in Theorem[1] For the upper
bounds, we combine the integral-operator technique with the embedding property of the RKHS to
derive sharp learning rates for general SARP in Theorem 2] By choosing the regularization parameter
A appropriately, we show that the upper bound is minimax optimal once the projection error term is
of smaller order than the typical approximation and empirical error terms. We further prove this is
achievable for randomized sketches and Nystrom sub-sampling in Corollary 2] when the projection
dimension m is proportional to the average or maximal effective dimension (up to logarithmic factors).
Compared to the state-of-the-art results in|Lin & Cevher|(2020a)), we do not require the uniformly
boundedness of f,, and the theory holds for a general and broader range of source conditions, i.e.,
s > a — 1/3. In the benign case when o« = 1/, the optimality holds for all s € (0,27]. Note
that our bounds do not improve the minimax exponents compared to the best existing results in
overlapping regimes, but significantly broaden the scope and practicality of minimax-optimal results
for SARP.

Efficient computational improvement. From a computational perspective, our results show that the
projection dimension m needed to achieve the optimal learning rates is no larger (and can even be
smaller in some cases) than those required in|Yang et al.|(2017); |[Rud1 et al.| (2015); Lin & Cevher
(2020a)). This leads to a substantial reduction in computational cost while preserving statistical
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efficiency in a broader source range. The improvement stems from our more refined analysis of
operator similarity and sample variance control. See Remark 3| for more details.

For a better understanding of our contribution and novelty, we present a detailed comparison with
existing methods in Appendix [B] We also report numerical experiments that validate our theoretical
findings and illustrate the practical effectiveness of SARP in Appendix [F}

2 PRELIMINARIES

Let (X, B) be a Borel measure space as the input space, )V C R be the output space. Let p be the
joint distribution on X’ x ), which can be decomposed as p(x,y) = px(x)p(y|x), here p(y|x)
be the conditional distribution of y given . Consider a standard supervised learning framework,
we observe a set of training samples z = {(x;,y;)}?_; drawn i.i.d. from the unknown distribution
p. The objective is to find a function f that minimizes the expected risk over the space of all the
measurable functions, which is defined as

E(f) = /X @) =)oty (1)

The minimizer of the expected risk is the regression function f,(x) = fy ydp(y|x). Consequently,
we can define the following nonparametric regression model:

y=fo(z) +e, (2)
where ¢ is the noise satisfying that E(e|z) = 0.
Assumption 1. There exist o > 0 and M > 0 such that for all p > 2, E(|e|P|x) < iplo?MP—2

This assumption is the classical Bernstein condition on the noise, which is widely used in kernel
learning theory (Caponnetto & De Vito, 2007; [Rastogi & Sampathl 2017). It is satisfied, for example,
by bounded, Gaussian, and sub-Gaussian noise. In contrast, the most related work
imposes the Bernstein condition directly on the response y, which in turn ensures that the
regression function f, is uniformly bounded. Such a requirement can be overly restrictive, and a
uniform bound on f_p is very hard to verify from finite data in practice. Assumption [I]instead places
the Bernstein condition solely on the noise € and does not impose uniform boundedness on f,. We
refer to Appendix [C.6] of for a detailed discussion. In our synthetic example in Appendix [H the
regression function diverges when s = 0.5, so f, is not uniformly bounded, yet SARP still achieves
the optimal Sobolev learning rates. This further illustrates that the uniform boundedness assumption
is not necessary for deriving the optimal learning rates of SARP.

2.1 RKHS AND OPERATORS

Consider a bounded kernel K : X x X — R, which is symmetric and positive definite, i.e.,
K(z,z') = K(2',z) forz, o’ € X and 3_,_, cic; K (xi, ;) > 0 forany n € N, {¢;}]_; C R,
and {x;}_; C X. This kernel is associated with a unique reproducing kernel Hilbert space (RKHS)
‘H equipped with inner product (-, -)% and the norm || - ||. The RKHS is the completion of the space
of finite linear combinations of the kernel functions { K, = K(«,-) : * € X'} with respect to the
inner product (K, Ky/)y = K(x, ). For any f € Hx, there holds that

f(w):<f7Kw>H, Ve € X.

Since K is bounded, we have sup,cy K(z,x) < x? for some £ > 0. This implies that K is
square-integrable w.r.t. the measure py. Since this condition can already guarantee the spectral
decomposition of K, we do not impose the standard compactness of X and Mercer kernel conditions.

Let Lf, .. be the space of square integral functions from X’ to R with respect to py, with its norm given
by [|fll, = \/ [x f2(z)dpx(z). We denote the inclusion operator Si : Hi — L2, as Sk f(x) =

(f, Kg)n, for any f € Hg and & € X. Its adjoint operator is denoted by S5 : L%X — Hg,
Sk9 = [y Kzg(®)dpx(x), forany g € L> and & € X. Then Sk and S} are Hilbert-Schmidt
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operators, and thus compact operators. Furthermore, we can define the integral operator L and the
covariance operator C'ic as follows:

Lig: L2, = L2, LKg—/K x)dpx(z),
(3)
Ck : Hrx — Hg, CK=/< K. >7.[K de /K ® Ky dpx( )
X

Since K is bounded on X, the operators Lx and Ck are positive, self-adjoint, and trace-class (hence
Hilbert—Schmidt and compact) (Steinwart & Christmann, [2008)). They satisfy the identities Lx =
SkSj and Cx = S} Sk. Moreover, as sup,cy K(z,z) < r%, we have ||Sk| = ||Sk|| < &
and | Li| = ||Ck| < k2. Forany f € Hy, the following isometry property holds (Steinwart &
Christmann, [2008):

11, = 1Sk fllp = ICK I )

In addition, by the polar decomposition of Sk, ||L;(1/25Kf||p < If -

By the spectral theorem, there exists a sequence of non-negative and non-increasing eigenvalues
{i}i>1, orthonormal basis {e; };>1 of LQ(X), and orthonormal basis {ug/Qei}izl of H i such that

LK - Z,uz , €4 peza CK - Zlh 3/2 ,u,}/2 (5)

Moreover, the kernel K can be decomposed as
= Zuiei(w)ei(:c’), Ve, z' € X,

where the convergence is uniform and absolute. Note that the eigenvalues {y; };>1 and eigenfunctions
{e;}i>1 depend on the kernel K and the marginal distribution px.

Definition 1 (Effective dimension). For \ > 0, we define the random variable Np(\) = (K4, (Cx+
M)~ Ky )y with x € X drawn from px, then the average effective dimension and maximal effective
dimension of RKHS H are defined as N'(\) = ENz () and Noo(N) = supgex Nz (N).

The effective dimension characterizes the complexity of the RKHS H x and plays a crucial role in
learning theory (Caponnetto & De Vito}, 2007} Steinwart et al.| 2009; |Guo et al.|, 2017). It is easy to
see that N'(A) = Tr((Cx + M) ™ Ck) = }..2, 15 and/\/( ) < Noo(N) < RZEATH

Assumption 2. For \ > 0, there exists Q > 0, 8 € [1, 00|, such that N'(\) < QQ)\_%*.

This assumption is known as the capacity condition, which always holds when 5 = 1 by taking
Q = Tr(Lk) < 2. It can also be verified by the decay rate of the eigenvalues {1, };>1. For example,

if p1; < c¢i™? for some ¢ > 0 and 3 > 1, then N'(\) < 65/\7% for some constant cg > 0. More
examples and discussions on Assumption [2]can be found in Appendix[C.3]

2.2 INTERPOLATION SPACE OF RKHS
In this section, we introduce the interpolation space (or power space) of the RKHS H . For any
t € R, we define the fractional integral operator L% as Lt = > 2, pt(-, e;) pe;.

Definition 2. Given the RKHS H associated with the kernel K and the integral operator Ly, for

any t € R, we define the interpolation space [H]}, as

(M) = RanLt/2 {Z a,;,u:fmei : Zaf < oo} C L?,(X). (6)
i=1 i=1

Let f,g € [’H}t and f =% 2, azuf/ge“g =>, bzuf/ e;, define the inner product and norm of
2 2 o0 1/2
(M)} as (f 9pay, = (LS L2 9)p = Sy aibi, |l = (F, Difi, = (2, ad) />
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The interpolation space [H]Z is also a separable Hilbert space with orthonormal basis { uf/ Qei}izl. It

is easy to see that [H]), = [H], = H and [H]) = L2(X). For 0 < t; < t,, we have the continuous

embedding [#]"? < [H]!} < [H]) (Fischer & Steinwart, 2020). The interpolation space [#]5 can
be used to characterize the regularity of the target function f,. For example, if f, € [H]Z for some
t > 1, then f, is smoother than the functions in the RKHS #, and if f, € [H]; for some 0 <t < 1,

then f, is less smooth than the functions in H.

For 0 < t < 1, the interpolation space [H]% can be characterized by the real interpolation method
(Tsybakov], 2008}, [Steinwart & Scovell, 2012i; [Bitzer & Steinwartl [2025)). Specifically, we have

[H]tp = [Li(X)7H]t,2’ @)

where 2 denotes the isomorphism between the two spaces and [+, -] 2 is the real interpolation functor
of two function spaces (see Appendix [C.7]for more details).

Assumption 3. Assume that there exists an order « € [1/3,1] and a constant A > 0, such that the
canonical inclusion map i : [H]| — L°(X),i%(f) = f, is bounded, i.e.

[fllee < Allfllpag. VS €M

Equivalently, [7—[];} is continuously embedded into L7° (X) and the operator norm of the embedding
satisfies ||i%]] < A.

The embedding property indicates that the interpolation space [7—[};‘} can be continuously embedded
into Lo°(X'), with operator norm bounded by A. A larger « corresponds to a weaker embedding.
Notably, the condition is always satisfied when a = 1 since the kernel K is bounded. The case
a = 1/ corresponds to the benign RKHSs discussed in Appendix C.3.

2.3 GENERAL SOURCE CONDITION

In this section, we introduce a general source condition which characterizes the regularity of the
target function f, via the index function. For s € (0, 27], and any operator A and projection operator
P, we first define the index function set as

Cs :{(;5 . 0, k%] — R+|¢ is non-decreasing, ¢(0) = 0, ¢(k?) < 0o,
2
and e is non-decreasing for some s € (0, 27]}.

Assumption 4. For R > 0, assume the smoothness condition can be expressed as
fﬂ € Q(b,s,R = {f S L,2)X : f - ¢(LK)9 ||g||/) S Ra(b S CS} 3 (8)

For X € [0, k%], we further assume that there exists ¢ > 0 such that cX™ /$(N) < infye(y 2 t7/O(t),
where T is the qualification parameter will be defined in Definition 5}

A typical example is the Holder source condition, i.e., ¢(t) = t*/2 for some s € (0, 27] (see proof
in Appendix [C.4). In this case, f, € Qg g implies that f, € [H]5 and || f,[lpgs < R, as also
considered in[Fischer & Steinwart (2020); [Zhang et al.| (2023} 2024). The parameter s quantifies
the smoothness of f, relative to the RKHS H . Specifically, if s > 1, then f, is smoother than the
functions in Hx (f, € Hx), while if 0 < s < 1, then f, is less smooth than the functions in H
(fp ¢ k). Practically, for example, we use a very smooth kernel (Gaussian or high-smoothness
Matérn kernel) while the true regression function has only finite Sobolev regularity. Such “kernel
too smooth, truth less smooth” situations are common in practice when a Gaussian kernel is used as
a default and still performs well. Our theory will show that this is reasonable since SARP can still
achieve the optimal rates under this mis-specified setting. We refer to Appendix [C.4]for discussions
on this general source condition. In Theorem 3] we further generalize the source condition into three
different cases.

2.4 MINIMAX LOWER BOUND FOR SOBOLEV NORM LEARNING

In this section, we present a minimax lower bound for the learning rate in Sobolev norms under
general source conditions, offering the fundamental learning limits of SARP. In order to establish
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the lower bound, we need the following additional assumption which can be viewed as an enhanced
version of Assumption [2] (Proof can be found in Appendix C.5). A similar assumption is also

conducted in|Fischer & Steinwart| (2020); Zhang et al.| (2024).

Assumption 5. Assume that there exists some positive constant 0 < q1 < qo and 3 € [1,00) that

ak™? <k <@k, VE>1, ©

where yy, is the k-th eigenvalue of the integral operator L. Under Q), there also holds that

N < A58,

Theorem 1. Let the constants o, M, R, Q be fixed, then given s € (0,27], ,let P =
P, s, 3) be the set of all probabzltty dlstrtbuttons p such that Assumpnom l . hold then for

any vy € [0,s A 1] and 6 € (0,3/8), and all possible estimators f based on the n i.i.d. sample set D,
there exists a probability measure p* € P such that, with probability at least 1 — 0, there holds

IF = fo gy, = Co6* @ )@ )7, (10)

where ®(t) = (¢(t)/p(1))%tY/? and ®=1(-) denotes the functional inverse, and C' is a positive
constant independent of \, n, 6, and given explicitly in the proof.

Theorem [T]establishes a minimax lower bound for the learning rate in Sobolev norms under general
source conditions. Compared to the existing lower bound in the literature, our result is more general by
considering a general source condition and a broader range of s € (0, 27]. For example, |Caponnetto

& De Vito|(2007); |Rastogi & Sampath|(2017)) only consider the well-specified case with smoothing
Fisches

index s € (1,27], and establish the lower bound for the L norm or H norm. Recently,

& Steinwart (2020); [Zhang et al] (2023} [2024) consider the mis- specified case and establish the

lower bound for the Sobolev norm with s € (0,27]. Our results generalize these existing results
by considering a general source condition (see detailed comparison in Remark [4]of the Appendix).
When ¢(t) = t*/2 for some s € (0, 27], the lower bound reduces to those in Fischer & Steinwart

(2020); [Zhang et al. (2023}, [2024)), as the following corollary shows.

Corollary 1. Under the same conditions of Theorem ifo(t) = t5/2 for some s € (0,27, then with
probability at least 1 — 0, there holds that

> oo (11)

3 SPECTRAL ALGORITHMS AND RANDOM PROJECTIONS

Spectral algorithms (SA) comprise a family of regularization methods that leverage the spectral
operator through filter functions to stabilize learning problems [1996). Initially developed
for ill-posed linear inverse problems (De Vito et al.| 2005)), they have been subsequently extended to
nonparametric regression via the connection between learning theory and inverse problems

et al.l 2005} [De Vito et al., 2006} [Guo et al., 2017).

Suppose that we have a training dataset {(x;, y;) }*_, drawn i.i.d. from an unknown distribution p.
We denote by Sk ,, : H — R the sampling operator as

SK,TL : HK — Rna SK,nf = %«vawJ’Hw-~7<f7Ka:n>H)7

and its adjoint operator is

n

* * 1
Skn R"—=Hg, Sg,a= %Zainw for a = (al,ag,...,an)T € R".

i=1

We also define Sy, L2, = Hrk, *nd = L5 9(m;)Kq,. The empirical covariance operator
is defined as

1 n
Crn:Hrk = Hr, Crn=Skn,Sxn=>5k,Skn= - ZK@ ® Ky, .
i1
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Our objective is to learn an estimator f € H i from the training data that approximates the regression
function f, defined in (2), i.e. the empirical risk minimizer, f = argmin ey, = >0 (f () —y:)*.
Using the operator notations introduced above, the minimizer should satisfy the normal equation
Crnf = Sk,y, wherey = ﬁ (Y1,Y2, - -.,Yn)T. However, directly solving the normal equation
may lead to overfitting, and the operator C'c , may be singular.

To address these issues, spectral algorithms introduce a regularization mechanism by applying a
filter function to the empirical covariance operator. This approach helps to stabilize the solution
and mitigates overfitting by the regularization effect of the filter function. Specifically, a spectral
algorithm constructs the estimator f,, » as

fnx = 93 (Ckn)Sk 0¥, (12)

where \ > 0 is a regularization parameter and gy : [0, x?] — R is a filter function satisfying certain
conditions (see Definition [3]below).

Definition 3. A function g (-) : [0, k%] — RT indexed by \ € A C R is called a filter function
with qualification T > 1, if it satisfies the following conditions:

sup sup sup |[t“gx(t)IN'TV < E,  sup sup sup |(1 —tgx(t)|t"ANV < F., (13)
ve(0,1] AeA te[0,k2] ve[0,7] AeA te[0,k2]

where E and F. are positive constants independent of A and t.

Different choices of the filter function g, yield different spectral regularization schemes. We list some
common spectral algorithms and their corresponding filter functions, qualifications, and constants in

Appendix

Despite the theoretical appeal of spectral algorithms, their practical implementation can be compu-
tationally intensive, especially for large-scale datasets. The main computational bottleneck arises
from computing and storing the empirical covariance operator C'rc ,,, which involves operations on
an n x n kernel matrix (i.e., n X n matrix inverse in KRR). This can lead to significant time and
space complexity (i.e., O(n?) and O(n?) for KRR), making it infeasible for large n. To address
this challenge, various approximation techniques have been proposed to reduce the computational
burden. One such technique is the use of random projections, which can effectively reduce the
dimensionality of the data while preserving its essential structure (Vempala, |2005). The core idea of
random projections is to restrict the original solution space to a lower-dimensional subspace using a
projection operator P, satisfying P? = P. Incorporating random projections into spectral algorithms
leads to the following estimator:

n

This approach can significantly reduce the computational complexity of spectral algorithms, making
them more scalable and efficient for large datasets. In the next subsections, we will discuss some
specific implementations of SARP, focusing on randomized sketches and Nystrom sub-sampling.

3.1 RANDOMIZED SKETCHES FOR SPECTRAL ALGORITHMS

Randomized sketches involve a sketch matrix G € R™*", where m < n, and the range of the
projection operator P is defined as the closure of the span of the rows of GSk . i.e., Range(P) =

span{S}}’nGT}. The sketch matrix G is typically chosen to be a random matrix with certain

properties to ensure the preservation of the data structure after projection, i.e., for any a € R™ and
t € (0,1), there exist constants C' > 0 and b > 0 such that

P (||Ga\|§ >(1+ t)||a||§) > 2exp(—0mt2/(logn)b). (15)

Common choices for G include sub-Gaussian random sketches, randomized orthogonal system
(ROS) sketches, and sub-sampling sketches (Yang et al.,|2017; |Lin & Cevher, [2020a)). We refer to
Appendix[C.2] for more details on these sketching methods.

3.2 NYSTROM SUB-SAMPLING FOR SPECTRAL ALGORITHMS

Plain Nystrom. Nystrom sub-sampling is equivalent to sub-sampling sketch using matrix G, where
the range of the projection operator P is defined as the closure of the span of a subset of the
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training data points. Specifically, we randomly and uniformly select a subset of m data points
{xi, }jL, from the training dataset {x;}}_; without replacement, and define the range of P as

Range(P) = span{K,,ij Py

Approximate leverage score (ALS) Nystrom. |Alaoui & Mahoney|(2015) proposed the leverage
score sampling for Nystrom sub-sampling, which can be viewed as a non-uniform sub-sampling
sketch. The leverage scores measure the importance of each data point in the dataset:

G, L) = (KE+AD)™Y) , i=1,2,.
where K = Sk ,, S ,, denotes the Gram matrix. In practice, the exact leverage scores are often
approximated using fast algorithms (Musco & Musco}, 2017} [Calandriello et al., 2017; Rudi et al|
2018;/Chen & Yang, 2021). The approximate leverage scores {l;(A\) Y7, satisfy [;(\)/L < I;(\) <
Ll;(A) for some L > 1. The ALS Nystrom method selects mn data points {z;, }7*; from the training
dataset {x;}_; according to the probability distribution {g¢;}?_,, where ¢; = LN/ 2?21 l}(A).
The range of the projection operator P is defined as Range(P) = span{Kgij .

We discuss the time and space complexity of SARP with different techniques, and the comparison
with related work in Appendix [B]

4 MAIN RESULTS

In this section, we present our main theoretical results on the learning rates of SARP. For clarity, we

introduce a projection operator term Ax p = ||CII</2(I — P)|| and the projection error A, which will
be given explicitly in the following theorem. We assume s € (0, 27| throughout the analysis.

Theorem 2. Under Assumptions forany v € [0,1As], A € [0,1] and 6 € (0,1), ifn 2
A" 1og(8/8) V (A*@(X\)) ™ =F=, then with probability at least 1 — 9, the following holds:

(1) if ¢ : [0,k%] — RY is non-decreasing, and $(0) = 0, ¢(k?) < oo, or ¢ : [0,k%] — R* is
Lipschitz continuous with constant 1 and satisfies that P¢(A)P = ¢(P AP) for any operator A and
projection operator P, then

! L 0 A

8
a log ~.
nAme a1 NS IRV &

15 = Follpgy S AT 5

¢(A) +

(2) if ¢ = 0, where ¢ : [0,k%] — RY is non-decreasing, and (0) = 0, ¥(k?) < oo, and
9 : [0,k%] — RY is non-decreasing and Lipschitz continuous with constant 1 and satisfies that
P¢(A)P = ¢(PAP) for any operator A and projection operator P, and 9(0) = 0, and ¥\ € [0, k2,

there exists ¢’ > 0 such that C’W;m <infyepn w2 W then
1 1 b\ 1 8
<\ - — log —.
H fPH HIp ~ AT ¢(>‘) + nAmax{$,a—5} \/ﬁ)\ﬁ + \/ﬁ)\% + 190‘)’1#(\/5) + A log 5
Az —1(A2 Az A NEAT), ifs < 2
Here the projection error A is defined as A = Y K.P+ K.P) lfs
A ptn 4AKP+>\2.AKP, ifs>2.

Theorem [2]establishes high-probability Sobolev norm error bounds for the SARP under general source
conditions. Here we consider three types of source conditions: (1) non-decreasing index function ¢;
(2) Lipschitz continuous index function ¢; (3) composite index function ¢ = 19, which also appear
in Bauer et al.|(2007); Lin & Cevher| (2020b). The derived learning rates can be decomposed into
several terms reflecting different aspects of the learning process. The term A~ 2 @(\) represents the
approximation error, which depends on the regularization parameter A and the smoothness of the
target function f, characterized by the index function ¢. The intermediate terms involving n, A, 5,
and « represent the empirical error, which captures the effect of finite sample variance. The last term
A accounts for the impact of random projections on learning performance. When P = [ (so that
A = 0), our result recovers the existing bounds in [Lin & Cevher (2020b) for spectral algorithms
without RP. To achieve the optimal trade-off between the error terms, we can choose the regularization
parameter A\ appropriately, which leads to the following theorem.
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Theorem 3. Under the same assumptions and conditions as Theorem |2} let s > o — 1/, and
A =0 Y (n~) with ®(t) = (¢(t)/p(1))*t"/? and &= (-) denoting the functional inverse, for case
(2), we additionally let X\ > n~/2, then with probability at least 1 — 6, there holds that

1775 = Follhay S (0@ ) + AP ) 7 log” 2,

where the projection error A is defined in Theorem 2]

Compared to the lower bound in Theorem[I} Theorem 3] shows that the SARP attains the minimax-
optimal learning rates up to a logarithmic factor whenever the projection error A is of a smaller order
than ¢(®~1(n~1)). This condition can be satisfied by choosing an appropriate projection dimension
m for different types of random projections, as discussed in the next section. When P = I (so that
A = 0), the derived learning rates align with those in Bauer et al.|(2007) and [Lin & Cevher| (2020b)
for spectral algorithms under general source conditions. However, our results are more general as
they encompass a broader range of source index s > « — 1/ and Sobolev norms «y € [0,1 A s],
while the previous works primarily focus on the well-specified case with s > 1 (Bauer et al.,2007)
and part of the mis-specified case s > 1 — 1/ (Lin & Cevher, 2020b).

4.1 LEARNING RATES FOR SPECIFIC RANDOM PROJECTIONS

In this section, we apply Theorem [3]to three specific types of random projections introduced earlier:
randomized sketches, plain, and ALS Nystrém sub-sampling. We show how to choose the projection
dimension m to effectively control the projection error A, thereby achieving optimality. For simplicity,
we focus on the Holder source condition with ¢(t) = +*/2 in the following corollary.

Corollary 2. Under the same assumptions and conditions as Theoremlz] let ¢(t) = k= =2+t3 for
some s € (0,27], we consider the following three cases of s:

(1) When s < o — % let A\ = n_é, n > ng for some ng > 0, and the projection dimension m
satisfies

nan , for Randomized Sketches and ALS Nystrom;
m >
~ 1n, for Plain Nystrom.

Then with probability at least 1 — 0, there holds that

- 10
TP 2 5 1op? =
||fn7,\ - pr[y]g Sn log 5

__B . .
(2) When s > o — % and s < 2, n > ng for some ng > 0, let \ = n~ 5+1, and the projection
dimension m satisfies that

~

> nﬁ , for Randomized Sketches and ALS Nystrom;
m o
ns+1 . for Plain Nystrom.

Then with probability at least 1 — §, there holds that

T (=) 10
||f'r,z%])\ - fp”[zq.(];r NE Sﬁllﬁ log2 5

__B Lo . . .
(3) When s > 2, let \ = n™ 55+, n > nyg for some ny > 0, and the projection dimension m satisfies
that

aB(s—=7)

5=y ) ..

S n @=1GEA+D | for Randomized Sketches and ALS Nystrom;

m ~Y
n@-NGE+Y | for Plain Nystrom.

Then with probability at least 1 — §, there holds that

(=) 10
Hf;,p)\ - fp”[%;.[]g NCE Sﬁllﬁ 10g2 5
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Corollary 2] provides capacity-dependent learning rates for spectral algorithms with different types of
random projections under the Holder source condition. The results demonstrate that by selecting an
appropriate projection dimension m (proportional to the average or maximal effective dimension, see
Remark[6]in the Appendix for the details), the projection error A can be controlled to be of a smaller
order than the approximation and empirical error, thereby achieving the minimax optimal learning
rates n~ (5=1B/(s8+1) yp to a logarithmic factor when s > a — 1 /. The learning rates degrade to
n~(5=7/% when s < a — 1/f3. In the most benign case when o = 1//3, the optimal learning rates
are achieved for all s € (0, 27]. Examples of such benign RKHSs are provided in Appendix

Remark 1. Compared to the existing results for spectral algorithms (or KRR) with randomized
random projection under the Holder source condition, our guarantees extend to the mis-specified
case with s < a — 1/ and Sobolev norms v € (0,1 A s]. For example, Yang et al.|(2017) only
considered the worst case with s = 1 and v = 0 under fix design, |Rudi et al.|(2015)) established the
optimal learning rates on the well-specified case with s > 1 and v = 0, the state-of-the-art results
Lin & Cevher|(2020d) focused on various norm of learning rates under part of the mis-specified
case with s > 1 — 1/B. This extension comes from tighter estimates of (i) the similarity between
the covariance operator C'x and the sample covariance operator Ck ., leading to the condition
onn fromn 2 X"t ton 2 \™%, and (ii) the sample-variance term, improving it roughly from
O(n—lAmin{—l/Z s/2—1} T nl/?)\(s—l)/?) to O(n—l)\min{—a/2, s/2—a} + n1/2/\(s—a)/2). Diﬁerent
from the analysis in|Lin & Cevher (2020d)), we further do not require the uniform boundedness of f,,

which is discussed in Assumption

Remark 2. For the case when s > 21, a saturation effect occurs, where the learning rates do
not depend on the source index s anymore and are the same as the case when s = 27 + ~. This
phenomenon is well known in the theory of inverse problems (Bauer et al| 2007) and recently has

been proved in the context of KRR (T = 1) in 2023b) and spectral algorithms in
2024)). Thus, we only focus on s € (0,27] in this paper.

Remark 3. Computationally, for randomized sketches and ALS Nystrom, the required projection
dimension m is significantly smaller than the sample size n, leading to substantial computational
savings. In contrast, plain Nystrom requires a larger projection dimension, which may limit its
computational efficiency in certain scenarios (s < o — 1/3). Compared to the optimal projection
dimension derived in|Lin & Cevher|(2020d), the required projection dimension for the optimal rates
remains the same as in|Lin & Cevher|(2020d) for randomized sketches and ALS Nystrom, while the
source range extends from s > 1 — 1/5to s > o — 1/B. For plain Nystrom, our results reduce the
required projection dimension from m > nP/ 5+ when s € [1 —1/8,2) to m = n®8/(B+1) yyhen

s €la—1/8,2), fromm = nTEHD 10 m > nEEDEED when s > 2. In the most benign case
when « = 1/, the required projection dimension further reduces to those in randomized sketches
and ALS Nystrom. These improvements are particularly due to our refined analysis on the operator
similarly and the sample variance control, see Appendix[EA4]for more details.

For a more detailed comparison on the learning rates, the corresponding conditions, computational
and storage aspects with existing results in the literature, we refer to Table[]in the Appendix.

5 CONCLUSION

In this paper, we have established high-probability Sobolev norm error bounds for SARP under
general source conditions. Our results demonstrate that, by selecting an appropriate projection
dimension and regularization parameter, these algorithms can achieve minimax optimal learning rates
up to a logarithmic factor. Notably, our analysis extends to the mis-specified case with s > o — 1/
and Sobolev norms 7y € [0,1 A s], which were not fully addressed in previous works. Our findings
contribute to a deeper understanding of the theoretical properties of SARP and provide practical
insights for its implementation in large-scale learning tasks. Future research may proceed in several
directions. First, our analysis techniques may apply to other scalable kernel learning algorithms, such
as random features[Rudi & Rosasco|(2017);[Wang & Feng|(2024) and stochastic gradient methods|Lin|
(2016). Second, it is natural to extend our analysis to vector-valued settings, for example,
in connection with conditional mean embeddings (2022). Third, one may relax the noise
assumption to the heavy-tailed case and combine our SARP framework with robust concentration
tools, which have recently been developed by [Mollenhauer et al| (2025). Finally, a fully general
information-theoretic lower bound on the projection dimension m for SARP is also an open problem.

10
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The main text and the Appendix present the theoretical results, provide clear explanations of all
assumptions, and include complete proofs of the claims. Because the primary contribution is
theoretical, the experiments serve only to validate the theoretical findings. These experiments are
straightforward to implement using standard Python libraries, and the real-world LIBSVM datasets
used are publicly available.
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THE USE OF LARGE LANGUAGE MODELS (LLMS)

In this paper, we used Large Language Models (LLMs) to assist with and refine the writing, improving
grammar without altering the technical content or ideas presented. We have carefully reviewed all
material and take full responsibility for the final version of the paper.

A NOTATIONS

Let €2 be a subset of a Euclidean space and P(€2) be the set of all probability measures on 2. For
any p € P(Q), we denote by L5(Q) the space of all p-th power integrable functions f : Q — R.

Forp=2and f,g € L,%(Q), we define the inner product and norm as (f, g), = [ f(x)g(x)dp(zx)

and || fl|, = (f, f )}J/ ?, respectively. Additionally, we denote by L5°(€2) the space of all essentially
bounded functions f : € — R with the norm || f[| oc () = ess sup, g f(2)|. For two Banach spaces
By and Bs and B; C B, we denote by By — Bs if B is continuously embedded in By. We use

|B1 <= Ba|| = sup,¢p, ||/ s, to denote the embedding norm. For two Hilbert spaces #; and Ha,

. Au
and a linear operator A : H; — Ha, we denote the operator norm as || Al| = sup,c3, 420 W,
’ 1

here we omit the dependence of A on H; and H for simplicity. For u € H; and v € Ha, we
denote by v ® u : H1 — Ho the operator as (v ® u)w = (u, w)z,v for any w € H;. We denote
by I the identity operator and I,, the identity matrix of size n. For a vector a, we denote by || a ||
the Euclidean norm. For two sequences {a,, }n,>1 and {by, },>1 , we write a,, < b, if there exists a
constant C' > 0 such that a,, < Cb,,. We write a,, < b, if both a,, < b, and b,, < a,, hold. We also
use the big-O notation O(+), (+), and the small-o notation o(+) in the usual sense. For a positive

integer m, we denote by [m] the set {1,2,...,m}.

We also list some frequently used notations in Table|[I|for easy reference.

B COMPARISON WITH THE RELATED WORK

In this section, we present a detailed comparison of our results with related work on spectral algorithms
and their variants incorporating random projections. The discussion covers kernel ridge regression
(KRR), kernel principal component regression (KPCR), gradient-based methods, general spectral
algorithms, randomized sketches, Nystrom sub-sampling, general random projections, and their
combinations. Table E] summarizes the conditions for the derived learning rates, time, and space
complexities of different methods.

Comparison with spectral algorithms. Spectral learning offers a unified framework for regularizing
ill-posed inverse problems (Engl et al.,[1996) and has been extensively analyzed within learning
theory. A substantial body of research has established optimal learning rates for spectral algorithms
under various conditions, including Holder source conditions (Gerfo et al., 2008} |Bauer et al., [2007),
general source conditions (Rastogi & Sampathl 2017), and polynomial eigenvalue decay (Caponnettol
2006)). Related studies have also investigated specific methods such as kernel ridge regression (KRR)
(Caponnetto & De Vito, 2007 Smale & Zhou, |2007)), kernel principal component regression (KPCR)
(Blanchard et al.l 2007} |Dicker et al.,[2017), and early-stopped gradient schemes (Yao et al.,[2007).
Despite these advances, most existing results primarily focus on the well-specified case with s > 1,
and evaluate performance mainly in the traditional Lf, ,, norm or RKHS norm. More recently, there
has been increasing interest in mis-specified spectral learning, where the regression function does not
belong to the RKHS. Among these works, some have derived optimal learning rates for parts of the
mis-specified setting with s > 1 — 1/, including KRR (Wang & Jing, 2022), gradient methods (Lin
& Rosascol 2017; [Lin et al.,[2017), and general spectral algorithms (Lin & Cevher;, [2020b).

Another line of research combines the embedding property of RKHSs with integral operator tech-
niques to obtain optimal learning rates for spectral algorithms in mis-specified settings, covering
KRR (Steinwart et al.l 2009; [Fischer & Steinwart, 2020; [Zhang et al. [2023)), gradient methods
(Pillaud-Vivien et al., |2018)), and spectral algorithms (Celisse & Wahl, 2021} [Zhang et al., [2024)).
Our work differs from these studies in several key aspects: (1) we focus on spectral algorithms with
random projections, whereas the above works address spectral algorithms without random projections;
(2) we derive high-probability Sobolev norm error bounds under general source conditions, while
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Table 1: Table of Notations

Notation Description
X,y Input space, compact subset of R, Output space, subset of R
P, Px Joint distribution on X x ), Marginal distribution on X’
p(y|x) Conditional distribution of y given x
fo(x) True regression function, f,(x) = Ely|x]
€ Noise term, ¢ =y — f,(x)
K(-,),Ke Positive definite kernel function, K (-) = K(x,-)
K Reproducing kernel Hilbert space induced by K
% ¥ L?2-space of square-integrable functions with respect to px
K Upper bound on kernel function, sup,¢ y K (z, x) < K2
| Ru|E" RKHS norm
-1l L} norm, || f[Z = [, f*(z)dpx
Sk Inclusion operator, S : Hy — L?)X
Sk Adjoint of inclusion operator
Ly Integral operator, L = Sk S}
Ck Covariance operator, Cx = S} Sk
Ckn Sample covariance operator
Skomn Sampling operator
Sk n Adjoint of sampling operator
Ck Regularized covariance operator, Cx » = Cx + Al
Ckromn Regularized sample covariance operator, Cx p x = Cg p + Al
Projection operator satisfying P? = P
Ak p Projection error term, Ax p = ||({ — P)C}(/ZH
AL A1, Ag Random Projection error
y Vector of normalized outputs, y = ﬁ (Y1, yn)T
K Kernel matrix, K = (K (zi, %))} ;—;
G Random projection matrix, G € R™*"
m Projection dimension
A Regularization parameter
ar(*) Filter function parameterized by A
T Qualification of spectral algorithm
f;f’ \ Spectral algorithm with random projections estimator
E(f) Expected risk of function f
EnS) Empirical risk of function f
s Source condition parameter, s > 0
B Average capacity condition parameter, 5 € [1, 00)
@ embedding condition parameter, o € [1/3, 1]
y Sobolev norm parameter, v € [0, s A 1]
o(+) Source index function
(), v() Composition functions of source index function, ¢ = v
O(+) Function ®(t) = (¢(t)/p(1))*tY
Qs.s.R Source condition set
R Smoothness parameter
Nz(N) Random variable (K, (Cx + M) Ky )3
N(N) Average effective dimension
No(N) Maximal effective dimension

V2o nd

{#k}kzla {ek}k21

Constant in average capacity condition

Constant in embedding condition

Noise variance parameter

Light-tailed noise parameter

Confidence parameter

Set of probability distributions satisfying assumptions
Eigenvalues and eigenfunctions of the integral operator L g
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Holder source condition is a special case; (3) Our theoretical error decomposition and analysis take a
different form, as detailed in Section

Comparison with spectral algorithms with random projections. Random projections have
been widely employed to scale up kernel methods, and several studies have analyzed the learning
performance of both specific and general spectral algorithms with random projections. [Yang et al.
(2017)) established optimal learning rates for KRR with randomized sketches under fixed design
and the source condition with s = 1. Wang et al| (2018) further investigated the statistical and
optimization effects of classical sketches and Hessian sketches used to approximately solve matrix
ridge regression. For the Nystrom sub-sampling, [Bach| (2013));/Alaoui & Mahoney| (2015) derived
sharp learning rates for KRR in expectation under fixed design. The breakthrough work of Rudi
et al.[(2015) obtained capacity-dependent learning rates for KRR with plain and ALS Nystrom under
random design. However, these optimal statistical guarantees assumed that the target function belongs
to the RKHS and only considered the traditional LQX norm. For the mis-specified case, Kriukova
et al. (2017) and |Lu et al.|(2019) provided the generalization guarantees for Nystrom approximations,
but their results were either suboptimal or capacity-independent. |Li et al.|(2023a) introduced a
compatibility condition to derive optimal learning rates for KRR with Nystrém sub-sampling under
the mis-specified case where s > « — 1/3. While the derived learning rates are optimal in the
Lf) ,, horm for s < 2, they do not extend to Sobolev norms and s > 2. Moreover, their analysis
requires the uniform boundedness of f,, and the compatibility condition is hard to verify in practice.
The above works mainly focus on KRR with random projections. Recently, |Lin & Cevher| (2020a)
derived optimal learning rates for general spectral algorithms with randomized sketches and with
plain and ALS Nystrom under random design, and they consider part of the mis-specified case with
s > 1— 1/ in various norms. Nevertheless, their analysis only consider the Holder source condition
and require the uniform boundedness of f,, which is a strong assumption and may not hold in many
practical scenarios.

Compared to these works, our work extends the analysis of SARP to the mis-specified case with
s > a — 1/ and Sobolev norms v € [0, 1 A s] under more general assumptions, which were not
covered in prior studies. Moreover, our analytical techniques yield improved conditions on the sample
size n and projection dimension m for achieving optimal learning rates, as discussed in Remarks 3]

2.0 Worst Case 2.0 General Case 2.0 Benign Case
1.61 Easy Problems with Optimal Rates 1.61 Easy Problems with Optimal Rates 1.6
_B-1
121 ST 1.21 1.2
» 1.0 w1 “ All Easy Problems with Optimal Rates
0.8 08 S=—p— 0.8
p I
0.41 0.41 0.4
Hard Problems with Sub-optimal Rates Hard Problems with Sub-optimal Rates
0'01 2 3 4 5 6 7 8 9 10 0'01 2 3 4 5 6 7 8 9 10 0'01 2 3 4 5 6 7 8 9 10
B

Figure 1: Comparison of the range of optimality for|Lin & Cevher| (2020a)) and our work for SARP.
The green region represents the easy problem with optimal rates, while the pink region represents the
hard problem with sub-optimal rates. The dashed line represents the boundary of the easy and hard
problems. From left to right represent the worst case (o = 1), general case (« € [%, 1]) , and benign

case (a = %).

Comparison in the time and space complexity. The time and space complexities of spectral
algorithms varies depending on the specific method. For instance, KRR and spectral cutoff have time
complexity of O(n?) and space complexity of O(n?), respectively, wheras the gradient-based method
require O(Tn?) time and O(Tn) space with T denoting the iterations, respectively. For simplicity,
we use O(n?) and O(n?) to denote the time and space complexity of spectral algorithms. For spectral
algorithms with random projections, the time and space complexities reduce to O(nm?) and O(nm),
where m < n is the projection dimension, thereby significantly improving the computational
and storage efficiency. The exact complexities for specific random projection methods may vary
depending on the optimal choice of m.

Compared to the state-of-the-art results in |Lin & Cevher (2020a)), our proposed SARP achieves

optimal learning rates with lower (or equal) time and space complexity. For example, for plain
Nystrom, the time and space complexities reduce from O(n™ <f+1 ) and O(n~ <F+T ) when s €
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1- %, 2) to O(n%) and O(n%) when s € [ — %, 2), from O(n1+<23i(>s<sgll)) and
O(nH%) to O(nH%) and O(nH(?gig?isﬂl)l)) when s > 2. For the randomized
sketches and ALS Nystrom, the time and space complexity match those in|Lin & Cevher] (20204d),
while we extend the source range from s > 1 — 1 to s > o — 1. When s < a — % and the optimality
does not hold, the time and space complexity of SARP are slightly larger than those in|[Lin & Cevhe

(20204). This is reasonable since we consider a more difficult case with a smaller source index s.

More detailed results regarding time and space complexity are provided in the last two columns of
Table

Proof Novelty. Compared with the existing SA literature, our upper-bound proof has to handle an
additional error term induced by random projections, which is controlled by the operator similarity
parameter A p. This term also enters the empirical error term, so the analysis cannot be reduced
to a direct adaptation of classical SA arguments. Compared with previous SARP works, our error
decomposition is also different, especially in the treatment of the empirical error term. We explicitly
distinguish the regimes s < 2 and s > 2, and our analysis of the term T}, y is carried out separately
for three different types of source conditions, with tailored bounds in each case. These three cases
and their corresponding bounds are new. At the same time, our overall decomposition is simpler and
more transparent than that in[Cin & Cevher] (2020al), while still yielding optimal rates under more
general assumptions. More detailed proof novelties can be found in Remarks @] and [ and around the
proof of lemmas in Appendix [E]

We also handle a sharper error control of the operator similarity. By using the embedding condition,
we refine the analysis of operator similarity (Lemmas 11-17) and obtain sharper error bounds
in the final results. In particular, we derive tighter estimates of (i) the similarity between the
covariance operator C'x- and the sample covariance operator C'x ,,, leading to the condition on
nfromn > A"!'ton > A% and (ii) the sample-variance term, improving it roughly from
(r)(n—l)\min{—l/Q7 s/2—1} + nl/?/\(s—l)/?) to O(n—l)\min{—u/Q, s/2—a} + n1/2)\(s—a)/2). Different
from the analysis in[Lin & Cevher (2020a), we further do not require the uniform boundedness of f,,.

C SOME DISCUSSIONS AND EXAMPLES

In this section, we present several examples of spectral algorithms, randomized sketches, and benign
RKHSs with o = % We also provide some discussions on the general source condition and the

interpolation spaces.

C.1 EXAMPLES OF SPECTRAL ALGORITHMS

Table lists some common spectral algorithms, along with their corresponding filter functions g (t),
parameters, qualifications 7, and (E, F;) pairs.

Table 3: Some common spectral algorithms, and their corresponding notations.

Method Filter Function g, (¢) Parameters Qualification 7 (E, F,)
1
Tikhonov Regularization (KRR) TN A>0 1 (1,1)
l
Iterative Regularization Z Mth41)7F 1eN l (1, 1)
k=1
1
Gradient methods (GM) Zn(l — )tk ne0,k?, A= % any 7 >0 (1, (r/e)7)
k=1
1 >
Spectral cutoff (SC) btz . A>0 any 7 >0 (1, 1)
0, otherwise

C.2 EXAMPLES OF RANDOMIZED SKETCHES

Sub-Gaussian random sketches. A sketch matrix G € R™*" is called zero-mean 1-sub-Gaussian
if its entries {g”}znjzl are independent, mean-zero, sub-Gaussian random variables with variance

proxy 1/m; that is, there exists a universal constant ¢ > 0 such that for all ¢ € R, Eexp (tgi]‘) <
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exp(c?t?/2m). Typical examples include matrices with i.i.d. Gaussian entries or i.i.d. Rademacher
(Bernoulli £1) entries, scaled by 1/1/m. Closely related constructions draw independent rows
uniformly from a rescaled sphere. Such rows are isotropic and sub-Gaussian and yield comparable
sketching guarantees (Yang et al., [2017).

Randomized orthogonal system (ROS) sketches. A ROS sketch matrix G € R™*" is constructed
as G = /n/mRHD, where D € R"*" is a diagonal matrix with i.i.d. Rademacher entries,
H € R™" is an orthonormal matrix (e.g., Hadamard or Fourier matrix), and R € R™*™ is a
random sampling matrix that selects m rows uniformly at random from the n x n identity matrix.
ROS sketches are computationally efficient due to the fast multiplication algorithms available for
orthonormal matrices like Hadamard and Fourier transforms. Typically, a matrix-vector multiplication
with a ROS sketch can be performed in O(n log m) time, which is significantly faster than the O(mn)
time required for dense random matrices (Ailon & Liberty} 2009).

Sub-sampling sketches. A sub-sampling sketch matrix G € R™*"™ is constructed by selecting m
rows uniformly at random without replacement from the n x n identity matrix. This means that each

row of G has exactly one entry equal to y/n/m, and all other entries are 0.

C.3 EXAMPLES OF BEGNIN RKHSS WHEN a = 1/

This section presents examples of benign RKHSs with o« = 1/ where the optimality can be extended
to the full source range s > 0.

C.3.1 RKHSS WITH UNIFORMLY BOUNDED EIGENFUNCTIONS

We first consider RKHSs whose eigenfunctions are uniformly bounded, that is,

llex]loo = sup lex(x)] < C, Vk>1,
xeX

for some constant C' > 0. According to Lemma 10 in [Fischer & Steinwart| (2020), such RKHSs
satisfy Assumption with a = 1/p. The uniformly bounded eigenfunctions (UBE) assumption was
also proposed in|Williamson et al.|(2002); [Mendelson & Neeman|(2010); [Feng et al.|(2023);|Ma et al.
(2023). We provide two examples in the following.

Example 1. Translation-invariant kernels (Zhang et al., 2024) Without loss of generality, consider
translation-invariant kernels defined as k(x, ') = g(x — z’) on [-1,1] x [—1, 1], where g is a
positive definite, even function on X, satisfying that g(¢ + 2k) = ¢(t) fort € [-1,1] and k € Z. We
further assume that py is the uniform distribution on [—1, 1]. The evenness of g ensures the kernel is
symmetric and the corresponding integral operator is a convolution operator, i.e.,

LKf(x):/Xk;(a:,a:’)f(x')dx'z/)(g(x—x’)f(m’)da:’.

The eigenfunctions of convolution operators are given by the Fourier basis, specifically
er(x) = cos(wkx), Vk>1,

which are clearly uniformly bounded. Consequently, the RKHSs induced by such translation-invariant
kernels are benign with & = 1/5. Multi-dimensional translation-invariant kernels can be constructed
analogously; see Section 4.3 in|Zhang et al.|(2024).

Example 2. First-order Sobolev RKHSs (Wainwright, [2019). We consider the first-order Sobolev
space defined as

#H'([0,1]) = {f :[0,1] = R | f(0) = 0and f is absolutely continuous with f" € L2 ([0,1])}

equipped with the inner product (f, g)y1(j0,1)) = fol f'(x)g' (z)dx, where we assume that py
is the uniform distribution on [—1,1].. The associated kernel is K(z,z’) = min{z,z’}, with
eigenfunction—eigenvalue pairs given by

. (2k =17z 2 2
= — > 1.
er(x) = sin 3 y Mk 2k 1) , Yk
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These eigenfunctions are clearly uniformly bounded. Hence, first-order Sobolev RKHSs are benign
witha = 1/p.

Although there are some concrete examples satisfying the uniformly bounded eigenfunctions (UBE)
condition, we want to emphasize that this condition is not mild and hard to check. Even for the
Gaussian kernel on [—1, 1], it is unknown whether UBE holds, though we expect that this is true.
A counterexample of a C'>° Mercer kernel is provided in example 1 of and further
mentioned in[Minh et al] (2006); [Steinwart & Scovel| (2012).

C.3.2 BEsov RKHSs

The second type of benign RKHSs is the Besov RKHSs. Here, we consider X € R? is a non-empty
open, connected, and bounded set with smooth boundary, and is equipped with the Lebesgue-Borel
o-algebra B. For | > 0, we denote the Sobolev space W2(X') as W!(X), i.e.,

WHX)={f: X >R|D*f e L% Va|; <1},

px’

where a = (ay, ..., aq) is a multi-index, D f = % is the weak derivative of order a, and
laly = a1 + ... + aq. Fort > 0, the Besov space Bj ,(X) is defined as the interpolation space
between L;2) ,, and W(X) with [ being the smallest integer greater than ¢, i.e.,

By o(X) = [L7,, W' (X)lo,2

px?

with 6 = t/l. The Besov B§72(X ) for some ¢t > d/2 is a separate RKHS with a bounded kernel and
the average capacity parameter 3 = 2¢/d (see Theorem 7.24 in (Adams & Fournier, [2003)). In the
following, we assume that py is equivalent to the Lebesgue measure p’ on X, px < o/, p’ < px,
and there exists constants ¢, C' > 0 such that ‘f{% € [c, C]is p’-almost surely satisfied.

For ¢t > j + d/2 where j > 0, there holds that
Bj 5(X) = Cj(X)

where C;(X) is the Holder space of j-times continuously differentiable functions on X (see, e.g,
7.57 in|Adams & Fournier| (2003)). And for ¢ > d/2 and any d/2t < «g < 1,

[B52(X)]%0 = By (X) = Co(X) — L7,

Thus, Assumptionholds with « = «vg. Since o can be chosen arbitrarily close to 5 = 2t/d, we
have the embedding condition in Assumptionholds with & = 1/8. Therefore, Besov RKHSs are
benign with o = 1/6.

C.4 DISCUSSIONS ON SOURCE CONDITION

In statistical learning theory, it is standard to restrict the function class of the underlying problem. A
common approach is to consider a family of probability measures P (£2) whose associated regression
function satisfies f, € {2, where € is a hypothesis set. Typically, {2 is compact and specified by
regularity (smoothness) conditions. In the context of kernel methods, a widely used regularity
condition is the Holder source condition (Caponnetto & De Vito}, 2007} [Steinwart et al., 2009} [Guo|

2017) in terms of the integral operator L :
ﬁeQMy:{feL;:f:L%%mmbgR}. (16)

where s > 0 is the smoothness parameter. When s = 1, the condition is equivalent to assuming that
f € Hx, which is independent of the probability measure px. We denote the function class of f,
as F = Lj(/2(L2 ), and note that Hy = L}(/Q(Lix), and L%/2(L%X) - Lig/Q(LgX)
@, if s1 > so. When s > 1, the functional class F is a subset of the assumed RKH
Hx, so we have f, € Hy (well-specified case). When s € (0, 1), the functional class F is larger
than the assumed RKHS H i, and there exists some cases where f, ¢ H x (mis-specified case).

The Holder source condition characterizes the regularity of f, in terms of the decay of the coefficients
in the eigenbasis of L. Specifically, if {(y;,e;)}i>1 are the eigenpairs of Lg, then f, can be
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expressed as f, = > .~ p1;{f,, €;), €;. The Holder source condition implies that the coefficients
(fy,e€i), decay at a rate determining by 7, i.e.,

oo e 2
Z <fp sl>p < 0,
i=1 i

which is known as Picard’s criterion (Bauer et al., 2007). Therefore, it is natural to extend the
measurement by some stronger conditions, i.e.,

Z fpaez
2 (114) o
where ¢(-) is an index function. Thus the general source condition can be defined as
fp S Q(ﬁ s,R ‘= {f S L,;X f - (ZS(LK)gv ”gH/) < R,(ﬁ € Cs}v (17)

where C, is the index function class. In this paper, we consider

Co ={¢:[0,r*] — R+|¢ is non-decreasing, ¢(0) = 0, $(x?) < oo

2
and e is non-decreasing for some s € (0, 27| }

For any operator A and projection operator P, we also assume that P$(A)P = ¢(PAP).

The Holder source condition is a special case of the general source condition with ¢(t) = °/2, and
it satisfies Pp(A)P = QS(PAP) To prove this, we only need to show that P* = P for any a € R.
The proof when a € Z is trivial since P2 = P. When a ¢ Z, the identity P? = P implies that the
eigenvalues of P are only 0 and 1. Then there exists an invertible matrix B such that

_ 1 (I O
P=SDS 1, D<O 0)

Hence P* = BD*B~! = BDB~1 = P.

We further generalize the source condition by allowing the index function ¢ to be a composition of
two index functions ¢ = v, where 1) is non-decreasing and v is Lipschitz continuous with constant
1 and operator monotone on [0, ] with v(0) = 0, and satisfies that that PY(A)P = 9(PAP) for
any operator A and projection operator P.

C.5 DISCUSSIONS ON CAPACITY CONDITION IN ASSUMPTION 2]

Assumption 2 is the usual capacity condition, which is widely used in the literature on kernel methods

(Cin et al} 2017} [Guo et al [2017)). Let py, be the eigenvalues of Ly, then
> o 1 > TI'(LK)
) kZ:leJr)\f)\’;m N

so Assumption 2 always holds with 3 = 1 and Q? = Tr(Lx).

Below we list several standard examples of RKHSs for which Assumption 2 holds, together with the
corresponding values of .

* Finite rank RKHSs. Suppose the kernel has finite rank Cp, i.e., the eigenvalues are
non-zero only up to some index C'r < oco. Examples include the linear kernel, polynomial
kernels, approximate kernels with a fixed number of random features, and neural tangent
kernels with finite network width. In this case

oo

N = ufiA < Cn,

so Assumption 2 holds, for instance, with 3 = 1 and Q? = Ck.

23



Under review as a conference paper at ICLR 2026

+ Finite smoothness RKHSs. If the eigenvalues decay polynomially, y1, < g2k~ for some
B > 0, then there exists a constant C'z > 0 such that

o~ @ P
V=2 <y =< [ —dt
N( ) 1 /,L]“’_)\ _k:I q2—~—kjﬂ)\ _/0 q2+tﬂ/\

< \-1/B /oo _ 2 g < AF
- JO q2+tﬂ b_l ’

so Assumption 2 holds with Q2 = 1 + 32 A classical example is the Sobolev RKHS

H"([0,1]%) with smoothness parameter 7 > d /2, for which p;, < k~2"/¢ and Assumption
2 holds with 8 = 2r/d.

* Gaussian RKHSs. If K is a Gaussian kernel and the input domain is compact, then the
eigenvalues decay exponentially fast, which is stronger than any polynomial decay. In this
case N (\) grows at most poly-logarithmically in 1/, and therefore Assumption 2 holds
forany 5 > 1.

In order to construct the lower bound, we need the upper and lower bounds on the eigenvalues, not
just an upper bound on the effective dimension. Note that in Assumption 5] we assume that there
exists some positive constant 0 < ¢; < ¢o and 1 < § < oo that

ak™? <k <@k P, VE>1,

Similarly, we can also prove that A/(\) > A”7, so we have N\ =< A~ 7. Thus Assumptioncan
be regarded as an enhanced version of Assumption 2}

C.6 DISCUSSIONS ON BERNSTEIN CONDITION IN ASSUMPTION ]

The Bernstein condition in Assumption [T] imposes a light-tailed requirement on the noise term
¢ =y — f,(x). This condition is weaker than the commonly used boundedness assumption on the
output y (e.g.,[Smale & Zhou| (2007); [Yao et al.| (2007); [Steinwart et al.| (2009); [Pillaud-Vivien et al.|
(2018); ILi et al.| (2023a))), which requires |y| < C' almost surely for some constant C' > 0. It is
satisfied by many widely used noise distributions, such as Gaussian and sub-Gaussian distributions
(Guo et al, 2017; [Lin et al., 2020b)). Moreover, it is weaker than imposing the Bernstein condition
directly on the output y (e.g., Lin & Cevher] (2020afjb)), since the latter ensures that the regression
function f, is uniformly bounded, which is not guaranteed under Assumption |1} Specifically, a
simple calculation shows that

1/2
IprllooStmlplfp(w)lé/ylyldﬂ(ylw)é (/yyzdp(yw)> <C,

for some constant C' > 0.

In this paper, we adopt the Bernstein condition on the noise term ¢ to derive our results, which yields
a more general and practically applicable framework. Theoretically, we establish minimax upper and
lower bounds over a broader function class Q4 s R rather than [H];, N L5, inLin & Cevher| (2020a).

Thls extensmn is nontrivial for s < a, since [ [H]5 for s < a when ¢(t) = t°/?
Zhang et al.|l [2024). Following Zhang et al. (2023|; 2024 we employ a truncation technique
(Lemmalﬂ[) together with the L?-embedding properties of the interpolation spaces (Lemmad) to
handle the potential unboundedness of f,. Compared with[Zhang et al.| (2023} 2024), our analysis
accommodates more general source conditions and extends to spectral algorithms with random
projections.

We also note that the Bernstein condition on the noise term ¢ has been adopted in various settings,
including KRR (Caponnetto & De Vito, 2007), spectral algorithms (Rastogi & Sampath, [2017]),
and KRR with Nystrom sub-sampling (Rudi et al.,[2015). However, these works are restricted to
the well-specified case with s > 1, and their error analysis do not need to address the potential
unboundedness of f,. In contrast, our study tackles the more challenging mis-specified case with
s > a — 1/ and employs a more general source condition, which necessitates a careful treatment of
the possible unboundedness of f, in our error analysis.
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Recently, Mollenhauer et al| (2023) studied the performance of KRR in the presence of noise that
exhibits a finite number of higher moments. By using the Fuk—Nagaev inequalities for Hilbert-space
valued random variables, they derived the learning rates consisting of sub-gaussian and polynomial
terms. Under certain conditions, these rates are minimax optimal against heavy-tailed noise. Our
proofs currently rely on a Bernstein-type condition to obtain exponential concentration for the sample
variance term. In principle, one could combine our SARP analysis with robust concentration results
tailored to heavy-tailed noise, while keeping the rest of the argument unchanged. We therefore expect
that our results can be extended to certain heavy-tailed noise settings, but working out the details
would require a separate, careful study.

C.7 DISCUSSIONS ON THE INTERPOLATION SPACE AND SOME LEMMAS

In this section, we introduce the definition and properties of the interpolation space and some useful
lemmas. Our intention was not to present new technical contributions, but to collect auxiliary results
that are used several times later, so that the proofs can be read in a self-contained way.

In mathematical analysis, interpolation spaces are a family of function spaces that lie between two
given Banach spaces. They are used to study the properties of functions and operators that may not
be easily analyzed in either of the original spaces. Interpolation spaces are particularly useful in
the context of partial differential equations, harmonic analysis, and functional analysis
Lofstrom|, 2012 Bennett & Sharpleyl, [T988). We introduce the K-method of real interpolation, which
is one of the most commonly used methods to construct interpolation spaces (Bennett & Sharpley,

1988}; [Lunardi}, 2018).

Definition 4 (K-functional and interpolation space). Let By and By be two Banach spaces, for any
u € By + By and t > 0, we define the K-functional as

K(u,t,Bl,Bg) = inf(||u1||51 +tHu2||32 LU= Uy +u2,u1 S B1,U2 € Bz),

and for 6 € (0,1) and q € [1, 0], we define the real interpolation space (B1, B2)g 4 as

> dt\
(31,32)97(1 = {u € B+ B, ||u||(31’32)3’q = (/ (tiglc(u,t,Bl,Bg))q t) < OO} ,
0

with norm || - ||, ,8,),.,» and the usual modification when q = oc:

||u||(81762)0,oo = iulgt_elc(uv t, By, B2>
>

The following lemma shows some properties of the real interpolation space (Bennett & Sharpley,
[1988).

Lemma 1. Let By and Bs be two Banach spaces and B — By. Then for any 0 < 61 < 05 < 1 and
1 < q1 < qo < o0, there holds that

° 82 (_> (81782)91,q1 (_> Bl;
* (61782)02741 — (81782)917!11"
* (81762)917111 — (81’32)917112’

The proof of the above lemma can be found in Chapter 5 of Bennett & Sharpley|(1988).

Definition 5 (Lorentz space). Let (X, A, px) be a measure space and f : X — R be a measurable
function. For p € (0,00) and q € [1,00], we define the Lorentz space L19(X) as

dit

00 1/q
Lg*qw){fwfnww) = ([ o tos i@ =y ) <oo},

and when q = oo, we define

||f||L§’°°(X) =sup(tPpx {z : |f(x)| = t}).
>0
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The Lorentz spaces, first introduced by [Lorentz| (1950)), are generalizations of the more familiar
Lebesgue spaces Lg(X ). The Lorentz norms provide tighter control over both qualities than the
Lg(X ) norm, by exponentially rescaling the measure of the level sets of f in both the range p and
the domain ¢. In particular, we have LP:P(X) = LP(X) and Lb°°(X) is the weak L” space. The
following lemma shows the relation between the Lorentz space and the real interpolation space
(Bennett & Sharpley, [1988)).

Lemma 2. Let (X, A, px) be a measure space. For p € (1,00) and q € [1, 00|, there holds that

(L,la(X)aLzo(X))l—1/p,q = Lh(X).

Furthermore, for 1 < p1 # ps < 00, q € [1,00] and 6 € (0, 1) satisfying that p% = 1;19 + z%’ there
holds that

(Lo (), L (X))o, = L 9(X),

where =2 denotes the isomorphism between the two spaces, and the norm equivalence holds between
the two spaces.

The proof of the above lemma can be found in Theorem 1.3.5 of |Lunardi| (2018)) and Lemma 4 and 29
of Zhang et al.|(2024)). The next lemma shows the relation between the interpolation space of RKHS
and the real interpolation space, which is crucial for our analysis.

Lemma 3. Suppose that (X, A, px) is a measure space and X is a subset of R%. Let K be a bounded
kernel on X and H be the associated RKHS. For § € (0,1), there holds that

[H]} = (L (X), H)e.2,

where =2 denotes the isomorphism between the two spaces, and the norm equivalence holds between
the two spaces.

The proof of the above lemma can be found in Theorem 4.6 of |Steinwart & Scovel| (2012). We also
introduce the following Riesz-Thorin interpolation theorem, which is useful for bounding the operator
norm of linear operators between two Banach spaces (Lunardi, 2018)).

The following lemma introduces the L -embedding property of the interpolation space, which is
established in Theorem 5 of |Zhang et al.|(2024). To be self-contained, we also give the proof.

Lemma 4. Under Assumption[3] then for any 0 < o < 1, there holds that

2
(H]® < L% (X), with gy = T—ae

Proof. From Lemma for any o/ > «, we have

Together with Assumptionthat [’H]j}/ < [H]§ = LY (X) and Lemma we have

[H)) < (LX), LF (X)) 4, = (LX), LS (X)) 5, = LE2(X)

/

where 0 < C' < coand & = 9=¢ + U Let C'is large enough such that 4= + -~ < &0 then

b 20/ a’'C —
2 < g9 < gy By Lemma|l| we have

LY () < L (20) 2 L () > LY ().

Thus we complete the proof.
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D LEARNING RATES FOR SARP IN EXPECTATION

In the main text, we present the high-probability bounds for the convergence issues of SARP in
different settings by exponential tail inequalities such that

r C
P (157~ ol < elog ] 215

for 0 € (0,1) and some constant C' > 0, and €(n) is a positive and decreasing function depending on
the sample size n. Based on the high-probability bounds, we can derive the corresponding bounds in
expectation by integration of the tail inequalities:

ElI17 — Follings] = / B £ — Folligy > tldt
e(n)logC oo ~

<[ v [ RIEE - fllp; >t
0

e(n)log C

<e(n)log C + 0/000 exp (1(2)) dt

<e(n) + Ae(n) /100 e “du
Se(n).

Here P, and E, denote the probability and expectation with respect to the random sample z =
{(x;,y:) }_,, respectively. The second inequality follows from the high-probability bounds, and
the third inequality is due to the change of variable v = t/e(n). Therefore, all the high-probability
bounds presented in the main text can be easily extended to the corresponding bounds in expectation.

Theorem ] presents the learning rates of SARP in expectation under general source conditions and
random projection approaches. Corollary [3|presents the learning rates in expectation under Holder
source conditions and specific random projection approaches: randomized sketches, Plain and ALS
Nystrom sub-sampling.

Theorem 4. Under the same assumptions and conditions as Theorem[3] there holds
E(I£% — Foll ) S (6@ (071) + )@ (n=1)) 7,

where the projection error A is defined as in Theorem 2]

Corollary 3. Under the same assumptions and conditions as Corollary[2] we consider the following
three cases of s:

(1) When s < a — % let A\ =n"a, n > ng for some ng > 0, and the projection dimension m

satisfies

nef for Randomized Sketches and ALS Nystrom;
n, for Plain Nystrom.

Then there holds

Edl £ — follp] S5

__8 ..
(2) When s > o — % and s < 2, n > ng for some ng > 0, let \ = n™ 5F+1, and the projection
dimension m satisfies

m >

~

{TzsﬁlJrl , for Randomized Sketches and ALS Nystrom;

ap . ..
nsF+1_ for Plain Nystrom.

Then there holds

_ (=98
Ez[”f':f))\ - fP”%H]Z] <n” AL,
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__8 .. . . .
(3) When s > 2, let A = n™ 55F1, n. > ng for some ny > 0, and the projection dimension m satisfies

— . .

S Jn @=1GEA+D | for Randomized Sketches and ALS Nystrom;

mZ aB(s—7)
nC-NGEEHY - for Plain Nystrom.

Then there holds

_ (=B
Ez{”f:;%j)\ - fp||[27-[];’] SSELEE

E MAIN PROOFS

In this section, we present detailed proofs of the main results stated in the paper. We begin by
establishing the minimax lower bound for spectral algorithms under general conditions in Section
We then prove the learning rates stated in Theorems 2H3]and Corollary 2] Specifically, Section
introduces the error decomposition, and Section [E.3|bounds each component of the decomposition,
namely the approximation error, projection error, and empirical error by using some operator represen-
tations. Section|[E-4] gives a refined analysis of these operator representations to obtain sharper error
bounds. By combining the results from Sections [E.2HE.4} we prove Theorems [2H3]and Corollary [2]in
Sections E.7] Finally, Section [E.8]provides auxiliary lemmas from the literature used throughout
our analysis.

E.1 PROOF OF THEOREM [I]AND COROLLARY [1]

We employ standard tools from information theory (MacKayl [2003), including the Kullback—Leibler
(KL) divergence and Fano’s inequality, to establish the minimax lower bound under general conditions,
including Assumptions [T}4]

Remark 4. In the existing literature, minimax lower bounds are typically derived for the well-
specified case where f, € Hg (Caponnetto & De Vito, 2007, |Rastogi & Sampath) |2017). In this
setting, the source condition is usually taken to satisfy s > 1. For the mis-specified case where
fo & Hr, |Fischer & Steinwart (2020); |Zhang et al.| (2023} 2024)provide the minimax lower bounds
with s > 0. However, these studies all assume the Holder source condition, which is a special
case of the more general source condition considered in this paper. To the best of our knowledge,
this is the first work to establish minimax lower bounds under general source conditions for both
well-specified and mis-specified cases. Furthermore, our analysis does not rely on the uniform
boundedness assumption on f,,.

We begin by introducing several preliminary definitions and lemmas that will be used in the proof of
Theorem [Tl

Definition 6 (Kullback-Leibler divergence). For two probability measures P and Q) defined on the
same measurable space (X, A), the Kullback-Leibler divergence is defined as

ko)~ { Joeihar. ifP<aQ
T oo, otherwise.

where dP/dQ is the Radon-Nikodym derivative of P with respect to Q.

The following lemma describes the KL divergence between two specific probability measures
considered in the main text.
Lemma 5. Suppose p;,i = 1,2 are two joint distributions on X x Y with the same marginal
distribution px on X, and p1(y|x) and p2(y|x) are the conditional distributions of y given x from
the following models that

y=filw)+e, =12
with € is a Gaussian noise with zero mean and variance o2, and fi € Li Y Then the KL divergence
between py and po can be expressed as

If1 = fall?
KL(p1,p2) = Tp-

Moreover; if we consider the product measures p7 and py of n independent distributions p; and pa,

then we have I ”2
, nllfi — f2
KL(pYp5) = — %5

28



Under review as a conference paper at ICLR 2026

The proof of Lemma 5] follows directly from the definition and chain rule of the KL divergence and is
therefore omitted. The next lemma provides a bound on the packing numbers of sets of binary strings,
which plays a key role in establishing the minimax lower bound.

Lemma 6 (Proposition 6 in|Caponnetto & De Vito|(2007)). For every I > 16, there exist L € N and
wo, w1, - .., wr, € {0, 1} such that

l
S (Wi -wh)? =1, Vo<i<j<L,
k=1

1/24
L>é/ ,

,wh and wj = (Wj, .. 7(,ué-).
Lemma 7 (Theorem 2.5 in [Tsybakov| (2008))). Consider a nonparametric class of functions ©
containing the function 6 that we want to estimate, a family {Py,0 € ©} of probability measures
indexed by © on a measurable space (X, A) associated with data, and a semi-distance d on F
used to define the risk. Assume that L > 2 and suppose that there exists a set distinct elements

{00,601, ...,0L} such that
(i) d(0;,0) > 2> 0, VO < j < k < L;
(ll)P)]<<fj()7 Vj:l,...,L,and

where w; = (w}

R

—ZKL . Py) < ClogL

with 0 < ( < 1/8 and P; :ng,]zO,l,...,L. Then

inf sup Py(d(6.6) > ) > Y (1 2% — 2<>>o.

6 0o 1+vL log L

Now we are ready to prove Theorem I}

Proof For given € > 0, we define

\/;Tﬂk

where Y (t) = ¢(t)t~ %, w" is the k-th coordinate of the binary string w, and e, is the k-th eigenfunc-
J

tion of the integral operator L . Under the Assumplionlhal e > ik Pand Y(t) = ¢(t)t= 2t =
is non-decreasing from Assumption E] and v < s, we have

1 €
2 < < .
o= 3 ¢ m Zm @h?) < T2(q,1F)

k=I+1

k= l+1

By taking

1/B
[ —
: (wm) 7
) 1/B
we can ensure that ||g||Z < R. Forl = [ = \‘(1(‘“\/7120 J choose € such that I, > 16.
Then we can apply Lemma [6] for every positive € < €, so lc > I, there exist L. € N, and

wi,...,wr, € {0,1}e such that
le
Sk -wh)?>1, Vo<i<j<L, (18)
k=1

and

L. > ele/?*, (19)
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Hence, we define the probability distribution py, on X x ) as follows:
y=fi(x)+e, x~py, e~N(0,0%), i=0,1,..., L,
where f; = ¢(Lx)g; and for e > 0,

2Le € wk_l‘*ek
> - ¥ ,fori=0,1,..., L, (20)
k=l +1 € (/u/f)

where w” is the k-th coordinate of the binary string w. Consequently, Assumption E] holds. For
Assumption |1} we can easily verify that from the property of moments of the Gaussian distribution
wheno < M.

Now we check the conditions in Lemma (7} For (i), from (I8) and (20), we have
2.

_ € _ _ . .
Ifi = Fillfygy < ILaP (= S5 =7 D2 (@i —wf™)? 26 YO<i<j<Le Q)
€ k=l +1

For (ii), according to Lemma foranyi € {1,..., L.}, we have

le X _ .
Cnllfi— fol? nlle(Lr)(gi— go)l2 _ ne Z g7 (wi " —wp )2

KL(p?,,p}lo)— 2 = 2 £ < 2 By
20 20 2021, M LS
T 2 3 21
2ngs € 1 2ngs € / <1 ne
< < — —7dxr = 57,
O'2l6 k;—l kﬁTFy O'Qle le+1 ;EBT’Y lfTﬂy
a2
where ¢j, = #32_1)(1 - 21_%). For given e > 0 and ¢ € (0,1/8), we can take g, small enough
such that

where the last inequality is from (I9), then we can ensure that (ii) in Lemma[7]holds.

Finally, we apply Lemma with d(f,g) = [|f — glljz4; - and the minimax lower bound follows that

~ L 2<
inf sup P s s Ve (1, —/ 22
11% fpebflllfsﬁ Py (”f fp“[H]Z = 2) =1+ L. ( ¢ logLE> ) (22)

L. =exp i . v
‘ 24 | \T-1(Ve/R)

For ¢ € (0,1/8), let e, = 2RCH*(@~ 1 (n~ 1)) (@1 (n~1))™Y = 2R(T?(®~1(n™1)), then

—expd L o "
bo = p{24 Kw(mml(nl)))) J}

oo |(5=t) )

where the last inequality is from the fact that Y1 (-) is non-decreasing and v/2¢ € (0,1/2).

Note that ®(t) = (4(t)/¢(1))?tY/? is non-decreasing and ®(0) = 0, thus when n is sufficiently
large, L., can be sufficiently large. Consequently, we can obtain that the right side of (22)) is larger
than 1 — 3¢. Let 6 = 3¢ € (0, 3/8), there holds that

) -~ R6 1, 1, 1A
inf sup P, (nf—fpnfmz > gt )@ ) ) >1-4
I fo€Q%,5,R

where

Thus we complete the proof of Theorem [I]
The proof of Corollary follows directly from Theoremby taking ¢(t) = 2.
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E.2 ERROR DECOMPOSITION

In this section, we present the error decomposition for the estimator defined in (T4). Define the
following data-free and noise-free intermediate estimator f

Ir=a(Ck)Skf, (23)
which is the optimal approximation of f, in the RKHS H . Using the triangle inequality, we can
decompose the error || f;*\ — f, |37 into three parts: the empirical error || f;"\ — P f[[(3,7, the

random projections error ||({ — P) fx |37, and the approximation error || fx — f,|[(37 - The following
proposition presents the detailed error decomposition.

Proposition 1. Let f", and f» defined in (14) and @23), then for y € [0, s], we have the following
error decomposition:

125 = Follpay < WS = Phllpgy + 1 = P)ialliagy + 11 = Folliagy - (24)

Empirical Error Random Projections Error  Approximation Error

E.3 BOUNDING THE ERROR TERMS

In this section, we bound each term in the error decomposition (24) by using some operator represen-
tations. We begin by bounding the approximation error in Section |E.3.1] followed by the projection
error in Section[E3.2] and finally the empirical error in Section[E.3.3]

E.3.1 BOUNDING THE APPROXIMATION ERROR

Define r)(t) = 1 — tgx(t), and we have the following lemma using the properties of g, (¢). We
assume that s € (0, 27] throughout.

Lemma 8. Under Assumption[d} then for any ~ € [0, s], there holds
sup [ra(8)¢(t)t7F < e;p(NATE, VA€ [0,47),
2

te(0,k2?]

where ¢, = 5\—71

Proof. Forany t € [0, %] and X € (0, 5], we consider two cases. If ¢ < ), then using the fact that
$(t)t=*/? is non-decreasing and the property of filter function in (T3) such that |r (t)[t(*=7)/2 <
AG=1/2 we have

a2 = [ra O 2o ()2 < PACTI RGN = Fro(AAT 2,

If t > A, then using Assumptionlé-_l|and the property of filter function in (I3) such that |ry (t)[t™ /2 <
AT™7/2_ we have

)0t = [rA()[t7 2ot < [ra(t) TP GAATT < Frem (AT
Combining the above two cases, we obtain the final results, thus we complete the proof. O

Proposition 2. Under Assumption then for any v € [0, s] and \ € [0, 52, there holds
13 = follgy < crRO(MAT?.

Proof. Using the definition of f) in (23)), we have
Skfx—fp = Skar(Ck)Sk fo — o = Sk g\ (Sk Sk) Sk fo — fo
= SkSigr(SxSk)fp — fo = (Lrgr(Lk) — 1) f,,
where the third equality holds by Lemma By the definition of 7y (¢) and Assumption {4 that
fo = ¢(Li)g, we have
- _x 2
15 = Follpay = 1Lk (Ix = Folllo = I1Lk™ (Sk S = fo)llo = (1L " ra(Lic)o(Lr)gll,
<L ra(Lr)$(Lr)|R < sup |ra(t)]@()t 2 R < e, RG(A)A2,
t 2

€[0,x
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where the second inequality holds by the fact that || L || < x2 and Lemma Thus we complete the
proof.

O
Lemma 9. Under Assumption then for any v > —s and \ € (0, k2], there holds

ICE fallm < {

EXTTTG(k)R, if —s<y<2-—s;
ER¢(k?)k7 72, ify>2—s.

Proof. From the definition of f) and Assumption[d] we have
=1 =1 =1
1Ck* falln = ICx" 9r(Ck)Skd(Li)glla < IOk gr(Cr)Ské(Li)||R
According to the spectral theorem and the fact that C'x = S% Sk and Lx = Sk S}, we have
a1 -
ICk* 9x(Ck)Skd(Li)|| = \/H¢(LK)5K9A(CK)C?< '\ (Cr)Sicd(Lic) |

— lgr(L)LES(L)|| < sup |ga(8)] ().
t€[0,k2]

From Assumption |4, we know ¢(t) and ¢(t)t~*/ are non-decreasing functions and non-negative
on (0, x2]. Thus, for any s’ € [0, s], we have ¢(¢)t~*"/2 is also a non-decreasing function on (0, x2].
Thus if v > 2 — s, we have
sup_[ga(8)[@(8)t2 < sup |ga(D)[td(t)2 T < E(r®)r7 .
t€[0,12] t€[0,x7]
If —s <~ <2—s, we have

2 ks _s yts—2 —s
sup [ga(B)[@()t* = sup [ga(O)[tT ¢(t)t72 < BATT (k%)
te[0,x2] te[0,x2]

Combining the above two cases, we complete the proof. O
Lemma 10. Under Assumptions[3|and[d| there holds that
EAN T ¢(k2)r—5, if s < a;
£l < e
EA¢(k*)r™2, ifs > a.

Proof. According to Assumptionthat [[H]5 — L°(X)|| < A, then we have

[fxllse < Allfxllpge = AlLg> Sk fally

Now we only need to bound ||L_0‘/25KfA |l%. From Assumptionlé-_l|that fo = ¢(Li)g, we have

1L Sk falln = | L “/QSKgmcK)SKfan = | LSk gr(Si Sk ) St d (L) gl
= L ga(Sk S ) Sk S d (L) glln = 1L *gr(Lre) L d(Lic) gl

<L oa(Lr) L d(Li) | R = |Lye “ga (L) Licd(Lic)|-

For s > «, note that Assumptionindicates o(t) and ¢(t)t—*/? are positive and non-decreasing in
[0, 2], thus ¢(t)t=*/2 = ¢(t)t—*/2t(5=*)/2 i5 also non-decreasing, so we can obtain that

sup |gx(t)t' " *2¢(t)| = sup ]|9A( ()t 2| < Eg(r?)r,
S

t€[0,x2] telo,
where we use the property of filter function g, (¢) in (I3) with v = 1.

For s < a, similarly we have

sup [ga()t' " 2o(t)| = sup |gr ()t FHT2G()e 2 < EATE 9(k7)r 0.
te€[0,x2] te[0,K2]

Thus we complete the proof.
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E.3.2 BOUNDING THE RANDOM PROJECTIONS ERROR
Proposition 3. Under Assumption then for any v € [0,s A 1] and X € [0, k2], there holds
A2 TERG(K2)k —GA%—l ifs <2
I-P v <7 KE ’ '
¢ Mgy < {Az Y ERO(k2)5 ifs>2.

Proof. Since P is an orthogonal projection operator, we have (I — P)? = I — P. Thus, we can write
I = P) fallpgy = 1L (T — P)f)\”p = HL_%SK(I = P)fxllp
<Lk 2SKC O (= Pl
< IIC (=PI - Pl
<O (1 = P)' (I~ PYCEIICK il
<ICY2 U = PN = PICRIERg(s)n~2n 13
— A2 _VER¢( %)k —(5/\2)/\*(1*5)+7

where the third inequality holds since || L g KC o || <1 by the spectral theorem, and the last
inequality holds by Lemma |§| and the Cordes 1nequahty in Lemma [24| for v € [0,1]. Thus we
complete the proof.

O

E.3.3 BOUNDING THE EMPIRICAL ERROR

Denote Cx » = Cx + Al and Cx pn = Cxp + A, O, = PCg nPand Ok x = O + AT
for simplicity throughout the proof.

Par = ||Cil? [(Sicny = Crnfr) = (Sichy = et
Q=I5 AL
R = |Ciex 2 (Ck = Cn)Cie i,
Sux = C{*(Cx = Crem)l,
Unx = ||Ck — Crnlls
T = 1032 \rA (O ) PHr -
Proposition 4. For any vy € [0,s A 1] and \ € [0, 2], there holds
ICH2 (77 = PA) I
A72Q, 7 [Qna(Pux + - RO(N) + CAT QA (A% p + ANV Ak p) + Tan],  ifs<2;
{Alg [Qm( P+ RO(N)) + C(U 1/2AKP+AKP)+T ] ifs>2.

_ [ER¢(k*r™2, ifs<2
where € = {ER¢(/<¢2)/<;5, ifs > 2.

Proof.
[FASN PfAH[H]”—HL ( P,
<HL el [ lopen cm||||cm0m||ucm<f — Pf)lIn
<k CRA I TN ACK A IC A (F5 — PF) (25)

<ol ||cm<f —PH)ln
Ao " Hc}éi,xfw Pf)l,
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o -t
where the second inequality holds by the inequality that ||L . SxC,? | < 1, and Cordes inequality
in Lernmafor v € [0, 1], the third and last inequalities hold from ||C' KC]}}A | <Tand|[Ck2 Ll <
A7z,
Now we bound ||C'Il</i AP = Pf)ll. From the definition of f,*, in (T4) and P? = P, we have

1CH2 (£ = PRl = 1032 A (Pgr(PCr n PYPS5c .y — PF) I
= |C2 \P(9n(PC.n P)PSi .y — Pl

Note that for any f € H, there holds that

(26)

1CH2 \PFI3 = (PCrnnPf, [y = {PCxuPf, f)u + MPF, fru
SNPCr P fllal fllze + ML, [ (27)
— ((PCxnP + D), f)3 = ||(PCxn P + A2 f|[3,,

where the inequality holds by the fact that [ — P is an orthogonal projection operator, thus ((I —

P)f, f)n = II(T = P)fll3, = 0.
Note that O ,, = PCk ,, P and Og , » = Ok, + Al, and plugging into (26)), we have

ICKZ (£ = PEIa < 1032 395 (Ok.n) PSic oy — P2
=032 \[97(Ok ) PSic.y = (ra(Okin) + 97 (k) Ok Pl e
—||0Kn AMINOK ) P(Sk Yy — CxnPfr) = rA(Or n) P fa]lln
<1032 \97(Ok.n)P(Sic.ny — CreanP )3 + 032 3rA(Oxcn) P fall
<012 3930k ) PO \NCKYA Sk Y = Cren PA I + 1012 373 (Okcn) PFalln
<0k nngr Ox ) ICE A (Sicny = CrmP )l + 1012 377 (Oxc) P falln
< s, [(£+ ) (1) 1CK A (St ny = Crm P+ 102 A (Ok )P fallae

te[0,x

2B Crc 3 (Sicny = CrenP ) ot + 103 xrA(Oxcn) Philln
(28)
where the first equality holds by the definition of 7 (t), the second equality holds by the fact that
OgnPfr= PC’Kyanf)\ = PCk nPfr = Ok nfx, and the last inequality holds by the property
of filter function in (I3).

So we need prove that HOK adr Ok, ,L)PC’]/2 Al =10K,7,29x(OK »)| in the fourth inequality.

Note that C' ,, and Ok, = = PCy P are self- adJ01r1t then any continuous function f and g, we
have f(Ok.n)9(Ok.n) = 9(Ox n) f(OK n). So we have

1/2 1/2 1/2
H()A n )\J>\<()I(,71)PCK/,”,)\” - HgA(()K,")O](/,n,)\PCK/,n,,)\||‘
Note that for any a € Hy, (P?a,a)y = ||Pal3, < ||al|3, = (a,a)y for || P|| < 1. So we have

P(CK,n + )\I)P j PCKJI,P + A = OK,TLA~
1/2
Let B = gx(Ok.n)O¥ ), »» We have
IBPCYL: 1P = | BPCi o PB*|| < | BOk naB*|| = | BOY: |2,
where B* = O}(/n 197 (Ok ). Combining the above, we have

HO}(/i A9 (OI(,H,) PC%f17A | = ||Q)\ (OI(,H,) OK,H,,AH - HOI(JI,,)\,(}A (Ol(,'n,) ||
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Next, we bound the first term on the right-hand side of (28)),

IC A (Skny — CrnP L)l
<O Sty = CromN) o + ICK YA CK (I = P)faln
<N CR A NC R (Sie Y — Crm )l + 1O ACKANCK2 (I - P)|

(7 = PYCI2 NI C 2 (29)
<O (Punn + ICKY 2 (Sicfo — Crc F) ) + BRS(s2)k= PN 0" 8) s e p i
<Qua(Pun + ICEL2S KN fo — S f)llp) + ERS(x2)k= AN U8 Ay p A p

<QpA(Pun + & RO + ERG(r2)r~ @934 A pdpe o,

where Ag . p = ||C}(/i(1 — P)||, the third inequality holds by the Cordes inequality in Lemma
the definition of P, , Qn x, Ax,p and Ak , p, and LemmaEI, the last inequality holds by the fact

that ||C’;<’1/\/QS}<||2 = ISk Cx\Skll < 1and Propositionwith v =0.

Now we bound Ak, p by Ak p and Q,, . When s < 2, note that
ICKa (T = P < IC5 (I = P < IG5 \CRECPNICKAT = P < Quall G/ = Pl
And forany f € Hy and || f||» = 1,
1/2 1/2
”CK/,)\(I — P)f|3, = (Cx\(I = P)f, (I - P)fyz = |C*(I = P)fII3, + M(I - P)fl
<Ak p+A

Combining the above two inequalities, we have
Arnp < Qn,)\(A%QP +0Y2 < Qua(Ar.p + A2, (30)
When s > 2, according to Lemma@ we have

e = I = PG < Cxen = Crcll + G2 =PI
S un,)\ + A%(’p-

Recall the definition of 7, x, Combining 26), 28), (29) (30) and (31), we can obtain that

1CH2 (2 = P
A [Qna(Pa + erRON)) + ONE L Qu(AR p + A2 A p) + Tan] - ifs < 25
- )\,%er;)\'y [Qn,A(Pn,A + CTRQS(/\)) + O(uvll,//\Q‘AKvP + A%(,P> + 7;“)‘} ’ if's 2 2.

ER¢(k¥)k™2, ifs<2;

h —
where {ERgz)(n?)nS, if s> 2.

Thus we complete the proof. O

Remark 5. Compared with the empirical error bound in|Lin & Cevher|(2020a), our analysis differs in
two key aspects. First, We exploit the embedding property in Assumption|[3|to obtain a refined analysis
and sharper bounds for P, x and Q,, » (see Lemmaand Lemma . Second, we derive a more
general bound for T,  (see Lemma @) which accommodates a wider class of source conditions.
Moreover, the analysis for Ty, x is more straightforward and easier to follow. These two improvements
vield a sharper empirical error bound and thereby enlarge the range of the smoothness index s, for
which optimal rates are achieved.
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E.4 TECHNICAL LEMMAS AND OPERATOR SIMILARITY BOUNDS
In this section, we present several technical lemmas and operator similarity bounds that will later be

used to control the error terms derived in the previous section. We begin by providing an upper bound
on N (X) , as defined in Definition ] l by leveraging the embedding property stated in Assumption

Lemma 11. Under Assumpnonl for some o € [ 1], there holds

Nao(A) = sup |CR P K, |13, < A2A~°.
reX ’

Proof. According to the definition of N () in Definition[1} we have

Noo(N) = sup (K, (Cx + M) " Ky )3 = sup ||(Cx + A "V2K, |13
xrxeX

xeX
Ve (@) i &
My €x\T)  1/2 )
= sup —_— €L = sup [
TEX (N +>\)l/2uk = i+ A v@)
11—«
oy,
= | sup sup e
<k>1 Mk-f—)\) (:EG ;uk b )
< AP,

where the last inequality is from two facts: (i) according to the Asmmpﬂon B]and inequalities (16)
and (17) in|Fischer & Steinwart (2020), we have supgcx > poy feZ(z) < A? and (ii) according

to Lemma 23] that sup, > t*(t + A) =1 < A*~! for a € [0,1] and A > 0. Thus we complete the
proof. O

This lemma is essential for the refined analysis of operator similarity, as it provides the foundation
for establishing sharper bounds in the subsequent results. In the following, we separately bound the
terms Ry, x» Qn,x» Snox» Un,xs P,y and T, y defined in Section[E.3.3]

Lemma 12. Under Assumptionfor any ¢ € (0,1), with probability at least 1 — ¢, there holds

2A%1og(2/9) N 2A421og(2/6)

Rn,k < naa naa

Proof. Recall the definition of C'x and C'g ,,, we have
1 n
=—) K. @K, and Cg =E,[K, ® K],
n <

Note that (K, (Cx + M) Kg)y < Noo(A) from Deﬁnition Then by Lemmawith Q=0Ck
and v; = K, we can obtain that

2N (N) log(2/6) N \/ 2N (N) log(2/6)

—-1/2 -1/2
3 = 105 (Cx = Cren) O {7 < - -
242 log(2/6) 2A21og(2/0)
< + ,
- nA® nA®
where the last inequality holds by Lemma[TT} Thus we complete the proof. O

Lemma 13. Under Assumption[3] ifn > 16A2X~log(2/6), then for any § € (0, 1), with probability
at least 1 — 0, there holds

Rua <

l\D\H

and

Qn,)\ < \/5
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Proof. Ifn > 1642\~ log(2/4), from Lemma[12] we have

2A?log(2 2A42]og(2
R,y < 2AN0s2)0) | [PATIoRC]) _

1
n\e n\e 2
By Lemma[25|with A = Cx, B = Ckn, and 17 = 1/2, we have

1/2 1/2
ICx Al < V2.
On the other hand, there holds that
1/2 —1/2 —1/2 —1/2 —1/2 —1/2
1CH2 A\ Cr I = 10 2 Crn n O M = 1 C P (Cren + A O
= |C*(Cxn — Ok + Cx + ADCEH?

= 102 (Crn — Cr)CE N + 1) < Run + 1

w\w

By combining the two inequalities, we have
1/2 4=1/2 —1/2 ~1/2
Qui = ICACKIANNV GRS Cili Al < V2.
Thus we complete the proof. O

Lemma 14. Under Assumptionsand forany § € (0,1), with probability at least 1 — 6, there

holds
1 [ 1 2
Sn,)\SCS <7’L)\O‘/2 + n)\l/ﬁ>10g5’

where Cs = max{4r A, 2k?Q}.

Proof. Recall the definition of C'x and Ck ,,, we have
1 n
= - E Kp, ® Ky, and Cg =E.[K, ® K],
n <

Note that N () = supy, (Kg, (Cx + M) "' Kz)y = sup,, [|(Ckx + M)~ K ||3, and from Defini-
tion [T that

N(\) = E(Ka, (Cx + A) ™ Ka)n

- / 1(Cre + D)V Ky |Zidp ()
X

_ / Tr((Ce + M)~ V2Ky @ Ko (Crc + M)~ Y2)dpa () (32)
X

=Tr <(C’K + AI)71/? / Ky ® Kpdpx(x)(Cx + AI)1/2>
X

=Tr((Cx + M) 'Ckg) = Tr((Lg + M) "' Lg).
Then by Lemma[3T]with Q@ = Cx and v; = z; = K,, we can obtain that

4kr/Noo (V) log(2/6) N \/4n2j\/(>\) log(2/4)

I(Cx +AD™V2(Ck — Crn) < "
< 4k Alog(2/6) 4k2Q%1og(2/9)
ST ez nA\l/B
where the last inequality holds from Lemma [11{ and (32) that Vo (A) < AZA=2 and N()\) <
Q?*\~'/P_ Thus we complete the proof. 0O

Lemma 15. For any § € (0, 1), with probability at least 1 — §, there holds

C 2
Unx < ||ICk — Crpllas < %bg 3

where Cyy = 652
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Proof. Recall the definition of C'x and C'k ,, we have
1 n
== Ko @Ky and C =Eqg[Ky ® Ko,

Note that | K |3, < x?, then applying Lemma with B = 2x2 and & = 2, we can obtain that

2 2 2
4k?1og(2/9) n 2K 10g(2/(5) 6K logg
n = Vn

Thus we complete the proof. O

ICk — Crpllas <

Now we bound P,, 5 to control the sample variance. Compared to that in|Lin & Cevher|(2020a) and
Lin & Cevher (2020b), we do not impose the uniform boundedness assumption on the regression
function f,. Inspired by [Fischer & Steinwart|(2020) and [Zhang et al.|(2024), we adopt a truncation
technique and the L?-embedding property of the interpolation space in Lemma ] to address the
potential unboundedness of f,, which yields a more general result. While the proof strategies are
indeed similar, there are two important differences: (i) our statements and arguments are formulated
under a general source condition via an index function, whereas [Fischer & Steinwart] (2020); [Zhang
work with Holder source conditions; (ii) the resulting bounds and conditions on the
sample size n differ in several details, reflecting our more general assumptions (e.g., the dependence
on the source function).

The following lemma provides a bound on the truncation level of Py, .

Lemma 16. Under Assumptions H denote & = _1/2(y (@) Kelgpex, with Xy = {x € X :
|fo(x)| < t}, then for any § € (0,1), with probability at least 1 — 6, there holds

]

1 n
~> & —Ee
n -
i=1 H

where Ch = (8(EAG(k?) max{r~*, k= °} + 1+ M) + 4o + 4v2¢. R) (24 + Q).

AmIn{055%} {441 p(A)A"E £ AT 2
<t _ log =
= CP ( n\s + \/ﬁ og —,

Proof. We apply Lemma 30]to prove this lemma. Note that
Ell¢; — E[E1I5, < EeeEerllef — €115, < 227" B Eer (17115, + 11€°15) = 2PElIE°[I5,.  (33)
Thus we only need to bound E||£*||5,. From the definition of £, we have
BICN, < [ ICRN 0 - h@) Kalaex fdp(e,y)
xxYy
SQ’H/X y||CK1/2K alln (ly = fo(@)Placx, + [ fo(x) — fr(@)Placa, ) dp(z, y)
X
=2 [ IO Kally [ e Tecudo(elaion )
(34
22 [ ORI @) — 5@ Lacr, dox(a)

<2 [ ICRL el [ IePTecadotela)dpn(a)

+27H(fp = fa)lee B 2/ IC P Kall5] fo(@) = fr(@) PLoca, dpx ().

38



Under review as a conference paper at ICLR 2026

For the first term in the right side of (34), from Assumption[T]and definition [T} we have
27 [ IO Kall, [ e acidplele)dp(@)
Yy

<2 / |7 Kallt, /y lelPdp(elz)dp (@)

IN

2o [ O Kol dp(a) (35)

IN
[\')M—* N~ N

2 plo* My (Sup 1k Kl ) P ARE

o (VINOI) (2 VAL 00) "

For the second term in the right side of (34), we have

/ ICR L KB (@) — () Lo, dpe ()

< <sup ||c;}<2Km||P) / | fo(@) = f (@) Lacx, dpx () (36)
xeX
<WaoN2I1f, = B2 < 2R (No(W)P262 (),

where the last inequality holds from Proposition 2] with y = 0.

On the other hand, from Lemma|[I0} we have

1(fo = i )zex,lloo < | folmer, oo + [ falloo
< BAG(k?) max{r ™", k- Amin{05% g

Plugging (34), (33), (36) and (37) into (33), we have
1
Ellg! — E[¢']|5, <5p! (4(BAG(r?) max{n~, k= }amin{053

((2\/50—1-407 (\/7(25 —I—\/;))

(37

s—

“} Lt M)/ N (A))pd

s—a

Applying Lemma with B = 4(EA¢( )max{/-e s kA0 55 g M) /N (N) and

o = (2[ o+ 4c, R (\/ ANd(N) + VN ) Ass1mpt10n and Lernmal we can obtain

that with probability at least 1 — 4, there holds
1 n . )\min{O, 5
— ‘K| <G =
e o (M .

3
n
where Ch = (8(EA¢(k?) max{ ™%, s~} + 1+ M) + 40 + 4v/2¢, R) (2A + Q). Thus we com-
plete the proof.

s—a

1 —
Og(;a

1
AR RO +>\_2ﬁ> 2

O

By combining the truncation technique and the bound in Lemma@ we can derive a bound on P,
as follows.

Lemma 17. Under Assumptions ifn > (/\O‘(é()\))_s%a, then for any 6 € (0, 1), with probability
at least 1 — 0, there holds

s—a

AmIn{0.555} L1 g(\)A"5 4 A28 4
< = 1 R
Pn,)\ = CP ( s + \/’ﬁ + Qﬁ(/\) og 5

where Cp = Cl + ARc, (CyR)/? + Ag(CyR)7 + 1.
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Proof. Recall that P, , = HCK1/2 (Siny = Chnfr) = (Sichp — Cic )] HH fori € {1,...,n},

let _1/2
§i = (Yi — fa(zi)) Ka, s
and note that

/Xxnywdp(a:,y)Z/ydp (y|x) /K dpx(z /fp VKzdpx (),

then we have
Bl = O [ (@) = FO) Kadpr(@)

Thus Py = |2 307 (& —EE)|ln. Let X, = {@ € X : | f, ()| <t} and X/ = X\ X, where ¢ is
the truncation level. Assume that for some g > 2,

[H], — Li(X). (38)
We will prove (38) later. According to Assumption [3]and (38), there exists a constant C such that
[fllLacx,px) < Collf g5 < CqR. Thus by Markov’s inequality, we have
[ follLa(x) _ (CyR)

P(Xf) =P({z € X: |fy(x)] > t}) < =——75— < =2

We decompose § as § = Elzex, + {lzex;, then by the triangle inequality, we have

% ; ilw,exy

n

L3 6w

n -
=1

n

% Z(giﬂmqf)@ — ]E[gﬂmEXfD

i=1

+ [[EEloca;] 7

<

2 (39)

H

For the first term in the right side of (39), we can bound it by Lemmawith t<nAZo(N),ie.,

1 t o [ Ao T4l p(M)ATE + A"
~Y & -Ee <Cp +
=1 H

4
e T + (b()\)) log 5 (40)

holds with probability at least 1 — §/2. For the second term in the right side of (39), we have
1

1 n
P - i]Im%e H Z T
< n;é- & H \/’I’L)\B
—1 - (B(X))" =1~ (B(f,(x)| < )" <1— (1 _

Let (@T) be less than 6/2, we have t = CqR(W)l/ 7 when n is large enough. For the third
term in the right side of (39), we have

Bl i < Ell¢locy I < E (ICK K Kallal(y — (@) lacxy])

< sup 1O Kalla (EI(fo(@) — fr(2)) o] + Eleloca )

) <P(3x;s.tx; € X})

W)"

tq

(41)

<A (If, = Bl (PD) 2 + E(lacx; (e | @)
A5 (15, = Il (P2 + Bl BV (el | @)

<AN %(nfp Rl (B)) 2+ oB(X) )

_a (C,R)?  (C4R)"
<AX <C7—R¢()\) T ,

where the fourth inequality holds from Cauchy-Schwarz inequality and Lemma|[TT] the fifth and sixth
inequality holds from the Jesen’s inequality and Assumption[I] and the last inequality holds from
Proposition[2] with v = 0 and the bound of P(X}).

(42)
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When ¢ > nl/9, we can obtain that

MA™2
[Bl€Tues e < (ARe(CRI + A0y (P21 ) ey

Ignore the logarithmic factor and constants, the truncation level ¢ exists when nA2 ¢(\) > n'/9, that
is [H]5 — L3(X) holds for

2logn
2logn + alog A + log ¢(N)

If s > a, according to Lemma([T]and assumption[3} we have [H]5 — [H] — Ly*(X) — Li(X) —

LN (X). If s < a, from Theorem we have [H]5 < L (X) with ¢, = 2%, then (@4) holds when

4 a—s’
2a 2logn .
a—s > 2log n+alog Alog ¢p(A)? that is

(44)

q>qx=

n > (A%p(N) T (45)

Combining (39)-([@2), if n satisfying @3), then with probability at least 1 — 4, there holds that

n

1 AmIn{055%} L GA)A"F 4 AT28 4

N —Eo)|| < 0 A) | 1og =,

n;(s £>H_cp< ———+ o0 log;
where Cp = C% + ARc, (CyR)?? + Ao (C,R)? + 1. Thus we complete the proof O

In the following lemma, we establish bounds for 7,, » under various conditions on the index function
¢, which is not considered in|Lin & Cevher(2020al).

Lemma 18. Under Assumption then for any \ € [0, k2], the following holds
1) if ¢ : [0,k?%] — RT is non-decreasing, and $(0) = 0, ¢(x%) < oo, then
7;L,>\ 5 ¢()‘)Qn,)\~

2) if ¢ : [0, k%] — RY is Lipschitz continuous with constant 1, then
7;%)\ 5 (ZS()‘) Qn,/\ + )\1/28n,)\~
3) if = v, where 1 : [0, k%] — RY is non-decreasing, and ¢(0) = 0, ¢(k?) < oo, and

¥ : [0, k2] — R* is non-decreasing and Lipschitz continuous with constant 1, and 9(0) = 0,
and there exists ¢ > 0 such that

N U waeo, R,

CIOINTZ = tefne 9(0)1172°

then
Tox S 0N Qnn + A28, 5 + 9N (U ).

Proof. From the definition of f) and Assumption |4} we have
1012 xrx(Oxn) P falln = 032 (O n) Por(Cre)Sic £l
=10} A (Ok.n) Por(Ci) Sicd (L )gll
<R||0}% \rA(Ok.n)Por(Cx)Sicd(Sk Sk
=RI|0}2 \rA(Ok.)Pgr(Cr)d(Si Sk ) Skl
=R|0}2 ra(Ok.n)Par(Cr)$(Cr)CH,

where the last inequality is from Lemma [27] Then we  bound
H0%17/\7",\(OK,n)Pg,\(C’K)ng(C’K)C’;(QH for three case of ¢(-):
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(1) When ¢(-) is non-decreasing.

10K AT (Oxn) Por(Cr)d(Cre) O |
=032 A (O PO i O C 2 n (Cr) b (Ci) O |
1/2 ~1/2 1/2 —1/2 41/2
<103 A Ok PO M NICK A CENICEP CL N CRISCl (a6
<Qnx sup [(t+A)ra(t)] sup |ga(t)¢ ) (t)]
te(0,k2?] te[0,x?]
§2FT)\Q71,)\ sup ‘g)\(t)(b(t)la
te(0,k2]

where the second inequality holds by ||OKnAr>\(OKn)PCIl(/iA|| = [[Ognarr(Ox.n)l,
ICxk.,, 1/2 1/ 2 || < 1 and the definition of Q,, », the last inequality holds by the property of filter

function in (]B[)
When ¢ € [0, \], by the non-decreasing property of ¢(-) and (13)), we have

I9A(Ck)$(Cr)| < sup [ga(t)o(t)] < ES(A)A™

te[0,k2]

Forht € (\, k?], from Lemma there exists some cj; < oo such that ()t~ < ¢, ¢(A\)A~", then
we have

l9r(Cr)D(Cr)l < sup_[ga(t)te(t)t™ < Echo(MA™

te[0,k2]

Combining the above two inequalities and plugging into (@6)), we have

”OKn )\TA(OK,n)PgA(CK)(b(CK)C}l(M” < 2(cly, + 1) EFr¢(A) Qna- 47)

(2) When ¢(+) is Lipschitz continuous with constant 1 and satisfies that P$(A)P = ¢(PAP) for
any operator A and projection operator P.

102 \ A (Ok.n) Pgr(Cr)d(Cr)CH | = 012 \rA(Ok.n) Px(Cr)d(Cren) O |

1/2 1/2 (48)
+ 0K AT Ok n) PIA(CK ) (A(Cr) — ¢(Cr,n)) O |-
For the first term in the right side of @),
1032 3 A(Okn) Por(Cr)$(Cre.n) CL
=[|P'2C}/2 \ PY?r\(Ok.n) Por(Cr)$(Cren ) CH
<[l (Ok.n) PH(Crn) PINICHE O INIC 390 (Cr)CHI o

<QunllrA(Ok.) Ok ) IICK 297 (Cr )R

<Qux sup [rA(D)(t)] sup gr(t)t" /(8 + )2
t€[0,x2?] t€[0,x2]

§2CTE¢( )Qn,)n

where the second inequality uses P¢(Ck )P = ¢(PCk nP) = ¢(Ok.»), and the last inequality
holds by Lemma|8]and the property of filter function in (T3] that

sup |g,\(t)tl/2(t + )\)1/2| < sup |ga()(t+ )\1/2t1/2)| < 2F.
te[0,x2] te[0,x2]

For the second term on the right side of (@8),
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1032 3 rA(Ok.) Par(Cr)(@(Cr) — 6(Cren)) O
<05 a0k ) PO NIC 2O IR (0(Cxe) = d(Crem)ICK 2gr(Crc)|
<032 \rA(Ok.n) O} ||||CK”2 IO (6(Cx) = o(CraICH P 9r(C )
<02 (OO ICR 2O C 2 (O — o) 1O 20 (o) | 0
<S,.n sup |7“A(t)t1/2(t+>\)1/2\ sup_ |9A( t)t'/?|

t€[0,x2] tel0,x
<2EF, A28, 5,

where the third inequality holds by the Lipschitz continuity of ¢(+), and the last inequality holds by
the property of the filter function in (T3)) and (T3) that

sup [gA(D)t"/?] < BTV,
t€(0,k2]

and
sup [ra(t)t/2(t+ N2 < sup |ra(8)(t + AV22)| < 2F;.
te[0,k2] te[0,x2]

Plugging @9) and (30) into ([@8), we have

1/2 clz 1/2
Kn, s ) s
||O )\T)\(OKn)Pg,\(CK)Cﬁ(CK H < 20.,-E¢( )Qn A+ QEFT)\ Sn A- (51)

(3) When ¢ = ¢, where 1)(-) is non-decreasing, and 9(-) is Lipschitz continuous with constant
1 and satisfies that PY(A)P = 9(P AP) for any operator A and projection operator P.

1012 37 (Ox.n) Par(Cr)d(Cic) CL2 || = 1035, s (Oxcn) Par(Cr)[6(Cc )
+ (0(Cx) = V(Cren)¥(Cr) + 9(Cren) (W(Crc) — ¥(Cren))ICH
<[l0}2 \rA(Ok.)Pgr(Cr)$(Cre ) O (52)
+ 11012 A (Okn)Pgr(Cr)(9(Crc) = 9(Crean) ) (Cr )OI

1015 27> (Or) Par(Cr) (Crc ) (9(C) = U(Cre)) O
For the first term in the right side of (32)), it is the same as (49). For the second term in the right side
of (52), we have
|0K 2 A7 (Os0) Po(Cx) (9(Cre) = 9(Crcn)J(Cr) O
<O A Orn) Pr(Cr) (0(Cre) = 0(Cren) O I(Crc)| 53
S2EF(KH)A2S, 5,

where the last inequality follows the same argument as (50) and uses the Lipschitz property of 9(-)

and the non-decreasing property of ¢ (+) that ||¢)(C)|| < 1(k?). For the third term in the right side
of (52), we have

1/2 1/2

10K 73 (O1n) Por(Cr)H(Cren) (9(Cic) = $(Cren) O

<032 A (Ok.n) P90 (Ci )9 (Creyn) ($(Cic) = ¥(Cicn)) O

(Ox.n)

<032 A (Oxn) PO(Crcn) Pl [(Cre) = ¥(Cren) ||CH 297 (Cc)|

EnATMVK,
1/2 1/2
SNOK 7 aTA Ok )V (Or ) [[[V(Cr ) = D (Crn) Il Ck"ga(Cr) I,
where the last mequallty holds by PY(Ckn)P = Y (PCknP) = 9(Ok,p). We first bound

HO}(/i \'A(Ok )9Ok .n)|l. When ¢t € [0, A], by the non-decreasing property of ¥(-) and (T3),

we have

(54)

A9 < I [ra (012 < Fra (A2,
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When t € [\, 2], note that
AT ¢

g7 < inf VA € [0, 7.
79()\))\1/2 = te[)\ w2 O(t )t1/2’ € [0, k7]

C

Thus we have
lrx(B)|9() Y2 < THINAY 2T e ()T < CTEEI(M)AY2,

where the second inequality uses the property of the filter function in (I3). By combining the above
two cases, we can obtain that

1032 \rA(Okn)0(Ok)l < sup [ra(9(E)(E+ M) < 2 9(AA2, (55)
te(0,k2]

where ¢ = F./ min(1, ).

Next we bound ||¢/(Ck) — ¥(Ckn)||. From Lemma 28] there exists some ¢y, < oo such that

9(Cre) = $(Crem)ll < epo(] ) = cpth(Un,»)- (56)
For the last term HC’Il(/ZgA Cr)>
ICK2gr(Cr)ll < sup [ga(t)E/2] < EA™V2, (57)

te(0,k2]
Plugging (33)), (36) and into (54), we have
103, A (Ok.n) Por(Ci)O(Cic ) ($(Cic) = (Cre.n) ) O | < 2 EON)(Un,p)- - (58)
Combining (@9), (33) and (58) and plugging into (52), we have
107 AT (Oxn) Par (Cx)o(Crr) O

<26, EG(N) Quor + 2EFh(k2)AY28, 5 4 2¢cy EON)Y (U ). &
Thus we complete the proof by combining [@7), (51)) and (59).
O
Now we give the error bound of the randomized projection operator terms. Let
N(\) =Tr(CrnCxl )
be the empirical average effective dimension.
Lemma 19. Under Assumptlonl given a fixed input set {xy,...,x,}, if n > K%log ’%2, and
1 SlogF SA< K2, then for any § € (0,1), with probability at least 1 — §, there holds
N(N) = Tr(CrnCrLn) SATH. (60)

Moreover, there exists a subset U, € R™*"™ such that for any G € U,, if the projection dimension
satisfies that

3
mZ A P log 1)
then with probability at least 1 — 9§, there holds
A = C5 T = P)| S m™ 5. (62)

Proof. From Proposition 1 inRudi et al.[(2015), if n > x2 log % and L ~logd SA< k2, then with
probability at least 1 — &, there holds

N ) =N
N
Thus we can obtain (60) by combining the above inequality and Assumption 2}

The proof of (61) and (62) is a direct result of Lemma 17 in|Lin & Cevher|(2020a) given that @)
holds. Thus we complete the proof.

< 1.65.
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Lemma 20 (Projection Error for Randomized Sketches). Under Assumption [Z] let G € R™*" js
a random matrix satisfying (13), and P be the projection operator with its range being the closure

of the linear span of {S3 ,G'}. If n 2 k?log %2 V A" %log(4/0), and tlog % < X < K?, the
projection dimension satisfies that

6
mZ AP log =, (63)

then for any § € (0, 1), with probability at least 1 — §, there holds

_B
Arp = |02 (T~ P)| S m~ 2. (4
Proof. Note that
Ax.p = |21 - P)| < |C}51— P)]| (65)

1/2 ~—1/2 1/2 1/2
< CHACKANCHE (I = P)|| < QuallC2 (I - P,
And for any f € Hy and ||f|ln =1,

ICL% (T = P)fI = (Crna(I = P)F, (I = P) f)ae = I (T = P) I3+ NI = P)FI3,
S A%{,n,P + )‘

From Lemma , if n > A\~ log(4/6), then with probability at least 1 — & /2, there holds Q,, x < v/2.
Combining the above inequality, Lemma[T9]and (63)), with probability at least 1 — ¢, we have

Ax,p < V2(A% p + N2 S A2

provided that m 2 ATF log %. Thus we complete the proof. O

Lemma 21 (Projection Error for Plain Nystrom). Under Assumption[2] let P be the projection
operator with its range being the closure of the linear span of { K (z;;,-)}i~,, where {i;}7L, is a
subset of {1,2,...,n} with cardinality m selected uniformly at random without replacement. If the
projection dimension satisfies that

41‘{12 _ 2
m 2 log Y3 V AT log(4k%/Ad), (66)

then for any § € (0, 1), with probability at least 1 — §, there holds

Agp = |C{*(I = P)|| S m~=. (67)

Lemma 22 (Projection Error for ALS Nystrom). Under Assumption 2] let P be the projection

operator with its range being the closure of the linear span of { K (Z;,,-)}~,, where {@;, }7", is

selected by ALS Nystréom sub-sampling method. For any § € (0, 1), with probability at least 1 — 6,
there holds
_B
2

Aw.p = |02 (I~ P)| Sm™ 3, (68)

when the following conditions are satisfied:

1. There existsa L > 1 and a Ao > 0 such that {lAZ(t) i, are L-approximate leverage scores
foranyt > X\o;

2. n 2 K2+ K% log 2,
19x° 2 2.
3. /\OVT”logT"S)\Sm,

4. m 2 log% \/)\_f%log%.

The proof of Lemma [21]and [22] can be derived with a similar argument as Lemmas 20 and 21 in|Lin
& Cevher| (2020a) and Lemmas 6 and 7 in|Rudi et al.| (2015)).
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Remark 6. Ignore the log factor terms, for randomized sketches and ALS Nystrom methods, Lemmas
andn show that a sharp bound on Ay p holds provided m e A%, For the plain Nystrom
method, Lemmaglvev the corresponding condition m 2 N\~ . This is from Assumption E the
average effective dimension satisfies N'(\) < A~ /8, cmd by Assumpnon El and Lemma the
maximal effective dimension satisfies N (\) < A=Y@ The conditions above actually can be
written as m 2> N'(X\) for randomized sketches and ALS Nystrom; m = Noo () for plain Nystrom.
Moreover, in the proof of Corollary[B| we explicitly obtain the optimal rates by choosing m so that
the projection term is no larger than the bias and variance terms under these conditions. Thus, the
minimal projection dimension is proportional to the (average or maximal) effective dimension to
guarantee the optimal rates.

E.5 PROOF OF THEOREM[2|

Proof. Suppose that the conditions in Theorem [2] hold.

Approximation Error Term. From Proposition[T] we have

1 = Follpagy S A2 (0.

Random Projection Error Term. From Proposition[3} we have

A?{;)\*—l, if s < 2;
1T = P)fallpagy S {A2 2, if s > 2.

Empirical Error Term. From Proposition[d and Lemma[I2H{T7] we have

15 = Pl

\min{0, £} 7 s .
A2 [ 2 41 4 s(A \jj'\ ? 4 dN) + A2 (A% p+ )\%AK,P) + 7},)} log %, if s < 2;

n)\2 n

<

sk

)\7% |:>\mm{0,72 }+1 + ¢()\))\7%+)\7
@

nA2 Vvn

+o(\) + Ak p + n"i Ak p + 7—77,,)\:| log &, ifs > 2.

To plug in the bounds of 7, , we consider three cases of ¢(-) separately, and combine the above
three error terms to prove the desired results. For ease of notation, we denote the term related to
random projection error term A p as

Ay = NN AR p+ AT AR p + A3 AT),
AQ = AK,P + n_%AK,P + )\%Ai(jg

(1) ¢() is non-decreasing.

When s < 2, combining Proposition[I}f4} and the similarly bounds in Lemma[T2}{T8] with probability
at least 1 — §, we have

1525 = Lol

L [ A0 p)AE AT 4

SAT? - )+ Ay | log =

~ l ni\z * Vn o) + Ax| log 1) (69)
v 1 1 1 4

SAT? B 1)+ A log=.

~ : lnAmax{g,a—g} + n\s + \/ﬁ)\ﬁ + (rb( ) (\/>>\2 + ) + Aq| log < 5

When s > 2, combining Proposition [T}{4] and the similarly bounds in Lemma [T2{I8] with probability
at least 1 — §, we have

1525 = Follay
min{0,%5*} -
Cp [AOSET 1 oA
~ nA2 vn
1

L
28

vl
_|_
>

0 (70)

o) (\/ﬁlA + 1) A,

6
log —.
g5

=\"? ! SR
= n)\max{%,a—%} TL)\% \/ﬁ)\%
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(2) ¢(-) is Lipschitz continuous with constant 1 and satisfies that P¢(A)P = ¢(P AP) for any
operator A and projection operator P.

When s < 2, combining Proposition[T}4] and the similarly bounds in Lemma [T2}22] with probability
at least 1 — 4, we have

125 = follizay

. \min{0,%5=} +1 MA—2 + /\—ﬁ AL/2 AL/2 6
<AT? L A A () + A log 2
nAz vn n\2 NN k) (71)
5y 1 1 1 1 6
SATE , > N (=== +1])+2]|log~.
~ [nAmax{g,a—g} + n\% + \/ﬁ)\ﬁ + d)( ) (\/ﬁ)\2 + ) + A og 5

When s > 2, combining Proposition[T}4] and the similarly bounds in Lemma [I2}22] with probability
at least 1 — 4, we have

£ = Follpay

55—

L [ pmin{0,552} —a -5 1/2 1/2
<\3 A i 1 dMATE + A7 +>\g+ A s+ A 10g§
n\2 \/ﬁ ni2 \/ﬁ)\ﬁ K (72)
1 1 1 1 8
A2 - N 1)+ Ag|log o
~ 2 lnAmax{g,a—g} + n\% + \/ﬁ)\ﬁ +¢( ) <\/ﬁ)\2 + ) + Ay og 5

3) ¢ = 11, where 1(-) is non-decreasing, and ¥J(-) is Lipschitz continuous with constant 1 and
satisfies that PY(A)P = J(P AP) for any operator A and projection operator P.

When s < 2, combining Proposition [T}{4} and the similarly bounds in Lemma [T2}22] with probability
at least 1 — 4, we have

125 = Follpan

s—a

5 /\min{O, 5 }_|_ 1 (b(/\))‘_% + A*ﬁ )\1/2 /\1/2 8
<A i } i A) + 9N Un ) + A1 | log
S [ 5+ G Tt e T I00 ) + A g g

¥ 1 1 1 1 1 8
<\7 _ i M —— +1) + 9N b(==) + Ay | log 2.
~ [nAmax{g,ag} + n\% + \/ﬁ/\ﬁ +¢( ) <\/ﬁ)\2 + ) + ( W(\/ﬁ) + A1 Og(g

(73)

When s > 2, combining Proposition [T}{4] and the similarly bounds in Lemma [12}22] with probability
at least 1 — ¢, we have

125 = Foll

S | § PN L P G N) + DO U ) + | log >
2 —
~ nA% NG nAT /A7 i (N Un) 217985
5 1 1 1 1 1 8
<\ _ _ ; M= 1) 9D (—=) + Ay | Tog ©.
~ : [nAmax{2,a2} + n\% + \/EAW +¢( ) <\/ﬁ)\2 + ) + ( )1/’( n) + Az | log 5
(74)
Thus we complete the proof by combining (69)-(74).
O
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E.6 PROOF OF THEOREM 3]

Proof. By the choice A = ®~1(n=1) with ®(t) = (¢(t)/p(1))%t7, we have

1 2 23
Ao\ 1 (e \FE
( o) ) -2 = ()

We consider three cases of ¢(-). In this case, ®(-) is non-decreasing. Note that ®(0) = 0 and
®(1) = 1, thus A € [0, 1]. Since ¢(¢)t~*/? is non-decreasing, let A\ = 1, thus we have

28
_ o(1) R
= (o) 2

__B8_
Notethat s > o — L and \ € [n BT 1]’

B
1 1

e < <1
VAT T L
When s > «, we have Amax{2.2=5} — A% and

11 1 60

@ S = S - .
nA% nT o /par o)
When r < «/2, we have \m@{%:2=3} = \a=3 and
S )
nA®TE T/ g(1)

For case (3), since ¢ (t) is non-decreasing, and note that A > n~1/2 then

1
—)Y(A A)I(A) = (A
¢(\/ﬁ)()_¢()() o(N)
Combining the above results and the three cases in Theorem 2] we can obtain that
r - 8
72 = Follfrgy S AT (6N + A)log® =, (75)
Ay, ifs<2;
where 2 = {AQ, if s > 2.
Thus we complete the proof. O

E.7 PROOF OF COROLLARY 2]

Proof. Note that ¢(t) = k~(5=2+¢3 when s < 2, then ¢ is non-decreasing, when s > 2, then ¢ is
Lipschitz continuous with constant 1 over [0, 2], thus we can apply Theorem We focus on three
cases of s.

(1) When s < o — %, and thus s < 2,let A = n‘i, we need to bound A;.
Let
m> nf%ﬁ, for Randomized Sketches and ALS Nystrom,;
~ | n, for Plain Nystrom.

Then according to Lemma , with probability at least 1 — §/5, we have A p < n~z . Thus

we have
Ar= AN (AR p+ A AR +ATAR D) ST
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Combining the above result and (73), we have

r sy 10
”fnin,\ - fp||[27-[]g Snoe ?

(2) When s > o — % and s < 2,let A = rfﬁ, we need to bound Aj.

Let
S Jn g , for Randomized Sketches and ALS Nystrom;
m 2 o
n s ,  for Plain Nystrom.

Then according to Lemma , with probability at least 1 — §/5, we have Ax p < n” AT
Thus we have

s __ 1 g _ ___sB
Ap =N AL p+ AT AR p + N2 AL L) SRR

Combining the above result and (75), we have

(s

_(s=)B 10
”f:;f))\ - fp”[zﬂ]g Sno e 10g2

?.

(3) When s > 2,let A = n_sﬂﬁﬁ, we need to bound A;.

Let
S Jn @-vGEA+D | for Randomized Sketches and ALS Nystrom;
mz _aB(s=y) .
n@=-nEEFD - for Plain Nystrom.

_ B(s—~)
Then according to Lemma , with probability at least 1 — §/5, we have Ax p S n~ @G20GAFD
We prove the first two terms in Ao are dominated by the last term. Note that
B(s—2)

B(s—7)
A%P =n" <2—w(><s?3+1> = n*2<s823i1> n~ 2@E-NEED < n*2<siﬁu> = )\%Ai—?;,

where the inequality holds since s > 2 and v < 1. On the other hand,

_1 _1__ B(Gs—v) ___sB —(l-i- sB___ _ B(s—v) )
n tAg p=n" 1 @2NGETD =n 26FFDpn~ \1726FFD) T (@-27)(6+T)

___sB _ (s=2)By+2—7
=n 26+ 42-71)(sB+1)

___sB ¥ o9
2 ) — v
<n 268+ = AQAK,P’

where the inequality holds since s > 2 and v < 1. Thus we have
ol _ ___sB
Ay = Ay p+ n_%AK,P + )\5/@{} <D,

Combining the above result and (73), we have

=m8 510

2 _
||f:1,p>\_fp||m]; <n” s+ log 5

Finally, we verify the conditions on n. The first restriction on n arises from Lemma [[3]and 1922}

e When s < o — %, with A = n= Yo we require

2 2
n > K2 —|—/~€210g% VAT,

which simplifies to

S .2 9 2k

n 2 k- + k*log 5
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e Whens > a— %, with A =n" 7 , We require

B»
2k2 aB
n5n2+nzlog7\/nw,

which also reduces to
9 9 2k2
n 2 Kk° 4+ k*log 5

since s + 1 > apf.
The second restriction on n arises from Lemma[I7]
* When s < a — 4, with ¢(A) < A% and X = n~ '/, we require

s/24a

n> (W) T 2

which holds since s > 0.

] .
e Whens > o — 5, with A\ = n™ 5F+1, we require

n > ()\aqs()\))75+c¥ > n%,
which also reduces to
af(s/24+a)<(sB+1)(s+a) = a(s/24+a)<(s+1/F)(s+ ).
the latter holds since s + 1 > «/3 and s > 0.
Combining the two restrictions, so we only need that n is sufficiently large, i.e., n > ng for some

TLOZO.

Thus we complete the proof.

E.8 AUXILIARY LEMMAS

This section collects some auxiliary lemmas that are used in the proofs of the main results.
Lemma 23. Forany A > 0and a € [0, 1], there holds
/\afl ta

< su < et
PR D

Proof. In order to prove the lemma, we consider the function f(t) = ; + 1 for ¢ > 0. The derivative
of f(t) is given by
Ft) = at® Lt 4+ \) —t2 _ at® I\ — (1 —a)te

(t+N)? (t+N)?
For a = 0, we have f'(t) = (t+)\)2 < 0,50 f(t) is decreasing and sup;~q f(t) = f(0) = A*~ "
For a = 1, we have f/(t) = (H_)\)Q > 0, so f(t) is increasing and sup,;~ f(t) = lim o f(t) =

1 = A1, For the general case 0 < a < 1, we have f'(t) = 0 if and only if t* = 5
f(0) =0 and lim;—, o f(t) = 0, thus f(¢) has a maximum at ¢t* and

sup f(t) = f(t") = a*(1 —a)'~*A* 1,
t>0

Since 1/2 < a%(1 —a)!=% < 1for 0 < a < 1, thus we complete the proof. O

Lemma 24 (Cordes Inequality). Let A and B be positive bounded linear operators on a separable
Hilbert space. Then, for any 0 < 7 < 1, we have

BT < [|AB]".
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Lemma 25 (lemma E.2 in Blanchard & Kramer| (2010)). For any self-adjoint and positive semi-
definite operators A and B, if there exists some 1 € [0, 1] such that
[(A+XD)7V3HB - A)(A+A)7V2| <1 -1,

then we have i

[(A+ADY2(B+XI)"V? < —.

Vi
Lemma 26 (Lemma 12 in|Lin & Cevher|(2020a)). Let P be an orthogonal projection on a Hilbert
space H, and A, B be two self-definite positive operators on H. Then for any a,b € [0,1/2], there
holds
|A(I = P)A*| < [|A = B|*** + | BY(1 — P)BY?||***.
Lemma 27. Let H and K be two separable Hilbert spaces and S : H — K be a compact operator
with its adjoint operator S*. Then, for any piecewise continuous function f : [0, ||L||] — R™, we
have
J(SS7)S = SF(5"S)

Lemma 28 (Lemma 5.8 in|Lin et al.| (2020a))). Suppose 1 is an operator monotone index function
on [0,b], with b > 1. Then there is a constant ¢, < oo depending on b — a, such that for any pair
By, Ba, ||Bill s | B2|| < a, of non-negative self-adjoint operators on some Hilbert space, it holds,

19 (B1) = ¢ (Ba)|| < eyt ([[Br = Bel])

Moreover, there is C;z; > 0 such that

whenever 0 < A <o <a <b.

Lemma 29 (Lemma 5.9 in |Lin et al[(2020a). Let h : [0,a] — Ry be Lipschitz continuous with
constant 1 and h(0) = 0. Then for any pair By, Ba, || B1||, || B2|| < a, of non-negative self-adjoint
operators on some Hilbert space, it holds,

|h (B1) = h(B2)llgs < 1B1 — Bzl s

Lemma 30 (Bennett inequality for sum of random vectors). Let z1, ..., 2, be a sequence of i.i.d
random variables on a separable Hilbert space H, if there exists ¢, B > 0 such that

1 ~
Elz — E[2]||}, < ip!BHa{ Vp > 2, (76)
forany 0 < i <mn, then for any ¢ € (0, 1], there holds

" B 52
1 Zzz .| < 2Blog(2/6) n 2521og(2/9)
n i=1 H

n n
with probability at least 1 — 0. In particular, holds if
|zl < B/2,as. and E|z|3, < &>

Lemma 31 (Proposition 5 in Rudi & Rosasco|(2017)). Let H and K be two separable Hilbert spaces
and (v1,21), ..., (Un, 2n) € H X K for n > 1 be i.i.d. random variables such that there exists some
constant T such that ||v||y < T and ||z||% < T almost everywhere. Let Q = Bv@vand T =Ev® z
and T, = L 37" v; @ z;, then for any § € (0, 1], the following holds with probability at least 1 — 6,

n

H(QHI)A/Q(T‘T”)HHS - 47@1%(2/6) N \/4729(/\)log(2/5)

n

)

)

where Qoo (A) = sup, ey [|(Q + AI)~Y20|% and Q(\) = Tr((Q + M) ~1/2Q).

Lemma 32 (Proposition 6 in|Rudi & Rosasco|(2017)). Let vy, ..., v, be a sequence of i.i.d random
variables on a separable Hilbert spaces H such that Q = Ev ® v is trace class, and for any A\ > 0
there exists a constant Qoo (X) < 00 such that (v, (Q + M) ~'v) < Qo (X) almost everywhere. Let

Qn = %L 2?21 v; ® v;, then for any § € (0, 1], the following holds with probability at least 1 — 6,
() log(2/9) \/2QOO(A) log(2/9)

H(Q Jr/\f)*l/Q(Q —Qn)(Q Jr)\[)fl/zH < 20

n n
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F NUMERICAL EXPERIMENTS

In this section, we provide some simulated examples to illustrate our theoretical findings and real-
world applications to demonstrate the effectiveness of SARP.

F.1 SIMULATED EXAMPLES

Our aim is to verify the optimal rates of SARP derived in Corollary 2] We consider three types of
spectral algorithms:

(1) Kernel Ridge Regression (KRR) with gy (t) = (t + A)"tand 7 = 1;
(2) Gradient Flow (GF) with gy (t) = t~*(1 — e~*/*) and 7 being any positive number;
(3) Spectral Cut-off (SC) with g, (t) = t’lﬂ[fz »] and 7 being any positive number.

For the simulation setup, we suppose the input space X = [0, 1] and the marginal distribution py is
uniform on X. The kernel function is chosen as
K(z,2") = min{x, 2’}

As introduced in Example 3 of Section[C.3] the corresponding RKHS is the first order Sobolev space
#1([0, 1]) with the corresponding eigenfunction-eigenvalue pairs given by

. (2k=1)mx 2 2
= — > 1.
ek(a:) = \/ism 5 , Mk 2k —1) , Vk >

It is easy to verify that Assumption 2]holds with § = 2, and Section[C.3|has shown that the RKHS is
benign with « = 1/ = 0.5 since the eigenfunctions are uniformly bounded. We set the regression

function as
— 1
x) = Z Terosek(@
k=1
for some s > 0. The output y is generated by the following model

Yy = fp(x)"_6

where ¢ follows the standard Gaussian distribution.

We investigate two distinct scenarios: a mis-specified case with s = 0.5 and two well-specified
cases with s = 1.5 and s = 2.5. For each scenario, we vary the training sample size n across 10
values evenly from {1000, 2000, . ..,10000}. The regularization parameter is set according to the

theoretical optimal form A = C'n~ 5+1. For each generated dataset, we perform a grid search of
10 values for C' from 1077 to 10%. We select the value of C' that gives the smallest error on an
independent validation set and then report the corresponding performance. For the random projection
methods, we use Gaussian sketching (GAU), ROS sketching (ROS), Nystrom with uniform sampling
(Ny-plain), and Nystrom with approximate leverage scores (Ny-ALS) (Rudi et al.,[2018). For each
scenario, we select the projection dimension m based on the theoretical requirements outlined in
Corollary 2] Here we fix m as the smallest integer that satisfies the conditions in Corollary [2] for
different (n, s, 8,7, ) values. We further investigate the effect of projection dimension m on the
performance of SARP in the real applications in next section.

Suppose the solution of SARP is f,, = 3" | a;K(x;,-), then learning rates || f,*, — fp||[2H]w can
be computed as
2

(2} a; Zukek (xi)er — ; ksio.56k>
i — = p
2
= Z (Nk Zazek ;) ksio o) m
k=1
s n 2
Z (Z aiek(:c,-) — /kai-i-05> ,UJi_'V.

k=1 \i=1

=
g

— Folltgy = WLRE £~ foll, =
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Figure 2: Log empirical learning rates of SARP with different spectral algorithms and projection
methods for the mis-specified case when s = 0.5. The dashed lines represent the theoretical slopes.
From left to right, the columns correspond to GAU, ROS, Ny-plain, and Ny-ALS, respectively. From
top to bottom, the rows correspond to KRR, GF, and SC, respectively. The red, blue, and green lines
represent the learning rates with v = 0, 0.2, 0.4, respectively.

In this paper, we use the following truncation to approximate the learning rate

2
T n
1

2
ILfaPy = Follthgy = > aier(x;) — k0 | Hi I (7"

k=1 \i=1
Here we set T = 10000. For the mis-specified case where s = 0.5, we evaluate the soblev
learning rates using v € {0,0.2,0.4}; for the well-specified case (s = 1.5 and s = 2.5), we use

v € {0,0.4,1}. The theoretical slope for the true learning rate is given by — (‘Zgz)f . To empirically
validate the learning rates derived in Corollary 2} we plot the test error against the training sample

size n on a log-log scale. All the results are averaged over 50 independent trials.

As shown in Figure and[4] the empirical learning rates of SARP align well with the theoretical
findings in Corollar;%@or both mis-specified and well-specified cases. Since the theoretical learning
rates are independent of the choice of spectral algorithms and projection methods once the number of
projection dimensions is chosen optimally, the empirical results also exhibit this consistency. For
different Sobolev norms, we can see that the learning curves flatten as -y increases, and the L% ,, error
with v = 0 converges the fastest, which is consistent with our theoretical findings.

We note that the regression function f, is not uniformly bounded when s = 0.5. Indeed, for
k=4a+1,a € Z, we have e;(1/2) = 1, which implies

fp(l/Q) = kZ:l Eek(l/Q) > ; m = Q.

This example illustrates that the assumption of uniform boundedness of f, is not necessary for
deriving the optimal learning rates of SARP.
Remark 7. In real applications, where the parameters B and s are unknown, one can choose both \

and m by grid search on an independent validation set or by cross-validation. This type of tuning
procedure is standard in the kernel methods and random projection literature (Rudi et al| 2013} [Yang

leral] 2OT7).
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Figure 3: Log empirical learning rates of SARP with different spectral algorithms and projection
methods for the well-specified case when s = 1.5. The dashed lines represent the theoretical slopes.
From left to right, the columns correspond to GAU, ROS, Ny-plain, and Ny-ALS, respectively. From
top to bottom, the rows correspond to KRR, GF, and SC, respectively. The red, blue, and green lines
represent the learning rates with v = 0, 0.4, 1, respectively.
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Figure 4: Log empirical learning rates of SARP with different spectral algorithms and projection
methods for the well-specified case when s = 2.5. The dashed lines represent the theoretical slopes.
From left to right, the columns correspond to GAU, ROS, Ny-plain, and Ny-ALS, respectively. From
top to bottom, the rows correspond to KRR, GF, and SC, respectively. The red, blue, and green lines
represent the learning rates with v = 0, 0.4, 1, respectively.
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F.2 REAL APPLICATIONS

In this section, we apply SARP to two real-world datasets from the UCI repository: the Handwritten
Digits USPS datasetEIp and the cpusmall datasetﬂ. The USPS dataset contains 7291 training and 2007
test images of size 16 x 16 pixels, while the cpusmall dataset consists of 8192 samples with 12 CPU
characteristic features, where the target variable represents the percentage of time that CPUSs run in
user mode. For both datasets, we randomly select 80% of the samples for training and the remaining
20% for testing. Note that the USPS dataset corresponds to a classification task, whereas the cpusmall
dataset corresponds to a regression task.

We implement SARP using a Gaussian RBF kernel with bandwidth 24, combined with KRR, GF, and
SC as the spectral algorithms, and GAU, ROS, Ny-plain, and Ny-ALS as the projection methods. The
regularization parameter \ is chosen from 107%,107°,... 10 via the NNI t001b0xE|. The projection
dimension m is varied over 20, 50, 100, 200, 300, 400, 500. For each combination of (A, m), we run
SARP independently 20 times and report the average performance. Classification error rate is used as
the evaluation metric for the USPS dataset, while mean squared error (MSE) is used for the cpusmall
dataset.

Figure [3] illustrates the performance of SARP with different spectral algorithms and projection
methods on the USPS and cpusmall datasets. The results show that as the projection dimension
m increases, SARP’s performance improves across all combinations of spectral algorithms and
projection methods. Notably, when m reaches 600, SARP achieves stable performance, demonstrating
its ability to reduce computational costs while maintaining high accuracy. Among the various
projection methods, the sketching methods (GAU and ROS) and Nystrom methods (Ny-plain and
Ny-ALS) exhibit comparable performance, with no significant difference between the two types.
However, Ny-ALS performs slightly better than Ny-plain, which aligns with our theoretical findings
that Ny-ALS requires a smaller projection dimension than Ny-plain to achieve optimal learning rates.
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50 100 200 400 600 800 1000 50 100 200 400 600 800 1000 50 100 200 400 600 800 1000
m m m

KRR, cpusmall GM, cpusmall SC, cpusmall
3% 3% 3%
0 %% EY #% EY %
2 2 2
@ @ ]
£ £ £
15 15 15
10 10 10
5
50 100 200 400 600 800 1000 50 100 200 400 600 800 1000 50 100 200 400 600 800 1000
m m m

Figure 5: Performance of SARP with different spectral algorithms and projection methods on the
USPS and cpusmall datasets. The top and bottom rows correspond to the USPS and cpusmall datasets,
respectively. The Left and right columns correspond to KRR, GF, and SC, respectively. The red, blue,
green, and gray lines represent the performance of SARP with GAU, ROS, Ny-plain, and Ny-ALS,
respectively.

"nttps://www.kaggle.com/datasets/bistaumanga/usps-dataset/data

nttps://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/regression.
html

“https://github.com/microsoft/nni
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