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Abstract

Federated Learning (FL) enables collabo-
rative model training across multiple data
sources while preserving data privacy, and
differential privacy (DP) provides a proba-
bilistic framework to safeguard sensitive in-
formation when sharing output derived from
data. While numerous DP-FL methods ex-
ist, achieving both DP and efficient utility in
federated statistical learning remains a sig-
nificant challenge. In this work, we pro-
pose a novel federated statistical learning
framework that ensures efficient, robust, and
privacy-preserving estimation. We introduce
a new noising mechanism that encodes un-
certainty along with the maximum likelihood
estimate (MLE) by leveraging multiple noisy
copies of the MLE. To calibrate noise ef-
fectively, we extend the smooth sensitivity
to account for data-dependent correlations,
ensuring strong DP guarantees while main-
taining utility. Additionally, we develop IN-
FEMBLER, an information-assembling algo-
rithm that efficiently de-noises multiple noisy
MLE copies using a hierarchical Bayesian
model and via an expectation-maximization
(EM) algorithm. INFEMBLER significantly
enhances estimation efficiency over existing
methods and is inherently robust, provid-
ing estimates at least as reliable as those
derived from local data alone, thereby pre-
serving the benefits of FL. We establish its
asymptotic properties and validate its effec-
tiveness through experiments on both sim-
ulated and real datasets, demonstrating its
superior statistical efficiency and robustness.
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1 INTRODUCTION

Federated learning (FL) revolutionizes machine learn-
ing by enabling multiple parties to collaboratively
build models while keeping their training data local
and private. Unlike traditional centralized approaches,
FL operates in a decentralized manner, with multiple
sites communicating to exchange limited yet valuable
information. This methodology enhances privacy and
security while allowing learning from distributed data
across diverse locations and devices, making it appli-
cable to domains such as natural language processing,
computer vision, and healthcare.

The federated learning literature primarily focuses on
methods designed for large models, with an empha-
sis on improving prediction performance rather than
refining the estimation of model parameters. In statis-
tical learning, however, accurate model parameter esti-
mation and proper inference are essential, particularly
in scientific research. In biomedical studies, model pa-
rameters often represent effect sizes (e.g., the impact of
age) or differences between groups (e.g., treatment vs.
control), making their precise estimation essential for
drawing meaningful scientific conclusions. Due to the
limited number of patients in individual studies, com-
bining and analyzing datasets from multiple cohorts
or hospitals is necessary, making federated statistical
learning that preserves privacy an indispensable tool.
This work is dedicated to the private and efficient fed-
erated estimation of parameters in general statistical
models.

Despite the inherent privacy protection offered by de-
centralization, ensuring data privacy in a formal man-
ner remains a complex challenge. De-identification
may mitigate risks to some extent, but it does not
guarantee privacy protection. Differential privacy
(DP) is a mathematical framework designed to en-
sure data privacy, while enabling the sharing of use-
ful information. This is typically achieved by intro-
ducing random noise to the released output, making
it difficult to infer the presence of specific individu-
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als within the dataset (Dwork and Roth, 2014). The
most widely used noising techniques include the Gaus-
sian mechanism and the Laplace mechanism (Dwork
et al., 2006). These methods are simple and easy
to implement, as they involve adding noise propor-
tional to the sensitivity of the output, making them
applicable to statistical learning as well. However,
when applied directly to data, these mechanisms dis-
tort the original data distribution, typically leading to
biased estimates. To address this issue, Bi and Shen
(2022) proposed a distribution-invariant privatization
(DIP) mechanism, but it requires to accurately esti-
mate multi-dimensional data distributions which itself
can be quite challenging.

Instead of sharing the entire dataset, one approach
is to release a noisy version of the local parameter
estimates, such as the maximum likelihood estimate
(MLE), with the average of these shared MLEs serv-
ing as the federated estimate. However, the averaging
mechanism is not efficient at de-noising the DP noise
added to the MLEs, and often the results from FL
perform worse than those obtained using the locally
available dataset only. Moreover, even in the absence
of noise, averaging the MLEs is not efficient, in the
sense that its asymptotic variance is higher than that
of the global MLE, especially when there is hetero-
geneity across datasets.

Some private stochastic gradient descent (SGD) al-
gorithms (Abadi et al., 2016; Agarwal et al., 2018)
aim to obtain the lossless global optimizer by itera-
tively exchanging noisy gradients. While these meth-
ods have been successfully applied to large prediction
models, they typically introduce additional complexi-
ties, such as allocating the privacy budget across mul-
tiple iterations and determining the optimal clipping
threshold and learning rate—both of which are cru-
cial for the convergence of the algorithm and the accu-
racy of the model estimate. In particular, the perfor-
mance of DP-SGD is notoriously sensitive to the choice
of the gradient clipping threshold. Properly tuning
this hyperparameter is exceptionally difficult (Chen
et al., 2020), and finding an optimal, adaptive clip-
ping strategy without compromising the privacy bud-
get or model utility remains a major practical hurdle
(Andrew et al., 2021). As a result, federated learn-
ing based on these methods does not always lead to
improved results.

Other privacy-preserving frameworks specifically de-
signed for statistical learning have been proposed in
the literature (Chaudhuri et al., 2011; Wasserman and
Zhou, 2010). However, none of the existing methods
offer an efficient, robust, and tune-free federated esti-
mator that achieves the optimal statistical efficiency
obtainable from the original datasets. In this work,

we introduce a novel framework that enables private,
efficient, and robust federated statistical learning.

Our first contribution is the introduction of a
novel noising mechanism that enables efficient feder-
ated learning for a wide range of statistical models.
This mechanism is inspired by the inverse-variance
weighted average estimator, which minimizes variance
by assigning weights proportional to the inverse of
variances when combining estimators with the same
mean but different variances. This insight suggests
that constructing an optimal estimator requires not
only the location information of local MLEs but also
their Fisher information, which quantifies uncertainty.
To achieve this, we propose releasing multiple noisy
copies of the MLE, where the added noise has a mean
of zero and a variance proportional to the inverse of the
Fisher information of the MLE. While this mechanism
requires adding larger noise as the number of copies
increases, the variance of their average remains nearly
unchanged, allowing it to effectively encode Fisher in-
formation while preserving location information. Of
course, there is an inherent trade-off, as the noise cor-
relation now becomes data-dependent. Nevertheless,
this approach offers greater efficiency and flexibility
compared to directly sharing a noisy version of the
Fisher information, especially when dealing with high-
dimensional parameters.

We follow the smooth sensitivity approach, introduced
by Nissim et al. (2007), to determine the noise level
that ensures DP of the noisy MLE copies. A major
challenge in applying DP to MLE is that the sen-
sitivity of MLE tends to be large when the sample
size is small, leading to large global sensitivity. Con-
sequently, noise calibration based on global sensitiv-
ity can result in overly conservative noise levels and
reduced utility. In contrast, local sensitivity, which
measures sensitivity within a specific dataset’s imme-
diate neighborhood only, offers a more precise noise
calibration. However, using local sensitivity directly
compromises privacy, as it depends explicitly on the
dataset. To address these limitations, smooth sensi-
tivity refines local sensitivity by smoothing it across
neighboring datasets, maintaining a similar level to lo-
cal sensitivity while guaranteeing DP. Unfortunately,
the original smooth sensitivity framework by Nissim
et al. (2007) assumes independent noise or noise with
data-independent correlation, making it inapplicable
to our setting, where we introduce noise with data-
dependent correlations. Our second contribution
is an extension of smooth sensitivity that enables its
application to our noising mechanism.

Our third contribution is the development of a
novel algorithm, the Information Assembler (INFEM-
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BLER), designed to effectively de-noise multiple noisy
MLE copies and efficiently aggregate the information
they carry. To achieve this, we construct a hierarchical
Bayesian model, treating the MLEs and Fisher infor-
mation matrices at all remote sites as latent variables
while considering the noisy MLE copies as observed
data. This approach leverages the large-sample the-
ory on MLEs and the properties of our noising mech-
anism. Since the MLEs and Fisher information matri-
ces at remote sites are unobserved, we develop a clever
EM algorithm that efficiently computes the maximum
a posteriori (MAP) estimator while marginalizing out
the unobserved quantities. The resulting federated es-
timator, also called INFEMBLER, shows significantly
improved accuracy over simple averaging and other
approaches. What is striking about INFEMBLER is
that it is tuning-free, yet robust—its results always
perform as reliably as those obtained using the locally
available dataset only. We examine the asymptotic
properties of INFEMBLER, establishing its statistical
efficiency, and validate its effectiveness through com-
prehensive experiments on both simulated and real
datasets, showcasing its strong finite-sample perfor-
mance, robustness, and broad applicability.

1.1 Related Works

Non-differentially private FL approaches which seek
the loseless global optimizer via iterative communica-
tions have been proposed for linear regression Chen
et al. (2006), logistic regression Wu et al. (2012), and
survival data Lu et al. (2015). Communication efficient
approaches, which entail minimal information loss, in-
clude methods like average mixture (AVGM, Zhang
et al. (2013)), communication efficient surrogate loss
(CSL, Jordan et al. (2019); Duan et al. (2022)), and
CEDAR Chang et al. (2022). AVGM takes the aver-
age of the estimates from remote sites. CSL adjusts
the central loss function using gradients of remote loss
(log-likelihood) functions. CEDAR employs posterior
samples to transfer uncertainty information but shares
noise-free MLEs, thus lacking differential privacy. Ad-
ditionally, CEDAR is limited to linear regression mod-
els.

For DP-based approaches, in addition to the pre-
viously mentioned mechanisms such as the Gaus-
sian mechanism, the Laplace mechanism (Dwork
et al., 2006), DP-SGD (Abadi et al., 2016), and the
distribution-invariant privatization (DIP) mechanism
(Bi and Shen, 2022), other methods, such as those pro-
posed by Foulds et al. (2016); Heikkilä et al. (2017),
involve sharing perturbed sufficient statistics instead
of the entired perturbed dataset. However, perturb-
ing sufficient statistics still introduces bias into esti-
mators derived from them. Moreover, depending on

the model, the sufficient statistic can encompass the
entire dataset (e.g., order statistics), significantly lim-
iting the applicability of these approaches.

Inspired by works such as Avella-Medina (2021); Cai
et al. (2021), we consider the AVG approach, which en-
sures differential privacy while maintaining efficiency.
To illustrate, suppose there areM data sites, with site
1 designated as the central site responsible for conduct-
ing the analysis, while the remaining sites (2, . . . ,M)
act as remote sites that share information with the
central site. Let nm and θm represent the sample size
and MLE obtained from the dataset at site m, respec-
tively. The federated average estimator is defined as:

θ̂AVG =
1

N

M∑
m=1

nmθ̃m, (1)

where the noisy MLEs are given by θ̃m = θm + em
with e1 = 0 and em ∼ N (0, τ2mI) for m ≥ 2. Here, τ2m
is determined by the desired privacy protection level.

2 METHOD

2.1 Multiple Noisy MLEs with Dependent
Error

Consider a scenario with M sites, where the m-th site
holds the dataset Dm. We designate site 1 as the cen-
tral site responsible for analysis, while the remaining
sites 2, . . . ,M serve as remote sites, transmitting in-
formation to the central site. We examine a model
parameterized by θ ∈ Θ, with the full likelihood given
by:

L(θ|D1:M ) =

M∏
m=1

π(Dm|θ),

where π(D|θ) denotes the density function for data
D given parameter θ. This global likelihood func-
tion is not directly useful, as the central site does
not have access to all datasets. Alternatively, each
remote site generates multiple noisy copies of the
MLE as follows to share with the central site. Let
ℓm(θ) = log π(Dm|θ) denote the log-likelihood func-
tion at site m, with θm and Fm representing the MLE
and the associated empirical Fisher information, re-
spectively, defined as:

θm = argmax
θ

ℓm(θ), Fm = −ℓ̈m(θm),

where ℓ̈(·) denotes the second derivative of ℓ(·). Each
remote site m then generates Km independent noisy
copies of the MLE from a Normal distribution with
mean θm and covariance ψmF

−1
m , given by:

θ̃mk|θm, Fm ∼ N (θm, ψmF
−1
m ), k = 1, . . . ,Km, (2)
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and transmits the matrix of noisy copies Θ̃m =
θ̃m,1:Km to the central site. The dispersion parame-
ter ψm controls the noise variance, thereby regulating
the level of privacy protection. To determine ψm, we
employ the modified smooth sensitivity approach, as
introduced in Section 3.1.

2.2 Information Assembler

The central site receives the noisy MLE copies from
the remote sites and integrates them with the MLE
and Fisher information from the central site using the
following Bayesian hierarchical model. While equa-
tion (2) provides the likelihood for the noisy copies,
the quantities θm and Fm remain unobserved. There-
fore, we construct a hierarchical prior for θm and Fm.
Drawing upon standard large sample theory for the
MLE, we assign the following priors:

θm|θ, Fm ∼ N (θ, F−1
m ),

Fm|F ∼ W(F, nm),
m = 1, . . . ,M,

where W(F, n) denotes the Wishart distribution with
scale matrix F and degrees of freedom n. Here, θ and
F are the model parameters. By specifying the MLEs
and empirical Fisher information (θm, Fm) as realiza-
tions of the Normal-Wishart distribution parameter-
ized by (θ, F ), we enable efficient aggregation of the
information carried by the noisy MLE copies. It is
important to emphasize that we do not assume any
specific distribution for (θm, Fm); rather, we are only
defining the prior. The asymptotic properties dis-
cussed in Section 3.2 will hold with asymptotic nor-
mality of θm and consistency of Fm only. For the
model parameters (θ, F ), we impose an uninformative
Jeffreys prior:

π(θ, F ) ∝ |F |−(p+1)/2.

Our method estimates (θ, F ) using the Maximum a
Posteriori (MAP) estimator:

(θ̂, F̂ ) = argmax
θ,F

π(θ, F |θ1, F1, Θ̃2:M ),

where π(θ, F |θ1, F1, Θ̃2:M ) is the marginal posterior
density for (θ, F ). The full posterior density for
(θ, F,θ2:M , F2:M ) is provided in the Appendix, along
with the intermediate marginal posterior density for
(θ, F, F2:M ), obtained by integrating out the latent
variables θ2:M . We can further marginalize out F2:M

analytically, leading to the marginal posterior density
for (θ, F ). However, directly maximizing the marginal
posterior with respect to F is challenging due to its
requirement of positive definiteness.

To resolve this, we employ the Expectation-
Maximization (EM) algorithm Dempster et al. (1977)

on the intermediate marginal posterior. This approach
facilitates the maximization of the final marginal pos-
terior while avoiding explicit analytical marginaliza-
tion and ensuring the positive definiteness of F . In the
E-step of the EM algorithm, we need to compute the
expectation of the log-posterior density with respect
to the conditional distribution of the latent variables
given the model parameters. Based on the interme-
diate posterior density, the conditional distribution of
Fm given (θ, F ) is

Fm|θ, F ∼ W(Fm(θ, F ), nm +Km).

where

Fm(θ, F )−1 = F−1 +
Km

Km + ψm
(θ − θm)(θ − θm)T

+ ψ−1
m

Km∑
k=1

(θ̃mk − θm)(θ̃mk − θm)T

(3)

with θm = 1
Km

∑Km

k=1 θ̃mk. This leads to the EM al-
gorithm presented in Algorithm 1. The computational
complexity is O(p3M) per EM iteration, which can be
reduced to O(p3) with parallel computing. The space
complexity is O(p2M). We refer to Algorithm 1 as the
Information Assembler, or INFEMBLER for short.

Algorithm 1: INFEMBLER

Input: n1:M , θ1, F1, K2:M , ψ2:M , and Θ̃2:M

Output: θ̂, F̂ , and F̂2:M

1 F̂1 ← F1, θ1 ← θ1, K1 ← 1, ψ1 ← 0;

2 Compute θm = 1
Km

∑Km

k=1 θ̃mk for m ≥ 2;

3 Initialize θ̂ ← 1
N

∑M
m=1 nmθm;

4 Initialize F̂ ← 1
n1
F1;

5 repeat
6 for m← 2 to M do

7 F̂m ← (nm +Km)Fm(θ̂, F̂ ) ; // See (3)

8 F̂ ← 1
N+p+1

∑M
m=1 F̂m;

9 θ̂ ←

(∑M
m=1

KmF̂m

Km+ψm

)−1(∑M
m=1

KmF̂mθm

Km+ψm

)
;

10 until convergence;

3 THEORETICAL PROPERTIES

Throughout this section, unless otherwise specified,
D0 refers to the entire dataset of a specific site and
Dj , for j ≥ 1, refers to a potential dataset at the
same site, including D0. It is important to note that
these datasets should not be confused with the remote
datasets indexed by m in Section 2. For each Dj , for
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j ≥ 0, the quantities θj , Fj , nj , Kj , and ψj corre-
spond to those associated with Dj . Two neighboring
datasets are denoted as D1 ∼ D2, which means D2 is
built by adding a data point to D1 or vice versa.

3.1 Differential Privacy of Noisy MLE Copies

A mechanism f is considered differentially private if
the output f(D), generated based on the dataset D,
obscures the presence or absence of any specific indi-
vidual within D. Specifically, for any two neighboring
datasets D1 and D2, DP requires that the distribu-
tions of f(D1) and f(D2) are sufficiently similar, to
prevent an observer from inferring information about
the differing data point between D1 and D2. There
are several definitions of differential privacy. In this
work, we adopt the (ϵ, δ)-DP, defined as follows.

Definition 1 ((ϵ, δ)-Differential Privacy). A random-
ized algorithm f is said to be (ϵ, δ)-differentially pri-
vate if, for all B ⊆ Range(f) and for all neighboring
datasets D1 and D2, the following holds:

Pr[f(D1) ∈ B] ≤ eϵ Pr[f(D2) ∈ B] + δ. (4)

In our setting, the noisy MLE copies are treated as the
output of a randomized mechanism, designed to pro-
tect the remote datasets from any recipient of these
copies. Note that the communication is one-shot and
one-way, meaning that remote sites only transmit in-
formation without receiving any input. Therefore, re-
mote sites are not vulnerable to active adversarial at-
tacks.

The standard Gaussian mechanism Dwork and Roth
(2014) adds noise proportional to the L2 sensitivity.
However, while it assumes independent and identically
sized noise for each individual entry, our mechanism
introduces correlated noise. Therefore, we require a
modified version of L2 sensitivity, defined as follows.

Definition 2 (Modified Local L2 sensitivity).

S(D1) = max
D2∼D1

∥(F1/n1)
1/2(θ1 − θ2)∥2.

If we choose ψ1 based on the global sensitivity, S =
maxD1

S(D1), it will introduce a substantial amount of
noise, resulting in reduced utility. On the other hand,
selecting ψ1 based on the local sensitivity allows for
very small noise, but DP will not be guaranteed, as
the noise level depends on the dataset D1. The β-
smooth sensitivity, proposed by Nissim et al. (2007),
offers a good compromise by guaranteeing DP while
maintaining a noise level significantly lower than that
of the global sensitivity.

Definition 3 (β-smooth sensitivity, Nissim et al.

(2007)).

Sβ(D0) = max
D1

S(D1)e
−βd(D0,D1),

where d(·, ·) refers to the distance between two datasets.

Unfortunately, the β-smooth sensitivity is not directly
applicable in our case, as it works only for noise with
data-independent correlation, whereas our mechanism
introduces data-dependent correlation. Therefore, we
also propose a modified version of the β-smooth sensi-
tivity that accommodates noise with data-dependent
correlation as follows.

Consider a graph G over all datasets where there is
a directed edge between neighboring datasets. The
distance of a directed edge D1 → D2 is adjusted as
follows.

dβ(D1, D2) = β − 1

2
log ∥(F1/n1)(F2/n2)

−1∥2.

Then, the modified β-smooth sensitivity is defined as
a maximum over all paths from the dataset D0.

Definition 4 (Modified β-smooth sensitivity).

S∗(D0) = max
j≥0:D0→···→Dj

S(Dj)e
−

∑j
l=1 dβ(Dl−1,Dl).

The modified β-smooth sensitivity serves as an up-
per bound for the modified sensitivity and satisfies the
smoothness property, as stated in Lemma 1. Notably,
the smoothness property accounts for the sensitivity of
Fisher information, and therefore the sensitivity of dis-
tant datasets is less discounted compared to the orig-
inal β-smooth sensitivity.

Lemma 1 (β-smooth upper bound). S∗(D) is a β-
smooth upper bound of S(D) in the sense that

S∗(D0) ≥ S(D0),

S∗(D1) ≤ S∗(D0)e
β∥(F0/n0)(F1/n1)

−1∥−1/2
2 ,

for all neighboring datasets D0 and D1.

All proofs are provided in Appendix B. We are
now ready to calibrate the noise level of our pro-
posed mechanism. Let α = ϵ

2
√

2 log(2.5/δ)
and β =

ϵ

4
√
pK log(2/δ)+4 log(2/δ)

. Theorem 1 implies that, if we

choose

ψ(D) = nKS∗(D)2/α2, (5)

where S∗(D) is the modified β-smooth sensitivity, then
the proposed noising mechanism satisfies (ϵ, δ)-DP.

Theorem 1. Suppose θ̃
0

1:K and θ̃
1

1:K are the noisy
copies of MLEs obtained from two neighboring datasets
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D0 and D1, respectively. Assume ψ0 and ψ1 are
chosen according to (5). Then, for any Borel set
B ⊂ Rp×K , it follows that

Pr(θ̃
1

1:K ∈ B) ≤ eϵ Pr(θ̃
0

1:K ∈ B) + δ.

3.2 Asymptotic Properties

INFEMBLER exhibits excellent asymptotic properties
under very mild regularity conditions.

Assumption 1. All MLEs are independent and
asymptotically normal;
√
n1(θ1 − θ0)

...√
nM (θM − θ0)

→d N

0,

I
−1
1 0

. . .

0 I−1
M


 ,

as N →∞ where Im are symmetric and positive defi-
nite.

Assumption 2. All Fisher information matrices are
consistent, i.e., maxm≥1 ∥Fm/nm − Im∥2 = op(1) as
N →∞.

Assumption 3. For m ≥ 1, λmin(Im) > t and
λmax(Im) < T for some constants 0 < t < T < ∞,
where λmin and λmax refer to the smallest and largest
eigenvalues, respectively.

All assumptions are mild under trivial situations. As-
sumptions 1 and 2 capture the typical asymptotic
behaviors of MLE and empirical Fisher information.
Note that we allow for heterogeneous Fisher informa-
tion, Im, in Assumptions 1 and 2.

Theorem 2. Suppose Assumptions 1-3 hold. Assume
N → ∞, nm/N → αm > 0, Km/nm → γm > 0,
and ψm/Km → 0 for all m. Then, it follows that (i)

F̂ →p I0 and (ii)
√
N(θ̂ − θ0) →d N (0, I−1

0 I∗I
−1
0 )

where I0 is the zero of

g(I) = α1I1 +
∑
m≥2

αm(1 + γm)(I−1 + γmI−1
m )−1 − I,

and

I∗ = α1I1 +
∑
m≥2

αmGmI−1
m Gm

with Gm = (1 + γm)(I−1
0 + γmI−1

m )−1 for m ≥ 2.

Note that the function g(I) is concave and therefore
the zero of g(I) is unique. There are several remarks
that result from Theorem 2.

Remark 1. If maxm≥2 αm → 0 or maxm≥2 γm → 0,
then I0 → I1 and I∗ → I1. As a result, the asymptotic
variance of θ̂ converges to I−1

1 . This implies that if
the sample size at the central site is significantly larger

than those at the remote sites, or if the number of noisy
copies is insufficiently large, the asymptotic behavior
of θ̂ is primarily determined by the central site. This
accounts for the remarkable adaptivity and robustness
of INFEMBLER.

Remark 2. More importantly, it can be shown that,
if γm > 0 for some m ≥ 2, the asymptotic vari-
ance of INFEMBLER is strictly smaller than that of
the non-DP average estimator weighted by αm given
by
∑
m αmI−1

m . This implies that INFEMBLER is
asymptotically more efficient than the AVG approach
(1).

Remark 3. If γm → ∞ for all m ≥ 2, then I0 →∑
m≥1 αmIm and I∗ →

∑
m≥1 αmIm resulting in an

asymptotic variance of (
∑
m≥1 αmIm)−1. This sug-

gests that if the number of noisy MLE copies is suf-
ficiently large relative to the sample sizes of the re-
mote sites, the asymptotic behavior of θ̂ closely ap-
proximates that of the optimal estimator.

It remains to be a question whether the proposed pri-
vatization mechanism is admissible for the asymptotic
property stated in Theorem 2 or the stronger property
discussed in Remark 3. The answer to both is yes,
and a bit tedious arguments are provided in Appendix
B.3. We conclude with a statement on the statistical
efficiency of INFEMBLER.

Theorem 3. Suppose Assumptions 1-3 hold. Assume
N → ∞, nm/N → αm > 0, Km/nm → ∞, and
ψm/Km → 0 for all m. Then, it follows that (i)

F̂ →p I0 and (ii)
√
N(θ̂ − θ0) →d N (0, I−1

0 ) where
I0 =

∑
m≥1 αmIm.

4 EXPERIMENTS

4.1 Baselines

In our experiments, we compare INFEMBLER against
five existing methods: DIP (Bi and Shen, 2022), AVG
(as defined in (1)), DP-SGD (Abadi et al., 2016), Site1
(the MLE at the central site), and OPT (the optimal
estimator that pools all datasets). For all (ϵ, δ)-DP
approaches, we set δ = 1/n. We implemented AVG,
DP-SGD, Site1, INFEMBLER, and OPT in R, while
the author of Bi and Shen (2022) kindly provided the
R code for DIP.

4.2 Simulation

We conduct simulations to compare INFEMBLER
with baseline methods across three different scenar-
ios: (i) increasing the sample size at each site while
keeping the number of sites fixed, (ii) increasing the
number of sites while maintaining a fixed sample size
per site, and (iii) increasing the privacy budget while



Heo, Feng, Kang, Kim, Chang

Figure 1: Simulation study results for logistic regressions (upper panels) and linear regressions (lower panels).
Columns correspond to three scenarios: (i) increasing sample size per site, (ii) increasing the number of sites,
and (iii) increasing the privacy budget. The dimension is fixed at p = 8. Reported values are averages of log-
transformed L2 distances between the estimated and true coefficients across all methods.

keeping both the number of sites and the sample size
per site constant.

Each dataset consists of p = 8 predictors, with
the n × p design matrix Xm of site m having en-
tries xmij for 1 ≤ i ≤ n and 1 ≤ j ≤ p, where
xmij ∼ N (0, 1/m). The true coefficients are set as

θ0 = (0.5, 0.5, 0.5, 0.5, 0, 0, 0, 0)T , and the response
variables are sampled from ymi ∼ N (θT0 x

m
i , 2

2) for
linear regression and from ymi ∼ Bernoulli(qmi ) with

qmi = (1 + e−θT
0 xm

i )−1 for logistic regression. We gen-
erate 100 random datasets for each scenario and com-
pute the L2-distance between the estimates and the
true coefficients. The averages of the log-distances are
reported in Figure 1.

Logistic Regression. Figures 1(a)-(c) illustrate the
performance of all methods for logistic regression in
three different scenarios. Notably, INFEMBLER con-
sistently outperforms all competitors except OPT. In
contrast, AVG struggles to effectively de-noise the DP
noise. Among all methods, only INFEMBLER and
DP-SGD demonstrate better performance than Site1,

advocating the benefits of FL. Given that DP-SGD re-
ports the best result from multiple trials with varying
clipping sizes and numbers of iterations, these simula-
tion results further highlight the efficiency and robust-
ness of INFEMBLER.

Linear Regression. Figures 1(d)-(f) illustrate the
performance of all methods for linear regression in
three different scenarios. Similarly to logistic regres-
sion, INFEMBLER consistently outperforms all meth-
ods except OPT. AVG continues to struggle with effec-
tively de-noising the DP noise. Again, it is remarkable
that INFEMBLER guarantees improved performance
over Site1 in all cases, despite having no tuning pa-
rameter.

Sensitivity to K. INFEMBLER performs robustly
provided that Km is sufficiently large to effectively
capture uncertainty information. We include addi-
tional sensitivity analyses in Table 1, demonstrating
that the method is largely insensitive to variations in
the tuning parameter Km. Please note that other pa-
rameters (e.g., ψm and β) are derived directly from
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Figure 2: Results of linear regression on the Medical
Cost Personal dataset. OPT is treated as the gold
standard. The total sample size N is fixed, while the
per-site sample size n (and thus the number of sites
M) varies. The privacy budget is set to ϵ = 4.

Km and the privacy budget.

Table 1: Sensitivity of INFEMBLER to variations
in K values. Reported values are averages of log-
transformed L2 distances between the estimated and
true coefficients across all methods.

K Logistic (INFEM) Linear (INFEM)
40 −0.918 −0.334
80 −0.900 −0.327
160 −0.982 −0.326
320 −0.927 −0.334
640 −0.939 −0.341

Sensitivity to p. We have conducted additional
analyses for dimensions exceeding p = 8 with M = 8
and n = 160, and the results are shown in Table 2.
INFEMBLER outperforms in higher-dimensional set-
tings as well.

Table 2: Performance comparison of different methods
on Logistic and Linear models when M = 8 and n =
160 for various p.

Logistic DIP AVG DPSGD INFEM OPT
p = 8 −0.545 0.030 −0.706 −0.977 −1.205
p = 16 −0.185 0.595 −0.178 −0.435 −0.869
p = 32 NA 1.650 0.406 0.320 −0.519
p = 64 NA 4.152 1.767 1.642 −0.100
Linear DIP AVG DPSGD INFEM OPT
p = 8 −0.025 0.101 −0.225 −0.354 −0.647
p = 16 0.373 0.730 0.254 0.160 −0.250
p = 32 NA 1.433 0.688 0.649 0.100
p = 64 NA 2.365 1.173 1.172 0.462

Running Time. We conducted our experiments us-
ing R as the experimental platform and an Intel Xeon

Platinum 8358 2.60GHz CPU for each experimental
setting. The computational time required varied de-
pending on the data size. Table 3 presents the av-
erage running times over 100 repetitions of logistic
and linear regressions when M = 8 and n = 160 for
p = 8, 16, 32, 64.

Table 3: Average running times in seconds for the lo-
gistic and linear regressions in simulation study when
M = 8 and n = 160 with various p.

Logistic DIP AVG DPSGD INFEM OPT
p = 8 3.2e−3 1.9e−3 1.1e−3 1.6e−2 5.0e−3
p = 16 5.3e−1 7.0e−3 8.9e−3 2.3e−2 5.5e−3
p = 32 NA 7.8e−3 1.3e−2 5.2e−2 8.6e−3
p = 64 NA 1.5e−2 2.6e−2 3.6e−1 2.1e−2
Linear DIP AVG DPSGD INFEM OPT
p = 8 1.6e−3 6.1e−5 6.0e−5 8.3e−3 7.4e−7
p = 16 5.5e−1 2.9e−4 3.3e−3 1.5e−2 8.2e−5
p = 32 NA 2.9e−4 3.6e−3 4.3e−2 8.6e−5
p = 64 NA 3.8e−4 5.4e−3 1.6e−1 1.2e−4

4.3 Real Data Analysis

We compare INFEMBLER with the baseline methods
using real datasets. Given the absence of a gold stan-
dard in real data, we take the coefficients obtained by
OPT as the reference coefficients for our comparisons.

4.3.1 Medical Cost Personal data

For the Medical Cost Personal dataset (Moro et al.,
2014), which includes 1,338 individuals with medical
insurance and various attributes such as age, sex, and
medical costs, we fit linear regression models to predict
individual medical costs based on other attributes.

To simulate the federated learning environment, we
randomly partition the dataset into multiple subsets,
corresponding to different numbers of sites (4, 8, 12,
and 16). Each method is then applied to these subsets,
and the estimated coefficients are compared to those of
OPT. This process is repeated 100 times with different
random splits, and the performance of all methods is
evaluated based on the average log L2-distance from
OPT.

Figure 2 demonstrates that INFEMBLER consistently
outperforms all competitors across all considered num-
bers of sites. Unlike in the simulation study, AVG
performs comparably to INFEMBLER, while DP-SGD
remains on par with Site1.

4.3.2 Georgia Coverdell Acute Stroke
Registry

Next, we apply linear regression to analyze data
from the Georgia Coverdell Acute Stroke Registry



Heo, Feng, Kang, Kim, Chang

Figure 3: Box plots showing the performance variation of all methods on the Georgia Coverdell Acute Stroke
Registry dataset. The non-DP approach Site1 exhibits no variation. OPT is treated as the gold standard, and
the privacy budget is set to ϵ = 4.

(GCASR), which was collected from multiple hospi-
tals in Georgia, USA, covering nearly 80% of patients
admitted for acute stroke between 2005 and 2013. The
task is to predict each patient’s CT arrival time, using
11 selected attributes.

In this experiment, we take a different perspective by
analyzing the distribution of outputs from all methods,
given the inherent randomness of DP methods. We re-
peat the analysis 100 times using the same dataset and
visualize the range of performance measures through
box plots in Figure 3. To neutralize the impact of sam-
ple size, we consider subsets of hospitals with varying
case thresholds (100 or more, 300 or more, and 500 or
more), designating the hospital with the median num-
ber of cases as the central site in each scenario. As
observed in Figure 3, INFEMBLER significantly out-
performs all other competitors across all cases.

5 CONCLUSION

We conclude that INFEMBLER is an efficient and pri-
vacy preserving method for federated statistical learn-
ing. It outperforms existing methods in representa-
tive statistical models, showcasing its practical util-
ity, robustness, and broader applicability. We have
rigorously established the differential privacy (DP)
property of our noising mechanism and examined the
asymptotic properties of INFEMBLER. Both the the-
oretical analyses and extensive experiments strongly
confirm INFEMBLER’s significantly improved perfor-
mance over existing methods.

Lastly, we note that INFEMBLER offers communi-
cation efficiency by requiring only a single communi-
cation between the central site and each remote site.
This feature not only helps maintain a low level of DP

noise but also eliminates the need for a dedicated com-
munication environment, allowing for manual commu-
nication among users, which greatly increases the us-
ability of INFEMBLER.
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A Algorithm for INFEMBLER

A.1 Posterior Densities

The log joint posterior density for (θ, F,θ2:M , F2:M ) is given by

log π(θ, F,θ2:M , F2:M |θ1, F1, Θ̃2:M ) = C +

M∑
m=2

nm + km − p
2

log |Fm| −
N + p+ 1

2
log |F | − 1

2
trF−1

M∑
m=1

Fm

− 1

2

M∑
m=1

(θm − θ)TFm(θm − θ)−
M∑
m=2

∑Km

k=1(θ̃mk − θm)TFm(θ̃mk − θm)

2ψm
.

If we marginalize out θ2:M , we obtain

log π(θ, F, F2:M |θ1, F1, Θ̃2:M ) = C +

M∑
m=2

nm +Km − p− 1

2
log |Fm| −

N + p+ 1

2
log |F |

− 1

2
(θ1 − θ)TF1(θ1 − θ)− 1

2
trF−1F1 −

1

2

M∑
m=2

trFmFm(θ, F )−1,

(6)

where Fm(θ, F )−1 is given in (3).

A.2 EM Algorithm

A.2.1 E-step

Based on (6), the conditional distribution of Fm given (θ, F ) is given as

Fm|θ, F ∼ W(Fm(θ, F ), nm +Km), m ≥ 2.

Therefore, the E-step goes as follows.

F̂m ← (nm +Km)Fm(θ̂, F̂ ), m ≥ 2.

A.2.2 M-step

Based on (6), M-step updates are as follows.

F̂ ← 1

N + p+ 1

M∑
m=1

F̂m,

θ̂ ←

(
M∑
m=1

KmF̂m
Km + ψm

)−1( M∑
m=1

KmF̂mθm
Km + ψm

)
, (7)

where F̂1 = F1, θ1 = θ1, K1 = 1, and ψ1 = 0.
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B Proofs

B.1 Differential Privacy

Proof of Lemma 1. The first claim is trivial considering the length j = 0 path. Suppose D1 → D2 → · · · → Dj

is the path with which S∗(D1) is attained. Then, since D0 → D1 → · · · → Dj is a path from D0 and to Dj , we
have

S∗(D0) ≥ S(Dj)e
−

∑j
l=1 d(Dl−1,Dl)

= S(Dj)e
−

∑j
l=2 d(Dl−1,Dl)e−d(D0,D1)

= S∗(D1)e
−β∥(F0/n0)(F1/n1)

−1∥1/22 .

Before we prove Theorem 1, we present a dilation property of Gaussian distribution which is slightly different
than the one presented in Nissim et al. (2007).

Lemma 2 (Dilation Property of Gaussian Distribution). Suppose z ∼ N (0, I) with dimension p and let ϵ > 0
and δ ∈ (0, 1). Then, for any Borel set B ⊂ Rp, it follows that

Pr(z ∈ B) ≤ eϵ/2 Pr(z ∈ eλB) + δ/2,

if |λ| < ϵ

4
√
p log(2/δ)+4 log(2/δ)

.

Proof of Lemma 2. Let ϕ(·) is the density function of the standard Gaussian distribution with dimension p.
Assume λ > 0 and we require

P

(
ϕ(e−λz)e−λp

ϕ(z)
> eϵ/2

)
= P

(
1− e−2λ

2
zT z− λp > ϵ

2

)
≤ P (Y − p > ϵ/(2λ)) ≤ δ/2,

where Y ∼ χ2
p, since 1− e−2λ ≤ 2λ. By Lemma 3.3 in Laurent and Massart (2000), it suffices to have

λ ≤ ϵ

4
√
p log(2/δ) + 4 log(2/δ)

.

Assume λ < 0 and we require

P

(
ϕ(e−λz)e−λp

ϕ(z)
> eϵ/2

)
= P

(
e−2λ − 1

2
zT z+ λp < − ϵ

2

)
≤ P (Y − p < ϵ/(2λ)) ≤ δ/2,

since e−2λ − 1 ≥ −2λ. By Lemma 3.3 in Laurent and Massart (2000), it suffices to have

λ ≥ − ϵ

4
√
p log(2/δ)

.

Proof of Theorem 1. It follows, from the property of the standard Gaussian mechanism, that

Pr(θ̃
1

1:K ∈ B) = Pr(z1:K ∈ (F1/ψ1)
1/2(B − µ11

T )) ≤ eϵ/2 Pr(z1:K ∈ (F1/ψ1)
1/2(B − µ01

T )) + δ/2,

because, due to the definition of the modified sensitivity and Lemma 1, the sliding distance is sufficiently small:

ψ−1
1 K(µ0 − µ1)

TF1(µ0 − µ1) ≤ ψ−1
1 Kn1S

∗(D1)
2 = α2.

On the other hand, we have

Pr(z1:K ∈ (F1/ψ1)
1/2(B − µ01

T )) ≤ eϵ/2 Pr(z1:K ∈ (F0/ψ0)
1/2(B − µ01

T )) + δ/2 = eϵ/2 Pr(θ̃
0

1:K ∈ B) + δ/2,

by Lemma 2, since Lemma 1 implies

e−βI ≤ (ψ1/ψ0)
1/2F

1/2
0 F

−1/2
1 = (S∗(D1)/S

∗(D0))(F0/n0)
1/2(F1/n1)

−1/2 ≤ eβI.

These two results combined yield (ϵ, δ)-DP following the proof of the basic composition rule of (ϵ, δ)-DP.
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B.2 Asymptotic Properties

Proof of Theorem 2. First note that Algorithm 1 implies that F̂ satisfies the equation

gN (F ) =
F1 +

∑
m>1(nm +Km)Fm(θ̂, F )

N + p+ 1
− F = 0.

Equation (7) implies that θ̂ is a weighted average of θ1:M . Therefore, we have ∥θ̂− θ0∥2 ≤ maxm≥1 ∥θm − θ0∥2
and therefore

max
m≥1
∥θm − θ̂∥2 ≤ max

m≥1
∥θm − θ0∥2 + ∥θ̂ − θ0∥2

≤ 2max
m≥1
∥θm − θ0∥2 = op(1).

Since Km/nm → γm, we have

ψ−1
m

K∑
k=1

(θ̃mk − θm)(θ̃mk − θm)T →p γmI−1
m ,

for all m ≥ 2, and thus we have

max
m≥2
∥Fm(θ̂, F )−1 − (F−1 + γmI−1

m )∥ = op(1)

and

max
m≥2
∥F̂m/nm − (1 + γm)(F−1 + γmI−1

m )−1∥ = op(1),

which implies gN (F )→p g(F ) for any F . Then, by the standard arguments for the consistency of Z-estimators
(Theorem 5.9 in van der Vaart (1998)), the first claim follows.

Note that

Var(θm|Fm) = Var(θm) +
ψm
Km

F−1
m , m ≥ 2.

According to (7) of Algorithm 1, since ψm/Km → 0, it follows from the Slutsky Theorem that
√
N(θ̂ − θ0)→d N (0, I−1

0 I∗I
−1
0 ).

Hence, the second claim has been proved.

Proof of Theorem 3. The proof is almost identical to the proof of Theorem 2. Since Km/nm → ∞, it follows
that

max
m≥2
∥F̂m/nm − Im∥ = op(1),

which immediately implies the first claim follows. The second claim also immediately follows by the first claim
and the Slutsky Theorem.

B.3 Admissibility

For simplicity, assume that the parameter space and the data domain are bounded, and that the Hessian
of the log-likelihood is both bounded and Lipschitz continuous. Consider a dataset D0 and let Dj denote
any dataset within distance j from D0. Take δ = 1/n0. As the local sample size n0 increases, we typically
have F0 = Op(n0) and θ0 − θ1 = Op(n

−1
0 ), leading to S(Dj) = Op((n0 − j)−1). Assuming K0 = n0, we

note that β ≈ (n0 log n0)
−1/2 and ∥(F0/n0)(F1/n1)

−1∥2 = Op(n
−1
0 ), which yields the quantity in Definition 4

−
∑j
l=1 d(Dl−1, Dl) = Op(j(n0 log n0)

−1/2). Thus, we obtain S∗(D0) = Op(n
−1
0 ), resulting in ψ0 = Op(log n0).

Since ψ0/K0 → 0, the proposed noising mechanism is admissible for Theorem 2. If we instead choose K0 =
n0 log n0, the same analysis leads to ψ0 = Op((log n0)

2). Since we have K0/n0 → ∞ and ψ0/K0 → 0, the
proposed noising mechanism is also admissible for Theorem 3.


