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Abstract

Federated learning is a paradigm of distributed machine learning in which multiple clients
coordinate with a central server to learn a model, without sharing their own training data.
Standard federated optimization methods such as Federated Averaging (FedAvg) ensure bal-
ance among the clients by using the same stepsize for local updates on all clients. However,
this means that all clients need to respect the global geometry of the function which could
yield slow convergence. In this work, we propose locally adaptive federated learning algo-
rithms, that leverage the local geometric information for each client function. We show that
such locally adaptive methods with uncoordinated stepsizes across all clients can be particu-
larly efficient in interpolated (overparameterized) settings, and analyze their convergence in
the presence of heterogeneous data for convex and strongly convex settings. We validate our
theoretical claims by performing illustrative experiments for both i.i.d. non-i.i.d. cases. Our
proposed algorithms match the optimization performance of tuned FedAvg in the convex
setting, outperform FedAvg as well as state-of-the-art adaptive federated algorithms like
Fed AMS for non-convex experiments, and come with superior generalization performance.

1 Introduction

Federated Learning (FL) (Kairouz et al., 2021)) has become popular as a collaborative learning paradigm
where multiple clients jointly train a machine learning model without sharing their local data. Despite
the recent success of FL, state-of-the-art federated optimization methods like FedAvg (McMahan et al.
2017) still face various challenges in practical scenarios such as not being able to adapt according to the
training dynamics—FedAvg using vanilla SGD updates with constant stepsizes maybe unsuitable for heavy-
tail stochastic gradient noise distributions, arising frequently in training large-scale models such as ViT
(Dosovitskiy et al., 2021)). Such settings benefit from adaptive stepsizes, which use some optimization
statistics (e.g., loss history, gradient norm).

In the centralized setting, adaptive methods such as Adam (Kingma & Baj, 2014) and AdaGrad (Duchi
et al) [2011) have succeeded in obtaining superior empirical performance over SGD for various machine
learning tasks. However, extending adaptive methods to the federated setting remains a challenging task,
and majority of the recently proposed adaptive federated methods such as FedAdam (Reddi et all [2021)
and FedAMS (Wang et al., 2022a) consider only server-side adaptivity, i.e., essentially adaptivity only in the
aggregation step. Some methods like Local-AMSGrad (Chen et all [2020) and Local-AdaAlter (Xie et al.,
2019) do consider local (client-side) adaptivity, but they perform some form of stepsize aggregation in the
communication round, thereby using the same stepsize on all clients.
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Using the same stepsize for all clients, that needs to respect the geometry of the global function, can yield
sub-optimal convergence. To harness the full power of adaptivity for federated optimization, we argue that it
makes sense to use fully locally adaptive stepsizes on each client to capture the local geometric information of
each objective function (Wang et al.,|2021)), thereby leading to faster convergence. However, such a change is
non trivial, as federated optimization with uncoordinated stepsizes on different clients might not convergence.
The analysis of locally adaptive methods necessitates developing new proof techniques extending the existing
error-feedback framework (Stichl [2018)) for federated optimization algorithms (that originally works for equal
stepsizes) to work for fully un-coordinated local (client) stepsizes. In this work, we provide affirmative answers
to the following open questions:

(a) Can local adaptivity for federated optimization be useful (faster convergence)?
(b) Can we design such a locally adaptive federated optimization algorithm that provably converges?

To answer (a), we shall see a concrete case in Example [1| along with an illustration in Figure [1} showing
locally adaptive stepsizes can substantially speed up convergence. For designing a fully locally adaptive
method for federated optimization, we need an adaptive stepsize that would be optimal for each client
function. Inspired by the Polyak stepsize (Polyak, |1987) which is designed for gradient descent on convex
functions, [Loizou et al. (2021) recently proposed the stochastic Polyak step-size (SPS) for SGD. SPS comes
with strong convergence guarantees, and needs less tuning compared to other adaptive methods like Adam
and AdaGrad. We propose the FedSPS algorithm by incorporating the SPS stepsize in the local client
updates. We obtain exact convergence of our locally adaptive FedSPS when interpolation condition is
satisfied (overparameterized case common in deep learning problems), and convergence to a neighbourhood
for the general case. Reminiscing the fact that [Li et al.| (2020b) showed Fed Avg needs decaying stepsizes to
converge under heterogeneity, we extend our method to a decreasing stepsize version FedDecSPS (following
ideas from DecSPS (Orvieto et al., |2022)), that provides exact convergence in practice, for the general
non-interpolating setting without the aforementioned small stepsize assumption. Finally, we experimentally
observe that the optimization performance of FedSPS is always on par or better than that of tuned FedAvg
and FedAMS, and FedDecSPS is particularly efficient in non-interpolating settings.

Contributions. We summarize our contributions as follows:

e We show that local adaptivity can lead to substantially faster convergence. We design the first
fully locally adaptive method for federated learning called FedSPS, and prove sublinear and linear
convergence to the optimum, for convex and strongly convex cases, respectively, under interpolation
(Theorem . This is in contrast to existing adaptive federated methods such as FedAdam and
FedAMS, both of which employ adaptivity only for server aggregation.

o For real-world FL scenarios (such as when the interpolation condition is not satisfied due to client
heterogeneity), we propose a practically motivated algorithm FedDecSPS that enjoys local adaptivity
and exact convergence also in the non-interpolating regime due to decreasing stepsizes.

e We empirically verify our theoretical claims by performing relevant illustrative experiments to show
that our method requires less tuning compared to state-of-the-art algorithms which need extensive
grid search. We also obtain competitive performance (both optimization as well as generalization)
of the proposed FedSPS and FedDecSPS compared to tuned FedAvg and FedAMS for the convex

and non-convex cases in i.i.d. as well as non-i.i.d. settings.

1.1 Additional related Work

Adaptive gradient methods and SPS. Recently, adaptive stepsize methods that use some optimization
statistics have become popular for deep learning applications. Such methods, including Adam (Kingma &
Bal 2014) and AdaGrad (Duchi et al., |2011)), work well in practice and also theoretically convergent under
different levels of smoothness (Rodomanov et al} [2024). A further adaptive method with sound theoretical
guarantees is the Polyak stepsize (Polyakl [1987)), which has been recently extended to the stochastic setting
by [Loizou et al.| (2021)) and termed stochastic Polyak stepsize (SPS). Extensions of SPS have been proposed
for solving structured non-convex problems (Gower et al., 2021a) and in the update rule of stochastic mirror
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descent (D’Orazio et al.| [2021). Further follow-up works have come up with various ways to overcome the
limitations of vanilla SPS, such as when optimal stochastic loss values are not known (Orvieto et al., [2022;
Gower et al.l 2022), or when the interpolation condition does not hold (Orvieto et al., 2022 |Gower et al.,
2021b; [Jiang & Stichl 2024), as well as a proximal variant for tackling regularization terms (Schaipp et al.,
2023)).

Adaptive federated optimization. Reddi et al.|(2021]) provide a general framework for adaptive federated
optimization (FedOpt), including particular instances such as FedAdam and FedYogi, by using the corre-
sponding centralized adaptive methods as the server optimizer. Several works followed on the idea of server
side adaptivity, some recent ones being CD-Adam (Wang et al., [2022b) and FedAMS (Wang et al.l 2022a)).
Fully locally adaptive stepsizes on the client side have not been explored before, except in one concurrent
work |[Kim et al.[(2023). Their proposed method is based on estimator for the inverse local Lipschitz constant
from (Malitsky & Mishchenkol 2019)), and analyses only the non-convex setting a strong bounded gradient
assumption. Our work is also related to tackling the heterogeneity issue in federated learning, wherein
clients differ from each other with respect to local datasets, or compute capabilities, or both. FedNova
(Wang et al., [2020) proposes a solution to this problem by using locally adjusted stepsizes but suffers from
a speed-accuracy trade-off. FedLin (Mitra et alJ 2021)) and CLIMB (Shen et al, 2022) further improve this
line of work. However, none of these existing methods leverage the geometry of the local loss landscape to
tackle client heterogeneity. Another line of work studies federated optimization with local solvers (Li et al.
2020a; [Jiang et al., [2024ajb)).

2 Problem setup

In this work, we consider the following sum-structured (cross-silo) federated optimization problem

f* := min [f(x) = 712}2(){)] , (1)
i=1

x€R4

where the components f;: R — R are distributed among n local clients and are given in stochastic form
fi(x) 1= Eeup[Fi(x, )], where D; denotes the distribution of £ over parameter space €2; on client i € [n].
Standard empirical risk minimization is an important special case of this problem, when each D; presents
a finite number m; of elements {¢],...,&}, }. Then f; can be rewritten as f;(x) = mi Z;“:l Fi(x,gj-). We
do not make any restrictive assumptions on the data distributions D;, so our analysis covers the case of
heterogeneous (non-i.i.d.) data where D; # D;, Vi # j and the local minima x} := arg min, s fi(x), can be
different from the global minimizer of .

3 Locally Adaptive Federated Optimization

In the following, we provide a background on federated optimization, and the (stochastic) Polyak stepsize.
This is followed by an Example to motivate how local adaptivity with (stochastic) Polyak stepsizes can help
to improve convergence—especially in the interpolation regime. Finally, we outline our proposed method
FedSPS to solve .

3.1 Background and Motivation

Federated averaging. A common approach to solving in the distributed setting is FedAvg (McMahan
et al.,|2017)) also known as Local SGD (Stichl 2018). This involves the clients performing a local step of SGD
in each iteration, and the clients communicate with a central server after every 7 iterations—their iterates
are averaged on the server, and sent back to all clients. FedAvg corresponds to the special case of Algorithm
with constant stepsizes v{ = 7o (Line 4).

PS and SPS. Considering the centralized setting (n = 1) of finite-sum optimization on a single worker
min, cpa [fl(x) = % Zj“:l Fi(x, f})], we introduce the PS as well as the SPS as below:
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o Deterministic Polyak stepsize. The convergence analysis of Gradient Descent (GD) for a con-

vex function fi(x) involves the inequality ||x;41 —x*||* < [|x¢ — x*||* — 2v¢ (f1(x¢) — f1(x*)) +
72|V f1(x¢)||?, the right-hand side of which is minimized by the PS 5, = %

e Stochastic Polyak stepsize. We use the notion of SPS,.x from the original paper (Loizou
et all [2021). The SPSpax stepsize for SGD (with single stochastic sample) is given by v =
min{cﬁlv(:(i),g )lg,’Yb}, where I} := infeep, xere F1(X,£), v > 0 is an upper bound on the
stepsize that controls the size of neighbourhood (7, trades-off adaptivity for accuracy), and ¢ > 0
is a constant scaling factor. Instead of using the optimal function values of each stochastic function
as in the original SPS paper (Loizou et all, [2021)), we use the lower bound on the function values
05 < FY, which is easier to obtain for many practical tasks as shown in (Orvieto et al. [2022)). It
should also be noted that using the lower bound on function values lead to the same convergence

result as in original SPS using optimal function values, as shown in Theorem 2 of |Orvieto et al.
(2022)).
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Figure 1: Hlustration for Example |1} showing local adaptivity can improve convergence. We run SGD with constant,
global SPS, and locally adaptive SPS stepsizes (with ¢ = 0.5,v, = 1.0), for functions fi(z) = 22, fa(z) = %x2, where
stochastic noise was simulated by adding Gaussian noise with mean 0, and standard deviation 10 to the gradients.

Example 1 (Local adaptivity using Polyak stepsizes can improve convergence). For a pammeter a >0,

consider the finite sum optimization problem mingeg [f(z) := 2 Zl fi(@)], with fi(z) = 222, fo(z) = 122
in the interpolation regime. If we solve this problem using mini-batch GD, x4y1 = x4 — 7(Vf1 (mt)—l—Vfg(xt))

we are required to choose a stepsize v < 2/L, where L = 1;“’ to enable convergence, and therefore Q(a log )
steps are needed. However, if we solve the same problem using locally adaptive distributed GD of the form
41 = @ — (VY fi(ze) + 12V fa(x)), then the complexity can be near-constant. Concretely, for any
stepsizes v; € [%’y;‘, %7{‘], with vf = %, v5 = 1 (which also includes the Polyak stepsizes corresponding to
functions f1 and fs2), the iteration complexity is O(log%), which can be arbitrarily better than Q(alog%)
when a — 0o. Note that the observation made in this example can also be extended to the stochastic case of
SGD with SPS, as illustrated in Figure [1]

3.2 Proposed Method

Motivated by the previous example on the benefit of local adaptivity, we now turn to design such a locally
adaptive federated optimization algorithm with provable convergence guarantees. As stated before, we need
an adaptive stepsize that is optimal for each client function, and we choose the SPS stepsize for this purpose.
In the following, we describe our proposed method FedSPS.

FedSPS. We propose a fully locally (i.e., client-side) adaptive federated optimization algorithm FedSPS
(Algorithm [I)) with asynchronous stepsizes, i.e., the stepsizes are different across the clients, and also across
the local steps for a particular client. The FedSPS stepsize for a client 7 and local iteration ¢ will be given

by
| Ed ) - }
=min{ —— oy b (2)
{cllvmx;,&;)!z '

.
|

7y
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Algorithm 1 FedSPS: Federated averaging with fully locally adaptive stepsizes.

Input: x}) = x¢,Vi € [n]
1: fort=0,1,--- ;7 —1do

2: for each client i = 1,--- | n in parallel do

3: sample &/, compute gi := VF;(xi, &)

4: FedSPS: 7} = min {%, ’yb} > local stochastic Polyak stepsize

t

5: if t + 1 is a multiple of 7 then

6: Xi+1 = %Z?Zl (xi — /Zgi) > communication round
7 else

8: x§+1 =x! —~igl > local step
9: end if
10: end for
11: end for

where ¢, 7, > 0 are constants as explained before, £ is the sample at time ¢t on worker i, F;(xi, &) is
the stochastic loss, g} := VF;(x}, &) is the stochastic gradient, and ¢} < F}' = infeicp, xere Fi(x,€") is a
lower bound on the minima of all functions on worker i. Since the loss functions are non-negative for most
practical machine learning tasks, we can use ¢; = 0 as discussed before, for running our algorithms. We
analyse FedSPS in the strongly convex and convex settings and prove convergence guarantees (Theorem
. We would like to stress that -, and ¢ are free hyperparameters (in the sense that they do not depend
theoretically on any problem-dependent parameters) and we demonstrate that they require minimal tuning
through relevant sensitivity analysis in Section [6] This is an advantage over the learning rate parameter of
FedAvg and Fed AMS which theoretically depend on L, and require extensive grid search in practice (Section
. The notations used throughout can be extended to the mini-batch setting as described in Appendix
C1

Remark 2 (Alternative design choices). Note that there can be various alternative design choices for incor-
porating SPS in FedAvg. We tried some variants such as FedSPS-Normalized using client and server side
correction to account for solution bias (Wang et al., |2021) due to asynchronous stepsizes (Appendiz .
We also introduce FedSPS-Global in the Appendiz[D.3, that uses aggregation of stepsizes in communication
rounds, similar to (Chen et al.,|2020;|Xie et al.,|2019). However, none of these other design choices provided
any practical advantages over our proposed FedSPS.

4 Convergence analysis of FedSPS

4.1 Assumptions on the objective function and noise

Assumption 1 (L-smoothness). Each function F;(x,£): RY x Q; — R, i € [n] is differentiable for each
¢ € supp(D;) and there exists a constant L > 0 such that for each x,y € R? ¢ € supp(D;):

IVE(y,§) = VE& I < Lix—yl . 3)

Note that Assumption [1] implies L-smoothness of each f;(x) and of f(x). The assumption of each F;(x,¢)
being smooth is often used in federated and decentralized optimization literature (for e.g., (Koloskova et al.,
2020, Assumption la), or (Koloskova et al., 2022, Assumption 3)).

Assumption 2 (p-convexity). There exists a constant u > 0 such that for each for each i € [n], £ € supp(D;)
and for all x,y € R%:

Fi(y,€) 2 Fi(x,€) + (VF(x ),y — %)+ £ ly = x” . @

For some of our results, we assume p-strong convexity for a parameter p > 0, or convexity (when u = 0).
Furthermore we assume (as mentioned in the introduction) access to stochastic functions F;(x,&) on each
client ¢, with Eep, VF;(x,§) = Vfi(x), Eenn, Fi(x,€) = fi(x).
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Finite optimal objective difference. For each i € [n] we denote f := infycga fi(x). Recall that we
defined F} := infeep, xere Fi(X,§), and need knowledge of lower bounds, £; < F} for our algorithm. We
define the quantity

n

o} = L3 () ) = ] —726 (5)

i=1

that will appear in our complexity estimates, and thus we implicitly assume that a]% < oo (finite optimal
objective difference). Moreover, a]% also acts as our measure of heterogeneity between clients. This is in
line with previous works on federated optimization in non-i.i.d. setting, such as |Li et al|(2020b) that used
I' := f*—E; f} as the heterogeneity measure. We can relate 0]20 to the more standard measures of function het-
erogeneity (2 = 23" |V fi(x) — Vf(x )||2 and gradient variance 0% = 1 377" IE§1 VF;(x,&) — Vfi(x H
in the federated literature (Koloskova et al., 2022; [Wang et al.| |2022a)) as shown in the following proposition
(proof in Appendix . For the case of convex functions, it suffices (Koloskova et all |2020)) to compare
with (2 = LS ||Vfi(x*)|5, 02 = L S0 Eei | VE(x*, &) — Vfi(x H calculated at the global optimum
x* = argmin, s f(x). We can observe that a]% is actually a stronger assumption than bounded noise at
optimum ({4, 04), but weaker than uniformly bounded noise ({, o).

Proposition 1 (Comparison of heterogeneity measures). Using the definitions of UJ%, ¢2, and 0? as defined
above, we have: (a) ¢} <2Lo%, and (b) 07 < 2Lo}.

4.2 Convergence of fully locally adaptive FedSPS

In this section we provide the convergence guarantees of FedSPS on sums of convex (or strongly convex)
functions. We do not make any restriction on ~,, and thus denote this as the fully locally adaptive setting
that is of most interest to us. The primary theoretical challenge was to extend the error-feedback framework
(that originally works for equal stepsizes) (Mania et al., 2017; [Stich & Karimireddy}, 2020) to work for fully
un-coordinated local stepsizes, and we do this for the first time in our work. All proofs are provided in
Appendix

Theorem 3 (Convergence of FedSPS). Assume that Assumptions |1| and @ hold and ¢ > 272, then after T
iterations (T/T communication rounds) of FedSPS (Algorithm[1)) it holds

(a) Convex case:

T—1 n 2
1 2 2 4'Yb0'f
7 2 D Elfilx) — €] < - %o — 7P+ — (6)
t=0 i=1
where o := min {ﬁ,’yb}. If u >0, and ¢ > 472, we have
(b) Strongly convex case:
= * 12 T || * (12 QWbJJ%
e =7 < A(1 = o) %o — P+ 2L 7)

where A = and Xy = 23" xi.

1
por?
The convergence criterion of the first result (6)) is non-standard, as it involves the average of all iterates x|
on the left hand side, and not the average x; more commonly used. However, note that every 7-th iteration
these quantities are the same, and thus our result implies convergence of - T D/ Yo Elfi(Xer) — £7).
Moreover, in the interpolation case all £; = f*.

Remark 4 (Minimal need for hyperparamter tuning). The parameter T is a user selected input parameter
to determine the number of local steps, and ~y, trades-off adaptivity (potentially faster convergence for large
) and accuracy (higher for small v,). Moreover, as ¢ only depends on the input parameter T and not on
properties of the function (e.g. L or i), it is also a free parameter. The algorithm provably converges (up to
the indicated accuracy) for any choice of these parameters. The lower bounds £} can be set to zero for many
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machine learning problems as discussed before. Therefore, we effectively reduce the need for hyperparame-
ter tuning compared to previous methods like FedAMS whose convergence depended on problem-dependent
parameters.

Comparison with SPS (Loizou et al., |2021)). We will now compare our results to [Loizou et al.| (2021)
that studied SPS for a single worker (n = 1). First, we note that in the strongly convex case, we almost
recover Theorem 3.1 in [Loizou et al.|(2021)). The only differences are that they have A = 1 and allow weaker
bounds on the parameter ¢ (¢ > 1/2, vs. our ¢ > 4), but we match other constants. In the convex case, we
again recover (Loizou et al., 2021 Theorem 3.4) up to constants and the stronger condition on ¢ (vs. ¢ > 1
in their case).

e (Special case I) Exact convergence of FedSPS in interpolation regime: We highlight the linear
convergence of FedSPS in the interpolation case (o = 0) in the following corollary.

Corollary 5 (Linear Convergence of FedSPS under Interpolation). Assume interpolation, U‘J% =0 and let
the assumptions of Theorem[d be satisfied with p > 0. Then

E%r - x** < AL - )7 %0 - x*|° (8)

e (Special case II) Exact convergence of FedSPS in the small stepsize regime: Theorem [3] shows
convergence of FedSPS to a neighborhood of the solution. Decreasing v, (smaller than ﬁ) can improve
the accuracy, but the error is at least Q(O’J%) even when 7, — 0. This issue is also persistent in the original
work on SPS,,.x (Loizou et al.| |2021, Corr. 3.3). However, we remark when the stepsize upper bound -, is
chosen extremely small—mnot allowing for adaptivity—then FedSPS becomes identical to constant stepsize
FedAvg. This is not reflected in Theorem [3| that cannot recover the exact convergence known for FedAvg.
We address this in the next theorem, proving exact convergence of small stepsize FedSPS (equivalent to
analysis of FedAvg with o} assumption).

Theorem 6 (Convergence of small stepsize FedSPS). Assume that Assumptions 1| and @ hold and ~, <
min{ﬁ, ﬁ}, then after T iterations of FedSPS (Algom'thm it holds
(a) Convex case:

v

1 _ N 1
T LB - 111 =0 (7 I%o = x' I + o} + 3L} ) 9)
t=0
and when p > 0,
(b) Strongly convex case:
%o — x*||° Lo? L7202
_ X0 — X
Bl —x7? = 0 (X020 g 745, 200 2 2700 (10)
Kb W o

This theorem shows that by choosing an appropriately small v, any arbitrary target accuracy e > 0 can
be obtained. We are only aware of [Li et al.| (2020b]) that studies FedAvg under similar assumptions as us
(T := f* — E; ¥ measuring heterogeneity). However, their analysis additionally required bounded stochastic
gradients and their convergence rates are weaker (e.g., not recovering linear convergence under interpolation
when 0120 =0).

5 Decreasing FedSPS for exact convergence

In the previous section, we have proved that FedSPS converges in the interpolation setting irrespective of
the value of the stepsize parameter ~,. However, many practical federated learning scenarios such as those
involving heterogeneous clients constitute the non-interpolating setting (o4 > 0). Here, we need to choose
a small value of 7, to ensure convergence, trading-off adaptivity for achieving exact convergence. We might
recall that [Li et al.| (2020b)) proved choosing a decaying stepsize is necessary for convergence of FedAvg
under heterogeneity. In this section, we draw inspiration from the decreasing SPS stepsize DecSPS (Orvieto
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Figure 2: Sensitivity analysis of FedSPS to hyperparameters for convex logistic regression on the MNIST dataset
(i.i.d.) without client sampling. (a) Comparing the effect of varying v, on FedSPS and varying v on FedAvg
convergence—FedAvg is more sensitive to changes in 7, while FedSPS is insensitive changes in to ;. (b) Effect of
varying 7, on FedSPS stepsize adaptivity—adaptivity is lost if 7 is chosen too small. (¢) Small ¢ works well in
practice (7 =5). (d) Optimal ¢ versus 7, showing that there is no dependence.

2022)), to develop FedDecSPS, that achieves exact convergence in practical non-interpolating scenarios
without compromising adaptivity.

FedDecSPS. In order to obtain exact convergence to arbitrary accuracy (without the small stepsize as-
sumption) in the heterogeneous setting with oy > 0, we propose a heuristic decreasing stepsize ver-
sion of FedSPS, called FedDecSPS. The FedDecSPS stepsize for client ¢ and local iteration ¢ is given by

; . Fi(xt,eh)—0r ; . . .
vi= i min {”v?f*)&)% Ct—172—1}7 where (¢;)f2, is any non-decreasing positive sequence of real num-
[ACE Y

bers. We also set c_1 = cg, v~.1 = 7. Experiments involving heterogeneous clients in Section@ demonstrate
the practical convergence benefits of FedDecSPS in non-interpolating settings.

]
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Figure 3: Comparison for convex logistic regression. (a) MNIST dataset (i.i.d. without client sampling). (b) w8a
dataset (i.i.d. with client sampling). (c) MNIST dataset (non-i.i.d. with client sampling). (d) Average stepsize across
all clients for FedSPS and FedDecSPS corresponding to (c). Performance of FedSPS matches that of FedAvg with
best tuned local learning rate for the i.i.d. cases, and outperforms in the non-i.i.d. case.

6 Experiments

Experimental setup. For all federated training experiments we have 500 communication rounds (the no.
of communication rounds being T'/7 as per our notation), 5 local steps on each client (7 = 5, unless otherwise
specified for some ablation experiments), and a batch size of 20 (|B| = 20). We perform experiments in the
ii.d. as well as non-i.i.d. settings. Results are reported for both settings without client sampling (10 clients)
and with client sampling (10 clients sampled uniformly at random from 100 clients with participation fraction
0.1, and data split among all 100 clients) i.e., n = 10 active clients throughout. The i.i.d. experiments involve
randomly shuffling the data and equally splitting the data between clients.

For non-i.i.d. experiments with the MNIST dataset (LeCun et al.l 2010), we assign every client samples from
exactly two classes of the dataset, the splits being non-overlapping and balanced with each client having same
number of samples 2020Db). For non-i.i.d. experiments with the CIFAR-10/CIFAR-100 datasets,
we use the Dirichlet distribution over classes following the proposal in Hsu et al| (2019). The degree of
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heterogeneity is controlled by «, the concentration parameter for Dirichlet distribution and we report the
results for « = 1, a = 0.1 and a = 0.01. Our code is based on publicly available repositories for SPS and
FedAMﬂEl, and will be made available upon acceptance.

FedSPS. The implementation is done according to Algorithm [I] Since all our experimental settings involve
non-negative loss functions, we can use the lower bound ¢ = 0 (Orvieto et al., |2022)), throughout. In the
following, we perform empirical sensitivity analysis for the free hyperparameters 7, and ¢, concluding that
our method is indeed insensitive to changes in these parameters.

We start with benchmarking our method by running some initial convex experiments performing classification
of the MNIST (i.i.d.) dataset with a logistic regression model, without client sampling. In Figure 2fa), we
compare the effect of varying v, € {1,5,10} on FedSPS, and varying v € {0.1,0.01} on FedAvg. We find that
FedAvg is not robust to changing stepsize—converging well for stepsize 0.1, but very slow convergence for
stepsize 0.01. On the contrary, all instances of FedSPS converge to a neighbourhood of the optimum—the
size of the neighbourhood being proportional to ~;, as suggested by the theory. We now fix 7, = 1, and
perform an ablation study to understand the effect of varying SPS scaling parameter ¢ on the convergence
in Figure c). For number of local steps 7 = 5, we vary ¢ from 0.01 to 40 (i.e., of the order of square of
7). Unlike what is predicted by our theory, empirically we observe that small ¢ works better and larger ¢
leads to slower convergence. Moreover, all values of ¢ € {0.01,0.1,0.5,1.0} have similarly good convergence,
thereby implying our method is robust to this hyperparameter and needs no tuning. We provide additional
plots for 7 € {10, 20,50, 100} local steps in Appendix to confirm that this observation is valid across all
values of 7, and plot the optimal value of ¢ versus 7 for each case in Figure d). Gaining insights from
above experiments we fix ¢ = 0.5 for all further experiments.

FedDecSPS. We evaluate the performance of FedDecSPS with ¢; = cgv/t + 1. Similar to the sensitivity
analysis of FedSPS towards ¢ (Figure , we performed ablations studies for a fixed value of 7, and varying
co as well as 7. The observation is same as the previous case: the optimal value of ¢y does not scale according
to 7 as suggested by theory and we fix ¢y = 0.5 for all experiments. Similarly we fix 7, = 1, following similar
observations as before. We compare the convergence of FedSPS and FedDecSPS for the case of heterogeneous
data on clients (i.e., o5 > 0) in Figure [3| (c) and (d), as well as Figure [5, We observe that our practically
motivated FedDecSPS performs better in such non-interpolating settings, as expected.

FedAvg and FedAMS. We compare the performance of our methods—FedSPS and FedDecSPS against
the FedAvg baseline, and the state-of-the-art adaptive federated algorithm FedAMS [Wang et al.| (2022a)).
FedAvg and Fed AMS need extensive tuning using grid search for client learning rate 7, server learning rate
7, as well as max stabilization factor €, and 3y, B2. We refer readers to Appendix [F.4] for details on the grid
search performed and the optimal set of hyperparameters.

Convex comparison. For the convex setting of logistic regression on MNIST dataset (i.i.d. setting),
without client sampling, we now compare FedSPS with FedAvg and FedAMS in Figure a). We see that
the convergence of FedSPS matches that of the best tuned FedAvg. Note that while the best tuned FedAMS
slightly outperforms our method, it requires considerable tuning depicted by the large margin between best
and worst learning rate performances. For additional convex experiments in the more practical setting
with client sampling, we take the problem of binary classification of LIBSVM |Chang & Lin| (2011) datasets
(w8a, mushrooms, ijenn, phishing, a9a) with logistic regression model in the i.i.d. setting. We report the
performance on w8a in Figure (b), where FedSPS again converges similarly as tuned FedAvg, and better
than Fed AMS. We defer rest of the LIBSVM dataset plots to Appendix[F] In the non-i.i.d. case we compare
our proposed FedSPS and FedDecSPS to the FedAvg baseline, adaptive federated methods FedAMS and
FedADAM, as well as another state-of-the-art federated method MIME (Karimireddy et al., |2021)). In this
setting FedDecSPS does better than FedSPS, and our methods outperform the best tuned FedAvg, Fed ADAM
and MIME.

Non-convex comparison. For non-convex experiments, we look at multi-class classification of MNIST
dataset using LeNet architecture (LeCun et all [1998), CIFAR-10 dataset using ResNet18 architecture (He
et al.l 12016)), and CIFAR-100 dataset using ResNet50 architecture, in the i.i.d. as well as non-i.i.d. setting

1SPS (https://github.com/IssamLaradji/sps)), FedAMS (https://github.com/jinghuichen/FedCAMS)


https://github.com/IssamLaradji/sps
https://github.com/jinghuichen/FedCAMS
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Table 1: Non-convex experiments with CIFAR-10/CIFAR-100 dataset and ResNet18/ResNet50 architecture for differ-
ent levels of heterogeneity. FedSPS outperforms other non-adaptive, locally adaptive and globally adaptive methods
in the homogeneous setting, and FedDecSPS performs best in the non-iid settings. We report the mean and standard
deviation for runs with three random seeds.

Dataset/Model
(ND‘;E'C‘}‘I‘EGZS) Optimizer CIFAR-10  CIFAR-100
ResNet18 ResNet50
FedAvg 86.71 £ 0.41 56.34 + 0.52
FedAMS 88.66 £+ 0.87 64.32 £ 0.91
FedADAM 87.79 £ 0.76 63.91 £ 0.76
=1 MIME 87.53 + 0.41 63.78 £ 0.45
Local-AdaAlter 86.98 4+ 0.23 60.34 + 0.27
Local-AMSGrad 86.89 £+ 0.92 61.02 £ 0.89
FedSPS 89.92 + 0.13 65.24 + 0.19
FedDecSPS 89.91 £ 0.15 65.11 £+ 0.23
FedAvg 82.68 & 0.51 47.91 £ 0.56
FedAMS 84.98 £+ 0.89 62.24 £+ 0.72
FedADAM 83.62 £ 0.68 61.67 £+ 0.67
o =01 MIME 83.41 £ 0.45 61.39 £+ 0.34
’ Local-AdaAlter 82.49 + 0.27 57.72 4+ 0.23
Local-AMSGrad 82.39 £+ 0.91 58.81 + 0.84
FedSPS 84.74 £+ 0.16 62.91 £ 0.16
FedDecSPS 85.78 + 0.14 63.05 + 0.18
FedAvg 27.71 £ 0.39 23.22 + 0.45
FedAMS 31.94 £+ 0.88 30.61 £ 0.85
FedADAM 30.15 £ 0.71 28.96 £ 0.73
o= 0.0l MIME 30.35 = 0.51 27.98 £ 0.50
Local-AdaAlter 28.87 £ 0.32 26.23 + 0.30
Local-AMSGrad 29.18 + 0.84 26.21 £ 0.76
FedSPS 31.15 £ 0.19 30.66 £ 0.23
FedDecSPS 32.57 + 0.16 31.29 + 0.14
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Figure 4: Non-convex MNIST experiments with client sampling. (a) Non-convex case of LeNet on MNIST dataset
(i.i.d.). (b) Non-convex case of LeNet on MNIST dataset (non-i.i.d.). First column represents training loss, second
column is test accuracy. Convergence of FedSPS is very close to that of FedAvg with the best possible tuned local
learning rate. Moreover, FedSPS converges better than FedAMS for the non-convex MNIST case (both i.i.d. and
non-i.i.d.), and also offers superior generalization performance than Fed AMS.
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Figure 5: Non-convex CIFAR-10 (i.i.d.) experiments with client sampling and ResNet18 architecture. First column
represents training loss, second column is test accuracy. FedSPS converges better than FedAvg and FedAMS, and
also offers superior generalization performance.

(with client sampling), in FiguresE[, and Table For the upper bound on stepsizes, we use the smoothing
technique for rest of the experiments, as suggested by |[Loizou et al.| (2021)) for avoiding sudden fluctuations
in the stepsize. For a client ¢ € [n] and iteration ¢, the adaptive iteration-dependent upper bound is given by

= 2IBl/miy i .1, where |B| is the batch-size, m; is the number of data examples on that client and we fix
% o=11In Flgure El (MNIST), we find that the convergence of FedSPS is very close to that of FedAvg with
the best possible tuned local learning rate, while outperforming FedAMS. In Figure [5| (CIFAR-10), FedSPS
outperforms tuned FedAvg and FedAMS in terms of both training loss and test accuracy. We report the
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results in the non-i.i.d. setting of CIFAR-10/CIFAR-100 for different levels heterogeneity in Table (I} and
find that FedDecSPS performs the best in heterogeneous settings closely followed by FedSPS.

7 Conclusion

In this paper, we show that locally adaptive federated optimization can lead to faster convergence by harness-
ing the geometric information of local objective functions. This is especially beneficial in the interpolating
setting, which arises commonly for overparameterized deep learning problems. We propose a locally adaptive
federated optimization algorithm FedSPS, by incorporating the stochastic Polyak stepsize in local steps, and
prove sublinear and linear convergence to a neighbourhood for convex and strongly convex cases, respectively.
We further extend our method to the decreasing stepsize version FedDecSPS, that enables exact convergence
even in practical non-interpolating FL settings without compromising adaptivity. We perform relevant il-
lustrative experiments to show that our proposed method is relatively insensitive to the hyperparameters
involved, thereby requiring less tuning compared to other state-of-the-art federated algorithms. Moreover,
our methods perform as good or better than tuned FedAvg and FedAMS for convex as well as non-convex
experiments in i.i.d. and non-i.i.d. settings.
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Appendix

The Appendix is organized as follows. We begin by introducing some general definitions and inequalities
used throughout the proofs, in Section[A] Proofs for convergence analysis of FedSPS are provided in Section
Blincluding convex and strongly convex cases. Section [C| provides some additional theoretical details
for FedSPS. Alternative design choices for FedSPS, namely FedSPS-Normalized and FedSPS-Global are
described in Section[D] We provide some theoretical results for FedSPS in the non-convex setting in Section[E]
Finally, additional experiments for FedSPS and FedSPS-Global in convex settings are provided in Section [F]
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A Technical preliminaries

Let us present some basic definitions and inequalities used in the proofs throughout the appendix.

A.1 General definitions
Definition 1 (Convexity). The function f:R% — R, is conver, if for all x,y € R?
f&x) = fy) +{VIly),x-y). (11)

Definition 2 (L-smooth). The function f : R¢ — R, is L-smooth, if there exists a constant L > 0 such that
for all x,y € R?

Vi) = Vil < Lix =yl (12)
or equivalently Lemma 1.2.3)

F) < F3) 4 (TF0)x—y) + 2 x -yl (13)

Lemma 7 (Li & Orabonal (2019), Lemma 4). For a L-smooth function f : R? — R, having an optima at
x* € RY, we have for any x € R?

IV f(x) = VFI? < 2L (f(x) = F(x*)) - (14)

Lemma 8 (IOrvieto et a1.| (I2022[), Lemma B.2). For a L-smooth and p—strongly convex function f : R? — R,
the following bound holds

L R A [

2L = VP e[V 2 )
where f* = infy f(x), and £* is a lower bound £* < f*.
A.2 General inequalities
Lemma 9. For arbitrary set of n vectors {a;}?_,, a; € R?

1 & 1 & 21 9

ﬁ; a; — <n;ai> Sﬁ;Haz'H : (16)

Lemma 10. For arbitrary set of n vectors {a;}7,, a; € RY

2 n
2
<ny lla]”. (17)
i=1

n
D a
i=1
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Lemma 11. For given two vectors a,b € R?
2(a,b) < 7yllal*+57" b, vy >0. (18)
Lemma 12. For given two vectors a,b € R?
la+b]* < (1+X) lal* + (1 + A7) [b]?, VA>0. (19)
Lemma 13. For any random variable X

E|X -E[X]|* <E|IX|*. (20)
B Convergence analysis of FedSPS

B.1 FedSPS inequalities

Lemma 14 (Upper and lower bounds on FedSPS stepsizes). Under the assumption that each F; is L-smooth
(Assumption , the stepsizes of FedSPS follow for all rounds t € [T — 1]

<y <V, (21)

where a = min{ﬁ,’yb}.

Proof. This lemma is easily obtained by plugging in the definition of FedSPS stepsizes into . O
Lemma 15. FedSPS stepsizes i follow the following fundamental inequality

il < L5 xd. ) - (22)

Proof. We observe that it holds from the definition of FedSPS stepsizes

i i|2 i : F(x,’;,ﬁ)—ﬁ*
=y - _— VF;(x;,
H’YtgtH Yt mm{CHVF(X,’é,fZ’H 3 ’Yb} H Xt ft)H

)

Vi i ei *
< ?f[Fi(Xtagt)_éi]' -

B.2 Proof for convex case of FedSPS

Proof outline and notation. Before we start with the proof, let us recall the notation: below we will
frequently use g} to denote the random component sampled by worker 7 at iteration ¢, so gi = VF;(x%, &) and

the stepsize vf = min W’,yb}. We define the (possibly virtual) average iterate X; := + 3" | xi.
We follow the proof template for FedAvg (Local SGD) [Koloskova et al.| (2020); [Stich| (2019)), deriving a
difference lemma to bound Ry := £ 377" | ||%; — x§||2, and plugging it into the decrease ||%;11 — x*||*. Our

poof introduces differences at various points like in the difference lemma (25), and the decrease , to
incorporate local adaptivity using properties of FedSPS stepsizes (Lemma [14{ and Lemma and the finite
optimal objective difference assumption (0]20 < 00).

B.2.1 Difference Lemmas

Lemma 16 (Bound on difference R; for convex case with any stepsizes). For ¢ > 272, the variance of the

iterates between the clients R, = %Z?:l ||5<t - xiHQ, is bounded as

Rtﬁ%z Z '73[ (jagl)—é*] (23)
i=1 j=(t—1)—k(t)

where t — 1 — k(t) denotes the index of the last communication round (k <1 —1).
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Proof. We use the property that X, = x! for every t that is a multiple of 7. Therefore, there exists a
k(t) <7 — 1 such that R;_1)_ru) = 0. So we have,

2 2
n t—1 1

n
R=13 X v %Z 2 el

i=1 ||j=(t—1)—k(t) —1)—k(t)

where v := £ 3" ZE;tt—l)— k(t) 7;g}. The inequality follows by the fact the v is the mean of the terms

in the sum. With the inequality Y. _, a]|® < T, l|a;||® for vectors a; € R, and the property of the
Polyak Stepsize we deduce:

1

i |2
R, < Z Z el (24)
i=1j= —k(t)
- n t—1 ] o

SIS Y ARk - (25)

=1 j=(t—1)—k(t)

1 n t—1

i=1 j=(t—1)—k(t)

where we used the assumption ¢ > 272 to obtain the last inequality. O

the variance of

Lemma 17 (Bound on difference R; for convex case with small stepsizes). For v, < ﬁ,

the iterates between the clients R, = %Z?:l ||5<t - X§H2, is bounded as

t—1 t—1

1 > * 2 2
ER; < 3Lr Z E[f(x;) - f ]+64L'7b7'v Z Of» (26)
J=(t-1)—k(t) J=(—=1)—k(?)

where t — 1 — k(t) denotes the index of the last communication round (k <1 —1).

Proof. Again we derive a bound on the variance on the iterated between the clients. We use the property
that x; = x} for every t that is a multiple of 7. Define k(t) < 7 —1 as above. We will now prove that it holds

32927 & o
Re<FBIST S |VERE) (27)

i=1 jf(tfl)fk(t)

2 T L
64va Z Z [F(x;,&) — 4],

=1 j=(t—1)—k(t)

and consequently (after taking expectation) and using 7, < ﬁ:

t—1 t—1
1 _ 2 2 : 2
=(t—1)—k(t) J=@—1)—k()

Note that if ¢ is a multiple of 7, then R, = 0 and there is nothing to prove. Otherwise note that

1< . . —
Ren = 3 ||% = +9{VF(e.6) v

i=1

)

19



Published in Transactions on Machine Learning Research (10/2024)

where v := 1 3" 1IVF(x},¢!) denotes the average of the client updates. With the inequality ||a + b|? <
(1+7"Ya|®+27|b|” for 7 > 1, a,b € R%, we continue:

LD ( )Rt+Z|I%VF CRARET
© ( 1)Rt+22;|7;jvm(xi7£§>l|2

=1

1 2 2 n ) .
< (1 + T) R+ % SO IVEGL |

i=1

(1K) 1 A2 & o , ,
< (1 + T) Ry + > (IvFG, ) = VR + [V D))
(12)

1 4y & _ A2 IPNT::
<1+T> Ry + nb ;<L2thxt|| + || VFi(%, )| )
2 472 & o i
S <1+T> Rt"‘ 7;7b Z||VFZ(Xt7£t)||2 )

i=1

where we used v, < ﬁ Equation now follows by unrolling, and noting that (1 + %)7 < 8 for all
0<j<T. O

B.2.2 Proof of Theorem [3] (a) (general case valid for all stepsizes)

Distance to optimality. We now proceed by using the definition of the virtual average: X;11 =
Ly (xi—qigl)
n 2ai=1 \Xt ~ Nt8¢)-

9 o 1 o
%41 — x| < || — x| - o Z (% — x*,7ig1) + o Z ||%?gi||2
) lzl 1 ; | B
= = 53 = )+ 5 3 ]~ 2 o)
i=1 i=1

n n n
2

(L8) ) )
2 lIx: — X*”2 T n Z <les - X*a%lgt Z tgtH + = Z (th - Xt” + H'YtgtH )
=1

i=1 21
n

e 2 i x o -
:th*XHzfﬁZ@(t* 7”Ytgt>+ ZH’YtgtH + R:. (28)

=1 i=1
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Upper bound (valid for arbitrary stepsizes). We now proceed in a similar fashion as outlined in the
proof of (Loizou et al., 2021, Theorem 3.4). Using the property of the FeSPS stepsize we get:

_ . 2 , ,
e —x*[* < % —x*|° - - > (xi—x*qigl) + Z% (x5, &) — 0]+ Ry (29)

i=1

n

(51 . .
< xe—x ||2 Z'Yt i(x4, &) — Fi(x*, &)] Z’Yt i(x, &) — 6]+ Ry

= [l=, — x| —wa L(xk, €)= 0 + 0 — Fi(x*", &)
+7Z’Vt i(xt, &) — 4] + Ry

=[xt —x H (2 - > Z'Yt Xtagt Z'Yt 7£t =]+ Ry, (30)

We use the assumption ¢ > 2 and simplify furtherﬂ
[ Y o N Z% (xi, &) = 6]+ 2w07 + Ry,

where we defined o7 := 1 3" | [F;(x*,&)) — £7]. After rearranging:

n

1 , o 7 _

LS i) — £] < [ = — [ — x| + 2002 + i
i=1

We now plug in the bound on R, calculated above in equation (23)):

n t—1
72% i, €0) — 6] < 1% = X7 = [ Rer = x*|* + 23007 +7Z > lEGELE) - 4]

=1 j=(t—=1)—k(t)
n t—
S * <> * 1 1 *
S I LRy R e e DI DI (TN B
i=1 j=(t—1)—(r—1)

We now sum this equation up from ¢ =0 to 1" — 1, and divide by T"

T-1
* 1 e * (12 = * (12
*Z Z% i(x;, &) — 4] < fZ(HXt_XH _th+1_xH)
t=0
T-1 T-1 n

1 2 1 1 i . ¢t *
2% i+ T > %ZW’HE‘(X%,Q) - 41,

t=0 t=0 i=1

by noting that each component in the last term appears at most 7 times in the sum. We can now move the
last term to the left:
T—1

*Z%Z% X €}) f*1<fll><o—x|| +mlzat

t=0

It remains to note v > o := min {Q%L,fyb}, therefore:

* 1 = *
*Z% ant ) — ¢ ZEZ(X Xtaft - £].
i=1

2The attentive reader will observe that any ¢ > % would be sufficient to show convergence of the function suboptimality

(note that |Loizou et al.| (2021) used ¢ > %, but only showed convergence of the iterate distance to optimality).
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To summarize:

T—

11 & 1 2 1 =
N S NTFEELE) - 0] < — [|xo — 2 2 1
T EZO 5 Z_E:l[ (xt: &) = 4] < 7 %0 —x *IF+ T ;ZO o (31)

We now take full expectation to get the claimed result.

B.2.3 Proof of Theorem [6] (a) (special case with small step sizes)

We now give an additional bound that tightens the result when the parameter ~; is chosen to be a small
value, smaller than ﬁ As a consequence of this assumption (see Equation ), it holds v; = v, for all ¢
and ¢ € [n]. The proof now follows a similar template as above, but we can now directly utilize the imposed

upper bound on 7, (v.s. the bound on ¢ used previously).

Upper bound (valid for small stepsizes). Using the definition of the virtual average: X;41 =

Ly (xi—nigl).

2 n )
%Ki — x| < 1% — x*|)* = - Z (% —x*,vig) + Z H%gt (32)
i=1
We now observe
— (% — X%, vigl) = = (X — xi.81) — i (xi — x*, 8})
I = i i i Lo i||2 i /i * i
< % |:Fi(xt7€t) — Fi(xt,6) — 5 ||Xt - XtH ] — Nt <Xt - X 7gt> (33)
< _’YZ |:Fi(Xt>€t) ( t7§t th _XtH +F Xtvgt) ( 7§t):|
= i [Rn€) — Foe )] + 2 s, i (34)
Therefore
_ * 2 - 7 = 7
%41 —x ||2 Xt —X ||2 T VilFi (%e, &) — Fi 7§t Z’Yt |Xt - Xt” Z H tgt
i=1
(35)

We now use the observation that v{ = 73 (by the assumption that -, is small—we could have made this
simplification also earlier), and continue:

% * % * 2% - = i x i P\ i
e =17 < %= I = 22 DT Fi(0, &) — Bt €]+ LR+ 237 gl
i=1

i=1

We now use

&l < 2| VA& &) - VEGL &) +2 VA &)
. .
< 217 % - xi|* + 2| VE(%. )|
and the assumption v, < ﬁ, to obtain

< « o 2 2 29\
s I < eI = 22 S (R ) — B )+ 2L+ 28 3 [, )
i=1 i=1
_ 2 2 Iy &
< ||Xtix || 772[ ( tvgt) ( agt)]+2’}/bLRt+ Z t?ft z]'

i=1 i=1
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To simplify, let’s take expectation over the randomness in iteration t:
E[Rep1 — x| < 1% — x° = 29[f(R0) — £7] + 20 L B[R] + L2 (%) — [* + 02].
Because f(x;) — f* >0 and v, < 10%, we can further simplify:
E (%1 — %" < %0 — x| = [f(%e) — 7] + 29 L B[R] + 4Lr20% (36)
After re-arranging and taking expectation:
WEIf (%) = ] SE|I% = x*|* — El|%er1 — x*|* + 2% LE[R)] + 4L} o} .

We now plug in the bound on R; from Equation :

S * = * S * 2’}/ I = *
WEf(xe) = [ B[R = X' —E e —x* |7+ 52 D [f(%y) = 1 +403 +327°9) Lo7

1 T—1 1 T-—1 27 T—1
- * - * = * b
T Y WEE) — 1< 2 D (BlRe —x P ~El%i —x|*) + 3 Z P14+ 4(3¢ +32r%93) Lo,
t=0 t=0 t=

and consequently:

1= 3

72 Elf(x) - f1] < Ty El1%o - X* ||+ 12(y + 327%42) Lo3 . (37)

t=0

B.3 Proof for strongly convex case of FedSPS

Here we outline the proof in the strongly convex case. As the proof is closely following the arguments from
the convex case (just with the difference of applying p-strong convexity whenever convexity was used), we
just highlight the main differences for the readers.

B.3.1 Proof of Theorem [3] (b) (general case valid for all stepsizes)

In the respective proof in the convex case, convexity was used in Equation . If we use strong convexity
instead, we obtain

5 iy My 2
[Xe41 —x H th —x*|" - *Z% i(xt, &) — Fi(x*, &) + 9 ||Xt _X*H ]
JF*Z% (x5, &) — 6]+ Ry
[ 2 2
_ * 1 — * 12 ) = 7
< |Ixe — x*|| _*Z'Yt i(x1, &) — Fi(x agt)+§||xt_x [ ]+EZ%NHXt_XtH
i=1
+7Z% Xt7§t ) — ]+ Ry
= * ¢ o - * |2
< [Ixe — x*|| _*Z'Vt i(x}, &) — Fi(x ,ft)+§||xt—x 11°]

— — L]+ 2R
nc Z ”Yt Xta €t ]+ 2R,

23



Published in Transactions on Machine Learning Research (10/2024)

where the second inequality used |Ix: — x*|| <2 th - xt|| +2 ||xt —X || and the last inequality used
yip < i < % By applying the lower bound « on the stepsize, we see that convergence is governed by

linearly decreasing term:
%41 —x*[* < (1= pa) [|% — x| —*Z% i(xp, &) — Fi(x*, &)] Z% i(xp, &) — 6]+ 2Ry

while the remaining terms are the same (up to a small change in the constant in front of R;) as in the convex
case. The increased constant can be handled by imposing a slightly stronger condition on ¢ (here we used
¢ > 472, compared to ¢ > 272 in the convex case). The rest of the proof follows by the same steps, with
one additional departure: when summing up the inequalities over the iterations t = 0 to T'— 1 we need to
use an appropriate weighing to benefit from the linear decrease. This technique is standard in the analysis
(illustrated in [Stich| (2019) and carried out in the setting a residual R; in (Stich & Karimireddy), 2020}, Proof
of Theorem 16) and with a residual R; in a distributed setting in (Koloskova et al.l |2020, Proof of Theorem
2, in particular Lemma 15).

B.3.2 Proof of Theorem [0] (b) (special case with small step sizes)

Convexity was used in Equation . If we use p-strong convexity instead, we obtain:

S * ot % S % i *
- <Xt —X 7’Ytgt> < - Fi(xtaft) ( tvgt th _XtH +F Xtagt) ( 7£t) ? th —X H2
< =3} [Fi(560) = Bt )] + L % = xi||* = 25 1 — x| (38)

where the last inequality used [|%, — x*||* < 2 |%: — X};HQ + 2 ||xi — X*HQ. The last term is essential to get a
linear decrease in the first term. For illustration, Equation (36| now changes to

E [[%e1 — x| < (1= yom) % = x*|* = w[f (%) = ] + 4% LE[R,] + 4L 07

(the constant in front of E[R;] increased by a factor of two because of the estimate in and can be
controlled by the slightly stronger condition on ;). From there, the proof is very standard and follows
exactly the template outlined in e.g. (Stich & Karimireddyl 2020, Proof of Theorem 16) or (Koloskova et al.,
2020, Proof of Theorem 2, in particular Lemma 15).

C Additional details for FedSPS

C.1 Extending FedSPS to the mini-batch setting

Note that for the sake of simplicity in notation of the proposed method and algorithms, we used a sin-

gle stochastic sample &;. However, this can be trivially extended to the mini-batch setting. For a batch

Bg the stochastic gradient would become ﬁzieBi VF;(x},£), and the stochastic loss would become
t t

I B,‘ E£€ Bi F;(x%,€). We use this mini-batch setting for our practical experiments.
C.2 Comparison of heterogeneity measures
C.2.1 Proof of Proposition [I]

Proof. We look at the two cases separately as follows:

Function heterogeneity. We recall the definitions ¢? = 13" [|Vf;(x*) — Vf(x*)Hg and 0]% =
%E?:l (fi(x*) — €F). The global optimal point is denoted by x*, and the local optima by x}. Note that
Vf(x*) =0, Vfi(xF) =0, and we make use of these facts in our proof.
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Assuming L—smoothness of each f;(x), we can apply Lemma [7|to each of them with x = x* to obtain
IV £i(x*) = VFi(x)IP < 2L (fulx*) = f7) ,Vi € [n]. (39)
Using this result we can bound ¢? from above as follows (noting that V f(x*) = 0, Vfi(x}) = 0):

¢ =Y IVAG) - V)
i=1

%Z V1) = VG

Gradient variance. We recall the definitions o2 = 13" R ||VF(x* &) - Vfi(x H and o} =
%Z?:l (fi(x*) — ). The global optimal point is denoted by x*, local optimum on client i by x; and
the local optima of the functions on worker i by x;:. Note that Vii(x;)=0,VE, (xg,;, &) = 0 and we make
use of these facts in our proof.

Assuming L smoothness of each Fj(x,¢%), we can apply Lemma [7| to each function on any client i, with

X = X* to obtain

[VEet )~ VR, €)] < 21 (Rt €) — Fitti, €)) Vi € [n] €6 ~ D, (40)

Using this result we can bound o2 from above as follows

ZEg

VE (x*,€) -V fi(x")]”

VE(x*, &)

:;z_:< “VF 5 &) = VE (x5, &) D
D25 (B[R ) - P 69))

Q2L S (g [ 6) - 1))

D Alternative design choices for FedSPS

D.1 FedSPS-Normalized

Drawing ideas from |Wang et al.| (2021) which employs client and server side normalization to account for any
solution bias due to asynchronous local stepsizes (especially for heterogeneous clients), we design FedSPS-
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Algorithm 2 FedSPS-Normalized: Fully locally adaptive FedSPS with normalization to account for
heterogeneity as suggested in Wang et al.[ (2021)).

Input: x} = xo,Vi € [n]
1: fort=0,1,---, T —1do

2: for each client ¢ =1,--- ,n in parallel do
3: sample &}, compute g; := VF;(xy, &)
4: FedSPS-Normalized: ~; = min {%, ”yb} > local stochastic Polyak stepsize
t
5: if t 4+ 1 is a multiple of 7 then
6: Xiy1 = ﬁ% Z::1 u% (xi — 'ngi) > aggregation incorporating normalizations
n i=1 Vi
7: vt =0
8: else
9: xéﬂ = X - Vi gt > local step
10: v =v" 4y > client normalization factor
11: end if
12: end for
13: end for

Normalized. In the following we provided a detailed description of the algorithm, as well as comparison to
our main proposed method FedSPS.

D.1.1 Algorithm

FedSPS-Normalized. In FedSPS-Normalized (Algorithm , we calculate the client correction factor v/*
for each client i € [n] as the sum of local stepsizes (since the last aggregation round). During the server
aggregation step, the pseudo-gradients are then normalized using the client and server normalization factors,
to remove any bias due to local heterogeneity.

D.1.2 FedSPS-Normalized experimental details

The implementation is done according to Algorithm All remarks we made about the choice of scaling
parameter ¢, upper bound on stepsize 73, and £ in the previous section on FedSPS also remain same here.
Figure [0] shows a comparison of FedSPS and FedSPS-Normalized for the convex case of logistic regression
on MNIST dataset. For the homogeneous case (a) normalization has no effect—this is as expected since
the client and server side correction factors are equal and balance out. We expect to observe some changes
for the heterogeneous setting (b), but here the FedSPS-Normalized actually performs very slightly worse
than FedSPS. We conclude that normalization does not lead to any significant performance gain, and can
intuitively attribute this to the fact the FedSPS stepsizes have low inter-client variance (Figure @

D.2 FedSPS-Global

For the sake of comparison with existing locally adaptive FL algorithms such as Local-AMSGrad [Chen et al.
(2020) and Local-AdaAlter Xie et al. (2019) (both of which perform some form of stepsize aggregation on
the server), we introduce a synchronous stepsize version of our algorithm called FedSPS-Global.

D.2.1 Algorithm

FedSPS-Global. In FedSPS-Global (Algorithm , the stepsize is constant across all clients and also for
local steps for a particular client, for a particular round ¢. There can be several choices for the aggregation
formula for the “global” stepsize—we use a simple average of the local SPS stepsizes as given below

- Fi(xi, &) —0F
'y:iZmin{(xtgt))HQ,fyb}. (41)

c||VF(x}, &
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Figure 6: Comparison of FedSPS and FedSPS-Normalized for the convex case of logistic regression on MNIST dataset
(i.i.d. and non-i.i.d.). For the homogeneous case (a) normalization has no effect, while for the heterogeneous case (b)
normalization slightly deteriorates performance.

Algorithm 3 FedSPS-Global: FedSPS with global stepsize aggregation
Input: v = o, X} = X0, Vi € [n]
1: fort=0,1,---, 7T —1 do

2: for each client ¢ =1,--- ,n in parallel do

3: sample £, and compute stochastic gradient gf := VFi(xi, 5,3)

4: if t + 1 is a multiple of 7 then

5: Xi+1 = % 27:1 (xi — n/g,ﬁ) > communication round
6: FedSPS-Global: ~ = % 2721 min {%, yb} > global stepsize
7 else

8: Xt =xt — gl > local step
9: end if

10: end for

11: end for

We provide a theoretical justification of this choice of aggregation formula, and compare it with other possible
choices in Appendix As it is apparent from , we need to use stale quantities from the last round,
for calculating the stepsize for the current round. This is justified by the empirical observation that stepsizes
do not vary too much between consecutive rounds, and is a reasonable assumption that has also been made
in previous work on adaptive distributed optimization |Xie et al. (2019)). Due to the staleness in update of
the stepsize in this method, we need to provide a starting stepsize 7y to the algorithm, and this stepsize is
used in all clients till the first communication round happens. FedSPS-Global can be thought of more as a
heuristic method using cheap stepsize computations, and offering similar empirical performance as FedSPS.

D.2.2 Choice of aggregation formula for FedSPS-Global

We can have various choices for aggregating the local stepsizes to calculate the global stepsize. The first
obvious choice would be to perform a simple average of the local stepsizes across all clients. This is given by

fi(xp) 45

the aggregation formula ~(®) = % >, min { PP »'Yb} which is used in our proposed method (Algorithm
t

L " a xi -0
. Two other plausible choices of aggregation formula could be v(*) = min {"lil[f()],'yb} and

i)
S SR

LN 1 (xt)—eF . St

7€) = min {’Wﬁb}. Among these choices, 7(®) represents the “correct” SPS stepsize if we
Cllm 2u5—1 8¢

follow the original definition and replace batches with clients in the distributed setup. In the following

Proposition we show theoretically that ) < min {7(“), A€ } Experimentally we find the simple averaging

of local stepsizes i.e., v(%) to work best, followed closely by 7(*), while the “correct” SPS stepsize 7(¢) explodes
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in practice. Therefore, we choose v(*) as our aggregation formula and this has some added advantages for
the associated proofs. We feel that a reason behind the good performance of FedSPS-Global is the low
inter-client and intra-client variance of the stepsizes explained in Section [6]—this is the reason behind why
simple averaging of the local stepsizes work.

Proposition 2 (Global SPS stepsize aggregation formula). Using the definitions of the three aggregation
formulae for synchronous SPS stepsizes 4@, ) and 49, as defined above in Section we have the
following inequalities

1. (@) > A0,

2. »‘y(a) Z f}/(b)
combining which we get %) < min {fy(a),v(c)}.

Proof. We look at the two cases separately as follows:

1. From Lemma [I0] it is easy to observe that

> s anugtn

which can be rearranged as
Z?:l[fl(xft) - 4] Z?:l[fz(xi) — 4]
1N Lill? Z 1 il|2
Byl & i ||t

The required statement follows trivially from the above inequality.

2. From Chebyshev’s inequality we have

7 _K* ?: iXi —E;( 1 i 1
LDt S =) 15 1
= el it il

From AM-HM inequality we obtain

n

" DY Hg%HZ

Plugging in this into the above we get
1 Z Fio) =01 A (i) — £
- 2
=1 || tH %Z?:l ’|g715H

The required statement follows trivially from the above inequality.

D.2.3 FedSPS-Global experimental details

The implementation is done according to Algorithm m All remarks we made about the choice of scaling
parameter ¢, upper bound on stepsize 7,, and £; in the previous section on FedSPS also remain same here.
As mentioned before, this method needs an extra hyperparameter vy, that is the stepsize across all clients
until the first communication round. Empirically we found that setting vo = 19, i.e. the local SPS stepsize for
client 0 at iteration 0, works quite well in practice. This is explained by the fact that the SPS stepsizes have
low inter-client and intra-client variance (Figure . Experimentally we find that FedSPS-Global converges
almost identically to the locally adaptive FedSPS (Figure |4 and Figure E[)

3Note that for any experiment in the Appendix that involves FedSPS-Global, we refer to FedSPS (from the main paper) as
FedSPS-Local in the legends of plots, for the sake of clarity between the two approaches.
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E Extension of FedSPS to non-convex setting

We outline here some theoretical results of extending FedSPS to the non-convex setting. Our non-convex
results have the limitation of requiring small stepsizes, but we do not need the additional strong assumption
of bounded stochastic gradients used in previous work on adaptive federated optimization.

E.1 Convergence analysis for non-convex functions

We now discuss the convergence of FedSPS on non-convex functions. Unfortunately, it is required to impose
additional assumptions in this section. This is mainly due that the Polyak stepsize was designed for convex
objectives and additional assumptions are needed in the non-convex setting.

Assumption 3 (Bounded variance). Each function f;: R — R, i € [n] has stochastic gradient with bounded
local variance, that is, for all x € R?,

VF(x,6) — Vfi(x)|s < o?. (42)

]EENDi

Moreover, global variance of the loss function on each client is bounded, that is, for all x € RY,
1< 2 o
=~ Vi) = V)l < ¢ (43)
i=1

This assumption is frequently used in the analysis of FedAvg [Koloskova et al.| (2020), as well as adaptive
federated methods Reddi et al| (2021)); Wang et al. (2022a). The local variance denotes randomness in
stochastic gradients of clients, while the global variance represents heterogeneity between clients. Note that
¢ = 0 corresponds to the i.i.d. setting. We further note that Equation corresponds to the variance
Assumption in [Loizou et al|(2021) (their Equation (8) with p = 1, § = (?) that they also required for the
analysis in the non-convex setting.

The following theorem applies to FedSPS and FedAvg with small stepsizes:

Theorem 18 (Convergence of FedSPS for non-convex case). Under Assumptions [1| and @ if v <
min {ﬁ, ﬁ} then after T steps, the iterates of FedSPS and FedAvg satisfy

FO LO’2
opr =0 ('be + fyb—n + v,fLQT(aQ + TC2)> (44)

where @7 1= ming<;<7_1 E IVf &I and Fy == f(Xo) — f*.

The proof of this theorem again relies on the assumption that the stepsize is very small, but otherwise follows
the template of earlier work [Li et al.| (2019)); [Koloskova et al.| (2020) and precisely recovers their result. For
the sake of completeness we still add a proof in the Appendix, but do not claim novelty here. The theorem
states that when using a constant stepsize, the algorithms reach a neighborhood of the solution, where the
neighbourhood is dependent on the local variance o and global variance ¢, and for the i.i.d. case of { = 0
the neighbourhood is smaller and less dependent on number of local steps 7. By choosing an appropriately
small 7, any arbitrary target accuracy e can be reached.

A limitation of our result is that it only applies to the small stepsize regime, when the adaptivity is governed
by the stepsize bound on ~,. However, when comparing to other theoretical work on adaptive federated
learning algorithms we observe that related work has similar (or stronger) limitations, as e.g. both [Wang
et al.| (2022a) (FedAMS) and Reddi et al. (2021)) (FedAdam) require an uniform bound on the stochastic

gradients (we do not need) and also require effective stepsizes smaller than T% similar to our case.

E.1.1 Proof of Theorem [18|

Small Stepsize. We start by the observation that it must hold 4¢ = =, for all iterations ¢ and clients i.
This is due to our strong assumption on the small stepsizes.
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Bound on R;. Similar as in the convex case, we need a bound on E[R;]. We note that when deriving the
bound in Equation we did not use any convexity assumption, so this bound also holds for arbitrary
smooth functions:

32 B .
WZ Z I1F: (x5, €0
i=1j=(t—1)—k(t)

and consequently (after taking expectation) combined with Assumption

t—1
ER <3290m Y, BV +0%/7+ ]
J=(t—1)—k()
1 t—1
<wrm Y EIVAG)IP +32087 0%+ ¢, (45)
F=(t=1)—k(t)
where the last estimate followed by v, < 5z-7-

Decrease. We study the (virtual) average X;. By smoothness and definition of X;,; we have:

2 n
f(xep1) < f(x Z<Vf +%2LH;LZ t
i=1

The scalar product can be estimated as follows:

—% Z (Vf(xe), g§> =-

i=1 i

S|

((Vf(e), VF;(%, ) + (V (%), VFi(x}, &) — VE(X,£))))

1

S_

S|

@
I
-

(V) VE (0 6) + 5 IV AP+ o S [VEGd, ) — VER, )
i=1

I
S i

Il
-

(VI (%), VF 0, €) + 5 VS| + 312

K2

and after taking expectation:
1< L 1 2 1o,
—-E - Z (Vf(xe),81)| < 3 IV &)™+ §L Ry
i=1
We now also use smoothness to estimate the last term in :

1 — ’
~> &
=1

vaz Xt

2

1« :
EZVFi(X;,gt) v fi(x})
i=1

\ /\

7+2va DI? +2 ZVfot — Vfi(%t)

IN

2
g _
—+2 IVF&)|* + 2L2R; .

.. . . 1 . .
By combining these estimates, and using v, < 157, we arrive at:

2
Ef(xt+1)<f(xt)—¥7Vf(Xt)IIQJr%L?RtJr%QL(?Vf( I+ < +2L2Rt)
< ) = LTSI + 202 R, +7b2Ln" .
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(a) Training loss and stepsizes for FedSPS (i.i.d.).
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(b) Training loss, test accuracy and stepsizes for FedSPS (non-i.i.d.).

Figure 7: Visualization of FedSPS stepsize statistics for convex case of logistic regression on MNIST dataset (i.i.d.
and non-i.i.d.). Left column represents training loss, middle column test accuracy, and right column stepsize plots.
“intra-client” refers to selecting any one client and plotting the mean and standard deviation of stepsizes for that
client across 7 local steps, for a particular communication round. “inter-client” refers plotting the mean and standard
deviation of stepsizes across all clients, for a particular communication round. We extend (a) beyond the best and
worst, stepsizes and report the performance for all stepszies in Table El

We now re-arrange and plug in the estimate of R; from :

2 2 t—1
Yo _ _ _ v, Lo Yo _
TEIVIGE)IP <Ef() = f(Ri) + 25—+ 2 | > EIVAER)I? + 64952 L2 0?7 + ¢
J=(t=1)—k(t)
and after summing from ¢t = 0 to T'— 1 and dividing by T'
T— A2 Lo?
ZE”Vf X¢)| Z (E f(x¢) — f(Xe1)) + bgn + 647 L2 [0 /7 + (7]
t=0
L T—
s
t=0
implying that
T-1 1 Lo
E < * 4 2L2 2 2 .
STZ IVFGI® < 7 (Fx0) = ) + 25— L0+ )

F Additional experiments

F.1 Visualization of FedSPS stepsize statistics

Intuitively it may seem at first glance that using fully locally adaptive stepsizes can lead to poor convergence
due to different stepsizes on each client. However, as we have already seen in our theory and well as verified
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Figure 8: Additional experiment on the effect of varying ¢ on convergence of FedSPS for different values of 7. In
practice, there is no square law relation between ¢ and 7, and any small value of ¢ < 0.5 works well.

Table 2: Test accuracy for different values of 7; for convex case of logistic regression on MNIST dataset (i.i.d.)
extending the results of Figure 7 (a) for multiple values of local stepsizes. The best and worst stepsize values are
highlighted in bold. We see that there is a substantial gap between the best other stepsizes.

m FedAvg FedAMS
0.0001  76.38 80.75
0.001 78.27 81.52
0.01 79.97 83.05
0.1 91.81 91.23
1 79.32 82.85

in experiments, that this is not the case—our fully locally adaptive FedSPS indeed converges. In this remark,
we try to shed further light into the convergence of FedSPS by looking at the stepsize statistics across clients.
Figure [7] plots the “intra-client” and “inter-client” stepsize plots for i.i.d. and non-i.i.d. experiments. “intra-
client” visualizes the variance in stepsizes for a particular client across different local steps. “inter-client”
visualizes the the variance in stepsizes across all clients. We can notice that both these variances are small,
explaining the good convergence behaviour of FedSPS.

F.2 Effect of varying ¢ on convergence

We provide additional experiments on the effect of varying the FedSPS scale parameter ¢ on convergence,
for different number of local steps 7 € {10,20, 50,100} (convex case logistic regression on ii.d. MNIST
dataset without client sampling) in Figure 8] Similarly as before, we observe that smaller ¢ results in better
convergence, and any ¢ € {0.01,0.1,0.5} works well. Moreover, the effect of varying ¢ on the convergence is
same for all 7 clarifying that in practice there is no square law relation between c and 7, unlike as suggested
by the theory.

F.3 Additional convex experiments

Additional convex experiments for the rest of the LIBSVM datasets (i.i.d.) have been shown in Figure [9]
The first column represents the training loss and the second column the test accuracy. The third column
represents the FedSPS stepsize statistics as described before in Section[F.1] We can make similar observations
as before in the main paper—the proposed FedSPS methods (without tuning) converge as well as or slightly
better than FedAvg and FedAdam with the best tuned hyperparameters. The stepsize plots again highlight
the low inter-client and intra-client stepsize variance.

F.4 Hyperparameters tuning for FedAvg and FedAMS

Here we provide more details on hyperparameters for each dataset and model needed by FedAvg and Fed AMS.
We perform a grid search for the client learning rate n; € {0.0001,0.001,0.01,0.1,1.0}, and server learning
rate n € {0.001,0.01,0.1,1.0}. Moreover, for FedAMS we also choose ;1 = 0.9, 53 = 0.99, and the max
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Table 3: Hyperparameters for FedAvg and FedAMS.

Dataset  Architecture m €

n
LIBSVM Logistic Regression 1.0 1 0.01
1

Logistic Regression
MNIST LeNet 0.1 0.001

stabilization factor e € {107%,107%,1072,1072,1071,10°}. The grid search leads to the following set of
optimal hyperparameters presented in Table
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Figure 9: Additional convex experiments for the LIBSVM datasets (i.i.d.). As mentioned in Section
(from the main paper) is referred to as FedSPS-Local here in the legends, to distinguish it clearly from FedSPS-Global.

(j) a9 train.

(k) a9a test.
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(1) a9a stepsize.
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