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ABSTRACT

The implicit bias of neural networks has been extensively studied in recent years.
Lyu & Li (2019) showed that in homogeneous networks trained with the expo-
nential or the logistic loss, gradient flow converges to a KKT point of the max
margin problem in the parameter space. However, that leaves open the question of
whether this point will generally be an actual optimum of the max margin prob-
lem. In this paper, we study this question in detail, for several neural network ar-
chitectures involving linear and ReLU activations. Perhaps surprisingly, we show
that in many cases, the KKT point is not even a local optimum of the max margin
problem. On the flip side, we identify multiple settings where a local or global
optimum can be guaranteed. Finally, we answer a question posed in [Lyu & Li
(2019) by showing that for non-homogeneous networks, the normalized margin
may strictly decrease over time.

1 INTRODUCTION

A central question in the theory of deep learning is how neural networks generalize even when
trained without any explicit regularization, and when there are far more learnable parameters than
training examples. In such optimization problems there are many solutions that label the training
data correctly, and gradient descent seems to prefer solutions that generalize well (Zhang et al.,
2016). Hence, it is believed that gradient descent induces an implicit bias (Neyshabur et al.| 2014
2017), and characterizing this bias has been a subject of extensive research in recent years.

A main focus in the theoretical study of implicit bias is on homogeneous neural networks. These are
networks where scaling the parameters by any factor o > 0 scales the predictions by a* for some
constant L. For example, fully-connected and convolutional ReLU networks without bias terms are
homogeneous. |Lyu & Li (2019) proved that in linear and ReLU homogeneous networks trained
with the exponential or the logistic loss, if gradient flow converges to zero los then the direction
to which the parameters of the network converge can be characterized as a first order stationary
point (KKT point) of the maximum margin problem in the parameter space. Namely, the problem
of minimizing the ¢ norm of the parameters under the constraints that each training example is
classified correctly with margin at least 1. They also showed that this KKT point satisfies necessary
conditions for optimality. However, the conditions are not known to be sufficient even for local
optimality. It is analogous to showing that some unconstrained optimization problem converges to a
point with gradient zero, without proving that it is either a global or a local minimum.

In this work we consider several architectures of homogeneous neural networks with linear and
ReLU activations, and study whether the aforementioned KKT point is guaranteed to be a global
optimum of the maximum margin problem, a local optimum, or neither. Perhaps surprisingly, our
results imply that in many cases, such as depth-2 fully-connected ReLLU networks and depth-2 di-
agonal linear networks, the KKT point may not even be a local optimum of the maximum-margin
problem. On the flip side, we identify multiple settings where a local or global optimum can be
guaranteed.

We now describe our results in a bit more detail. We denote by A the class of neural networks
without bias terms, where the weights in each layer might have an arbitrary sparsity pattern, and

!"They also assumed directional convergence, but (Ji & Telgarsky, 2020) later showed that this assumption
is not required.
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Table 1: Results on depth-2 networks. Table 2: Results on deep networks.
’ H Linear ‘ ReLU ‘ ’ H Linear ‘ ReLU ‘
Fully-connected Global Not local Fullv-connected Global Not local
Y (Thm.[F-T) | (Thm.[52) Y (Thm.[3-T) | (Thm.[32)
Not local Not local Nio-share assuming
Nao-share no-share € Not local Not local
. (Thm.[AT) | (Thm.[3.2) non-zero inputs to (Thm. (Thm.@)
Nro-share assuming Global local all neurons
non-zero weights ooa Not loca N - max margin
vectors (Thm.[2) | (Thm.[4.2) for each layer sep- Global Not local
Noo-share assuming Global Local, arately (Thm. (Thm.
non-zero inputs to (Thm. A7) Not global N - max margin
all neurons B2 (Thm. 3) for each layer sep- ||, 0 Local,
7 g o ol | o toa || 5l waning || ey | Nt et
neurons ( m. ( m. all neurons

weights might be share(ﬂ The class N contains, for example, convolutional networks. Moreover,
we denote by Nposhare the subclass of A that contains only networks without shared weights, such
as fully-connected networks and diagonal networks (cf. Gunasekar et al.|(2018b); Yun et al.[(2020)).
We describe our main results below, and also summarize them in Tables 1 and 2.

Fully-connected networks:

¢ In linear fully-connected networks of any depth the KKT point is a global optimu

¢ In fully-connected depth-2 ReLU networks the KKT point may not even be a local optimum.
Moreover, this negative result holds with constant probability over the initialization, i.e., there
is a training dataset such that gradient flow with random initialization converges with constant
probability to the direction of a KKT point which is not a local optimum.

Depth-2 networks in \:

* The positive result on fully-connected linear networks does not extend to networks with sparse
weights: In linear diagonal networks the KKT point may not be a local optimum.

* In our proof for the above negative result, the KKT point contains a neuron whose weights
vector is zero. However, in practice gradient descent often converges to networks that do not
contain such zero neurons. We show that for linear networks in Ao.share, if the KKT point has
only non-zero weights vectors, then it is a global optimum. We also show that even for the
simple case of depth-2 diagonal linear networks, the optimality of the KKT points can be unex-
pectedly subtle, in the context of margin maximization in the predictor space (see Remark [.T).

* For ReLU networks in Njq_share in order to obtain a positive result we need a stronger assump-
tion. We show that if the KKT point is such that for every input in the dataset the input to every
hidden neuron in the network is non-zero, then it is guaranteed to be a local optimum (but not
necessarily a global optimum).

¢ For linear or ReLLU convolutional networks, even if the above assumptions hold, the KKT point
may not be a local optimum.

Deep networks in N:

» We show that the positive results on depth-2 linear and ReLU networks in Mo gpare (under the
assumptions described above) do not apply to deeper networks.

* We study a weaker notion of margin maximization: maximizing the margin for each layer
separately. For linear networks of depth m > 2 in A/ (including networks with shared weights),
we show that the KKT point is a global optimum of the per-layer maximum margin problem.
For ReLU networks the KKT point may not even be a local optimum of this problem, but under
the assumption on non-zero inputs to all neurons it is a local optimum.

’See Section for the formal definition.

3We note that margin maximization for such networks in the predictor space is already known (Ji & Tel-
garskyl 2020). However, margin maximization in the predictor space does not necessarily imply margin maxi-
mization in the parameter space.



Under review as a conference paper at ICLR 2022

In the paper, our focus is on understanding what can be guaranteed for the KKT convergence points
specified in Lyu & Li| (2019). Accordingly, in most of our negative results, the construction as-
sumes some specific initialization of gradient flow, and does not quantify how “likely” they are
to be reached under some random initialization. An exception is our negative result for depth-2
fully-connected ReLU networks (Thm. [3.2), which holds with constant probability under reason-
able random initializations. Understanding whether this can be extended to the other settings we
consider is an interesting problem for future research.

Finally, we consider non-homogeneous networks, for example, networks with skip connections or
bias terms. [Lyu & Li| (2019) showed that a smoothed version of the normalized margin is mono-
tonically increasing when training homogeneous networks. They observed empirically that the nor-
malized margin is monotonically increasing also when training non-homogeneous networks, but did
not provide a proof for this phenomenon and left it as an open problem. We give an example for a
simple non-homogeneous network where the normalized margin (as well as the smoothed margin)
is strictly decreasing (see Thm. [6.1)).

The paper is structured as follows: In Section[2] we provide necessary notations and definitions, and
discuss the most relevant prior results. Additional related works are discussed in Appendix [A}l In
Sections and [5| we state our results on fully-connected networks, depth-2 networks in N and
deep networks in N respectively, and provide some proof ideas. In Section [6] we state our result on
non-homogeneous networks. All formal proofs are deferred to Appendix

2 PRELIMINARIES

Notations. We use bold-faced letters to denote vectors, e.g., x = (z1,...,24). Forx € R? we
denote by ||x|| the Euclidean norm. We denote by 1(-) the indicator function, for example 1(¢ > 5)
equals 1if ¢ > 5 and 0 otherwise. For an integer d > 1 we denote [d] = {1,...,d}.

Neural networks. A fully-connected neural network ® of depth m > 2 is parameterized by a
collection 8 = [W(Z)]fll of weight matrices, such that for every layer I € [m] we have W ¢
R4 *di-1 Thus, d; denotes the number of neurons in the {-th layer (i.e., the width of the layer). We
assume that d,,, = 1 and denote by d := dy the input dimension. The neurons in layers [m — 1] are
called hidden neurons. A fully-connected network computes a function ®(8;-) : R? — R defined
recursively as follows. For an input x € R? we set h), = x, and define for every j € [m — 1] the
input to the j-th layer as h; = W(j)h;_l, and the output of the j-th layer as h, = o(h;), where
o : R — Ris an activation function that acts coordinate-wise on vectors. Then, we define ®(6;x) =
W™h! . Thus, there is no activation function in the output neuron. When considering depth-2
fully-connected networks we often use a parameterization @ = [w1,..., W, v] where wy, ..., Wy
are the weights vectors of the k hidden neurons (i.e., correspond to the rows of the first layer’s weight
matrix) and v are the weights of the second layer.

We also consider neural networks where some weights can be missing or shared. We define a
class \V of networks that may contain sparse and shared weights as follows. A network ® in N is
parameterized by 6 = [u(l)];’;1 where m is the depth of ®, and u) € R”" are the parameters of the
I-th layer. We denote by W) € R%*di-1 the weight matrix of the I-th layer. The matrix W) is

described by the vector u"), and a function g; : [d;] x [d;_1] — [pi] U {0} as follows: Wi(;) =0

if g;(4,5) = 0, and Wi(;) = wuy if ¢;(¢,7) = k > 0. Thus, the function g; represents the sparsity
and weight-sharing pattern of the I-th layer, and the dimension p; of u(® is the number of free
parameters in the layer. We denote by d := dj the input dimension of the network and assume that
the output dimension d,, is 1. The function ®(8;-) : R — R computed by the neural network is
defined recursively by the weight matrices as in the case of fully-connected networks. For example,
convolutional neural networks are in /. Note that the networks in N do not have bias terms and
do not allow weight sharing between different layers. Moreover, we define a subclass Npo-share OF
N, that contains networks without shared weights. Formally, a network ® is in Npo-ghare if for every
layer [ and every k € [p;] there is at most one (Z,5) € [d;] x [d;—1] such that g;(i,j) = k. Thus,
networks in Mjoshare Might have sparse weights, but do not allow shared weights. For example,
diagonal networks (defined below) and fully-connected networks are in Mo share-
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A diagonal neural network is a network in Myo.share such that the weight matrix of each layer is
diagonal, except for the last layer. Thus, the network is parameterized by 8 = [w1, ..., w,,] where
w; € R? for all j € [m], and it computes a function ®(6;-) : R — R defined recursively as
follows. For an input x € R? set hy = x. For j € [m — 1], the output of the j-th layer is
h; = o(diag(w;)h;_1). Then, we have ®(8;x) = w,} h,,_1.

In all the above definitions the parameters 6 of the neural networks are given by a collection of
matrices or vectors. We often view 0 as the vector obtained by concatenating the matrices or vectors
in the collection. Thus, ||@|| denotes the ¢5 norm of the vector 6.

The ReLU activation function is defined by o(z) = max{0, z}, and the linear activation is o(z) =
z. In this work we focus on ReLLU networks (i.e., networks where all neurons have the ReLU
activation) and on linear networks (where all neurons have the linear activation). We say that a
network ® is homogeneous if there exists L > 0 such that for every > 0 and 8,x we have
®(af;x) = o ®(0;x). Note that in our definition of the class A we do not allow bias terms, and
hence all linear and ReLU networks in A are homogeneous. With the exception of Section 6] which
studies non-homogeneous networks, all networks considered in this work are homogeneous.

Optimization problem and gradient flow (GF). Let S = {(x;,9;)}", C R? x {—1,1} be a bi-
nary classification training dataset. Let ® be a neural network parameterized by 8 € R™. For a loss
function £ : R — R the empirical loss of ®(0;-) on the dataset S is £(0) := Y .| {(y;P(0;x;)).
We focus on the exponential loss £(¢) = e~? and the logistic loss £(g) = log(1+e~?), and consider
gradient flow (GF) on the objective £(0). This setting captures gradient descent with an infinitesi-

mal step size. Let 6(t) be the trajectory of GF. Starting from an initial point 6(0), the dynamics of
0(t) is given by the differential equation dzgt) = —VL(6(t)). Note that the ReLU function is not
differentiable at 0. Practical implementations of gradient methods define the derivative ¢’(0) to be

some constant in [0, 1]. We note that the exact value of o/(0) has no effect on our results.

Convergence to a KKT point of the maximum-margin problem. We say that a trajectory o(t)
converges in direction to 0 if limy_, oo % = ﬁ. In this work we rely on the following theorem:

Theorem 2.1 (Paraphrased from Lyu & Li|(2019);Ji & Telgarsky| (2020)). Let ® be a homogeneous
linear or ReLU neural network. Consider minimizing either the exponential or the logistic loss over
a binary classification dataset {(x;,y;)}"_, using GF. Assume that there exists time to such that
L(0(ty)) < 1, namely, ® classifies every x; correctly. Then, GF converges in direction to a first
order stationary point (KKT point) of the following maximum margin problem in parameter space:

1
min o 101> st Vien] y®0;x;)>1. (1)
Moreover, L(6(t)) — 0 and ||0(t)|] — oo ast — oc.

In the case of ReLU networks, Problem [I] is non-smooth. Hence, the KKT conditions are defined
using Clarke’s subdifferential, which is a generalization of the differential for non-differentiable
functions. See Appendix |B|for a formal definition. We note that|Lyu & Li (2019) proved the above
theorem under the assumption that 8 converges in direction, and J1 & Telgarsky|(2020) showed that
such a directional convergence occurs and hence this assumption is not required.

Lyu & Li (2019) also showed that the KKT conditions of Problem [T]are necessary for optimality. In
convex optimization problems, necessary KKT conditions are also sufficient for global optimality.
However, the constraints in Problem [I| are highly non-convex. Moreover, the standard method for
proving that necessary KKT conditions are sufficient for local optimality, is by showing that the
KKT point satisfies certain second order sufficient conditions (SOSC) (cf. Ruszczynski| (2011)).
However, even when & is a linear neural network it is not known when such conditions hold. Thus,
the KKT conditions of Problem|I]are not known to be sufficient even for local optimality.

A linear network with weight matrices W), ... W (™) computes a linear predictor x — (3,x)
where 3 = W™ . ... W™, Some prior works studied the implicit bias of linear networks in
the predictor space. Namely, characterizing the vector 3 from the aforementioned linear predictor.
Gunasekar et al.[(2018b)) studied the implications of margin maximization in the parameter space
on the implicit bias in the predictor space. They showed that minimizing ||@|| (under the constraints
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in Problem 1)) implies: (1) Minimizing |3, for fully-connected networks; (2) Minimizing |3, ,
for depth-L diagonal networks; (3) Minimizing HﬁHQ /1. for depth-L convolutional networks with

full-dimensional filters, where ,é are the Fourier coefficients of 3. However, these implications may
not hold if GF converges to a KKT point which is not a global optimum of Problem I}

For some classes of linear networks, positive results were obtained directly in the predictor space,
without assuming convergence to a global optimum of Problem [I] in the parameter space. Most
notably, for fully-connected linear networks (of any depth), Ji & Telgarsky| (2020) showed that
under the assumptions of Thm. GF maximizes the /5 margin in the predictor space. Note that
margin maximization in the predictor space does not necessarily imply margin maximization in
the parameter space. Moreover, some results on the implicit bias in the predictor space of linear
convolutional networks with full-dimensional convolutional filters are given in (Gunasekar et al.
(2018b). However, the architecture and set of assumptions are different than what we focus on.

3  FULLY-CONNECTED NETWORKS

First, we show that fully-connected linear networks converge to a global optimum of Problem 1]

Theorem 3.1. Let m > 2 and let ® be a depth-m fully-connected linear network parameterized by
0. Consider minimizing either the exponential or the logistic loss over a dataset {(x;,y;) Y7, using
GF. Assume that there exists time to such that L(0(to)) < 1. Then, GF converges in direction to a
global optimum of Problem

Proof idea (for the complete proof see Appendix|[C.2). Building on results from [Ji & Telgarsky
(2020) and [Du et al| (2018), we show that GF converges in direction to a KKT point 8 =
(W . W] such that for every I € [m] we have W) = C - v;v/ |, where C' > 0 and
V0, ..., Vy are unit vectors (with v,,, = 1). Also, we have |[W(™ . ... WO = ¢™ =
min [[u]| s.t. y;u'x; > 1foralli € [n]. Then, we show that every @ that satisfies these proper-
ties, and satisfies the constraints of Problem [T} is a global optimum. Intuitively, the most “efficient”
way (in terms of minimizing the parameters) to achieve margin 1 with a linear fully-connected net-
work, is by using a network such that the direction of its corresponding linear predictor maximizes
the margin, the layers are balanced (i.e., have equal norms), and the weight matrices are aligned. [

We now prove that the positive result in Thm. [3.1] does not apply to ReLU networks. We show
that in depth-2 fully-connected ReLU networks GF might converge in direction to a KKT point of
Problem [I] which is not even a local optimum. Moreover, it occurs under conditions holding with
constant probability over reasonable random initializations.

Theorem 3.2. Let ® be a depth-2 fully-connected ReLU network with input dimension 2 and two
hidden neurons. Namely, for @ = [w1, w,v] and x € R? we have ®(0;x) = Zle vo(w] x).
Consider minimizing either the exponential or the logistic loss using GF. Consider the dataset
{(x1,41), (X2,y2)} where x; = (1, i)—r, X9 = (—17 i)T, and y1 = yo = 1. Assume that the
initialization 0(0) is such that for every i € {1,2} we have (w1(0),x;) > 0 and (w2(0),x;) < 0.
Also, assume that v1(0) > 0. Then, GF converges to zero loss, and converges in direction to a KKT
point of Problem[I|which is not a local optimum.

Proof idea (for the complete proof see Appendix|C.3). By analyzing the dynamics of GF

on the given dataset, we show that it converges to zero s

loss, and converges in direction to a KKT point 8 such us(ts)

that w; = (O, 2)T, v = 2, wo = 0, and v, = 0. 1.0

Note that wo = 0 and 7, = 0 since wa(t), v2(t) remain

constant during the training and lim,_, . ||@(¢)| = oc. X2 057 gt(t) X1
This is illustrated in the figure on the right: For time ¢ -
we denote u; (t) = v;(t)w;(t). We observe uy (t), ua(t) 1o o5 05 1o

for times t; < to. Ast — oo we have |Juy (¢)|| — oo

and u; converges in direction to (0,1). The vector us

remains constant during the training. Hence ﬁ — 0. -10

—0.5 ¥ uy(ty) = ua(tz)
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Then, we show that for every 0 < € < 1 there exists some 8’ such that ||§’ — 8| < ¢, 8’ satisfies
y;®(0';%x;) > 1 forevery i € {1,2}, and ||@’|| < ||@||. Such @' is obtained from 8 by slightly

changing w1, Wo, and 5. Thus, by using the second hidden neuron, which is not active in 0 we
can obtain a solution 8’ with smaller norm. O]

We note that the assumption on the initialization in the above theorem holds with constant probability
for standard initialization schemes (e.g., Xavier initialization).

Remark 3.1 (Unbounded sub-optimality). By choosing appropriate inputs X1,Xq in the setting of
Thm. it is not hard to show that the sub-optimality of the KKT point w.r.t. the global optimum
can be arbitrarily large. Namely, for every large M > 0 we can choose a dataset where the angle

HGHH > M, where 0 is a KKT point to which

GF converges, and 8* is a global optimum of Problem|l| Indeed, as illustrated in the figure from the
proof idea of Thm. if one neuron is active on both inputs and the other neuron is not active on
any input, then the active neuron needs to be very large in order to achieve margin 1, while if each
neuron is active on a single input then we can achieve margin 1 with much smaller parameters. We
note that such unbounded sub-optimality can be obtained also in other negative results in this work

(in Thm. K4 and[p4).
Remark 3.2 (Robustness to small perturbations). Thm. holds even if we slightly perturb the

inputs x1,Xo. Thus, it is not sensitive to small changes in the dataset. We note that such robustness
to small perturbations can be shown also for the negative results in Thim. and

between x1 and x3 is sufficiently close to m, such that

4 DEPTH-2 NETWORKS IN N/

In this section we study depth-2 linear and ReLU networks in N'. We first show that already for
linear networks in Mo share (more specifically, for diagonal networks) GF may not converge even to
a local optimum.

Theorem 4.1. Let ® be a depth-2 linear or ReLU diagonal neural network parameterized by 8 =
[w1, wa]. Consider minimizing either the exponential or the logistic loss using GF. There exists a
dataset {(x,y)} € R? x {—1,1} of size 1 and an initialization 6(0), such that GF converges to zero

loss, and converges in direction to a KKT point 0 of Problemlwhlch is not a local optimum.

Proof idea (for the complete proofsee Appendix[C4). Letx = (1,2)T and y = 1. Let 6(0) such
that w1 (0) = w2(0) = (1,0)". Recalling that the dlagonal network computes the function x
(w1ows) ' x (where o is the entry-wise product), we see that the second coordinate remains inactive
during training. It is not hard to show that GF converges to the KKT point 8 with w; = Wy =
(1,0) . However, it is not a local optimum, since for small € > 0 the parameters 8’ = [w/, w}] with

wi =wh = (VI—k¢ \/g)T satisfy the constraints of Problem and we have [|6']| < [|6]]. O

By Thm. [3.2]fully-connected ReLU networks may not converge to a local optimum, and by Thm.
linear (and ReLLU) networks with sparse weights may not converge to a local optimum. In the proofs
of both of these negative results, GF converges to a KKT point such that one of the weights vectors
of the hidden neurons is zero. However, in practice gradient descent often converges to a network
that does not contain such disconnected neurons. Hence, a natural question is whether the negative
results hold also in networks that do not contain neurons whose weights vector is zero. In the
following theorem we show that in linear networks such an assumption allows us to obtain a positive
result. Namely, in depth-2 linear networks in NVyo-share, if GF converges in direction to a KKT point
of Problem|[I] that satisfies this condition, then it is guaranteed to be a global optimum. However, we
also show that in ReLU networks assuming that all neurons have non-zero weights is not sufficient.

Theorem 4.2. We have:

1. Let ® be a depth-2 linear neural network in Nyo_ghare, parameterized by 0. Consider minimizing
either the exponential or the logistic loss over a dataset {(x;,y;)}"_, using GF. Assume that

there exists time to such that L(0(to)) < 1, and let  be the KKT point of Problem I such

that O(t) converges to 6 in direction (such 0 exists by Thm. [2.1). Assume that in the network
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parameterized by 0 all hidden neurons have non-zero incoming weights vectors. Then, Oisa
global optimum of Problem

2. Let ® be a fully-connected depth-2 ReLU network with input dimension 2 and 4 hidden neurons,
parameterized by 0. Consider minimizing either the exponential or the logistic loss using GF.
There exists a dataset and an initialization 6(0), such that GF converges to zero loss, and
converges in direction to a KKT point 0 of Problem which is not a local optimum, and in the
network parameterized by 6 all hidden neurons have non-zero incoming weights.

Proof idea (for the complete proof see Appendix|[C.3)). We give here the proof idea for part (1). Let
k be the width of the network. For every j € [k] we denote by w; the incoming weights vector to the
j-th hidden neuron, and by v; the outgoing weight. Let u; = v;w;. We consider an optimization
problem over the variables uy, ..., u, where the objective is to minimize ;g [[u;|| and the

constrains correspond to the constraints of Probleml Let 6 = [W1,..., W, V] be the KKT point
of Problemlto which GF converges in direction. For every j € [k] we denote G; = ;W ;. We show
that iy, . . . , Uy satisfy the KKT conditions of the aforementioned problem. Since the objective there
is convex and the constrains are affine, then it is a global optimum. Finally, we show that it implies

global optimality of 6. O

Remark 4.1 (Implications on margin maximization in the predictor space for diagonal linear net-
works). Thm.H.1|and[4.2] n imply analogous results on diagonal linear networks also in the predictor
space. As we dlscussed in Section 2] |Gunasekar et al| (2018b) showed that in depth-2 diagonal lin-
ear networks, minimizing ||6||, under the constramts in Problem|[l|implies minimizing ||8]|,, where
B is the corresponding linear predictor. Thm. can be easily extended to the predictor space,
namely, GF on depth-2 linear diagonal networks might converge to a KKT point 0 of Problem
such that the corresponding linear predictor [:} is not a local optimum of the following problem:

argmin [|3]|, st Vi€ [n] yi(B,x;) >1. (2)
B

Moreover, by combining part (1) of Thm. {.2| with the result from|Gunasekar et al|(2018D)), we de-
duce that if GF on a depth-2 diagonal lmear network converges to a KKT point 0 of Problem with
non-zero weights vectors, then the corresponding linear predictor is a global optimum of Problem|[2}

By part (2) of Thm. 4.2] assuming that GF converges to a network without zero neurons is not
sufficient for obtaining a positive result in the case of ReLU networks. Hence, we now consider a
stronger assumption, namely, that the KKT point 6 is such that for every x; in the dataset the inputs
to all hidden neurons in the computation ®(8;x;) are non-zero. In the following theorem we show
that in depth-2 ReLU networks, if the KKT point satisfies this condition then it is guaranteed to be
a local optimum of Problem [I] However, even under this condition it is not necessarily a global
optimum. The proof is given in Appendix [C.6|and uses ideas from the previous proofs, with some
required modifications.

Theorem 4.3. Let ® be a depth-2 ReLU network in Nyy.ghare parameterized by 0. Consider mini-
mizing either the exponential or the logistic loss over a dataset {(x;,y;) }1"_, using GF. Assume that

there exists time to such that L(0(to)) < 1, and let 0 be the KKT point ofProblemIsuch that 0(t)
converges to 6 in direction (such 0 exists by Thm.|2.1)). Assume that for every i € [n] the inputs to all

hidden neurons in the computation @(0 x;) are non-zero. Then, 0 is a local optimum of Probleml
However, it may not be a global optimum, even if the network ® is fully connected.

Note that in all the above theorems we do not allow shared weights. We now consider the case of
depth-2 linear or ReLU networks in A, where the first layer is convolutional with disjoint patches
(and hence has shared weights), and show that GF does not always converge in direction to a local
optimum, even when the inputs to all hidden neurons are non-zero (and hence there are no zero
weights vectors).

Theorem 4.4. Let ® be a depth-2 linear or ReLU network in N, parameterized by 60 = [w, v] for

w,v € R, such that for x € R* we have ®(0;x) = Z§:1

and x?) = (x3,14). Thus, ® is a convolutional network with two disjoint patches. Consider mini-
mizing the exponential or the logistic loss using GF. Then, there exists a dataset {(x,y)} of size 1,

vio(wTx)) where xV) = (21, x)
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and an initialization 6(0), such that GF converges to zero loss, and converges in direction to a KKT
point @ = [w, V] ofProblemwhich is not a local optimum. Moreover, (%, x9)) # 0 forj € {1,2}.

Proof idea (for the complete proof see Appendix|[C.7). Let x = (4, LQ, —4, %> T andy = 1. Let
0(0) such that w(0) = (0,1)" and v(0) = (%, %)T Since x(1) and x(?) are symmetric w.r.t.
w(0), and v(0) does not break this symmetry, then w keeps its direction throughout the training.
Thus, GF converges in direction to a KKT point 6 where w = (0,1)T and v = (%, %) T. Itis not
a local optimum, since for every small € > 0 the parameters 8’ = [w’, v/] with w’ = (y/e,1 —¢)

T -
and v/ = (% + %, % — %) satisfy the constraints of Problem , and ||0']| < ||0]]. O

5 DEEP NETWORKS IN A/

In this section we study the more general case of depth-m neural networks in N, where m > 2. First,
we show that for networks of depth at least 3 in NVyo-share, GF may not converge to a local optimum
of Problemm for both linear and ReLLU networks, and even where there are no zero weights vectors
and the inputs to all hidden neurons are non-zero. We prove this claim for diagonal networks.

Theorem 5.1. Let m > 3. Let ® be a depth-m linear or ReLU diagonal neural network parame-
terized by 0. Consider minimizing either the exponential or the logistic loss using GF. There exists
a dataset {(x,y)} C R? x {—1,1} of size 1 and an initialization 6(0), such that GF converges to
zero loss, and converges in direction to a KKT point 0 of Problem|l|which is not a local optimum.
Moreover, all inputs to neurons in the computation <I>(é; X) are non-zero.

Proof idea (for the complete proof see Appendix|C.8). Let x = (1, 1) and y = 1. Consider the
initialization 6(0) where w;(0) = (1,1)" for every j € [m]. We show that GF converges in di-
rection to a KKT point @ = [Wr, ..., W,,] such that w; = (271/™, 2*1/’”)—'— for all j € [m)].

Then, we consider the parameters 8’ = [w),...,w/ ] such that for every j € [m] we have

m m T . . . .
w) = ((%)1/ , (156)1/ ) , and show that if ¢ > 0 is sufficiently small, then @’ satisfies

the constraints in Problem and we have ||0'| < ||0]|. O

Note that in the case of linear networks, the above result is in contrast to networks with sparse
weights of depth 2 that converge to a global optimum by Thm.[4.2] and to fully-connected networks
of any depth that converge to a global optimum by Thm. [3.1] In the case of ReLU networks, the
above result is in contrast to the case of depth-2 networks studied in Thm. [4.3] where it is guaranteed
to converge to a local optimum.

In light of our negative results, we now consider a weaker notion of margin maximization, namely,

maximizing the margin for each layer separately. Let ® be a network of depth m in AV, parameterized

by 8 = [u]™ . The maximum-margin problem for a layer ly € [m] w.r.t. 6y = [uél)]}zl is:

1 2
min 2 Hu(l") st Vieln] yi®0:x)>1, 3)
u'to

where 0’ = [u((Jl), ol uélo*l), ullo) u(()l"ﬂ), ol uém)]. For linear networks we have the following:

Theorem 5.2. Let m > 2. Let ® be any depth-m linear neural network in N, parameterized
by 8 = [u(l)];’;l. Consider minimizing either the exponential or the logistic loss over a dataset
{(xi, yi) }7, using GF. Assume that there exists time to such that L(0(ty)) < 1. Then, GF converges
in direction to a KKT point @ = [, of Problem|l| such that for every layer | € [m)] the
parameters vector u) is a global optimum ofProblemw.r.t. 6.

The theorem follows by noticing that if ® is a linear network, then the constraints in Problem [3|are
affine, and its KKT conditions are implied by the KKT conditions of Problem[I] See Appendix [C.9]
for the formal proof. By Thm. and linear networks in A/ might converge to a KKT point
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6 which is not a local optimum of Problem 1 l However, by Thm. |5 . 2| each layer in 0isa global
optimum of Problem Thus, any improvement to 6 requires changing a few layers simultaneously.

While in linear networks GF maximize the margin for each layer separately, in the following theorem
we show that this claim does not hold for ReLU networks: Already for fully-connected networks of
depth 2 GF may not converge to a local optimum of Problem (3| (see Appendix for the proof).
Theorem 5.3. Let © be a fully-connected depth-2 ReLU network with input dimension 2 and 4
hidden neurons parameterized by 6. Consider minimizing either the exponential or the logistic loss
using GF. There exists a dataset and an initialization 6(0) such that GF converges to zero loss, and
converges in direction to a KKT point 0 of Problem such that the weights of the first layer are not
a local optimum ofProblemw.r.t. 6.

Finally, we show that in ReLU networks in A of any depth, if the KKT point to which GF converges
in direction is such that the inputs to hidden neurons are non-zero, then it must be a local optimum
of Problem 3] (but not necessarily a global optimum). The proof follows the ideas from the proof of
Thm. [5.2] with some required modifications, and is given in Appendix [C.TT}

Theorem 5.4. Let m > 2. Let ® be any depth-m ReLU network in N parameterized by

6 = [u(l)} 2. Consider minimizing either the exponential or the logistic loss over a dataset
{(xi,9:)}i=y using GE and assume that there exists time to such that L(6(to)) < 1. Let
6 = [aD)7, be the KKT point of Problem I such that 0( ) converges to 0 in direction (such 0

exists by Thm. 2.1 -) Let | € [m] and assume that for every i € [n] the inputs to all neurons in layers
> 1 in the computation ‘I>(0 x;) are non-zero. Then, the parameters vector 1"V is a local optimum
of Problem E] w.rt. 8. However; it may not be a global optimum.

6 NON-HOMOGENEOUS NETWORKS

Let %(0) := min;ep,) v;® (ﬁ; xi> be the normalized margin. If ® is homogeneous then maxi-

mizing () is equivalent to solving Problem[l] i.e., minimizing ||@|| under the constraints (cf. Lyu
& Li/(2019)). In this section we study the normalized margin in non-homogeneous networks.

Lyu & Li| (2019) showed under the assumptions from Thm. @ that a smoothed version of the
normalized margin is monotonically increasing when training homogeneous networks. More pre-

cisely, there is a function 4(@) which is an O (H0||_L)—additive approximation of 4(€), such that

%(80) is monotonically non-decreasing. This result does not apply to non-homogeneous networks,
such as networks with skip connections or bias terms. |Lyu & Li (2019) observed empirically that
the normalized margin is monotonically increasing also when training non-homogeneous networks.
However, they did not provide a proof for this phenomenon and left it as an open problem. Their
experiments are on training convolutional neural networks (CNN) with bias on MNIST. In the fol-
lowing theorem we show an example for a simple non-homogeneous network where the normalized
margin is monotonically decreasing during the training. This example implies that in order to obtain
such a result for non-homogeneous networks some additional assumptions must be made.

Theorem 6.1. Let ® be a depth-2 linear network with input dimension 1, width 1 and a skip connec-
tion. Namely, ® is parameterized by 6 = [w, v, u] where w,v,u € R, and ®(0;2) = v-w-x+u-z.
Consider the size-1 dataset {(1,1)}, and assume that 6(0) = [2,2, 2]. Then, GF w.r.t. either the ex-
ponential loss or the logistic loss converges to zero loss, converges in direction (i.e., lim;_, o %

exists), and the normalized margin is monotonically decreasing during the training, i.e., %t(t)) <0

forall t > 0. Moreover, we have 5(6(0)) > 0.9 and lim,_,» 7(6(t)) = 1.

We note that the proof readily extends in a few directions: It applies also for a depth-2 network
without a skip connection but with a bias term in the output neuron. In addition, it also holds for
ReLU networks. Finally, the theorem applies also for the smoothed version of the normalized margin
considered in Lyu & Li (2019) The proof of the theorem is glven in Appendlx [@} Intu1t1vely,
note that if 1> o7 = 0 and qgp = 1 then ¥(0) = 1, and if o7 = Oand qgr = a7 = f then

7(0) = 2. Also, since the partial derivative of the loss w.r.t. v, w depends on w, v (respectively) and
on z, and the partial derivative w.r.t. u depends only on z, then v, w grow faster than w during the
training. Hence, as ¢ increases, ﬁ decreases and ”T7i”, ﬁ increase.
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As detailed in Section E], Lyu & Li| (2019) and Ji & Telgarsky| (2020) showed that GF on homo-
geneous neural networks with exponential-type losses converge in direction to a KKT point of the
maximum margin problem in the parameter space. Similar results under stronger assumptions were
previously obtained inNacson et al.|(2019a)); |(Gunasekar et al.| (2018b). The implications of margin
maximization in the parameter space on the implicit bias in the predictor space for linear neural
networks were studied in |Gunasekar et al.|(2018b)) (as detailed in Section@]) and also in Jagadeesan
et al.| (2021). Margin maximization in the predictor space for fully-connected linear networks was
shown by Ji & Telgarsky|(2020) (as detailed in Section, and similar results under stronger assump-
tions were previously established in |(Gunasekar et al.[(2018b)) and in J1 & Telgarsky| (2018a). The
implicit bias in the predictor space of diagonal and convolutional linear networks was studied in|Gu-
nasekar et al.| (2018b)); Moroshko et al.|(2020);[Yun et al.|(2020). The implicit bias in infinitely-wide
two-layer homogeneous neural networks was studied in|Chizat & Bach| (2020).

Finally, the implicit bias of neural networks in regression tasks w.r.t. the square loss was also ex-
tensively studied in recent years (e.g.,|(Gunasekar et al.|(2018c); |Razin & Cohen|(2020); |Arora et al.
(2019); Belabbas| (2020); [Eftekhari & Zygalakis| (2020); [Li et al.| (2018); Ma et al.| (2018)); Wood-
worth et al. (2020); |Gidel et al.| (2019); [Li et al.| (2020); |Yun et al.| (2020); [Vardi & Shamir| (2021));
Azulay et al.|(2021)). This setting, however, is less relevant for our work.

B PRELIMINARIES ON THE KKT CONDITION
Below we review the definition of the KKT condition for non-smooth optimization problems (cf.
Lyu & Li|(2019)); Dutta et al.|(2013)).

Let f : R? — R be a locally Lipschitz function. The Clarke subdifferential (Clarke et al.,|[2008) at
x € R? is the convex set

0° f(x) := conv { lim Vf(x;) | lim x; = x, f is differentiable at xi} .
71— 00 1— 00
If f is continuously differentiable at x then 0° f (x) = {V f(x)}.
Consider the following optimization problem
min f(x) st Vn € [N] gn(x) <0, 4)

where f,g1,...,9, : R? = R are locally Lipschitz functions. We say that x € R? is a feasible
point of Problemd]if x satisfies g,,(x) < 0 for all n € [N]. We say that a feasible point x is a KKT
point if there exists A1, ..., Ay > 0 such that

L. 0€9°f(x) + 3 ,cn) An0°gn(x);
2. For all n € [N] we have A\, g, (x) = 0.

C PROOFS

C.1 AUXILIARY LEMMAS

Throughout our proofs we use the following two lemmas from |Du et al.|(2018)):

Lemma C.1 (Du et al.|(2018)). Let m > 2, and let ® be a depth-m fully-connected linear or
ReLU network parameterized by @ = [Wy, ..., W,,]. Suppose that for every j € [m] we have
W; € R% %41 Consider minimizing any differentiable loss function (e.g., the exponential or the
logistic loss) over a dataset using GF. Then, for every j € [m — 1] at all time t we have

d 2 2
= (W3l = 1W5113) = 0.
Moreover, for every j € [m — 1] and i € [d;] we have
d o2 212
= (6. 112 = Wyl al)17) =0,
where Wi, ] is the vector of incoming weights to the i-th neuron in the j-th hidden layer (i.e.,

the i-th row of W;), and Wj1[:, 1| is the vector of outgoing weights from this neuron (i.e., the i-th
column of W;11).

12
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Lemma C.2 (Du et al|(2018)). Let m > 2, and let ® be a depth-m linear or ReLU network in N,
parameterized by @ = [u\!) ... u(m)]. Consider minimizing any differentiable loss function (e.g.,
the exponential or the logistic loss) over a dataset using GF. Then, for every j € [m — 1] at all time

t we have
s (- o) 0.
dt

Note that Lemma [C.2]considers a larger family of neural networks since it allows sparse and shared
weights, but Lemma gives a stronger guarantee, since it implies balancedness between the in-
coming and outgoing weights of each hidden neuron separately. In our proofs we will also need
to use a balancedness property for each hidden neuron separately in depth-2 networks with sparse
weights. Since this property is not implied by the above lemmas from Du et al.| (2018), we now
prove it.

Before stating the lemma, let us introduce some required notations. Let ® be a depth-2 network
in Mposhare- We can always assume w.l.o.g. that the second layer is fully connected, namely, all
hidden neurons are connected to the output neuron. Indeed, otherwise we can ignore the neurons
that are not connected to the output neuron. For the network ® we use the parameterization 8 =
[W1,..., W, v], where k is the number of hidden neurons. For every j € [k] the vector w; € RP
is the weights vector of the j-th hidden neuron, and we have 1 < p; < d where d is the input
dimention. For an input x € R? we denote by x/ € RPi a sub-vector of x, such that x? includes the
coordinates of x that are connected to the j-th hidden neuron. Thus, given x, the input to the j-th
hidden neuron is (w;,x’). The vector v € R¥ is the weights vector of the second layer. Overall,

we have ®(8;x) = 3,y vio (W] x7).

Lemma C.3. Let ® be a depth-2 linear or ReLU network in Nyg.ghare, parameterized by 0 =
[W1,...,Wg, V]. Consider minimizing any differentiable loss function (e.g., the exponential or the
logistic loss) over a dataset using GF. Then, for every j € [k] at all time t we have

2 (wil* —22) =0

Proof. We have

LO)=> Ly®0:x)=> |y > wo(w x))

i€[n] i€[n] le[k]
Hence
d dw ;
= (Iws1?) = 20w, ) = —2(w;, Var, £(9))
=-2 Z 7|y Z vo(w) xb) | - yivjo (WJTX])Wijz
1€[n] le[k]
=-2 Z AR Z vo(wxb) | - yvjo(w/x]) .
1€[n] le[k]
Moreover,
d dv;
pr (vf) = 2'Ujd—tj = —2u;V,,L(0)
= —2u; Z 0|y Z vo(w] x| - yio (WTX])
l€[k]
Hence the lemma follows. O]

Using the above lemma, we show the following:
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Lemma C.4. Let ® be a depth-2 linear or ReLU network in Nyg.ghare, parameterized by 0 =

[W1,...,Wg, Vv]. Consider minimizing any differentiable loss function (e.g., the exponential or the
logistic loss) over a dataset using GF starting from 0(0). Assume that lim;_, o ||9( )H = oo and
that O(t) converges in direction to @ = [W1,. .., Wy, V], i.e, 0 = ||0]| - im0 |\e(t)|| Then, for
everyl € [k] we have ||w| = |v;|.

Proof. Forevery | € [k], let A; = |w;(0)]|> — v(0)2. By Lemma we have for every | € [k]
and t > 0 that ||w;(¢)||> — v (£)2 = A, namely, the differences between the square norms of the
incoming and outgoing weights of each hidden neuron remain constant during the training. Hence,
we have

1= 101 i 120 gy VIO Z
T I 0T
Thus, if lim; o, [|[W;(t)]| = oo, then we have || = [|0]] - lim;_, o % — |[%ll.
Assume now that ||w;(t)|| /4 co. By the definition of 6 we have ||W;|| = ||0]| - lim_ 0 HHV;( ];H”
Since lim;— oo H‘rg(it))u\\ exists and lim; o ||@(t)|| = oo, then we have lim; H||V(‘;((t];)\|H = 0. Hence,
limg o0 \||e((f))‘|| = limy_, 0 % = 0. Therefore ||w;| = o, = 0. -

C.2 PROOF OF THM.[3.1]

Suppose that the network @ is parameterized by 0 =[wm ... W] By Thm. . GF converges
in direction to a KKT point § = [W) ... W(™)] of Problem I For every | € [m] let A} =

||W<”(O)Hj, - HW(I)(O)H; By Lemma we have for every [ € [m] and ¢ > 0 that

2 2 1 _ 2 _ 2 =t _ 2 , 2
T R > T A O e

= [woo| - [woo|, =a

Hence, we have

: WO, _ s OO+ A
W(l)H — |6 WOOle _ gy . F
[0, = 81 pim S = 161 i sy
Since by Thm.we have limy_, o [|8(t)[| = oo, then limy_, o || W1 (¢) ||, = oo, and we have
wo )| .
] =101 o Egle =[]
[, =161 i =y ;

By |J1 & Telgarsky|(2020) (Proposition 4.4), when GF on a fully-connected linear network w.r.t. the
exponential loss or the logistic loss converges to zero loss, then we have the following. There are
unit vectors vy, ..., v,, such that

WO ()

lim =vv,
=oo [WO@)],

for every | € [m]. Moreover, we have v,,, = 1, and vy = u where

u = arg max min yluTXZ
[ul|=1 €]

is the unique linear max margin predictor.

Note that we have

- ~ = . @)
WO w0 6] imese emt wo .

— — — - =V1V171 .
WOl 16 - “

= lim i
[woo|, it HW(l)(t) »
el
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Thus, W = Cv;v]" | forevery I € [m].
Leta =W .. . .W® = C™u. Since  is a KKT point of Problem we have for every [ € [m)]

0D ( 0: x;
WO — Z&yz akldh )’

where \; > 0 forevery i, and \; = 0if y;®(6;x;) # 1. Since W) are non-zero then there is i € [n]
such that 1 = yﬁb(é;xi) = yiﬁTxi = in’muTxi. Likewise, since 0 satisfies the constraints of
Problem then for every i € [n] we have 1 < yyb(é; x;) = 1;C™u' x;. Since, u is a unit vector
that maximized the margin, then we have

@] = C™ = min ||[u’|| s.t. y;u' x; > 1foralli € [n]. (5)

Assume toward contradiction that there is 8’ with ||@’|| < [|6|| that satisfies the constraints in Prob-
lem Letu = W™ . . . W), By Eq.[5| we have ||u’|| > ||| = C™. Moreover, we have
[[u']] = HW’(m) LW < [Licpm) Wt ||F due to the submultiplicativity of the Frobenius
norm. Hence [ ], [m] ||W’ @ || > C"™. The following lemma implies that

1= 3~ o,z me 07 = 3 [, = o]

in contradiction to our assumption, and thus completes the proof.
Lemma C.5. Let ay,...,a,, be real numbers such that ||

Z]E[m] a?>m-C2

jefm) % = C™ for some C > 0. Then

Proof. 1t suffices to prove the claim for the case where [ ], a; = C™. Indeed, if [, (,, a; >
C™ then we can replace some a; with an appropriate a;- such that |a§-| < |a;| and we only decrease
2 efm] @ 2. Consider the following problem

1
min 3 Z a? s.t. H a; =C™ .
j€[m] j€[m]

Using the Lagrange multipliers we obtain that there is some A € R such that for every [ € [m)]
we have a; = A - ][, a;. Thus, a? = \- [icpm s It implies that a? = ... = a2,. Since
[Ljcpm @j = C™ then |a;| = C for every j € [m]. Hence, Z]E[m] 2 =mC? O
C.3 PROOF OF THM.

Consider an initialization 6(0) is such that w4 (0) satisfies (w1(0),x1) > 0 and (w1(0),x2) > 0,
and wo(0) satisfies (w2(0),x;) < 0 and (w2(0), x2) < 0. Moreover, assume that v1(0) > 0.

Note that for every 0 such that (wo, x;) < 0 and <W2, X2) < 0 we have
2

Vw, L(0) = ZK'(inI)(G;Xi)) Yi Vi, @(0;%;) ZE’ (1i®(0:%;)) - i Vi, [v10(W] x;) + v20(Wg x;)]
i=1
2
= Zf/(yiq)(a;xi)) - yiv20’ (Wg X;)x; = 0.
i=1

and

2
V., £(0) = ZE’(yﬁb(O;xi Y Vi, @(05%;) ZE’ Yi®(0;%;)) - 4i Vo, [v10(W{ x;) 4+ v20 (W, x;)]
—Zé’ (y:;®(0;%;)) - yio(wg x;) = 0.
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Hence, w and vo get stuck in their initial values. Moreover, we have
2
= Z(’(yi@(e; X)) Yi Vo, [010(W] %;) + v20(W3 x;)] = ZE’(yiq)(B;xi)) co(w]x;) <0.

Therefore, for every ¢t > 0 we have v (t) > v1(0) > 0.

We denote wi = (wy [1], w1[2]). Since (w1 (0),x;) > 0 for j € {1, 2} then w;[2](0) > 0. Assume
w.lo.g. that wy[1](0) > O (the case where w1[1](0) < 0 is similar). For every w; that satisfies
w1[2] > 0and 0 < wy[1] < wq[1](0) we have (wy,x1) > (wy,x2) > 0. Thus,

= Zﬁ’(y@(e;xi)) iV, [10(W] X;) + v20 (W5 X;)]

2

= Zgl(yi(vla(wirxi) +0)) - givio’ (Wi x)x;
i=1

2
= Zﬁ'(vlwixi) s 01X .

i=1

. . . . . . . dwq[1
Since ¢’ is negative and monotonically increasing, and since v, wlTxl > v w]—xQ, then “;l—lt[] <0.

dw1[1]

Also, dwT;D] > 0. Moreover, if wy[1] = 0 then vlwfxl = 'UlWIXQ and thus = (. Hence,

for every t we have wq[2](t) > w1[2](0) > 0and 0 < w;[1](t) < wq[1](0).
If £(0) > 1 then for some i € {1,2} we have {(y;®(0;%;)) > % and hence ¢'(y; ®(0;x;)) < c for
some constant ¢ < 0. Since we also have v; > v1(0) > 0, we have

dw1[2] 1

> —c-v1(0) - - .

a = o0y
Therefore, if the initialization 6(0) is such that £(0) > 1 then w;[2](¢) increases at rate at least
010 while w, [1](¢) remains in [0, w;[1](0)]. Note that for such w1 [1] and v, > v;(0) > 0, if
w1 [2] is sufficiently large then we have vy (w1,x;) > 1 for ¢ € {1, 2}. Hence, there is some ¢y such
that £(0(tp)) < 24(1) < 1 for both the exponential loss and the logistic loss.

Therefore, by Thm. [2.1] GF converges in direction to a KKT point of Problem [T} and we have
lim; 00 £(0(t)) = 0 and lim;_, . ||0(¢)|| = oco. It remains to show that it does not converge in
direction to a local optimum of Problem 1]

Let 8 = lim;_, o %. We denote @ = [W, Wy, 71, o). We show that w; = %(0, nt, o =
%, wy = O and v2 = 0. By Lemma we have for every ¢ > 0 that vy (¢)2 — ||w1(t)]]* =

v1(0)2 — ||w1(0)||* := A. Since for every ¢ we have wa(t) = w2 (0) and va(t) = v5(0), and since
lim;_ o [|0(t)]| = oo then we have lim;_, o ||W1(2)|| = oo and lim;_, o |v1(¢)| = co. Also, since
limy s o0 ||W1 () || = 0o and wq [1](¢) € [0, w1 [1](0)] then lim;_, o w1 [2](t) = oo. Note that

o) = \/\|W1(7f)||2 +o1(t)2 + [w2(0)[” +v2(0)2 = \/A +2[lwi ()] + [w2(0)]* + v2(0)2 .
Since w1 [1](t) € [0, w1[1](0)] and ||@(t)|| — oo, we have

wi[l] = lim wi1](®)

=0.
t=oo [[6(2)]]

Moreover,

w1[2] = tim 20 _ \/ (wi [2](1))? |
t=oo [|O(F)]|  t=oo \[ A 4 20wy [1](£))2 + 2(w1 [2)(8))2 + [|[w2(0)||]” + v2(0)2 V2

Wy = lim 220 g w2(0)

t=oo |O(t)[| — t—oo [|0(2)]]

16



Under review as a conference paper at ICLR 2022

Finally, by Lemma |C.4|and since v1(¢) > 0, we have o, = ||w]| = % By Lemma we also
have |172| = ||V_V2|| =0.

Next, we show that  does not point at the direction of a local optimum of Problem |1 I Let 0 =
[W1, W2, U1, 2] be a KKT point of Problem |1 Ithat points at the direction of . Such 6 exists since
0(t) converges in direction to a KKT point. Thus, we have Wy = 0, 7o = 0, W; = «(0,1)" and

01 = « for some o > 0. Since 0 satisfies the KKT conditions, we have
2 } 2
\7V1 = Z /\ivwl (yl@(e,xz)) = Z )\iyi (’[)10”(\XIIX1‘)XZ') 5
i=1 i=1

where \; > 0and \; = 0if yiq)(é; x;) # 1. Note that the KKT condition should be w.r.t. the Clarke
subdifferential, but since W x; > 0 for i € {1,2} then we use here the gradient. Hence, there is

i € {1,2} such that y;®(;x;) = 1. Thus,

Therefore, o = 2 and we have w; = (0,2)" and 7, = 2.

In order to show that @ is not a local optimum, we show that for every 0 < € < 1 there exists some
6’ such that —éH < €, 0’ satisfies ®(0';x;) > 1 for every i € {1,2}, and ||0’|| < ||6]|. Let
€= % < 1. Let® = [w], wh,v],vh] besuchthat wi = (£,2—2¢) 7, wh = (—v2¢,0) T, 0] =2
and vh, = v/2e. Note that

0;x)) =20 <(;,2 —26)(1, i)T) +V2 -0 <(—¢Z, 0)(1, i)T>

=2 <2+2—)+\/? o (=v2e) =1,

and
B(0;x3) =20 ((;,2 — 2¢)(—1, i)T) +V2 -0 ((—\/ﬂ, 0)(-1, i)T>

:2.0(_; 2—)—"—\/»6 U(\/>)=1—26+26=1~

We also have

~ 2 ~ 12 ~ ~
0 — 6 = Iwh — P 1w — W+ (0]~ 80) + (0 — )
= (4+452) +2€ + 0 + 2¢ < 9e = €

Finally, we have

2 €2 9 1762
|011° = T +4—8e+4e* + 2+ 4+ 2 =8 —de+ —— < 8- 4+—<8 HeH

Thus, ||| < |16

C.4 PROOF OF THM.

Letx = (1,2)" and y = 1. Let (0) such that w;(0) = w2(0) = (1,0)". Note that £(0(0)) =
£(1) < 1 for both linear and ReLU networks with the exponential loss or the logistic loss, and
therefore by Thm. GF converges in direction to a KKT point 6 of Problem |1 and we have
hmt_>Oo t)r> = 0 and lim;_,, ||@(¢)|| = oc. We denote w; = (wy[1],w1[2])" and wo =
(wa[1] Note that the initialization 6(0) is such that the second hidden neuron has 0 in
both its mcommg and outgoing weights. Hence, the gradient w.r.t. w1[2] and wz[2] is zero, and the
second hidden neuron remains inactive during the training. Moreover, w[1] and wo[1] are strictly
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increasing. Also, by Lemma |C.3|we have for every ¢ > 0 that wy[1](£)2 = w2[1](t)2. Overall, 0
is such that w1 = Wy = (1,0) '. Note that since the dataset is of size 1, then every KKT point of
Problem|[T] must label the input x with exactly 1.

It remains to show that @ is not local optimum. Let 0 < € < 1, and let 8’ = [w}, w}] with
wi=wh = (VI—k¢ \/g)—r Note that 8’ satisfies the constraints of Problem since y-®(0’;x) =
1—e€+2-5 = 1. Moreover, we have [|||> = 2 and [|6'[|> =2 (1 — e+ ) = 2 — € and therefore
1ol < 181l

C.5 PROOF OF THM.

C.5.1 PROOF OF PART 1

We assume w.l.o.g. that the second layer is fully-connected, namely, all hidden neurons are con-
nected to the output neuron, since otherwise we can ignore disconnected neurons. For the network
® we use the parameterization & = [wy, ..., Wy, v| introduced in Section Thus, we have

®(0;x) = Zle [k] uw x!

By Thm. [2 GF converges in direction to 6= [W1, ..., W, V] which satisfies the KKT conditions

of Problem l Thus, there are Ay, ..., A, such that for every J € [k] we have
W; = Z NV, (3:2(05%:)) = D Aty ©)
i€[n] i€[n]

and we have \; > 0 for all 7, and \; = 0 if yi<I>(0~; X;i) = Y Zle[k] 17lvirlTx§ # 1. By Thm. we
also have lim;_, o ||0(t)|| = co. Hence, by Lemma|C.4|we have ||w, | = |o,| for all j € [k].

Consider the following problem

min Z lw]] st Vien] y Z u/ xt>1. 7
l€[k]

For every | € [k] we denote i; = ¥; - W;. Since we assume that w; # 0 for every | € [k], and
since ||W;|| = |9;|, then @; # O for all | € [k]. Note that since W1, ..., Wy, V satisfy the constraints
in Problem [T} then @y, ..., 0, satisfy the constraints in the above problem. In order to show that
uay,..., Uy satisfy the KKT condition of the problem, we need to prove that for every j € [k] we

have
Nyix] ®)

|uJ I Z

for some A} > 0 such that \} = 01if y; ¢y ul i # 1. From Eq.@and since ||w;|| = |t for

every [ € [k], we have
W= 0 Wy =05y Aityx) = > dyix) = (oW, > Ayaxd = [[5y] Y Ay
1€[n] i€[n] 1€[n] 1€[n]
Note that we have \; > 0 for all 4, and \; = 0 if y; Zle[k] ﬁlTxé =1; Zle[k] fm?vlTxé = 1. Hence
Eq. holds with Af, ..., X/, that satisfy the requirement. Since the objective in Problemis convex

and the constraints are affine functions, then its KKT condition is sufficient for global optimality.
Namely, @y, . . ., 1 are a global optimum for problem[7]

We now deduce that 6 is a global optimum for Probleml Assume toward contradiction that there
is a solution @' = [wi,...,w},V ] for the constraints in Probleml 1| such that [|6’]|2 < [|]]. Let
u; = v;w;. Note that the vectors ul satisfy the constraints in Problem [7} Moreover, we have

2
Z il = 3"l < 3 5 (il + Iwil®) = 5 1007 < 5 6] = 32 5 (1 + i) -
le[k]

le[k] LE[K]
Smce [IW:]] = |v1], the above equals
Z ||WlH Z O] - [l = Z [l ,
L[] LE[k]
which contradicts the global optimality of ug,...,Ug.

18



Under review as a conference paper at ICLR 2022

C.5.2 PROOF OF PART 2

Let {(x;,y:)}{, be a dataset such that y; = 1 for all i € [4] and we have x; = (0,1)7,
xs = (1,007, x3 = (0,—1) and x4 = (—1,0). Consider the initialization 6(0) =
[w1(0), w2(0), w3(0), ws(0),v(0)] such that w;(0) = 2x; and v;(0) = 2 for every i € [4].
Note that £(6(0)) = 4£(4) < 1 for both the exponential loss and the logistic loss, and there-
fore by Thm. GF converges in direction to a KKT point @ of Problem |l and we have
lim; 00 £(0(t)) = 0 and lim;_, |0(t)]| = o0

We now show that for all ¢ > 0 we have w;(t) = «(t)x; and v;(t) = a(t) where a(t) > 0 and
lim;_, o () = oo. Indeed, for such 8(t), for every j € [4] we have

d
- ;Z] Vw,L(0) Zﬁ’ Yi®(0;%;)) - YiVw, ®(0; x;) ;(’ <Z vo(w] x; > - (vjo’ (WJTXi)Xi)

4
o ZO’ (W) xi)x; = l'(a?) - ox;
=1
and
dv; .
dtf Vo, L(0 Zf’ yi®(0;%x;)) - yi Vo, 2(0; %) z::é’ <2vla(wfxi)> co(w) x;)

=

[V}
N~—
M_,;

o(w]x;) =0(0?) a.
i=1
Moreover, since lim;_, ||@(t)]] = oo then lim;_, o a(t) = oco.
Hence, the KKT point 6 is such that for every je4 ] the vector w; points at the direction X and

we have 0; = ||w]|| Also, the vectors W1, Wo, W3, W4 have equal norms. That is, w; = ax; and
v; = & for some & > 0. Moreover, since it satisfies the KKT condition of Problem' 1} then we have

= Z )\Zszw]@(é, Xi) )

i=1

where \; > 0 and \; = 0 if yfb(é; x;) # 1. Hence, there is ¢ such that yid)(é; x;) = 1.Therefore,
&* = 1. Thus, we conclude that for all j € [4] we have W; = x; and ©; = 1. Note that w; # 0 for
all j € [4] as required.

Next, we show that 6 is not a local optimum of Problern We show that for every 0 < € < 1 there
exists some 6’ such that ‘ 0 — 0~H < ¢, 0’ satisfies the constraints of Problem and ||0'|| < ||6].
Let ¢ = . Let @' be such that v; = v; = 1 forall j € [4], and we have w} = (¢/,1 — ),

wh=(1-¢ ,fe N, wh = (—e 771 +é)T and w) = (=1 +¢,€)T. Itis easy to verify that 6’
satisfies the constraints. Indeed, we have ®(0’;x;) = ((1 —€¢)+ € +0+0) = 1. Also, we have

’ 0 — é” — V4262 = 2/2¢ — €. Finally,

102 =4 (*+(1—€)?)+4=8+8 (€ —1) <8=0]>.
C.6 PROOF OF THM. [4.3]

We assume w.l.o.g. that the second layer is fully-connected, namely, all hidden neurons are con-
nected to the output neuron, since otherwise we can ignore disconnected neurons. For the network
® we use the parameterization @ = [wy, ..., wy, V] introduced in Section Thus, we have

D(0:%x) = X1y vo(w] x!).

We denote 6 = [W1,..., W, V]. Since 6 is a KKT point of Problem then there are \q,..., \,
such that for every j € [k] we have

=3 AV, (n®(Bix)) = Z Nyibjo! (W) x))x!
ieh)

sb

; €))
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and we have \; > 0 for all 4, and \; = 0 if 3;®(8; x;) = s 2 ie[k] to(w) xb) #£ 1. Note that the

KKT condition should be w.r.t. the Clarke subdifferential, but since for all ¢, j we have W W 7& 0 by

our assumption, then we can use here the gradient. By Thm. we also have lim;_, ||0( )H =
Hence, by Lemma|C.4|we have ||w;|| = |o;] forall j € [k:]

Fori € [n]and j € [k] let A;; = ]l(vNV-sz > 0). Consider the following problem
min Z lw|| st Vieln] y Z Agu/ x> 1. (10)

le[k] le[K]

For every | € [k] let ; = ¥; - W;. Since we assume that the inputs to all neurons in the computations

®(8; x;) are non-zero, then we must have w; # 0 for every | € [k]. Since we also have ||%;|| = |#],
then @; # O for all [ € [k]. Note that since W1, . .., Wy, V satisfy the constraints in Probelm then
Uy, ..., Uy satisfy the constraints in the above problem. Indeed, for every i € [n] we have
Yi Z At X =y, Z 1w/} > 0)orw/ x; = y; Z hio (W) xj) > 1.
le[k] le[k] le[k]
In order to show that @iy, . . ., 0y, satisfy the KKT condition of Probelm[I0} we need to prove that for
every j € [k] we have
=D Nyidix] (1)
Tl P

for some A7, ..., A7, such that for all ¢ we have A} > 0, and A} = 0if y; 3y Aya; xt # 1. From

’ n

Eq.[9]and since ||W;|| = |&;| for every [ € [k], we have
W= 0wy =0; Y N Aigx] =87 Y Nwidyx] = [10,w5] Y Nyidyx] = 18,0 Y Niyidyx]
1€[n] 1€[n] 1€[n] 1€[n]

Note that we have \; > 0 for all 7, and \; = 0 if
Yi Z Ay xb =y Z ol (W] xt > 0w, xt =y Z to(w, xb) #1.
lE[K] le[K] le[k]
Hence Eq. holds with \], ..., A/ that satisfy the requirement. Since the objective in Problem

is convex and the constraints are affine functions, then its KKT condition is sufficient for global
optimality. Namely, Gy, . . ., G, are a global optimum for Problem [I0}

We now. deduce that 6 is a local optimum for Problem I Since for every i € [n] and [ € [k] we
have ;' x! # 0, then there is € > 0, such that for every 4,! and every w, with ||[w] — W;| < €
we have ]l(wl xt > 0) = 1(w] x! > 0). Assume toward contradiction that there is a solution

0’ = [wh,...,wj, V'] for the constraints in Problemsuch that |0’ — 6|| < eand ||0'|]2 < 6]
Note that we have ||w; — W;|| < e for every | € [k]. We denote u; = v;w}. The vectors uj,...,u),
satisfy the constraints in Problem[I0} since we have

Yi Z Ailu;TXi =y Z ]l(wl x > 0)y; Wngl =y Z 1(w; Al l > 0)y; Wngi
l€[k] le[k] le[k]

—ylzvlo (w) xhy>1,

1€[k]

where the last inequality is since 6’ satisfies the constraints in Probelm[I] Moreover, we have

2 1 2 1y)2 1y _ 2
Z il = 3" ettt < 3 5 (> + Iwtl®) = 5 1007 < 28] = 32 5 (1 + ) -
le[k]

L[] 1E[K]
Smce [IW:]] = |©1], the above equals
> Il = Z EIREA RS
le[k] lelk le[k]
which contradicts the global optimality of uy, . . ., Ug.

It remains to show that 6 may not be a global optimum of Problem even if the network & is fully
connected. The following lemma concludes the proof.
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Lemma C.6. Let ® be a depth-2 fully-connected ReLU network with input dimension 2 and two
hidden neurons. Consider minimizing either the exponential or the logistic loss using GF. Then,
there exists a dataset {(x;,y;)}7, and an initialization 0(0), such that GF converges to zero loss,

converges in direction to a KKT point 0= [W1, Wa, V] ofProblemI such that (W;,x;) # 0 for all
j €{1,2} and i € [n], and 6 is not a global optimum.

Proof. Let x; = (17 i)T, Xy = (—1, %)T, x3 = (0,—-1), y1 = y2 = y3 = 1. Let
{(x1,41), (x2,¥2), (X3, y3)} be a dataset. Consider the initialization 0(0) such that w1 (0) = (0, 3),
v1(0) = 3, w2(0) = (0, ~2) and v2(0) = 2. Note that £(6(0)) = 2¢ () + £(4) < 1 for both the
exponential loss and the logistic loss, and therefore by Thm. [2.1)GF converges in direction to a KKT
point 6 of Problem

Note that for 8 such that w; = - (0,1) T and wo = 3-(0, —1) T for some a, 3 > 0, and vy, vy > 0,
we have

3 3
= Zz’(y@(o;xi)) iV, ®(0;x;) = Z@’ (v10(W] %;) + v20 (W] X;)) - v10” (W] X;)%;

i=1
2 a 2
=3 Ctnotel ) v =t () S

and

3 3

Vi, L£(6) = Zﬁl(yiq)(&xi)) YV, 2(0;%;) = Zﬁ (4:®(0;%:)) - o (W] x;) -

i=1 i=1
Hence, —V, £(0) points in the direction (0,1) T and —V,,, £(8) > 0. Moreover, we have

3 3
Vw,L£(0) = Zf’(yi‘b(O;xi)) iV, ®(0;x;) = Zé’(vla(wfxi) + 030 (Wy X;)) - 20" (Wq X;)X;

=1 =1
= 0/ (v20(Wq X3)) - VX3 = vl (v23)X3
and

3 3
= D R0 %) 5V @(0:x0) = D oao(w] ) + o (whxi) (] x)

— i=1
= V'(vyo(Wg x3))o(Wy x3) = £ (v23) - 5.

Therefore, VWQL ) pomts in the direction (0, —1)" and —V,,£(0) > 0. Hence for every ¢

we have w1 Q ,1)T for some a(t) > 0 and v1(t) > 0. Also, we have wy(t) =
for some ﬁ > 0 and v (t) > 0. By Lemma|C.1} we have for every ¢ > 0 that
HW1 H - vl(t) = [[w1(0)[[* = v1(0)2 = 0 and [[wa (£)[|* = va(t)* = [[Wa(0)[|* = v2(0)2 = 0.

Hence, we have v;(t) = «(t) and v (t) = S(t). Therefore, we have w; = & - (0,1) " and 0; = &

for some & > 0. Likewise, we have Wy = 3-(0,—1)T and 7y = 3 for some 3 > 0. Since 0 satisfies

the constraints in Probelm then & > 2 and § > 1. Note that (W, x;) # 0 forall j € {1,2} and
i€{1,2,3}.

We now show that there exists a solution 8’ to Problemmwith a smaller norm, and hence 0 is not a

global optimum. Let 8’ = [w], w}, v’'] such that w| = v = @&, wh = % +(=2,-1), and

vh = B. Itis easy to verify that 8’ satisfies the constraints in Problem and we have

aHx "

1, 1 (25 - 1 ey ooy s
||9’||2:652+a2+52(16+1>+52<4+a2+1~3+ﬁ2<62+a2+a2+ﬁ2:||0||2.

O

21



Under review as a conference paper at ICLR 2022

C.7 PROOF OF THM. 4.4l
-
Let x = (4,%,74, %) and y = 1. Let 8(0) = [w(0),v(0)] where w(0) = (0,1)T and

.
v(0) = (%7 %) . Note that ¥(6(0);x) = 1 and hence £(0(0)) < 1 for both the exponential

loss and the logistic loss. Therefore, by Thm. GF converges in direction to a KKT point 6 of
Problem([1] and we have lim; . £(0(t)) = 0 and lim,_, [|6(t)|| = oo

The symmetry of the input x and the initialization 8(0) implies that the direction of w does not
change during the training, and that we have v1(t) = va(t) > 0 for all ¢ > 0. More formally, this
claim follows from the following calculation. For j € {1,2} we have

Vo, £(0) = ' (y®(8;%)) - yV,, (85 %) = £'(y®(6: %)) - o(wx1)) .
Moreover,
Vwl(0) = ' (y(8;x))-yVwd(6; %) = e'(ycp(e;x))-(vla/(waﬂ))x(l) n @20’(wa<2>)x<2>) .
Hence, if v; = vy > 0 and w points in the direction (0, 1) T, then it is easy to verify that V,,, £(8) =

V., L£(0) < 0 and that V £(8) points in the direction of —(x(!) 4+ x(?)) = —(0,v/2)T. Further-
more, by Lemma|C.2] for every t > 0 we have |[w(t)|* — [[v(£)|* = |[w(0)]|* = [[v(0)]|* = 0.

Therefore, the KKT point @ = [w, ¥] is such that w points at the direction (0,1)T, & = @ > 0,
and |W|| = ||v]|. Since @ satisfies the KKT conditions of Problem then we have

W = AVy (yq)(é;x)) ,

where A\ > 0 and A = 0 if y®(; x) # 1. Hence, we must have y®(0; x) = 1. Letting z := ) = 0
and using 222 = |[v||* = ||w||* = @2, we have

1=00(Ww xW) 4+ b0(w x?) = 2w x4+ 2w 'x?) = 20" (x(l) + X(Q)) = 2 yV2

=2 5ve = w2,

V2

Therefore, w = (0,1) " and v = (f f) Note that we have (w,x") # 0 and (w,x()) # 0.

It remains to show that 6 is not a local optlmum of Problernl We show that for every 0 < ¢/ < 1

there exists some 8’ = [w’, v'] such that

0H < ¢, 0’ satisfies the constrains in Problem L and

- T
16| < [16]. Lete = <= € (0,1/2), and let w’ = (y/&,1 — ) and v’ :( NV ﬁ) :

2 V2 272 2
Note that
2 2
1 1
107 = W VP = et -+ (=t Y) 4 ( 2V —epir@—er14 s
V2 2 V2 2 2
12
=2- g <2- g+ g =2= W +|v’ = |4
Moreover,
~ 3e 6/4 3612 E/2 36’2
I — R oz . _ 2
’0 OH e+e+4+4 e+2 4+4<4+4

Finally, we show that 0’ satisfies the constraints:

(0';x) = vjo(w' T xM) + vho(w'Tx?)

(G ) (e 0-0) (55 (o y0-0)
ICIE AT R CAE SRS
—1—etde=14+3e>1
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C.8 PROOF OF THM.

Letx = (1,1) " and y = 1. Consider the initialization 8(0) = [w1(0), ..., w,,(0)], where w;(0) =
(1,1)T for every j € [m]. Note that £(6(0)) = £(2) < 1 for both linear and ReLU networks with
the exponential loss or the logistic loss, and therefore by Thm. GF converges in direction to a

KKT point 8 of Problem and we have lim;_, o, £(0(t)) = 0 and lim;_, , ||@(t)|| = oco. It remains
to show that it does not converge in direction to a local optimum of Problem ]

From the symmetry of the network ® and the initialization 6(0), it follows that for all ¢ the network
®(0(t); -) remains symmetric, namely, there are «;(¢) such that w;(¢) = (¢ (t), o (t)). Moreover,
by Lemma|[C.2} for every ¢ > 0 and j,1 € [m] we have ;(t) = a,(t) := «(t). Thus, GF converges
in direction to the KKT point @ = [W1, ..., W,,] such that %; = (271/™, 2_1/m)T forall j € [m].
Note that since the dataset is of size 1, then every KKT point of Problem [I| must label the input x
with exactly 1.

We now show that @ is not a local optimum of Problem [1| The following arguments hold for both
linear and ReLU networks. Let 0 < € < 1. Let @' = [w/, ..., w/,] such that for every j € [m] we

T
have w’; = ((%)Um , (%)1/"1) . We have

o () ()

Hence, @’ satisfies the constraints in Problem[1} We now show that for every sufficiently small € > 0
we have [|0’||> < ||0]|>. We need to show that

. 1+e 2/m+m 1—¢ 2/m<2m 1 2/m
2 2 2 '

Therefore, it suffices to show that

2/m 2/m

I+e)7"+(1-e""<2.

Let g : R — R such that g(s) = (1 + s)*™ + (1 — 5)>/™. We have g(0) = 2. The derivatives of g
satisfy

2 2 _ 2 2 _
(g) = = (1 ml _ 21wt
o) =1 +s)F = 2o git

g"(s) = % (2 - 1> (145)7 2 +% (2 _ 1) (1—s)52

m m

and

Since m > 3 we have ¢’(0) = 0 and ¢"”(0) < 0. Hence, 0 is a local maximum of g. Therefore for
every sufficiently small € > 0 we have g(e) < 2 and thus ||0'||* < ||0]|2.

Finally, note that the inputs to all neurons in the computation <I>(0~; X) are positive.

C.9 PROOF OF THM.

By Thm. GF converge in direction to a KKT point 6 = [ﬁ(l)]fil of Problem [l We now show
that for every layer [ € [m] the parameters vector (") is a global optimum of Problemw.r.t. 0.

Since 6 is a KKT point of Problem then there are Aq, ..., A, such that for every [ € [m] we have

0 (yiq)(é;Xi))

~() N )
u' = Z by a0 ,

1€[n]
where \; > 0 for all i, and \; = 0 if y;®(0;x;) # 1. Letting 6'(u)) =
[a®, .. . al=b u® al+v @], the above equation can be written as
9 (4:®(6'(aV); x,))
..,(l) _ ) 3 bl 1
T ,z[:] A uld ’
€N
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where A; > 0 for all ¢, and A; = 0if y; (0’ (aM);x;) = y;®(0;x;) # 1. Moreover, if the

constraints in Problem |1 I are satisfies in 6, then the constrains in Problem |3 I are also satisfied for
every | € [m] in a) w.rt. 8. Hence, for every [ € [m] the KKT conditions of Problemw rt. 6
hold. Since the constraints in Problem 3] are affine and the objective is convex, then this KKT point
is a global optimum.

C.10 PROOF OF THM.

Let {(x,,yl) | be a dataset such that y; = 1 for all i € [4] and we have x; = (0,1)", xp =
(1,0)7, x5 = (0 —1) and x4 = (—1,0). In the proof of Thm.(part 2) we showed that for an
appropriate initialization, for both the exponential loss and the logistic loss GF converges to zero

loss, and converges in direction to a KKT point 0 of Problem Moreover, in the proof of Thm.
we showed that the KKT point 6 is such that for all j € [4] we have W; = x; and 0; = 1.

We show that w, Wo, W3, Wy is not a local optimum of Problem w.rt. 6. It suffices to prove that
for every 0 < € < 1 there exists some 6’ such that v}; = ¥; for all j € [4], [|0" — 0| < ¢, 6’ satisfies

the constraints, and ||@’|| < ||@]|. The existence of such @’ is shown in the proof of Thm. Hence,
we conclude the proof of the theorem.

C.11 PROOF OF THM.

By Thm. GF converge in direction to a KKT point 8 = [@)]7, of Problem|l} Let € [m]
and assume that for every i € [n] the inputs to all neurons in layers [, ..., m — 1 in the computation

@(é; x;) are non-zero. We now show that the parameters vector () is a local optimum of Problem
w.rt. 6.

Fori € [n] and k € [m — 1] we denote by ng)

®(0;x;), and denote x( ) = x,. Ifl € [m — 1] then we define the following notations. We
denote by f; : R% — R the function computed by layers [ + 1,...,m of ®(8;-). Thus, we have
3(0;x;) = ix") = fioo (W(l)xglfl)), where /() is the weight matrix that corresponds to

€ R? the output of the k-th layer in the computation

@), Fori € [n] we denote by h; the function u®) s fj o cr(VV(l)x(l 1)) where W1 is the weights
matrix that corresponds to u”). Thus, ®(8;x;) = h;(@"). If | = m then we denote by h; the
function u(™ — W(m)xl(-m*l), thus we also have ®(8; x;) = h;(a(™).

Since 0 is a KKT point of Problem then there are \q, ..., A, such that

0 (y:®(0; %)) )
i€[n]

i€[n]

where \; > 0 for all 4, and \; = 0 if y; - hi(ﬁ(l)) # 1. Note that since the inputs to all neurons in
layers [, . — 1 in the computation <I>(é x;) are non-zero, then the function h; is differentiable
atal®). Therefore in the above KKT condition we use the derivative rather than the Clarke subdiffer-
ential. Moreover, if the constraints in Problem are satisfies in 6, then the constrains in Problem
are also satisfied in a® w.r.t. 6. Hence, the KKT condition of Problemlw r.t. 6 holds.

Also, note that since the inputs to all neurons in layers [, . — 1 in the computation ®(8; X;)
are non-zero, then the function A; is locally linear near u( ) We denote this linear function by h;.
Therefore, ") is a KKT point of the following problem

min — Hu(l H st. Vien] yhi(u®)>1

u®

Since the constrains here are affine and the objective is convex, then @1(") is a global optimum of the
above problem. Thus, there is a small ball near a® where u” is the optimum of Problem [3| w.r.t.
6, namely, it is a local optimum.
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Finally, note that in the proof of Lemmathe parameters vector 8’ is obtained from 0 by changing
only the first layer. Hence, in ReLU networks GF might converge in direction to a KKT point of
Problem I which is not a global optimum of Problem [3] even if all inputs to neurons are non-zero.

C.12 PROOF OF THM.[6.1]

We have
CC%L _ 786(@/@5&0@)) _ 78€(vzauu+ u) — V(owtu).
% _ _(%(yzfﬂe;x)) _ _8€(Ug)w—|— u) — Vowu) .
% _ _8£(y(g£;9;x)) _ _aﬁ(vguv+ u _ Pow )

Since we also have v(0) = w(0) then for every ¢ > 0 we have v(t) = w(t). Note that £’ (vw+u) < 0
and hence all parameters u, w, v are strictly increasing. Since v(0) = w(0) > 1 then for every ¢t > 0

we have v(t) = w(t) > 1 and hence dz(tt) < d“;it) = dfjsf). Therefore u(t) < v(t) = w(t) for all ¢.

‘We now calculate the derivative of
v w u VW u

() = o T = + |
MW=To1 To1 t ol ~ Prwr st VETer e

‘We have
d vw 1 2 2\ (2 2 2
dt L2+w2+u2} T (2 +u? £ u?)? (0w -+ uw™ = Eow+ ™) (07 + w4 o)

—vw (2v(—€ (vw + w)w) + 2w(—£ (vw + w)v) + 2u(—' (vw + w)))] ,
and by plugging in w = v the above equals

m [(=20'(v* + u)v®) (20° + u®) + 0*0 (V¥ + u) (40® + 2u)]
—20' (v? + u)v? =20 (v? 4+ w)vu(u —
- ?261}(24——;2))2 [(21}2 + U2) - (21)2 + u)] = & ( (2;_2 _|_)u2)g 1)

Next, we have

d u _ 1 , \/ﬁ

dt {m} T2 w2 2 [(—E(vw—ku)) vZi+w?+u
1

y—_
202 + w? + u?

—Z’(vw—&-u) \/ﬁ 1
== —U— (4 2 ,
2wtz |V Twtru u2x/1)2+w2+u2(vw+ v

and by plugging in w = v the above equals

2v(=l'(vw + w)w) + 2w(—' (vw + w)v) + 2u(—¢' (vw + u)))}

M Vo2 2 — u; (41}2 4 Qu)

202 4 u? 21202 + u2
(v 4 u) 20?7 + u? — u (0% + u) 200 +uvP(u—1) 1
Y NeTET] - 202 + u? V202 +u?

Overall, we have

dy(0) =20 (v* +u)u(u—1)  20(v? 4+ u)v*(u—1) 1
at (202 + u?)? 202 + u? V202 +u?

=20 (0 +w)v*(u— 1) u 1
- 202 + u? 202 +u? /22 2
=20 (0 +u)v*(u— 1) [u — V202 +u?

202 4+ u? 202 + u?

<0,
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where the inequality is since © > 1 and v > 0.

We now show that lim; ., £(6(¢)) = 0. Assume that ||@] 4 oo. Let M > 0 be such that
vw+u < M for all t. Then, —¢'(vw + u) > C for some constant C' > 0. Thus, CL%‘ > C
for all ¢, which implies that © — oo in contradiction to our assumption. Hence, we must have
|0l = oo. Since v = w > w > 1 for all ¢, then we have v — oo and w — oo. Therefore

limy 00 £(0(t)) = lims—y 00 £(vw + u) = 0.
It is easy to verify that 5(6(0)) = -5 + \/% > 0.9. In order to obtain lim;_,, ¥(6(t)) = % we first
show that lim; ., ¢ = 0. Let M > 4 be some large constant. We show that there exists some t
such that % > M forall t > ¢'. Since v — o0, then there is some ¢; such that v(¢;) = 2M, and
A > 0 such that v(t; + A) = 2M + M3. Since u < v then u(t1) < 2M. For every t > t; we have
d’&—g) =V (vw+u) -v>—0(vw+u) 2M. Also, we have dl;—gt) =—l(vw+u) < 557 - dfi(tt).
Hence, we have

wlts 1 A) = u(ts) + /t1+A duf(t)

t1+A
o dt<2M+/ ! dv(t)dt:2M+i(u(t1+A)fv(tl))
t1

W 2M dt 2M
2

1 M
=9M + — (2M + M3 —2M) = 2M + — < M?.
+2M( + ) +5- <

Thus,

U(t1+A) > 2M—|—M3

> M.
u(t1 —+ A) - M2 -
Denote t' = t; + A. Note that for every ¢ > t’ we have
t dv t t
)+ / o )+ / (=0 (vw + u))wdt = v(t") + / (=0 (vw + u))vdt
t t %

+/ "(vw + u)) M3dt = v(t)) Jer/ X
t/

u(t') + M (u(t) —u(t') = M- u(t') + M (u(t) — u(t')) = Mu(t) .

We have
2
vw u v U
¥(0(t)) = = .
00 = mrere t prere e T Ve
Since limy oo = 0 then limg oo gy = 0 and limy o ﬁ = . Hence,
lims 00 7(0(2)) = % as requlred Finally, since lim; o, = = 0 and w(t) = v(t) > 0 for all ¢,

then ﬁ converges to { !

75 %7 } . Thus, @ converges in direction.
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