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Abstract001

Policy optimization for large language mod-002
els often suffers from sparse reward signals in003
multi-step reasoning tasks. Critic-free meth-004
ods like GRPO assign a single normalized out-005
come reward to all tokens, providing limited006
guidance for intermediate reasoning . While007
Process Reward Models (PRMs) offer dense008
feedback, they risk premature collapse when009
used alone, as early low-reward tokens can010
drive policies toward truncated outputs. We011
introduce Process Relative Policy Optimiza-012
tion (PRPO), which combines outcome reli-013
ability with process-level guidance in a critic-014
free framework. PRPO segments reasoning015
sequences based on semantic clues, normal-016
izes PRM scores into token-level advantages,017
and aligns their distribution with outcome ad-018
vantages through location-parameter shift. On019
MATH500, PRPO improves Qwen2.5-Math-020
1.5B accuracy from 61.2% to 64.4% over021
GRPO using only eight rollouts and no value022
network, demonstrating efficient fine-grained023
credit assignment within critic-free optimiza-024
tion.025

1 Introduction026

Reinforcement learning (RL) has become a cen-027

tral paradigm for aligning large language mod-028

els (LLMs) with human objectives, particularly in029

tasks that require complex reasoning, long-horizon030

planning, and structured decision-making. Early031

RL-based alignment methods, such as reinforce-032

ment learning from human feedback (RLHF), pri-033

marily rely on sequence-level rewards that evaluate034

only the final generated output. While effective035

for short-form generation and surface-level pref-036

erences, this outcome-centric formulation exhibits037

fundamental limitations when applied to multi-step038

reasoning tasks, where correct solutions depend039

on a sequence of interdependent intermediate deci-040

sions rather than the final answer alone.041

In long reasoning scenarios—such as mathemat- 042

ical problem solving, program synthesis, and multi- 043

hop question answering—the reward signal is typi- 044

cally sparse, delayed, and weakly informative. A 045

single scalar reward assigned at the end of genera- 046

tion provides little guidance for identifying which 047

intermediate reasoning steps were correct, redun- 048

dant, or erroneous. This exacerbates the credit as- 049

signment problem over long reasoning chains and 050

leads to high-variance policy gradients, unstable 051

optimization, and inefficient use of training sam- 052

ples. Moreover, purely outcome-based rewards fail 053

to distinguish between reasoning trajectories that 054

arrive at the same answer via qualitatively different 055

processes, limiting the model’s ability to internalize 056

robust and generalizable reasoning strategies. 057

These challenges are further amplified in critic- 058

free policy optimization methods, which deliber- 059

ately avoid training value or critic networks in order 060

to improve scalability and reduce computational 061

overhead. Although such methods—exemplified 062

by DPO-style and PPO-style algorithms—offer 063

substantial efficiency advantages, they are inher- 064

ently more sensitive to reward sparsity and noise, as 065

they lack explicit mechanisms for temporal credit 066

assignment. As a result, designing effective learn- 067

ing signals for long-horizon reasoning under critic- 068

free constraints remains an open and critical prob- 069

lem. 070

Motivated by these limitations, recent research 071

has progressively moved beyond sequence-level 072

supervision toward finer-grained learning signals 073

that explicitly model the internal reasoning process. 074

This shift has given rise to a growing body of work 075

on process-level and token-level preference opti- 076

mization, which aims to provide denser and more 077

informative supervision for policy learning. 078

In preference optimization, recent methods have 079

progressively shifted from sequence-level to finer- 080

grained supervision. Process-DPO (Lai et al., 2024) 081

optimizes the first erroneous reasoning process, 082
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Figure 1: Comparison between outcome-level and process-level reward in RLHF.

while Full-process-DPO (Xu et al., 2025) lever-083

ages self-supervised reward models to score all pro-084

cesses and dynamically weight gradients. TGDPO085

(Zhu et al., 2025) introduces token-level reward086

guidance directly into the DPO loss, enabling087

dense, token-wise policy updates. These works es-088

tablish a paradigm shift from sparse outcome-based089

rewards to dense, process-oriented supervision.090

Parallel developments address sparse rewards091

with token-level and process-wise optimization092

techniques in PPO-style algorithms. TEPO (Lin093

et al., 2025) introduces a Markov likelihood frame-094

work to link group-level rewards with token-level095

aggregation, reducing gradient variance in critic-096

free settings like GRPO (Shao et al., 2024). RiskPO097

(Ren et al., 2025) approaches the problem from a098

distributional perspective, using risk measures like099

Mixed Value-at-Risk to emphasize low-reward in-100

stances and prevent entropy collapse.101

Despite these advances, limited research inte-102

grates Process Reward Models (PRMs) into critic-103

free policy optimization, and most current work104

didn’t make use of PRM’s process-level charac-105

teristics and still provide only one sparse reward106

signal for each output sequence. PSGPO (Dai et al.,107

2025) explored PRM guidance within PPO, show-108

ing improvements in code generation. Other critic-109

free works reshape outcome rewards with PRM110

signals to distinguish sequences that share identi-111

cal outcomes (Zou et al., 2025; Ren, 2025), but112

still deliver a single reward per sequence, leav- 113

ing process-level supervision underutilized. This 114

gap motivates PRPO (Process Relative Policy Opti- 115

mization), which intends to make use of the full sig- 116

nal from dense PRM feedback with sparse outcome 117

rewards in a critic-free framework while retaining 118

computational efficiency. 119

It is worth noting that a current work tried to 120

realize process-level credit assignment in critic- 121

free framework, which is PURE Algorithm (Cheng 122

et al., 2025), which is a min-form credit assign- 123

ment algorithm for process reward model. How- 124

ever, its basic idea is to choose the min value of 125

the process reward model output, which surely can 126

resolve possible collapse of process reward only 127

training (which we will mention later), but will lose 128

much information of the different process rewards 129

along the whole output sequence, especially for the 130

higher ones which are usually abandoned. 131

PRPO addresses this critical gap by introducing 132

a novel framework that integrates full dense PRM 133

feedback into critic-free optimization through dis- 134

tribution alignment, enabling fine-grained credit 135

assignment while preserving the computational ef- 136

ficiency that makes critic-free methods attractive. 137

This innovation is particularly important because it 138

demonstrates that stable, dense supervision can be 139

achieved without abandoning the resource-efficient 140

critic-free paradigm, opening new possibilities for 141

scalable policy optimization in complex reasoning 142
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domains.143

Our contributions are threefold: (1) a frame-144

work that integrates process supervision into critic-145

free policy optimization; (2) a distribution align-146

ment technique ensuring global consistency of147

token-level advantages; and (3) empirical evidence148

that PRPO significantly improves reasoning accu-149

racy while maintaining efficiency comparable to150

GRPO.151

2 Related Work152

2.1 Critic-Free Policy Optimization153

GRPO (Shao et al., 2024) establishes a critic-free154

framework by computing group-relative advan-155

tages: Âgroup(τi) =
R(τi)−mean(R(τi))

σ(R(τi))+ϵ . Building on156

this, ETPO (Wen et al., 2024) decomposes credit157

assignment to token-level with per-token soft Bell-158

man updates, while TEPO (Lin et al., 2025) con-159

nects group rewards to tokens via Markov likeli-160

hood. RiskPO (Ren et al., 2025) applies Value-161

at-Risk theory to reshape advantages for denser162

signals. Test-time adaptations try to resolve OOD163

(Out of Distribution) Problem, featured as ETTRL164

(Liu et al., 2025a), which uses entropy-based mech-165

anisms for diverse candidate generation to improve166

efficiency in original TTRL (Zuo et al., 2025), and167

TGRPO (Chen et al., 2025), which reformats out-168

come rewards into process-wise signals for embod-169

ied AI.170

2.2 Process Reward Models171

Process reward models provide step-level super-172

vision for multi-step reasoning. Early work like173

PRM800K (Song et al., 2025) relied on costly174

human annotation. Automated approaches sub-175

sequently emerged to reduce this cost: Math-176

Shepherd (Wang et al., 2024) uses self-consistency177

sampling and symbolic verification, while Omega178

PRM (Luo et al., 2024) leverages MCTS-guided179

search to explore reasoning trajectories. Recent180

methods like Qwen2.5-Math-PRM (Zhang et al.,181

2025) employ LLM-based judgments to generate182

soft labels, and EDU-PRM (Cao et al., 2025) uses183

entropy as fork points in MCTS searches. These ad-184

vances enable scalable process supervision despite185

potential label noise.186

3 PRPO187

To leverage process-level rewards from PRMs in188

critic-free policy optimization, PRPO combines189

semantic-based segmentation with a distribution190

alignment mechanism that fuses outcome and pro- 191

cess advantages. The overall framework is shown 192

in Figure 2. 193

3.1 Semantic-Based Sequence Segmentation 194

Process segmentation for PRM evaluation has often 195

relied on explicit markers such as “Step” (Zhang 196

et al., 2025). This heuristic generalizes poorly 197

when a model is not trained to emit such markers at 198

every reasoning stage. To obtain a more robust and 199

model-agnostic segmentation, we use token-level 200

entropy to split the output sequence into segments 201

and evaluate each segment with a PRM. 202

Recent studies demonstrate that token-level en- 203

tropy is effective for segmenting LLM outputs (Liu 204

et al., 2025a; Cao et al., 2025; Wang et al., 2025). 205

Wang et al. (2025) find that entropy spikes fre- 206

quently align with logical connectors (e.g., “wait”, 207

“however”, “nevertheless”) that bridge deductive 208

sentences. ETTRL (Liu et al., 2025a) similarly 209

uses entropy spikes as fork points in rollout search, 210

achieving better performance than traditional roll- 211

out within the TTRL framework. These results 212

suggest that entropy peaks offer reliable semantic 213

boundaries. 214

For LLM outputs, the entropy of each token is 215

generally calculated as 216

Ek = −
n∑

i=1

p(xk,i) log(p(xk,i)) 217

Leveraging this property, we pick the top k spike 218

points—each at least m tokens apart—as split po- 219

sitions and evaluate the process-level reward for 220

every resulting segment with a PRM. 221

Although it is straightforward to think entropy 222

can decrease during training, which may make this 223

segmentation method less reliable. However, based 224

on empirical experiments done by (Wang et al., 225

2025), the tokens with higher entropy generally 226

increase their entropy during training, while other 227

tokens stay at a relatively stable entropy level. This 228

means that the entropy spike points become more 229

significant during training, thus justifying the reli- 230

ability of this segmentation method. The detailed 231

step about how this semantic-based segmentation 232

is implemented is in Appendix B. 233

3.2 Aligning Outcome-level and Process-level 234

Reward 235

Consider a sampled trajectory τ of length T seg- 236

mented into M logical units si = [ti−1, ti) with 237
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Figure 2: Comparison between GRPO and PRPO.

PRM rewards riprocess. Tokens within segment si238

share the same PRM score. The segment-level pro-239

cess reward is expanded to tokens by setting, for240

any t ∈ si,241

zprocess,t(τ) =
riprocess − µprior_process

σprior_process
,242

giving the token vector zprocess(τ) ∈ RT , where243

µprior_process and σprior_process are the mean and stan-244

dard deviation of the prior distribution of the PRM245

output. In practice, as the PRM we used (Qwen2.5-246

Math-PRM-7B) has its output value normalized247

within [0,1], we use the expected PRM output (0.5)248

as the mean and the standard deviation of a uniform249

distribution (0.289) for normalization.250

The sparse outcome reward Routcome(τ) is nor-251

malized using prior statistics to obtain the beta252

coefficient. As we need to fuse the outcome advan-253

tage with process advantage, we follow Dr. GRPO254

(Liu et al., 2025b) and only use the mean value255

for normalization to avoid the scaling bias of the256

standard deviation which may cause problem in257

advantage aligning:258

β(τ) = Routcome(τ)− µrollout259

where µrollout is the mean value of the outcome260

reward in each rollout group, which is defined as:261

µrollout =
1

N

N∑
j=1

Routcome(τ
(j))262

and broadcast this scalar to every token position of 263

τ . 264

Premature Collapse in Process-Only Reward 265

Let πθ be an autoregressive policy and x0:T a sam- 266

pled sequence. Its log-likelihood decomposes as 267

log pθ(x0:T ) =
T∑
t=0

log πθ(xt | x<t). 268

The process reward model outputs process rewards 269

rt with standardized advantage At := rt − µprocess. 270

Under process-only optimization, 271

Jproc(θ) = Eπθ

[ T∑
t=0

At log πθ(xt | x<t)
]
,

(1)

272

∇θJproc(θ) = Eπθ

[ T∑
t=0

At∇θ log πθ(xt | x<t)
]
.

(2)

273

Based on our observation of the process-level 274

and outcome-level advantage during the RL train- 275

ing, we proposed the following hypothesis that usu- 276

ally causes the collapse of model trained with RL 277

algorithm using only process-level signal: 278

Hypothesis 1 (Empirical Premature Collapse Con- 279

dition during RL training with Process-Only Re- 280

ward). For a generative sequence with token-level 281
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advantages {At}Tt=0 where At = rt−µprocess (pro-282

cess reward rt relative to mean µprocess), if there283

exists a position t⋆ ∈ [1, T ] such that:284

1. The parameters a and b are sampled from the285

same sequence: a =
∣∣∣ 1t⋆ ∑t⋆−1

i=0 Ai

∣∣∣ (abso-286

lute mean advantage over prefix [0, t⋆)) and287

b = At⋆ (advantage at position t⋆), where288

a reflects early tokens with process rewards289

below the mean (negative advantage) and b290

reflects a token with process reward above the291

mean (positive advantage).292

2. Early tokens have negative average advan-293

tage: 1
t⋆
∑t⋆−1

i=0 Ai = −a < 0 with a > 0,294

indicating process rewards below the mean.295

3. Token at t⋆ has positive advantage: At⋆ =296

b > 0, indicating process reward above the297

mean.298

4. The cumulative negative magnitude exceeds299

the positive benefit: a · t⋆ > b.300

Then the conflicting gradient signals from early301

negative advantages (−a) and later positive advan-302

tage (b) within the same sequence cause pθ(x0:t⋆)303

to decrease, leading to premature collapse.304

The mathematical reason for this hypothesis is305

shown in Appendix A306

Interpretation Negative advantages hit every307

prefix term multiplicatively, while the single pos-308

itive advantage at t⋆ cannot compensate for the309

accumulated decay. Heavy-tailed or outlier nega-310

tive rewards (large a) accelerate the collapse.311

Based on this hypothesis, it can be witnessed that312

the root problem of the collapse of model trained313

with process-only reward is the fluctuation of pro-314

cess rewards, which can cause conflict of advan-315

tage signal. PURE (Cheng et al., 2025) resolves316

this problem by simply choosing the min value317

of the process reward model output, which surely318

can resolve possible collapse of process reward319

only training, but will lose much information of the320

different process rewards along the whole output321

sequence, especially for the higher ones which are322

usually abandoned.323

Practical observation We actually did an ex-324

periment on Qwen2.5-Math-7B model trained with325

process advantages alone, and found that it empiri-326

cally shortened responses and eventually produced327

meaningless short strings, matching the hypothesis.328

Implication Even perfectly estimated process re- 329

wards are unsafe when used alone with relative ad- 330

vantages. Necessary but relatively poor processes 331

get suppressed, and locally good-but-misaligned 332

processes get over-weighted. A prior or alignment 333

term (next section) is needed to prevent collapse. 334

The prior keeps high-prior processes from being 335

suppressed, while distribution alignment ties pro- 336

cess rewards to outcome rewards so the final out- 337

come advantage safely guides process-level up- 338

dates. 339

Distribution Alignment PRPO shifts the 340

process-advantage distribution using the outcome 341

advantage, as shown in the bottom of Figure 2: 342

E[P ′
process] = E[Pprocess] + E[Poutcome], 343

producing a fused per-token advantage 344

AF(τ) = zprocess(τ) + β(τ), 345

Concretely, AFt(τ) = zprocess,t(τ)+β(τ) for every 346

token position t, so each token inherits the segment- 347

normalized PRM score plus a broadcasted, group- 348

centered outcome shift. The policy loss becomes 349

LPRPO = Eτi

[
AF(τ)(x

(i)
t ) log

πθ(x
(i)
t |x(i)<t)

πref(x
(i)
t |x(i)<t)

]
. 350

4 Experiments 351

Table 1: Time cost analysis when one training use the
PRM server and three training use the server simultane-
ously.

Method Time Cost (s)

w/o PRM step time 46.8
w PRM step time (1 training) 80.8
w PRM step time (3 trainings) 84.0

We train on 8 H200 GPUs with batch size 128, 352

learning rate 1× 10−6, KL loss coefficient 0.001, 353

clip ratio 0.2, maximum new tokens 2048, and 354

rollout number 8. For segmentation, we pick five 355

entropy spikes that are at least ten tokens apart 356

(k=5, n=10). 357

For PRM, we choose Qwen2.5-Math-PRM-7B 358

as the PRM model, and deploy it on 8 H200 GPUs 359

according to official guidance to normalize the out- 360

put value with [0, 1] range. We did an analysis 361

on the time cost of PRM when training Qwen- 362

Math-1.5B in Table 1. In this experiment, we 363

take GRPO as model training without PRM, and 364
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Figure 3: Training accuracy on MATH. PRPO steadily improves both baselines.

Table 2: Accuracy comparison across datasets (%).

Model Algorithm
MATH
pass@1

AMC2023
mean32

AIME2025
mean32

AIME2024
mean32

Q
w

en
-M

-1
.5 4-shot (Yang et al., 2024) 49.80 - - -

GRPO 61.20 47.89 7.00 7.60
PRM-Avg 64.0 46.33 6.25 9.69
PURE 64.2 48.44 5.39 11.56
GRPO+PRPO 64.4 50.78 4.20 12.71
PRM-Avg+PRPO 66.00 51.8 6.03 11.46

Q
w

en
-M

-7

4-shot (Yang et al., 2024) 55.40 - - -
GRPO 69.80 57.82 7.65 17.81
PRM-Avg 71.00 55.8 8.94 9.69
PURE 71.4 55.62 9.81 18.85
GRPO+PRPO 72.00 56.72 10.99 23.65
PRM-Avg+PRPO 70.60 59.38 11.21 22.08

PRPO+GRPO as model training with PRM. We365

trained each model for 1 epoch and calculated the366

average time cost for each step. Even with PRM367

and training three models simultaneously, the ad-368

ditional time cost is about 37 seconds each step369

(46.8 s vs 84.0 s). Comparing to the benefit and370

higher upper bound brought by PRM, the time cost371

increase is acceptable.372

We compare PRPO with GRPO and PRM-Avg373

(Zou et al., 2025; Ren, 2025). PRM-Avg adds374

the average process reward to the outcome reward,375

which is a common practice in recent work of using376

PRM in RL training like ReasonFlux (Zou et al.,377

2025) and lsrl (Ren, 2025). It’s worth noting that378

there’s a slight difference between lsrl and reason-379

flux, where lsrl use a discounted sum of process380

reward, while reasonflux use naive average of pro-381

cess reward. As reasonflux is a more recent and382

widely referenced work, we use naive average used383

in reasonflux for PRM-avg. As PRPO provides384

another insight of advantage calculation, it can ap-385

ply to both baselines. We also compare our al-386

gorithm with the current state-of-the-art baseline387

PURE (Cheng et al., 2025) algorithm, which is 388

the only critic-free algorithm that tried to realize 389

process-level credit assignment in critic-free frame- 390

work. We implement PURE with the exact same 391

reward and advantage settings in the original work 392

to reach the optimal performance, where the out- 393

put reward signal is 0-1 reward, and the assign- 394

ment temperature is set as 0.1. We evaluate perfor- 395

mance of each algorithm on Qwen2.5-Math-1.5B 396

and Qwen2.5-Math-7B (Yang et al., 2024). 397

We conduct our algorithm and train the models 398

with the VeRL training framework (Sheng et al., 399

2025). 400

Models are trained on the training split of MATH 401

(Hendrycks et al., 2021) with 12000 samples with 402

early stopping. Evaluation covers MATH, AMC 403

2023, AIME 2025, and AIME 2024 (Art of Prob- 404

lem Solving, 2025a,b) using greedy decoding 405

(pass@1) for MATH as there is sufficient number 406

of test cases in its test split (500 samples) and sam- 407

pling 32 rollouts for AMC/AIME with temperature 408

0.7, top-p 0.9, and seeds fixed to 42 as there are lim- 409

ited test cases in AIME (30 samples each dataset) 410
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Table 3: Pass rate comparison on Qwen2.5-Math-7B.

Method Pass Rate (%) Average
pass@8 pass@16 pass@32 pass@64 pass@128

AIME 2024
GRPO 36.67 50.00 60.00 56.67 63.33 53.33
PRMAVG 26.67 33.33 33.33 43.33 53.33 38.00
PURE 50.00 50.00 63.33 60.00 63.33 57.33
GRPO+PRPO 46.67 53.33 60.00 63.33 60.00 56.67
PRMAVG+PRPO 46.67 53.33 60.00 63.33 70.00 58.67

AIME 2025
GRPO 24.14 27.59 37.93 27.59 41.38 31.73
PRMAVG 20.69 24.14 27.59 34.48 37.93 28.97
PURE 27.5 31.03 34.48 37.93 44.83 35.15
GRPO+PRPO 31.03 31.03 31.03 37.93 48.28 35.86
PRMAVG+PRPO 20.69 34.48 34.48 41.38 41.38 34.48

AMC 2023
GRPO 77.50 77.50 82.50 90.00 92.50 84.00
PRMAVG 80.00 80.00 85.00 87.50 87.50 84.00
PURE 90.00 87.50 90.00 95.00 97.50 92.00
GRPO+PRPO 85.00 85.00 90.00 97.50 97.50 91.00
PRMAVG+PRPO 85.00 90.00 95.00 97.50 100.00 93.50

Table 4: Ablation study (%).

Model Algorithm MATH pass@1

Qwen2.5-Math-1.5B
GRPO+PRPO w Random Split 2.4
GRPO+PRPO w Uniform Split 29.8

GRPO+PRPO w Entropy Based split 64.4

Qwen2.5-Math-1.5B GRPO+PRPO w Relative distribution for process reward 64.0
GRPO+PRPO w Predefined distribution for process reward 64.4

and AMC 2023 (40 samples). For algorithms other411

than PURE, rule based outcome rewards are ±1412

based on SymPy-verified correctness, plus a length413

penalty beyond 1024 tokens. Process rewards come414

from Qwen2.5-Math-PRM-7B.415

We draw the accuracy curve of different algo-416

rithms trained on Qwen2.5-Math-1.5B in Figure 3.417

As shown in the figure, PRPO steadily improves418

both baselines, and generally fit quicker and reach419

higher accuracy than all baselines.420

The length penalty is described as follows:421

length_penalty =

{
0 if length ≤ 1024
length
1024 if length > 1024

422

As shown in Table 2, our PRPO algorithm con-423

sistently outperforms both GRPO and PRM-Avg424

baselines across all evaluated datasets and model425

sizes. Qwen-M-1.5 refers to Qwen2.5-Math-1.5B426

model, and Qwen-M-7 refers to Qwen2.5-Math-7B427

model. For Qwen2.5-Math-1.5B, PRPO improves428

MATH pass@1 accuracy from 61.20% (GRPO) to429

64.4% (+3.2%), and further to 66.00% when com-430

bined with PRM-Avg (64.00% vs 66.00%). On431

AMC2023 and AIME2024, our method also yields 432

substantial gains, demonstrating its effectiveness in 433

both standard and challenging mathematical bench- 434

marks. Although our method does not perform as 435

well as PRM-Avg on AIME2025, the gap is not sig- 436

nificant (5.9% vs 7.00%), which can be attributed 437

to capacity and fitting limits under dense supervi- 438

sion. PRM-Avg injects a dense per-segment signal; 439

smaller or weaker models may not have enough 440

capacity to disentangle noisy PRM scores from 441

outcome supervision, effectively turning dense re- 442

wards into a length or variance penalty. This is 443

especially pronounced on AIME2024 with the 7B 444

model and on AIME2025 with the 1.5B model, 445

where the tasks are harder and label noise is higher. 446

In contrast, larger models (7B on AIME2025) can 447

better absorb and align dense signals, which ex- 448

plains why the degradation diminishes as capac- 449

ity increases. Comparing to PURE (Cheng et al., 450

2025), our algorithm also demonstrates its robust- 451

ness across all datasets. 452

We also did an experiment on different pass rate 453

accuracy of Qwen2.5-Math-7B model trained with 454
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different methods. As shown in Table 3, our al-455

gorithm consistently outperforms both GRPO and456

PRM-Avg baselines across all evaluated datasets,457

which shows the stability and effectiveness of our458

algorithm when applied to models with enough459

parameters. It is worth noting that PRMAVG460

usually underperforms GRPO on AIME2025 and461

AIME2024, which shows the lack of robustness462

of using average process reward as outcome re-463

ward. However, with PRPO, both PRMAVG and464

GRPO can generally obtain great improvement on465

all datasets under different pass rate, showing the466

robustness of our algorithm.467

These results validate our hypothesis that align-468

ing process-level and outcome-level rewards en-469

ables more stable and effective policy optimization,470

especially in multi-process reasoning tasks where471

sparse signals are insufficient for robust learning.472

Additionally, we did an ablation study on our473

entropy based split strategy. For comparison, we474

select random k points that are at least n tokens475

away from other points as random split, and equally476

divide the output sequence into k+1 parts as uni-477

form split. As shown in Table 4, our algorithm478

with random split can only reach 2.4% and our al-479

gorithm with uniform split can only reach 29.8% of480

accuracy in MATH dataset, which are significantly481

lower than naive GRPO (61.20%) and our algo-482

rithm with entropy based split (64.40%), which483

shows the essence of entropy based split in our484

algorithm. We propose a possible reason to ex-485

plain the the failure of random and uniform split486

strategies stems from the fact that these splits are487

not semantically-based: Within a single segment,488

there may exist both completely correct processes489

and completely incorrect processes. When such a490

segment receives a positive reward, the incorrect491

processes are incorrectly reinforced; conversely,492

when it receives a negative reward, the correct 493

processes are incorrectly suppressed. Regardless 494

of how the reward is assigned, a portion of the 495

credit assignment will inevitably be problematic, 496

ultimately leading to the collapse of model training. 497

We also did an ablation study on our predefined 498

distribution for process-level advantage calculation. 499

For comparison, we use the relative distribution 500

of process-level advantage, which means the mean 501

and standard deviation used to normalize and cal- 502

culate process-level advantage is calculated each 503

time based on the process rewards in the rollout. 504

As shown in Table 4, our algorithm with relative 505

distribution for process-level advantage can reach 506

64.0% of accuracy in MATH dataset and our algo- 507

rithm with predefined distribution of process-level 508

advantage can reach 64.4% of accuracy in MATH 509

dataset, where there is no significant difference. 510

Nevertheless, we draw a graph of the change of ac- 511

curacy in each epoch of our algorithm with relative 512

distribution for process-level advantage and our 513

algorithm with predefined distribution for process- 514

level advantage in Figure 3a and Figure 4, it can be 515

seen that our algorithm with relative distribution for 516

process-level advantage has its accuracy increase at 517

first, but suddenly drop to nearly 0% since the 6th 518

epoch, which shows the great instability of relative 519

distribution for process-level advantage calculation. 520

We believe this is caused by the Premature Termina- 521

tion Problem we discussed in the previous section, 522

when the model starts to reach a level of accuracy, 523

some essential processes, which are still good but 524

are relatively lower, can be an outlier and come 525

with an extremely low advantage, finally leading 526

to the collapse of the model. This ablation experi- 527

ment proves the essence of predefined distribution 528

for process-level advantage calculation in our algo- 529

rithm, in order to both improve performance and 530

stability of RL training. 531

5 Conclusion 532

We present process Relative Policy Optimization, 533

a critic-free method that aligns dense process re- 534

wards with sparse outcome rewards. PRPO normal- 535

izes PRM scores, aligns them with outcome advan- 536

tages, and delivers stable per-token guidance. Ex- 537

periments on mathematical reasoning benchmarks 538

show consistent gains over GRPO and PRM-Avg 539

while retaining critic-free efficiency. 540
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6 Limitations541

PRPO mitigates sparse rewards in GRPO by inte-542

grating dense PRM feedback, but it depends on543

PRM quality. In our work, we proposed a hypothe-544

sis about the possible collapse when training with545

process-only reward, and provide a possible math-546

ematical proof of this hypothesis (shown in Ap-547

pendix A) which is incomplete because a lack of548

definition of the output distribution of PRMs. A549

more rigorous proof can be done to prove the point550

and provide more insights about how to avoid the551

collapse. The fixed prior mean and variance used552

for process-reward normalization assume PRM out-553

puts lie in [0, 1], which is viable for most PRMs554

that normalize each output to [0, 1], but may not be555

applicable to PRMs with other ranges or distribu-556

tions; extending normalization to PRMs with other557

ranges or distributions is an open direction. Future558

work will jointly optimize PRMs with the policy559

and explore adaptive segmentation that combines560

semantic cues.561

7 Potential Risks562

There are potential risks in using PRPO, which is563

the same as the risks in using GRPO. However,564

PRPO is more robust than GRPO because it has565

a more stable distribution of process-level advan-566

tage, which is more likely to converge to a stable567

distribution. For example, when the model starts to568

reach a level of accuracy, some essential processes,569

which are still good but are relatively lower, can570

be an outlier and come with an extremely low ad-571

vantage that cannot be resolved by our distribution572

alignment mechanism, finally leading to the col-573

lapse of the model. This is a potential risk of using574

PRPO, and we believe it is a rare case and can be575

mitigated by using a more robust PRM or a more576

robust segmentation strategy.577
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A Possible Mathematical Reason for Premature Collapse in Process-Only Reward 1 719

The gradient of the log-probability for the prefix is: 720

∇θ log pθ(x0:i) =
i∑

j=0

∇θ log πθ(xj | x<j). 721

Under the policy gradient update derived from (1), the expected change in pθ(x0:t⋆) can be approximated 722

by: 723

E [∆pθ(x0:i)] ≈ α · E


 i∑

j=0

Aj∇θ log πθ(xj | x≤j)

⊤

∇θ log pθ(x≤j)

 , 724

where α is the learning rate. Assuming gradients for different i are approximately orthogonal in expecta- 725

tion, we get: 726

E [∆pθ(x0:i)] ≈ α · E

 i∑
j=0

Aj∥∇θ log πθ(xj | x≤j)∥2
 . 727

Using the empirical averages from conditions (2) and (3): 728

E [∆pθ(x0:t⋆)] = E [∆(pθ(x0:t⋆−1) · πθ(xt⋆ | x<t⋆))] 729

≈ α ·

(
−a

t⋆−1∑
i=0

E
[
∥∇θ log πθ(xi | x<i)∥2

]
+ b · E

[
∥∇θ log πθ(xt⋆ | x<t⋆)∥2

])
730

≈ α · (−a · (t⋆) + b) · C, 731

where C > 0 approximates the average squared gradient norm. When condition (4) holds (a · t⋆ > b), the 732

term inside the parentheses is negative. Therefore: 733

E [∆pθ(x0:t⋆)] < 0. 734

Consequently, with repeated updates, the probability pθ(x0:t⋆) tends to decrease exponentially in practice. 735

This makes the model increasingly unlikely to generate sequences reaching position t⋆, effectively 736

encouraging earlier termination. 737
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B Entropy Based Segmentation Strategy738

Algorithm 1 Entropy-based segmentation proce-
dure.
1: Function EntropySegmentation(entropies, start_idx,

outLen, max_branches=5, min_gap=10)
2: if outLen− start_idx < max_branches+1 then
3: return (start_idx, outLen)
4: end if
5: anchors ← top-k entropy indices in en-

tropies[start_idx:outLen]
6: anchors← anchors + start_idx
7: anchors← sort(anchors)
8: filtered← []
9: for anchor in anchors (left-to-right) do

10: if distance(anchor, pre-kept) ≥ min_gap then
11: append anchor to filtered
12: end if
13: end for
14: cuts← []; last_cut← start_idx
15: for a in filtered do
16: if a− last_cut ≥ min_gap then
17: append a to cuts; last_cut← a
18: end if
19: end for
20: segments← []; prev← start_idx
21: for c in cuts do
22: append (prev, c) to segments; prev← c
23: end for
24: append (prev, outLen) to segments
25: sanitized← []; cur← start_idx
26: for (s, e) in segments do
27: s← max(start_idx,min(outLen, s))
28: e← max(start_idx,min(outLen, e))
29: if e ≤ s then
30: continue
31: end if
32: if s > cur then
33: append (cur, s) to sanitized
34: end if
35: append (s, e) to sanitized; cur← e
36: end for
37: if cur < outLen then
38: append (cur, outLen) to sanitized
39: end if
40: if sanitized is empty then
41: return (start_idx, outLen)
42: else
43: return sanitized
44: end if
45: end Function

It’s worth noting that we set k=5 and n=10 across739

all length of output sequences, except for one case740

when their is less than 5 tokens, we take the whole741

output sequence as one segment.742

C Early Stop Point for Each Trainig743

C.1 Qwen2.5-Math-1.5B744

• GRPO: Epoch 2745

• PRM-Avg: Epoch 7746

• PURE: Epoch 10747

• GRPO+PRPO: Epoch 8 748

• PRM-Avg+PRPO: Epoch 9 749

C.2 Qwen2.5-Math-7B 750

• GRPO: Epoch 9 751

• PRM-Avg: Epoch 7 752

• PURE: Epoch 10 753

• GRPO+PRPO: Epoch 4 754

• PRM-Avg+PRPO: Epoch 3 755

D Disclosure of use of AI Tools 756

We used the following AI tools for this research: 757

• Cursor for code revision and debugging. 758

• ChatGPT for evaluation of writing and proof- 759

reading. 760

• Gemini used to help design illustrations. 761

E Disclosure of license of the artifacts we 762

used 763

The artifacts we used are all open-source, and we 764

used the following licenses: 765

• The model Qwen2.5-Math-1.5B is released 766

under the Apache License 2.0 767

• The model Qwen2.5-Math-7B is released un- 768

der the Apache License 2.0 769

• The model Qwen2.5-Math-PRM-7B is re- 770

leased under the Apache License 2.0 771

• The dataset MATH is released under the MIT 772

License 773

• The training framework VeRL is released un- 774

der the Apache License 2.0 775

We strictly follow the license of the open-source 776

artifacts we used. 777

The data of AMC 2023, AIME 2025, and AIME 778

2024 are extracted from open website Art of Prob- 779

lem Solving (Art of Problem Solving, 2025a). We 780

strictly follow the terms of use of this website and 781

did not use the data obtained from the website for 782

any commercial purpose. 783
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