A Tale of Two Learning Algorithms:
Multiple Stream Random Walk and Asynchronous Gossip

Abstract

We investigate the relative performance of gos-
sip and random walk-based decentralized learn-
ing algorithms across varying network topolo-
gies and data heterogeneities. To this end, we
introduce “Multi-Walk,” an asynchronous multi-
stream random walk algorithm, and comprehen-
sively compare its convergence against “Asyn-
chronous Gossip” in terms of computational itera-
tions, wall-clock time, and communication over-
head. Our analysis demonstrates that Multi-Walk
achieves superior iteration convergence in large-
diameter graphs and consistently lower commu-
nication costs, except within small-diameter net-
works experiencing extreme data heterogeneity.
Furthermore, both methods exhibit linear wall-
clock speedups relative to the number of con-
current computations. These findings elucidate
the inherent performance trade-offs between the
two approaches, offering guidance on algorithm
selection based on structural and distributional
network conditions. Our codes are available for
reproducibility.

1. Introduction

Decentralized learning is emerging as a crucial enabler for
distributed intelligence in Next-Generation (NextG) wire-
less networks, such as 6G and edge computing systems. It
mitigates traditional federated learning limitations, such as
centralized communication bottlenecks and single points of
failure (Tsitsiklis, 1984; Nedi¢ & Ozdaglar, 2009; McMahan
et al., 2023). While its two prominent paradigms, gossip and
random walk-based algorithms, have been extensively stud-
ied (Boyd et al., 2006; Lian et al., 2017; Koloskova et al.,
2019; Bertsekas, 1997; Ayache & Rouayheb, 2020; Sun
et al., 2018; Needell et al., 2015), their relative performance
across the varying graph topologies and data heterogeneities
characteristic of dynamic wireless environments remains
unclear. This work addresses this gap by comprehensively
comparing their convergence rates, communication costs,
and computational overheads, directly tackling the resource
constraints of NextG systems.

Gossip algorithms advocate that nodes in a network itera-
tively update their models with Stochastic Gradient Descent

(SGD) (Robbins, 1951; Bottou et al., 2018) and exchange
the updated models with their neighbors, leading to global
consensus over time. Gossip can employ synchronous com-
munication (Lian et al., 2017; Koloskova et al., 2020), where
nodes must wait for all nodes to update their model in each
round. However, in heterogeneous wireless networks with
straggler nodes or varying computation speeds (Kairouz
et al., 2021), synchronous gossip results in significant idle
times for fast nodes and creates bottlenecks (Chen et al.,
2017). Asynchronous gossip algorithms (Baudet, 1978; Tsit-
siklis et al., 1984; Recht et al., 2011) have been developed
to leverage resources more effectively, allowing nodes to
compute gradients using a stale model and communicate
in an asynchronous manner, thereby eliminating the need
to wait for all nodes (Lian et al., 2018; Nabli et al., 2023;
Nadiradze et al., 2022; Bornstein et al., 2022; Even et al.,
2024). Nevertheless, in both synchronous and asynchronous
cases, gossip incurs high communication costs due to fre-
quent, concurrent message exchanges among nodes, a major
drawback for bandwidth-limited wireless links. The random
walk-based learning algorithms suggest that one node at a
time updates a model with its local data. The node then ran-
domly selects a neighbor and sends the updated model to it.
This neighbor becomes the next activated node and updates
the model using its own local data. This process repeats
until convergence. Random walk-based algorithms (Ayache
& Rouayheb, 2020; Sun et al., 2018; Needell et al., 2015)
are typically single stream, i.e., only one node updates the
model at any given time, which leads to slow convergence.
To evaluate these algorithmic trade-offs across diverse net-
work conditions, our primary contributions are as follows:

Design of Multi-Walk. We introduce Multi-Walk, the first
completely asynchronous, multi-stream random walk-based
learning algorithm. By adjusting the number of walks, it
enables a flexible trade-off between convergence speed and
resource utilization, a critical capability for adaptive NextG
deployments. Furthermore, we demonstrate that this ap-
proach achieves a linear speedup relative to the number of
parallel streams.

Comprehensive analysis. We conduct an in-depth analy-
sis of Multi-Walk and Asynchronous Gossip, comparing
their convergence w.r.t iterations, wall-clock time, and com-
munication overhead. Our results reveal a distinct struc-
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tural and distributional trade-off: Multi-Walk excels in it-
eration complexity on large-diameter graphs with homo-
geneous data, whereas Asynchronous Gossip outperforms
for small-diameter, highly non-iid networks. Additionally,
while Asynchronous Gossip achieves a linear wall-clock
speedup relative to the number of nodes, Multi-Walk con-
sistently requires less communication overhead, except in
small-diameter topologies with extreme data heterogeneity.

Empirical validation. We conduct experiments to validate
our theoretical findings on the structural and distributional
trade-offs of each algorithm. Overall, the experiments pro-
vide valuable insights into the performance trade-offs be-
tween gossip and random walk-based decentralized learning
algorithms, offering guidance on algorithm selection for
communication-restricted environments.

2. Related Work

Decentralized optimization algorithms typically utilize
gossip-based mixing to propagate updates (Tsitsiklis, 1984;
Nedi¢ & Ozdaglar, 2009; Duchi et al., 2012; Yuan et al.,
2015; Gholami & Seferoglu, 2024; Xiao & Boyd, 2003; Lian
et al., 2017; Koloskova et al., 2020), inherently incurring a
substantial communication overhead. While asynchronous
techniques from federated learning (Agarwal & Duchi,
2011; Lian et al., 2015; Zheng et al., 2016; Feyzmahdavian
& Johansson, 2021; Mishchenko et al., 2022; Koloskova
et al., 2022) address synchronization bottlenecks, their de-
centralized extensions often rely on synchronous computa-
tion steps Assran & Rabbat (2021), neglect system delays
(Nadiradze et al., 2022; Bornstein et al., 2022; Nabli et al.,
2023), or use continuous communication loops that preclude
theoretical overhead analysis Even et al. (2024). To bench-
mark Multi-Walk, we adopt the prominent asynchronous
method AD-PSGD Lian et al. (2018) as Asynchronous Gos-
sip. Furthermore, we strengthen its theoretical foundation
with a comprehensive convergence proof that relaxes origi-
nal assumptions regarding bounded computation delays and
minimum iteration thresholds.

Alternatively, random walk-based approaches (Ayache &
Rouayheb, 2020) typically utilize single-walk methods akin
to SGD data sampling (Sun et al., 2018; Needell et al.,
2015). However, existing analyses of multiple walks are
often confined to convex settings, demand impractical full
gradient computations, and rely on centralized synchroniza-
tion Hendrikx (2023). To overcome these limitations, we
introduce Multi-Walk, the first completely asynchronous,
multi-stream random walk-based learning algorithm.

3. Setup and Algorithm Design

We model the underlying network topology with a
connected graph G = (V, £), where V is the set of vertices
(nodes) and & is the set edges. The vertex set contains
V nodes, i.e, |V| = V. If node 7 is connected to node j

Algorithm 1 Asynchronous Multi-Walk with R walks

1: Start walk r at node » — 1, which sets x; = xo, where r €
{1,...,R}.

: Node 0 initializes {u"},cq1,...,ry With Xo.
. Set ! = 1, which is the last walk that visited Node 0.
cfort=0to7T — 1do

if Node v, finishes the calculation of VF,, (x;* ., &) at
point Xz”—n’ which was transmitted to node v; by one of its
neighbors via walk r; then iteration ¢ is started and node v
executes lines 6-12.

AN S S

6 Xyt =%, —mVEy, (xit . &)

7 if v; = 0 then

8: Xih, = ul + F(xphy —u).

9 ut =%y

10 L=

11: Choose the next node based on matrix P.
12: Send x;j_l to the next node via walk 7.

through a communication link, then {i,j} is in the edge
set, i.e., {i,j} € E. The set of the nodes that node i is
connected to and can transmit data is called the neighbors
of node ¢, and the neighbor set of node ¢ is denoted
by N;. Assume that the nodes in the network jointly
minimize a d-dimensional function f : R? — R. The
goal is to solve optimization problems where the elements
of the objective function (i.e., the data used in machine
learning tasks) are distributed across different nodes,
minxeRd [f(X) = % Zvev [fv (X) = EENDv Fv(xvf)]] :

F,(x,€) : R% — Ris the loss function of x associated with
data sample ¢ at node v. The loss function on local dataset
D, atnode v is f,(x). We provide a table of notations in
App. A.

Asynchronous Multi-Walk. Our novel Multi-Walk algo-
rithm considers the standard asynchronous SGD for model
updates. To achieve consensus, communication is performed
using multiple walks. Multi-Walk algorithm is summarized
in Algorithm 1. First, we assume that there are R walks over
the graph, where R < V. Without loss of generality, we
initialize walk r at node r — 1 by setting xi = Xo, where
r € {1,..., R}. xg is the global initial model. These nodes
start computing the stochastic gradient at x( using their
local data. In order to mix the information among walks,
we consider a dedicated node that we assume to be Node 0
without loss of generality.! We also define {u"}reqr,... R}
where u” is a copy of walk r’s model at the most recent
instance when that walk was at Node 0. At Node 0, we
initialize {u" },e(1,....ry With xo that will be used in the
mixing. Assume that [ is the last walk that visited node
Node 0, and [ is initialized with 1, i.e., [ = 1. Throughout
the algorithm, each node receiving a model via a walk com-
putes its gradient at its own pace, using its local data and the
received model. On line 5, once a node (denoted as v;) com-

'We note that Node 0 may become unavailable or fail due to
underlying network conditions. This is addressed in Section 5.
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Figure 1: Example of MW in a 3-node network with R = 2.
Algorithm 2 Asynchronous Gossip (AD-PSGD)

1: Initialize local models x; = Xo in all nodes. All nodes start
computing the stochastic gradient.

2: fort =0toT — 1do

3: Node v; is randomly sampled from all nodes.

4: if Node v; finishes computing the gradient at point x;” _,
ie, VFy, (x;* ., &) then iteration ¢ is started. Node v, exe-
cutes lines 5-7.

5 X:_t,'_l =x;" =V, (x}L o0 &t)-
6: Xit1 = Dien pmle (gossip averaging for all
v 2

v € V based on mixing matrix P)
7 Start computing gradient at point x} ;.

pletes computing the gradient using the model received via
walk r, iteration ¢ is started. This model was last updated at
iteration t — 7, by a neighbor of v, or corresponds to the ini-
tial model xy. We note that only one gradient computation
completion event happens in each iteration. On line 6, node
vy incorporates the computed gradient to update the model
using the step size 7;. Note that communicating the model
of walk 7, to node v; and computing the gradient takes ¢
iterations. Now, if v; is Node 0, we need to mix the current
walk, r;, with other walks. This is done in lines 8-10. On
line 8, we incorporate the newly introduced updates of walk
¢, ie., (xj%; — u"*), which have not been mixed before,
into the latest model (u') with a weight of %. We update the
last applied model of walk 7, (u"*) and the latest walk (/) on
lines 9 and 10. Finally, node v; chooses the next node based
on the transition matrix P and sends the model. We note that
P is the transition matrix of a Markov chain, representing
each walk, where p;; in row ¢ and column j of P denotes
the probability of choosing the next node as j given that
the current node is ¢. Figure 1 depicts the operation of the
Multi-Walk algorithm on a 3-node network employing two
parallel walks (R = 2). Furthermore, the diagram visualizes
the sequence of iterations over real time.

Asynchronous Gossip Algorithm. Based on Lian et al.
(2018)?, Algorithm 2 allows all nodes to compute gra-
dients asynchronously. At iteration ¢, a randomly se-
lected node v; completes its delayed gradient computation
VE,,(x¢*,,,&t), evaluated at a stale model x;* . Node vy
then updates its current model x;* using learning rate 7,
followed immediately by a gossip averaging step according

to a mixing matrix P (with averaging weights p; ;). Finally,

*We use Asynchronous Gossip and AD-PSGD interchangeably.

node v, initiates its next gradient computation at the updated

: v
pomt x4 .

4. Convergence Analysis
We use the following standard assumptions in our analysis:

fo(x) is differentiable and its

IV fuly) —

1. Smooth local loss.
gradient is L-Lipschitz for v € V), i.e,
Vi) < Ly —x[l, vx,y € R%

2. Bounded local variance. The variance of the stochastic
gradient is bounded forv € V, i.e., E¢up, w(x,6)—
va(x)Hz <o’

3. Bounded diversity. The diversity of the local loss
functions are bounded for v € V, ie., |Vfy(x) —
VII? < ¢

4. Transition (mixing) matrix. In Algorithm 1, P is the
transition matrix of an irreducible and aperiodic Markov
chain, representing each walk. In Algorithm 2, it de-
fines the mixing step of the gossip averaging. Matrix
P is doubly stochastic (P1 = 1, 1TP = 17) and the
spectral gaps of PP and P are denoted by p and p/,
respectively.

4.1. Convergence rate w.r.t iterations

Theorem 4.1. Multi-Walk. Let assumptions 1-4 hold,
with a constant and small enough learning rate n (poten-
tially dependmg on T), after T iterations of Algorithm 1,
+ 30 BIIVF(x()|? is

o2 L H2¢2
O(FLfH+ /D +(FLRWT+7HC)2) ()

where F = f(xo) — f*, and H? is the second moment
of the first return time to Node O for the Markov chain
representing each walk.? (]
Theorem 4.2. Asynchronous Gossip. Let assumptions 1-
4 hold, with a constant and small enough learning rate 7
( potentlally dependzng onT), after T iterations of Algorithm

2 35 BV s F
FLV et
oot + L CEE )

where F := f(xq) — f*. O
The proofs are in APP. B and APP. C. The dominant term

in both (1) and (2) is identically given by / ZXZ ) Fo.

cusing on the next most significant term for comparison,

FLR\/Vo2+H2(2

m\m

in (1), this term is given by ( T )3, whereas
FLV,[224& |
in (2), it is (——%——)3. Note that (1) includes a non-

dominating term that describes the rate at which walks con-
verge to their steady state. This term is related to the spectral

3Specifically, H> = E[h?] denotes the second moment of the
first return time, h = min{ k > 1: X; = 0 | Xo = 0}, which
measures the number of steps required for a walk’s Markov chain
to return to Node 0.
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Table 1: Analysis in total transmitted bits (B).

ALGORITHM CONVERGENCE RATE COMP-COST
FLRH Re?2 FLm(o24¢2 FLRmA/Vo24+H2(2 |2 B

MULTI-WALK (9( Hm | B+ (B )4 A4 )3 e(2)
FLVm|Plo FLm|P|o(c2+¢?) FLV’"”"“W%*;% 2 B

ASYNCHRONOUS GOSSIP (’)( B + B + ( 5 )3) O(m7815)
Table 2: Analysis in wall-clock time (7).

ALGORITHM CONVERGENCE RATE CoMM-coST  COMP-COST

FLHd 2d FLd(02+¢2 FLd\/02V+(2H?\ 2 ZR ZR
MULTI-WALK O(T+iﬁ+ (RZ ) + ( — )3 o(=5") o(5)

ASYNCHRONOUS GOSSIP ©(ZYmIPlo ) O(Zf)

22 ¢2
FLd(02+¢2 FLd\[ %425 o
O(% + (VZ ) +( 78

gap of P, represented by p’. In the following, we compare
the dominant terms in the convergence rates of both algo-
rithms in different settings.

Homogeneous Data Distribution. In iid setting (¢ = 0),
the differentiating factor in the second dominant term of the
convergence rate is % for Asynchronous Gossip and Rv/V
for Multi-Walk. Specifically, Multi-Walk achieves faster it-
eration convergence on graphs where p = O(%), whereas
Asynchronous Gossip converges faster when p = Q(%)
Notably, the network topology does not affect the perfor-
mance of Multi-Walk in the iid setting; its convergence
depends solely on the number of nodes and walks. Table 3
(Appendix G) compares the convergence rates and communi-
cation overheads of both algorithms across three topologies:
cycle, 2D-torus, and complete graphs. As shown, Multi-
Walk consistently outperforms Asynchronous Gossip across
all three topologies, provided R is not excessively large for
the complete graph.

Heterogeneous Data Distribution. In non-iid setting, the
parameter (2 is scaled by a factor of H? for Multi-Walk
and p? for Asynchronous Gossip. We formally derive H?>
for both cycle and complete topologies using a Metropolis-
Hastings transition matrix in Appendix E, and we summa-
rize the theoretical comparison in Table 4 (Appendix G). As
demonstrated in the table, Multi-Walk consistently achieves
faster iteration convergence on cycle topologies. However,
this advantage diminishes on networks with smaller diame-
ters under high data heterogeneity.

4.2. Convergence rate w.r.t transmitted bits

Assume the model size is m bits. Each iteration of Algo-
rithm 1 and 2 communicates one and ||P ||, models, respec-
tively. ||P|lo denote the number of non-zero elements of
mixing matrix P.

Corollary 4.3. Under the condition of Theorem 4.1, 4.2, we
get the convergence rate of Algorithm 1, and 2 as shown in
Table 1 where B represents total transmitted bits.

The dominating term here is 4/ %2“2) for Multi-Walk

and \/%‘W for Asynchronous Gossip. Thus,
we observe that Multi-Walk outperforms Asynchronous
Gossip in terms of transmitted bits when the second dom-
inating term is not comparable in magnitude. Intuitively,
in every model transmission, Multi-Walk executes approx-
imately one computation per model transmission, while
Asynchronous Gossip performs ||P||p model transmissions
per computation. Therefore, Multi-Walk is a better choice
when there is a restriction on the amount of communicated
bits. In the extreme noniid regime (large (), the second domi-
nant term is proportional to H2(? for Multi-Walk, compared
to g—i for Asynchronous Gossip. This suggests that Asyn-
chronous Gossip is advantageous in highly non-iid settings
with small graph diameters. In the extreme non-iid case, the
second term becomes comparable to the leading term, and
in small-diameter graphs, this term specifically favors Asyn-
chronous Gossip. Taking a complete graph as an example,
the terms simplify to V2¢2 for Multi-Walk versus ¢2 for
Asynchronous Gossip, a difference that significantly favors
Asynchronous Gossip in such settings.

4.3. Convergence rate w.r.t wall-clock time

To evaluate convergence in terms of real time, let d denote
the average computation and communication delay in the
network per iteration (i.e., a single walk step in Algorithm 1
or a local update and gossip step in Algorithm 2).

Corollary 4.4. Under the condition of Theorem 4.1, 4.2, we
get the convergence rate of Algorithms I and 2 as shown in
Table 2 where Z represents wall-clock time.

The proof is in Appendix F.The dominating term here is

/ FLd(02+¢?) : [ FLd(02+(2)
——p57—— for Multi-Walk and |/ —=,——" for Asyn-

chronous Gossip. This highlights the advantage of Asyn-
chronous Gossip when considering real-time performance.

5. Resilience of Multi-Walk against Node
Failures

In Multi-Walk, node failures do not disrupt the system unless
the node is actively processing a walk, which results in the
loss of that specific walk’s information, a straightforward ex-
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Figure 2: Training loss of ResNet-20 on Cifar-10 on a 20-node graph with different topologies for a = 1.0.

tension of the single-walk failure model (Egger et al., 2024).
Furthermore, Node 0 is not a single point of failure; since
all active streams maintain a valid, albeit slightly outdated,
copy of the global model, any other node can seamlessly
take the role of Node 0 to resume the aggregation process.
To monitor Node 0 liveness, nodes exchange periodic heart-
beat signals. Upon detecting a failure, nodes communicate
resource metrics (e.g., bandwidth, memory, compute capac-
ity) with their one-hop neighbors to collaboratively elect an
optimal replacement. The newly elected Node 0 initializes
its local copies {ur}re{l,..., R} using parameters from the ar-
riving walks, allowing the Multi-Walk algorithm to resume.
Because Node 0 failures inevitably impact overall conver-
gence time, we next analyze the algorithmic convergence
behavior under such failure and recovery scenarios.

Let us assume there are E failures throughout the learning
process, corresponding to 2 4 1 different Node 0 selected
until convergence. Let H? be the second moment of the
first return time to Node 0 chosen after the ¢-th failure. As-
sumption 4 concerning the transition matrix must hold after
each failure. Accordingly, we define p as the spectral gap
of the transition matrix P after the ¢-th failure, which may
involve changes to the network topology. For this analysis,
we assume that failures do not alter the global loss function
and that no streams are lost.

Theorem 5.1. Multi-Walk with Node O failures. Let as-
sumptions 1-4 hold, with a constant and small enough
learning rate n (potentially depending on T), after
T iterations of Algorithm 1 with E Node 0 failures,
L BV is

2 o24(2
O(FLRE;naxq, Hi ZzE:o IJZCT I [FL( T+< ) 3)

n (FLR\/EVUQ—;EQCQ max; H2 )5) ’

where F := f(xq) — f*.

The proof is in App. D. (3) demonstrates that Multi-Walk
guarantees convergence to a stationary point despite Node
0 failures. However, these failures inherently degrade the
convergence rate due to information loss and recovery time,
an impact mathematically reflected by the penalty terms

E max; H;, the summation ZZ.EZO(-), and E? max; H?.

6. Experiments

We empirically validate our theoretical findings by first ana-
lyzing the effects of network topology and data heterogene-

ity on convergence (Sections 6.1 and 6.2). We then evaluate
the communication efficiency of Multi-Walk during an LLM
fine-tuning task (Section 6.3), and finally demonstrate its
resilience against Node 0 failures (Section 6.4).

We use two machine learning tasks: (i) Image classifica-
tion on CIFAR-10 (Krizhevsky, 2009) using ResNet-20 (He
et al., 2015); and (ii) LLM fine-tuning of OPT-125M (Zhang
et al., 2022) as a large language model on the Multi-Genre
Natural Language Inference (MultiNLI) corpus (Williams
et al., 2018). We repeat each experiment 10 times and
present the error bars associated with the randomness of the
optimization. In every figure, we include the average and
standard deviation error bars. In the figures, we use “MW”
as an abbreviation for MW. We have conducted the exper-
iments on the National Resource Platform (NRP) (NRP)
cluster. Detailed experimental results are provided in App.
H. We use the Dirichlet distribution to create disjoint non-iid
nodes (Lin et al., 2021). The degree of data heterogeneity
is controlled by the distribution parameter «; the smaller «
is, the more likely the nodes hold examples from only one
class.

6.1. Homogeneous data distribution

Figure 8 presents the training loss of the image classification
task in a graph of 20 nodes. We consider three topologies of
cycle, complete, and Erdés—Rényi with connection proba-
bility of each pair of nodes being 0.3. The noniid-ness level
for this experiment is set to & = 1. We observe in Figure 8a
(large diamater) that the convergence rate w.r.t iterations in
cycle topology is faster for MW, regardless of the number
of walks (R). On the other hand, when we decrease the di-
ameter of the topology in Figure 8b (complete graph) and 8c
(Erd6s—Rényi 0.3), we observe that MW is superior as long
as R is not very large (15 walks). These result are consistent
with our theoretical result in section 4.

6.2. Heterogeneous data distribution

In Figure 3, we present the experimental results for the cy-
cle and Erd6s—Rényi (0.3) topologies in an extreme non-iid
setting (o = 0.1). In the cycle topology (which is character-
ized by a large diameter), MW remains faster in terms of
both iterations (Figure 3a) and transmitted bits (Figure 3c),
while successfully closing the gap in terms of wall-clock
time (Figure 3b). However, MW is no longer superior in
the small-diameter graph of Erdés—Rényi (0.3) under the
extreme noniid scenario. This result is expected based on
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the theoretical bounds presented in section 4. In the conver-
gence rate of MW, the heterogeneity term (2 is scaled by
H?, whereas in Asynchronous Gossip, it is scaled by 1/p?.
In small-diameter graphs (e.g., complete graph), we have
H? = O(V?) and p = 1, meaning the impact of noniid data
on MW (O(V?)) is far more severe than on Asynchronous
Gossip (O(1)). This confirms the degradation observed
in our experiments. On the other hand, in large-diameter
graphs like the cycle topology, we have H? = O(V?) and
p = ©(1/V?) (implying 1/p?> = O(V*?)). Consequently,
the impact of heterogeneity scales better for MW (O(V3))
compared to Asynchronous Gossip (O(V*?)), explaining
why MW retains its advantage in this setting.

6.3. Communication restricted settings

Fine-tuning large models like OPT-125M on MultiNLI dras-
tically increases the per-round communication payload to
500 MB, compared to just 1.08 MB for smaller models
like ResNet-20. As illustrated in Figure 4 for a 20-node
Erd6s—Rényi (0.3) graph, this increased size significantly
impacts the total communication overhead. Consequently,
Figure 4a demonstrates that MW requires only ~ 50 GB to
converge, whereas Asynchronous Gossip consumes ~ 600
GB. Furthermore, MW achieves faster wall-clock conver-
gence (Figure 4b). Although Asynchronous Gossip theoreti-
cally benefits from a linear speedup with more active nodes,
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Figure 5: Convergence behavior with two Node 0 failures.

its high volume of concurrent communications creates se-
vere network congestion for large models. This congestion
increases the average system delay (d), ultimately slow-
ing down Asynchronous Gossip and highlighting MW as
a highly promising solution for communication-restricted
environments.

6.4. Resilience

As illustrated in Figure 5, ResNet-20 training on CIFAR-
10 over a 20-node Erdés—Rényi (0.3) graph successfully
converges despite two Node 0 failures (at 300s and 600s,
indicated by gray dashed lines). Because the Node 0 pri-
marily integrates information from individual walks, which
inherently retain core model data, its loss minimally im-
pacts the overall convergence rate. While Asynchronous
Gossip demonstrates nearly identical resilience under the
same failure sequence, it is important to note that losing
nodes permanently removes their associated data partitions.
This effectively alters the global objective function, causing
the model to converge to a slightly different solution.

7. Conclusion

We presented a comprehensive analysis comparing gossip
and random walk-based decentralized learning algorithms.
Our findings reveal clear structural trade-offs that are crucial
for the resource constraints of NextG systems.
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A. Notation Table

G = (V,&) | The graph representing the network

V Number of nodes

D, Local dataset at node v

F,(x,§) Loss function of x associated with the data sample £ at node v

f(x) Global loss function of model x

fo(x) Local loss function of model x on local dataset D,, at node v

Iz Minyepa f(X)

X0 Initial model

T Total number of iterations

i Learning rate at iteration ¢

X} Model of walk r at iteration ¢ in MW Algorithm

xy Local model of node v at iteration ¢ in Asynchronous Gossip Algorithm

u” A copy of the model of walk r at the most recent instance when that walk was at Node 0 in MW
Algorithm; to be kept at Node 0

l The index of the latest walk visited Node 0 in MW Algorithm

P The transition matrix of each walk in MW, and in Asynchronous Gossip, it defines the mixing step of the
gossip process

Dij The element in row % and column j of P

P The spectral gap of PTP

P’ The spectral gap of P

m Model size in bits

B Total transmitted bits

A Wall-clock time

L fu(x)’s gradient is L-Lipschitz

o? Upper Bound for local variance

¢? Upper Bound for diversity

F f(xo) = [~

H? The second moment of the first return time to Node 0 for the Markov chain representing each walk

a The degree of noniid-ness in the Dirichlet distribution is used to create disjoint noniid nodes; smaller
values indicate a higher level of noniid-ness
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B. Proof of Theorem 4.1

Motivated by (Stich, 2019), a virtual sequence {X; };> is defined as follows.
< _ s Ui -
X4l = Xg — EVFW (%t &1t ) 4

where we define 7; as the delay with which the gradient of the corresponding point (x;*) will be computed. If we denote
t' =t + 74, then it holds that ¢’ — 7., = ¢. We do not need to calculate this sequence in the algorithm explicitly and it is only
used for the sake of analysis.

First, we illustrate how the virtual sequence, {X;};>0, approaches to the optimal. Second, we depict that there is a little
deviation from the virtual sequence in the actual iterates, x;*. Finally, the convergence rate is proved.

Lemma B.1 (Descent Lemma for Multi-Walk). Under Assumptions 1, 2, 3, and learning rate n < 6%, it holds that

. oy r 2cn) 1 SnPL? nL? oo,
E f(Xi41) < f(%e) — EHVf(Xt’)H2 + f@(l —p)? 7Tl 4+ SR (®+¢%) + ﬁ”xt —x;t?, (5)
where Tr, = {t/ <t:ry =ri}.
Proof. Based on the definition of X; and L-smoothness of f(x) we have
FReir) = F(&e = V(5" Ervr) ©)
o7 - re L re 2
< f&e) + (Ve =VE (347, 640)) + 5z IV F, (51 e )1 0
Lets take expectation of the second term on the right-hand side of (7).
LE(VI(), ~VF,, (5, €r7,) ®)
= B0 Ee,, (VF(R), ~VE, (%", €47 ©)
= S B (VI (%), =V fo, (x) (10)
= F (V). ~ By, Vi, (x) (i
= (V&) =V () + VICG) = Eo, Vo (x71) (12)
= & (VI (), ~VI0)) 5 (V) VICG) — Boy Vi, (5)1)) (3)
=T =:T5
We estimate 77 and 75 separately.
1 b 2 1 T\ (|12 1 S T\ |2
T = S IV I G~ SIVAI? + 51V S Gee) — VA (14)

‘We also obtain
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Ty < SIVFGI + 5 B, [V 0 (657) — A< I (15)
= JIVFGI + 5 ZPt (Vs (657) = Fx51) P 16
= f||Vf ol” + || Z (P = m0) (Vo (') = f(x;) | (17)
1 1 (< ’
< SIVAGIP + 5 (Z 1P IV, (57) - f(xm) as)
1 1 UZlV ’
< SIVFGE)IP +5¢ (2_:1 Py = m) (19)
< LIVFGIP + 3¢ @1P — 7lrv)? o)
< SIVFEI? +2667(1 — p'yT, an

where (15) is based on the fact that for any A > 0,
2, Lo
2{a,b) < Allall” + S ol" (22)

P! shows the probability of being at node v at iteration ¢ and 7, is the steady state distribution of node v. In (20) we have
used the fact that the total variation distance between two probability distributions ; and v on X satisfies

= vl = 5 3 lnw) = v(@)] 23)

reX

(21) is based on the following well-known bound on the mixing time for a Markov chain (see, for example, Guruswami
(2016); Levin & Peres (2017)).

[Pt — 7|y < c(1—p) Tl (24)

where T, = {t’ <t :ry =} is the set of all iteration on walk . (1 — p’) is the second largest eigenvalue of matrix P
representing the irreducible aperiodic Markov chain of each walk and ¢ > 0 is a constant.

So we get

E(Vf(Xe), =V, (%" &42,)) < — ||Vf( I+ RHVf(i) VI )||2+2%62(1—p’)2mf'~ (25)

==

Now we derive expectation of the last term on the right-hand side of (7).

E([VE, (x;*, &) |* = BV E, (%7, &42,) £ Vo, (x7°) £ VF(x;)]? (26)
<BE|VE, (%1, &4) = Vo (30 1? + 3E IV fo, (x77) = VI + 3V )P 27)
< 307 +3¢% + 3| VF(x;) I, (28)

where (27) is based on the following inequality.

1> aill? <n) llag]* (29)
=1 =1
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Combining these together and using L-smoothness to estimate ||V f(x;) — V f(x;*)||* we obtain

2
Ef(Xi1) < f(Xe) — (77 L

2
L
& Ui 02+<2).

2 3
21— p)2 Tl 4 2R?2 (
(30)

LQ
7~ ) VAN + e = x| +

Considering n < 6% we obtain

B (o) < £(50) — V01 + e x|+ 2021 -yl 1+ 3L (g2 0) . oy

O

Lemma B.2 (Bounding Deviation for Multi-Walk). Under Assumptions 2, 3, 4, and learning rate n < ﬁ it holds that
1 X T—1

- S E[% - x}|* < 12Ve’n® + 12H?¢?n* + YVER ; E ||V f(x54)]?, (32)

where H? is the second moment of the first return time to the Node 0.

Proof. First we define [} as the last iteration before ¢ when walk r has visited Node 0, i.e., I} = max{t' | t' < t,r, =
ryvp = 0}

t—1 t—1

= T r 1 r
Bl - <P =Bl 3 -pVR.GGan)+ Y (1o )iV 09
:llr:t T2 FTE 2=t ra=ry
9 t—1 t—1
<SEL Y aVRLGD L) P 2Bl Y VR Gen) P G
Z:l;"r‘t T2 FETE 2=lt ra=rs
t
2 T T
< 2Bl D0 nVFL (kG ) [P 2E | Y nVE (6 Eevn)P, (35)
zeU} zeU?
=T =Ty
where U = {l7,, <z <t—1|r.#r},and U ={lj* <z<t—1]|r, =r}.
t
We have
VFUt (X;t’§t+‘f't) = (VFUt (X:t7£t+‘7't) - vat (X?)) + (vat (X:t) - Vf(x?)) + Vf(X:f) (36)
So, based on (29) we can write
T < R2E<II D (VP (X i) =V (XI)) I1P 1 Y2 0 (Vo (657) = VL)) I (37)
z€U} 2eU}
3 vl
zeU}
_R2 Yo+ U Y P CHIT DY IV (38)
zeU} zeU} zeU}

where in (38) we have applied (29) and the fact that for independent zero-mean random variables, we get a tighter bound as
follows.

B ail> <> Ellai?. (39)
=1 =1
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Averaging over T', we get

T-1
1 6 r
72T < B ZZn202+Z\Ut Zn<2+ZIUt|ZnIIVf o)l (40)
t=1 t=1 zcU} zeU} z€U}
6
< 7 E Z Ui In*o” + Z U [Pn*¢? + Z U2 Y IV (41)
t=1 ZEU1
6 T-1
<mmE | D (R-Dhn’o’ + Z 2R + hn2z 3 IV A2 (42)
t=1 t=1 zeU}
6 —1 T-1
<7 E > (R=1Dhp’e® + Y (R—1)°h*n°¢* + )2h*n? Z IV f(x 2) 43)
t=1 t=1
6 T—-1 T-1
S TR? ( <R—1>Vn202+2 )? Hp¢? +Z 1)° H2 E |V f(x rz>||2> (44)
t=1
6 T-1 Vv T-1 T-1
<7 ( RO HIC Y HE ||Vf(x?)||2> , 45)
t=1 t=1 t=1

where in (42) and (43), we have used the fact that |Ut | is upper bounded with R — 1 times the first return time to Node 0
(h). Expectation of the first return time is = = V" and the second moment of this random variable is assumed H 2 that are
applied in (44).

Following the same approach for T, and considering |UZ| is upper bounded with the first return time to Node 0. we can get

T—
fz <z (Z V77202+ZH2772C2+ZH2 BV fx; >||2). (46)

t=1 t=1

Putting these together, we obtain

T T-1 T-1
1 o 12 .
7O ElR—x)? < (Zv 00+ Y HWPC+ Y HPE||V(x z>|2> (47)
t=1 t=1 t=1
<12Vito? + 12H22C2 + ” ZEHW ()| (48)
Letn < 7LH to get
1 T-—1
2 2, 2 2,2 2 2
—ZEth—x |12 < 12Ve?n® +12H%¢?y +4L2TZE||W re)||2. (49)

Now we complete the proof of Theorem 4.1. By multiplication of % in both sides and averaging over ¢ in lemma B.1, we
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get
T-—1 T-—1
1 - 1 4R 77L
TZEIIVf(xt I < = 7<f< x;) —E f (X¢41)) ZScc P2 Tl 4 = 7 (07 + ) (50)
t=0 t=0
1T—1
+7 207 E||%; — x}*||?
t=0
T-1
1 4R 6nL?
<72 6 ~Ef ) ZScc PP 2 () 6D
t=0

1 T-1
to > 2L E % — x|

By replacing result of lemma B.2 and using ;" (1 — p/)27+| < S5 M1 — )Tl < RN — )t < £, then
rearranging, we have

T-1 -
1 R 8cR(?2  6nL2
57 D EIVA)| < Z () —Ef (i) + p,TC + ”T (02 +C?) + 24L* (Vo2 + HXC?) n? (52)
t=0 t=0

Now, we state a lemma to obtain the final convergence rate based on (52).

Lemma B.3 (Similar to Lemma 16 in (Koloskova et al., 2020)). For every non-negative sequence {r.};>o and any
parameters d > 0,0 > 0,¢ > 0,T > 0, there exist a constant n < Lt holds

T—1
1 2/b roV/C, 2 To
— (re —reg1) +bn+ e’ < % 42 )3_’_7 (53)
Tn — ﬁ T T
Proof. By canceling the same terms in the telescopic sum, we get
=
T—ZO (re — reg1) + b + cn? <ﬂ+bn+cn (54)

It is now followed by an 7n-tuning, the same way as in (Koloskova et al., 2020), which shows we need to choose n =
indl  /To (royg ]
min{ g, /7%, (5%)3 }.

Bounding the right hand side of inequality (52) with Lemma B.3 and considering that 7 = 1 < =7, provides
30 V()| s

— f)RLH  RC? L(f V(o2 + (2 RL — Vo2 + H2C2
o Utx0) = FIRLH | RC LT =)@+ C) | RL(fx0) = SWVATIEC 4 oo
T P T ﬁ T
This completes the proof of Theorem 4.1.
C. Proof of Theorem 4.2
For Async-Gossip algorithm, we define a virtual sequence {X; }+>o as shown below.
Rip1 =% — VE, (X1 Eir,). (56)

Vv

Lemma C.1 (Descent Lemma for Async-Gossip). Under Assumptions 1, 2, 3, and learning rate n < L, it holds that

2
" L2 (0% +2¢2). (57)

Ef(&ern) < F(&e) — LIV A2 + 22 1% — x20)2 +
= 4V ¢ 2V ¢ 2V
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Proof. Based on the definition of X; and L-smoothness of f(x) we have

FRis1) = F(&e = 1V E ()" Etr,)) (58)
’L
< F(&0) + (VIR =V EL (6" §e)) + 33 |V (67" ) (59)

Lets take expectation of the second term on the right-hand side of (59)

LE(VS (%), ~VE,, (5", 47,)) (60)
_ gE Ee,,. V(%) —VFy, (X0, Err7,)) 61)
= 7 B (VS (), =V o, (x) (62)
= V(). =V 1)) (53)
= S IVIEI? — SITF6GIP + 5V A (&) — VAG) P (64
< S IV AP + S19 F(e) = £ (65)

Now we derive expectation of the last term on the right-hand side of (59).

E||VE,, (x{", &) |I? = B VE,, (x§%, &07,) + V o, (x11) £ V(x| (66)
<o +2E ||V, (x") — VA)I? + 2|V F(x)|? (67)
< o?+2¢% + 2|V £(x)]12 (68)

Combining these together and using L-smoothness to estimate ||V f(%;) — V f(x}*)||* we obtain

nL? L
B fenn) < 150 - (g — D7 ) IV + Do — w2+ 2% (07 +267) (©9)

Considering n < % we obtain

- - nL? v L
B f(%i1) < f(%) = 3 IVIOGI? + - % = xi P + 2 (02 +2¢2). (70)
2V 2V
O
Lemma C.2 (Bounding Deviation for Async-Gossip). Under Assumptions 2, 3, 4, and learning rate n < {4z, it holds that

T-1 —

1 - 160% | 96¢°

LY B[ - ||2_4LQZ||W I+ (£ )Z a2l
t=0 =0

Proof. We will be using the following matrix notation.

= [x{,...,x}] € RV, (72)
= [y, . xt] e RV, (73)

(Xt7§t+n : [VFI Xtv§t+n) L VE(x) &ir)] € RV, (74)
=

0f(X¢) == [Vfi(x va(xt )] € RV, (75)
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Considering that v; is uniformly random among all nodes, we have

VE|% — x| =E| X, — X¢||%
=E X,/ W — ndF (Xy, &17,)W — Xy || %
= E[|X¢_1 W — p0F (X, &)W — Xy_y + %8F(Xt, Ern) ||

- I
=E[X; W =Xy —n0F(Xy,&44,) (W - V) i3

. I
S E ||Xt,1W — Xt,1 - naf(xt) (W - V) ||%'

0 OF (X1, 6125) — 07 X0) (W= ) -

where we used that E OF (X4, {;47,) = 0f(X;). We can further separate the second term as the following.

1
VEIR - X[ < B X W - X - 007 (X0 (W= . ) I3

+211° || (OF (X¢, €evr,) — OF (Xe)) W T + 2 || (OF (X4, &4+2,) — OF (X)) |17

- I
S E ||Xt_1W — Xt—l - naf(xt) <W - V> ||%

+211° | (OF (Xt €ev7,) — OF (X)) |17 + 2V2 1 (OF (Xt Eev7,) — 0F (Xe)) |17

- 1 2
<A+ NEXmiW =Xy ][+ (1+ A7) EIndf(Xe) (W - V) |12 + 2n?Vo? + 2%%2
~ 2% (1+ X
SA+NE[XoW =Xz + 202 (1+ A E|of(X)W([F + % E[0f(X) |3
+4n*V o?

<A+NEXmiW = X1 |Z + 402 L+ A E[0f(Xo) |3 + 4n*Vo?
S(IH+N) 1 =pE[Xe1 = Xea||F +40° (14 AT EN0f(Xo)||7 +4n° Vo,
N—_———

=T
(83) is based on the fact that for any A > 0,
la+bJ* < (1+N)la]l* + (1 + A7) |b]*.
We bound T separately.
Ty =E|[|0f(X:)| %

1%
=EY |[VLED)?

v=1
14 14
<EY 2|VFi(x)) — V)P +ES 2|V
v=1 v=1
14 |4
<EY 2C°+E) 2|V}
v=1 v=1

= 2V(2 + 2VEE,, |V A(x")|?
= 2V(2 + 2V E ||V (x|

(76)
(77)
(78)

(79

(80)

81)

(82)

(83)

(84)

(85)
(86)

87

(88)

(89)

(90)

oD

92)
(93)
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So, we get
E % — %2 < (14 A) (1= p)E [t — 77 |2+ 802 (L4 A7) (¢ + IVAC)2) + di>o” (94)
p S 112 4 24 5.5 24 4 vy (12 2 2
< = _ . t
< (1= 5) Blf =<+ 0P+ I S + o (95)

t—1

t—1
PN iz o2 22PN o (P 24N 2 (P w12
(1-2) il — =l +7;n (1-%) +;;n (1-2) "Ivsel 6
t—1 p t—
10237 (1-8)
+40 ;n 5

IN

t—1 t—1

242 t—z 24 t—z =1 t—z
<Zepy (1-3) L2 (1-5) I et 3 (1-5) ©7)
z=0 z=0
<2y (1- *)t IR e s P (98)
< 77 E_ 5 ; . )
where we used A = £ in (95).
Now by averaging over T" and considering n < 777, we get
T-1 -1 t-1 T—1
1 - v 24 t— . 8g2  48(?
LY mls e S S (1-0) s (34 ) Ly e 99)
t=0 T = p v’ t=0
T-1 T-1 T-1
24p ) p\i-E (802 48¢2\ 1 )
< ) 1- 7> 27 ~ 100
,196L2TZII )l _Jz;l( ) 5t T;n (100)
T-1 00 T—1
24p 9 p\t—* 802  48¢%\ 1 9
< 2P NT |Ivf(x (1 - f) S 101
< fooer S IVIEY (-5) (T ) g aon
T-1 T-1
48 802 48(2
< ——= Y V)| — 2 102
= 196L2T = [V f(x2)I° + ( P + p? ) T 2 n (102)
T-1 T—1
1 9 8o?  48¢%\ 1 9
— vz — — . 103
< g7 LIV + (- + T ) 1 5o (103
O

Now we complete the proof of Theorem 4.2. By multiplication of % in both sides and averaging over ¢ in lemma C.1, we
get

T-1 T-1

T—
4V 4Ln 1
ZEHW D7 < —Z—(f( )= Ef(&) + = (0 +2C°) + 5 ) 2L°E % — x> (104)
T T — v Tt ‘
By replacing result of lemma C.2 and rearranging, we have
— 2o 1N WY ALn o 2 2 2 (807 | 48¢°
TZIEva D2 < ;7 —E f(Xe41)) + % (0® +2¢%) +2L%n <p+ 2 > (105)

Bounding the right hand side of inequality (105) with Lemma B.3 and considering that n = 7 < ¥, provides
+ 20 BV is

T xn) — £*) (o2 2 VL Xg) — f* 2 % 2
O((f(xo) [WE VI = )+ ) V) 7 T p+p)3>. (106)

pT VT T
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D. Proof of Theorem 5.1
Lemma D.1 (Bounding Deviation for Multi-Walk with Failure). Under Assumptions 2, 3, 4, and learning rate n <
1 )
TFLE max H;’ it holds that
1 & | B emsl
~ Tt |2 2 92 2.9 92 2
TtEZIEHXt_Xt | < 36Vo“n® +36HC*n" + 4L2T; ge: E ||V £ (x|, (107)

where H 3 is the second moment of the first return time to Node 0 chosen after the i-th failure out of E failures. We assume
e; as the iteration of i-th failure, also ey = 0,eg41 = T.

Proof. Recall [] as the last iteration before ¢t when walk r has visited Node 0, i.e., IJ = max{¢t' | t' < t,r, = r,v; = 0}.
We also define df = min{t' | ¢’ > t,7 = r,v; = 0} and -, as the first walk that reaches to the new Node 0 after e;.

t—1 t—1

o Tt n T 1 T
Bl —x' P =Ell Y —pVEA.G &)+ D) (1 - R) NV EFy, (X7, E.q2.) (108)
z:l;ft T AT z:l:t,rz:m
E R di,-1 . g dei-l
D0 D RVELIGn) ) Y aVEL (D &)l (109)
i=1r=1 zzlgfi’,rz=r =1 Z:l::i a=re,
4 t—1 t—1
<El Y aVERLE G IPHAE] Y aVFL (K ) (110)
z:l:ﬁt T2 ATt 2=t ra=ry
4 E R de1 B dei-1
+ 2 BID Y D aVELGEGrn)IPHAENY S Y aVEL (G| (111)
=1 r=1 z:lgz.,rz:r =1 Z=l2:i ra=Te,
4 T '
< B Y AVFL 0 ey )P HAE ] Y AV EL (0 )P (112)
zEUtl ZEUI?
=T =15
4 E R d-l B dei—1
Bl D X VRGP HENY S Y VR &)l (113)
i=17=1 2=t r.=r i=1 z:l:i T2 =Te,
:=T3 =Ty

where U} = {lj-, <z<t—1|r. #r},and U} = {l{* <z <t—1]|r,=r:}. Inthe same way as we bounded 7} and
t
T5, in Lemma B.2, we can bound 73 and T}.

T3 and T} is bounded by first and second moment of a random variable that the sum of two quantities: the first return
time to old Node 0 (h;_1) and the hitting time to the new Node 0. This hitting time is, in turn, upper-bounded by the first
return time to new Node 0 (h;). Expectation of the this random variable is bounded with 2V and the second moment of this
random variable is bounded with twice the sum of the second moments of two random variables. So the second moment is
2(max H?).

K3

Following the same approach as in Lemma B.2 and assuimg 1 < m to get
1 T 1 E eiy1—1
7 D EI% —x}||* < 36EVon® + 36527 max Hf + pm ST EIVEE (114)
t=1 i=0 t=e;

O
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Now we complete the proof of Theorem 5.1. By multiplication of % in both sides and averaging over ¢ in lemma B.1, we
get

E eit1—1 E eit1—1 E eit1—1

TZ >RV < Z Z Ry —E f'(%t11)) TZ ST sl 1)

=0 t=e; 2()teL i=0 t=e;

61 L> 1 —
+77T( +< Z2L2EHX —x}t|2.
t=0
By replacing result of lemma D.1 and using Zz 02 "1- )2|T < ZZ 0 t ( —pé)'ﬁf' < Ef:o RZ;T:_Ol(l—
i)t < Zi:o 57 » then rearranging, we have

1 &t 2ot iR . "R 6nL?
s 2 EIVAGI® < 72 Z (fix EfZ(f(Hl))+8c<2zl7+7(o2+<2) (116)
1=0 t=e; 1=0 t=e; i=0 1
TR (V02 + Emax HE(Z) 0’
We assume the failure of Node 0 does not change the objective function, i.e., fO(x) = --- = f€(x) = f(x). Then

nL

ZEHW O < 23 B (is0) B 5 ) +8ccz e

t=0

(02 +¢?) (117)

YT2EL? (VJ + Emax H§§2> 0

Bounding the right hand side of inequality (117) with Lemma B.3 and considering that n = n < m, provides
% t 0 E”Vf( OII7 s
O((f(xo)—f*)RLEmngi +ZE:RC2 VI DY) W)
T = i ﬁ
RL(f(x0) — f*) \/EV02 + F2¢2 max H?
7 2
+ . )i ) |

E. Derivation of H?

E.1. Complete graph under Metropolis—Hastings P

We have a complete graph on V vertices, labeled 0,1,...,V — 1. Each vertex ¢ has degree deg(i) = V — 1. The
Metropolis—Hastings (MH) probability between two adjacent vertices (i, j) is

1 1
pij = mi {deg()+1 deg()+1}

Since deg(i) + 1 = V for every vertex ¢ in a complete graph, it follows that

— : 11 _ 1
pij = min{y, ¢} = 3.

Moreover, the leftover probability is also % for staying in place (lazy step). Hence, from any state ¢, the chain picks each of

the V' vertices with probability 1/V, including ¢ itself.

Because each state is chosen uniformly at each step, independently of the past, the process { X, },>o is an iid sequence of
Uniform{0, ...,V — 1}
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Define the first return time to state O by
h = min{k>1:X,=0] Xo=0}.

Since each X}, for k£ > 1 is uniformly distributed over {0, ...,V — 1}, the probability that X}, = 0is 1/V, independent
of previous steps. Thus, h is a Geometric(p = 1/V') random variable in the usual “first success” sense (with success
probability 1/V each trial).

For a geometric random variable Y ~ Geom(p) (where p = 1/V), the second moment is a standard formula:

2—-p
2] _
Plugging in p = 1/V yields
2— & 1
2 21 _ V. _ y2(og_ 2\ _ 2 _
H? = E[R? = ‘1/)2V<2 V) 22 V.

Hence, under Metropolis-Hastings on the complete graph of V' vertices, the first return time to state 0 has second moment
2V2 -V,

E.2. Cycle graph under Metropolis-Hastings P

Consider a cycle graph with V' vertices labeled 0,1,...,V — 1 (indices mod V). Each vertex i has degree 2, so the
Metropolis—Hastings (MH) transition rule gives

1 1 1
Digi = g, Diji+1 = §7 Piji-1 = ga

where addition/subtraction of indices is modulo V. Hence from each state i, the chain either stays put with probability 1/3,
or moves one step left or right (each with probability 1/3).

Define
h = min{k>1:X,=0] Xo=0}.

Our goal is to derive E[h2]. To handle this systematically, for any initial state i, define the first hitting time of 0:
To = min{k >1: X;, =0}.

And then set
m; = E[Ty | Xo=i], M; = E[T; | Xo =1].

In particular, E[h?] = My, since for i = 0, we interpret Ty as the first return time to 0.

Recurrences for the First Moments (1m;). Based on the symmetry of the topology, we consider only half of the vertices,
ie,2<i<[¥Y].

(a) mp. Starting at 0, in one step:

 With probability 1/3, we stay at 0, so the hitting time Ty = 1 immediately.

» With probability 1/3 each, we move to 1 or V' — 1. From such a neighbor, the expected time to hit 0 is 1 + m; (by
symmetry, m; is the same whether we step to 1 or V' — 1).

Thus

1 1
my = 7-1+§(1+m1)+§(1+m1) = 1+<-m. (119)
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(b) m, (separate expression). From state 1:

 With probability 1/3, we jump directly to 0. Then To = 1 (not 1 4+ mg, because hitting O completes the journey right
away).

» With probability 1/3, we stay at 1. Then Ty = 1 4+ m;.
 With probability 1/3, we move to 2. Then Ty = 1 + mo.

Hence
M= sl S m) + (14 me).
3 3 3
Simplify:
1 2 1 3 1
m1:1+§m1+§m22§m1:1+§m2:>m1:§+§m2. (120)

(c¢) General m; for 2 <1 < [%] From state ¢, we have three possibilities (stay at ¢, move to ¢ + 1, or move to ¢ — 1).
Each event occurs with probability 1/3, and in each case we add 1 step plus the hitting time from the new state. Thus

1 1 1

where indices are taken mod V. Rearranging gives

3+mip1 +mi
5 .

(121)

m; =

Recurrences for the Second Moments (M;). Define M; = E[T? | X, = i]. We again do a first-step analysis.
(a) My. From state 0:

* With prob 1/3, stay at 0 immediately: Ty = 1, contributing 12.

* With prob 2/3, move to a neighbor (1 or V — 1), then Ty = 1 + T}). Squaring, (1 + T3)? = 1 + 2T} + (T3)?, so
E[(1+T3)?] =1+ 2mq + M;.

Hence

1 2 4 2
M0:§-12+§[1+2m1+M1] :1+§m1+§M1. (122)

(b) M;. From state 1:
* With prob 1/3, jump directly to 0: T = 1, so contribution 12.

* With prob 1/3, stay at 1: then Ty = 1 + T}, so E[(1 + T})?] = 1 +2my + M;.
* With prob 1/3, move to 2: then Tp = 1 + T{/, so E[(1 + T¢/)?] = 1 + 2ma + Mo.

Thus
1 1 1
My = -1+ 5[1+2m1+Ml] + §[1+2m2+Mg].
Simplifying leads to a linear relation among M7, my, me, and Ms:
2 2 1 1
M, =1+ = = M, +-M 123
1 +3m1+3m2+3 1+3 2 (123)
3 1
:§+m1+m2+§Mz (124)

3 1
—3m1—§+§Mg. (125)
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(¢) General M, for 2 < i < [+]. By the same logic:

1 1
M; = Z[142m; + M;] + = [1+2mip1 + M) + §[1+2mi_1 + M, 4],

3

W =

with indices mod V. Rearrange to get

3 1
M; = 3 + (mi 4+ mip1 +mic1) + 3 (M1 + M;_q) (126)
3 1
3 1
= 3mi—5 + §(Mi+1+M,»_1), (128)

where we have used (121).

Solving the System. Altogether, we have:
(First moments)
mo =1+ 3m,
mp = % + %mz,

3+ mip +my
- 5 ,

m; for2§i§[%],

(Second moments)
MO - 1+%m1+%M1)

M1:3m17%+%M2
M; =3m; — 5 + § (M1 + M), for2<i<[¥].
One can solve this 2[4 ]-dimensional linear system to find My = E[h?].

Here, we assume that V' is even (a similar approach can be used to derive the result for V' being odd).

First, we solve for m;, 0 < i < %, starting from ¢ = % and usingmy _; = my ,q, we get
2 2

3
my =2+ my_y. (129)

2

<

Putting it in the equation for ¢ = % — 1, we obtain

3+my +mK,2
P P

my_; = 5 (130)
3+3+myv_;+my_
-2 2 ! 22 (131)
2
By rearranging the terms, we derive
m%_1:3—|—§+m%_2. (132)

By doing this, we observe the general relationship of

3
my =3+ tmy (133)
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where 0 <7 < % — 2. Putting 7 = % — 2, gives us

oV _ Y , 134
mo B 2+m1 ( )

So, we will reach to the following equations
mo =1+ 2my,
my = % + % mao,

_ 3V 9
my = %5 — 3 +ma,

which provides us with mg =V, m; = % + % Using (133) iteratively we get

.3
m%—¢:31+§+m%—i—1 (135)
-3 3 30— 1 3 136
= ottt (i — )+§+m%—i—2 (136)
1% 3V
=3(i+(i—1)—|—-~-+(2—2))+2(2—i)+m1 (137)
(Y —2-i)(¥—2+4) 3V _ 3V 3
= (= - — 4= 1
3 5 2(2 i) + 5 5 (138)
=0(V?). (139)

Now, we repeat the same approach for the second moment variables. starting from ¢ = % and using M v = M Y based
on symmetry, we get

3
M%:3m%*§+M%71. (140)
Putting it in the equation for ¢ = % — 1, we obtain
3 1
M%71:3m%71—§+5(M% +M%72) (141)
3 1 3
=3m%71—§+§(3m%—§+M%71+M%72). (142)
By rearranging the terms, we derive
3
M%_1:6m%_1+3m%—3—§+M%_2. (143)
By keep doing this, we observe the general relationship of
My .=6 (mz_i . —|—mz_1) F3my —3i— o My, (144)
2 2 2 2 2 2
where 0 < ¢ < % — 2. Putting i = % — 2, gives us
= v 3
My =6 Z_;m +3my —3(5 —2) = 5+ M. (145)
Applying (145) in (125) provides
! v 3
M, =6 ;m +3my —3(5 —1) - 5. (146)
If we use this in (122) we obtain
4 2
H? = E[r?] :M0:1+§m1+§M1 =0(V?), (147)

this is due to the fact that we derived m; = O(V'?) earlier.
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Table 3: Comparison of the convergence rate and communication overhead in iid setting for Metropolis-Hastings P.

TOPOLOGY ALGORITHM CONVERGENCE RATE COMM-COST
MULTI-WALK O(VJT + (RVIYUZ):?)/ o(T)
CYCLE (p = O(3%))
ASYNCHRONOUS GOSSIP O <"T + (V“T/W)i) o(VT)
MULTI-WALK O(\}’T + (RVIY"Z):?)/ o(T)
2D-TORUS (p = O(3))
ASYNCHRONOUS GOSSIP @ ("T + (VVTV"z)i) o(VT)
MULTI-WALK O(\;’T + (£ 7‘(‘”)3) Vif R=0(V)] ©O()

COMPLETE (p = 1)

ASYNCHRONOUS GOSSIP (’)(\% + (V‘éﬁ)i) Vif R=Q2(WV)] ©O(V2T)

F. Wall Clock Time Convergence

In Algorithm 1, assume each walk performs one iteration (computation and communication) with a rate—é exponential
random variable, independent across walks and over time. The value of d is determined by the average computation and
communication delay in the network. Thus, each walk does one iteration in Algorithm 1 according to a rate-é Poisson
process. Equivalently, this corresponds to all iterations in Algorithm 1 are according to a rate—% Poisson process at times
{Z V12! where {Z; — Z; 1}, denoting the t-th iteration duration, are i.i.d. exponentials of rate %. Therefore, we have
E[Z;] = ¢ and for any § > 0:

52
Pr (|Zt— %i| > 6;;) §2exp< g t). (148)

This follows directly from Cramer’s theorem (Boyd et al., 2006). Hence, by multiplying the terms obtained regarding
iterations by %, we obtain the corresponding terms in real time. In other words, the convergence rate in Theorem 4.1 can be
transformed to real time (Z) by substituting 7" with %. For Algorithm 2, we assume each node has a clock that ticks at the
times of a rate-é Poisson process. Here, the value of d is determined by the average computation and gossip communication

delay for nodes. And the same result is valid by replacing R with V.

Corollary F.1. Under the condition of Theorem 4.1, 4.2, we get the convergence rate of Algorithms 1 and 2 as shown in
Table 2 where Z represents wall-clock time.

G. Extended Theoretical Insights

Dominant terms. The dominant term in both (1) and (2) is identically given by 4/ w Focusing on the next most

FLV |2
_ . . . . FLR\/Vo2+H?2(? . - ,
significant term for comparison, in (1), this term is given by (#)%, whereas in (2), it is ( Tp )3,
Note that (1) includes a non-dominating term that describes the rate at which walks converge to their steady state. This term
is related to the spectral gap of P, represented by p’. In the following, we compare the dominant terms in the convergence

rates of both algorithms in different settings.

+
.cm"?\:

Homogeneous data distribution. In iid setting (( = 0), the differentiating factor in the second dominant term of
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Table 4: Comparison of the convergence rate and communication overhead in noniid setting for Metropolis-Hastings P.

ToPOLOGY ALGORITHM CONVERGENCE RATE COMM-COST
MULTI-WALK O(\/ i LS V”2+V3<2)2>/ o(T)
CYCLE (p = O(3))
ASYNCHRONOUS GOSSIP O(\/ ot | (MVVEHVICh ) o(VT)

MULTI-WALK O(\/GJTTC?_F( ‘72+H2C2 >
( \/ﬁ v\/m ) o)
(@]

2D-TORUS (p = O(57))

)

ASYNCHRONOUS GOSSIP

MULTI-WALK O/ 2+ R”V02+V2CZ)%

VR~

COMPLETE (p = 1)

ASYNCHRONOUS GOSSIP

convergence rate is % for Asynchronous Gossip and Rv/V for Multi-Walk. Specifically, for graphs with p = (’)(%),

Multi-Walk outperforms, while for p = Q(%), Asynchronous Gossip converges faster w.r.t iterations. It is interesting
to observe that the graph’s topology does not impact the performance of Multi-Walk in iid setting, and the only factors
are the number of nodes and walks. We compare convergence rate and communication overhead for each algorithm in
Table 3 across three different graph topologies, using the commonly employed Metropolis-Hastings matrix, P, where
Dij = pji = min {m, m} , for{i,j} € £. Note that computation overhead is the same for both and equal
to the number of iterations, i.e., T, and we do not include that in the table. We observe that for both cycle and 2D-torus
topologies, Multi-Walk outperforms Asynchronous Gossip in convergence rate. However, when the graph diameter decreases
(i.e., p increases), such as in the case of a complete graph, Multi-Walk loses its advantage. It is important to note that
Multi-Walk consistently maintains lower communication overhead; in each iteration, it involves at most one communication
step, whereas Asynchronous Gossip activates multiple edges for mixing based on the graph topology

Heterogeneous data distribution. In non-iid setting, 2 is multiplied by H? for Multi-Walk and by p? for Asynchronous
Gossip. We derived H? for cycle and complete topologies with Metropolis-Hastings transition matrix in Appendix E, and the
comparison is summarized in Table 4. We observe that for the cycle topology, Multi-Walk consistently demonstrates faster
convergence in terms of iterations. However, this advantage diminishes as we move to topologies with smaller diameters. In
complete topology, we observe that (2 is multiplied by V2 in Multi-Walk, whereas it is multiplied by 1 in Asynchronous
Gossip. This indicates that, as we transition to increasingly non-iid settings in small-diameter topologies, Multi-Walk
perform poorly.

H. Detailed Experimental Results

In this section, we validate our theoretical results through empirical experiments, which include the following: Section
H.1 verifies the impact of network graph topology on the convergence rate. Section H.2 explores the impact of data
heterogeneity on the convergence rate in two different graph topologies with small and large diameters. Section 6.3 evaluates
the communication efficiency of Multi-Walk in bandwidth-constrained environments through an LLM fine-tuning task.
Finally, Section 6.4 investigates the impact of Node 0 failure on MW to verify its resilience. We also compare this with
Asynchronous Gossip, observing its performance when the same sequence of nodes fails.

We use two machine learning tasks: (i) Image classification on CIFAR-10 (Krizhevsky, 2009) using ResNet-20 (He et al.,
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2015); and (ii) LLM fine-tuning of OPT-125M (Zhang et al., 2022) as a large language model on the Multi-Genre Natural
Language Inference (MultiNLI) corpus (Williams et al., 2018). The details of the image classification and LLM fine-tuning
tasks are specified in Table 5 and 6, respectively.

We repeat each experiment 10 times and present the error bars associated with the randomness of the optimization. In every
figure, we include the average and standard deviation error bars. In the figures, we use “MW” as an abbreviation for MW.

Table 5: Default experimental settings for the image classification training

Dataset CIFAR-10 (Krizhevsky, 2009), licensed under the MIT License
Architecture ResNet-20 (He et al., 2015), licensed under the MIT License

Loss function Cross entropy

Accuracy objective top-1 accuracy

Number of nodes 20

Topology cycle, complete, Erd6s—Rényi

Data distribution iid (shuffled and split), non-iid (based on labels)

Local Steps 7 5

Optimizer SGD with momentum

Batch size 32 per client

Momentum 0.9 (Nesterov)

Initial learning rate 0.05

Learning rate schedule multiplied by 0.1 once after 75 and once after 90 percent of the training
Training time 15 minutes for o € {10, 1} and 30 minutes for v = 0.1

Weight decay 10~4

Learning rate warm-up time 2 minutes

Repetitions 10

Reported metric Mean and standard deviation (1-sigma error bars) of the aggregated model’s

training loss and accuracy, accounting for randomness in network conditions
and algorithmic factors such as random walk-based next node selection
and neighbor selection in gossip-based averaging.

We have conducted the experiments on the National Resource Platform (NRP) (NRP) cluster. Figure 6 provides a schematic
representation of the network topology and node distribution used in our experiments. The setup consists of 20 nodes grouped
into 5 geographic clusters labeled CA, NV, IA, IL, and KS, corresponding to the US states of California, Nevada, Iowa, Illinois,
and Kansas, respectively. Within each cluster, nodes are connected locally, while additional links enable communication
across clusters, implementing decentralized computation and communication patterns. As the NRP dynamically assigns
resources for each run, the exact node distribution may differ slightly from what is shown in Figure 6. This variability in
node assignment is one of the sources of randomness in network conditions, which we account for in our results by reporting
error bars. All nodes are provisioned with 1 GPU each, along with 10 CPU cores and 80 GiB of memory. Additionally, each
node mounts a 13 GiB in-memory volume for high-performance shared memory usage. The GPU type (e.g., A100, V100,
etc.) is determined based on node and cluster assignments made by the National Resource Platform (NRP), which matches
resource requests to suitable hardware across participating sites. This assignment introduces an element of randomness
into our experiments, as the exact GPU model may vary between runs depending on resource availability. Most nodes
are connected via high-speed research networks such as Science DMZs, with interconnect speeds ranging from 10G to
100G. This setup reflects a realistic decentralized learning environment over a wide-area network and introduces practical
considerations like heterogeneous latency and bandwidth, which are difficult to model in simulation.

We use the Dirichlet distribution to create disjoint non-iid nodes (Lin et al., 2021). The degree of data heterogeneity is
controlled by the distribution parameter «; the smaller « is, the more likely the nodes hold examples from only one class.
Throughout the experiments, we use three levels of «; 10, 1, and 0.1.

In Figure 7, we include the effect of different values of « in creating disjoint noniid data from CIFAR-10 across nodes using
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Table 6: Default experimental settings for the large language model fine-tuning

Dataset Multi-Genre Natural Language Inference (MultiNLI) corpus (Williams et al., 2018),
released under the CC BY-SA 4.0 License
Architecture OPT-125M (Zhang et al., 2022), released by Meta Al under the OPT License

Loss function

(a custom non-commercial research license)
Cross entropy

Number of nodes

20

Topology Erd6s—Rényi

Data distribution iid (shuffled and split), non-iid (based on genre)
Local Steps 7 1

Optimizer Adam

Batch size 16 sentences per client

Adam [ 0.9

Adam g, 0.999

Adam ¢ 10-8

Initial learning rate 10-4

Learning rate schedule multiplied by 0.1 once after 75 and once after 90 percent of the training
Training time 15 minutes

Weight decay 10—4

Learning rate warm-up time 2 minutes

Repetitions 10

Reported metric Mean and standard deviation (1-sigma error bars) of the aggregated model’s
training loss and accuracy, accounting for randomness in network conditions
and algorithmic factors such as random walk-based next node selection
and neighbor selection in gossip-based averaging.

the Dirichlet distribution. We observe that as a: decreases, the probability of each node containing data from only one class
increases.

H.1. Graph topology

Figure 8 presents the training loss (left column) and test accuracy (right column) of the image classification task in a graph
of 20 nodes. We consider three topologies of cycle, complete, and Erd6s—Rényi with connection probability of each pair of
nodes being 0.3. The noniid-ness level for this experiment is set to &« = 1. We observe in Figure 8a that the convergence
rate w.r.t iterations in cycle topology is faster for MW, regardless of the number of walks (R). We also observe that as we
decrease R, the convergence rate of MW w.r.t iterations improves. These are consistent with the theoretical results derived in
section 4 and shown in Table 3 and 4. In the small-diameter topology shown in Figure 8b (a complete graph), we observe that
MW is no longer superior across all numbers of walks; specifically, Asynchronous Gossip outperforms MW when 15 walks
are used. This observation is consistent with the theoretical results indicating that in small-diameter graphs, there exists a
specific threshold for the number of walks: below this threshold, Multi-Walk outperforms Asynchronous Gossip, whereas
above it, performance degrades. Figure 8c presents the results for an Erd6s—Rényi topology with the connection probability
of 0.3. This topology, where each node is connected to every other node with a probability of 0.3, is a well-connected graph
with a small diameter. We observe that the Erd6s—Rényi graph results are quite similar to the complete graph.

H.2. Data heterogeneity (Noniid-ness)

In this section, we present experiments to evaluate the impact of data heterogeneity on convergence behavior in small and
large diameter graphs. We provide comparisons across three domains: iterations, wall-clock time, and transmitted bits.
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1A

CA

KS

Figure 6: A 20-node decentralized system distributed across five geographic clusters (CA, NV, IA, IL, KS). The links depict
the overlay network, which is configurable based on the desired graph topology.
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Figure 7: Data heterogeneity visualization for CIFAR-10 across a 20-node network using Dirichlet distributions with varying
parameter o.

H.2.1. CONVERGENCE W.R.T ITERATIONS

Figure 9 illustrates the convergence behavior of two different topologies over iterations under varying levels of data
heterogeneity. The left column (subfigures d, c, e) corresponds to a 20-node Erd6s—Rényi topology (p = 0.3), while the
right column (subfigures b, d, f) depicts a 20-node cycle topology. We observed in section H.1 that Erd6s—Rényi (0.3) has a
quite small diameter. In the first row (subfigures a, b), where o = 10 and the data distribution is nearly iid, MW outperforms
Asynchronous Gossip in terms of iterations across both graph topologies. We further observe that in this iid scenario, the
impact of graph topology is minimal compared to settings with higher data heterogeneity (shown in the second and third
rows). Decreasing « to 1 introduces a more noniid scenario, causing the performance of both MW and Asynchronous Gossip
to degrade; however, even at this level of heterogeneity, MW continues to outperform in both topologies. We can go further
and reduce « to 0.1 to get extreme non-iid data distribution (third row). Consistent with our theoretical results, MW is no
longer superior in small-diameter graphs under extreme noniid scenarios, as verified in Figure 9e. Conversely, in the cycle
topology (characterized by a large diameter), MW remains faster in terms of iterations.

This result is expected based on the theoretical bounds presented in Table 4. In the convergence rate of MW, the heterogeneity
term (? is scaled by H?, whereas in Asynchronous Gossip, it is scaled by 1/p?. In small-diameter graphs (e.g., complete
graph), we have H2 = O(V?) and p = 1, meaning the impact of noniid data on MW (O(V'?)) is far more severe than
on Asynchronous Gossip (O(1)). This confirms the degradation observed in our experiments. On the other hand, in large-
diameter graphs like the cycle topology, we have H? = O(V?) and p = ©(1/V?) (implying 1/p? = O(V*)). Consequently,
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Figure 8: Comparison across different network topologies for a 20-node graph: Training loss (left column) and test accuracy
(right column) of ResNet-20 on CIFAR-10.

the impact of heterogeneity scales better for MW (O(V3)) compared to Asynchronous Gossip (O(V4)), explaining why
MW retains its advantage in this setting.

H.2.2. CONVERGENCE W.R.T WALL-CLOCK TIME

Figure 10 shows convergence versus wall-clock time. We know that in the time domain, Asynchronous Gossip achieves a
linear speed-up with the number of nodes compared to MW with a single walk. However, MW can improve its time-domain
performance by increasing the number of walks, yielding a linear speed-up with respect to the walk count. In the first and
second rows, we observe that increasing the number of walks to 2 or 3 is sufficient to catch up with Asynchronous Gossip.
Conversely, as we increase heterogeneity to o = 0.1, we observe that in the Erd6s—Rényi (0.3) topology (which has a small
diameter), the gap between Asynchronous Gossip and MW cannot be bridged even by increasing the number of walks. This
reinforces the fact that Asynchronous Gossip performs better in small-diameter graphs under extreme heterogeneity.

H.2.3. CONVERGENCE W.R.T TRANSMITTED BITS

Figure 11 shows convergence versus transmitted bits. In terms of communication overhead, we observe that in settings that
are not extremely non-iid, where the second dominating term is negligible (due to small (), MW outperforms Asynchronous
Gossip as predicted by the results in Table 1. This can be seen in the first ans second row in Figure 11. However, in the
extreme non-iid setting of the third row, the value of ¢ becomes too large that the second dominating term in Table 1 comes
into play. In this term, the impact of noniid-ness in a graph topology with a small diameter (Erd6s—Rényi (0.3)) significantly
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Figure 9: Comparison across different noniid-ness levels w.r.t iterations for a 20-node network with Erd6s—Rényi (0.3) (left
column) and cycle (right column) topology: Training loss for ResNet-20 on CIFAR-10.

disfavors MW, which is evident from the observed results in Figure 11e. In Figure 11f, we again observe that, in contrast to
small-diameter topologies, MW continues to outperform even under extreme noniid conditions. This is again predicted based
on the theoretical results in section 4. Intuitively, in small-diameter graphs where connectivity is dense, Gossip algorithms
propagate information across the network more efficiently than Random Walks. This rapid information spread is critical
under extreme heterogeneity (noniid settings), as nodes rely on global information to maintain a trajectory toward the global
minimum and avoid getting trapped in local optima.
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Figure 10: Comparison across different noniid-ness levels w.r.t wall-clock time for a 20-node network with Erd6s—Rényi
(0.3) (left column) and cycle (right column) topology: Training loss for ResNet-20 on CIFAR-10.
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Figure 11: Comparison across different noniid-ness levels w.r.t transmitted bits for a 20-node network with Erdés—Rényi
(0.3) (left column) and cycle (right column) topology: Training loss for ResNet-20 on CIFAR-10.



