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Abstract

Synthetic data has become a promising way to scale model training beyond limited human-generated
data but it may also induce strong model collapse [17], where any fixed fraction of synthetic data
prevents model performance from improving under data scaling, leaving a non-vanishing excess
risk floor. In this paper, we studied how synthetic data affects the generalization of one-pass SGD
in high-dimensional linear regression with model shift. We show that mixed training induces
strong model collapse while two-stage training avoids this by using synthetic data only in the first
stage, followed by real-data training in the second stage, showing that strong model collapse is not
inevitable through a simple data curriculum. We further establish scaling-law upper bounds for both
protocols under a random sketch model, showing that larger models may amplify synthetic-induced
degradation in mixed training and giving an explicit characterization of how high-quality synthetic
training may reduce bias in two-stage training. Overall, our results highlight that synthetic data is
neither inherently harmful nor beneficial; its effect depends critically on both its quality and the
training protocol used to incorporate it.

1. Introduction

Large language models (LLMs) have achieved remarkable performance, largely driven by scaling
both model size and high-quality training data [9, 28, 32, 53]. However, the supply of high-quality
human-generated data is limited and increasingly scarce [49, 59], posing a major bottleneck for
further scaling. As a result, synthetic data generated by existing models has emerged as a promising
alternative, especially in label scarce regimes [10, 27, 46].

A central question is whether synthetic data truly improves learning. While prior work shows that
synthetic data can effectively increase data volume and improve generalization [23, 44, 47], it can
also induce model collapse, where training on generated data leads to performance degradation [1,
24, 55, 56]. Recent theoretical studies formalize this phenomenon as regression problem under
distribution mismatch, showing that synthetic data can degrade performance or require careful design
to be beneficial [16, 18, 21, 54]. In particular, Dohmatob et al. [17] introduce strong model collapse,
where even a small fraction of synthetic data induces a non-vanishing error floor under data scaling.
However, existing analyses largely focus on static estimators or asymptotic regimes, and do not
capture the dynamics of practical iterate optimization algorithms such as SGD.

In this paper, we study the effect of synthetic data on model generalization through the lens of
one-pass SGD in high-dimensional linear regression. We consider a two-source setting where real and
synthetic data share the same covariates but differ in their labeling functions, and analyze SGD under
both mixed and two-stage training protocols. We establish finite-sample upper and lower bounds
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showing that mixed training leads to strong model collapse under SGD, while a simple two-stage

protocol avoids this issue and achieves vanishing excess risk. Beyond this, we derive scaling-law

upper bounds under a random sketch model, characterizing how model size affects synthetic-induced
degradation and how synthetic data may benefit learning through bias reduction.

Our contributions can be summarized as follows:

* In Section 3.1, we show that last-iterate one-pass SGD under mixed training will induce a non-
vanishing excess risk floor under data scaling, which is exactly strong model collapse. Moreover,
we show that the same behavior persists for iterate-averaged SGD, indicating that strong model
collapse is fundamentally induced by sample mixing in the training protocol, rather than an artifact
of a specific optimization scheme.

* In Section 3.2, we show that strong model collapse is not inevitable. We analyze a two-stage
training protocol, where the model is first trained on synthetic data and then on real data, and show
that this simple data curriculum avoids the non-vanishing excess risk floor. This highlights that the
ordering and scheduling of data can be as important as the data itself.

* In Section 3.3, we further establish scaling-law upper bounds for the two training protocols under a
random sketch model, showing that larger models may amplify synthetic-data-induced degradation
in mixed training, and providing an explicit characterization of how high-quality synthetic data
may reduce bias in two-stage training, thereby benefiting learning.

2. Problem Setup

We use x € H to denote a feature vector, where H is a finite d-dimensional or countably infinite
dimensional Hilbert space, and y € R to denote its label. Linear Regression concerns the following
objective:

H})&HR(W), where R(w) := %E((x,W> — y)2

Here w € H is a weight vector to be learned and the expectation is over (x,y) ~ P for some
distribution P on H x R.

In this paper, motivated by [17], we consider a two-source setting, where data are drawn from
either a real distribution P; or a synthetic distribution Ps. We assume that both distributions share
the same feature marginal x ~ D, and differ only in their labeling functions capturing the prevalent
self-training and knowledge distillation paradigms.

Assumption 1 (Data Covariance) Let H := E[xx "] be the data covariance matrix and assume
that tr(H) and all entries of H are finite. In addition, we assume that all parameter vectors involved

in the analysis have finite H-norm, i.e., |w|g < oo.

Assumption 2 (Fourth moment conditions) (/) There exists constant o > O such that for every
PSD matrix A it holds that E[xx " Axx "] < atr(HA)H; (2) There is a constant 3 > 0, such that
for every PSD matrix A, we have E[xx' Axx '] — HAH = Str(HA)H.

Assumption 3 (Well-specified models) For ¢ € {1,2}, data from distribution P, follow a linear
model y = (x,w}) + &, where w; € H is the underlying parameter; and the noise & ~ N (0, 7)
is independent of x. Define the model shift between the two sources as § := W5 — W7.

While training may involve samples from both P; and P, our goal is to minimize the population
risk on the real distribution R(w) := %E(x’y),\/pl ((x,w) —y)2.
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Training protocol. We consider two training protocols for combining real and synthetic data.(7)
Mixed training. We are given a dataset consisting of M + N samples, among which M are drawn
from the synthetic distribution P, and N from the real distribution P;. Let p := M /(M + N) denote
the fraction of synthetic data. The training samples are presented in a random order. (2) Two-stage
training. We first train on M synthetic samples drawn from P, followed by training on NV real
samples drawn from P;.

SGD iteration. We train using stochastic gradient descent (SGD) with updates w1 = w; —
Ye((xt, We) — yi)%s, where {(x, y;) 12T are samples drawn from either the mixed or two-stage
protocol. We use a geometrically decaying stepsize v; = /2 with £, = [t/(T/logT)] [42, 43,
62, 63], where T' is the total number of iterations (I' = M + N for mixed training, and applied decay
schedule separately per stage for two-stage training). We output the last iterate w4 n and evaluate
the excess risk on the real distribution, Excess := & (Waryn) = R(Warn) — R(WT)..

3. Main Results

In this section, we only present our core results due to space constraints. Detailed analyses including
finite-sample upper/lower bounds and are deferred to Appendix C, D, E and F.

3.1. Mixed training

Corollary 1 (Strong model collapse) Given M synthetic and N real samples, consider the last
iterate of SGD with geometrically decaying step sizes. Under the assumptions of Theorems 6 and 13,
suppose v < 1/4atr(H) and .5eff = O(Neff). Then as the total sample size M + N scales to
infinity with a fixed synthetic proportionp = M /(M + N), we have

. .2 2
M+1]1Vm—>ooE[gl(WM+N)] ~ P |0

Corollary 1 shows that the strong model collapse phenomenon persists under SGD with decaying
stepsizes. In particular, even when the total sample size M + N tends to infinity, as long as the
synthetic proportion p remains non-vanishing, the excess risk does not converge to zero, but instead
admits a strictly positive limit of order p?||§||3;. This demonstrates that strong model collapse is
not merely a property of batch estimators or scaling-law limits, but also arises intrinsically from
the optimization dynamics of SGD. More importantly, we show that strong model collapse is
fundamentally induced by sample mixing in the training protocol, rather than an artifact of the
optimization scheme. In particular, the same phenomenon arises for constant stepsize SGD with
iterate averaging, where ¢ = y and the output is W4y = ﬁ Zf\i arN ~! w;. In this case, we
have lim /4 N—so0 E[€1(War4-n)] = p?||8||%;, demonstrating that the same non-vanishing error floor
persists; see Appendix G for details.

This naturally raises an important question: Is strong model collapse inevitable with fixed
synthetic data proportion? In the next subsection, we answer this question by showing that it can
in fact be avoided. Specifically, we demonstrate that a two-stage training protocol eliminates the
non-vanishing error floor, leading to vanishing excess risk, highlighting the importance of how
synthetic and real data are scheduled.

3.2. Two-stage Training

Corollary 2 (No strong model collapse) Given M synthetic and N real samples, consider the last
iterate of SGD with geometrically decaying step sizes. Under the assumptions of Theorem 16. As the
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total sample size M + N scales to infinity with a fixed synthetic proportionp = M /(M +N) € (0,1),
suppose that Dess = 0(Negs), then E[E2(wWas)] — 0 as M — oo, and we have

i, BE o] =0

Corollary 2 shows that, in sharp contrast to the mixed training setting, strong model collapse can
be avoided under a two-stage training protocol. The key distinction is that synthetic data no longer
appears throughout the entire optimization trajectory. Instead, the synthetic stage only determines the
initialization of the second stage, after which all subsequent updates are performed on real data. As a
result, the synthetic model does not induce a persistent drift in the trajectory. Broadly, this suggests
that successfully leveraging synthetic data may hinge crucially on the training curriculum, as the
specific ordering and scheduling of data may be just as important as the data itself.

3.3. Random Sketch Model & Scaling laws

To reveal how the effect of synthetic data interacts with model size, following Lin et al. [42], we
introduce a Gaussian random sketch operator S : H — R, where entries of S are independently
sampled from N (0, 1/D), and replace the original feature vector x in our problem setup by its D-
dimensional sketch Sx. We then train a linear predictor in the sketched space, fy(x) = (v, Sx), v €
RP, starting from zero initialization v = 0 and using the same two-source data model and training
protocols introduced in Section 2. Accordingly, the population risk on the real distribution becomes
Rp(v) := §E(x g, ((v, %) —y) ? where the expectation is conditioned on S. The corresponding
optimal parameters are v := (SHST)*SHWZ, ¢ € {1,2}. Thus, the sketch dimension D plays
the role of model size, allowing us to study how model scaling interacts with source mismatch and
synthetic data. Then we can decompose the risk into irreducible, approximation, and excess terms:

Rp(vyen) =minR(:) +minRp(:) — min R(:) + Rp(vay+n) — min Rp(-) .

Irreducible Approx Excess

Following the prior literature [37, 42, 43, 66], we further make the following additional assumptions:

Assumption 4 (Distributional conditions) We assume x ~ N (0, H), and the random vectors w7
and § := wi — wi satisfy Elw}(wi) | =L E[66 ]| = 3, and E[wié '] = 0.

Assumption 5 (Power-law spectrum and source condition) Ler (\;, v;)i>1 be the eigenvalue-
eigenvector pairs of H with (\;)i>1 in non-increasing order. We assume \; ~ i~ for some
a > 1, and for the mismatch § we assume E[(v;,8)(v;,8)] = 0 for i # j and E[\;(v;,8)?] =i~
for some b > 1.

The exponent b in Assumption 5 characterizes how hard the mismatch § is relative to the data
spectrum H. A larger b implies a simpler task, as the mismatch energy decays more rapidly along
H’s eigen-directions.

Theorem 3 (Scaling law upper bound for mixed training) Given M synthetic and N real sam-
ples. Suppose that Assumptions 1, 2, 3, 4 and 5 hold. Let Ness = (M + N)/log(M + N). Suppose
v < 1/4atr(SHST), 02,02 = 1 and choose v = 1, then with probability at least 1 — e~UD) oyer
the randomness of the sketch matrix S, we have

1
+ +— +
Dot (Nggs )1~ ta (

M 2 1
1— —
M+N)( Dbil)

ERp(Viin) S 0f

Approx+Bias Drift Floor
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Interpretation. Theorem 3 provides a clean upper-bound scaling picture for mixed training under
the random sketch model. Synthetic data improves the reducible part of the risk at the pre-asymptotic

. . 1 . . 1
level. Compared with the real-only scaling (N =17a 10 Lin et al. [42], the term Fo)i-17a shows

that synthetic and real samples contribute jointly, effectively increasing the sample size and reducing
Approx + Bias. However, while increasing the sketch dimension D decreases the approximation
term D'~ and therefore improves Approx + Bias, it simultaneously increases the drift-floor term
p*(1 — ﬁ) Indeed, as D grows, the factor D'~? vanishes and the drift contribution approaches
its limiting level of order p?. Therefore, larger models fit the real signal better, but they may amplify
synthetic-induced degradation, revealing a fundamental trade-off in mixed training.

Theorem 4 (Scaling law upper bound for two-stage training) Given M synthetic and N real
samples. Suppose Assumptions 1, 2, 3 4 and 5 hold. Let Negs = N/log N and Mess = M/ log M.
Suppose v < 1/4atr(SHS") and 0?,02 = 1. Choose y =~ 1, and assume b < a + 1 for simplicity
and clarity, then with probability at least 1 — e=*P) over the randomness of the sketch matrix S, we
have

1 D . 1/a
ERp(viren) S of + min{ D, (Nees) 7}

Doe—1 Ness
Approx Variance
_Q(Negf) 1 1 1
+ e M) max { ——, o )+ max { =, i1 )
D (Megs) e D (Nege) =
Bias

Interpretation. The variance term is of the same order as in the real-only scaling law of Lin et al.

[42], namely M , and therefore synthetic data does not improve the variance. The bias

term is split into two parts reflecting two distinct effects of synthetic training phase. The first term,
e~ HWett /D) max{ D1—0Nb, Mefs_ca/\b 2 /a} captures the residual error from the first stage, and is
exponentially forgotten during training on real data. The second term, max{D'~® Nef(fb b/ “4
captures the remaining source mismatch after the second stage real-data training. Compared with the
real-only bias upper bound max{D!~% N ef(fa n/ “1[42], this term is strictly smaller when b > a,
corresponding to high-quality synthetic data. In this regime, the mismatch is easier than the original
task, so synthetic training phase places the model closer to the target and reduces the bias more
effectively than random initialization. So both bias contributions can be improved at the upper-bound
level than in the real-only case. Therefore, unlike mixed training, two-stage training can genuinely
benefit from synthetic data: high-quality synthetic data can reduce the bias without collapse.

4. Conclusion

We studied how synthetic data affects the generalization of one-pass SGD in high-dimensional linear
regression with model shift. We show that mixed training induces strong model collapse: even a
small fixed synthetic-data proportion p leaves a non-vanishing excess-risk floor under data scaling.
In contrast, two-stage training avoids this floor, showing that collapse is not inevitable through a
simple data curriculum. Our random sketch model analysis further establishes scaling-law upper
bounds for both protocols, showing that larger models may amplify synthetic-induced degradation in
mixed training and giving an explicit characterization of how high-quality synthetic training may
reduce bias in two-stage training. Overall, synthetic data is not inherently harmful or beneficial; its
effect depends critically on both its quality and how it is incorporated during training.
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Notations. For two positive-valued functions f(z) and g(x), we write f(z) < g(x) (and f(z) =
Og(a))) or f(x) 2 g(z) @and f(z) = Qg(x))) if f(z) < cgla) or f(x) = cglx) holds for
some absolute (if not otherwise specified) constant ¢ > 0 respectively. We write f(x) ~ g(z) (and
f(z) =0O(g(z))) if f(z) S g(x) S f(x). For two vectors u and v in a Hilbert space, we denote
their inner product by (u, v) or u'v. For two matrices A and B of appropriate dimensions, we
define their inner product by(A, B) := tr(ATB). We use || - || to denote the operator norm for
matrices and £2-norm for vectors. For a positive semi-definite (PSD) matrix A and a vector v of
appropriate dimension, we write ||v||3 := v Av. Kronecker/tensor product is denoted by ®.

Let H = 3. \;v; v, be the eigen-decomposition of H, where {);}2°, are the eigenvalues of H
sorted in non-increasing order and v; are the corresponding eigenvectors. Following [62, 69], we

denote:
k

H[):k = Z )\iviv;r, Hk:oo = Z)‘ivinT’ 5 = Zélvz

i=1 >k )

Appendix A. Related Work

Synthetic data and model collapse. Training with synthetic data has been shown to induce model
collapse [55], a phenomenon in which model performance degrades significantly when consistently
trained with poor-quality synthetic data, as has been empirically verified by a number of subsequent
works [1, 7, 8, 24, 26, 56]. Theoretical studies of model collapse typically frame it as a regression
problem under distribution mismatch between real and synthetic data [16, 18, 54], showing how
synthetic data degrade performance, while others explore how to avoid collapse or leverage synthetic
data to benefit learning [3, 20, 21, 54]. In particular, Dohmatob et al. [17] introduce the concept of
strong model collapse, where even a small proportion of synthetic data prevents model performance
from improving under data scaling, leaving a non-vanishing excess risk floor. Moreover, such
collapse cannot be mitigated by simple strategies such as data reweighting ([19, 29]) unless the
proportion of synthetic data vanishes asymptotically. However, most of them do not capture the
dynamics of practical training, where the order and interplay of data sources matter. In this paper, we
study finite-sample one-pass SGD and show that while mixed training induces strong model collapse,
it can be avoided by a simple two-stage training protocol.

Learning with multiple data sources. Learning from multiple data sources has been widely
studied in transfer learning, domain adaptation, and continual learning under covariate or model
shift [4, 6, 25, 33, 34, 36, 39, 40, 50, 57, 61]. However, most of them focus on statistical estimators
rather than optimization dynamics. More recently, several works have analyzed SGD under covariate
shift. Wu et al. [62] study pretraining-finetuning under covariate shift via SGD and establish excess
risk bounds. Ding et al. [15] extend the analysis to continual learning settings and show how covariate
shifts across tasks affect SGD dynamics and forgetting. Liu et al. [45] characterize the minimax
optimality of SGD-type methods for high-dimensional linear regression under covariate shift. Beyond
standard covariate shift, Deng and Kpotufe [12] propose an adaptive mixed-sample SGD that further
accounts for model shift while achieving transfer-optimal target risk. In this paper, we consider
different data sources with shared covariates but mismatched labeling functions, as commonly arises
with synthetic data, and characterize how synthetic data affects finite-sample SGD dynamics.

SGD in high-dimensional linear regression. The generalization of stochastic gradient descent
(SGD) in linear regression has been extensively studied. In the classical underparameterized regime,

12
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a large number of works have studied its behavior [2, 11, 14, 30, 31, 51, 52]. One-pass SGD
under different iterate schemes (e.g., last iterate, averaging) has also been rigorously studied in the
overparameterized setting [5, 13, 22, 58, 63, 65, 67, 69], providing framework for analyzing the
generalization of SGD in high-dimensional regime. In parallel, Several works have extended the
analysis to multipass SGD [36, 41, 48, 51, 68]. More recently, a line of research has focused on
the theoretical scaling laws of SGD in high-dimensional linear regression. Lin et al. [42] analyzed
the last-iterate test error of one-pass SGD in a random sketch model, providing the first systematic
derivation of a finite-sample joint scaling law. Lin et al. [43] further extended their analysis to
multi-epoch SGD, followed by an even finer-grained characterization from Yan et al. [64]. Li
et al. [37] established functional scaling laws and analyzed optimal learning rate and batch size
schedules [38, 60]. Overall, this paper builds on high-dimensional SGD and scaling-law analyses,
and extend them from single-source learning to a two-source setting where source mismatch induces
new drift and fluctuation effects.

Appendix B. Preliminaries

Operators. We first summarize the linear operators (on symmetric matrices) to be used in the
proof:

I=191, M=Ex®x®x®x], M=HeH,
T,=HI+IeH-yM, T,=Hol+IoH-vH H.

We use the notation O o A to denotes the operator O acting on a symmetric matrix A. For example,
with these definitions, we have that for a symmetric matrix A, [69]:

ZoA=A, MoA=E[x Ax)xx'], MoA =HAH,

(Z—%T) oA =E[I—yxx")AI—vxx)], (ZT—»T)oA=1—-~H)AI—~H).
(D

For the linear operators we have the following technical lemma from Zou et al. [69].

Lemma 5 (Lemma B.1, Zou et al. [69]) An operator O defined on symmetric matrices is called
PSD mapping, if A = 0 implies O o A = 0. Then we have

1. M and M are both PSD mappings.

2. T—~Tiand T — 77~Z are both PSD mappings.

3. M — M and T, — T; are both PSD mappings.

4. If0 < v < 1/ )\, then 7~2_1 exists, and is a PSD mapping.

5. If0 < 4 < 1/(atr(H)), then T, o A exists for PSD matrix A, and T,~" is a PSD mapping.

Proof See proof of Lemma B.1 in Zou et al. [69]. |
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Appendix C. Mixed Training Upper Bound Analysis

Theorem 6 (An upper bound for mixed training) Given M synthetic and N real samples. Con-
sider last iterate SGD with geometrically decaying stepsizes. Suppose Assumptions 1, 2 and 3 hold.
Let Negs := (M + N)/log(M + N) and 5* = (1 — p)o? + po3. Suppose v < 1/(4atr(H)). We
have

M+N ~

1\ |12 * Deff
El& (waren)] S || ] (T —vH) (wo — wi)|[55 + ellwo — will3,,.. H. T
t=1 'Yﬁeff k*:00 Neff

BiasError

M+N
Fo2 2 ool o (- T s
Ness Ness =1 H

VarError FlucError DriftError

where k* = max{k : A\ > wﬁl } and Dess := k* + 2N, S isg AL
eff

First, we introduce source indicators to help analysis.

Source indicators. At iteration ¢ > 1 the algorithm receives one sample (x;, y;) together with a
source indicator z; € {0, 1}, where

0, real sample,
Zt = .
1, synthetic sample.

Conditional on z; = a, the sample (x, y;) is drawn according to the source-a population.

Fix an integer M and define p := MLHV The vector
Z1M4+N = (21,5 ZM4N)

is uniformly distributed over all binary sequences in {0, 1}M+V

M+N _
Zi:l Z; = M.
Note that in this section we denote total sample size as /N, where synthetic sample size is p/N and
real sample size is (1 — p) N. This light abuse of notation will achieve more simplicity and clarity.

containing exactly M ones. Directly,

C.1. Excess Risk Decomposition

Starting from wq € R”t, SGD on the squared loss performs
Wy = Wit + Y (Y — X{ Wi_1)x4, t>1.
Substituting the label model yields
Wit =W 1+ (XZ(WT + 20 —wi1) + §t> Xt.

Let 1, := w;—w7] denote the parameter error relative to the real-data optimum. Then equation (2)
serves as the starting point of the analysis:

n = (I— ’YtXtXtT)nt—l + ’YtZtXtXtT(s + e Xs. 2)

14
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With as light abuse of probability spaces, one can view the centered SGD iterates as the sum of four
random processes:

bias var drift

np = NS 4 gt gl — 19 N
where
nes = (I — yexex) )mpias; e = (I — v )™ + y&exe;
,r,bias =wy — Wi, ,rle)zar =0,
n?rift =I- %xmf)ﬂ?ﬁi{t + 1pHE; 77?“Ct =I- ’ytxtxz—)ntﬂf‘ft + fytztxtx;'—(s — vpHS;
,rlgrift =0, Tl(f;luct =0,

Moreover, we denote
B, = E[ny™ @n/™, V,=En™ @ n™],
D, = E[ni"" @ 0™, Fy = En"" @ ni].
Using the definition of B, V;, Dy, F;, we can then decompose Excess Risk using Cauchy—
Schwarz Inequality:
. 1
E[R(wx) — R(wi)] = 5 (H.Efny @ 1))

1 i var i . ar ;
= S(HLE[(n3™ +ng" + 0™ +ny'™) © (3™ +nx* + 0™ +ny)])

< 2(HLE[ny* © n*]) + 2(H, E[n{" @ ni'])
+ 2(HLE[ny™ @ n§™]) + 2(H. E[ny* @ ny™'])
=2(H,By) +2(H,Vy) + 2(H,Dy) + 2(H,Fy).

C.2. Bias upper bound
Using the defined operators, the update rule of the iterates imply the following recursive form of By:
B = (Z —%Ti) oBi—1, Bo=mn0® no, 3)

Note that this bias term <H, B N> is the same as that in [63], so we can apply Lemma in [63] to
bound it directly:

Lemma 7 (A bias upper bound) Suppose Assumptions 1 and 2 hold. Let Negs = N/log N.
Consider (3). Suppose v < 1/(4atr(H)). We have

N
D
(H,By) < || JTA - vH) (wo — w*) |5 + allwo — w*[13, L ett
t=1

:k*
FNags THEm 00 Nogs

where k* = max{k : Ay > “/J\}eff} and Degs 1= k* +7*Nigs 3o g AF-

Proof See proof of Theorem D.1 in [62]. |
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C.3. Variance upper bound

Using the defined operators, the update rule of the iterates imply the following recursive form of Vy:
Vi=(Z—~T)oVi_1 +72%, Vo = 0. 4)
where ; = E[¢7x;x, ]. Note that {x;} are independent of {z;}. So we have:
%) = EE[E2xx] ||2] = (1 — p)S1 + pZs < ((1 — p)o? + pol)H.

Then we can apply Lemma C.2 in [63] to bound variance term (H, V x) by simply replace o with
(1= p)at + pos.

Lemma 8 (A variance bound) Suppose Assumptions 1, 2 and 3 hold. Consider (4). Let Ness =
N/log N. Suppose v < 1/(atr(H)). We have

80'2 Deff

<H’VN> = 1 —~yatr(H) " Nugs

where k* = max{k : A\ > ﬂ/]\}eﬁ} and Dess := k* + V2 N2e Y jo e A2

Proof See proof of Theorem C.2 in [63]. |

C.4. Drift upper bound

We now analyze the drift term
(H,Dy) = (H.E[{™ @ niy™)).

Lemma 9 (A drift bound) Suppose Assumptions 1, 2 and 3 hold. Consider (4). Let Ners =
N/log N. Suppose v < 1/(atr(H)). We have

8ap?||0llfy  Dess
1 —~yatr(H) Negs’

(.04 <2 (1~ [ - )], +
t=1

where k* = max{k : A\ > 'Y]\:}eff} and Dess := k* + V2 N2ee D jo e AL

Proof
Recall that n{™if satisfies

i = (L= e )il +ypHS, g™ = 0.

We first center n{"' by separating its mean and fluctuation parts. Define 7"t := E[nrift].

Since x; is independent of n?fi{t and E[xtxtT | = H, taking expectation on both sides yields

ﬁ?rift — (I _ fytH)ﬁgilft + ’Ytpde ﬁ(oirift =0. (5)
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Define the centered drift fluctuation g™t := ndift — 7drift and subtracting (5) from the recursion
of ni!if*, we obtain
,rldrlft (I XX, )n?rllft (I ,ytH)*drlft
= (L — e )M + e (H —xox sy, mg™t = 0. (©)
By definition,
ERift =0,  Vt>1.
Using nirift — mpdrift 4 pdrift we can expand Dy as

DLL —F [(ﬁ?rlf‘c + ﬁ?rlﬂ]) ® (ﬁ?rlft + ﬁdrlft)
_ ﬁdrlft ® ﬁdrlft + E[ ~drift ® ,ﬁtdrlft] + ﬁdrlft ® E[,ﬁ?rift] + E[ﬁ?rift] ® ﬁ?rift'
Since E[ni"f!] = 0, the two cross terms vanish. Hence
D, = drlft ® ﬁ?rlft + ]5257 D _ E[ ~drift ® ﬁ?rift]'
Therefore the drift contribution to the excess risk can be decomposed into two parts:
—drift |12 =
(H,Dy) = |[0%" || + (H. Dxv)- )

In the following, we will bound the two terms in (7) separately.

Mean part of the drift term. We now derive the explicit form of Hnd“ft H . Recall from (5) that
ﬁ?rlft — (I o ,ytH)ﬁ?n{t + ’ytpH5, ﬁg“ﬁ = 0.

Unrolling the recursion gives

N
fdnft — erys < H I — ’ytH)> HS6. (8)

t=s+1

Since each factor (I — v, H) is a polynomial in H, it commutes with H. Hence

(ﬁ (I—%H)>H=H< ﬁ (I—%H)>,

t=s+1 t=s+1

and therefore

N N
ZW&(H I’)/tH)>H:I (I—-~H).

t=s+1 t=1

Substituting this identity into (8), we obtain

= p(1- ﬂ(l Y H)) 6.
t=1
As a consequence,
N
I8 e = 22| (1 - TL 1) . ©)
t=1

This is exactly the first drift term appearing in the Lemma.

17



LEARNING WITH SYNTHETIC DATA VIA SGD IN HIGH-DIMENSIONAL LINEAR REGRESSION

Fluctuation part of the drift term. We now bound the second term in (7), namely

<H, ]AjN>7 Dt _ E[ ~drift ® ﬁ?rlft]

Recall from (6) that
7 = (L= exex A + 7o (H = xox )y, ag™ = 0.
Define
S = B (H - xox) )i @ (H - e i) |
Since nd“ft is deterministic, the recursion for ]~)t takes the form

D, = (T —vT) oDy 1+ Dy =o0. (10)
Indeed, the cross term vanishes because
E[(H — xex, 7| = (H - E[xex )7 = 0.
Let A; := it @ it then
i?riﬁ =E [(H - XtX:)At(H - xtx;r)}
= E[tht Atxtxt |-HAH
= (M —M)oA,.

Since M — M is a PSD mapping by Lemma 5, we have f]?rift > 0. On the other hand, by
Assumption 2,

Elxix, Apxix) | = Mo Ay < o tr(HA) H = o |71 |3 H.

Therefore, o _
S < o || HL (11)

Next, using (C.4), it = (I T )>5, hence

t—1 2
LR WY (1—11 1—m>> 5
s=1
SPQZ/\ﬂ? = p*|0]lH- (12)

Combining (11) and (12), we obtain
S < ap?|| 8| H. (13)
The recursion (10) has exactly the same form as the variance recursion (4). Therefore, applying

Lemma 8 with

o« ap?| 8|,

18
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we immediately get
8ap®||8]lf  Dets

14
—~yatr(H) Negs’ (14

where

1
k* :maX{k: Ak > }, Dess :=k* + 7" Nl Z)‘g
’Y eff ’L>k’*

Combining (9) and (14), we conclude that

8ap?||0|lfy  Dess
1 —~yatr(H) Negs

N
) - 2
(H,Dy) = [+ (0,D) <2 (1- TLa - emm)a] +

t=1

C.5. Fluctuation upper bound

We now analyze the drift term
(H,Fy) = (HE[ny @ ny]).

Lemma 10 (A fluctuation bound) Suppose Assumptions 1, 2 and 3 hold. Consider (4). Let
Negs = N/log N. Suppose v < 1/(atr(H)). We have

8Np(1—p)||d|%4 Dess 16ap|| 8|34  Degs

(H,Fy) < (N—1)(1 —aytr(H)) Negz = 1 —yatr(H) Negs’
where k* = max{k : \y, > '\/]\]feff} and Dess := k* + V2 N2e > jopr AL
Proof
Recall that nfl"t satisfies
"t = (L= yexex [ )nit + yzexex| § — ypHS,  nt = 0.

We decompose the driving term as
zxyx; & — pHO = z(xsx; — H)d + (2 — p)HJ.

Accordingly, define two auxiliary processes

’I’[?uCt _ n{luct,l + fluct,Q’ t>0,
where
fl fl fl fl
{m tebt = (I — xS+ ez (xex] — H)S, {nt U2 = (I = yxex] )5 + (2 — p)HS,
fluct,1 fluct,2
N =0, M =0.
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Then by Cauchy—Schwarz,
<H7 FN> <H [ fluct,1 + n?VuCt 2) ® ( fluct,1 + Jf{[uct 2)}>
2(H, >+2<H,FN)>, (15)

IN

where
F( ) _ E[ fluct,1 ® n?uct,l]’ Fi ) E[ fluct,2 ® U?UCM?}.

(1)

We first analyze the term F, ’. Expanding the outer product gives

Py = E[((I — x4 ez (] — H)5)
@ (0= 4 z(xex] —H)S) |
=k [(I —exex i @ (1= ] )m5o 1}
+APE [ (xex] — H)8) @ ((xix/] — H)9) |

+ %E [(I — yexex T @ 2 (xex] — H)é]

+ %E[ ((xx) — H)E @ (I — myppx/ )msh 1]-
Define
S = B[22 (e~ H)B) @ ((xx] — H)S) . (16)
Then
) = (i) o P, 45250 1 off 4 ()T, a
where

C(l) = yE [(I — VXX, )n{luit 'e 2z (%%, — H)é} .
We now prove that Cgl) = 0. Let
Z:=0(z1,...,2N)
be the sigma-field generated by the entire source schedule. We first claim that
E[pf*' | 2] =0, Vt>0. (18)

Indeed, the claim is trivial for ¢ = 0. Suppose it holds at time ¢ — 1. Using the recursion

fl
"t = (1= yxex st + ez (xex] — H)8,

and using the independence of x; from Z V o(xq,...,x4_1), we have
E[ fluct,1 | Z] [E[(I — VXX, )nfuit Ly %zt(xtx;r —-H)d | Z,xq,... ,Xt,l] \ Z}
= E[(L - 2B 4y E (] —H)3] | 2]
= (I—yH)E[R"{"" | 2]
0.
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This proves (18) by induction.
We now show that the cross term vanishes. Define, for any deterministic vector u, the linear map

Li(u) := Ey, [(I — XX, Ju ® (xyx] — H)(S] .

The map L;(+) is linear in u. Since z; is Z-measurable, and since x; is independent of Z V
o(x1,...,X¢—1), We obtain

C = HE[ (T — x5t @ z4(xex] — H)(ﬂ
=%E :]E [(I — k] I @ z(xix) —H)S | 2%, 7th1”
= 1K _Zt Ly (nf”‘it 1)}
= ’YtE [Zt Ly (n{luit 1) ‘ ZH

=E _Zt£t< | ZD]
=0,

where the penultimate equality uses the linearity of £;, and the last equality follows from (18). Hence

cV =o.
Taking transpose also gives
(c”)" =o.
Therefore (17) reduces to
F\) = (T —4T) o FY, 4 y2mfuett gl — g, (19)

Since z; € {0, 1}, we have E[2?] = E[z;] = p. Moreover,
pfluct.1 E[ztz xx; —H)8) @ ((xix; — H)é)}
p]E[ (xex; —H)J) @ ((xx] — H)(S)]
Write A := 0 ® 6. Then
E[((xtx; —H)%) ® ((xx, — H)a)}
—E|(xex! ~ H)A(xx, —H)]
= E[x;x; Ax;x; | — HAH.
Since HAH > 0, it follows that
wiuetl 2 ) Elxex, Axx/ . (20)
Now apply Assumption 2 with the PSD matrix A = d ® 9:
E[x:x; Ax;x]] < a tr(HA)H = «o||d||4 H. Q1)
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Combining (20) and (21), we obtain
S < palofjf H. (22)

Comparing (19) with the variance recursion (4), we see that Fgl) satisfies exactly the same
recursion form as the variance term, with noise covariance E?uCt’l in place of 3. By (22), we may
apply Lemma 8 with

o < pa 8|3

Therefore,
8pa|d |z Dess
H.FWYY <« H e 23
(H, N>_1—’yoztr(H) Negs’ 3
where .
k* = max {k‘ Pk > Noss } , Degs = k* +v2NZ; Z M2

i>k*

Consequently, by (15),
(BLEFy) < 2(HFY) + 2(HF),

and the first term is controlled by (23). The second term <H, F§\2,)> is be bounded by Lemma 12.

|
Lemma 11 (Fixed-budget variance identity) Lerm € {0,1,..., N}, and set
m
p=
Suppose that (z1, . . ., zn) is uniformly distributed over all binary vectors in {0, 1} with exactly m
ones. Let vy, ..., vy € R™ be deterministic vectors, and define
1 N
V= N Z Vs.
s=1
Then )
N N
Np(1l — _
E|Y G- ppe| = PP Sy g 4
s=1 H s=1
In particular,
N 2 N
Np(l —p
E|> (2 —pvs| < 1\5_1) > sl (25)
s=1 H s=1
Proof Since the law of (z1, ..., zx) is exchangeable and exactly m coordinates are equal to 1, we
have m
E[ZS]_N:pa S:]-a 7N
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Moreover, because z5 € {0, 1},
E[(zs — p)2} = Var(zs) = p(1 — p).

For s # r, using the fixed-budget constraint Zi\il z¢ = m, we also have
Elzsz] =

Therefore

N(N -1 N2
_ m(N —m)
- N2(N —1)
__pd=-p
N -1
Now expand the quadratic form:
N 2 N N
E Z(Zs -pvs| =E Z Z(zs —p)(zr — p){vs, V7)1
s=1 H s=1r=1
N
= Z H'USHH“‘ZE —p)){vs, vr)m
s=1 S#T
p(1 —p)
—p) Z H'USH%—I TN_-1 Z@sﬂ’r)H‘
s=1 sF#T
Thus
N 2 (1
B[S G-pw| =272 (v Z lvsllf = Y (we, v
s=1 H SF#T
On the other hand,
N
le'vs—vHH—levsHH—2Z (vs, o) + Y 10
s=1
N
= Z lvs |l — N9l
Since
N
NJollf = || D vs Z\IUSHH+Z Vs, Uy ) H
s=1 s#r

23
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it follows that

N N
N3 o ol = N 3 el - Z losls + 3 (v, 0,
s=1 s=1

SF#T

= (N1 Z ol — S (vs, v, e
SFET

Substituting this identity into (26) yields
N 2 N
Np(1—p) .
E Z(zs_p)vs = ﬁZH”S_UH%{?

s=1 H s=1

which proves (24).
Finally, since

N N N
D lve =l = vl = NlIolz < vl
s=1 s=1 s=1

we obtain (25).

Lemma 12 (An upper bound for the second fluctuation term) Recall that

np % = (1= yxx )" 4 (2 — p)HI, nh"? = o,

and define
F§2) E[n?uct 2 ® ’l’]ﬂuCt’2].

Suppose Assumption 2 holds and v < Let Negs := N/log N, Then

atr( )"

8Np(1l —p) Dets
(N —1)(1 — aytr(H)) IOl Nets’

(HFY) <

where k* = max{k : A\ > ﬂ/]\}eﬁ} and Dess := k* + V2 NZe 3o e A
Proof Foreacht=1,..., N, define

Bt =1- ’YtXtX;r.

fluct,2

Iterating the recursion for 7, yields

ﬂuct2 ZBNBN 1- BS+1 ’73(2'3 —p)H(S,

where the empty product is interpreted as I. Therefore

N

nflvuct )2 Z(ZS _ p)’Usa vs = vsBnyBy_1---Bs11HS.
s=1
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Conditional on the feature sequence (x1,...,Xy), the vectors vy, ..., vy are deterministic.
Since the source indicators are independent of the features and follow the fixed-budget law, Lemma 11
gives

N
fluct,2 Np(1—p)
E[Inf I | %1, x| < SE=E S ol
s=1

Taking expectation over the features gives

Np(1 - p)

2 fluct,2 -

<H,FSV)> = E[HWNUCt ||%I} S—N_1 ZE[H'USH%I] : (27)
s=1

Foreacht =0,1,..., N andeach s € {1,..., N}, define

Vst =

)

{%BtBH - BgHE, 1<s<t,

0, s>1.

In particular, v, v = v,. Now define

t
St ::sz,tv;, t:O,l,...,N,
=1

with the convention Sy := 0. Then

N
(H,Sn) = Z (H,vsv Z HUSHH
s=1

Moreover, for s < t,
Vst = Bt'l)sytfl, while Vit = *ytHé

Hence
S; =B;S; 1B/ +770, O:=HJs H.

Define S; := E[S;]. Since S;_; is measurable with respect to o(x1, ..., %;_1) and x; is inde-
pendent of the past, taking conditional expectation yields

Si=(Z—-%T)oSi1+170, Sp=0.
We first bound the forcing matrix O by a multiple of H. For any vector u,
u'Ou = (6" Hu)? < (6 "HS)(u'Hu) = ||§||} u' Hu,
where we used Cauchy—Schwarz in the inner product induced by H. Therefore
O = ||8]|f H. (28)
Now define an auxiliary matrix sequence (C? )N, by

Cy:=0, C2=(I—-T)oCl +~20|4H t=1,...,N.
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By Lemma 5, the operator (Z — ~;7;) is a PSD mapping. Since Sg = Cg = 0 and (28) holds, an
induction on ¢ shows that -
S, <C%, t=0,1,...,N.

Consequently,

N
> Ell|vsllf] = (H,Sn) < (H,CR). 29
s=1

The recursion defining C has exactly the same form as the variance recursion (4), with noise
covariance ¥° := ||§||% H. Applying Lemma 8 with

o? + |10l

yields

8|82 D
<H,C‘]5V> S H HH . eff'
1- ary tr(H) Neff

Combining this with (27) and (29), we obtain

Np(1—p) ] 8195 Dess
N-1 1—aytr(H) Negs'

(HFY) <

C.6. Proof of Theorem 6

Proof Combining Bias upper bound, Variance upper bound, Drift upper bound and Fluctuation
upper bound yields the desired result. |

Appendix D. Mixed Training Lower Bound Analysis

Theorem 13 (A lower bound for mixed training) Given M synthetic and N real samples. Con-
sider last iterate SGD with geometrically decaying stepsizes. Suppose Assumptions 1, 2 and 3 hold.
Let Nogs := (M + N)/log(M + N) and 5% = (1 — p)o? + po2. Suppose M + N > 500 and
v < 1/Aq, then

M+N M+N

El& (Wwyen)] 2 H H (I —~vH)(wo — wi) +p(I - U (I_%H))&H;

Non—vanishing term

_oy Destst ~
+ (Bllwo — wi — pé|lsy,.  +07) ]{ + (1= p)7* Nese |0l
eff 0

where k" = max{k : A, 2 “/Nleff} and Degs := k* + VQNe?ff Diske A

26



LEARNING WITH SYNTHETIC DATA VIA SGD IN HIGH-DIMENSIONAL LINEAR REGRESSION

In this section, we derive a lower bound for the mixed-training excess risk. The starting point is
again the error recursion

ne = (T — 3%, M1 + Yezexix] 8 + ey, Mo = Wo — WJ. (30)

Recall that
N = W — WT

By definition of excess risk,
N 1
E[R(wy) — R(w])] = 3 <H7E[77N ® 77N]>-

To derive a lower bound, we directly center the total error process 7, around its mean. Define

M = E[ng], Nt := Mg — M-
Then
N = N + N, E[n:] = 0.
Therefore,
Elny @ ny] = E[(My + 15) @ (A + 1v)]

=1y @ NN + E[ny @ ny] + 1y @ E[nn] + E[ny] @ ny

=0y @ Ny + E[ny @ nn].
Hence ) )

E[R(wx) = R(w1)] = 5 [[xf + 5 (L Elfy @ nn]). (31)

D.1. The mean recursion

Taking expectation on both sides of (30), and using that
E[x;x/] =H, Efz] = p, E[¢ix:] = 0,

we obtain
e = (I —vH)n—1 + vpHS, o = Wo — W7.

Unrolling the recursion gives

N N N
v = [ @ =7 H)(wo — wi) +p) 7 ( IT a- %H)> HJ. (32)

t=1 s=1 t=s+1

Since each factor (I — v, H) is a polynomial in H, it commutes with H. Therefore,

N N N
> ( 11 (I—%H)> H=1-][-~H)

t=s+1 t=1
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Substituting this identity into (32), we get the closed form

N

N
N = H(I —v¢H)(wo — wi) +p(I — H(I — %H)>5.

t=1 t=1

Consequently,

’:12

N
e = | [T = seH)wo = 1)+ (1 - (1 )| (33)

t=1

The remaining task is to lower bound the centered fluctuation term

1 - -
which will be handled next.

D.2. The centered fluctuation term

First, we introduce the lower bound Theorem of <H, VvV N> in [63], which will be used in our analysis.

Lemma 14 (A variance lower bound) Suppose Assumptions 1 and 3 hold. Let Ness = N/ log N.
Suppose Ness > 10 and v < 1/\1. We have

Deff
HV .
(H, Vi) > 400 Nogs
where k* = max {k: PV 'Y]\}eff} ) Dess := k* + 72 N2, Dk A
Proof See proof of Theorem C.2 in [63]. |

We now continue the analysis of the centered fluctuation term
1 ~ _
§<H, Elnn ® nn]).
Starting from the total recursion
= (I- ’)’tXtX;r)ntfl + ’YtZtXtX;r(s + e Xe, M0 = Wo — W7,
and subtracting the mean recursion
Mt = (I —vH)n—1 + vpHS, Mo = Wo — W,
we obtain
e = (T— yexex] -1 + neexe + ’yt(ztxtx;ré — pHé) + 3 (H — XX, )T 1. (34)
We further decompose

"7 n?mse_’_,’?ﬁeS’ t=20,1,..., N,
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where

{ﬁ?ome = (T — yxx] )P + yi€ixy, {Fﬁes = (I — yxexy )W + e (zexex) 6 — pHE) + v (H — xux/] )1,

ngoise — 0’

res 0

Ny =

Thus
~mnoise + ﬁr]\?s

ﬁN:nN

Expanding the second moment gives

Elfiy @ nv] = E[ny™ © "] + Eny° © 1]

B[R @ )+ B © i) (35)
We now prove that '
E[f°™ @ 5] =0,  Vt>0. (36)

Let
Bt ;:I—'ytxtxg—, g;: J((Xs,zs) 1§S§N)

be the sigma-field generated by the entire feature sequence and source schedule.
We first observe that

;% is G-measurable for every ¢.

Indeed, n§™® = 0, and the recursion
e = Bl + e (2exex) 8 — pHS) + v (H — 3% )1

only involves (X, z)s<¢ and the deterministic vector 7;—;. Hence, by induction, 7;* is G-
measurable.
Next, we show that
E[mi®e | G] =0,  Vt>0. (37)

To see this, unroll the noise recursion

~noise __ ~10is ~noise
yp =By

Meore + %Xt o =0.
This gives
t
ﬁ?oise _ Z (BtBt—l - Bs+1)7s§sxsv
s=1

where the empty product is understood as the identity matrix. Conditional on G, all matrices B; and
vectors X are deterministic. Moreover, by the zero-mean noise assumption,

El¢ |G =0, s=1,...,N.

Therefore,
t

E[ﬁ?ms‘? ‘ g] = Z(BtBt—l ce Bs—i—l)’YsXsE[fs | gl=0,

s=1

which proves (37).
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Now, since 1;°° is G-measurable, we have

E[’I’Aﬁ/mise ® ﬁ;es] —E [E [,,Aﬁ/loise ® ,";i)l;es ‘ QH

—F [E [,;ﬁloise ‘ g] ® ,ﬁ;es:|

This proves (36). Taking transpose also gives

E [ﬁ;es ® ﬁ?oise] —0.

Consequently, ‘ .
Efiin © fiv] = ERF™ © ™| + B[ © 737,
Hence
(H,E[fy © fiv]) = (HLEG™ © 73*]) + (HE[7° © 75°). (38)

We now identify the first term with a variance-type recursion. Define
V?’lix = E[ﬁfoise ® ,":’“?Oise]_
Then V™ satisfies
VPR = (T3 T) o VIS +478, V=0,

where -
Y =E[E2xx] | = (1—p)Z; + po.

Under Assumption 3, we have
¥ =o%H, ¥, = 02H,

and therefore

Y = ((1 - p)oi +po3)H.

Denote
52 := (1 —p)ol + pos.

Then V™ is exactly the same variance recursion as in Lemma 14, with 7 replaced by 5%. Hence

<H E[ﬁnoise ® ﬁnoise]> _ <H Vmix> > &72 . Dess
MmN N YN 2400 Ngg

(39)

The remaining term
(H, E[ny" @ 75°])

will be lower bounded separately by the following Lemma.
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Lemma 15 (A lower bound for the residual fluctuation term) Recall that
e = (I — yexex, )W + v (zxex/ 8 — pHS) + v (H — xix, )71, e = 0,

Suppose Assumptions 1, 2 and 3 hold. Let Negs := N/log N, Assume N > 500 and v < 1/A;.
Then

~TeS o\ ~TeS 6678 * 2 Dets (674 - 277)2 2 352
(H,E[ny"ony]) > 100 ||W0—W1—p5\|Hk*m'N " + 10 P(1=p)y”Nets Z A7 07,
© i>k*
where k* = max {k e > wleﬁ} \ Datt = k" + 72 N2 Yo A2,

Proof Letc;_; = pd — m;—1, we can rewrite the driving term in the recursion of 7;*® as

ztxtxtTd — pH5 + (H — XtX;r)’f]t_l = (Zt — p)xtxtT(s + (th;r — H)Ct_l.

Hence

—~Tres

Mo = (T— yexax WS+ ve(z — p)xex) 6+ ye(xix) —H)e,,  7p*=0.  (40)
On the other hand, from the closed form of the mean process,
M = (I —yH)n—1 + npHS,

we obtain
ce=p6—n=1—H)(pd — 1) = (I—ynH)cr—1,

In particular,

co = pd — (wo — wj) = —(wo — W] — pd).
Let
Z:=o0(z1,...,2N), X :i=o(x1,...,XN),
and define
Sz =Eny | Z], Sx :=E[ny° | X], R° :=ny° — Sz — Sx. 41
We first show that
E[ny°] = 0. (42)

Indeed, taking expectation in (40) and using
E[Zt - p] = 07 ]E[th;,r - H] = Oa ]E[thi—fr] = H7

gives
E[m;*] = @I —vH)E[RS],

aTres

and since 1™ = 0, (42) follows.
Next, Z and X are independent, and E[S x| = E[n}*] = 0, hence

E[Sy | 2] = E[Sx] = 0.
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Therefore,
E(Sz,HSx) =E|(Sz,HE[Sx | Z])| = 0.

Moreover, by (41),
E[R° | 2] = E[f* | 2] - Sz — E[Sx | 2] =0,

and similarly E[R° | ] = 0. Thus
E(Sz,HR®) =0, E(Sx,HR") = 0.
Consequently,
E|7° |G = ElISz & + ElSxlf + EIR°(IE > E[Sz|i + ElSx|/z. (43)

Since (H, E[7%® @ 7%°]) = E||75*||3;. it remains to lower bound the two terms on the right-hand
side of (43).
Define f; := E[n;* | X].Taking conditional expectation in (40) and using E[z; — p | X] = 0, we
obtain
ft = (I — ’}/tXtX;r)ft_l =+ ’}/t(XtX;r — H)Ct_l, f() =0. (44)

Thus S x = . Further define

N
Cu = (xux,| —H)cy_1, Ky N =7 H (I- 'ijjx;-r).
Jj=u+1
Unrolling (44) gives
N
Sx =) U,  U,:=KynCu (45)
u=1

We first prove the cross terms vanish. Let u < v. Since K, y and U, are measurable with
respect to o (Xy41, - - -, XN ), while ¢, depends only on x,,, we have

E[¢.] = (E[Xuxz] —H)cy,—1 =0.
Hence
E[(Uy, HU,) | Xui1,- .., xn] = E[(Cu, Ko yHU,) | Xup1,...,xn] =0,

and therefore
E(U,,HU,) =0, u # v.

It follows that

N
ESx | = > El[Uul. (46)

u=1
Now let
A, :=cy1c, ;= 0.

Using the independence of K, y and ¢, we have

E|U, |4 = E[¢ K} vHK, v¢o] = (EK] yHK, v], Gu), (47)
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where
G, = E[¢.¢)] = E[(xux, — H)A,(x,x, — H)].

u u

By expansion,
G, = E[x.x,| Ayx,x, | — HAH.

Applying Assumption 2 with A = A,,, we obtain
G, = B tr(HA,) H = § |, 1|3 H.
Substituting this into (47) yields
E|Uullfy > B leu i B[ tr(HK, yHK, 5)].

Set
M, := H'/?K, yH/2.

Then
tr(HK, nHK | ) = [ M, ]|%.

By Jensen’s inequality,
E[[M.[% > [|E[M.][%-

Moreover,
N
EKun] =7 [] @-~H).
j=u+1
Hence, in the eigenbasis of H,
N
EMLIE = 72A T (1 —wM)
i>1 j=u+1
Define
N
k=Y WA [T (=72
i>1 j=u+1
Then (48) gives

EHUUH%{ > p ch—lu%{ K-
Combining this with (46),
N
ElISxlf > 8 llcu1llf fu-
u=1

We now lower bound ||c,,—1 ||3; uniformly on the tail space. In the eigenbasis of H,

u—1

(cu1)i = — [J (1 = %) (wo — wi — pd)i.
Jj=1
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Hence 1
——
lewllfr,.. = > N [J@=X)*(wo — wi —pd)?. (51
i>k* 7j=1

Since i > k*, we have yA; < 1/Nggs < 1/10 for Negs > 10. Also

N

Z Yt < 29 Nesgs.
=1

Using 1 —a > e 2% for 0 < a < 1/2, we obtain

u—1 u—1
H(l —Mi)? > exp | —4N; Z'yj > exp(—8yNegs i) > €75,
=1 =1

Substituting this into (51) gives

lewilfr = lewilr,. > e lwo—wi—pdld,. . w=1...N. (52
Therefore (50) yields
N
E||Sx|lf > Be®(lwo — wi — pdllfr,.. D> Fu- (53)
u=1

Finally, by applying Lemma 14,

N N N 1 I
=(H 2 I-~H?H) > — 2N, A2 .
;M < 7;% H (I—~H) >_400 (Neff+’7 effz i

Substituting this into (53), we conclude that

56—8 . L
E[ISxfx = g Iwo —wi —pollfy,.. . | o +7"Nets 2 AT |- (54)

i>k*

Then we lower bound schedule component S. For each t, define a; := E[n;* | Z]. Taking
conditional expectation in (40) and using independence of x; from (Z,x1,...,x;_1), we obtain

ar = (I—~vH)ar—1 + (2 — p)HS, ap = 0.

Thus Sz = ay, and unrolling gives

N N
Sz = Z(zu - p)vm Vy = 7u< H (I - '}’jH))Ha' (55)
u=1 j=u+1

In the eigenbasis of H,

N
(Vu)i = Yui H (1 —%jAi)ds.
j=u+1
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By the fixed-budget variance identity,

E|Szllf = ZZ Vi = Vel (56)

ulrl

Let
I_:={t: 4 =0}, I :={t: 4, >7}.

For N > 500, one has
Neff N

I+
27 T+l 2 10°
Restricting (56) to pairs (u,r) € I x I yields

E||Sz|lf > Z S lve = vl (57)

uEI rely

] >

Fix i > k*. Since yA; < 1/Negs < 1/10 < 1/2, for u € I_ we have ~,, =, and
N
((va)il = A T (1= A)16i] = e *yAildil.
j=u+1
For r € I, we have 7, < 277, so

[(ve)il < 277y d4l.

Therefore
|(Vu_v7")i| > (6_4_2_7)7)\i|5i|7 uGI,, TGIJM i> k.
Hence
[va = vellfr > (e =277)%92 > A%67. (58)
i>k*

Substituting (58) into (57), and using |I_| > N,

o (et =277)? 2 352
ElISz[lf > 0 P P(1 — p)y" Nets Z 767
i>k*
That is,
2 (et —277) N2 352
ElSzlu = 10 p(1 = p)v Ness Z A 0; . (59)
i>k*
Finally, combining (43), (54), and (59), we obtain
~TES s ~TES 6678 % 2 Deff (674 — 277)2
<H7E[n]\efb®n]\?b]> Z 400 ||W0_W1 _p(SHHk*:OO‘Neff + 40 (1 p)ﬁy Neff ,L;k )\’l 70
This completes the proof. |
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D.3. Proof of Theorem 13
Proof Combining Lemma 15 with Eq. 39 yields the desired result.

D.4. Proof of Corollary 1

Proof Let
T

T:=M+N, Prp:=]]0-~H)
t=1

Since the synthetic proportion p = M /(M + N) is fixed, it suffices to study the limit as 7" — oo.
We first show that P7 vanishes in H-norm. Writing the eigendecomposition

H= Z )\Z‘ViV,L-T,
i
we have
T
Prv, = (H(l - ’Yt)\i))vz
t=1
Under the assumption on the stepsize, for every ¢ with A; > 0,
0<1—mN\ <.

Moreover, under the geometric tail-decay schedule,

T [log T'| T

T
= 27f = - >
; e log T Ez; logT T—occ o

Hence for every A\; > 0,
T
t:l

Therefore, for any w with ||w||g < oo,

T
IPrw|% = in(l‘[ (1 — 7\ ) (w,vi)2 — 0
7 t=1

by dominated convergence.
We now turn to the upper bound in Theorem 6 which gives

D ff
El&1(wr)] S [Pr(wo — wi)ll3 + allwo — will3,,. =
W?kaf tHirico Nogs
o
(1)
,QDeff ~eff 2 2
+7 + pH5”H~ +p7|(I—Pr)d|g -
eff Neff
——— N —— (V)
(IIT) Iv)
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By the assumption Doss = o(ﬁeff), terms (I7), (I1I) and (IV) all vanish as " — oco. By the
argument above, (/) — 0. Finally,

(L= Pr)d|[e — [|6]|m,
because |P7d|lg — 0. Therefore,

limsup E[€1(wr)] < P63

T—o0

Next, apply the lower bound in Theorem 13:

BiE) (wr)] 2 [Pr(wo —wi) + (T~ P

(4)

* oD NT
+ (Bllwo — wi — pdllr,.  +5%) =" +p(1 —P)’Y2NeffH5Hilz*, :
eff i

(B) ©)

Since (B) > 0 and (C') > 0, it is enough to keep only (A). Rewrite
Pr(wo—wi) +p(I—Pr)d = Pr(wy — w] — pd) + pd.

Again using |Prw||z — 0 for every w with finite H-norm, we obtain
* 2 2 2
| Pr(wo - wi —p&) +po|  — p?5]

Hence,
liminf E[€1(wr)] 2 p|8] 13-

T—o0

Combining the upper and lower bounds yields

. _ osp2
NllﬂmE[gl(WM+N)] ~p° 0]

This proves the corollary. |

Appendix E. Two-stage Training Analysis

Theorem 16 (Two-stage training) Given M synthetic samples and N real samples. Consider last
iterate SGD with geometrically decaying stepsizes. Suppose Assumptions 1, 2 and 3 hold. Let
Negs == N/log N and Ea(w) = 3B )op, [((%, W) — 1)2] — 3E(x ), [((x, W5) — 1)?] denote
the excess risk on the synthetic distribution. Suppose v < 1/(4atr(H)). Then we have

N
2 D
Eley(warsn)] S Eléa(wan)] + || [ = 23|+ (aElga(war)] +alldlff + o7 ) =25
t—1 eff
EffectiveBias EffectiveVariance
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First, consider the upper bound for training on pure one-source data from [63], which can also be
recovered by Theorem 6.

Theorem 17 (Learning with only real data) Suppose Assumptions 1, 2 and 3 hold. Let Ness 1=
N/log N. Suppose v < 1/(4atr(H)). Then we have

Deff
Neff

N
BIR(w)] = Rwi) < | ([TX =) (w5 — Wi + (olwo ~ w7l oy o)

with k* = max{k : \y > —iz} and Degs == k™ + K2 Y, ;- A,

We now turn to the two-stage training procedure. The key idea is to condition on the first-stage
training iterate and then apply the pure real-data bound from Theorem 6 to the real-data training
phase.

Suppose that in the first stage we run SGD on M synthetic samples and obtain wj;. In the
second stage, starting from wj;, we run SGD on N real samples and output ws . Our goal is to
upper bound

E[R(Wuasn) — R(w})].

Let Far := o(x1,¥1,- .-, XM, Ym) be the sigma-field generated by the first stage. Conditional
on F)y, the iterate w, is deterministic, and the second-stage procedure is exactly SGD trained on
N real samples, initialized at w ;. Therefore, applying Theorem 6 conditionally, we obtain

E[R(warsn) ~ R(w)) | Fur] 5 | (ﬂ(l —H) ) (war =)
t=1

D
# (alwar Wil Ft) B o)

Taking expectation with respect to F,; on both sides of (60), we get
E[R(Warin) = R(w)] = E|E[R(warin) = R(wi) | Fu]

eI am) o -

De
}-FU%) Ni (61)

We now relate the terms to the stage-one excess risk under the synthetlc distribution. Recall that

<

~

(B [lwar — wilkye

wy —wi = (wy —w3) + 4.

Hence

N 2
= | (TToc a0

t=1 N N 2
(T k) (s — wi) + ( H(I %H))JHHI

N 2
RIS o X

=E
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Now denote
N

Py :=[[(T-~H).
t=1

Since P is a polynomial in H, it commutes with H. Therefore
IPavllE = (v, PNHPyv) = (v, H/2PRHY?v) < v,

because 0 < P < I under the stepsize assumption 74 < 1/\;. Hence

B[P (war = w3)l[f| < B[ llwar - w3liE]

= QE[LQ(WM) — LQ(W;)]
Next, let
Lo:p+
B = - H * .
By the definition of £*,
1 . .
/\7, Z 'YiK’ i<k
Therefore I
0:k*
"< H Ay
’YK ) 0:k*
and hence I
B= Ok + Hpr oo 2 Hopr + Hproo = H.
vK

It follows that
E|llwar — willa] < E[llwar - w3l]
=2E[La(war) — La(ws)].
On the other hand,
E|lIwar = willh| = B[l (war = w3) + [13
< 2K |lwar — w313 + 2163
< AE[Ly(wa) — La(w)] + 28I,

where in the last step we used (65).
Substituting (62), (63), and (66) into (61), we obtain

E[R(Warsn) — R(w))] S E[Ra(war) — Ra(w)] + [Pnd]

Deff

+ (0E[Ra(war) — Ra(ws)] + afla]y + o) 32

Finally, by (64),
16]1B < |16]/f-
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Therefore

E[R(Warsn) — R(W)] S E[Ra(war) — Ra(w)] + [Pnd|5

. D
+ (QE[Ra(war) = Ro(w3)] +all6lfy +0F) T2 (68)
eff
Equivalently, writing
Excessa(wyr) := E[Ra(war) — Ra(w3)],
we have
2 2 2 Deff
Excess(wr+n) S Excessa(wyy) + HPN(SHH + (a Excessa(wyr) + 6] + 01> N

eff

(69)

This is the desired two-stage upper bound.

Appendix F. Random Sketch Model

Following [42], we begin by decomposing the population risk into three components: irreducible
risk, approximation error, and excess risk:

Rp(Vmen) =minR(-)+minRp(-) —minR() + Rp(Vm4+n) —minRp(-).  (70)

Irreducible Ap‘prrox Excess
For the Irreducible risk, under the well-specified model Assumption 4,

1
Irreducible = R(w}) = 50%.
For Approximation Error, as established in Lemma C.4 in [42], under Assumption 4, with probability
at least 1 — eQ(D),
Ew+Approx ~ D,

So in the following subsections, we focus on derive the bound for EExcess using risk upper bound
under Assumption 4 and 5. Unless other illustration, expectations are conditioned on S.

F.1. Mixed Training Analysis

Recall the upper bound in Theorem 6, where the data covariance becomes SHS " and the optimal
parameters becomes v7, v3.

Suppose Assumptions 2, 4 hold. Let Negs := (M + N)/log(M + N), 5% = (1 — p)o? + po?
and Xj be the eigenvalue of SHS . Suppose v < 1/(4atr(SHST)). Then we have

. D
Excess < Bias + Var + ap||vi — VTHéHsTNLff +p2HV§ — Vi‘HéHSm
eff

Drift
Fluct
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with
= (SHS")'SHw}, and Dess := #{\; > 1/(Nezz7)} + (Negen)® > A2,

X;j<1/(Nets)
Note that when 0%, 03 = 1, Theorem A.4 in [42] shows that
M+N ) D
Bias + Var < || H (I—~SHS")(vo — VT)HSHST + NLH
eff

t=1
Future assume that Assumption 5 holds and zero initialiazation where vg = 0, [42](Appendix D
and E) shows that with probability at least 1 — e~(P) over the randomness of the sketch matrix S

M+N "
Ews (I—~SHS")(v} HSHST < max {D1 (Neff'y)l/a_l},
t=1
M+N N B
Ews H (I—~SHS")(v} HSHST > (Nez£y) /¢! when (Negsy)/* < D/c  for some constant ¢ > 0,
t=1
and
Dess 1/ 1/a—1
——~ <~ min {D effW }/Neff effV) .
Neff

For the Fluct term, we have
D
Fluct < ||vs — VTH%HST et
eff
We verify that

* * 1 * *
[va — Vl”éHsT = |H2ST (v — v)|?
— |[H2ST(SHST) 'SHS4|2
1
< |[H=24|* = ||8]1F.
which implies that
Esllv — vilZust SEISIE~ S i~ 1)
i

So that with probability at least 1 — e~*(P) over the randomness of the sketch matrix S

D, N
EsFluct 5 — i1 ~ mln{D eff’)’ / }/N e < < pl-a (Neffv)l/“_l.
eff

For the Drift term p*||v} — vi||3 g7
Iv3 = villgus = I(SHS ") 'SH(W5 — W) |[gggr
=46 HS(SHST)"}(SHS")(SHS ") !SH§
=0 'HS'(SHS') !SHé + 6 "HS — 6 THS
=0 HS—-6"(H—HS"(SHS") 'SH)s
— 16|34 — |(1-HzST(SHST)'STH2)H:4|
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For the second minus term, [42](Lemma C.5) shows that for any random vector x, let (\;, v;)i>1
be the eigenvalue-eigenvector pairs of H, if the Assumption 5 (power-law decay) satisfies and
E[(vi,x)(vj,x)] = 0 fori # j and E[\;(v;,x)?] = i~ for some b > 1, Then with probability at
least 1 — e~ D) over the randomness of the sketch matrix S

E.Approx(S, H,x) := || (I - HzS T (SHST)"'STHz)H>x|> = D'~
So that under Assumption 5,
Es|(1-HzST(SHST)"'STHz2)H24|* ~ D'~ (72)
Combine Eq.71 with 72, we get
EsDrift ~ p*(1 — DY)

Finally, put Irreducible, Approx and Excess together and choose v =~ 1, we have that with
probability at least 1 — e~%D) over the randomness of the sketch matrix S:

1 1 M 1

2
Dt (Nege)! =1/ o) )

ERD(VM+N) S U% +

F.2. Two-stage Training Analysis

First, Recall the upper bound in Theorem 16. For a tighter analysis, we need a intermediate result
from its proof. The results are for specific w, w3 and the expectation is taken with respect to the
one-stage M-step SGD.

Suppose Assumptions 1, 2 and 4 hold. Let Negs := N/log N and Mess = M/ log M. Suppose
v < 1/(4atr(SHST)). Then we have

N N
* 2 * x| 2
Excess(vyin) SE [H ( H(I - %SHST)) (var — VQ)HSHsT + H(HI — 3 SHS ") (vi — Vl)HSHST
= t=1
* * (|12 Deff
+ O[(EXCGSSQ(VM) + |lvs — v HSHST) N + Var
eff

where

v = (SHST)'SHw}, and Degs = #{N; > 1/(Nets7)} + (Nezs7)® > A2
Xj<1/(NeffW)

Suppose 07,03 ~ 1. For the Var term, similar to the analysis in mixed training analysis and
[42](Lemma E.1), with probability at least 1 — e~ D) gver the randomness of the sketch matrix S

D, .
Var < ~ £ < min {D, (Neff'y)l/“}/Neff.
eff
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Analysis of Excessa(vys). We now analyze the first-stage excess risk when the teacher is w3.
Conditioning on the sketch matrix S, define

vi:= (SHST)"'SHw}, M := M/log M.
Using Theorem 6.1 in [42], for v < 1/(4a tr(SHST)) and zero initialization,

D
EExcessa(vys) < Biase + ﬂ,

eff

where

Dets1 = #{)\ > 1/(Mess7)} + (Megs7)? Z X?a

>\j<1/(Meff’y)

and the expectation is over the randomness of w3 and the first-stage SGD.
By Assumption 5, let (\;, v;);>1 be the eigenvalue-eigenvector pairs of H, and X shares the
eigenvectors (v;);>1 with H, i.e.,

ZV,L' = TiVi; )\’L ~1 ) >\i7_i ~ i_bv
forsome ¢ > 1 and b > 1. Then
E(vi,w3)? = E(vi,w})® + E(v;,8)* = 1 + 7,

where we used E[w;d '] = 0.
For the bias term, applying Lemma D.1 in [42] with a cutoff & < D/3 yields

(vi, W3
EBia52§Z’<k i» W3) + 3 NE(vi, wh)?

eff'}/ >k

Substituting E(v;, w3)? = 1 + 7; gives

—b

Using 7; ~ 1*~°, we obtain

S A+m) mk+ET Y N+ = E TR,
1<k i>k

and hence
k1+a7b

k
EBiasy < ARSI AR
Messy

Let ¢ := min{a, b}. and distinguish two cases. If b > a, then k'+% < k and k'~ < k179, s0

+ kl_a.

EBiasa S
eff?
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Ifb < a, then k < k12 and k12 < k10, s0

1+a—b
EBiasy < + k0
eff”Y
Hence, in both cases,
14+a—c
EBiasy S + ke, ¢ = min{a, b}.
eff”Y
Choosing
k= min{D7 (Meffﬁ)/)l/a}v
yields

EBiass < maX{lec, (Mefffy)(lfc)/a}.

For the lower bound, note that E[w(w3) "] = I + 3, under the assumption E[w;d '] = 0.
Since X shares the eigenvectors of H and \;7; ~ i~?, the eigenvalues of H(I + X) satisfy

N(l4+m)~i *+it=ic, ¢ = min{a, b}.
Therefore, applying the same argument as in Lemma D.2 and Lemma D.4 of [42], we obtain

EBiasy > (Meesy)1 9% when  (Mugsy)Y* < D/co

QD)

for some constant ¢y > 0. Consequently, with probability at least 1 — e~ over the randomness

of the sketch matrix S, the upper bound is
EBiasy < max{D ™, (Megsvy) 179/}, ¢ = min{a, b},

Moreover, in the data-limited regime (Mez¢y)'/® < D/cy, this upper bound is tight up to constants.
Finally, by Lemma E.1 in [42],

Dessy min{D, (Meff”Y)l/a}
Meff Meff

—Q(D)

with probability at least 1 — e
above estimates and choose v ~ 1, we conclude that with probability at least 1 — e~

min{D, (Meff’Y)l/a} <1
Meff ~

over the randomness of the sketch matrix S. Combining the
D) gver S,

EExcesss (var) < max{D'~ (Mgeey)170M0)/a} 4

For the term a(Excessy(var) + [|[V3 — V7|3 ) K25, We claim that it is of the same order as

—Q(D)

Dess/Nets. Indeed, by the analysis in mixed-training-analysis, with probability at least 1 — e
over the randomness of the sketch matrix S,
2
Es|[vy — VTHSHST S L

~

Therefore, on the intersection of the above high-probability events,

Dots _ Dezs _ min{D, (Nets7)'/}

Oé(EEXCGSSQ var) + Esl|vi — vi||? ) <
( ) H 2 1HSHST Neff Nef:f Neff
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* * 2
For the term H(Hi\il I - y%SHS") (v} — Vl)HSHST’
Lemma D.4 in [42] directly and get that probability at least 1 — e~(P) over the randomness
of the sketch matrix S:

under Assumption 5, we can apply

N
Es||(JTT—%SHS")(v5 — vi)||apsr < max { D', (Negery) 170/},
t=1

and

N
|| ([T T~ %SHST)(v5 — i) apzs 2 (Neren) -0/
t=1

when (Nes£7)Y/® < D/c for some constant ¢ > 0. Moreover, when b > a + 1

N
EéH(HI—’YtSHST)(VS—VT)“zﬂsT 510gNeff max{ eff’)’)(l b)/a D'~ b}

For the last term

N 2
e |( [T s )i v |

let Py := ]_[t l(I - %SHST) Condltlomng on the sketch matrix S, we diagonalize SHS T =

Udiag(A1, ..., Ap)UT with Ay > -+ > Ap > 0. Then
N - N ~ N2
P SHS'Py = Udiag</\i ]~ %Ai)Q) U’ < (H(1 - %)\D)) SHS'.
t=1 t=1
Hence

N
E[IPx(var —v8)lEmsr 8] < (T[01—230) EllIvar - vilidusr 8]
t=1

Using 1 —u < e ™ and Zi\il vt ~ Ness7y, we further obtain
E[IPn(var — v3)lIgus | 8] S exp( — ¢ Negsy up(SHST)) E[||var — v lI3pgr | S]
for some constant ¢ > 0. Since
E[llvar — Vi | S] = E[Excessa(var) | S],
it follows that
E[HPN(VM — vg)H%HST ‘ S] < exp( — ¢ Nessy MD(SHST)) E[Excessa(var) | S].
Now let Egpec be the event that

pup(SHST) =~ D¢,
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and let &, be the event that
E[Excessa(var) | S] < max{Dl_‘“\”7 (Meff,y)(l—a/\b)/a}'

By Lemma 6.2 in [42] and the above analysis of Excessa(v /), both events hold with probability at
least 1 — e D) gver the randomness of the sketch matrix S. Therefore, on the intersection event
Espec N Eex, We have

E

H ( ﬂ(l—%SHST)> (var—v3)
t=1

2 Nessy 1—anb 1—aAb
s | 50 (e B st D1, a0

—Q(D)

Consequently, with probability at least 1 — e over the randomness of the sketch matrix S,

E
SHST

~ 2 N,
| (TTa—sHST)) (var—v3)| ] < exp (—c gfj”) max{ D', (Magey) -0/},
t=1

Finally, put Irreducible, Approx and Excess together. Choose v ~ 1 and assume b < a + 1 for
simplicity and clarity, we have that with probability at least 1 — e ~**(”) over the randomness of the
sketch matrix S:

1 min{D, (Neff)l/a}

ERD(VM+N) S O'% +

Dao—1 Nets
Var
_Q(Negf) 1 1 1 1
+ e D - max { b—1" anb—1 } + max { b—1" b—1 }
Dan (Megg) o D (Negg) @

-~

Bias

Appendix G. constant stepsize SGD with iterate averaging
In this section, we also denote total sample size as [N, where synthetic sample size is p/N and real
sample size is (1 — p)N. This light abuse of notation will achieve more simplicity and clarity.
G.1. Upper bound analysis
We use the same definition in Appendix C.
B, = E[n™ @ np™], V. =E[m™ © n™],
D, =E[n{™ @ni™], Fr=E@n"" @ n""].

Using the definition of By, V¢, Dy, F;, we can then decompose Excess Risk using Cauchy—
Schwarz Inequality:

BIR(wy) ~ R(wi)] = 5 (H,Efay @ nv])

1 i i 1 .
= §<H, E[(rf]R}as + ﬁ}/\?r + ﬁ?\/glft + T_]?VUCt) ® (ﬁl]o\}as + T_)}/\?r + ,'7,51\/;1& + T_’?VUCt)D

< 2(H,E[R3™ © 73™]) + 2(H, E[fy" © 73"])
+ 2(HLE[ny™ @ ay™]) + 2(H, Elny © ay*])
= 2<H, BN> + 2<H, VN> + 2<H, f)N> + 2<H, FN>
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Bias upper bound Using the defined operators, the update rule of the iterates imply the following
recursive form of By:
B:=(Z—-~T)oBi1, Bo=mno®mno, (73)

Note that this bias term <H, B N> is the same as that in [69], so we can apply Lemma B.11 in [69] to
bound it directly:

Lemma 18 (A bias upper bound for Avg-SGD) Suppose Assumptions 1 and 2 hold. Let Ness =
N. Consider (73). Suppose v < 1/(atr(H)). We have

S B) < o wo =Wl s+ Iwo =l

2]Vtz,?ff
Neff’}/<1 — ’}/OétI'(H)) Neff

where k* = max{k : \ > N ff} and Degs := k* + v2 N2, D iskr A

Proof See proof of Lemma B.11 in [69]. |

Variance upper bound Using the defined operators, the update rule of the variance process implies
Vi=(Z—-7T)o Vi1 +9°%;, V=0, (74)
where
2 = Elgfxix/ ).

Since x; is independent of z;, conditioning on the source indicator gives

% = B[Blgxx| | ] = (1= )T +p%2 = (1 - p)ot +pod) H.

Define
= (1 —p)oi + pos.

Then (74) has exactly the same form as the variance recursion for constant—stepsize SGD with iterate
averaging analyzed in [69], with noise level upper bounded by amlx Therefore, by applying the
averaged-SGD variance bound in [69], we obtain the following result. The corresponding sharp
variance characterization for iterate averaging is stated in Theorem 2.1 and developed in Lemma B.6
of [69].

Lemma 19 (A variance upper bound for Avg-SGD) Suppose Assumptions 1, 2 and 3 hold. Con-
sider (74). Let Nogs = N and 5% = (1 — p)o? + po3. Suppose v < 1/(atr(H)). Then

5’2 Deff
HV :
< N> ~ 1—~atr(H) Ness’
where k* = max {k Ap > } and Dess := k* + v Nie > i pe A
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Proof The recursion (74) is identical to the variance recursion of constant-stepsize SGD with iterate
averaging, except that the noise covariance is now X; instead of a single-source covariance matrix.
Since

¥ <6*H  forallt,

the proof of the variance upper bound in [69] applies verbatim with o2 replaced by o2 ... Hence

mix*

5.2 =2

1 _ k* o D
S(H,Vy) < Noeer? ST a2 ) = . Dese.
2< ’ N> ~— 1—yatr(H) <Neff + Nets Z; ’) 1 —~yatr(H) Ness

This completes the proof. |

Drift upper bound We now analyze the drift contribution

N—
<H DN> <H E drlft ® ﬁ?\}"ift]>, drlft Z 1ft'
t=0

Lemma 20 (A drift upper bound for Avg-SGD) Suppose Assumptions I, 2 and 3 hold. Let
Nets = N. Suppose v < 1/(atr(H)). Then

1 = p2 ( 1 -1 N, > ?

—(H,D < — I-— H I—(I—~H)" ") |4

2< N> 2 YNets ( I=H) ) H
L _oP’ll0lly | Des

1 —~yatr(H) Negs'

where

k*:max{k::)\kz

} , Dess =k +7°N2e Y A

Y Nets She
Proof Recall that the drift process satisfies
nit = (I—yxex) )il +4pHS,  mg™ =o0.

We first separate the drift process into its mean part and centered fluctuation part. Define

m; := E[ndit].
Since x; is independent of n"'f* and E[x;x, ] = H, taking expectation on both sides yields
m; = (I — yH)m,;_; + ypHS, my = 0. (75)
Let ' .
,ﬁdrlft = n;h“lft — my.
Subtracting (75) from the recursion of ni"i* gives
At = (L= T + 9 (H = xx[)myy, 5™ =0, (76)

48



LEARNING WITH SYNTHETIC DATA VIA SGD IN HIGH-DIMENSIONAL LINEAR REGRESSION

Moreover, by construction,
Enpdft) =0, vt>o0.

Now define the averaged quantities

| V-1 it | V-1
_ = drift —dri
my := N Z my, Ny = N ?“ft_
t=0 t=0
Then it
_ = drift
AN =my 4y -
=drift .
Since E[fy | = 0, the cross term vanishes and
DN:IﬁN®IﬁN—|—f)N, f)N = E[?E]I(]i\}“ft@ﬁ?\;lft} . a7
Therefore,
1 _ 1 1 =
5(H.Dy) = Z[myl + 5 (H,Dy). (78)
Unrolling (75), we obtain
m; = p(I— (I—-~vH)")$, t>0
Hence
» N-1
my = I-(I—-~yH)")s
t=0
| V-1
_ ¢
_p<I—N > (1-H) ) )
t=0
Using the matrix geometric-series identity
N-1
> (@X—9H)' = (yH) (I - 1 -~H)"),
t=0
we get
1
ny=p(I-—H'(I-I-yH)"))S. 79
my = (1 B - (1 01))) 19
Therefore,
1 2 p? 2
— || =—1(I- H (I-I-~H ol - 80
sl = 5| (1= Fpta-a—m) o (50)

We next bound

Define
Dt — E[ ~drift ® ,,:"drlft]
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From (76), we obtain the recursion
D, = (Z—+T)oDi1 +7°5f"  Dy=0, (81)

where o
Srife . {((H — xx))m;_1) ® ((H— XtX;r)mt—l):| :

Indeed, the cross term vanishes because
E[(H — thz—)mt,l] = (H — E[thﬂ)mt,l =0.

Let
Ay i=my 1 ®@my .

Then
i?rift =FE [(H —xx; A (H — xtx;r)}
= E[x;x; Aixix] | — HAH
= (M —M)oA,.
Since M — M is a PSD mapping, we have i?rift > 0. On the other hand, by Assumption 22,
Efxix; Axix] ] = Mo Ay < a tr(HA) H = o |my_y |3 H.

Therefore, o
S < aflmy ||F H. (82)

Next, by the explicit formula for my,
m;_1 =p(I— (I-~yH)")é,
and hence
2 52

Hmtle%_I = p2 Z i (1 — (1 _ ’Y)\i)t_l) :

7
<p* Y Nid} = plI6 |5
i
Substituting this into (82) gives the uniform bound
St < ap?|F H, vt (83)

Now (81) has exactly the same form as the variance recursion for constant-stepsize SGD with
iterate averaging, with noise level upper bounded by

2 211 5112
Odrite = P ||6]|1-
Therefore, applying Lemma 19 with 52 replaced by Uﬁrift, we obtain

ap’||8]|fy | Dess
1—~yatr(H) N °

1 =
S(H.Dy) < (84)
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Finally, combining (78), (80) and (84), we conclude that

%(H,Dm < p; H(I— P;VH_I(I— (I—yH)N)> ) 2

H
0‘172“5”%1 ) Dess
1—qatr(H) N °
This completes the proof.
Fluctuation upper bound Recall that the fluctuation process satisfies
it = (1= xS + yzxix( 6 —pHS,  mg"t = 0.
We decompose the driving term into two parts:
z2xix; & — pHO = z(x;x; — H)d + (2 — p)HJ.
Accordingly, define
i = 0+ i,
where
nf* = (L= yxx )y + vz (xix) — H)J, m™ = (L= yxex) ) + (2 —
ng™ =0, s = 0.

Thus, for the averaged iterates,
—fluct —cov sch

MmN =1Nn +7n -
Hence, by (a + b)? < 2a? + 2b2,
1, . .
F(H.Fy) = *E[II Ayl < {1817 + E[I75" ] -
Define F{° := E[n{°" @ nf°]. Then F{°" satisfies the recursion
B = (Z-7T) o B2+ 75, B =0,

where
3PV = E[(zt(xtxtT ~H)8) ® (2e(xix, — H)(S)] .

Indeed, the cross term vanishes as we have proved in last-iterate analysis.
Next, since z; € {0,1} and E[z;] = p, we have

3V = E[ztz((xtxt -H)d) ® ((th,;r - H)&)}

{ (xex; —H)J) @ ((xx] — H)5)] :
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Let A :=6 ® 4. Then

E{((th;r —~H)d) ® ((th;l' — H)é)] = E{(tht —H)A(x/x/] — H)]
= E[x;x; Ax;x; | — HAH
= (M- M) oA.
Since M — M is a PSD mapping, and by Assumption 2,
Mo A =E[xx; Axix/] < o tr(HA) H = o 6|/} H,
we obtain the upper bound
25 < pal|8]|f H. (87)

Therefore, the recursion (86) has exactly the same form as the variance recursion for constant-
stepsize SGD with iterate averaging, with noise level upper bounded by

O'gov = pOéH(S”%_I

Applying Lemma 19 with 52 replaced by o2, we get

cov?

palldlff  Dess
1—yatr(H) N °

SE[0S[I5] = <H F{Y) < (88)

We now bound the second component

7" = (I— yxex) )™ + (2 —p)HS,  ni™" =0.

Its averaged iterate is
—sch § : sch
n: -

Then we use the following lemma to bound (H, nSCh ® 7).

Lemma 21 (A schedule-fluctuation upper bound for Avg-SGD) Suppose Assumptions I and 2
hold. Assume the source indicators (z1, . .., zN) follow the fixed-budget model with exactly m ones,
and let p := 5. Consider the schedule fluctuation recursion

n?Ch (I VXt Xy )UEChl + ’Y(Zt )H(S, 178Ch =0,

and define its averaged iterate by 33" 1= ~ Zt L M5V Suppose v < 1/(atr(H)). Let
1
k* ::max{k::)\kZN}, Dt ::k*+’y2N2Z)\?.
v i>k*
Then

—sch |2 (1 _p)H(sH%I QQVtT(H)
[H I } —N_1 (1 + 17atr(H)Deff> - (39)
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Proof Let
Bt =1- ’}/XtX;r.

By repeated substitution of the recursion

m" = Bt + (2 —p)HS, g =0,

we obtain, forevery t € {1,..., N},
t t
'r]?Ch = ’yz H Bj (Zs —p)Hé, (90)
s=1 \j=s+1

where the empty product is interpreted as the identity operator.

Therefore,
1 N
N = I >
t=1
5 N t
SO»N IR
t=1 s=1 \j=s+1
N
= (2 — D)V, o1
s=1
where
. N t
Vg = NZ ‘H B, | HJ. (92)
t=s \j=s+1
Condition on the sample sequence (x1,...,Xy). Then vy, ..., vy are deterministic vectors.
Since the feature sequence is independent of the fixed-budget schedule, the indicators (21, ..., zx)
still follow the same fixed-budget law conditional on (x1,...,Xy).

Under the fixed-budget model, for every s,

Elz]=p,  El(z—p)*=p(1-p),
and for every s # r,

El(zs - p)(er ) = ~20=P)

N-1"
Hence, conditioned on (x1,...,xy),
N 2 N N
E Z(ZS —P)Vs X1,-- s XN | = ZZE[(ZS —p)(z —p)(Vs, Vi)H

s=1 H s=1r=1

S p(1—p)
=p(l—p) 221 Vsl — N_1 §<V87VT>H' 93)

s= SFEr
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Let

Using the identity

N N LI 2
ZIIVS—VII%ZZIIVSII%—N > vl
s=1 s=1 s=1 H

one checks that the right-hand side of (93) equals

N N
Np(1—p) _v2 _ Np(1—p) 9
N1 ;HVS_VHH <—~N-1 ;HVSHH'

Combining this with (91), and taking expectation over the samples, we obtain

Np(1-p)
B[l 1] < =5 D ElIvalli] ©4)
s=1
Fix s € {1,..., N} and let ng := N — s + 1. Define an auxiliary bias-only process initialized at
~vH9:
u(()s) = ~vHJ, u7(;9) = BS+Tu£S_)1, r=1,...,ns — L
Then
Ss+r
ul®) = H B; | vHo.
Jj=s+1
Therefore,
5 N t
Va= S| II B | 1S
t=s Jj=s+1
1 e n
= > u ="l 95)
r=0
where
1 ns—1
) = o > ul
5 r=0

Since the samples are i.i.d., the distribution of

(7w )

coincides with the distribution of a length-n bias-only SGD trajectory with constant stepsize -y and
initialization vHd&. Hence

s

Ellvsl = (%) Ellnn. (HO) ] 06)
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where 1, (7vHJ) denotes the averaged bias-only SGD iterate of horizon n initialized at YHJ.
Substituting (96) into (94), and changing variables from s to n = n, yields

N
B[] < PP S (2) R jn, (o) ] o7)

Foreachn € {1,..., N}, let

1
kn::max{k‘:)\kZ}, Dy, := kn +n*y? E A7
yn .
i>kn

Applying Lemma 18 with horizon n and initialization ug = yHJ, we obtain

1
’yH(S 2
H HHO:}M

2a(|hH61R,, +ml o, ) D,
ny(1 — yatr(H)) n

L[, () 3] <

2
= S22 + [[vHO |, .

-
3

(98)

We now simplify each term in the eigenbasis of H. Writing
=) 6vi, AHE=7) Ndivi,
i i

we have

1 2 1 2
722 ||’)/I_I(SHH(711m = n2 Z Aid; %99)

i<kn

IVHG I, =7 Y o7, (100)
i>kn

IVHS|IF,, =7 AFo7. (101)

For the first two terms, since A\; < 1/(yn) for every i > k,,

Ai

243
Y Ai S EE.

Therefore, by (99) and (100),

1 2 2 1 2 1 2

_lsl%

n2

(102)

For the third term, using again \; < 1/(yn) for i > k,,, we have

nyAd < M2

55



LEARNING WITH SYNTHETIC DATA VIA SGD IN HIGH-DIMENSIONAL LINEAR REGRESSION

Hence

IVHS(IF,, +nyllVHS I, =~ A6+ 0y Y A}

i<kn i>ky
< 2 Z A252
< er(H) Y Aiof = 7 tr(H)||8] 17y (103)
Substituting (102) and (103) into (98), we obtain
Lo 21 19lE 20y tr(H)
- <
R ElIn (HO k] < 5 {1+ 7 2y Pn ) (104)
Substituting (104) into (97) yields
S znm 20
_sch |2 H v tr(H)
44EHH%IhJ < 2;( ) <1+]__WatdEDzzl
||5||H 20y tr(H)
= ————— D, |. 1
Z Tz ~yatr(H) (105)

It remains to compare D,, with the final effective dimension De¢s. Observe that

Dy, = ky +n?y? Z M= Zmin{l,n272/\?}.

i>knp i

Sincen < N,

D, <Y min{l, N?y*)?}.
Now let )

k' = kil >—>.

max{ = ’YN}
Then
Zmln{l N? 2)\2} < k* 4+ ~42N? Z /\2 Degss.
i>k*

Hence

Applying this to (105) gives

2] < PO D)8l 5 207 tr(H)
[Iln " ] < N(N——l)H Z (1 + m,ﬂ(mDeff>

1-— 8|2 2ay tr(H
UL AT

which proves (89). |
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An upper bound for excess risk. Combining the bounds for the bias, variance, drift, and fluctuation
terms derived above, we obtain the following upper bound on the excess risk.

Theorem 22 (Excess risk upper bound for constant-stepsize SGD with iterate averaging) Sup-

pose Assumptions 1, 2, and 3 hold. Let * := (1 — p)o? + po3. Assume v < 1/(atr(H)). Then

E[R(Wx) = R(W1)] S [wo — WT”?JIE}C* +llwo — willfy,.

Dess p(l - p)HdH%{

1
72]\]2|

+ (allwo — willg + 5% + apl6]y) - o2t 4 Bo—LROMH,
2
+p? <I - Vivﬂl(l —(I- »yH)N)> 0 ;
where k* = max {k AL > VLN} ,and Dgss 1= k* + > N? D ikt A7
G.2. Lower bound analysis
The starting point is again the error recursion
ne = (T — yxax/ Moot + vaexex] 6 + vy, Mo = Wo — W1, (106)

where
*
N = W — Wl .

Recall that the averaged iterate is
N-1

§ Wi,

Z\H

and correspondingly

By definition of the excess risk,
E[R(Wn) — R(W])] = 5 <H E[fn ® nn]).

To derive a lower bound, we center the averaged error around its mean. Define

py =E[nN],  ny:=70N— BN
Then N
N =pN+1ny,  Eny]=0.
Therefore,
Elfy @ v = E|(Ay +1y) @ (Bn +0y)
= N @ pn + Eny @ ny] + pn @ Elny] + Elny] ® iy
=N ® iy + E[fy ® 7y
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Hence . )
E[R(Wy) = R(WD)] = Sllanlf + 5 (H E[ly © 1y]). (107)
Since the second term is nonnegative, we immediately obtain

1
E[R(wy) — R(w7)] = §||ﬁNH%-1- (108)

We now characterize the mean trajectory of the SGD error process. Let p; := E[n;]. Taking
expectation on both sides of (106), and using
E[x;x/] =H, Efz] = p, E[§x:] = 0,
we obtain
pe = (I —~vH)pe—1 +vpHS, Ho = W0 — W].
Unrolling the recursion gives

t
pe = (L= ~vH) (wo — wi) +p > _y(I—~H)"*Hd. (109)
s=1

Since (I — vH) is a polynomial in H, it commutes with H. Therefore,

t

> AWI-yH)'TH=1-(I-H)"
s=1

Substituting this identity into (109), we obtain the closed form

pe = (I—yH) (wo — wi) +p(I— (I—-~H)")é.

Now average overt = 0,..., N — 1. Since
1 Nl
fin = Eln] = 2 Ht,
we have
) 1 Nl t » N-1 t
BN =5 ;(I—WH) (wo—wf)—i-ﬁ ;(I—(I—’YH) )d.

Using the matrix geometric-series identity

=2

-1
(I-yH)" = (yH) ' (I- (I-~yH)"),

we obtain
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Consequently,

_ J «
s = | 7 = =8 v = w) + (1=
Combining (108) and (110), we arrive at the lower bound
— * 1 -1 N *
E[R(wn) — R(WT)] 2 VTVH I-@X—H)Y)(wo—wi)+p|I-—

G.3. Strong model collapse behavior

Corollary 23 (Strong model collapse in Avg-SGD) Consider averaged SGD with constant step-
size 7. Suppose Assumptions 1, 2 and 3 hold. Suppose v < 1/atr(H) and Dess = o(M + N).
Further assume that ||\wo — w7 |% is finite. As the total sample size M + N scales to infinity with a
fixed synthetic proportion p,

lim  E[& (W ~ p?||6 |5
M+]1VHL>OO [E1(Waren)] = 7|05
Proof Let ]
T:=M+N Ar=—H'(1I-1-H0)7").
+ N, T NT I-(T-yH)")
Since the synthetic proportion p = M /(M + N) is fixed, it suffices to study the limit as 7" — oc.
We first show that A vanishes in H-norm. Writing the eigendecomposition

H-= Z )\iViVZT,
7

we have .
1—(1—~N\

Since v < 1/(atr(H)), we have 0 < v\; < vtr(H) < 1, hence
0<1—v\ <1
For every 7 with \; > 0, it follows that

1= (1—\)7

— T — oo.
T 0 as 00

Moreover, using the elementary inequality
1-(1-a)t <Ta, 0<ac<l,
we get

1—(1—y\)"

<
0= YT i

<1
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Therefore, for any w with ||w|jg < oo,

1—(1—y2)T\
IArwld =\ (W) (w,vi)2 — 0

by dominated convergence.
We now turn to the upper bound. By the upper bound theorem for averaged SGD,

_ 1 . .
E[El(WT)] SJ ’)/2T2 ||WO - W1||?{ai* + ||W0 — WlH%'Ik*;ooJ
) (1)
* — De P 1 —p 6 2
+ (O‘HWO_W1||%1+02+0¢p||5||%1) . Tff + ( T)H I
arn (V)
+ 921~ A3,

V)

where

1
k*:max{k::)\kZT}, Degss := k*—i—'yQTQ E /\?.
Y h
i>k*

By the assumption Degs = o(T"), terms (/1) and (IV') vanish as 7" — oo. For term (/), note

that )
< |lwo — will3 - —

*
fwo — wil o

~2T2 H, .

because for every i < k* we have \; > 1/(yT), hence \; ' < 4T Therefore (I) — 0. For term
(II), since k* — oo as T'— oo and ||wg — Wi |lm < oo, we have

[wo — Willfr,. = > Xi(wo — wi,vi)> — 0.

i>k*
Finally,
I(I—=A7)d|la — |[6]|n,
because
(T - A7)é — b[la = [[Ard|u — 0.
Therefore,

lim sup E[1(wr)] < 1?16
T—o00
Next, we apply the lower bound obtained from the mean term:
E[&1(Wr)] 2 [ Ar(wo — wi) + p(I - A3

Rewrite the term inside the norm as

Ar(wog—wi)+p(I—A7)d = Ap(wo — w] —pd) + péd.
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Again using | A7rw||g — 0 for every w with finite H-norm, we obtain
1Az (wo — Wi —pd) + pé|lgy — p*II6 ][5

Hence
lim inf E[€1(wr)] 2 p°||8] 13-

T—o00

Combining the upper and lower bounds yields

M_PNHI_wOE[gl(V_VM—i—N)] ~ p*||6]F-

This proves the corollary. n

Appendix H. Experiments

Simulation setup. We first validate our theory in a Gaussian high-dimensional linear regression
setting with dimension d = 5000. Features are drawn from a Gaussian distribution with covariance
spectrum ); o< i 1%, and the mismatch satisfies the source condition \;E[67] o< i 2. We consider
two models: the full high-dimensional linear model and a random sketch model with sketch width
D. We train with last-iterate SGD under the two protocols in Section 2, varying both the synthetic
proportion p € (0, 1) and the number of samples 7" € [50, 50000]. We evaluate excess risk on the
real distribution and, for the sketch model, further vary D to study how the synthetic-induced floor
depends on model size. To isolate the synthetic-data contribution, we consider the risk increase over
p = 0, removes the intrinsic advantage of larger models and highlights the synthetic-data-induced
degradation. All experiments are repeated with 5 random seeds. The results are shown in Figure 1.

The proportion of synthetic data, p
40 4001 4002 4005 401 402 403 405 409

® Random mixing )
Two-stage #
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Excess Risk
Excess Risk
5 5
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|
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;

. —_————
0wl €8
103 104 103 104 0‘0 D.l 0‘7 DVB 0‘4 DVS 0‘5 0'7 O‘E 00 107 109
2
Number of Samples Number of Samples P Model size D

(a) (b) (©

Figure 1: Simulation results. (a) Excess risk of two protocols in full high-dimensional linear model:
mixed training exhibits a clear p-dependent error floor as 1" scales, while two-stage training continues
to improve without saturation. (b) Excess risk at fixed 7" = 50000 versus p?: under mixing, the excess
risk scales approximately linearly with p?, consistent with the theoretical prediction p? HSH%{, whereas
two-stage training shows a much weaker dependence, matching our theory. (c) Risk increase over
p = 0 under mixed training in the random sketch model at fixed 7" = 50000: the degradation grows
with model size D and saturates, consistent with the theoretical scaling p?(1 — D'~?), indicating
that larger models amplify the contamination from synthetic mixed training.
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Real-data experiment setup We conduct experiments on the CIFAR10 [35] dataset, which consists
of 50,000 training images and 10,000 test images across 10 classes. All images are of size 32 x 32.
All experiments are run on a single NVIDIA RTX 3090 GPU.

We use a CNN with five convolutional layers. Each block consists of a convolution layer followed
by batch normalization and ReLU activation. Model size is controlled by a width parameter D, which
scales the number of channels in all convolutional layers proportionally. Specifically, the channel
dimensions follow the pattern (D, D,2D,2D,4D). We vary D in {8, 16, 32,64, 128,256} to study
the effect of model capacity.

Synthetic data shares the same input distribution as the real data, but labels are generated by
a weak teacher model. The teacher is a smaller CNN (width 16) trained on a random subset of
5,000 training samples for 5 epochs. For each input z, the teacher produces a soft label distribution
Greacher(y | ) with temperature scaling. The synthetic label is then defined as ¥ = gieacher(¥ | ), »
corresponding to fully synthetic labels.

Similar to the simulation experiments, we consider two training protocols as described in
Section 2. For a fixed total training budget 7', we allocate pT" synthetic samples and (1 — p)7" real
samples, where p € [0, 1] is the synthetic data proportion. We vary p over {0.0,0.1,...,0.9} and
T over a grid ranging from 200 to 20,000. To examine how the synthetic-induced floor depends on
model size, we fix p = 0.9 and vary the model width D (while also varying 7" across the same grid).

Evaluation. We evaluate performance on the real test set using both classification error and cross-
entropy loss. Each experiment is repeated with 3 random seeds, and we report the mean and standard
deviation. To isolate the effect of synthetic data from baseline model performance, we report the
metrics difference relative to p = 0 under the same 7"

Aerror = Error(p =0.9) — Error(p =0), Ajpss = Loss(p =0.9) — Loss(p = 0),

which removes the intrinsic advantage of larger models and highlights the synthetic-data-induced
degradation.
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The proportion of synthetic data, p
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Figure 2: Real-data experiments of different training protocols. Test cross-entropy loss on the real
distribution as a function of the number of training samples 7', under different synthetic proportions
p. Left: random mixing of real and synthetic data. Right: two-stage training (synthetic-data training
followed by real-data training).

From Figure 2, we observe the same qualitative behavior predicted by our theory. Under random
mixing, the test loss quickly saturates as 7" increases, forming a clear floor that depends on the
synthetic proportion p. In particular, larger values of p lead to systematically higher asymptotic error,
indicating that synthetic data introduces an irreducible bias that cannot be removed by additional
samples. In contrast, two-stage training mitigates this phenomenon: the test loss continues to decrease
with 7', and consistently achieves slightly better performance than mixing in the large-sample regime.
These results confirm that the synthetic-data-induced floor is a consequence of mixing, rather than an
inherent limitation of the data itself.
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Figure 5: Effect of model size on synthetic-data-induced degradation. We plot the performance
gap between high synthetic proportion (p = 0.9) and pure real-data training (p = 0), as a function of
the number of samples 7', for different model widths. Across both test error and cross-entropy loss,
the gap consistently increases with model size, especially in the large-sample regime. This indicates
that larger models are more sensitive to synthetic data, leading to a stronger irreducible bias under
mixing.

Figure 5 shows how the impact of synthetic data varies with model size on real data. We measure
the performance gap between high synthetic proportion (p = 0.9) and pure real-data training (p = 0),
thereby isolating the effect of synthetic data. We observe a clear and consistent trend: as model size
increases, the gap becomes significantly larger, particularly at large sample sizes. While all models
exhibit some degradation due to synthetic data, larger models suffer substantially more, indicating
that the synthetic-data-induced bias is amplified with model capacity. This behavior aligns with our
theoretical predictions, suggesting that the floor effect induced by mixing is not only persistent but
also worsens with increasing model size.
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